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1 Introduction

If one applies the effective field theory formalism to General Relativity, one concludes that
the value of the Cosmological Constant should be some hundred of orders of magnitude
larger than its measured value. This a part of the so-called Cosmological Constant prob-
lem [1]. Unimodular gravity furnishes a solution [2-6] to this part of the problem since
in that gravity theory the vacuum energy does not gravitate: in unimodular gravity the
metric always has determinant equal to —1 — see [7, 8], for introductions.

There are several approaches to define unimodular gravity as a quantum field theory,
e.g., [9-17]. It is not known whether they yield the same quantum theory, even when the
background metric is Minkowski, for they involve different sets of ghosts. This is an open
problem, as it is their equivalence to General Relativity when the Cosmological Constant
is set to zero.

In this paper we shall adhere to the formulation of unimodular gravity introduced
in [18, 19], which was put into BRST form in [11]. The starting point of this formulation
is to solve first the unimodularity constraint detg,, (z) = —1 — g, being the unimodular
metric in D-dimensional space-time — by introducing an unconstrained tensor field g, (z)

such that (@)
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Then, the path integral of the theory is defined by using the standard linear splitting
9 (%) = Guv + hyuw, along with BRST techniques. g, is the background field and hy, is
the graviton field, which is integrated over in the path integral. Of course, one may use
any other type of splitting — e.g., the splitting induced by the exponential parametrization
— to define the quantum theory. Let us stress that in general the linear splitting cannot
be used in a given formulation of unimodular gravity which the unimodularity constraint
by using a Lagrange multiplier [10, 12, 15, 17], say A(z). Indeed, as shown in [20], UV
divergent contributions which are quadratic in A\(z), arise at one and higher loop levels.
As also shown in [20] such a problem with the use of a Lagrange multiplier never hap-
pens if the parametrization of the metric in terms of the graviton field, A, is such that
the unimodularity condition is equivalent to h,, being traceless — an instance of such
parametrization is the exponential parametrization. Because we prefer to have any kind
of sensible splitting at our disposal, we favour in this paper the formulation introduced
n [18, 19]. Another reason may be found in that this formulation, which has Weyl in-
variance, finds nice accommodation within the string theory framework [21]. Further, the
formulation in question also fits in the gauge/gravity duality framework [22].

One of the most important quantities in a quantum field theory of gravity is the
complete one-loop graviton propagator. Indeed, this quantity gives rise, in any space-time
dimension, to a highly non-trivial one-loop contribution to the scattering of two particles;
which in turn yields a part of the quantum correction to Newton’s Law [23]. It is also
advisable to compute that one-loop contribution for large families of gauge-fixing choices,
since the cancellation of the gauge dependence when computing a physical quantity is a
non-trivial check that our computation has been done correctly. In the General Relativity
case, such computations were done long ago in [24, 25] and just last year [26]. These
types of computations — perhaps because they are far more involved than in General
Relativity — have never been done for unimodular gravity. The final goal of this paper
is to remedy this state of affairs and compute the complete one-loop correction to the
graviton propagator for a very large continuous family of gauge-fixing terms in any number
of space-time dimensions. To do so we shall adapt the BRST formalism in [11] to the case
of a Minkowski background and generalize the choice of gauge-fixing term. Then, we shall
work out the free propagators and the interaction vertices involving three fields. This,
in the case at hand, is a very laborious task, let alone the computation of the one-loop
contributions, that we have been able to do thanks to invaluable help from the symbolic
manipulation systems FORM [27], zAct [28] and Mathematica [29]. Let us point out that
our BRST ghost, anti-ghost and auxiliary field system and their transformations do not
depend on the space-time dimension so that we can keep D arbitrary in our computations.
This independence on the space-time dimension does not hold for the BRST quantization
approach of reference [17].

The layout of the paper is as follows. In section 2, we carry out the BRST quantiza-
tion of our theory, introducing a continuous large family of gauge-fixing terms. The free
propagators, relevant vertices and Feynman rules are displayed in section 3. Section 4 is
devoted to the computation, in dimensional regularization, of the one-loop contribution
to the graviton propagator in any number of dimensions. In this section two choices of
gauge parameters that greatly simplify the final result are also introduced. Comments



and conclusions can be found in section 5. We include three appendices. In appendix A,
we give formulae leading to the renormalized, at D = 4, one-loop graviton propagator in
the minimal subtraction scheme of dimensional regularization; here some choices of gauge
parameters are put in place. The value of each non-vanishing 1PI Feynman diagram con-
tributing to the one-loop graviton propagator is given in appendix B. In appendix C, we
show how our general free gravity propagator yields Newton’s law and discuss how this
fact demands that two gauge-dependent coeflicients of the free propagator satisfy a precise
linear equation.

