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A B S T R A C T

Fractal and multifractal analysis of retinal vasculature are considered as potential biomarkers to detect several 
vascular pathologies affecting the retina, by analysing fundus images. The use of these tools requires additional 
metrics that allow the quantification and characterization of the retinal image. In the present study, fractal and 
multifractal analysis were used to characterize images of pathological retinas classified as diabetic retinopathy 
and glaucoma. Using both tools, several quantitative metrics based on Kullback–Leibler divergence and Maha
lanobis distance among others, were developed to quantify the severity of the pathology in each retina within the 
two groups. These metrics allow to give a value of the affectation of the retinal vasculature, identify all the points 
considered as anomalous and facilitate the classification of the retinas according to their degree of severity. The 
analysis allowed to distinguish between healthy and pathological retinas. In addition, with the developed metrics 
it has been possible to determine the affected areas of each pathological retina, determine the degree of affec
tation of these areas, and quantify the severity of the retina. The results were based on quantitative and quali
tative measures obtained through fractal and multifractal analysis. The metrics used showed consistent 
agreement with the findings obtained in the study.

1. Introduction

The circulatory system is responsible for transporting blood and 
lymph through the vessels in order to supply oxygen and nutrients to the 
body’s tissues and remove waste from the tissues [1]. The development 
of this system is not a random process, but rather follows a set of opti
mization principles, such as minimum friction between the blood flow, 
vessel wall and optimal heart rate to achieve adequate blood supply and 
distance of shorter transportation. When optimal physiological condi
tions are not maintained, disorders or anomalies develop in the vascular 
network, affecting the arteries or veins. These alterations may impair 
blood flow by causing obstructions, weakening vessel walls, or 
damaging the venous valves [2]. Therefore, many organs and body 
structures can be damaged by vascular disease due to the decrease or 
obstruction of blood flow, as occurs in conditions such as diabetes [3], 
high blood pressure [4] and other cardiovascular and cerebrovascular 
diseases [5]. These pathologies can be detected non-invasively through 
fundus images, which provide valuable information by allowing the 
analysis of the complexity of the branching pattern of the retinal 
vasculature [6]. In the literature there are several methods for the 

analysis of retinal vasculature, among which fractal and multifractal 
analysis stand out [7], as they are considered potential biomarker for the 
detection of pathologies that affect retinal vascularization and lead to 
vision loss [8]. Diabetic retinopathy [9] and glaucoma [10] are among 
the leading causes of vision loss worldwide and are both associated with 
vascular impairment.

Diabetic retinopathy (DR) is one of the main microvascular compli
cations of diabetes and leading cause of vision loss worldwide, which 
may result in total blindness [11,12]. From a clinical perspective, DR 
progresses through two broad stages that correspond to Non- 
proliferative Diabetic Retinopathy (NPDR) and Proliferative Diabetic 
Retinopathy (PDR). These stages are characterized by progressive al
terations of the retinal microvasculature and are classified according to 
the severity of the visual impairment and the characteristics of the le
sions present in each stage. Microaneurysms, hard and soft exudates, 
haemorrhages, and macular edema are commonly observed in NPDR 
where the macula may become swollen due to the presence of exudates 
or localized fluid accumulation [13]. In the PDR stage, the pathology 
advances to produce abnormal neovascularization. As the disease pro
gresses, the number of non-perfused capillaries increases, worsening 
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retinal ischemia. This process stimulates the growth of abundant new 
non-functional and very fragile vessels that present additional problems 
that can extend to the vitreous and cause haemorrhages, potentially 
leading to irreversible blindness [14,15].

In diabetic retinopathy, chronic hyperglycemia alters the normal 
vascular architecture, reducing its efficiency and damaging the capillary 
network, disrupting the optimal fractal pattern. Several studies have 
shown that lower fractal dimensions in the retina are associated with an 
increased risk of diabetic retinopathy and its complications [16–21]. 
This may be because a lower fractal dimension reflects a less complex 
and potentially less resilient vascular network. In healthy retinas, the 
vasculature displays high complexity and extensive branching, resulting 
in a high fractal dimension. This suggests that the retinal vasculature 
adheres to optimal fractal principles, enhancing the efficiency of blood 
flow and oxygen delivery while minimizing energy expenditure [22].

As diabetic retinopathy advances, progressive capillary damage oc
curs due to pathological alterations such as microaneurysms and areas of 
non-perfusion, which reduce the complexity of the vascular network 
[23–27]. The result is a more chaotic and sparsely branched vascular 
structure, which may manifest as a decrease in fractal dimension.

Glaucoma is a very serious, chronic, and progressive disease, and is 
the leading cause of irreversible blindness worldwide [28]. It is 
commonly associated with increased intraocular pressure, which leads 
to damage of the optic nerve and thinning of the retinal nerve fiber layer 
[29]. In addition to structural damage, glaucoma is also associated with 
alterations in the retinal vasculature, including changes in vascular 
calibre, loss of peripapillary capillary perfusion, and retinal blood flow 
dysfunction [30]. Although the exact mechanisms underlying these 
vascular changes are not yet fully understood, they represent an 
important and active field of research.

Glaucoma has been associated with dysfunction in ocular blood flow, 
particularly in the peripapillary and macular regions. A reduction in 
metabolic demand may occur in the affected areas, possibly linked to the 
loss of ganglion cells and their axons, which constitute the retinal nerve 
fiber layer [31,32]. This hypoperfusion could lead to a progressive loss 
of smaller capillaries, which in turn could reflect a decrease in the 
complexity and branching of the vascular network. Consequently, this 
may be reflected in a reduction in fractal dimension as the disease 
progresses. Several studies have associated a reduction in the fractal 
dimension of retinal vessels with nerve fiber loss in glaucomatous eyes 
[9,31–33].

To quantify the structural alterations observed in vascular 
complexity in pathological retinas, the use of mathematical tools such as 
fractal analysis has been motivated. Fractals are a useful tool to explain a 
variety of natural phenomena that exhibit some scale invariance with 
irregular and self-similar structures. One such example is the retinal 
vasculature [8]. Fractal objects have a non-integer dimension that 
cannot be measured using traditional Euclidean geometry [34]. Fractal 

dimension is used for this purpose [35].
There is a wide variety of computer algorithms to estimate different 

types of fractal dimension (FD), such as box-counting (the most popu
lar), mass-radius, information dimension, correlation dimension, among 
others [7,35,36].

Dimension box-counting is the simplest and most widely used 
method to estimate the FD of fractal objects. This method consists of 
covering the entire space of the image the binarized fractal object with 
square boxes of side length ε and counting the number of boxes, N(ε), 
that contain any part of the object (see Fig. 1). A logarithmic plot is then 
constructed by plotting log N(ε) against log ε, resulting in a linear 
relationship whose slope corresponds to − D, where D is the box- 
counting fractal dimension of the object [35,37,38].

The Local Fractal Dimension (LFD) and Connected Fractal Local 
Dimension (Dlc) are two types of fractal dimensions that adapt very well 
to the case of fractal analysis of the retinal vasculature [39,40]. Both are 
based on box-counting but particularized in areas around each point of 
the image through boxes of a certain size. For the LFD the process 
consists of calculating the fractal dimension with the box-counting 

Fig. 1. Box-Counting dimension calculation procedure. As the number ε decreases, the number N (ε) of boxes that cover the fractal object grows exponentially.

Fig. 2. A graphical representation of the box-counting dimension method for 
estimating the local connected fractal dimension. A digitized version of a retina 
is shown, with a box of specific size centered on a particular pixel, A. The array 
inside the box is extracted (the dark square marks A, the center of the box). The 
local connected set is shown in purple, while the unconnected pixels are blue. 
The number of pixels is analysed within boxes of increasing size, all centered 
on A.

A.I. El-Youssfi and J.M. López-Alonso                                                                                                                                                                                                     Measurement 256 (2025) 118561 

2 



method for all points A of the image where the object exists [39,40] (see 
Fig. 2).

It is, therefore, a fractal dimension restricted to a local region around 
each point A of the object. If, instead of counting all the points within the 
box that surround point A, only those directly connected to A are 
considered, the result is more specialized measure of local fractal 
dimension, known as the connected local fractal dimension (Dlc) [39].

