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Parabolic subgroups acting on the additional length graph

YAGO ANTOLIN
MARIA CUMPLIDO

Let A # Ay, Ay, Iy, be an irreducible Artin—Tits group of spherical type. We
show that the periodic elements of A and the elements preserving some parabolic
subgroup of A act elliptically on the additional length graph Car.(A4), a hyperbolic,
infinite diameter graph associated to A constructed by Calvez and Wiest to show
that A/Z(A) is acylindrically hyperbolic. We use these results to find an element
g € A such that (P, g) = P x(g) for every proper standard parabolic subgroup P
of A. The length of g is uniformly bounded with respect to the Garside generators,
independently of A. This allows us to show that, in contrast with the Artin generators
case, the sequence {®w (A, S)}nen of exponential growth rates of braid groups, with
respect to the Garside generating set, goes to infinity.

20F36, 20F65

1 Introduction

It is well known that the braid group with n 4+ 1 strands, A, acts by isometries on
the curve complex of the n—punctured disk, D, . This fact comes from the topological
definition of A, , which says that A; is the mapping class group of D,,. We know a lot
about this curve complex, including its §—hyperbolicity, which makes it a fundamental
tool when proving properties of the braid group.

On the other hand, braid groups also belong to a family of presentable groups, called
Artin—Tits groups [1]. To define them we need a finite set of generators ¥ and a
symmetric matrix M = (mg)srex With mgg =1 and ms, €{2,...,00} for s #1¢.
The Artin-Tits system associated to M is (A4, X), where A is the so-called Artin—Tits
group presented in the following way:

A=(E | sts--- = tst--- fors,t € X withs #t, mg; ;éoo),
mg,; elements mg,; elements

Notice that relations in this presentation contain only positive powers of the generators.
This allows us to define A as the positive monoid given by the same presentation.
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Figure 1: Classification of irreducible Coxeter graphs of finite type.

We also can obtain the Coxeter group Wy associated to (A4, ¥) by adding the relations
2
sc=1:

WAz(Z|s2=1 forse X, $15-0 = 18t for s, € ¥ with s #¢, ms,,;éoo).
mg  elements  mg ; elements

If Wy is finite, the corresponding Artin—Tits group (or Artin-Tits system) is said to be

of spherical type. If A cannot be decomposed as a direct product of nontrivial Artin—

Tits groups, we say that A is irreducible. Irreducible Artin—Tits groups of spherical

type are completely classified (see Figure 1) in ten classes; see Coxeter [7]. The main

example on these groups is the braid group A, , which is provided by the presentation

Ap =(01,...,0n|0i0j =0j0; if |i — j| > 1, 0j0j0; = 0j0;0; if |i — j| =1).

Artin-Tits groups of spherical type share many properties with A, , but to prove them we
cannot use arguments that involve the curve complex. To overcome this difficulty, new
complexes related with all Artin—Tits groups of spherical type have been introduced.

Let (A, X) be an Artin—Tits system of spherical type. On the one hand, in [5], Calvez
and Wiest constructed the additional length graph of A, denoted by Car.(A). As we
will see later, this complex relies on technical concepts about Garside theory and it is
in fact defined for every Garside group. The interest on Car.(A) lies on the fact that it
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is 6—hyperbolic when A is irreducible. Calvez and Wiest conjectured that Car (A5)
is quasi-isometric to the curve graph (the 1-skeleton of the curve complex) of D,
and they even made a step forward, proving that the braids that act loxodromically
on Car,(A,) are pseudo-Anosov. We recall that an element o acts loxodromically
on Car(Ay) if the orbit of every element of Car.(A) by « is quasi-isometric to Z. The
element « acts elliptically on Car(Ay) if the orbits are bounded.

Proposition 1 [5, Proposition 2] We consider the action of the braid group A, on its
additional length graph Ca1.(A,) by left multiplication. Then periodic and reducible
elements act elliptically.

On the other hand, we have the complex of irreducible parabolic subgroups P(A), de-
fined by Cumplido, Gebhardt, Gonzilez-Meneses and Wiest [9]. A standard parabolic
subgroup, Ay, is a subgroup generated by some X C 3. A subgroup P is called
parabolic if it is conjugate to a standard parabolic subgroup, that is, P = a~! Ay« for
some standard parabolic subgroup Ay and some o € A. We say that P is irreducible,
if it cannot be decomposed as a direct product of parabolic subgroups. Given an
irreducible parabolic subgroup P, we denote by zp the unique positive element that
generates the centre Z(P) of P. The vertices of P(A) are the irreducible ones,
that is, the parabolic subgroups that cannot be decomposed as a direct product of
nontrivial parabolic subgroups. A set of vertices { Py, ..., P,} spans an n—simplex
if Zp;ZP; = ZP;ZP; for all i # j. In [9, Theorem 2.2], it is proven that having
zp;zZp; = Zp;Zp; s equivalent to have one of these three situations:

e PCP;.
e PiCP.
e P;UP;={1} and p;p; = p, p; forevery p; € P; and p; € P;.

In the braid case, the subset of irreducible proper parabolic subgroups is in bijection
with the isotopy class of curves in D, . This makes P(A;) isomorphic to the curve
complex of D, . This complex seems then more natural for studying Artin—Tits groups
than Car.(A). However, the hyperbolicity of the complex of irreducible parabolic
subgroups is not proven yet. One approach to solve that problem could be to find
links between the 1-skeleton of the complex of irreducible parabolic subgroups (which
is in fact a flag complex) and the additional length graph, which is precisely what
we will do in this article. We will generalize Proposition 1 of Calvez and Wiest to
irreducible Artin—Tits groups of spherical type. Due to the bijection between the curve
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complex and the complex of irreducible parabolic subgroups mentioned before, we
can realize that the reducible braids correspond to elements that preserve a family of
parabolic subgroups that form a simplex in 7P(A). Notice that the action of A on P(A4)
is induced by the conjugation action of A on itself. We say that x € A is periodic if
some power of it acts trivially on P(A).

Theorem 2 Let A # A1, Az, Iy be an irreducible Artin-Tits group of spherical type.
The periodic elements of A and the elements preserving some simplex of P(A) (ie
normalizing parabolic subgroup of A) act elliptically on Cay (A4).

As explained by Calvez and Wiest [6, Proposition 4.9], the proof of this result (and
more precisely Corollary 23) is the key to proving that there is a 9—Lipschitz function
from P(A) to Car(A) when A has rank at least 3. As a consequence, we can prove
that in these cases P(A) has infinite diameter [6, Corollary 4.10].