2 BRST quantization of unimodular gravity with Weyl invariance

The classical action of our formulation of unimodular gravity reads
Sue = =2 [ " R{g) (2.1)

where R[g] is the Ricci scalar for the unimodular metric §,,. The metric g, is defined in
terms of the unconstrained tensor field g, as follows:

A

_ gw(®)
glﬂl(x> |g|1/D($). (22)
9w is a tensor field under transverse diffeomorphisms and it is the field variable that will be
used, being unconstrained, to quantize the classical theory. D is the space-time dimension.

The action in (2.1) as a functional of g,, has got two gauge symmetries. These gauge
symmetries are transverse diffeomorphisms and Weyl transformations; which, in infinitesi-
mal form, read

0D Gur () = Vue?:(x) + Vyeg(x), el(z) = gWeT”(x), BMET“(QJ) =0,

# (2.3)
5W9;w(x) = 25(@9#1/ (z).

In the previous definitions ¢ #(z) and e(x) are infinitesimal vector and scalar fields, re-
spectively, and V, is the covariant derivative for g, .

With the goal of formulating a field theory of gravitons propagating on Minkowski
space-time, we shall consider the standard linear splitting of g, in (2.2):

g;w(x) =Ny + h;w(x)'

The field hy, is the graviton field.

To quantize the classical theory with action in (2.1) and gauge symmetries in (2.3)
we shall use the Batalin-Vilkovisky BRST formalism [30], for the vector field €/ # above is
constrained by transversality. This constraint makes the transverse diffeomorphism trans-
formations in (2.3) a first-stage gauge reducible transformations, so that, according to [30],
the following set of fields is to be introduced to set up the BRST formalism for the trans-
verse diffeomorphism gauge symmetry:
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On the other hand, the Weyl transformations in (2.3) give rise to an irreducible gauge
symmetry which demands the use of the following ghost, anti-ghost and auxiliary fields

D pL=D) anq 00 (2.5)

to formulate the BRST formalism. In the previous equations the first entry, n, of the
superscript pair (n,m) in the fields is the Grassmann number; the second entry, m, is the
ghost number.

Let us introduce the BRST operators, stp, and sw, defining the BRST transfor-
mations associated to the transverse diffeomorphisms and Weyl transformations in (2.3),
respectively. Following ref. [11], we define the action of stp and sw on the fields in (2.4)
and (2.5) as follows

STDNuv = 0,
STD My = Opcl + 0y, + T Ophy + hpy 0P + g0y,
1
spc A = O (CPTE)ch“) +orp0),

spbh D = 00k st f 00 =0, stpe!"? =0,

STD’]T(l’_l) =0, STD,]T/(I,l) =0, STDE(O’_Q) _ 7T(1’_1), STDC/(O’O) _ 7Tl(l,l)}
STDC(l’l) _ CTpapC(1,1)7 STDb(L—l) _ CTpapb(l,—1)7 STDf(O,O) _ CTpapf(O,O)7
SWiuw =0,
SWh;u/ = 26(171) (Tluu‘f’huy) )
ch(lvl),u‘:(L SWb(l’il)'u‘:O, swf(ovo)l":()’ 8W¢(072) :07
swrh™1 =0, swr' (WY =0, swel ™2 =0, swc 0 =0,
swelbt =0, sy = f(00), sw 09 =0.

(2.6)
In the previous equations indices are raised and lowered by using 7,, and the following
definition is assumed

' = (510 — 918,) DV,

Note that both stp and sw have got both Grassmann number and ghost number equal 1.
Using the results

Oy (cpTach“> =0, 0, [é (c”T@ch“)] =0
and the definitions in (2.6), one may show that
stp =0, s% =0 andthat {stp,sw} =0.
Next, we define the full BRST operator, s, as follows

S = STD + Sw. (2.7)



We are now ready to introduce the BRST invariant action Sgrst of our unimodular
gravity theory with all the gauge symmetries in (2.3) fixed:

SprsT = Sug — / dPr sX. (2.8)

Note that Syg is given in (2.1) and the integration domain is Minkowski space-time. X
is a local functional of the fields in (2.4) and (2.5), and their derivatives, such that ) it
has Grassmann number equal to 1 and ghost number equal to -1, and ) the differential
operator in the contribution to SgrsT which is quadratic in the fields is invertible — this
way free-propagators will exist. The operator s is defined in (2.7).

Our choice of X will be quadratic in the fields but general enough as to introduce
a large continuous gauge parameter dependence in most coefficients of free propagator of
the graviton — see (3.1) and (3.2). Actually our choice of X guarantees that one of the
coefficients of two of the most involved terms, namely,

1 1
W (77M1,u3pu2pu4 + M1 paPpsPus + NuopsPpi Pua + nu2u4pu1pu3) and WP,UIPHQPMSPIMU

can always be set to zero by a suitable choice of the gauge parameters. Agreement with
Newton’s law makes it impossible for the existence of a gauge-fixing term such that the
coefficients of both terms vanish — see appendix C.