Finally, the fractal dimension is estimated by performing a linear 
regression of the logarithm of the number of boxes that contain part of 
the object, log N(ε), against the logarithm of the box size, log(ε). The 
slope of the resulting line corresponds to the fractal dimension [41]. This 
measurement follows a power-law relationship, given by: 

M(ε) = ε− FD (1) 

where M(ε) represent the total mass or number of the pixels in a box of 
size (ε), and FD represent the fractal dimension that provides a measure 
of the geometrical complexity of the structure of the fractal object at 
different scales. Then, FD is formally estimated as: 

FD = − lim
ε→0

(
log(M(ε) )

log(ε)

)

(2) 

The previous local measurements defined by the fractal dimension 
equation (2) shows that fractal characteristics can vary across different 
regions of the object. In the case of retinal vasculature, these spatial 
variations in fractality are better characterized by the multifractal 
spectrum [42]. Multifractal spectrum (MFS) is a concept used in the 
literature to characterize the complexity of irregular structures that 
exhibit variability of multiple scales, presenting different fractal in 
various regions of the object [43]. If in equation (2), M(ε) is divided by 
the total number of points of the object, a probability value is obtained 
for each box, which scales with its size according to FD. However, if the 
object is not monofractal, this probability will depend not only on the 
box size ε, but also on the location k of each box. Thus, the probability 
scales as P(k, ε) εαk , at different locations k, where the exponents αk are 
known as Hölder exponents [44]. Multifractality can then be charac
terized by looking at the number of boxes (or points k) for which the 
Hölder exponent is in the interval [α,α + dα]. This number scales as 
ε− f(α), where f(α) denotes the fractal dimension of the set of points 
characterized by the local Hölder exponent α. The function f(α), when 
considered over the range of α, represents the multifractal spectrum of 
the object [45].

The calculation of the multifractal spectrum is based on the 
normalized probability measure defined by: 

μk(q, ε) =
P(k, ε)q

∑
kP(k, ε)

q (3) 

where P(k, ε) is the probability associated with each box k of size ε, and q 
acts as a magnifier that modulates the influence of the regions according 
to their measurement density. Values of q > 1 highlight the high prob
ability or denser regions of the object, while values of q < 1 emphasize 
the less dense or more dispersed regions.

From this probability measure, the singular exponents α(q) and the 
fractal dimension f(α(q) ) can be calculated, which together describe the 
multifractal spectrum. In this sense, α represents the intensity of the 
local singularities, while f(α) indicates the fractal dimension of the 
subset of singularities that share the same degree of irregularity α [46]. 
The multifractal spectrum reaches its maximum at the dominant sin
gularity (α0), where the value f(α0) corresponds to a dominant fractal 
dimension that represents the most prevalent set of singularities in the 
structure of the fractal object. Appreciable values of the spectrum to the 
left (q > 1) and right (q < 1) of α0 indicate that the object is multifractal. 
These values reflect the presence of important fluctuations, especially in 
the region related to high density areas, that is, left side of the spectrum 
[47–49].

The multifractal spectrum is a measure that allows the characteriza
tion of complex structures with a certain degree of self-similarity, such as 
the retinal vasculature. In this sense, the vessels possess a certain degree 
of local irregularity (irregularity understood as a certain tortuosity, 
indistinct branching patterns, and structural variability), which is char
acterized by the parameter α, which exhibit spatial variability. The value f 
(α) measures the fractal dimension of the points in the vasculature with 
the same α. Therefore, a large range between the maximum and minimum 
values of regularity is indicative of wide multifractal spectrum, meaning 
that the structure contains a high number of different types of irregu
larities in the structure, hence the word multifractal. Since an irregular 
line will tend to have lower Hölder exponents [44], the increase in ir
regularities is typically reflected as a greater width on the left side of the 
multifractal spectrum (see Fig. 6). Pathology such as diabetic retinopathy 
produces irregular blood vessels, which are expected to exhibit a stronger 
multifractal behaviour than healthy retinas, due to a greater variety of 
local irregularities. Similar behaviour may occur in other pathologies, 
making the characterization of the multifractal spectrum’s width 
potentially important for distinguishing healthy from pathological 
retinas.

This study initially focuses on identifying between healthy and 
pathological retinas, specifically those affected by diabetic retinopathy 
and glaucoma based on the analysis of their vasculature using the fractal 
and multifractal analysis. Subsequently, the affected regions that show 
characteristics distinctions between healthy and diseased retinas are 
determined, and the retinas are classified into different degrees of 
vascular involvement using quantitative metrics specifically developed 
for this purpose.

Although there is currently no validated reference scale for this 
vascular-based classification, this proposal is presented as a methodo
logical exploration. Its value lies in providing objective and measurable 
criteria for assessing retinal vascular status. These metrics could facili
tate more detailed monitoring of disease progression, support clinical 
decision-making, especially in stages where conventional signs are not 
yet evident, and enrich the understanding of pathologies such as glau
coma, whose etiology is not yet fully defined but in which vascular 
involvement is suspected. The paper is structured as follows: after 
introduction, a section on materials and methods is presented. Next, the 
main results for each pathology are presented and it ends with a dis
cussion and main conclusions, in addition to the bibliographic refer
ences consulted.

2. Material and methods

2.1. Dataset

A public dataset High-Resolution Fundus (HRF) was used in this 
study. HRF dataset can be downloaded from a public website of the 
Pattern Recognition Lab of the Friedrich Alexander Technical University 
Erlangen-Nürnberg [50]. This dataset contains 45 colour retinal images 
(24 bits – RGB) classified into healthy and pathological retinas. The 
images are divided into two groups: the first group includes 15 images of 
healthy retinas, the second group corresponds to pathological images, 
subdivided into 15 images of diabetic retinopathy (DR) and 15 images of 
glaucomatous retinas. These images have a size of 2336 × 3504 pixels 
and were captured by a CANON CF-60 Uvi mydriatic retinograph using a 
“Canon EOS 20D” type camera. This dataset also provides manually 
segmented (Gold Standard) images corresponding to each RGB image 
(with identical dimensions), as well as binary masks that delimiting the 
retina and the surrounding black background, thus defining the field of 
view (FOV).

Pathological retinas in the HRF dataset, both DR and glaucoma, are 
not classified by degree of severity. In the case of DR, they are not 
differentiated between mild, moderate, severe (NPDR), or advanced 
cases PDR.

According to Odstrcilik et al. [51] explain that within each group of 
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pathological retinas in the HRF dataset, pathological changes are 
observed in the retinas such as haemorrhages, neovascularization, 
bright lesions and scars from laser treatment in the case of the DR group. 
For the case of retinas with glaucoma, they mention that the retinas 
correspond to cases in an advanced stage, with focal and diffuse loss of 
the nerve fibre layer. Although these observed pathological changes 
could be useful for the classification of the retinas, especially in the case 
of DR, a classification is not provided that indicates the degree of 
severity of each retina. Therefore, studying the whole group of unclas
sified pathological retinas of different degrees of severity can provide 
information, but it is insufficient to understand the progression of the 
pathology or determine the appropriate treatment. In this sense, in the 
following sections of this study, metrics are developed that allow a 
classification of pathological retinas, based on the fractal and multi
fractal analysis of the retinal vasculature.

All images have been analysed on a computer with a 2.40 GHz 
processor and 16 GB RAM with the software MATLAB version: 9.13.0 
(R2022b) and ImageJ [52,53].

2.2. Methodology

2.2.1. Software and parameters for fractal analysis
Previous studies by the same authors have shown that certain retinal 

vasculature segmentation methods can significantly influence fractal 
and multifractal analysis [40]. Some of the metrics used in the present 
work were also employed in that context to assess such effects. For this 
reason, in order to avoid any bias introduced by segmentation in the 
estimation of the fractal dimension and the multifractal spectrum, and to 
more accurately characterize pathological retinas, it was decided to 
directly use images manually segmented by experts available in the 
same HRF dataset.

This approach ensures more accurate measurements and enhances 
the reliability of the pathological characterization. Since the images 
have a high resolution (2336 × 3504 pixels), their fractal analysis 
required significant memory and processing time.

In this regard, different resolution reduction factors (25 %, 50 %, and 
75 %) were evaluated with the aim of optimizing the performance of the 
analysis algorithms and improving the visualization of the affected areas 
of the retinal vasculature. As shown in Table 1, which presents the times 
required to process and analyse the retinal vasculature using FracLac, a 
plugin for the National Institutes of Health (NIH) ImageJ software [54], 
a reduction factor of 0.25 (75 %) was determined to provide an adequate 
balance between accuracy and efficiency. This reduction significantly 
accelerated the calculations, avoided software crashes, and improved 
processing stability without compromising the quality of the fractal 
analysis.

To reduce the size of the retinal images, the MATLAB imresize func
tion was used, which employs different interpolation methods that allow 
images to be scaled efficiently. In this case, the bicubic interpolation 
method was used to calculate the new pixels values using the 4 × 4 
neighbourhood technique (16 pixels closet to the target pixel). This 
method preserves image detail by producing smoother transitions and 
avoids visual artifacts (such as aliasing) more common in simpler 
methods such as nearest neighbour. In this way, the reduction in image 
size does not significantly compromise the effective resolution of the 

retinal vasculature, thus preserving the morphological structure essen
tial for fractal and multifractal analysis.

