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Abstract

We present a theory of compatible differential constraints of a hydrodynamic hierarchy
of infinite-dimensional systems. It provides a convenient point of view for studying
and formulating integrability properties and it reveals some hidden structures of the
theory of integrable systems. Illustrative examples and new integrable models are
exhibited.

1 Introduction

In this paper we are concerned with the hierarchy of evolution equations

% = <AZ,G>, G= G()\,$,t), t:= (tl,tQ, .. .), 1> 1, (11)

where (U, V) := UV, — U,V, and the function G is assumed to posses an expansion

z,t z,t
g1( )+gz( )+

G = go(x,t) + 3 2 e

A — 00, (1.2)

We consider two different forms of ([LT) corresponding to the cases gy = 1 and gy # const,
which will be henceforth referred to as the normalized G™ and the Schwarzian G
hierarchies, respectively. They are determined by two different definitions of the functions
A; = Ai(\, z, t); namely,

A =N g g, AP = goN g,
respectively. In both cases we may write

A = (\'GQ)y, i>1,
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where the projectors P : A — A, acting on power series A = Y a, A" is defined as
n

A = PWA) =Y auan, AY = POUA) =Y g,

n>0 n>1

In terms of the coefficients of the expansion of G, the hierarchy ([[Il) becomes a set
infinite-dimensional systems of hydrodynamic type

n

Oign = Z(gn—ka Gitk), n >0, (normalized case),
k=1
n
Dign = Z(gn—ka Gitk)s n >0, (Schwarzian case).
k=0

We will show below that the case gy #Z const can be considered as the Schwarzian form of
the case go = 1 and that a transformation connecting both cases exists.

Although equations similar to (([LT]) were considered in the literature [, 2, B, @] (starting
with [T]), the normalized case of the hierarchy ([LII) was recently reconsidered in [5] from
the point view of the reduction theory of integrable systems. It was in this context where
the notion of differential constraint was introduced. One of the main aims of the present
work is to show that this notion is a useful one in the theory of integrable systems.

For several purposes it is convenient to use instead of G the function

1 hi  hy
Hi=—= =hy+—+24...
G- Mty Tt
1 g1 @ e
ho=—, hy=-2  opy=dL 2 1.3
90 g2 g% G (1.3)

It allows us to write (1)) in the alternative form

OH 0
ot = 9p i), (1.4)

which implies that the coefficients of the expansion of H in powers of A supply an infinite
set of conservation laws for ([ITI).

The function H is particularly useful to deal with the reductions of ([CIl) determined
by differential constraints. Let us illustrate this fact by considering the first flow ¢ := #;
of the Schwarzian hierarchy, which according to (L4l reads

hn,t = ]Aln—i-l,ma iln = h_n n = 0. (1'5)

Let us look for a differential constraint of the form
h1 = B(ho, ho ), (1.6)
allowing to reduce the first equation in ([CH) to

hot = Dy B(ho, hoz), (1.7)
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where D, stands for the total differentiation with respect to x. The differential con-
straint (CH) should be compatible with the whole hierarchy. In particular, the second
equation in ([CH) implies

Dy(h1) = D¢(hoB(ho, hoz)) € Im D,. (1.8)
Here Dy is the total differentiation operator with respect to t and ImD, denotes the range
of D, acting on the set of polynomials in the variables ho, ho ., ho 2z, - ... Now one easily
finds that

Dy(h1) = —(hanBl)h%,m +-

where By is the second derivative of B with respect to the argument hg,. Thus (LX)
yields Bi; = 0 and therefore the constraint (CH) should be of the form

h1 = b(ho) + a(ho)ho -

One can directly prove in this way that the only constraint (L) compatible with (H))
is

(log ho)e = h1. (L9)

The corresponding reduced evolution equation (L7 is given by

1
h — =0.
0t + <h0>x1‘

Several interesting generalizations of this type of constraints will be discussed in this
paper. For example it will be proved that the constraints

(log ho)zx = hm, m>1, (1.10)
and

{ho.a} = [H?]
are compatible with (). Here

3 raz\?2  lag,
{a,x}.—4(a) 2 a

n>1, (1.11)

n’

and [H 2]n stands for the coefficient at A" of the expansion of H? in powers of \.

