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We consider electromagnetic field quantization in an expanding universe. We find that the covariant
(Gupta-Bleuler) method exhibits certain difficulties when trying to impose the quantum Lorenz condition
on cosmological scales. We thus explore the possibility of consistently quantizing without imposing such
a condition. In this case there are three physical states, which are the two transverse polarizations
of the massless photon and a new massless scalar mode coming from the temporal and longitudinal
components of the electromagnetic field. An explicit example in de Sitter space-time shows that it is still
possible to eliminate the negative norm state and to ensure the positivity of the energy in this theory.
The new state is decoupled from the conserved electromagnetic currents, but is non-conformally coupled
to gravity and therefore can be excited from vacuum fluctuations by the expanding background. The
cosmological evolution ensures that the new state modifies Maxwell’s equations in a totally negligible
way on sub-Hubble scales. However, on cosmological scales it can give rise to a non-negligible energy
density which could explain in a natural way the present phase of accelerated expansion of the universe.
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1. Introduction

The fact that the present phase of accelerated expansion of the
universe [1] finds no natural explanation within known physics
suggests the possibility that General Relativity could be inappro-
priate to describe gravity on cosmological scales. Nevertheless, de-
spite the many attempts to find modified gravity theories with late
time accelerated solutions [2,3], the models considered so far are
generally plagued by classical or quantum instabilities, fine-tuning
problems or local gravity inconsistencies.

However, apart from gravity, there is another long-range inter-
action which could become relevant on cosmological scales, which
is nothing but electromagnetism. It is generally assumed that due
to the strict electric neutrality of the universe on large scales, the
only relevant interaction in cosmology is gravitation. However, this
assumption seems to conflict with observations which indicate that
relatively strong magnetic fields with very large coherence lengths
are present in galaxies and galaxy clusters, and whose origin is still
unknown [4].

In this work, we consider (quantum) electromagnetic fields in
an expanding universe. Unlike previous works, we will not follow
the standard Coulomb gauge approach, but instead we will concen-
trate on the covariant quantization method. This method is found
to exhibit certain difficulties when trying to impose the quantum
Lorenz condition on cosmological scales [5]. In order to overcome
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these problems, and instead of introducing ghosts fields, we ex-
plore the possibility of quantizing without imposing any subsidiary
condition. This implies that the electromagnetic field would con-
tain an additional (scalar) polarization, similar to that generated in
the massless limit of massive electrodynamics [6]. Interestingly, the
energy density of quantum fluctuations of this new electromag-
netic state generated during inflation gets frozen on cosmological
scales, giving rise to an effective cosmological constant [7].

2. Electromagnetic quantization in flat space-time

Let us start by briefly reviewing electromagnetic quantization
in Minkowski space-time [8]. The action of the theory reads:

sz/ d4x<—%FwF“” +AM]”) (1)

where ], is a conserved current. This action is invariant under
gauge transformations A, — Ay, + 9, A with A an arbitrary func-
tion of space-time coordinates. At the classical level, this action
gives rise to the well-known Maxwell’s equations:

ayFHY = JI. )

However, when trying to quantize the theory, several problems
arise related to the redundancy in the description due to the gauge
invariance. Thus in particular, we find that it is not possible to
construct a propagator for the A, field and also that “unphysi-
cal” polarizations of the photon field are present. Two different
approaches are usually followed in order to avoid these difficulties.
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In the first one, which is the basis of the Coulomb gauge quantiza-
tion, the gauge invariance of the action (1) is used to eliminate the
“unphysical” degrees of freedom. With that purpose the (Lorenz)
condition 9, A* = 0 is imposed by means of a suitable gauge trans-
formation. Thus, the equations of motion reduce to:

DAy, = Jp. (3)

The Lorenz condition does not fix completely the gauge free-
dom, still it is possible to perform residual gauge transformations
Ay, — Ay + 9,6, provided 06 = 0. Using this residual symme-
try and taking into account the form of Eq. (3), it is possible to
eliminate one additional component of the A, field in the asymp-
totically free regions (typically Ag) which means V.A=0, so that
finally the temporal and longitudinal photons are removed and we
are left with the two transverse polarizations of the massless free
photon, which are the only modes (with positive energies) which
are quantized in this formalism.