Our X is the following large family of functions:

X = Xtp + Xw, (2.9)
where
1 1
X7tp = b# [wla”h’,j + "}/28uh + p1f”} +c OéQ&MC“ + QDW,] +c |:0418Mbu — —On

2 ] (2.10)
Xw = 9,00" (f — ah).

h stands for the contraction hf. The fields in (2.10) are the fields in (2.4) and (2.5) without
the superscript pair (m, n) so as to make the expressions more readable. Xp carries out the
gauge-fixing of the transverse diffeomorphisms. Xy is needed to gauge-fix the invariance
under Weyl transformations. 71,79, a1, g and « are the gauge-fixing parameters defining
the family of gauge-fixing terms in SgrsT. These gauge-fixing parameters can have any
value which yields well-defined free propagators. We shall see below that this is achieved
if 71, a1, ag and « never vanish. Finally, notice that X in (2.9) is reminiscent of the gauge-
fixing terms used in references [24-26] for General Relativity and generalizes quite a lot
the gauge-fixing term used in [11] in the unimodular gravity case.

We shall see that all the free propagators obtained from Sprsr as defined by (2.8)
and (2.9) are massless. Hence, to compute the one-loop correction to the graviton propa-
gator we may drop any contribution to SgrsT involving more than three fields. Indeed, the
vertices involving four fields give rise to tadpole contributions, which vanish in dimensional
regularization, and one cannot draw a one-loop propagator Feynman diagram with vertices
having more than four legs. Accordingly, let us express SgrsT as follows

SBRST = Séeven) +S§Odd) +S?()even) 4 S?Sodd) 45,



Séeven) and SéOdd) are the quadratic contributions with fields having even and odd Grass-
(even)

mann number, respectively. S is the three-field contribution with fields having only

even Grassmann number, SéOdd the contribution involving three fields some of them having
odd Grassmann number and Sy the summand with more than three fields. A little algebra,

with a lot of help from zAct, yields

D12
a o hOh L 1 9,0,h
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S5 = =3 [ dPa{hu B 210,05 - =
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- D+2 D+ 1
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and

S = [Pl —d,b, (Mo 41 9L W] ) <00, (T O+ 20T
—2y1¢h" Dby, — 272 hd"b, +2a0bch+ad,bc POh+albe Po,h
+2a0060* " hyr—9,b PO f ~TbeT 0, f }.

(2.11)

Furnished with the action SgrsT above, one constructs the quantum theory by using
the standard path integral method.

3 Propagators, vertices and Feynman rules

In this section we shall display the free propagators, the three-field vertices and the corre-
sponding Feynman rules of our unimodular gravity theory.



3.1 Free propagators

The free propagators and Fourier transforms of the fields with even Grassman number are

denoted by the following symbols:
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The values of these propagators are obtained from .S, in (2.11) by using standard path
integral methods. A very lengthy computation yields

11
hh
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D?0? —2D+4 1 2 1
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stand for the free-propagators and Fourier transform of the fields with an odd Grassmann
number. From SéOdd) in (2.11), one gets

1 1 1 1 el + Dy 1
cuby _ 2 cb _
G/(huuz )(p) = % (p2)3 (p M1 oo _p/tlpm) +ﬁp2 DuiPuss G/(n H)(p) = mpg Puy
(cfiby) 1
Giulys (p) = —W(ﬁmm — Py Pa )
7'b o i1 cub - cb o 1 1 w'b o
G “)(p)——ojzﬁpm, Glp) =0, G )(p)——ﬁ?, G (p) =0
cum i1 crm 71+D’Y21 '
G,(“” )(p):_;lﬁpul’ G! )(p):_mﬁ’ G ™(p) =0

(3.5)



3.2 Three-field vertices

We now come to the three-field vertices. By a Fourier transformation, one can recast
iSéeven) in (2.11), into the form,

i Séeven) .

3 D
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where the three-graviton vertex reads
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Note that S is a shorthand for a double symmetrization, namely, a symmetrization with
regard to each pair on indices uv1, pove and psvs, first, and, then, a symmetrization with
regard to all pairs (pl, uivn), (p2, pove), (ps, usvs). Symmetrization of F[1,2,3,...,n] is
carried out with the formula

1
n!
b
where the sum runs over all permutations — generally denoted by ¥ — of (1,2,...,n).
S:S)Odd) as defined in (2.11) gives rise to the following three-field interaction terms in

momentum space
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Figure 1. Free propagators.

with
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(3.7)
3.3 Feynman rules

The results in the previous subsections lead to the Feynman rules in. figures 1 and 2.
The reader should bear in mind the definitions in (3.2), (3.3), (3.5), (3.6) and (3.7), when
consulting those rules.