The paper is organized as follows. In Section 2 we deal with the structure of symme-
tries of the hierarchies ([LT) and reformulate some basic results. A particular attention
is devoted to applying the classical Liouville method of solution for solving the polyno-
mial reductions of ([LT). Some apparently new results concerning 7-functions like objects
(Theorem 2) and a map G — G (Theorem 3) are also presented. Section 3 is con-
cerned with the use of the method of differential constraints to characterize nonlinear
integrable models from ([IZT]). It is shown how the structure of wide classes of these models
as well as simple strategies for finding solutions can be conveniently described by this
method. Some new integrable models, including a 2 + 1-dimensional one ([B22]) are exhibi-
ted.
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2 Symmetries

We first reformulate some already known basic properties about the symmetries of the
hierarchy (I). Our starting point is the following theorem [5]

Theorem 1. The evolutionary flows defined by ([LII) form a commuting family.

Proof. By using the Jacobi identity for the wronskian operation (U, V') we have

0°G %G <aAj 0A

8tiatj B 8tj8t,- - ot; o E?tj + (A]7AZ>7G> .

;From ([CT]) and taking into account that 4; = (\'G)4 it follows

0A; A
ot ot

= (A, NG) = (4;,N'G)) - (2.1)
On the other hand
(A, NG = —(NG NG — (VG)-) = (NG, (NG)-),

where (M G)_ := MG — (MG),.. Hence

04; 04A; . ; . . .
B g = (A6 — (NG VG)), = (14, X0) — (4, (VG))),
= (Ai, Aj)+ = (Ai, 4j),
which proves the statement. |

The hydrodynamic character of the equations of the hierarchy ([[CI) has important
consequences. Thus, it follows that if A\ = A is either a zero or a pole of G then
8)\0 a)\0

8ti = AZ(A()v:Evt)%

It means that zeros and poles of G are Riemann invariants of ((LI]). This is a useful prop-
erty because an obvious reduction of (L) arises when only a finite number of coefficients
in the expansion ([L2) of G are different from zero

g1 gN-1 (2.2)

GMW=1+T++3y, Y=g+ T4+ T

In this case it is possible to perform the integration of ((LT)) in terms of Riemann invariants.
Let us illustrate this feature for the normalized case. We can rewrite G in the form

1 N
G= /\—N[[l(/\-l-%'(m,t)), (2.3)

where 7;(x, t) are the zeros of G. Thus, under the change of dependent variables

g:: (917"'agN) '_)’7:: (/717"'a7N)7
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the system ([LT]) reduces to
Here §,; := Ap|yx=——~, are given by

(—1)n2’7j17j2"'7jn if n=1,2,...,N—1,
Qpi = i 25
0 if n>N.

The equations ([Z4)- 1) form a set of N — 1 weakly nonlinear hydrodynamic systems
of Dubrovin type [2] which can be integrated by means of a version of the classical Liouville
method [6] proposed by Tsarev [7] (see also [§]). It basically consists in finding a vector
field D, acting on the new dependent variables 7

D,~i = X;(7), i=1,...,N, (2.6)
in such a way that it commutes with the fields 9;, 7 = 1,...,N — 1. This is verified
provided

Jln XZ' . 1

I
By applying Tsarev’s method (see [, §]) one finds

;o iF (2.7)

Lemma 1. A general solution of () is
ai(vi)
IT(vi =)

i#i

Dy = i=1,...,N, (2.8)
where a;(§) are N arbitrary functions.

As a consequence we can reformulate (Z4]) as a set of N dynamical systems for ;

8n’Yi:an’Xi7 n:1,...,N—1,

0zvi = Xi. (2.9)
Equivalently, we have
N-1
- dz+ S Qudt, |, i=1,...,N. (2.10)
ai(vi) 10 —) ( ;::1 )
JFi
One can explicitly invert (ZI0) (see [§]) and find
N ,YN—n—l
(—1)"dt, =S L dy,  n=0,...,N—1, (2.11)
ZZ:; a;(vi)

where we are denoting tg := x. Therefore, we conclude that the general solution of (2
is determined by the following system of N implicit relations

—1)", = / ., n=0,...,N—1. 2.12
( ) n — az(’yz) Vi ( )

The theorems which follow state some apparently new results on the structure of the
hierarchy (L))
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Theorem 2. The differential forms

wi=grde+godti +- -+ gpdtpr +-- -, (normalized case),
1
wy=—(dz—grdt; +-- —gpdty +---), (Schwarzian case),
9o
are closed.