The second approach is the basis of the covariant (Gupta-
Bleuler) and path-integral formalisms. The starting point is a mod-
ification of the action in (1), namely:

S:/d‘lx(—%F,wF’“’—i-%(BMA")Z—FAM]”). (4)

This action is no longer invariant under general gauge transfor-
mations, but only under residual ones. The equations of motion
obtained from this action now read:

M +£0M(9,AY) = JH. (5)

In order to recover Maxwell’s equation, the Lorenz condition must
be imposed so that the & term disappears. At the classical level this
can be achieved by means of appropriate boundary conditions on
the field. Indeed, taking the four-divergence of the above equation,
we find:

o(8,A") =0 (6)

where we have made use of current conservation. This means that
the field 9, AV evolves as a free scalar field, so that if it vanishes
for large |t|, it will vanish at all times. At the quantum level, the
Lorenz condition cannot be imposed as an operator identity, but
only in the weak sense 9,A"P|¢) =0, where (+) denotes the
positive frequency part of the operator and |¢) is a physical state.
This condition is equivalent to imposing [ag(k) + aj(k)]|¢) = 0,
with ap and a; the annihilation operators corresponding to tempo-
ral and longitudinal electromagnetic states. Thus, in the covariant
formalism, the physical states contain the same number of tempo-
ral and longitudinal photons, so that their energy densities, having
opposite signs, cancel each other.

Thus we see that also in this case, the Lorenz condition seems
to be essential in order to recover standard Maxwell’s equations
and get rid of the negative energy states.

3. Covariant quantization in an expanding universe

So far we have only considered Maxwell’s theory in flat space-
time, however when we move to a curved background, and in
particular to an expanding universe, then consistently imposing
the Lorenz condition in the covariant formalism turns out to be
difficult to realize. Indeed, let us consider the curved space-time
version of action (4):

S :/d4x¢§[—%FILUFIL” + %(v,uc\/*)2 + A,L]”:|. (7)

Now the modified Maxwell’s equations read:

VyFH*Y + eVIH(V,AY) = J* (8)

and taking again the four divergence, we get:

O(VyAY) =0. (9)

We see that once again V, A behaves as a scalar field which is
decoupled from the conserved electromagnetic currents, but it is
non-conformally coupled to gravity. This means that, unlike the flat
space-time case, this field can be excited from quantum vacuum
fluctuations by the expanding background in a completely anal-
ogous way to the inflaton fluctuations during inflation. Thus this
poses the question of the validity of the Lorenz condition at all
times.

In order to illustrate this effect, we will present a toy ex-
ample. Let us consider quantization in the absence of currents,
in a spatially flat expanding background, whose metric is writ-
ten in conformal time as ds® = a(n)?(dn? — dx?) with a(n) =
2 + tanh(n/no) where no is constant. This metric possess two
asymptotically Minkowskian regions in the remote past and far fu-
ture. We solve the coupled system of Eq. (8) for the corresponding
Fourier modes of the conformal field .A;, = (aAp, A), which are de-

fined as A, (n, %) = [ dk Aﬂg(n)e”-"-‘. Thus, for a given mode k, the

A, field is decomposed into temporal, longitudinal and transverse
components. The corresponding equations read:

k? 1
Agk - |:? —2H + 4H2i|.z40k — 2ik|:%€: 1|k - H.AHk:I =0,
" : 1 + /
e — K€ Ay — 2iké [—2; Ao + HAOk} =0,
Al 12 AL =0 (10)

with H =d'/a and k = |E|. We see that the transverse modes are
decoupled from the background, whereas the temporal and longi-
tudinal ones are non-trivially coupled to each other and to gravity.
Let us prepare our system in an initial state |¢) belonging to the
physical Hilbert space, i.e. satisfying 8VA51(+)|¢) =0 in the initial
flat region. Because of the expansion of the universe, the positive
frequency modes in the in region with a given temporal or longitu-
dinal polarization A will become a linear superposition of positive
and negative frequency modes in the out region and with differ-

ent polarizations A’ (we will work in the Feynman gauge & = —1),
thus we have:
An) _ Ty A (out) Ty A (out)
A= 3 [ A + (0 AL G (11)
A=0,||

or in terms of creation and annihilation operators:

a0 = Y [onw®ay™ (k) + pr k)ay ™ (—k)] (12)
A=0, ]|

with 2,2 =0, | and where «;;, and B;;  are the so-called Bo-
goliubov coefficients (see [9] for a detailed discussion), which are
normalized in our case according to:

Z (@p @y Npp' — Brp B p Mpp’) = M (13)
p.p'=0,]

with n;;, = diag(—1,1) with A, 2" =0, |. Notice that the normal-
ization is different from the standard one [9], because of the pres-
ence of negative norm states.

Thus, the system will end up in a final state which no
longer satisfies the weak Lorenz condition i.e. in the out region
E)UA:;,EPI@ # 0. This is shown in Fig. 1, where we have com-
puted the final number of temporal and longitudinal photons
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Fig. 1. Occupation numbers for temporal (continuous line) and longitudinal (dashed
line) photons in the out region vs. k in 7761 units. We also show the analytical
approximate solution (dotted line) given in the main text.

ng&”(k) =3, ﬂM/(ENZ, starting from an initial vacuum state with
ng' (k) = n‘”"(k) = 0. We see that, as commented above, in the fi-

nal region ng“f(k) # n"”t(k) and the state no longer satisfies the
Lorenz condition. Notlce that the failure comes essentially from
large scales (kng < 1), since on small scales (kg > 1), the Lorenz
condition can be restored. This can be easily interpreted from the
fact that on small scales the geometry can be considered as essen-
tially Minkowskian.

We can obtain an approximate analytical solution for the Bo-
goliubov coefficients by assuming an expansion in which H van-
ishes in the in and out regions, but it takes a constant value h
in the period (—tg,tp). Moreover, we shall neglect the produc-
tion of longitudinal modes (which is justified from our numerical
computation). For this simplified problem, the relevant Bogoliubov
coefficients are given by:

2
) ik 2h — ik — X
Bio = p2to(h+ik) [(1 _ _> cosho+——— I sinhw]
0= 5 ¢ h 4hZ — |2
1 <1 lk) 2[0]1
2aout h
2he4t0h
Boo = ——————sinhw (14)
a2, N4h? — k2

where w = 2tgv/4h? — k2, agy is the scale factor in the out region
and we have assumed that a;; = 1. In Fig. 1 we show the corre-
sponding production of temporal modes nd“‘(k) = |Bool|® + |Bjol?
for h =0.29 and ty = 2 (which approximately corresponds to the
Hubble expansion rate used for the numerical computation). Notice
that the approximate analytical solution reproduces very accurately
the numerical result at small k. This is because, on that region, the
production of longitudinal modes is practically zero and for very
large wavelenghts, the production of temporal states is not sensi-
tive to the particular shape of the expansion rate.

These results show that in a space-time configuration with
asymptotic flat regions, an initial state satisfying the weak Lorenz
condition does not necessarily satisfy it at a later time. In order
to overcome this problem, it is possible to impose a more strin-
gent gauge-fixing condition. Thus, following [10] we can define
the physical states |¢) as those such that VMA“(+)|¢) =0, vn.
Although this is a perfectly consistent solution, notice that the sep-
aration in positive and negative frequency parts depends on the
space-time geometry and therefore, the determination of the phys-
ical states requires a previous knowledge of the geometry of the
universe at all times.

Another possible way out would be to modify the standard
Gupta-Bleuler formalism by including ghosts fields as done in non-
Abelian gauge theories [11]. With that purpose, the action of the
theory (7) can be modified by including the ghost term (see [12]):

Sg= fd4xﬁg””8MEavc (15)

where c are the complex scalar ghost fields. It is a well-known re-
sult [12,13] that by choosing appropriate boundary conditions for
the electromagnetic and ghosts Green’s functions, it is possible to
get (¢|wa + T,gw|¢) =0, where wa and Tﬁv denote the contri-
bution to the energy-momentum tensor from the & term in (7)
and from the ghost term (15) respectively. Notice that a choice
of boundary conditions in the Green’s functions corresponds to
a choice of vacuum state. Therefore, also in this case an a priori
knowledge of the future behaviour of the universe geometry is re-
quired in order to determine the physical states.

