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Abstract

Let us consider a semilinear boundary value problem —Au =
f(x,u), in Q, with Dirichlet boundary conditions, where Q c RV,
N > 2, is a bounded smooth domain. We provide sufficient condi-
tions guarantying that semi-stable weak positive solutions to subcrit-
ical semilinear elliptic equations are smooth in any dimension, and
as a consequence, classical solutions. By a subcritical nonlinearity we
mean f(z,s)/ sNT3 5 0ass — 00, including non-power nonlinearities,
and enlarging the class of subcritical nonlinearities, which is usually
reserved for power like nonlinearities.
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1 Introduction
Let us consider the following semilinear boundary value problem

— Au= f(z,u), in Q, u=0, on S, (1.1)
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where Q C R, N > 2, is a bounded, ‘connected open subset, with o2
boundary 0f2, and the non-linearity f : 2 x R — R is continuous and sub-

critical. Let 2* = % be the critical Sobolev exponent, by a subcritical
nonlinearity we mean
max f(z, s)
. z€e) -
Jim, g o 02

Usually the term subcritical nonlinearity is reserved for power like nonlinear-
ities. Our analysis shows that nonlinearities satisfying (L2), widen the class
of subcritical nonlinearities sharing with power like nonlinearities properties
such as L> a priori estimates, (see Theorem 2. Tland Theorem 2.3)), or regular-
ity of semi-stable weak positive solutions. (see Theorem [2.4]), and Theorem
[2.5]). Our definition of a subcritical non-linearity includes nonlinearities such
as
FO(s) = Lﬂlﬁ, or f®(s) = (L+s)"
[log(e + 5)] [1og [e +log(1 + S)H

Y

for any 5 > 0.

We focus in contributing to the problem of regularity of weak solution in
the class of subcritical generalized problems, for any dimension N > 2.

By a solution we mean a weak solution u € H} () such that f(z,u) €

L} .(2), and

loc

/QVquo = /Qf(x,u)w, Vo € C°(9). (1.3)

Let u be a solution to (LI]). We will say that u is semi-stable if fs(-,u) €
L .(9) and

loc

/|V<p\2d:c > / folx,u)p? du, for all ¢ € C°(Q), (1.4)
Q 0

where f, := %.

Cabré, Figalli, Ros-Oton, and Serra analyze the regularity of semi-stabld]
solutions with a nonlinearity f = f(s) positive, non-decreasing, convex, and
such that f(s)/s — oo as t — oo, and they conclude that semi-stable weak

!They call it stable solutions, see [3, Definition 1.1]
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solutions in H'(Q) are smooth up to dimension N < 9, for domains of class
C3, see [3, Corollary 1.6]. In their arguments, it is crucial to assume f to be
convex, non-decreasing and non-negative.

Our aim is to show that, in addition to dimension, subcriticality is another
barrier dividing smoothness of semi-stable solutions in H'(£2). We show
sufficient conditions guarantying that any set of positive semi-stable solutions
is uniformly L*>°(2) a priori bounded, and so they are classical solutions.

In order to prove our result, we first estimate the L>*-norm of weak so-
lutions in Hy(Q) N L‘X’(Q)E in terms of the L¥+2-norm of f, see Theorem
2.1 As we shall see below, the L> a priori bound of solutions requires nor
convexity neither monotonicity of the nonlinearity. Moreover, we can prove
that solutions are universally bounded in terms only of their L? - norm, with
a constant independent of the solution, and surprisingly, independent of f
for non-decreasing nonlinearities in a neighborhood of infinity, see Corollary
In addition, this result holds for positive, negative and changing sign
solutions.