The process that follows the reduction of the retinal image consists of 
entering the manually segmented image of the retina, selecting the re
gion of interest (ROI) of the retina, and using FracLac. Within FracLac it 
is selected the Dlc option to measure the local fractal dimension (LFD) 
and the connected local fractal dimension (Dlc) which are based on the 
box-counting method. The method must yield a minimum and maximum 
dimension value of the box. In this case, the minimum value for the box 
size has been set to 1 pixel and the maximum value to 31 pixels, since 
these values are commonly used in similar studies and are in agreement 
with the ranges adopted in previous works reported in the specialized 
literature on fractal and multifractal analysis of retinal and biomedical 
images [41,55,56]. This analysis returns a retinal image with each point 
of the retinal vasculature analysed with the FracLac, with an intensity 
proportional to its local and connected local fractal dimension (see 
Fig. 3), and a table of values of the Dlc and LFD of each point of the 
retinal vasculature. For the multifractal spectrum, the multifractal (MF) 
analysis option is selected for values of q[ − 30, 30] [49], and this analysis 
provides a table with the data for α and f(α) as a function of each value of 
q. For both analyzes a binarized image is required to carry out the 
process, therefore, ImageJ automatically converts the segmented input 
image into a binary image. This process applies to all images.

2.2.2. Analysis of probability distributions of fractal parameters
The data obtained from the fractal and multifractal analysis are used 

to generate the probability distributions of the FD for each image within 
the retinal groups, as well as the multifractal spectrum of the retinal 
vasculature. This allows to study the fractal behaviour of the retinal 
vasculature in healthy retinas compared to pathological retinas, with the 
aim of identifying the differences between them, determining the spe
cific regions where the differences occur, and quantifying their extent, 
defined as degree of affectation (AD).

To clearly distinguish between different types of retinas (healthy, DR 
and glaucoma) it is important to use parameters that are characteristic 
and stable for retinas of the same group. In this sense, the probability 
distributions of the fractal dimension pdfg(FD) are used, with FD being 
both the LFD and the Dlc and g being the group of retinas considered (15 
for healthy, 15 for DR and 15 for glaucoma). The stability of these pa
rameters for each group will be measured using a noise signal for each 
value of xFD, SNR(xFD) defined as 

SNR(xFD) =
〈pdfg(xFD)〉g

σ
(

pdfg(xFD)
)

g

(4) 

where the mean and standard deviation are taken from the probability 
distribution function (pdf) of each group g in the value xFD. This SNR 
parameter helps to choose what type of fractal dimension can be 
calculated with less relative error and, therefore, may be more useful for 
discriminating between groups of retinas.

A second method is used to quantify whether the differences between 
the probability distributions of two groups of retinas are statistically 
significant. To do this, and for each value of the considered FD, xFD, the 

following pairs of data vectors are taken. 
[
pdfgi1

(xFD),⋯pdfgin (xFD)
]
,

[
pdfgj1

(xFD),⋯pdfgjn (xFD)
]
, being gi1⋯n , gj1⋯n the retinas of the group gi and 

gj taken from i, j = 1,⋯n( = 15) for the retinas within each group. A 
Wilcoxon rank-sum test [57] is then applied for the statistical signifi
cance of the difference between the two groups (p < 0.05) and the p- 
value is represented as a function of xFD. Points where p < 0.05 indicate 
that the difference between the probability distributions for the two 
groups is statistically significant. The Wilcoxon rank-sum test is a non- 
parametric statistical test that assesses whether the medians of two in
dependent samples are statistically different and determines whether 
the observed difference can be attributed to chance. This test returns a p- 

Table 1 
The time required to perform the fractal analysis of the 45 retinal images in the 
HRF dataset according to the image size.

Resampling 
factor

Retinal Image Size 
(pixels)

Time required for fractal analysis 
(s)

0 % 2336 × 3504 21,600
25 % 1752 × 2628 8100
50 % 1168 × 1752 2700
75 % 876 × 584 600
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value, which is interpreted as follows: if p < 0.05, the null hypothesis is 
not rejected (the distributions are equal); if p < 0.05, the null hypothesis 
is rejected, indicating a statistically significant difference between the 
groups [57].

From this method, two parameters quantifying the difference are 
defined. The first, a degree of differentiation between points (DDP) as 
the percentage of the definition domain of the pdfs considered where the 
statistical difference is significant. The second is the average value of all 
p-value < 0.05 (ln(p) = − 2.99 ), denominated psig [40].

The third method used consists of quantifying the degree of the 
retinal vasculature anomaly based on the Kullback-Leibler (DKL) diver
gence between the probability distributions of the fractal dimensions of 
the pathological retinas compared to the healthy ones [58]. The DKL is an 
asymmetric measure between two probability distributions “Q” and “P”, 
and is expressed with the following equation: 

DKL(P‖Q) =

∫

P(x)log
(

P(x)
Q(x)

)

dx (5) 

Q being a reference probability distribution, and P being another one 
whose divergence from the Q distribution is to be measured.

This measure is used to measure the divergence between the prob
ability distributions of the FD of healthy retinas, which is represented as 
the reference distribution Q, and the probability distributions of the FD 
of pathological retinas, which is taken as the distribution P.

The use of this divergence consists of measuring for each distribution 
of group Q its divergence DKLQ with respect to the mean of the whole 
reference group Q, where a mean value and an uncertainty given by 
standard deviation of this divergence (DKLQ ± σ(DKLQ)), is obtained. This 
value, DKLQ , is the normalization value that is used to calculate the 
divergence DKLN normalized from the other pathological group P as 
DKLN = DKLP

DKLQ
, being, DKLP , the divergence of a distribution P with respect 

to, DKLQ , without normalizing (see Fig. 4).
For this DKLN value, an uncertainty is also calculated through the 

uncertainty σ
(
DKLQ

)
of the DKLQ of the reference group, and it is obtained 

that: 

σ(DKLN ) = DKLN *
(σ

(
DKLQ

)

DKLQ

)

(6) 

The values of the DKLN together with their uncertainty σ(DKLN ), are 
used to characterize and quantify the degree of divergence of the FD of 
the vasculature in each pathological retinas with respect to healthy 
retinas, according to one of the following criteria: 

– When DKLN − σ(DKLN) > 1, the retinal distribution under comparison 
shows clear divergence and therefore considered pathological.

– In the opposite case of the previous rule, when DKLN + σ(DKLN) < 1, 
the retinal distribution under comparison is not divergent and is 
therefore considered healthy.

– When none of the above criteria are met, the retinal case is classified 
as doubtful.

To assess the reliability of the characterization and quantification of 
the pathological retinas using the DKLN measurements, a normalized 
reliability divergence DKLR is calculated at a 95 % confidence level, 
ensuring compliance with the above criteria, using the following 
equation: 

DKLR =
1

1 + 2*
(

σ(DKLQ )
DKLQ

) (7) 

therefore, all DKLN ± σ(DKLN ) measurements exceeding DKLR are classified 
as pathological cases, with clearly significant divergence.

The fourth method to characterize the pathological retinal images 
consisted of developing an algorithm in the MATLAB platform that 
calculates and represents the mean probability distribution and the 
standard deviation (STD) of the control group (healthy retinas). This 
reference group is used to compare with the probability distributions of 
the FD of each pathological retina.

The next step of the algorithm involves analysing the pathological 
retinas individually, starting with those affected by diabetic retinopathy. 
For each retina, the probability distribution of the FD is calculated and 
plotted, and the compared with the mean probability distribution and 

Fig. 3. (A) The original colour image of a retina from the HRF dataset (584 × 876 × 3 pixels). (B) The manually segmented image of the same retina from the HRF 
dataset. (C) Fractal analysis of the retina with FracLac. The colours represent the value of the fractal dimension from light blue (0 FD) to yellow (2 FD), passing 
through average values of 1.5 in violet (1.5 FD).

Fig. 4. The graphical representation of the Kullback-Leibler divergence be
tween the mean distribution of healthy retinas Q and a pathological retina P.
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standard deviation of the FD from the control group.
The algorithm then calculates all the points of the FD probability 

distribution of each pathological retina analysed and identifies those 
that differ from the mean probability distribution ± STD of the control 
group. The points of the FD probability distribution of the pathological 
retina that differ significantly from the mean probability distribution ±
STD of the control retinas (above or below the standard deviation of the 
control group) are identified as anomalous points that are used to 
calculate the degree of affection of the vasculature of the pathological 
retina. The anomalous points can represent low or high FD. To identify 
the areas to which the points identified as anomalous belong, the frac
tality distribution is divided into two intervals to describe the region of 
involvement of each case. The first interval, [0, 1.5], corresponds to the 
low-fractality zone (low-F), while the second, [1.5, 2], represents the 
high-fractality zone (high-F) (see Fig. 5).