In this work we follow a different approach in order to deal
with the difficulties found in the Gupta-Bleuler formalism and we
will explore the possibility of quantizing electromagnetism in an
expanding universe without imposing any subsidiary condition.

4. Quantization without the Lorenz condition

In the previous section it has been shown that although the
Lorenz gauge-fixing conditions can be imposed in the covariant
formalism, this cannot be done in a straightforward way. These
difficulties could be suggesting some more fundamental obstacle
in the formulation of an electromagnetic gauge invariant theory in
an expanding universe. As a matter of fact, electromagnetic mod-
els which break gauge invariance on cosmological scales have been
widely considered in the context of generation of primordial mag-
netic fields (see, for instance, [14]).

Let us then explore the possibility that the fundamental theory
of electromagnetism is not given by the gauge invariant action (1),
but by the gauge non-invariant action (7). Notice that although
(7) is not invariant under general gauge transformations, it re-
spects the invariance under residual ones and, as shown below,
in Minkowski space-time, the theory is completely equivalent to
standard QED. Since the fundamental electromagnetic theory is as-
sumed non-invariant under arbitrary gauge transformations, then
there is no need to impose the Lorenz constraint in the quanti-
zation procedure. Therefore, having removed one constraint, the
theory contains one additional degree of freedom. Thus, the gen-
eral solution for the modified equations (8) can be written as:

= AL + AP + AL + 0,0 (16)

where Aﬂ) with i = 1,2 are the two transverse modes of the

massless photon, .A/(f) is the new scalar state, which is the mode
that would have been eliminated if we had imposed the Lorenz
condition and, finally, 9,0 is a purely residual gauge mode, which
can be eliminated by means of a residual gauge transformation in
the asymptotically free regions, in a completely analogous way to
the elimination of the Ag component in the Coulomb quantization.
The fact that Maxwell’s electromagnetism could contain an addi-
tional scalar mode decoupled from electromagnetic currents, but
with non-vanishing gravitational interactions, was already noticed
in a different context in [6].

In order to quantize the free theory, we perform the mode
expansion of the field with the corresponding creation and annihi-
lation operators for the three physical states:

Ay = f @k Y (oA +al ()AD)] (17)
A=1,2s
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where the modes are required to be orthonormal with respect to
the scalar product (see for instance [10]):

) Ay ) W) My )
(A7, A )—’/dzu [‘Avk 11, — 11, 'Avk’]
)

=58P (k—K), A =125 (18)
where dX, is the three-volume element of the Cauchy hypersur-
faces. In a Robertson-Walker metric in conformal time, it reads

ax, = a*(n)(d3x, 0, 0,0). The generalized conjugate momenta are
defined as:

*Y = —(F* — £ghVV,AP). (19)

Notice that the three modes can be chosen to have positive nor-
malization. The equal-time commutation relations:

[AL(0.%), Ay(n,X)] = [T, %), 1% (n,X)] =0 (20)
and

81)
[A.(n,%), 1% (n,%)] = i\/—"g@%&—?) (21)

can be seen to imply the canonical commutation relations:

[a.(0), !, (k)] = 8,08 (k—K), 2,1 =1,2,5 (22)

by means of the normalization condition in (18). Notice that the
sign of the commutators is positive for the three physical states,
i.e. there are no negative norm states in the theory, which in turn
implies that there are no negative energy states as we will see
below in an explicit example.

Since V, A" evolves as a minimally coupled scalar field, as
shown in (9), on sub-Hubble scales (|kn| > 1), we find that for
arbitrary background evolution, |V,4A,(<S)"“| xa~l, ie. the field is
suppressed by the universe expansion, thus effectively recovering
the Lorenz condition on small scales. Notice that this is a con-
sequence of the cosmological evolution, not being imposed as a
boundary condition as in the flat space-time case.