Secondly, we will approach weak solutions by smooth ones, see for instance
[1, Theorem 3| and [10, Theorem 3.2.1 and Corollary 3.2.1]. With this in
mind, we work on sequences of BVP. More specifically, given a sequence
of nonlinearities f;, and the corresponding sequence of BVP, we provide
sufficient conditions guarantying that any set of solutions in H}(Q) N L>(Q)
is uniformly L*>°(2) a priori bounded, see Theorem 2.3l

As an application, we next state another main result, concerning the
global regularity of semi-stable positive solutions in any dimension, when
the non-linearity is subcritical, convex and non-decreasing. Assuming that
u* > 0 is a semi-stable weak solution to (I.I]), we build a sequence of non-
negative solutions in Hg(2) N L*>°(€2) upper bounded by u*. The key point
here is the uniform L*° a-priori bounds for that sequence of solutions. Thanks
to that and to the elliptic regularity, we obtain a subsequence, convergent to
@ in CYP(Q) for any 8 < 1. More regularity on f guaranties more regularity
on 4. The limit @ is clearly a solution to (II)). To conclude that u* is
a classical solution, we need to prove that in fact, the limit is «*, and at
this point, we use the convexity of f. As a consequence, weak solutions are
classical solutions, see Theorem [2.4]

2 According to elliptic regularity, if f is continuous in both variables, then u is a strong
solution in W2P(Q) N W,*(2), and by Sobolev embeddings, u € C#(Q) for any 8 < 1.



Finally, we elude hypothesis on convexity in Theorem 2.5 using mono-
tonicity methods, and still giving sufficient conditions so that weak solutions
in H'(Q) to subcritical elliptic equations are smooth in any dimension. We
emphasize that this result holds for weak solutions, not necessarily semi-
stable.

Smoothness of semi-stable weak solutions is a very classical topic in ellip-
tic equations, posed by Joseph and Lundgren in [13]. They work on particular
nonlinearities f = f(s), with f(s) := €® or f(s) := (1 + s)P. They consider
the following BVP depending on a multiplicative parameter A € R,

— Au=Af(u), inQ, u=0, on 0%, (1.5)

and look for classical radial positive solutions in the unit ball B;. Further-
more, they study singular solutions as limit of classical solutions.
When N > 2, A = 2(N —2), and f(s) := €, they obtain the explicit weak
solution ]
ui(z) = log e (1.6)
see [13, p. 262]. It can be seen that uj € H}(By), and that u} is a singular
weak solution to (LH]) in the unit ball.

On the other hand, the Hardy inequality states that

N =2\ [ 2
2 1
/Q |Vol|*dx > ( 5 ) L ToP dx, for all ¢ e Cy(Q) (1.7)

when N > 3, and then uj is a singular semi-stable solution when N > 10.
Observe that f(s) := e is not a subcritical non-linearity.

When N > 2, f(s) := (1 + s)? with p > and)\:I%(N_LD)’
they also found the explicit L'-weak solution

w(z) = ( ! )_ Y (1.8)

||

N
N—2’

see [13], (IIT.a)]. We will say that a function u is a L'-weak solution to (LI))
if
we L'(Q),  f(,u)da € LY(Q)



where 0g(x) := dist(x,0) is the distance function with respect to the bound-
ary, and

/ (uAgo + f(:c,u)go) dx =0, for all ¢ € C*(Q), @‘89 =0. (1.9)
Q

N
It holds that uj € W'OLN’1 (By) for p > A5, and uj is a singular L'-weak
solution to (LX) on the unit ball. Moreover uj € Hj(By) only when p > Y42,

Since the Hardy inequality (L), it can be checked that u} is a semi-
stable solution if (%)2 > 2 ( - 2—*”) Note that f(s) == (1+s)Pisa

— p—1 p—1/"
subcritical non-linearity whenever p < % In the subcritical range, uj is
N
1 3 N+2y/N—-1 * 171\]71 * -
a semi-stable solution for p < =80, and u; € W, (By), so uj is a

singular L'-weak solution, not in H*.

Those examples for radially symmetric solutions to BVP’s on spherical
domains show that the existence of singular solution(s) in H}(Q) is not only
related with the dimension, but also with the sub-critical, critical, or super-
critical nature of the non-linearity. By a critical (supercritical) non-linearity

N+2 N+2
we mean f(z,s) = O(sm), (f(x, s)/sm — oo) respectively, as s — oo.