For the second part of this article, we will use one of the key features of the graph
CaL(A): its hyperbolicity constant is independent of the Artin—Tits group of spherical
type. Moreover, when proving Theorem 2 we will find bounds on the diameter of orbits
of parabolic subgroups acting on Cay.(A) that are again independent of the group 4.
Combining this uniformity of constants and standard techniques of groups acting on
hyperbolic spaces, we will show that we can find a common “free-product complement”
for all standard proper parabolic subgroups. Namely:

Theorem 3 There exists a constant K such that for every irreducible Artin-Tits group
(A, X) of spherical type A # A1, Aa, Iy, there is an element g, € A" such that

(1) the element gy has length at most K with respect to the Garside generators (see
Section 2.1), and

(2) for every proper standard parabolic subgroup Ay of A, one has that (g«, Ax) =
(gx) *x Ax .

The Cayley graph of an Artin—Tits group of spherical type is usually better understood
with respect to the Garside generators (explained in Section 2.1) than with respect to
the Artin generating set X. Let S denote the set of Garside generators. Then, for
every parabolic subgroup Ay, one has that the natural subgroup inclusion induces a
graph isometric inclusion I'(Ay, Ax N ST!) — I'(4, S*1). Here, I'(G, X) denotes
the Cayley graph of a group G with respect to a generating set X. We will use this
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isometric inclusion together with the “free-product complement” to derive that the
(relative) growth rate of proper parabolic subgroups is strictly smaller than the ambient
group.

Before stating this last result, let us fix some notation. Let M be a monoid and X a
finite generating set of M. We denote the (relative) exponential growth rate of M by

. 1
o(M,X) = lim (#{ge M :|glx <n})"",

where |g|x denotes the length of the shortest word in X representing g. Notice that
this limit exists thanks to the submultiplicativity of the word length and Fekete’s lemma.

Corollary 4 Let A # A; be an irreducible Artin-Tits group of spherical type. Let Sq
be the Garside generating set of A. For every proper parabolic subgroup Ax of A, one
has that

w(Ax,S51) <w(4,87Y) and w(AY,S4) <o(AT,S4).

Moreover, the sequences {w(Ay, anl)},iozl , {w(By, Sgtnl)}zozz , {w(Dy, 855}11)};023
(and the corresponding sequences for the submonoid of positive elements) are increasing
and unbounded.

This result contrasts with the case of standard Artin generators. In that case, it is known
that both {w(A4;}, ¥)}o2, and {w(An, X)}52, are increasing and converge. More
specifically, for the submonoid of positive elements, a beautiful recent result of Flores
and Gonzédlez-Meneses [14, Theorem 6.8] shows that {w(4,7, £)}°_, converges to
the KLV constant goc = 3.23363....

2 Preliminaries

2.1 Garside theory

Let us briefly recall some concepts from Garside theory (for a general reference,
see [11]). A group G is called a Garside group with Garside structure (G, M, A) if it
admits a submonoid M of positive elements such that M N M™! = {1} and a special
element A € M, called the Garside element, with the following properties:

e There is a partial order in G, <, defined by a < b <= a~'b € M such that
for all a, b € G there exists a unique gcd, denoted by a A b, and a unique lcm,
denoted by a Vv b, with respect to <. This order is called prefix order and it is
invariant under left-multiplication.
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e The set of simple elements S :={s € G | | <5 < A} generates G. These are
also called Garside generators.

e ATTMA =M.
e M is atomic: if we define the set of atoms as the set of elements a € M such
that there are no nontrivial elements b, ¢ € M such that a = bc, then for every

x € M there is an upper bound on the number of atoms in a decomposition of
the form x = aja,---a,, where each a; is an atom.

In a Garside group, the monoid M also induces a partial order which is invariant under
right-multiplication, the suffix order 3. This order is defined by a > b < ab~! e M,
and for all a, b € G there exists a unique gcd, a A'b, and a unique lcm, a Vv71h, with
respect to =.

We say that a Garside group has finite type if S is finite. It is well known that every
Artin—Tits group of spherical type A admits a Garside structure of finite type where
the monoid M is precisely A1 [3; 11]. The monoid A™ injects on A [21], which
implies that the atoms of A are precisely the generators in the presentation given in the
introduction.

Remark 5 The conjugate by A of an element x will be denoted by 7(x) = A"lxA.
Notice that A~ M A = M implies that the set of prefixes of A equals its set of suffixes
and then A is decomposed as a - b, where a is an atom, if and only if we can write
A =b-a’, where a’ is an atom. This means that T provides a permutation of the atoms
of the Garside group.

Proposition 6 [3, Lemma 5.1, Theorem 7.1] Let (X, A) be an Artin-Tits system of
spherical type. Then the Garside element for A is

(l
A = V5,ex(0i) = Vg, ex(00).
Moreover, the conjugation by A? is trivial, that is, t> = Id.
Lemma 7 Let x be an element of an Artin—Tits system (A, X) of spherical type. Let
X =aias---a, witha; € XU X1 and define X := a,a,—1---ay. Then, : A — A

is an involution and a well-defined antihomomorphism (for all x,y € A Xy = yXx). In
particular, A = A.

Proof We have a well-defined antihomomorphism because the relations in the pre-
sentation of an Artin—Tits group of spherical type are symmetric, and so, for every
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-
X,y € A, we have that Xy = yX. Notice that, thanks to this symmetry, (a\vb) = (a V' b)
for every a,b € AT . Then, since our antihomomorphism preserves atoms,

Vo,ex(0i) = (\/;I,-GE(&I')) = (\/jiez((’i))~

This fact together with Proposition 6 implies that A = A. |

Definition 8 We say that the product of two simple elements a - b, is left-weighted
(resp. right-weighted) if ab A A = a (resp. ab N' A = b).

Remark 9 In an Artin-Tits group of spherical type, the simple elements of the Garside
structure are the square-free ones, that is, every positive word representing that element
does not contain the square of an atom [3; 12]. This implies that a - b is left-weighted
(resp. right-weighted) if for every atom ¢ such that 1 < b (resp. a = t), we have that
ax=t (resp. t X b).

Definition 10 We say that x = AXs; ---s, is in left normal form if k € Z, s; ¢ {1, A}
is a simple element for i = 1,...,r, and s; - 5;41 is left-weighted for 0 <i < r.
Analogously, x = 51 --- 5, AK is in right normal form if k € Z, s; ¢ {1, A} is a simple
element for i = 1,...,r, and s;5;+1 is right-weighted for 0 <i < r. When the right
and the left normal form coincide, we will just refer to the normal form.