Proof. Let us consider the normalized case. Notice that

wy = Z Res(\'G) d t;,

i>0

where Res(A())) stands for the coefficient of A=! of Laurent series A()\) in A\. Moreover,

from (ICTI)

9 Res(\'G) = Res <)\’%> = Res((4;, MiG)). (2.13)
ot Ot;

On the other hand

Res((A;, \iG)) = Res((NG — (AG)_, \iG)) = —Res((NG)—, (MG)+))
= Res((4;, (A;G)-)) = Res((4;, \;G)),

so that (ZI3) implies

9 . 9 .
il iy = j
o Res(\'G) ot Res(N G),

which proves that w; is closed.
The proof for the Schwarzian case can be done similarly by writing

1 1 G
Wy = — — Z Res ()\Z_l—> di;,
g0 = 90
and by taking into account that

0 1 0 g;
g2 __99% 2.14
Oti 90 9z go (2.14)

As a consequence of this theorem there exist two functions ¢; = ¢;(z, t) verifying
W; = dqi, 1= 1, 2, (2.15)

so that we can rewrite the hierarchy (LIl) as a system of partial differential equations
for g;.
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Theorem 3. Let G = G (), z,t) be a solution of the Schwarzian hierarchy (). If
we define & = qo(z,t), where qo satisfies [ZI0)), then

GO\ m,t)

GM (N, &, t) , 2.16
( ) o@D (2.16)
solves the normalized hierarchy ([LTI).
Proof. Observe that
0z 1 0z 1 .
—=—, —=—, 12>1
or  go oty g
Hence
Or _ 0T _ g i1
8,:% - 907 8t2 - 927 -
Therefore, by taking (ZI4]) into account, we have
IG™) 0 9\ GO 1,
=5 +9%+ = (A" L Gy = (4 Gy,
where
AV =N b g+ G G 9
90
and <U, V>56 = U@iV — V@;CU |

Remark. This theorem shows that a correspondence G®) — G between the Schwarzian
and normalized hierarchies exists. Reciprocally, a transformation G™ — G©) can also be
defined provided that the solution G = G (A, z,t) does not vanish at A = 0. To prove
this statement let us define

1
Gy’

u =

and the differential form
w:i=u dx+Zgidti ,
i>1

where g,, are the coefficients of the expansion of G(™ in powers of X. From () it follows
at once that

Oiu = (ug;) -
Moreover, from the identities

0jA; — 0;Aj = (A5, Ai),



236 L Martinez Alonso and A B Shabat

and taking into account that g; = A;|x—o, we have
9j9i — 0ig; = (95> 9i),

and therefore
9 (ugi) = 9 (ug;),

which proves that w is a closed form. It is now straightforward to demonstrate that the
function

GO\, &, t) := u(z, t) G (N, 2, t),
where

z = q(z,¢t), w=dg,
verifies the Schwarzian hierarchy ([TI).

3 Reductions and differential constraints

In [5] wide classes of reductions of the normalized hierarchy ([LT]) were introduced by using
the notion of compatible differential constraints. They can be easily generalized to the
Schwarzian hierarchy as well. We will consider here reductions defined by second-order
differential constraints

2G2eG — G% 4 4a(\) — AU (N, 2, £)G? = 0, (3.1)
where a(\) is an arbitrary function and
a(M)
Requiring compatibility between ([LIl) and BI) yields
1
U = —§An,xm +2UA, » + Uz Ap, n>1. (3.3)

We notice that in terms of the generating function H for the conservation laws, equa-
tions (1)) and ([EZ) can be written as

{H,2} +a(NH? =U(\, z,t), U= (a()\)H2)+ , (3.4)
where we are using the Schwarzian derivation operation
3H2 1H
H _ S — rxr
ULl =19~ 57

The equations (BJ]) determine integrable hierarchies associated with Schrodinger spectral
problems with energy-dependent potentials. Thus, for a(A) = A" one finds the generalized
KdV hierarchies for energy-dependent potentials of the form

n—1
U x,t) = \"+ Z N (z, 1), (normalized case), (3.5)
=0
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and

U\ x,t) = Z N (z, 1), (Schwarzian case). (3.6)
i=1

For the normalized case G = G the simplest choices n = 1 and n = 2 lead to the KdV
and the Zakharov—Shabat hierarchies, respectively. We observe that for the Schwarzian
case the choice a(\) = A" in ([B4]) leads to the constraint (CITI).