It is natural to ask for the extent of these results on singular positive
solutions, over more general nonlinearities and non-spherical domains. The
regularity of semi-stable solutions to semilinear elliptic equations, is initiated
in [13] with the explicit examples already mentioned, continued by Keener
and Keller [I14], and by Crandall and Rabinowitz in [§], and rising a huge
literature on the topic, see the monograph [10] for an extensive list of results
and references. Crandall and Rabinowitz consider a nonlinearity f € C3,
positive, non-decreasing, convex, and superlinear at infinity. They state that
if N < 10 and the following limit exists

"
tim SO

§—00 (fs(l’, 8))2 =

then H{ () semi-stable solutions to (ILH) are bounded. Brezis and VAjzquez
study singular L'-weak solutions, unbounded in L>, for nonlinearities f €
C?, positive, non-decreasing, convex, and superlinear at infinity, see [2].

When f(s) = s%, Pacard in [I8] prove the existence of positive L'-weak
solutions with prescribed singular set. Rébai in [21] study the existence of
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positive L!-weak solutions which are singular either at exactly N points, for
N > 2, or on a prescribed (N —m)-dimensional compact submanifold ¥ C Q
without boundary, with N' > m > 2, when f(s) = s” for p > ™5 and close
to that number. In both cases, those L'-weak solutions are not in H(().
Results on supercritical problems and their singular sets can be read in [12]

and references therein.

This paper is organized in the following way. In Section 2] we state our
main results. In Section [B] we include some preliminaries and known results.
Section [ contains the proofs of Theorem 2.1 and Theorem 2.3l Section [l is
devoted to prove Theorem 24 and Theorem

2 Main results: Estimates of the L°°-norm of
the solutions and Regularity of semi-stable
weak solutions

In this Section, we state our main results. We will do it in two parts. In the
first part we estimate the L*°-norm of the solutions, in terms of the Lz
norm of f, see Theorem 2.1l Also, given a sequence of nonlinearities f, and
the corresponding sequence of BVP, we estimate the L>-norm of solutions
to the sequence of BVP in terms of the L™¥+2-norm of fx, see Theorem 2.3l
This results hold for positive, negative and changing sign solutions.

In the second part, we show that positive semi-stable weak solutions can
be approximated by smooth ones, when f is convex, see Theorem 2.4 We

also show that weak solutions can be approximated by smooth ones, when
fs > A1, see Theorem

2.1 Part I. Estimates of the L*°-norm of the solutions

We assume that the nonlinearity f : © x R — R is continuous in both
variables and satisfy the following assumptions

max | f(z, s)|
e

(H1) f is subcritical, that is lim

|s]—o0 ‘ S
critical Sobolev exponent.

T =0 where 2* = ]3—]_\[2 is the




(H2) there exists a uniform constant ¢y > 0 such that

_max |f]
limsup — 21 < ¢ B (2.1)
sotoo _max |f]

Qx{—s,s}

(H3) there exists two constants My > 0 and sy > 0 such that

max | f(x,s)| > My for |s| > so. (2.2)
€
Let us define
|$ 2*—1
h(S) = m, for |S| > Sp. (23)
Qx{—s,s}

Our first main results is the following theorem. Let u € Hj(§2) N L>(£2)
be any weak solution to (L.]). [ Under hypothesis (H1)-(H3), we establish
an estimate for the function h applied to the L*°(€2)-norms of the solution,
in terms of the L%(Q) norm of f.

From now on, C' denotes several constants that may change from line to
line, and are independent of u.

Theorem 2.1. Assume that f : QxR — R is a continuous function in both
variables satisfying (H1)-(H3).

Then, there exists a constant C' > 0 such that for any u € HJ(2)NL>(£2)
weak solution to (L)), the following holds:

(i) either ||ul|so < C, where C is independent of the solution u,
(i) or for any 6 € (0,1]

2(1+40)

(1 alles) ™ @4

N+2

N42 2(1-6)
2*) N—2 N—20

h(llullse) < € (Jlu

3Observe that in particular, if | f(x, -)| is monotone for all z € €2, then (H2) is obviously
satisfied with ¢y = 1.