It is well known that the normal forms of an element are unique [11, Corollary 7.5] and
that the numbers r and k do not depend on the normal form (left or right). We define
the infimum, the canonical length and the supremum of x, respectively, as inf(x) =k,
£(x) = r and sup(x) = k + r. Equivalents definitions of supremum and infimum are

inf(x) = max{p | A’ <x} and sup(x)=min{p |x < AP}
2.2 The additional length graph

The construction of the additional length graph is made for any Garside group and its
key ingredient is the use of absorbable elements, which are defined below.

Definition 11 [5, Definition 1] Let G be a Garside group. We say that y € G is an
absorbable element if the two following conditions are satisfied:

(1) inf(y) =0 or sup(y) =0.

(2) There is an x € G such that inf(xy) = inf(x) and sup(xy) = sup(x).

In this case we say that x absorbs y.
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We say that x absorbs y because the length of the normal form of xy is the same
length of the normal form of x. So, loosely speaking, the normal form of x “absorbs”
the factors of the normal form of y.

Example Consider the braid group A, with n > 2. As o7 commutes with o3, if we
let x =01---01 and y = 03 ---03, we have that xy = (0103) --- (0103). Hence, x
absorbs y.

On the other hand, if x = Acrl-_l and y = o0;, then x does not absorb y because
inf(x) =0 and inf(xy) = 1.

Definition 12 [5, Definition 2] Let (G, G4+, A) be a Garside structure. We define
the additional length graph of G, Car(G) as follows:

» The vertices are in one-to-one correspondence with G/(A), that is, the equiva-
lence classes gAZ = {gAP | p € Z}. Every class v has a unique representative
with infimum 0, denoted by v.

e Two vertices v = VA% and w = WA? are connected by an edge if and only if
we have one of the two following situations:
(1) There is a simple element m # 1, A such that vm € w.

(2) There is an absorbable element y € G such that vy € w.

We give a metric structure to this complex by saying that the length of every edge in
the graph is 1. We denote the distance between two vertices v and w by d¢,, (v, w).

3 Normalizers of parabolic subgroups act elliptically

The aim of this section is to prove Theorem 2, that is, we prove that the normalizers of
parabolic subgroups of an irreducible spherical Artin-Tits group A # A1, Az, Iz act
elliptically on the additional length graph.

In [19] it is proven that any standard parabolic subgroup Ax of an Artin—Tits group of
spherical type is an Artin—Tits group of spherical type itself. This means that Ay has
also a Garside structure, whose Garside element is denoted by Ay and equals the least
common multiple of the elements in X. We denote by tx the conjugation by Ay .
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3.1 Ribbons

We will use some objects defined in [8; 9] that we call ribbons. We shall remark that
these ribbons are slightly different from the classical concept of ribbon introduced
in [16].

Definition 13 Let (A4, X) be an Artin-Tits system of spherical type and let X & X
and 7 € . We define

rx: = Axuin Ay, Tox = o (rxe) = Ay Axug-

We will say that rx ; is a right-ribbon and r; x is a left-ribbon.

Remark 14 Notice that Ay} =rx,:Ax is simple and so itis square-free (Remark 9).
As Ay can start with any letter of X, if ¢+ ¢ X, the only suffix letter of ry; is ¢.
Analogously, 7 is the only prefix letter of r; x .

Lemma 15 Let (A, X) be an Artin—Tits system of spherical type and let X C X.
Then r; x = rX(_t In particular, if t ¢ X, then both rx;-r; x and r; x -rx; are left-
and right-weighted.

Proof By Lemma 7, we have that
ix: = Ax' - Axugy = A Axugy = rex.

Also notice that, as we have seen in that lemma, the atoms that are suffixes of x coincide
with the atoms that are prefixes of X and vice versa. Then, by Remark 9, Xt T, X
and r; x - rx, are both left- and right-weighted. m|

Remark 16 By definition, conjugations by rx; and r; x are equivalent to applying
Tx o Txyu{r} and Txygr) © Tx , respectively (recall that 72 =1d). So, by Remark 5, con-
jugation by rx; and r; x induces a permutation of the atoms of X U {¢}. This implies
that there exists a unique ¥ C X U {t} such that rx ;X =Yrx; and Xr; x =r; xY.
We say that rx ; is an elementary X —ribbon-Y .

Also, since ¢ is the only atomic prefix of r; x (Remark 14), rx ;s is simple for every
s € X. So Y is formed by all atoms v € X U {t} such that u £ rx; and r; x #u
(Remark 9). Moreover, rx; has a unique atomic prefix and r; x has a unique atomic
suffix.
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Definition 17 Let (A, X) be an Artin—Tits system of spherical type and X,Y C 3. We
say that & € A is an X —ribbon—Y if o can be decomposed as a product of left-ribbons
r1 -+ Iy and there exists a sequence of subsets of X of the form X1 = X, X5,..., X;,
Xm+1 =Y such that r; is an elementary X;-—ribbon—X; .

3.2 Proof of Theorem 2

We will prove that we can write any normalizer of a proper standard parabolic subgroup
as the product of at most nine absorbable elements.

Lemma 18 Let (A, X) with A # Ay, Az, 12, be an Artin-Tits system of spherical
type with Garside element A and let X & X. Then, for every k € Z, A is a product
of at most three absorbable elements and Alg( is a product of at most two absorbable
elements.

Proof Suppose that k > 0. Take A = al.k and B = O'jk, where 0; € ¥ and 0; € &
commute, and C = B~'- A~ . Ak, We claim that A, B and C are absorbable.
If this is true, ABC is the desired decomposition for Ak Also, by [5, Lemma 1],
C~'.B71. A7 is the desired decomposition of A¥ when k <0.

Firstly, we have that inf(A4) = inf(B) = 0. We want to see that also inf(C) = 0. As
A-B = (O’,’O’j)k, we can write

(1) C = At((0i0)™Y) - At*((10)) 7Y --- Ak ((gi0) 7).

Notice that At?T1((0;0/)™1) = t?((0;0;)")A = tP((0j0i)"})A. By Lemma 7,
we have that for every ¢ > 0 and every atom oy,

At?((0i0/) V) = om = om < 19((0j01) " HA,

meaning that At?~1((0;0;)71) - At?((0;07)1) is left- and right-weighted for every
p > 0. Hence, (1) is the normal form of C and inf(C) = 0.