4 The one-loop contribution to the graviton propagator

Let iGEﬁZSBB)M (p) denote the one-loop contribution to the graviton propagator. Then, we

have
Z'G/(ﬁ};tgh)gw (p) = iGEﬁ@zmpz (p) Fgf?%pm (p) iGE}ZZiusm (p)
+ G, (D) TS0 (9) G s (P) GG, 0y () DD (0) G, (1)
(4.1)

~10 -



= VHVLRV2HEBYS () o, p3)

= V1M17M27M3V3 (Pl,Pzaps)

= V"3 (py, pa, p3)

= Vgugys (Pl,Pz,Ps)

= V{5 (p1, p2, p3)

= V¥*(p1,p2. p3)

Figure 2. Three-field Vertices.
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H1p2 TTP1P2 H3pa h

h

pHip2 TTp1p2 H3 e

(g) Diagram 7.

Figure 3. Non-vanishing contributions to 1“5,’5’,2 papa (D).

where G%Z)Q,%M(p) and G,(ﬁM)Q(p) have been given in (3.2) and (3.3), respectively.

Fﬁff’,ﬁlm pa(p) is the sum of the values of all the 1PI diagrams in figure 3, T’ %2}1 (p) is given
the value of the 1PI diagram referred to as Diagram 8 in figure 4. Also in figure 4, the
1PI diagram called Diagram 9 yields Fgl”;g (p). The value of each 1PI Feynman diagram
in figure 3 can be found in appendix B. In the current section, we shall display the value
of Fgf%pgm (p), Fg}fﬁ; (p) and Fg{ﬁ% (p) that, for arbitrary complex values of D, we have

obtained by using dimensional regularization.

- 12 —



(b) Diagram 9.

Figure 4. Non-vanishing contributions to Fff;gl (p) and I‘yl"f.fg (p)-

A very involved computation — a computation not feasible without the invaluable
help from FORM — leads to the following result

Ffffﬁ%pg,m (p) =Pi(p) (p2)2 (77,01p377p2p4 + 77p1p477p2p3) + P (p) (p2)277p1p277p3p4
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(4.2)
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4 1 D 5 2 —2D)D 2

OEER 4 (14 D) (S22 +(8=6D)p1)  4(D—2)(1+D)(D(15+ D) —28) p3

432 ) _ ’ n
D2a?~i 71

4(1+ D) (48+D<D(161+D(4D47))182));)1

+

1671 (11 +Dr2) }

(D72)’712 aQq g
‘ D/2-2 s
Py L)) [ r(g)
2P 43+DD]2 (D—1)DT(D—2)
1/2

™

[16 (D—2)% D? (443D) vy oy (1 + Do) +

+
(12 D2 (D—2) vy ap)’ T (252)

~13 -



+32(D(D-2)~} (71+D72))2 —alal [ﬁ (32 (D—2)(1+D) (D (76+(D—28) D)—32)+
+a? (D (640+D (D (2856+D (1668+D (D (1371+D (D (4D —37)—100)) —3382))) —3424)) +

+512>)+4(D72) (1+D) ((D (128+D(3040+D(D (3748+ D (D (79+3D)—1006)) —
—5576))) —512) a?—16(D—2) (D (28+(D—4) D) _3z)>73p1+

+4(apy)? (D—2)? (14 D) (D (64+D(1168+D(D(636+D(9D—133))—1404))) —256>H }

_i(=p)PPr (- 2)r(g) { 29OT(3)

Fa(p) = 43+D D2 (D—1)I(D—-2)
xl/2

D3((D—2)aoy apy})?T (212

n j [—16(D—2)2D2(2+D(2+D))aa102715(714-1)’72)—
—32D(24+ D) (v (D—2)(71+Dy2))? +a1a2H32(D 2)(1+D)<D(76+D(5D—38))—32)+

+[5124D <640+D<D (3128+D(1296+D(D(1747+D(D(4D—5)—302)) —3400>>> -

3552))] oﬂl A 4(D=2)(14+ D)2 (16(D2) (D(36+(D710)D) —32)+
+(D—4)a? <D2 (776+D(D(836+D(17D—213)) —1312)> —128) ) +
+4(D—2)* (14 D)a2p? (D (64+D (1168+D (D(666+D(9D— 131)) - 1460))) —256) ] ] }

Z( —p )D/Z 2 (1 D)/2F(1 D)F( )
43+D (D(D—-2)an?)? ag asl (252)
—32a1a2ﬁ(D—2)2<w+(D+1)(7121)D(21)2_5’)+2(3D—4)p1)>—

(62X}

Py(p)=—

{16a7§’(D—2)2(71+72D)D(D(D—2)—2)—

—PajasD?