Theorem 4. The differential constraint BA) is invariant under the transformation
H®) — H™ determined by equation IB). That is to say, if H®) satisfies

{H<8>,x} T a(NH®?2 = UG (N, 2, ¢),
then
{H("),x} +a(WH™2 = UM\ 2, t).
The corresponding transformation law for the potential function is
U™ = giu + {go(%), 2} (3.7)

Proof. If we define H™ := H®) /by, then it follows at once that

(o = ({5} - - 55

On the other hand

ii _}hom_}hg,;ﬁ
ho' ) 2 hoe 4R

Thus, it is straightforward to get

1 1

A complete and convenient description of the general class of the energy-dependent
hierarchies can be formulated by taking advantage of the identities (B]). The following
examples illustrate the fact that, in addition to the standard hierarchies of Zakharov—
Shabat and KdV types, many other integrable models may be analyzed within the theory
of the second order differential constraints of the Schwarzian hierarchy ().

Example 1. For a(\) = A and G = G, the constraint [B2) reads
{H,z} + \H? = \uy,
and by identifying the coefficient of 1/\ we get

{ho,l‘} + 2hghy = 0.
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Hence, by taking into account that in terms of the function q := g2(x,t) of ([ZIH)

1
ho=—=¢q, h= _g_; = Gq,  (t:=1t1), (3.9)
9o 90

we deduce at once the Schwarzian form of the KdV equation

2G19x = {qu, v} & —8q; + 2qzm - 3qq” =0, (3.10)

which, written in terms of go = 1/hg, reduces to the Harry—Dym equation

o = %gS’go,m- (3.11)
Example 2. For a(\) = A2 and G = G, the identity () reads

{H,2} + NH? = XNuy + Ay,
and by identifying the constant term in the expansion in powers of A we get

{ho, z} 4+ h3 + 2hohy = 0.
Now, from ([C4]) we have

hi ha
0,t <h0> ; 1t <h0>’ ( 1)

Hence, by taking into account (B3]) we find

1 Qrxx 3 qu 1
(Gza)e = (— e —q2> . (3.12)

This nonlinear equation admits a Lagrangian given by

:// (qtquJr q“)d dt, (3.13)

or, equivalently, under the point transformation q(u(y,t),t) =y

_"_ 2
2://73’ydydt (3.14)
uy

If we denote now y — x, u — ¢, the following equivalent Lagrangian formulation arises

o= // <qt +Qmm>d dt—//( qt“‘qgvx 2qtqgvx>d dt
(Jx
Z//%dzndt.
dz

Thus, the model admits a Hamiltonian density

1 Gt + Quz)”
_p2q3;7 b= th7 L:= ( ! xx)

HZQtLQt_L:prJ:+4 T7
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which leads to the Hamiltonian equations

G+ Quw + 2042 =0, =i+ Duz = (20 )a-

It should be noticed that the last system is one of “canonical” forms of the isotropic
Landau-Lifshitz model (see [9]).

In [5] first-order differential constraints defining reductions of ([Il) were also intro-
duced. They adopt the form

Gz —a(N) —U(\z,t)G =0, (3.15)
where a(\) is an arbitrary function and

U\ z,t) = — (%L (3.16)

Requiring compatibility between ([LIl) and (BIH) gives

OnU = —Ap 20 + (UAy) 4, n>1, (3.17)
or, equivalently,

U = —=0,(UN"G)-)+, n>1,. (3.18)
In terms of the function H equations (BIH) and BI0) read

Hy+a(NH>+ U\ 2, ) H=0, U=-— (a(/\)H)+. (3.19)

We notice that for the Schwarzian case if we set a(A) = —A"" in [BI3) the constraint (1)
follows.

First-order differential constraints determine in turn further reductions of the second-
order differential constraints. Indeed, it follows easily that

Theorem 5. Given a solution G of [BIH) then it satisfies
2Ge2G — G2 + a(A)? —4U (N, z,£)G? = 0,

where U — U is implemented by the Miura transformation
U := §Ux + ZU .