We can easily see that A and B absorb each other. Now let us see that B absorbs C.
We have that

B- C = (O’l')_k . Ak = AT(Ui_l) ° A‘[z(oi_l) Tt Ark(ai_l)'

As before, this expression is the normal form of B -C. Then inf(B) = inf(B-C) =0
and sup(B) = sup(B - C) = k, as desired. This concludes that A¥ is a product of at
most three absorbable elements.
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In most of the cases, A]§( is absorbable itself. It suffices to have an atom o; that
commutes with X, so that o]’.‘ absorbs Alj(. If this is not the case, we can take 0; € X
and o; ¢ X such that 0;0; = 0j0; and let A = ol.k and B = A_IA’%. Then A is
absorbed by GJIF and A absorbs B. |

Proposition 19 Let A # Ay, A», I2;, be any Artin-Tits group of spherical type. Every
element in a proper standard parabolic subgroup of A is a product of at most three
absorbable elements. In particular, the orbit on Ca1.(A) of every proper standard
parabolic subgroup of A has diameter at most 3.

Proof Let Ay be a proper standard parabolic subgroup of A and take x € Ax. As Ay
is an Artin-Tits group of spherical type, we can take the left normal form of x in Ay,
which is of the form Alj(sl --+57. By Lemma 18, Alj( is a product of at most two
absorbable elements. So, we assume that x = s ---5;. We want to see that this element
is absorbable.

If there is 0; € ¥\ X that commutes with X, then O'l-l absorbs s1 ---s5;. Otherwise,
take an atom ¢ € ¥\ X not commuting with X. We claim that

@) Y = om0 T .0 -+ o 7, T

absorbs s1 ---s;. Firstly, recall that Ty (rx,r) = r,,x and that, by Lemma 15, the
expression (2) is the normal formal of y, so inf(y) =0 and sup(y) =/. As conjugations
by r;% and . )1( are equivalent to applying txy¢y o Tx and tx o Ty g}, respectively,
conjugation by r);} . }1( fixes every element in Ay . This allows us to write

3) VX =858 8],

where s = rx,;-s;—j41 if i isodd and 5] = s5;_; 41 -4 x if i is even. We want to
prove that (3) expresses the normal form of yx and 5] # A for 1 <i < /. To do that,
it suffices to show the following:

(1) sryx and ry ;s are simple and different from A for every s < Ay, s # Ay.

(2) If a-b is left-weighted for a,b < Ay, then ar; x -rx b and ry ;a-br; x are
left-weighted.

To prove the first statement, notice that there exists a simple element s’ € Ay such
that ss’ = Ay . On the other hand, by definition, Ay = Axry,x = ss'r; x. By
Remark 16, there is a positive element s” € Ay such that s'r; x = r; xs”, hence
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Axugy = sr:,xs”. Hence sr; x is simple, which is different from A because s # Ay .
For rx s, the reasoning is analogous, using that Ay > s.

Let us now prove the second statement. Let u € X U {¢t} be the only atomic suffix
of r;,x (Remark 16). By Lemma 15, u <X ry;, so take an atom u’ # u such that
u’ < rx.b. By Remark 16, we have u'ry ; = rx s tx (txugy (W) = u' Vrx, <rx,:b,
which means that tx (txyug(u')) < b. But, as a - b is left-weighted, this implies
that a > tx (txug (v')), which implies ar; x = u'. This proves that ar; x - rx b is
left-weighted.

For the other product, notice that

rxa = txuin(tx(@)rx,: and  bry x =r; xtxug (tx (b)).

As rx ¢ -1y x 18 left-weighted (Lemma 15) and the permutation induced by txyyy o T
preserves normal forms for elements in Ay, txyuy(tx(a)) - Txuy (tx (D)) is also
left-weighted, and we can apply the same arguments as above.

Therefore, we have proved that inf(yx) = inf(y) = 0 and sup(yx) = sup(y) =1, as
we wanted to show. |

Remark 20 Let us see why the later results do not work for Ay, A» and I»,,. Notice
that, by definition, any absorbable element lies in A1 orin A~ (the negative monoid
of A). We also recall that the only simple elements that are not absorbable are the ones
of the form al._l A [5, Example 1]. For A; the set of absorbable elements is trivial

1 o, and 02_1, SO x cannot be

and for A, the only absorbable elements are o1, 0
obtained as product of fewer than 3 - |x| absorbable elements. Here |-| denotes the

word length with respect to the set of standard Artin generators, X.

On the other hand, the only absorbable elements in I5,, are the absorbable simple
elements and their inverses, that is, the elements of the form

010201 *** or 020102 -
N—— —’ N——
p elements p elements

with p <m —1 and their inverses. To see that no other element is absorbable, take an
element in /5, of infimum O whose normal form is s1 - s2. By [5, Lemma 3] if 51 - 52
is absorbable, then it is absorbed by an element of infimum 0 with normal form s/ - 5.
Let s1 = 0 < sé and s1 > 0; < s2. If we suppose that o1 < 51 (the case with 03 is
analogous), then, by absorbability, 55 > 0. If 5551 were not simple, we would have
that 1nf(s1 s2 s1-82) > 0, contradicting absorbability. Hence, let us assume that s2s1
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is a simple element of the form o; --- 0207 ---0;. This implies that the normal form of
81855152 is 5] -5551 -52 of length 3, which also contradicts absorbability. Therefore,
the length of the minimal expression of x as a product of absorbable elements in /5,
depends on |x|.

The support of a positive element u, denoted by supp(u), is the set of generators that
appear in every positive word representing u. Notice that supp(Ax) = X for any
X C X. The next lemma is a generalization of [20, Lemma 5.6; 16, Lemma 2.2], which
use the classical concept of ribbon.

Lemma 21 Let (A, X) be an Artin—Tits system of spherical type, X,Y € X and
u,v € AT with supp(u) = X and supp(v) = Y. Then any element z € A" such that

-1

z7'uz = v can be written as z = «f8, where « € Ay and B is an X —ribbon-Y .

Proof We will use [9, Proposition 6.3], which says that if ¢ < z is a minimal element
conjugating u to a positive element (meaning that there is no ¢’ < ¢ with ¢/ # 1, ¢
such that ¢/~ Yuc’ € AT), then either ¢ € Ay, or ¢ = rt,x for some ¢t € ¥ such
that ¢ ¢ X. Using this, we can write z as a product cj --- ¢, where ¢ is a minimal
conjugator from vg := u to a positive element and ¢; is a minimal conjugator from
vi = (c1---ci—1) tu(er---ci—1) to a positive element for 1 < i < r. If we let
Y; = supp(v;), then either ¢; € Ay, (type 1), or ¢; = r;y, for some ¢ € ¥ such that
t¢Yi (type 2).

Suppose that we have some ¢; of type 2 and ¢;+1 of type 1. In this case, cjci+1 =

ci, where ¢/ | € Ay, , having an element of type 1 before an element of type 2.