For points identified as abnormal, a binary mask is created to select 
those areas of the retinal vasculature outside the normal range. For each 
abnormal region, the area covered by these points is calculated relative 
to the total retinal vasculature area, representing the AD (%) of that 
specific region.

2.2.3. Metrics for characterizing multifractal spectra
Several metrics were used for the characterization of multifractal 

spectra [49]. These metrics aim to analyse the differences between the 
mean spectrum of the control group (healthy retinas) and those of the 
DR and Glaucoma groups, in order to determine the multifractal 
behaviour within each of the three retinal groups. The multifractal 
spectra are represented by the values of α and f(α) and are calculated 
based on the magnifying parameter q. The multifractal spectra are 
characterized not only by α0 and f(α0), but also by several other pa
rameters derived from α and f(α) to describe the spectrum more 
comprehensively. These parameters include α0, the dominant singular
ity; the asymmetry A between both indices of the spectrum which is 
calculated as A = α0 − αmin

αmax − α0
; the spectral divergence or the width of the 

singularity strength, Δα = αmax − αmin; the height of the left side of the 
spectrum, Δf1 = fmax − fmin; and the dominant fractal dimension f(α0), 
which coincides with D0 = fmax (see Fig. 6) [47,49].

Other parameters descriptor parameters of the multifractal spectrum 
have been defined. These include Δα1 = α0 − αmin, and Δα2 = αmax − α0, 
which represent the width of the left and right sides of the multifractal 
spectrum, respectively; Δf2 = fmax − f(αmin), representing the height of 

the right side of the spectrum; and l1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Δα1)
2
+ (Δf1)2

√

, and l2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Δα2)
2
+ (Δf2)2

√

, which correspond to the length of the left (multi
fractal) and right (monofractal) sides of the multifractal spectrum, 
respectively. These ten parameters were used to characterize the mul
tifractal spectra of the pathological retinas using a metric, defined as 
Metric Distance 1 (MD1) [49].

This metric provides a numerical measure of the distance between 
the spectrum of the pathological retina and the average spectrum of 
healthy retinas, based on the descriptor parameters [α0, Δα, f(α0), Δf1,
Δf2,Δα1,Δα2, l1, l2,A].

In this case, a vector is defined for each retina i in the reference group 
of healthy retinas as Vr,i = [α0, Δα, f(α0), Δf1,Δf2,Δα1,Δα2, l1, l2,A ]. 
The reference group R is then characterized by the average vector given 

as: VR =

(
1
N

)
∑N

i=1Vr,i, where N is the total number of retinas in the 

reference group. For each retina in this group, the MD1 is calculated as: 

dR,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
Vr,i − VR

)
.
(
Vr,i − VR

)T
√

(8) 

Then, for this reference group, a mean distance 〈dR,i〉 is calculated, 
which is used as a normalization value to normalize the MD1 of each 
pathological retina.

For the DR and glaucoma groups, another vector Vn,i is defined for 
each retina i belonging to group n. Using these vectors, a distance dn,i is 
calculated as: 

dn,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(
Vn,i − Vr

)
.
(
Vn,i − Vr

)T
√

(9) 

The distance (dn,i) is normalized by dividing it by the mean distance 
〈dR,i〉 of the control group. The distance between the spectrum of a retina 
of the group ˝n˝ and the reference group ˝R˝ is given by: 

d(n,R) =
dn,i

〈dR,i〉
(10) 

Therefore, a distance d(n,R) > 1 is interpreted as “pathological 
retina”. Its value indicates how many times the distance of the patho
logical multifractal spectrum of the pathological retina respect to Vr 

differs from the mean distance in the reference group, with n being a 
pathological retina (DR or glaucoma). Then, the distance MD1 can be 
used as a quantifier of pathology degree. For each pathological retina in 
the analysed groups, the distance between its multifractal spectrum and 
the mean spectrum of the reference is calculated. This distance is rep
resented as d(DRi,R) in the case of DR retinas, and d(Gi,R) for retinas 
with glaucoma, where i represents each retina belonging to the DR or 
glaucoma groups.

A second metric, based on the Mahalanobis distance, is used to 
compare the descriptive parameters of the multifractal spectra of the 

Fig. 5. Graphical representation of the division of the probability distribution 
of the FD (Dlc) into two ranges: Low Fractality (Low-F), covering the interval 
[0, 1.5], and High Fractality (High-F), covering the interval [1.5, 2].

Fig. 6. Representation of the descriptive characteristic parameters of multi
fractal spectra.
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pathological retinas with those of the healthy retinas [49]. The Mahala
nobis distance is a distance between two points in a parameter space that 
takes into account the covariances between them. It intuitively measures 
the Euclidean distance between them but normalized by the standard 
deviation in the considered direction. In this concrete application, this 
metric distance 2, denoted as MD2, is calculated from the set of spectra of 
the control retinas R. The parameters of each spectrum r are represented 
by a vector Vr,i = [α0, Δα, f(α0), Δf1,Δf2,Δα1,Δα2, l1, l2,A ]

T , for the 
multifractal spectrum of the retina i belonging to the control group R. The 
Mahalanobis distance is defined as: 

DR,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Vr,i − VR)
T
• [Sr]

− 1
•
(
Vr,i − VR

)√

(11) 

VR being the mean vector across all spectra r which is given as VR =
(

1
N

)
∑N

i=1Vr,i, where N is the number of retinas in the control group. S is 

the covariance matrix between parameters [α0, Δα, f(α0), Δf1,Δf2,Δα1,

Δα2, l1, l2,A], across spectra ˝r˝. Then, a mean Mahalanobis distance 〈
DR,i〉 is calculated to normalize the distance of the pathological retinas.

For the spectra of each pathological retina, the Mahalanobis distance 
is measured through Vp,i, relative to the mean vector of the control 
group. Here, Vp,i = [α0, Δα, f(α0), Δf1,Δf2,Δα1,Δα2, l1, l2,A ]

T is a vec
tor of the descriptive parameters corresponding to each pathological 
spectrum, where p represents a DR or glaucoma retina. The Mahalanobis 
distance of these pathological retinas is defined as: 

Dp,i =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Vp,i − Vr)
T
• [Sr]

− 1
•
(
Vp,i − Vr

)√

(12) 

The Dp,i value of each pathological retina is normalized with the 〈DR,i〉

value of the healthy retinas as: 

D(p,i)N =
Dp,i

〈DR,i〉
(13) 

where D(p,i)N 
is the normalized Mahalanobis distance of each patholog

ical retina. Then, the Mahalanobis distance between the pathological 
group ˝p˝ and the control group ˝R˝ is obtained as: 

D(p,R) = 〈D(p,i)N 〉 (14) 

A distance d(pi,R) > 1 reflects the degree to which the multifractal 
spectrum of the pathological retina differs from the reference group.

A third metric was defined in this study to compare the two char
acteristic parameters of the multifractal spectra, α and f(α), of each 
retina. This metric is denoted as “MD3”. As explained in the introduc
tion, these parameters are calculated based on the magnifying param
eter q, for certain values over the range q∊[− 30,30]. This metric enables 
the identification of regions within the multifractal spectrum of the 
pathological retinas that differ significantly from of those of the control 
group.

With this metric each spectrum is characterized by a vector Vq =

[α(q), f(α(q) ) ], which defines a 2D variable with a covariance matrix Sq, 
computed for each considered group of spectra of the control group, DR 
and Glaucoma. A mean vector of the control group is defined as: VC

q =
(

1
N

)
∑N

i=1
(
αi(q), fi(α(q) )

)
, where N is the number of spectra in the 

control group. Therefore, the control group will have a covariance ma
trix SC

q . For pathological retinas, the Mahalanobis distance is calculated 
for each spectrum of each retina i within a given group p, and for each 
point q of the spectrum. This distance is expressed as [49]: 

Ωp,i
q =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

Vp,i
q − VC

q

)T
•
[
SC

q

]− 1
•(Vp,i

q − VC
q

√

) (15) 

This metric measures the distance between each q value of the 
spectrum and the mean value of the control group and normalizes it by 
the standard deviation of the data in the direction of the vector 

considered Vp,i
q . This distance from a pathological group p to the control, 

Ωp(q), and is defined as: 

Ωp(q) = 〈Ωp,i
q 〉i (16) 

This distance provides information on the most significant variations 
in the spectrum. Specifically, it allows determining whether the greatest 
variations are present in the left side of the spectrum (q > 1), or the right 
side (q < 1). To determine whether the differences between the Maha
lanobis distances of the control group and the pathological groups are 
significant, the Kruskal-Wallis test is applied [59].