A(D+1)(D(D+15)—28)(D—2)3p? +44D (D (D(D(4D— 13) —24)+127) -

—26) —24(D+1) <D (D (D(4D—47)+161) —182) +48> (D—2)P1—88fyf] }

’L( —p )D/2 2 (1 D)/ZI‘\ 1— D F Q
(5) (4D—8)?
43+D(D-2)(Daay agyi)? D 3

Ps(p)= —4)—4)aarazy] (11 +Dv2)—

—32((D—2)7} (11 +D72))*D+aifaj |y

D<D<1792+D< ( (1303+D( (27+4D) 408)) 1162)—840))—448)—

l )(1+D)(16+5(D—4)D)+

+a?
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—256H —4(D—-2)(1+D) (16(D—2) (84+(D—-8)D)+ ((D—4)D(16—D(360—
—D(434+D(29D— 199)))) —256) a2> Yip1+4(D—-2)3(1+D) (128—1—
+D <32+D(D(444+D(9D—113)) —512))) oﬂp’;’] }

For F£{2 (p), we have obtained the following value

DU (5) = Q1 (0) (2 pup + Qo(0) PPy (4.3)
where
9D D22y 24D/20 (1~ DJ2) (T (D/2))
Qi(p) =i a(=1+ D)DT (D —2) (4.4)
2D g =D/2(_p2)=2+D/21 (1 — D/2) (T (D/2))? |
Q2(p) = —i ‘

a(-14+D)I'(D —2)
. . h h
Not surprisingly, Fél’,f% (p) = F/(J{pg (p)-

4.1 Two simplifying gauges

Let us present two gauge choices for which FSJ}ILZ%%M (p) simplifies greatly. These gauge
choices simplify as much as possible the involved tensor structure of the free-graviton
propagator given in (3.1) and (3.2). Let us first point out that the last two summands —
the most involved ones — of that tensor structure cannot be set to zero at the same time.
Actually, this is needed to obtain Newton’s law as seen in appendix C.

2D —4 1
Let us set o = (1372) and p; = ny This choice sets to zero the second and
third summands of Gg’fgzmm (p) in (3.2). Let us further impose vo = —%. Then,

Pi(p), P2(p), P3s(p) and Py(p) in (4.2) read
Pi(p) = i (256 + D(—864 + D(—260 + D(549 + 5D(—40 + 3D))))) ®(p, D),
1
Py(p) = =i —7(~4096 + D(~3072 + D(26112 + D(~19200 + D(~15664 + D(19812
4 D(—7520 + D(1247 + 3D(—44 + 3D)))))))) ®(p, D),
1
Py(p) = i3 (4096 + D(=3072 + D(26624 + D(~21888 + D(~12912

+ D(21932 + D(—10202 + 3D(709 + D(—70 + 3D))))))))) ®(p, D),
P,

Py(p) = —i (256 + D(—864 + D(—260 + D(549 + 5D(—40 + 3D))))) ®(p, D),
P5(p) = —i%(2048 + D(2560 + D(—11776 + 3D (1472
+ D(2544 + D(—2284 + D(689 + D(—80 + 3D)))))))) (D — 2) &(p, D),
where 47(4+D)7T(17D)/2(_p2)72+D/2F (1 _ D/2) T (D/Q)
(D—-2)T'(3+D/2) '

®(p, D) =
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The second gauge choice sets to zero the last summand of Gﬂi%gm (p) in (3.2) and

reads

2 (2D —4) 1 2 71
e/ W S d yp=-2
« D2 y P1 2(D_2)71 an 72 D

For this gauge choice, P;(p), P2(p), P3(p) and Py(p) in (4.2) are given by the following
expressions

Pi(p) = —i (—32 + D(T4+ D(51 + D(—37 + 6D))))¥(p, D),
Po(p) = —i %(—512 + D(—640 + D(3040

4 D(—984 + D(—2468 + D(1498 + D(—213 + D(—13 + 2D)))))))) ¥(p, D),
Py(p) = i %(—512 + D(—640 + D(3104 + D(—1304

+ D(=2256 + D(1816 + D(—431 + D(23 + 2D))))) U(p, D),

Py(p) = i (=32 + D(74 + D(51 + D(—37 + 6D)))) ¥(p, D),
Py(p) = —i %(256 4 D(448 + D(—1296

+ D(—16 + D(986 + D(—449 + D(51 + 2D)))))) (D — 2) ¥(p, D),
where

9-(5+2D) (1-D)/2(_;,2)=2+D/21 (1 — D/2)T (D/2)

V(p, D) = (D-2)T(3+D/2)