/
Cit1 +
This allows us to arrange the product ¢q --- ¢, to have ¢ ---¢, = aff, where o € Ay

and B is an X -ribbon-Y, as we wanted. a

Proposition 22 Let (A, X) with A # Iy, A1, A2 be an Artin-Tits system of spheri-
cal type, X C ¥ and u € A" with supp(u) = X. Then any element x € A such that
x~lux € A" is a product of at most nine absorbable elements.

Proof Let Akxl ---xr be the left normal form of x. Notice that x;---x, is a
positive element that conjugates rk(u) € AT to a positive element. If we write
X’ = supp(z¥(u)), by Lemma 21 we have the decomposition x; -+ x, = « - 8, with
o € Ay and B an X'-ribbon-Y, where Y := supp(x~'ux).

Suppose that B is an X’-ribbon—Y of the form rq---ry,,, satisfying r; # 1 and
Xiri =riXi+1, where X; € X, for every 1 <i <m. Thanks to [20, Theorem 5.1]

—
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and the proof of [15, Lemma 2.2] we know that if Z1s5s = sZ, for some Z1,Z, & X
and s € A, then Az, s = sAz,. Hence, using the definition of left-ribbon we can
write B in the form A" Ay, ugs,y -+ Ax,, Ul » Where £; € £\ X; forevery 1 <i <m.
Let ¢ > 0 be the maximum number such that A7 < Ay, g,y * Ax,,Ugs,} and write
B' = Ax, Uty Ax,, Uty = Ay for some positive y. By conjugating, we can
“move” A? to the left in order to have

x = NF () Ay,

where Ay, =19(Ax/),s0 Y S X. As t19(a) € Ay’, by Lemma 18 and Proposition 19
the element AK+4. 4 () is a product of at most six absorbable elements. Notice that
q=<m.

We claim that A}’?y is product of at most three absorbable elements. Observe that A?
and A’}}, are prefixes of f/, hence A? v A")}, = ';,_qu = AqA";Tq is a prefix
of B’. This means that Ar;,_q <y and then inf(AZ,™y) = 0. Then we decompose
APy = AV A%™y. We know that A} is a product of at most two absorbable
elements. Finally, we claim that A';/_q absorbs AqY_,m)/. Since, by construction,
inf(y) = 0, we just need to prove that sup(y) = m — q. Notice that A’;,_q <y and
NG, T £ AP for 1 < p <m—gq—1, hence sup(y) is at least m —gq. On the other hand,
B’ < A", s0 y < A" 1 and inf(y) <m —q. Thus inf(y) = m — q, as we wanted to
prove. o

Corollary 23 Let (A, ¥) with A # I, A1, A2 be an Artin-Tits system of spherical
type and X ¢ X. The elements of A normalizing Ay are the product of at most nine
absorbable elements.

Proof In [8, Lemma 7], it is proven that « € A normalizes Ay if « commutes with
an element, called the central Garside element of Ay, which turns to be a positive
power of Ay . Therefore, Proposition 22 applies and « is the product of at most nine
absorbable elements. O

Proof of Theorem 2 We proceed as in the proof of [5, Proposition 2]. Firstly, notice
that by definition some power of a periodic element x acts trivially on Cap (A). This
means that x acts as finite-order isometries and then it acts elliptically on Cap(A).

If y is an element normalizing some standard parabolic subgroup Ay, by Corollary 23
the orbit of the trivial element by the action of y on Car(A) remains at distance at
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most 9 from the trivial element (y? normalizes Ay for every p > 1). Hence, y acts
elliptically on Car.(A). Finally, each element that normalizes the parabolic subgroup
P =a 'Axa for some « € A is the conjugate of an element normalizing Ay, and
therefore it also acts elliptically on Car(A). a

4 Free-product complement

In this section we prove Theorem 3, that is, the existence of a “free-product complement”
for standard parabolic subgroups. The proof involves theory about groups acting on
hyperbolic spaces.

4.1 WPD elements and elementary subgroups

Let G be a group acting on a hyperbolic metric space H by isometries.

We say that g € G satisfies the WPD (weak proper discontinuity) condition if for every
€ > 0 and every v € H, there exists R = R(¢) such that

#{h € G :dy(v,hv) < e and dy(gRv, hgRv) <€} < 0.

According to [10, Lemma 6.5 and Corollary 6.6], for every WPD element g € G
acting loxodromically, there exists a unique maximal virtually cyclic subgroup, denoted
by Eg(g), which consists of the elements that stabilize a quasigeodesic axis for (g).
Moreover, it can be shown that

Eg(g)=1{heG| hg"h_1 :gj for some i, j € Z}.

Notice that the torsion-free elements in Eg(g) are also loxodromic. Otherwise, the
WPD condition would not be satisfied.

The starting point for proving Theorem 3 is the hyperbolicity of Car(A) proved by
Calvez and Wiest. We summarize the facts in [5, Theorem 1; 4, Theorems 1 and 2,
Propositions 5 and 6 and Remark 1] about Cap (A) in the next theorem:

Theorem 24 The additional length graph Cay (A) associated to the classical Garside
structure of an irreducible Artin—Tits group of spherical type A is 60—hyperbolic. Let
v = (A) be a vertex in Cay(A). There is an element g € A/ Z(A) satisfying:

(i) g has a preimage g in A* of Garside length bounded by 12, that is, |g|s < 12.

(ii) g acts loxodromically and d¢,, (v, g"v) > %n.
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(iii) g is WPD and, in particular, for every k > 0 there is N = N(k) = 4« + 319
such that the cardinality of the set

{h e A/Z(A):dey (v, hv) <k, dey (Vv hg™v) <k}
is bounded above by F (k) = 8k + 638.

It is extremely important for our applications to notice that the constants involved in
Theorem 24 are independent of the Artin—Tits group A.

4.2 A technical lemma

The proof of Theorem 3 is a standard application of techniques of groups acting on
hyperbolic spaces and it can be deduced easily from the results in [10]. However, it is
not easy to trace back in the literature the exact dependency of the constants needed to
have a unique constant K in the statement of Theorem 3. For that reason we will repeat
some well-known arguments. The main point is showing that “cancellations” between
products of elements of (g, P-Z(A)/Z(A)) C A can be uniformly controlled when
n is large enough.

Lemma 25 Let Ay be a proper standard parabolic subgroup of an irreducible Artin—
Tits group A # Ay, Az, Iom of spherical type. Let v = (A) be a vertex in Cap(A)
and let g be the element in Theorem 24. Denote by § = 60 the hyperbolicity constant
of CaL(A) and d :=d¢,, . Let a > 0 and n be big enough (only depending on
a, g and Car(A)). Then, for all e, f € {g~', g} and for any nontrivial element
t € (Ax - Z(A))/ Z(A), the following hold:

) d(e"v,tf"v) > max{d(v, e"v),d(v,tf"v)} + 28 + a.