The Kruskal-Wallis test is a nonparametric test used to compare 
whether there are significant differences between the medians of three 
or more groups of independent samples. The test involves transforming 
the data into ranges and assessing whether the distribution of these 
ranges varies between the groups. The test returns a p-value indicating 
whether the distributions of all groups are equal (p-value > 0.05, the 
medians do not show significant differences), or whether there are sta
tistically significant differences between at least two groups (p-value <
0.05, the medians differ) [59].

Then, this test is used to determine whether there are significant 
differences in the parameter α(q) when comparing it between the 
healthy group and each of the pathological groups as a function of q. 
Subsequently, the same procedure is applied to the parameter f(α(q) ). 
The aim is to determine which of the two parameters α(q) or f(α(q) ) best 
distinguishes between the different groups of retinas.

3. Results

In this study, 45 retinal images classified into healthy, DR, and 
glaucoma retinas are used to characterize the retinal vasculature 
through fractal and multifractal analysis. The results of the mean 
probability distribution of the Dlc and LFD of the DR and Glaucoma 
group compared to the healthy retina group are shown in Fig. 7. In this 
figure, a difference can be observed between the probability distribu
tions of the mean FD for the glaucoma group (green), the group DR 
(red), and the healthy group (blue), in both Dlc and LFD representations. 
The mean probability distributions for the DR and glaucoma are shifted 
to the left, towards smaller FD values compared to the healthy retinas. 
This suggests that the retinal vasculature of the pathological retinas (DR 
and glaucoma) presents lower fractal dimensions than the control group.

To determine the most suitable FD measurement method for char
acterizing pathological retinas, the SNR was calculated in both methods 
(Dlc-LFD) (see Fig. 8). As shown in Fig. 8, healthy retinas exhibit a high 
SNR with both methods, indicating that either Dlc or LFD can be used 
indifferently in this group. However, for the DR and glaucoma groups, 
the LFD measurement method shows a higher SNR in both groups, with a 
slightly greater difference observed in the DR (see Fig. 8).

To visualize the differences between the two methods for measuring 
the FD of the retinal vasculature, the vasculature is reconstructed based 
on the Dlc and LFD values obtained at each point of the retinal vascu
lature. Three cases of healthy retinas, DR and glaucoma are represented 
in Fig. 9. In this figure, a greater uniformity in the measurement of the 
FD using the LFD method is observed, especially in DR and glaucoma 
retinas. This is because the Dlc method considers the terminal points of 
several vessels as isolated structures (see Fig. 9), assigning them lower 
FD values, which may lead to misleading interpretations.

A method based on the Wilcoxon rank-sum test has been used to 
support previous findings and to determine which method is more ac
curate. For each value of the fractal dimension, the probability density 
values (pdf) across all healthy retinas are compared with those patho
logical retinas. This allows identifying the specific FD values at which 
the two groups significantly differ. This method provides a degree of 
difference between the points (DDP) and the value of psig that de
termines the significance of the difference between both groups. The 
results of the Wilcoxon rank-sum test are represented in Fig. 10.
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In Fig. 10.A it can be observed that the mean probability distribu
tions of the Dlc of the DR group differ from the control group by 77.25 % 
with a psig of 0.0037. In contrast, the difference is slightly higher for the 
LFD method, showing a difference of 85.78 % and a psig of 0.0039 (see 
Fig. 10.B) (see Table 2).

In the case of glaucoma, it is observed that for the Dlc method, the 
difference is 84.83 % with a significance level psig of 0.0034 (see Fig. 10. 
C), while for the LFD method this difference is slightly higher, similar to 
the DR, showing 88.15 % with a significance level of 0.0025 (see Fig. 10. 
D). These results, together with those obtained in the signal–noise ratio 
and the vessel representations based on both FD measurement methods 
(Dlc and LFD), led to the selection of the LFD method as the most precise 
option for the characterization of pathological retinas. In addition, this 
method is one of the most widely used in the literature [39,55,60–62]. 
Using LFD, the normalized Kullback-Leibler distance (DKLN ) was calcu
lated of each of the pathological retinas. The results for the DR retinas 
are presented in Table 3, and glaucoma in Table 4.

Based on these results, three retinas with different levels of DKLN are 
selected and classified into three categories: mild, moderate and severe. 
These cases are used to represent the areas of the vasculature identified 
as abnormal in each retina. Additionally, the degree of affectation (AD) 
of each identified area is provided.

In the case of DR, the retina dr11 was selected as a mild case, with a 
DKLN ± σ(DKLN ) value of 2.15 ± 1.17. In Fig. 11. A, the LFD probability 
distribution of this retina is represented in comparison with the mean 
probability distribution and standard deviation of the LFD of healthy 
retinas.

In addition, all the points identified as anomalous in the vasculature 
of the dr11 retina are represented, and the AD value of each detected 
area is provided. In this case, the LFD probability distribution curve of 
the dr11 shifts to the left, towards the low fractality (Low-F). This may 

indicate a slight increase in the microvessels associated with low frac
tality compared to healthy retinas. This area presents an AD of 17.8 % of 
the total area of the retinal vasculature analysed. Furthermore, a 
reduction is observed in the main vessels, both veins and arteries, which 
correspond to the high fractality (High-F). This affectation is quantified 
with an AD of 23.7 %.

According to the results obtained from the distance DKLN , the retina 
dr13 was selected as a moderate case of DR, presenting a value of DKLN ±

σ(DKLN ) = 3.43 ± 1.86. The characterization results for this retina are 
presented in Fig. 11.B, where the LFD distribution also shifts to the left 
towards to the low fractality region (Low-F). Like the previous case, 
there appears to be a slight increase in the microvessels associated with 
low-F compared to healthy retinas. The degree of affectation in this area 
is 14.6 %. The vessels representing high fractality (high-F) show a 
greater decrease, with an AD of 19.8 %.

For a severe case, dr1 was selected, with DKLN ± σ(DKLN ) =

5.10 ± 2.77, and the results are represented in Fig. 11.C. As with the 
previous cases, dr1 also presents an increase in vessels with low-F with 
(AD of 15.5 %) and a decrease in vessels representing high-F (AD of 14.8 
%). Therefore, in the three cases of DR, regardless of severity, it is 
observed that the vessels with low-F (microvessels and capillaries) in
crease and the number of vessels with high-F (main vessels) decreases, 
presenting different levels of AD in each case.

In the case of glaucoma, three retinas with different degrees of DKLN 

were also selected and classified as mild, moderate, and severe. For the 
mild case, retina g12 was selected, which presents a value of DKLN ±

σ(DKLN ) = 3.36 ± 1.83. In Fig. 12.A. it can be observed that the LFD 
probability distribution of this retina shifts slightly towards low frac
tality. This indicates a slight increase in the number of vessels with low 
fractality and a decrease in the number of vessels with high fractality.

These areas present an AD of 18.4 % and an AD of 15.2 %, respec
tively. In the moderate case, retina g8 was selected, which shows a value 

Fig. 7. (A) Mean probability distributions of Dlc of healthy (blue), glaucoma (green) and DR (red) retinas. (B) Mean probability distributions of LFD of healthy, 
glaucoma and DR retinas.

Fig. 8. Signal-to-noise ratio (SNR) representation between the mean probability distributions of Dlc and LFD in healthy, glaucoma and DR retinas.
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Fig. 9. Representation of the retinal vasculature for three cases of retinas (H1: healthy retina; DR1: Diabetic retinopathy; and G1: Glaucoma) using the Dlc and LFD 
values obtained in the FracLac, together with its manual segmented image and the original image in RGB.

Fig. 10. (A) Representation of the mean probability distributions of the Dlc (A), and LFD (B) of healthy (red) and DR (red) retinas (left) and the Wilcoxon rank-sum 
test to determine the DDP and the psig between both groups of retinas. Comparison between healthy (red) and glaucoma (green) retinas are represented in C) for Dlc 
and D) for LFD.
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of DKLN ± σ(DKLN ) = 5.10 ± 2.77. As in the previous case, the LFD 
probability distribution curve shifts slightly towards low fractality 
compared to retina g12. In this retina, the low fractality increases, with a 
degree of affectation of 20.4 %, while high fractality decreases, with an 
AD of 25.7 %, as shown in Fig. 12.B. For the severe case, retina g1 was 
selected, which presents a value DKLN ± σ(DKLN ) = 6.36 ± 3.45. In this 
case, the shift in the LFD distribution is even greater than the previous 
cases. As shown in Fig. 12.C, there is a very noticeable increase in the 
low-F, with an AD of 44.9 %, and a decrease in the high-F, with an AD of 
16.6 %. Therefore, it is observed that in glaucoma cases, the vessels with 
low fractality, which correspond to the microvessels of the retina also 
increase as DKLN increases, while the vessels with high fractality 
decrease.