On the other hand, on super-Hubble scales (Jkn| < 1),
|VHA,(<S)“| = const. which, as shown in [7], implies that the field
contributes as a cosmological constant in (7). Indeed, the energy-
momentum tensor derived from (7) reads:

1
Tw= —F,uaFva + Zg;wFaﬁFaﬁ

&g [(a A + 2059, (7,49)
—4A, Vo) (Ve AY)]. (23)

Notice that for the scalar electromagnetic mode in the super-
Hubble limit, the contributions involving F, vanish and only the
piece proportional to & is relevant. Thus, it can be easily seen that,
since in this case V,A% = const., the energy-momentum tensor is
just given by:

§ 2
Ty = Eg/w (VaAa) (24)

which is the energy-momentum tensor of a cosmological constant.
Notice that, as seen in (9), the new scalar mode is a massless free
field. This is one of the most relevant aspects of the present model
in which, unlike existing dark energy theories based on scalar
fields, dark energy can be generated without including any poten-
tial term or dimensional constant.

Since, as shown above, the field amplitude remains frozen on
super-Hubble scales and starts decaying once the mode enters the

horizon in the radiation or matter eras, the effect of the & term
in (8) is completely negligible on sub-Hubble scales, since the ini-
tial amplitude generated during inflation is very small as we will
show below. Thus, below 1.3 AU, which is the largest distance
scale at which electromagnetism has been tested [15], the mod-
ified Maxwell’s equations (8) are physically indistinguishable from
the flat space-time ones (2).

Notice that in Minkowski space-time, the theory (7) is com-
pletely equivalent to standard QED. This is so because, although
non-gauge invariant, the corresponding effective action is equiva-
lent to the standard BRS invariant effective action of QED. Thus, the
effective action for QED obtained from (2) by the standard gauge-
fixing procedure reads:

oW — / [dAILdC]IdENdy 1[dV ]
ot f X FFu FI 45 (0 AM) 240V 3, €00+ L) (25)

where Lf is the Lagrangian density of charged fermions. The &
term and the ghosts field appear in the Faddeev-Popov procedure
when selecting an element of each gauge orbit. However, ghosts
being decoupled from the electromagnetic currents can be inte-
grated out in flat space-time, so that up to an irrelevant normal-
ization constant we find:

elW — /[dA][dlﬁ][dl}]e'f d4X(—}TF/_LUFM'U'F%(B;LAM)ZJ!‘[:F) (26)

which is nothing but the effective action coming from the gauge
non-invariant theory (7) in flat space-time, in which no gauge-
fixing procedure is required.

5. An explicit example: quantization in de Sitter space-time

Let us consider an explicit example which is given by the
quantization in an inflationary de Sitter space-time with a(n) =
—1/(H;n). Here we will take & = 1/3, although similar results can
be obtained for any & > 0. For this case, in which H' = H2, we
can obtain the following expression for the temporal component
in terms of the longitudinal one from (10):

—i

P —
0k = k(4K 3H2)
d3A A dA
x [z dn3”k “H anHk 1 10Kk2 : Ik —SszAHk]. 27)

On the other hand, if we insert this relation into the equation for
Ay we obtain a fourth-order equation for the longitudinal com-
ponent which is completely decoupled from Ag. This fourth-order
equation can be expressed as follows:

[ d? 2k +3H%2  d 4k 4+ 6HA— 9k2H2]

dn?  4k2+3H2 dp 4k2 4 3H2
d? d
X [W +2HE +k ]A"k =0, (28)

where we have performed a factorization in such a way that the
second bracket is nothing but the operator determining the evo-
lution of a free scalar field, i.e.,, 06 = 0. Now, we shall use the
notation F(G(Ajr)) =0, where F and G are the operators given
in the first and second brackets in (28) respectively. In particular,
G = 0O as we have already said. Thus, in order to solve the equa-
tion we have to obtain the kernel of F, whose solutions will be
denoted by S, and, then, solve the equation for a free scalar field
with S as an external source: G(Ajx) = S. This method has the
advantage of allowing to identify the pure residual gauge mode as
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the homogeneous solution of this last equation. The explicit solu-
tion for the normalized scalar state is:

() _ 1 i {kne—ikn

0k — )32 ﬁ

11 . . -
+ k0 [5(1 + ikn)e kN — k2 p2eknE, (2ik17)} }e’k",

1 1 ,
() _ i —ikn
ke — 2m)3?2 2k {(] +ikm)e
3 . ‘
- [Ee"’"’ + (1 —ikn)eE, (2ik17)} }e"‘x (29)

where Eq(X) = floo e~™/tdt is the exponential integral function
and we have fixed the integration constants so that the mode is
canonically normalized according to (18). Using this solution, we
find:

_a? ik 30 +ikn) ik ike
@mn)32 Jak2  k*np?
so that the field is suppressed in the sub-Hubble limit as
VAR ~ O (k) 2).
On the other hand, from the energy density given by ps = Tg,

we obtain in the sub-Hubble limit the corresponding Hamiltonian,
which is given by:

VA = (30)

1 [ d3k L I
H= / kY [al(oan k) +as0a) ()]. (31)

-5 4
2 a*(n) A=1,2,s

We see that the theory does not contain negative energy states
(ghosts). In fact, as shown in [7,16], the theory does not exhibit
either local gravity inconsistencies or classical instabilities.

Finally, from (29) it is possible to obtain the dispersion of the
effective cosmological constant during inflation:

dk
(01(V,.A")[0) :/?PA(k) (32)

with Pa(k) = 4nk3|V,LA,(f)“|2. In the super-Hubble limit, we ob-
tain for the power-spectrum:
9H{
1672’
in agreement with [7]. Notice that this result implies that ps ~
(Hp)*. The measured value of the cosmological constant then re-
quires H; ~ 1073 eV, which corresponds to an inflationary scale
Mj ~ 1 TeV. Thus we see that the cosmological constant scale can
be naturally explained in terms of physics at the electroweak scale.
Once we have computed the initial amplitude of the elec-
tromagnetic fluctuations, we can estimate the magnitude of the
corrections induced by the new terms in the modified Maxwell’s
equations. Notice that (8) can be rewritten as the ordinary
Maxwell’s equation with an additional conserved current source:

Pak) = (33)

VyFRY = i I (34)

where Ji = —£VH(V,A") satisfies V,, Ji =0 by virtue of (9). For
sub-Hubf)le modes below 1.3 AU, which is the region on which
electromagnetism has been tested, consistency requires the new
current to be negligible. It is possible to estimate the present value
of such a current by noticing that a Fourier mode k entered the
Hubble radius in the radiation dominated era when the scale factor
was ajp =~ Hoa:_éz /k, with aq the scale factor at matter-radiation
equality and where we have taken that today ag = 1. Therefore,
since the initial amplitude Vv, A* ~ Hf remains constant until

horizon reentry, today we obtain for the effective electric charge
density created by the mentioned modes:

J2 ~ kH}ain ~ HoH?ag)> ~ 10741 eV? (35)
which is independent of k and completely negligible since it

roughly corresponds to the charge density of one electron in the
volume of the Earth.

6. Conclusions

In this work we have considered the difficulties in the appli-
cation of the covariant quantization method for electromagnetic
fields in an expanding universe. Although the Lorenz gauge-fixing
condition can in principle be formally applied also in cosmological
contexts, we have explored the alternative possibility of quanti-
zation without subsidiary conditions, and therefore, without the
introduction of ghost fields.

In this approach the theory is invariant only under residual
gauge transformations and a new scalar mode appears for the elec-
tromagnetic field. Despite these facts, standard QED is recovered in
the flat space-time limit as the new scalar state is completely de-
coupled from the conserved electromagnetic currents (only trans-
verse photons couple to them [17]). The residual gauge symmetry
of the theory ensures that the negative norm state can be elim-
inated and that the energy is positive as shown in an explicit
example.

This quantization procedure is found to have interesting conse-
quences for dark energy. Thus, the energy density of the new mode
on super-Hubble scales (which is essentially the temporal part of
the electromagnetic field) is seen to behave as a cosmological con-
stant irrespectively of the expansion rate of the universe. The new
mode can be generated during inflation, in a similar way to the in-
flaton fluctuations and this fact allows to establish a link between
the scale of inflation and the value of the cosmological constant.
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