Proof We follow the argument of [2, Proposition 6]. In fact, what we are going to
show is that if (4) does not hold for n large enough, then ¢ € E4/7(4)(g). Since ¢
stabilizes Ay and Ay is proper parabolic, Theorem 2 implies that ¢ acts elliptically
on Cap(A). On the other hand, ¢ is an infinite-order element because (A) N Ax = {1}
and 7 is a nontrivial element of (Ay - Z(A4))/Z(A). As t liesin E4;7(4)(g), we have
that ¢ has to act loxodromically on Cay (A), which is a contradiction.

Notice that d(v, e®v) = d(v, f™v) for any choice of e, f € {g~!, g}. Also, for any
element t € (Ax - Z(A))/Z(A), we have that d(v,fv) <9 by Corollary 23. By the
triangle inequality, we have that d(v,zf"v) <d(v,tv) +d(tv,tf"v) <9+d(v, f™v).

Algebraic & Geometric Topology, Volume 21 (2021)



Parabolic subgroups acting on the additional length graph 1807

tf"

tv Vtv

éfd(v,e"v)+28—|—a+9

Figure 2: 4—gon in the proof of Theorem 3.

Thus, |d(v,e”v) —d(v,tf"v)| <9, and, if (4) does not hold, then d(e"v,tf"v) <
d(v,e"v) +26+a+9.

Suppose that (4) does not hold for some long enough » that will be specified later. Con-
sider the geodesic 4—gon in Cay (A) with geodesics y¢ from v to tv, y, from v to e"v,
vty from tv to ¢ f™v and finally y from e”v to ¢ f"v (see Figure 2). Note that y¢ has
length at most 9 (Corollary 23), and y has length less than d(v, e"v) +25 +a + 9.
Let u, be a vertex in y, that is the furthest one away from v with the property of
being at distance at most 2§ of a vertex of y;,. Let usy, be the vertex in yy, with
d(uy, usy) <28. Note that d(v,uy) <9+d(tv, usy) +28 <d(v,uy) + 18 +46. Thus
d(v,uy) and d(tv, usy) only differ by a constant independent of 7.

We claim that d(v, u,) grows linearly with n. Indeed, since u, is the vertex in Yy
furthest away from v with the property of being at distance at most 28 of a vertex of y;y,
there must be a vertex u in y such that d(uy, u) <25+1. If d(u, e"v) < %d(e” v,tf"),
then

d(uy,e"v) <26 +1+ %d(e”v,tf"v) <25+1+ %(d(v,e”v) +26+9+a).

Since d(v, e"v) = d(v, uy) + d(uy, e"v), we see d(v, uy,) grow as %d(v, e"v) ~ in.
We similarly derive the same conclusion if d(u, ¢ f"v) < %d(e"v, tf™v), since then
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d(usy,tfmv) <45+ 1+ %d(e”v, tf™v), and d(v, u,) and d(tv, usy) only differ by a
constant independent of n. Therefore, by increasing n we can make d(v, u,) as large
as needed.

Fix geodesic paths po, py Lin Car.(A) from v to gv and v to g~ !

v, respectively. With-
out loss of generality, p, 1 is the path g~ ! pg traversed backwards. Since |Z|s <12, po
and py 1 have length less than 12. For m > 0, we write p(g™) to denote the path con-
sisting in concatenating pg, gpo. - .., g™ ! po. Similarly, for m < 0, we write p(g™)
to denote the path consisting in concatenating pal, g_lpgl, . ,g_m'"lpa1 .As g
acts loxodromically, and d(v, g*"v) > %n, the paths p(e”) and p(f") are (A,c¢)-
quasigeodesics for A = 24 and ¢ = 24. Now, since Cay(A) is 6—hyperbolic, there is
some constant x = x(8, A, c) = x(60, 24, 24) such that any (A, ¢)—quasigeodesic is
in the »x—neighbourhood of a geodesic path with the same initial and final vertices.

By increasing n, we can guarantee that y, and y;v have arbitrarily long initial subpaths
that lie in the 26—neighbourhood of each other. Since p(e™) is in the x—neighbourhood
of y, and tp(f™) is in the x-neighbourhood of y;,, we can take arbitrarily long
initial subpaths of p(e”) and tp(f™"), say p(eX) and tp(f¥), such that they lie
in the (2x+28+£(po))—neighbourhood of each other. Moreover, it is a standard
argument to show that there must be a constant D = D(A,c, x,68,£(po)) such that
p(e*) and 1p(f¥) synchronously D—fellow-travel and, in particular,

d(e'v,tffvy<D fori=0,1,...k.
Note that D is independent of k, and k£ can be made as large as needed.
Let N=N(2D)=4(2D)+319and F = F(2D) =8(2D)+638 as in Theorem 24(iii).

Take n large enough so that k > F + N + 1. By increasing F, if necessary, we assume

k=F+N+41.Let s=F + 1. We are going to apply the WPD condition on ¢*v and
N

eNeSy = eky. We are going to act by 7ft~'e™ fori =1,..., F + 1. First, since
d(t f*Dy, e®=Dy)y < D and d(tf v, e¢Dy) < D, we have
ditffv,ifit7e®*Dy)y <D and d(rfSv.tfit e D) < D.
As d(tfkv, ekv) < D, we conclude that
d((tfit_le_i)ekv,ekv) = d(tfit_lek_iv,ekv)
<d(tfite* Dy 1 fRv) +d( fFv, eFv) <2D.

An analogous argument, using that d(zf*v, eSv) < D, gives that

d((tf e e, e*v) < 2D.
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By the WPD condition, there are 1 < i < j < F + 1 such that tfit le™ =
tf/t7le=/ and thus, as e, f € {g7 1, g}, tg'/t7V = gi=/ or tgi=/t71 = g/,
Hence 1 € E4/7(4)(g) has the desired contradiction. a

Corollary 26 Let Ax be a proper standard parabolic subgroup of an irreducible Artin—
Tits group A # Ay, Az, I2, of spherical type. Let v = (A) be a vertex in Cap(A) and
let g be the element in Theorem 24. Denote by § = 60 the hyperbolicity constant of
CarL(A) andd:=d¢, . Let a > 0 and n big enough. Then, for all €,n € {—1,1} and
for any nontrivial t,t" € (Ax - Z(A))/Z(A), the following hold:

(5) d(v, g2"v) > d(v, g"v) + 28 +a,

(6) d(g"v,1g"v) > max{d(v, g"v),d(v,1g""v)} + 28 +a,
7 d(v, tg*"v) > max{d(v, 1g"v),d(v, g"v)} + 28 +a,

8) d(g"t'v,tg"v) > max{d(v, g"t'v),d(v,1g""v)} + 28 +a.