As for the results of multifractal analysis, the mean multifractal 
spectra of the healthy, glaucoma and DR retina groups were first plotted 
to observe the multifractality behaviour of the pathological groups 
compared with the control group, as shown in Fig. 13. A notable dif
ference is observed between the multifractal spectra of the pathological 
retinas (DR and glaucoma) and those of the healthy retinas. This dif
ference is especially evident in the left side of the spectrum, which 
represents the multifractality.

The multifractal spectra of DR and glaucoma retinas show a greater 
variety of singularities with different fractal dimensions compared to 
healthy retinas, as seen in Fig. 13.

Furthermore, it is observed that DR group presents a slightly higher 
multifractal spectrum side than the glaucoma group and higher than the 
healthy retina group. To quantify the divergence between the spectra of 
pathological and healthy retinas, the MD1 and MD2 metrics were applied. 
The results of the MD1 and MD2 metrics for the characterization of the 
multifractal spectra of pathological retinas are shown in Tables 5 and 6.

With both metrics, it can be observed that the metric distances of 
these pathological retinas present different degrees of severity, allowing 
the retinas to be classified according to these distances as mild, mod
erate and severe. These retinas present the same degrees of severity in 
both measurement methods. Therefore, three cases of DR and glaucoma 
retinas with different degrees of severity are selected, and their multi
fractal spectra are shown in Fig. 14. This figure shows that the DR and 
glaucoma retina cases selected as mild (dr11 and g12), barely differ in 
their spectra from the average spectrum of the control group (healthy 
retinas). For the moderate cases (dr13 and g13), it can be observed that 
the spectra begin to diverge and show more distinction from the control 
group. In severe cases (dr1 and g15) the divergence between the path
ological spectra and the control group is clearly visible.

In the case of the DR group, a mean MD1 distance of d(DR,R) = 1.61 
is obtained, where R is the group of healthy retinas. As can be seen, this 
distance d(DR,R) > 1, therefore, this indicates that the difference be
tween both spectra is considered as a degree of pathology. In the case of 
the glaucoma group, a MD1 distance of d(G,R) = 1.47 is obtained. As in 
the DR group, the difference between the mean spectra of the control 
and DR groups is significant, and at the same time it is smaller than the 
DR group. With respect to the MD2 metric, in the case of the DR group 
this distance is still higher in this group compared to the glaucoma 
group, which show a distance of D(DR,R) = 3.00, and D(G,R) = 2.26, 
respectively.

The results of the “MD3” metric, which measures the differences 
between the parameters α and f(α) that characterize the multifractal 
spectra of each group of retinas as a function of q, are shown in Fig. 15. 
When comparing the multifractal spectra of the DR and glaucoma 
groups against the control group, significant deviations are observed 
across the entire range of q. Specifically, differences manifest in both 
small-scale fluctuations (q < 0) and large-scale fluctuations (q > 0), as 
shown in Fig. 15.A. Although large fluctuations (q > 0) not only allow 
for better differentiation between healthy and pathological retinas but 
also help to distinguish between the two pathological groups (see 
Fig. 15.A).

In the case of DR, the results indicate that the differences between the 
retinas of this group and healthy retinas are observed above all in large 
fluctuations (q > 0) that represent strong singularities or multifractality. 
As for the glaucoma group, the difference is greater above all in small 
fluctuations (q < 0) that represent weak singularities or monofractality. 
The Kruskal-Wallis test indicates that the Mahalanobis distance of the 
parameter α between the DR and glaucoma groups compared to the 
control group is significant for large fluctuations (q > 0) (see Fig. 15.B). 
As for the parameter f(α), this distance is significant for small and large 
fluctuations, i.e. for both strong and weak singularities (see Fig. 15.C). 
This is evident from the area below the dotted line representing p-value 
< 0.05, indicating a greater region of statistically significant difference 
between the groups. These results demonstrate that the parameters α 
and f(α) are two characteristic parameters of multifractal spectra that 
can be used to characterize pathological retinas.

4. Discussion

In this study, a retinal image characterization method based on the 
measurement of the fractal dimension and the multifractal spectrum of 
the retinal vasculature has been developed. In this work, two types of 
fractal dimension measurement (Dlc and LFD) and different multifractal 
spectrum metrics have been explored and tested on different groups of 
retinas, both healthy and pathological. Both methods of fractal dimen
sion measurement have shown their effectiveness in determining the FD 
of the retinal vasculature. However, the local fractal dimension (LFD) is 
more suitable for pathological retinas, since it presents a high SNR, 
which supports its stability in FD measurement. In addition, this mea
surement method has been widely used in the literature and has 
demonstrated its effectiveness in measurement [60–63]. Another metric 

Table 2 
Results of the Wilcoxon rank-sum test showing the degree of significant differ
ence between points (DDP) in the probability distributions of Dlc and LFD, with 
the mean psig , comparing healthy retinas with DR and glaucoma.

Healthy vs DR Healthy vs Glaucoma

DDP(%) psig DDP(%) psig

Dlc 77.25 0.0037 84.83 0.0034
LFD 85.78 0.0039 88.15 0.0025

Table 3 
The results of the DKLN ± σ(DKLN ) measurement between the LFD probability 
distributions of the DR retinas from the HRF dataset and the mean probability 
distribution of the healthy retinas from the same dataset.

DKLN ± σ(DKLN )

dr1 6.40 ± 3.47 dr6 3.48 ± 1.89 dr11 2.15 ± 1.17
dr2 5.93 ± 3.22 dr7 2.23 ± 1.21 dr12 3.54 ± 1.92
dr3 3.66 ± 1.99 dr8 2.74 ± 1.49 dr13 3.43 ± 1.86
dr4 3.29 ± 1.79 dr9 3.49 ± 1.89 dr14 2.22 ± 1.21
dr5 6.83 ± 3.71 dr10 1.85 ± 1.01 dr15 3.92 ± 2.13
DKLR 0.48 ​ ​ ​ ​

Table 4 
The results of the DKLN ± σ(DKLN ) measure between the LFD probability distri
butions of glaucomatous retinas from the HRF dataset and the mean probability 
distribution of healthy retinas from the same dataset.

DKLN ± σ(DKLN )

g1 4.95 ± 2.69 g6 3.14 ± 1.71 g11 3.63 ± 1.97
g2 4.06 ±2.20 g7 5.58 ± 3.03 g12 3.36 ± 1.83
g3 6.22 ± 3.38 g8 5.10 ± 2.77 g13 6.36 ± 3.45
g4 6.91 ± 3.75 g9 7.54 ± 4.09 g14 5.16 ± 2.80
g5 3.35 ± 1.82 g10 7.26 ± 3.95 g15 4.48 ±2.43
DKLR 0.48 ​ ​ ​ ​
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that has been developed to determine the accuracy of the FD measure
ment is a measure based on the Wilcoxon rank-sum test. This metric has 
shown that the LFD measurement is more effective in distinguishing 
between healthy and pathological retinas. It has been used to charac
terize the pathological retinas by analysing the fractal dimension of their 
retinal vasculature. Based on this, an algorithm was developed that 
calculates the LFD probability distributions for each pathological retina 
and compares it to with the mean LFD probability distribution and the 
standard deviation of healthy retinas. This algorithm has made it 
possible to detect all regions considered anomalous or abnormal within 
the retinal vasculature and to assign a degree of severity to the detected 
pathology.

A Kullback-Leibler divergence distance metric has been used to 
quantify the degree of affectation in pathological retinal vasculature by 
measuring the distance between the LFD probability distributions of the 
pathological retinas and the mean LFD probability distribution of the 
healthy retinas. Both methods for characterizing and quantifying retinal 
pathology have shown good performance in detecting abnormalities in 
pathological retinas. In addition to providing a measure of abnormality, 
these metrics enable classification of the severity of the pathology based 
on the FD measurement.

In diabetic retinopathy (DR), the retinal vasculature undergoes 
progressive alterations that affect both its structure and vascular 
complexity. These changes begin in the early stages of the disease, such 
as in non-proliferative diabetic retinopathy (NPDR), where micro
aneurysms, hard exudates, haemorrhages, and venous beading typically 
occur [13], and progress further in more advanced stages, such as in 

proliferative diabetic retinopathy (PDR), characterized by neo
vascularization [15].

In the present study, our results showed that DR retinas, the LFD 
probability distribution indicates lower fractal dimension values as DKLN 

increases. This decrease can be explained by multiple pathological 
mechanisms. The factors associated with the reduction of FD are diverse, 
some possible explanations can be associated with microangiopathy 
because diabetes causes direct damage to blood vessels, and this affects 
the structure and organization of the vascular network of the retina [64]. 
This loss of structural complexity is directly reflected in the reduction in 
FD.