Among the reductions defined by first-order differential constraints one finds the Bur-
gers hierarchy as well as a class of hierarchies of energy-dependent type.

Example 3. If we impose on G = G the constraint
Gy = A+ u)G — A, u=hy = —g,
we get the Burgers hierarchy
Ot = Oy ((0g + uw)"u) .
In particular the flow corresponding to ¢ := t; is the Burgers equation

Up = Ugy + 2Ul,.
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Example 4. For a constraint on G = G of the form
Gm = ()\2 + )\ul + ’LL(])G - /\2, Uy = hl = —4g1, Uug = h2 = g% — g2, (3.20)

we get the following hierarchy for the energy-dependent potential U := A? 4+ Auq + ug

On ( Zé > - < —0896 —ax(ai — ) >Rn+1 < (1) > (3.21)

where

L —Uul 8gc+’LLO
)

The flow corresponding to t := t; reads
Ut = Ulze — (UoUL)z, ury = — (ui + u) , » (3.22)
which in terms of the function ¢ := ¢ (x,t) of [ZIH) reduces to

qtt — Qeax — 3qgcq:ct — QtQzz t+ (q:c)i = 0.

It is possible to characterize multidimensional integrable models by imposing compat-
ible differential constraints to ([CI)). To illustrate this feature let us consider the con-
straint 20) for G = G™ and denote y := t;, t := t5. Thus we have the system of
equations

G, = ()\2 — g1+ g5 — 92) G — A2, (3.23a)

Gy=A+a1,G), (3.23b)

Gi = (AN + g1 + g2, G). (3.23¢)
Let us introduce the function

fi | f2 1
F:=uG= =+ =4 ==
U fo+ 3 + 2 +e u s

From (BZ3]) we get

uz = (g2 — g1) u,
Uy = (gl,m + 9192 — 9‘;’) U,
U = (gz,x +95— 929%) U,

so that the equations ([B23]) written in terms of F' read

Fp= (N =Xg1) F — X2 f, (3.24a)
Fy= (N = \go) F — X3 fg — M, (3.24b)
Fy= (M= Ag3) F =X fo— N fi — N fo. (3.24c)

Now it is easy to deduce from ([B24]) that

Fy = Fyy + 201 F, — g} F,, (3.25)
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and, as a consequence, one finds that v := ¢g; and w = Inu satisfy the nonlinear system of
equations

Vg = Ugg + 200y — v2vx + 2u,wy,

Wi = Way + 20wy — V2w, + w?. (3.26)

We observe that equations ([B24]) mean that equation ([B:20) and, consequently, equa-
tion (B20) admit separation of variables. If we expand F in powers of A then equa-

tions (B24]) become

fn,x = fn+2 - 91fn+1, f—l =0, fO = U, (327&)
fn,y = fn+3 - g2fn+17 f2 = uge, (3.27b)
fn,t = fn+4 - g3fn+la f3 = ugs- (3.276)

By using [BZ7al) all the coefficients f,, can be expressed as differential polynomials in u
and v = g;:

f():U, flzuva f2:ux+uv7 f3:(uv)x+vu:c+uv37
Furthermore, the system ([B27)) implies that polynomial reductions of the form
=0, Vn>N,

are Liouville integrable. Indeed, by noticing that fy_1 = const, we require N — 1 com-
muting vector fields to integrate such a reduction. For example, for N = 4 the dynamical
variables are fy, f1, fo and (B27) can be written as

dfoz(fg—f—12>dx+<a—@>dy—afldt,

fo fo fo
Ao N2 g R, 2
df = <a 7o )dx 7, dy afodt,
Y U BV
dfo= ozfoda: afody fodt,

where ag := f3 = const. It is now straightforward to eliminate dx, dy, dt and find

(N
dx—d(;—ﬁ>,

dyzd(%—M+f—§>,

a?  3ad
dr—af o2 _ L NSy S
a2 202 o 4at)’
In this way the solution is determined by the following system

3 2

f(]:ay—|—$f2_f—2, f1:a$+f_27

2a 2a

T, 1o 0o 3 a1l 5

—§f2+§a$f2+af2+oé 533 +t) =0.

This example shows the complicated algebraic singularities exhibited by the solutions

of (BZ4).
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