Proof Claim (5) follows from the fact that g is loxodromic. Claim (6) was proved in
the previous lemma.

Recall that by Corollary 23, d(v, tv) <9 forall t € (Ax-Z(A))/Z(A). Letac A/ Z(A)
and u an arbitrary vertex. Observe the following: d(atv,u) <d(atv,av)+d(av,u) =
d(tv,v)+d(av,u) <9+d(av,u) and, similarly, d(av,u) <d(av,atv)+d(atv,u) <
9+ d(atv, u). Therefore,

|[d(atv,u) —d(av,u)| <9.

Also observe that d(v, tav) = d(t~'v,av) <d(t~'v,v) +d(v,av) < 9+d(v,av), so
d(v, tav)—d(v, av) <9. Similarly, d(v, av) <d(v, ¢~ v)+d(t " v, av) <9+d(v, tav),
so d(v,av) —d(v,tav) < 9. Therefore,

|d(v,tav) —d(v,av)| <9.

For claim (7), we have that |d(v, g2"v)—d(v, tg%"v)| <9 and d(v, g"v)+28+a+9>
max{d(v, tg"v),d(v, g"v)}. Thus (7) follows from the fact that g is loxodromic.
Finally, claim (8) follows from the previous lemma and

[d(g€"t'v,tg"v) —d(g" v, tg""v)| <9,

and

|max{d(v, g°"t'v),d(v,1g""v)} — max{d(v, g"v),d(v,1g""v)}| < 9. O
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4.3 Proof of Theorem 3

The strategy to prove Theorem 3 relies on the application of the following lemma.

Lemma 27 [13, Lemma 1.1] Let (x;) be a sequence of points on a §—hyperbolic
geodesic metric space such that

d(xj+2,x;) > max{d(x;+2, Xi+1), d(xj+1, X;)} + 26 +a.

Then d(x;,x;) > alj —i].
We proceed now to prove that there is a free product complement:

Proof of Theorem 3 Let v = (A) be a vertex in Cap(A) and let g be the element in
Theorem 24. Fix a > 0 and n big enough that the conclusions of Corollary 26 hold.

We are going to prove that a reduced word w over A= (g", g™ ")U(Ax-Z(A))/Z(A)
represents a nontrivial element of A/ Z(A). Indeed, if w is a reduced word over A

then it has the form

kin kgn

w=rung lzgkzn---tsg "

with k; € Z\{0} fori <s and ks € Z,and t; € (Ax - Z(A))/ Z(A)\{1} for i > 1, and
t1 €(Ax-Z(A))/Z(A). If s =1, we already know that w cannot represent the identity
since (g) and (Ay - Z(A))/Z(A) have trivial intersection. Thus we can assume that

s > 1. If t; = 1, conjugating w by g’f'n

and then performing free reductions, we
’

obtain a shorter word w’ = ] gki"té gkan ... te gFs™ (with respect to the alphabet A)

with the new #{ # 1. Moreover, w represents the trivial element if and only if w’ does.

So we will assume that #; # 1. With a similar argument, we can assume that kg # 0.

Let sgn: Z — {—1,0, 1} be the sign function. We can consider the orbit of v un-

der prefixes of w. Since #; # 1 and kg # 0 we can view w as a word over

{g" g7 " tg", tg7 "t € Ax-Z(A)/Z(A)}, having the following sequence of vertices
A2 kil .

{xi },':0 in CaL:

sen(k sen(k1)2 k
xo=v, x1=g"EIM 0 xy=(ngFI2 My X, = (g,
k en(k k sen(k2)2
Xl 141 = (1€ 1) (rp gsenk2myy, Xk |42 = (118 M) (gt k2myy
k k k k ks
Xy +ko) = (18 ) (128", L Xy =187 g 158" v = w.

We want to check that this sequence of vertices satisfies the hypothesis of Lemma 27.
We can suppose that x; = hv. Then we have several possibilities:
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o Assume that x; 1 = hg¢"v, with € € {—1,1}. If x; 1o = hg?"v, use (5) to
check the inequality of the hypothesis. If on the other hand x; 4, = hg®"t;vg"",
with n € {—1, 1}, use (6).

e Assume that x; 1 = ht;g€"v. If x;42 = ht; g>"v, use (7) to check the desired

inequality. If on the other hand x; 1> = ht;g¢"t; 1 18""v with n € {—1,1},
use (8).

Then, by Lemma 27, we have that
N

d(v, wv) = d(x0, Xy x;]) = a(z |ki|)-

i=1
In particular, d(v, wv) = 0 if and only if w = ¢; and hence, since #; # 1, w does not
represent the trivial element

Hence, we have that ((Ax, g")-Z(A))/Z(A) < A/Z(A) is isomorphic to

((Ax - Z(A)/Z(4)) * ((8") - Z(A))/ Z(4)).

Since Z(A) is generated by a power of A and we have that (A) N Ax = {1} =
(g")N(A), we getthat ((Ax, g")-Z(A))/Z(A) < A/Z(A) isisomorphicto Ay *x{g").
Fix a preimage g of g in A. We know that g can be taken to be positive with length
at most 12. Finally, notice that Ay * (g") maps onto (Ax,g") < A, which maps
onto ((Ax,g")-Z(A))/Z(A) = Ax x (g"). Therefore, (Ax,g") = Ax * (g") and

Remark 28 By Corollary 23, N4(Ax) (the normalizer of Ay in A) acts elliptically
with a diameter bounded by 9. Note that A?> € N4(Ax) and therefore (Nz(A), g")
cannot be a free product since A> commutes with g and hence (Nz(A),g") has

nontrivial centre. However, if one takes H < Ng(Ay) such that H N Z(A) = {1} then
our proof shows that (H, g") =~ H % (g").

5 Exponential growth rate

In this last section we prove the Corollary 4 about exponential growth rate of parabolic
subgroups with respect to the Garside generating set.

The coproduct in the category of monoids is constructed in the same way as in groups.
If A and B are two monoids, their coproduct is denoted by A * B. Its elements are
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reduced words in A U B and its operation is the concatenation (followed by reduction).
If M is a monoid and T is some subset, we write (7)™ for the submonoid generated
by T.! To prove Corollary 4 we need the following lemma, which is a standard
application of generating functions (see [18, VI.A, Proposition 4]), modified to give
some weight to a free generator.