A relevant question is to identify which specific alterations primarily 
contribute to this decrease. The images used showed several charac
teristic signs of DR, including neovascularization. Indeed, according to 
Odstrcilík et al. [51], the HRF dataset includes images with neovascular 
networks, haemorrhages, bright lesions, and laser-treated areas, indi
cating that many retinas present an advanced stage of the disease.

Neovascularization occurs in response to retinal ischemia, which in 
turn is a consequence of vascular damage induced by chronic hyper
glycemia, and causes its occlusion, limiting blood flow. As a compen
satory mechanism, the retina releases growth factors, such as vascular 
endothelial growth factor (VEGF), which promote the formation of new 
vessels [15]. However, these neovessels often have an anomalous and 
disorganized structure, lacking the hierarchical branching typical of the 
original vascular network. This structural disorganization contributes to 
a lower geometric complexity and, therefore, a reduction in fractal 
dimension. It is important to note that even before the development of 

Fig. 11. (A) Representation of the points identified as abnormal in the retinal vasculature of the retina dr11 classified as mild according to the DKLN value; (B) a 
moderate case, dr13; and (C) a severe case dr1.
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neovessels, significant changes in vascular morphology are already 
evident in the non-proliferative stages [13], which could also contribute 
to the reduction of FD. Several studies have reported decreases in FD 
during NPDR, a stage characterized by microaneurysms, exudates, 
haemorrhages and intraretinal microvascular abnormality (IRMA), 
which reflect ischemic processes and morphological changes in the 

vascular network [16,65,66]. This means that even retinas not yet in the 
proliferative diabetic retinopathy (PDR) stage within this HFR dataset 
may exhibit a reduced fractal dimension.

Overall, the observed decrease in fractal dimension can be attributed 
to a combination of several pathological factors affecting vascular or
ganization, both in early and advanced stages of the disease. These 

Fig. 12. Representation of the abnormal points of the retinal vasculature of a g12 glaucomatous retina classified as mild according to the DKLN value; (B) a moderate 
case of a g8 glaucomatous retina; and (C) a case of a severe g13 retina.

Fig. 13. (A) Representation of the mean multifractal spectra of the healthy retina group (blue), the glaucoma group (green) and DR (red). (B) Standard deviation of 
each spectrum (B).
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include ischemia, progressive structural damage to vessels, and the 
presence of neovascularization, all of which impair the complexity of 
retinal vascular architecture [23,24,67].

Some results consistent with the findings of this paper, Ţălu et al. 
[65] in their study of NPDR characterization by fractal analysis found 
that subtle changes in the fractal dimension occur at different stages of 
NPDR. They also found that in mild NPDR the fractal dimension is 
slightly higher than the corresponding values for normal images, while 
for moderate and severe cases the fractal dimension decreases with more 
severity in severe cases. Grauslund et al. [16] in their study of micro and 
macrovascular complications in type 1 diabetes they found that a lower 
fractal dimension of the retinal vasculature was related to PDR.

Other studies using different techniques for visualizing the retinal 

vasculature and analysing the fractal dimension of the same in different 
regions claim that the FD decreases in cases of DR. Among these studies, 
the study by Zahid et al. [17] of the analysis of the fractal dimension in 
eyes with DR using optical coherence tomography angiography (OCT-A) 
stands out. In this work, the authors demonstrated that the FD is 
significantly reduced in the superficial and deep capillary plexuses in 
eyes with DR.

Chen et al. [18] also use OCT-A to determine the capacity of the 
fractal dimension to detect early changes in the microvascular network 
of the retina in patients with type 2 diabetes. In this study, they observed 
that the FD of two capillary layers of the retina in most regions is 
significantly minimal in diabetic patients with DR. Avakian et al. [66] 
studied the FD of the macular region of normal and NPDR retinas, and 
obtained significantly higher FD in the normal macular region than in 
the NPDR macular region, while the paramacular areas were not very 
significant.

In contrast to the above studies, others found no significant differ
ence between healthy and DR retinas [68–71], and others found high FD 
compared to healthy cases. Aliahmad et al. [72] that studied the FD of a 
group of 189 retinal images classified into DR retinas versus healthy 
retinas (control group) found that the FD of DR retinas have a higher FD 
value than control retinas. Another study of Cheung et al. [73] that 
analysed the FD in 729 patients with diabetic retinopathy with type 1 
diabetes, obtained a result of high FD in cases of patients with diabetic 
retinopathy than healthy patients.

These last two studies have reported high FD values [72,73]; how
ever, in our study, low FD was observed in cases of diabetic retinopathy 
(DR). Both studies used images of retinas with mild to moderate DR [73] 
or with no observable DR [72]. Therefore, this discrepancy could be due 
to several factors, including the inclusion of advanced cases, such as 
proliferative diabetic retinopathy (PDR). In these cases, as explained in 
previous sections, capillary loss and neovascularization can lead to a 
reduction in vascular complexity and, consequently, in FD.

Furthermore, in the study by Aliahmad et al. [72], the higher re
ported FD values could be related to clinical characteristics of the dia
betic cases included. Specifically, only a minority presented with mild 
non-proliferative diabetic retinopathy (NPDR), while the majority 
showed no observable signs of DR. This could partly explain the higher 
FD observed, as the early or subclinical stages of the disease may not yet 
reflect the vascular rarefaction seen in more advanced DR.

In the case of glaucoma, our results showed reduced fractal dimen
sion values. The etiology of glaucoma is still unknown. Indeed, it is not 
possible to attribute the decrease in fractal dimension to a single path
ophysiological mechanism. Several factors could be involved.

The glaucomatous retinal images analysed in this study correspond 
to advanced stages of the disease, characterized by significant loss in the 

Table 5 
MD1 results for each DR retina and glaucoma from the HRF dataset, and the 
mean MD1 for each group.

MD1 ¼d(pi,R)

dr1 2.63 dr6 1.86 dr11 0.79
dr2 1.06 dr7 0.95 dr12 2.41
dr3 2.11 dr8 1.57 dr13 1.31
dr4 2.44 dr9 1.06 dr14 1.35
dr5 2.34 dr10 0.92 dr15 1.36
dr 1.61 ​ ​ ​ ​
g1 1.63 g6 1.26 g11 1.5647
g2 1.34 g7 1.40 g12 0.9065
g3 1.76 g8 1.6526 g13 1.7100
g4 1.09 g9 1.6191 g14 1.7102
g5 0.74 g10 1.3173 g15 2.3575
g 1.47 ​ ​ ​ ​

Table 6 
MD2 results for each DR retina and glaucoma from the HRF dataset, and the 
mean MD2 for each group.

MD2 = D (pi,R)

dr1 8.16 dr6 2.77 dr11 1.37
dr2 2.29 dr7 1.20 dr12 2.89
dr3 2.52 dr8 2.10 dr13 3.71
dr4 6.02 dr9 1.16 dr14 2.01
dr5 4.85 dr10 1.28 dr15 2.74
dr 3.00 ​ ​ ​ ​
g1 2.88 g6 1.81 g11 2.14
g2 2.24 g7 1.86 g12 1.34
g3 3.96 g8 2.03 g13 1.91
g4 1.57 g9 2.25 g14 1.24
g5 1.67 g10 2.21 g15 4.82
g 2.26 ​ ​ ​ ​

Fig. 14. (A) The mean multifractal spectrum of healthy retinas compared with multifractal spectra of three DR retinas classified as mild, moderate, and severe 
according to MD1-MD2 metrics, (B) three other cases of glaucoma retinas.
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nerve fiber layer (RNFL). According to the article by Odstrcilík et al. 
[51], the images of patients with glaucoma in the HRF dataset corre
spond to advanced stages of the disease, showing signs of both focal and 
diffuse nerve fiber layer loss, which reflects significant structural 
damage.

Glaucoma has been associated with ocular blood flow dysfunction, 
particularly in the peripapillary and macular regions. This disturbance 
in perfusion is closely related to the loss of ganglion cells and their 
axons, which reduces the metabolic demand in affected areas. As a 
result, progressive hypoperfusion occurs, impacting the retinal capil
laries. These events alter the vascular branching density, could be re
flected in a reduction in fractal dimension as the disease progresses.

Therefore, this mechanism could explain the decrease in FD observed 
in our results, which is consistent with findings reported in the 
literature.

Other factors could be involved in the decreased fractal dimension. 
For example, ischemia affecting the optic nerve and different layers of 
the retina may reduce the supply of oxygen and nutrients, thereby 
altering the organization of the vascular network and reducing its geo
metric complexity [74].

Likewise, vascular remodeling processes can induce structural 
changes that manifest as a decreased FD [75]. Neural damage and 
ganglion cell apoptosis have also been proposed to affect the autor
egulation of blood flow, which impacts the structure of the vascular 
network [76,77]. Finally, the inflammatory and immune response could 
directly influence the architecture of the retinal vessels, thus contrib
uting to the changes observed in the fractal dimension [78].