5 Comments and conclusions

We have spelt out a BRST formalism where quantum corrections, in any number of di-
mensions and around a Minkowski background, can be computed for unimodular gravity
with Weyl invariance. We have applied the formalism to the one-loop computation of the
complete graviton propagator for a large family of gauge-fixing terms and in any number
of dimensions. Our main conclusion is that computing quantum gravitational corrections
in unimodular gravity is feasible. Of course, the computations are very involved due to the
fact that the free graviton propagator contains higher-order poles.
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A Results when D is close to 4

Here we shall display the values of F(p}ll%%m (p) and Fg};g (p) in the vicinity of D = 4.
We shall choose the gauges in the subsection 4.1. Let us begin with the gauge choice

2D — 4 1
a? = (D2)’ p1 = 17% and o = —%. For this gauge choice, Pi(p), P2(p), Ps(p) and
Py(p) in (4.2) read

21 1 1 p? 813
Pp)=—i—d = |- P % L O(D -4
1(p) = —i 3207r2{D i < 47re—m2> } i 1250072 T O )

37 11
Po(p) =i 1~ o
() Z960W2{D4+2 n( e~ m)
11 11 3779
Py(p) = —i . 4 Inm
3(p) Z4807r2{D—4+ ( 4776 2 ' 5760072

} 13691

21 11
Pyp)=i—d = 4L, D—4
1(p) Z320W2{D—4+2n< 47re—m>} 128002 +0(D—4),

’ 93040072 +O(D —4),

+O(D — 4),

41 11 1169
Ps(p) = =i 57054 5 + 5”0 +O(D - 4).
5(P) =~ 5002 { D_at ( dme—72 " 5es0072 T 9! )
2D 4 1
When the gauge parameters satisfy o? ( ) —m'yl and o = %,
we have
.31 1 1 p? 1967
Pp)=—i—d = P 2 LoD -4
1(p) = =i 19207r2{D —i < 47re—m2> } i 52002 TOLP )
17 11 1583
Po(p) =il = 4L : D—4
2(p) =i 9607r2{D i < dre W ) } i 520072 TOLP 9
Py(p) = —i — { Ll }+ +O(D - 1),
W) =g\ poa T | e m " 320002 320071'2
31 1 1967
Py(p) =i L.} D—4
4(p) 11920772{D—4+2 n( T )} i Ti520072 TOP —4);

19 1 1 P 209
P = — — 4+ =L — + O(D —4).
5(P) =~ T0m2 {D —atg ( 47re—m2> } " 3200m2 T O )
Q1(p) and Q2(p) in (4.4) have the following Laurent expansion at D = 4:
1 1 1 p? 13
— “In|-——"— —i——7+0(D -4
@lp) =i 384a7r2{D —atg ( 47re—m2> } ! J608amz TOP -4,

Q2(p) ! { Ly P }+' > L Oo(D—4)
= n|———— = —4).
2P) = g6 2\ D=1 " 2 Are— 2 57602

In the previous result v stands for the Euler’s constant and p for the dimensional

regularization scale.
Let us finally point out that in the minimal subtraction scheme of dimensional regu-
larization the renormalized one-loop correction to the graviton propagator is obtained by
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removing first the single pole at D = 4 from the P;(p)’s and Q;(p)’s above, then, insert-
ing the resulting renormalized P;(p)’s and Q;(p)’s in the corresponding formulae in (4.2)
and (4.3) and, finally, substituting the so renormalized Pffjﬁgpw (p) and F,(){l,g (p) in (4.1),
as D goes to 4.

B Value of each Feynman diagram

Each diagram in figure 3 is given by the following general tensor structure

2\2 2\2
Ri(p) (p*) (77p1p377p2p4 + 77p1p477p2P3) + Ra(p) (p°) Np1p2Mpzpa T
2
R3(p) ™ (MpspaPpr1Pps + NprpaPpsPpa) +
Ry (p) p (np1p3pp2pp4 + Np1paPpaPps + Np2psPp1Pps + 77p2p4pp1pp3) + Rs (p) Pp1Pp2Pp3Ppas

[

where the value of each R;(p), i = 1...5, depends on the diagram. Below we give the value
of R;i(p), i =1...5, for each diagram in such figure.

Diagram 1 in figure 3.

R p) = 2 2
1( ) 43+D(—2+D)2D2a2’yf‘r(%)

with

AID, a, piyn] = D{ — 320 — 32D(1 4+ D(=7 +2D))+

+D

120 + D(34 + D(—167+ D(42 + (11 — 4D)D)>>]a2}ﬁ+
+4(-2+D)(1 + D){ — 128 4+ 160D — 48D%*+

+ D2 (48 +D(~182 + D(161 + D(~47 + 4D))))a2}712p1

—4(—2+ D)*D?*(1 + D)(—28 + D(15 + D))a’p3;
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in' 3 (—p?)ET(L - 2)r()

D
. 2 (2
43+D (=2 + D)2D4a24iT (£F3)