Lemma 29 Let G be agroup, S be a finite generating set and M be a submonoid. Let
1 <a<w(M,S). Suppose that g € G satisfies that |g|s <k and (M, g)* =M x(g)™.
Also let y be the positive root of 1 —ax —x¥. Then 1/y > « is a lower bound for
o({M. g)*.S).

In particular, if M is a subgroup, since (M, g) contains (M, g)* we have that 1/y >«
is a lower bound for w({M, g}, S).

Proof Let By (n) =#{h € M : |h|s <n}. Since By is submultiplicative, Fekete’s
lemma implies that

o <w(M.8) = lim YBr )= inf Y/Bun)
exists and therefore a” < Bpr(n) forall n > 1.
Now, an element of 7 € (M, g)™* has a unique expression written in the form
© mig"tmag " ms - myg"t,

where m; € M with m; # 1 for i > 1, and n; € Z>¢ with n; # 0 for i </{. The
S—length of the element in (9) is bounded above by
L )2
=3 bmils + lgls (Zni).
i=1 i=1
Notice that |t|s < ||Z]|. Thus

(10) Bty (1) = Blag o1 (1) :=#it € (M. &) < |lt]) <}

We are going to estimate the growth rate of ﬂPM”g) 4 (n). For that, for s € N let

L(s) € (M, g)T denote the subset of elements of (M, g)™ that when written in the
form (9) give £ = s, that is,
L(s) ={mg"" ---msg" € (M, g)" :m; € M,n; € Zx for all i,

m; # 1fori >1,n; #0fori <s}.
IThe notation (¥)¥ usually is reserved for the subsemigroup generated by Y. Note that the subsemigroup

generated by a set 7' and the submonoid generated by T just differ by one element and thus the growth
rates are equal.
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Since | |-y L(s) = (M, g)™", letting ﬁ!kﬂ)(n) denote #{t € L(s) : ||t|| <n} we have
that
an Bist.oy ) = 2Bl -

5>0
For a function B: N — N, we denote by Gg(x) the growth series »_, - B(n)x". Also
let

1
1_x‘g|s.

Gi(x):= Za”x” = ﬁ and Ga(x):= Z()Hg‘s)” =

n>0 n>1

Since B (n) > o, we have that Gg,, (x) > G1(x). Also observe Bgy+(n) > 1 and
thus Qﬂ(g)Jr (x) = Go(x). Then

Gy 1 () = Gy, (¥) (G, ()= DGy, ()= D) ' G, ()

= G1(0((G2(0) = D(G1(x) = D) Ga(x)
for s > 1. Using (10) and (11) and the previous inequality, we get that

(Mg)+ > Zgﬂu ()
> Z G1(x)((G2(x) = )(G1(x) — 1))S_lgz(x)
s>1

=G1(0)G2(0) Y ((G2(x) = D(G1(x) — 1))* ™

s>1

1
= 9100 G, = DG -1
1
- 1 —ax—xlgls,
Therefore, the exponential growth rate of ,B (M.g)+ (n) is bounded below by the inverse

of the convergence radius of the growth series of (1—ax— xl&ls )~! which is the
positive root yp of 1 —ax — xl&ls Ttis easy to see that 1/yy is strictly greater than o
and, moreover, if |g|s < k, then the positive root y of 1 —ax — x¥ is bigger than y,
(and thus 1/y < 1/yy is a lower bound for the growth rate). o

To finally prove Corollary 4, we need one more result. This is a result that is well
known for Artin—Tits groups of spherical type (see an explanation in [9, Section 3]),
which has been generalized for Garside groups in [17, Theorem 1.13]:
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Lemma 30 Let A be an Artin—Tits group of spherical type, Ax be a parabolic
subgroup and S the set of Garside generators of A. Then S N Ay is the set of
Garside generators of Ax and the embedding of Ax into A with respect to the Garside
generators is isometric, that is, for every g € Ax the length of g with respect to S*
and AN ST is the same.

Proof of Corollary 4 Let A be an Artin—Tits group of spherical type and S be its set
of Garside generators of A. Let Ay be a proper parabolic subgroup. Suppose first that
A = A1. Then A is cyclic and the only proper parabolic subgroup is trivial. It is easy
to see that w(Ax, S*!) = w(A4, ST') = 1. Now suppose that A is equal to either A
or I,,. Both of these groups (and their monoids) have exponential growth since they
contain nonabelian free semigroups. Therefore w(4,S*!) > 1. However, the only
proper parabolic subgroups are trivial or cyclic and thus w(Ay, ST!) < w(4, ST1).

Henceforth, we assume that A # Ay, A,, I2,,. By Theorem 3, there is a constant K
and an element g € A satisfying |g|s < K such that {(Ay,g) =~ Ay * (g). By
Lemma 29, we have that w(Ay,ST!) < w({Ay, g), S*1). By definition, we also
have w({Ax,g),ST') < w(4,S*!). Notice that, since (Ax,g) = Ax * (g), the
submonoid (A;(", g)T is isomorphic to the coproduct of monoids A;(' * (g)T and

similarly w(A5,S) < w(AT,S). This proves the first claim of the corollary.

Let us show that the sequence {w(A4,, anl)},,:l goes to infinity. The proofs for the
other five claims are analogous. Consider each A; sitting inside A;; as a standard par-
abolic subgroup A1 < A» < A3 <---. Observe that by Theorem 24 there are g; € A; for
i=1,2,3,... satisfying |gi|3Ai <K andsuchthat (A;_1,8i,&i+1,+-.»&8i+s) < Aits
is isomorphic to A;—q * {(g;) * {(gi+1) * -+ * (gi+s). Thus we can use Lemma 29
inductively to get a lower bound for w(4; s, Sjﬁis). Notice that, by Lemma 30, we
have a)(A,',SjEil) = a)(A,-,S/il) forevery n >i. Let o = a)(Al,Sjltll) =1.Fori>1,
let y; be the root of 1 —o;x —xX and let oj+1 = 1/y;. By the previous discussion and
Lemma 29, o; < w(A4;, Sfil). So it is enough to show that {o;} goes to infinity. Note
that, also by Lemma 29, «; < «; 4+ for all i € N. So the sequence {¢;} is increasing
and either converges or goes to infinity. If it converges to some value, say 7, then 1/n
must be a root of 0 = 1 —x —xX. But this means that 0 = 1/7X. Therefore, {o; e
diverges and then {w(A4,, anl)}nzl goes to infinity. O
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