Since multiple factors could be involved, it is not possible to deter
mine with certainty which is primarily responsible for the reduction in 
FD. Furthermore, the objective of this study was not to identify the 
underlying biological causes of this phenomenon. As indicated in pre
vious studies, there is still no definitive consensus on the vascular eti
ology of glaucoma.

Instead, our study focuses on providing quantitative metrics that 
characterize and describe the degree of vascular alteration present in the 
images, regardless of the specific biological mechanism that caused 
these alterations.

There are several clinical and population studies in the literature that 
have shown that changes in the retinal vasculature are related to a 
decrease in fractal dimension. These studies are associated with optic 
nerve damage and glaucoma. Some of the findings related to the 
decrease in FD in glaucoma are observed in [79,80]. These two studies 
have shown that there is a relationship between the vascular calibre of 
the retinal vessels and glaucoma, such that both tortuosity, branching 
angle and fractal dimension have smaller values in glaucomatous eyes 
than in healthy eyes. Other studies suggest that the FD in the optic nerve 

head is significantly reduced in advanced glaucoma and is correlated 
with optic disc damage, when, in the early stage of the disease, its value 
was similar to the FD of healthy eyes [30]. Ciancaglini et al. [80] found a 
relationship between ONH (optic nerve head) damage and a reduced 
fractal dimension of the retinal vasculature.

Wu et al. [79] in their study The Singapore Malay Eye Study reported 
results consistent with the findings obtained in this work, where they 
showed that low FD of retinal vasculature is a recurrent feature in 
glaucoma. Tham et al. [81] that examined the relationship between 
vascular geometry parameters such as calibre, tortuosity and fractal 
dimension with retinal nerve fibre layer (RNFL) and ganglion cell inner 
plexiform layer (GC-IPL) parameters using gradable retinal photography 
and OCT images and found an association between decreased FD, calibre 
and vascular tortuosity with glaucomatous retinas.

In this work, in addition to fractal analysis, multifractal analysis was 
also studied. In the multifractal analysis, the difference between the 
multifractal spectra of DR and glaucoma retinas in relation to healthy 
retinas was studied by analysing the different descriptive parameters of 
the multifractal spectrum. Using different metrics developed by the 
same authors, it was observed that there is a significant difference be
tween the MFSs of the pathological groups and the healthy retinas. 
These metrics allow characterizing each of the pathological retinas and 
providing a quantification of their affectation.

Specifically, the multifractal spectrum becomes wider on its left side 
(multifractal) for the pathological retinas studied in this manuscript 
(glaucoma and diabetic retinopathy) compared to healthy retinas. The 
statistical tests used locate the significant difference in the parameter α, 
which measures local vascular irregularity. In this sense, diabetic reti
nopathy produces vessels with greater variability in irregularity than 
glaucoma and healthy retinas (see Fig. 13). It should be noted that, 
although various parameters of the multifractal spectrum (such as α, 
f(α),Δα,Δf , among others) have been extracted and analysed and used as 
a tool to characterize the spectrum of healthy retinas, DR and glaucoma, 
it has not been possible to establish a direct relationship between these 
and specific pathological characteristics, due to the lack of detailed 
clinical information in the dataset used. In the literature, these param
eters have been mainly used to characterize the geometric complexity of 
the vascular network, without there being a clear biological interpre
tation of each of them so far. Therefore, their use in this work is aimed at 
quantitatively describing vascular morphology, rather than identifying 
specific pathophysiological mechanisms.

In this sense, future work could focus on studying the relationship 
between these parameters and the different characteristic alterations of 
diabetic retinopathy and glaucoma based on novel techniques. The 
preliminary results of the study in this manuscript demonstrate the 
usefulness of metrics based on the multifractal spectrum of the retinal 

Fig. 15. Mahalanobis distance between the parameters α and f(α) characteristic of the multifractal spectra of the healthy, glaucoma and DR retina groups as a 
function of the parameter q. B) The results of the Kruskal-Wallis test for significant Mahalanobis distances (p-value) of the parameter α as a function of q for healthy 
retinas vs glaucoma and healthy retinas vs DR, C) the significant Mahalanobis distances (p-value) of the parameter f(α) as a function of q.
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vasculature for characterizing pathologies, which opens the way for 
future research. Their implementation in larger dataset, combined with 
advanced segmentation techniques [82] and deep learning techniques 
[83–85] could strengthen the proposed method and advance the clinical 
utility of the metrics and the standardization of the proposed measure
ment methods.

Similar findings were obtained in other studies related to this topic. 
Relan & Khatter [86] used the same image dataset used in this study 
(HRF) to study the multifractal analysis of the three groups of retinal 
images: healthy, DR and glaucoma. The images were processed by seg
mentation and skeletonization. The authors determined significant dif
ferences between the spectra of the pathological and segmented healthy 
retinas. However, with the skeleton images they did not find any sig
nificant difference.

The authors of this work did not find any further studies in the 
literature that studied the multifractal analysis of these three groups of 
retinas, and the only study that was found, the results in principle agree 
with the findings obtained in this work.

The literature indicates that the retinal vasculature has a multifractal 
geometric architecture, therefore, a multifractal analysis provides an 
overview of the retinal vasculature regions at local and global levels 
[87,88]. There are several methods of multifractal analysis measure
ment among which the generalized multifractal dimension (Dq) is the 
most popular method in the literature. Moreover, the results reported in 
the literature depend on several factors such as the multifractal mea
surement method, the segmentation algorithms used as well as the 
different calculations used [8,89,90]. The descriptive parameters of the 
multifractal spectrum used in this study have been used in different 
topics in the literature to characterize multifractal spectra, [47,49,88], 
and their effectiveness in characterizing the analysed multifractal 
spectra has been determined.

5. Conclusions

In conclusion, in this work, fractal and multifractal analysis have 
been used to characterize pathological retinas in comparison with 
healthy retinas. Different metrics were used to characterize and provide 
a quantification of the pathological relevance of the retinas based on 
fractal measurements. One of the main novelties of this work is the use of 
metrics based on statistical distances, such as the Mahalanobis distance 
and the Kullback-Leiberg divergence, to not only characterize retinal 
vaculature pathology but also quantify the degree of pathology. This 
allows for the expansion of retinal classification from grade-based scales 
(ETDRS) to numerical scales through the development of new tech
niques for measuring the regularity of the retinal vasculature compared 
to healthy retinas. Particularly sensitive have been techniques based on 
the characterization of the shape of the multifractal spectrum, which 
allows for the identification of the parameter α as a relevant and highly 
variable factor between healthy and pathological retinas, at least in the 
study of glaucoma and diabetic retinopathy. The results were based on 
quantitative and qualitative measures and have managed to determine 
an agreement between the findings obtained in the literature.

This study has some limitations that should be considered when 
interpreting the results. First, the limited number of images used, 
especially of retinas with diabetic retinopathy and glaucoma, prevents 
the findings from being general enough. The study has to be taken as a 
first step in further research. This limitation is primarily due to two 
fundamental reasons established in previous studies by the same 
authors: 

i. Manual segmentation (Gold Standard): In a previous study by the 
same authors [40], it was shown that some automatic segmentation 
methods can influence the calculation of the fractal and multifractal 
dimension. Therefore, in this work, manually segmented images 
(Gold Standard) have been used in order to minimize any bias 

introduced by the segmentation method and thus ensure greater 
reliability in the results.

ii. Uniformity in image acquisition: As demonstrated in the same pre
vious study [40], differences in acquisition equipment significantly 
affect the calculation of the fractal dimension (FD) and the multi
fractal spectrum. Therefore, a dataset that ensures homogeneity in 
size, type of retinograph and capture conditions was selected: the 
HRF dataset, unique in the literature with images of healthy retinas, 
diabetic retinopathy and glaucoma, all captured with the same de
vice, and presents manually segmented images.

Another important limitation is the lack of detailed clinical classifi
cation of pathological images. The images are not divided by disease 
stage or annotated with specific characteristics, making it difficult to 
establish a direct relationship between the multifractal findings and the 
pathological factors responsible for the abnormalities observed in DR 
and glaucoma.

Finally, another limitation is the reliance on manual segmentation, 
as mentioned above, which, while accurate, limits the data volume. 
Future studies hope to implement more advanced artificial intelligence- 
based segmentation methods, previously validated as interchangeable 
with manual segmentation, to expand the dataset without compromising 
the quality of the measurements [40].

For future work, we plan to acquire a larger number of images 
classified and annotated by experts, or using automatic classification 
techniques based on deep learning, which will allow for a more precise 
study of the association between the different parameters of the multi
fractal spectrum and the characteristic clinical and structural aspects of 
these pathologies.
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