Ra(p) =

fZ[Dv «, Pl’YlL
with

fo[D, o, pry1] = {32(—2 + D)(1+ D) (—32 + D(76 + (—28 + D)D))+

+ 512 + 640D + D?| - 3424 + D(2856 + D(1700+

+ D [—-3326 4+ D (1363 + D(—150 + D(—19 +4D)))] ))Haz}ﬁ_i_
+4(—2+ D)(1 + D){ —16(~2+ D)[ - 32+ D(28 + (—4+ D)D)+

+ | =512+ 128D + 3040D2%+

+ D3 [_5576 + D(3748 + D(—1006 4+ D(79 + 3D)))} ]Oﬂ}’y%pl—l—
+4(-2+ D)*(1 + D){ — 256 + 64D+

+ D?(1168 + D[~ 1404 + D (636 + D(~133 + 9D))] ) }oﬂp%;
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1

in 7 (—p?)*ET(1 - 2)r
D

R3(p) = — 2
3(p) 434D (=2 + D)2D3a?~4{T (

with
f3[D, o, p1y1] = { —32(—2+ D)(1+ D) (—32 + D(76 + D(—38 + 5D)))—

512 + 640D + D> < — 3552+ D[3128 + D(1344+

+ D(—3408 + D [1695 + D(—268 + D(—11 + 4D))}))m a2}714+

+4(—2+ D)1+ D){16(2 + D)(=32+ D(36 + (~10+ D)D) )+

+(4-D) [128 — D? <776 + D[ — 1312 4+ D(836 + D(17D — 213))])] a2}712p1
—4(=2+D)*(1 + D){ — 256 + 64D+

+ D? (1168 + D(—146o + D(666 + D(—131 + 9D)))> }oﬂp%;

1

i (<) PTT (- BT
43+D (-2 4+ D)2D2a2+{T' (2

Ry(p) =
with
fa[D, a, p171] = —D{32(—2 + D)(1+ D)(—=5+2D)+

+D

—152 + D(G + D(183 + D(-80+ D(5 + 2D)))>] a2}714+
+4(-2+ D)(1 + D){ — 128 + 160D — 48D*+

+ D? <48 + D(—182 + D(161 + D(—47 + 4D)))> 02}71%1—

—4(—2+ D)3D?*(1 + D)(-28 + D(15 + D))o’ p?;
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ml‘zD<—p )2t r( %m%)

R =—

f5 [Da «, plle]v
with

f5[D,a, prm] = {32(—2 +D)(1+ D)(16 + 5(-4+ D)D)+

— 256+ D( — 448 + D[1920 + D( — 872 + D( — 1266 + D(1375+

oaz}'ﬁ—

—4(=2+D)(1 + D){ —256(1 +a?) + (=4 + D)D (16(—6 + D)+

+ D(-426 + D(29 + 4D)))))])

+ (16 + D(—360 + D (434 + D(—199 + 29D))))a2> }712/)1-1-

+4(D—2)3(1+ D){128 +32D + D?(=512 + D(444 + D(9D — 113))) }oﬂpf.

Diagram 2 in figure 3.

i(—4+ (=54 D) (—p?) 221 - D)r(2)
Ri(p) = ( ;5+2 ( 2D) : :
i(4+ D(11 +9D))m 2 (—p?)"2F3T(1 — 2)T(2)
RQ(p) = ( )25+2 F(TD) : :
iD(—6 + (=5 + 3D)D)w 3" (—p?) 2301 — 2)r(L)
Ra(p) = 2 Dr = (3{;) G
i(8+ (—4+ D)(-1+ D)D)r" =~ T0(1 - 22
i(~2+D)(16 + D(12 + (-5 + D)D) )" 7" (—p?) > 5T(1 - B)1(B)
R5(p) = 25+2DF(3 )
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Diagram 3 in figure 3.

. 1-p
Ri(p) = i}(n + Dyp)Pr = (—pA) R0 - 2)n(R)
1) = 212D D2020303T (252) )

) 1-D
Ro(p) = (1 + Dya)?m 2 (—pA) 2TET(1 - 2)1(R)
2(p) = 91+2D N220,2 QF(D+3) )

. 1-D oD
R ( ) . _Z(2 + D)’Y%('Yl + D’yg) 7T 2 (—pQ) 243 1"(1 _ %)I“(g)
3\P) = 21+2DD20z2a2a§1“( +3) )

. 1-D
Ry = 00+ DT )T - Byrd)
4\P) = 2142D D202 21“(0+3) ’
. 1-D _
W%(’YHFDW)Q(D—?)?T 2 (—p?) "
2142D D202 2F(L)

vl

_D D
R(p) = - 9re@)

Diagrams 4 and 5 in figure 3. Diagrams 4 and 5 have the same R;(p), i = 1...5,
which are given next:

23+2Daa1a2I‘( 3) ’

_ (A4 3D) (o 4 D)2 () PTEL(L - B)T(E)
Rp) = 23+2D Daag asl (253 ;
Ry(p) — i 2 DR F D)Mo + D)3 (p?)*HET(L - B)T(B)

23420 Davay oo T (22 ’

Ra( )__i(_2+(—2+D)D)71(’Y1+D72) 2 (—p?) I (1 - D)r(D)
4\P) = 23+2DDaoz1a2F(D23) )

Ryp) = —i\ A+ (A DID)n(n + Do) (D = 2) S (—pA) 2 ET(1 - 2)r(R)
o 232D Doy ao T (252) :

Diagrams 6 and 7 in figure 3. Diagrams 6 and 7 have the same R;(p), ¢ = 1...5,
whose values read:

Ri(p) =0,
7E (=) AT - B) (T(R) )
Ro(p) = —i 224PD(-1+ D)I(=2+ D) '
.W‘g(—p) 2+2F % ( <%))2
B =i D2+ D)
Ry(p) =0,
Rs5(p) =0
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C Newton’s Law and gauge-fixing

In our formulation of unimodular gravity the minimal action, Sy, of a massive scalar field,
¢, coupled to gravity in 4 dimensions reads

So =5 [ A0 0,0(0)0,6(2) — m3(6())? =
=5 [ Ao 0u6w)0,0(w) — mA(6(@) — 5 [ de @) T (@) + O((hyu)?)

Guw
|g|1/4

where g, = — with g = N + hyw, TH () is the Energy-Momentum tensor

T () = 960"0 — S (0360 — m ),

and

A 1
by = My = s, b= R,

Following reference [23], we shall obtain the Newtonian potential by considering two
very massive scalar particles, with masses m? and m3, and computing the static limit of the
amplitude of the tree-level on-shell process in which those particles exchange one virtual
graviton. In our case, the amplitude, A, in question is given by

,L' A A
A= =T (01, 91) (B2 (R)RHS (—h))0 T2, (b2, )

where k = p; — p| = ph —p2, p? = (p})> =m?,i=1,2 and T;sz (pi, p}) is the lowest order

contributions to the on-shell energy-momentum tensor, i.e.,
i / / / 1 2
T,ulug (pivpi) = PipaDi sy + Pipali iy + 5 k Npipa -

The Green function (h#142 (k)h#3i4 (—k))q is obtained in an obvious way from the graviton
free propagator (A, u, (K)husu,(—k))o in (3.1) and (3.2).

For very massive particles in the static limit, we have k* = (0, k)" and Tlillﬂ (pi,p}) =

Qm?nmonmo, i = 1,2, so that the Newtonian potential, VNW(E), in momentum space is
given by
- 1 1 A A
Vaw(k) = ———A = —i- R (k)h" (= k))o. C.1
Nw (k) s 2 igmama (b (k)R (=)o (C.1)

Of course, a correct quantum theory of gravity must yield

: (C.2)

which is the Fourier transform of the Newtonian potential found in any elementary textbook
in the unit system 87G = 1.

Let us see what restriction agreement between (C.1) and (C.2) imposes on the free
graviton propagator (R, (K)husu.(—Fk))o. Let us introduce the following general ansatz
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for the free graviton propagator

Ay
<huw2 (k>hu3u4 (—k))o=i 72 (M g Mg + s pra Mz pss = My i M)

. A2 . A3
+1 ﬁnuluz 77#3#4 +1 W (77#3#4 k#l kuz +77,u1u2 kus ku4)
.V . As
+1 W (77/11M3 kuz k/u +77H1#4 ku2 k,us +7]/L2M3 k#l k,LL4 +77,u2u4 km ]{2“3)4—2 (k,T)gkul kuz kus ku4 .

(C.3)

A;, i =2...5 are constants. We shall assume that

1
A1:§

so that the contribution

Ay
? pig (nulusnuz;u + n,ulu477uzu3 - 7]#1#2”#3#4)

to the propagator can be interpreted as coming from the bit of the graviton field which con-
tains the physical graviton polarizations and the corresponding creation and annihilation
operators.

Using (C.3), one readily deduces that

i 1
(R (kYA (—k))o = 7 [3 + o As A4} ;

if k* = (0, k). Inserting the previous result in (C.1) yields

N mimsa 1
Vw(k) = — 62 [34— 1145 +A4] :
Hence,
1
Ay + 1A5 = -1, (C4)

for the Newtonian potential must be given by (C.2).
We thus conclude that both A4 and A5 in the free graviton propagator in (C.3) cannot
vanish at the same time, regardless of the Lorentz covariant gauge-fixing term that one
uses. Notice that for our general class of gauge-fixing terms introduced in section 2, we
have — see (3.2) —
Y ST U ot VY
27 T

which satisfy (C.4).
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