4Despite the regularity inherent to an L> bound, (see footnote[2)), we keep the notation
as above (weak solution in Hg(€2) N L>°(2)), in order to clarify which hypothesis are
specifically involved in each statement.



where h is defined by ([2.3)), and C' depends only on €2, 0 and N and it
1s independent of the solution u.

In particular (for 6 = 1)

4

A(llul) < € (IFCwllay )T (2.5)

where C' depends only on €2, and N and it is independent of u.

As as immediate corollary, we prove that any sequence of solutions uni-
formly bounded in the L?"(£2)-norm, is also uniformly bounded in the L*°()-
norm.

Corollary 2.2. Let f : QxR — R be a continuous function in both variables
satisfying (H1)—-(H3).

Let {uy} € H(Q) N L>(Q) be any sequence of solutions to (L)) such
that there exists a constant Cy > 0 satisfying

Jug o < Co. (2.6)
Then, there exists a constant C' > 0 such that
[ulloe < C. (2.7)

Proof. We reason by contradiction, assuming that (2.7]) does not hold. In-
deed, by subcriticallity, and (2.6]),

2N

(1l )™ <0 (14 [ ) <c.

Now part (ii) of the Theorem 2Tl implies that
h([Juells) < C. (2.8)

From (23) and hypothesis (H1), for any o > 0 there exists sp > 0 such that
h(s) > 1/gq for any s > s¢. This, joint with (Z.8) ends the proof. O



2.1.1 Estimates of the L*-norm of solutions to sequences of BVP

Next, we state our second main result. It concerns sequences of subcritical
BVP.

Let us now consider a sequence f;, : Q x R — R of continuous functions
in both variables satisfying the following conditions:

(H2),, There exists a uniform constant ¢; > 0 such that

max [fy

limsup — 2 < ¢ 2.9

B2 max (e )] < ¢ (29)
S

(H3)) there exists two constants My > 0 and sy > 0 such that

max | fx(x, s)| > My for |s| > so. (2.10)
€

Let us also consider the corresponding sequence of elliptic equations:

—Au = fi(r,u) in Q
{ u = 0 on 0f). (2.11)

For each k € N, let u, € H}(Q) N L>(Q) be a solution to (ZII);. Consider
a sequence {uy} of those solutions.

In the following Theorem, we state sufficient conditions for having a uni-
form L estimate for sequences of solutions {u;} C HL(Q)NL>(Q) to Iy

Theorem 2.3. Assume that f, : Q x R — R is a sequence of continuous
functions in both variables satisfying (H1) for f = fi, and (H2),-(H3)g.

Then, there exists a constant C' > 0 such that for any sequence {uy} C
HL Q)N L2(Q) of solutions to 2I))x, the following holds:

(i) either ||ug|l < C,

(i) or for any 6 € (0,1]

2(1+6)
N-20

N+2 2(1-6)
2*) N—2 N—20

(T SR (I (11, )]

where hy, is defined by 2.3)) for f = fr, and C = C(2,0,N) and it is
independent of k.

. (212)

| 2N
N+2



In particular (for 6 = 1)

4

e (luell) < € (1)l o, )™ (2.13)
where C' = C(, N) and it is independent of k.

The arguments are inspired in the equivalence between uniform L* () a
priori bound and uniform L*°(€)) a priori bound for solutions to subcritical
elliptic equations, see [4, Theorem 1.2] for the semilinear case and f = f(u),
and [I6, Theorem 1.3] for the p-laplacian and f = f(z,u). Related results
can be found in [5H7,9,15L19.20].

2.2 Part II. Approximation of some weak solutions by
sequences of classical solutions

In this second Part, we apply the above results on L*° a priori bounds, to
positive semi-stable weak solutions. We consider non-negative functions. The
Maximum Principle ensures that solutions are now non-negative.

We assume that the nonlinearity f: Q x [0,00) — [0, 00) satisfy some of
the following assumptions:

(H4) There exist a constant ¢y > 1, such that

sfs(x,s) of

lim inf >y > 1, where  fy(z,s) == g(:p, s). (2.14)

sotoo f(x,5)

(H5) There exist a positive constant ¢, such that

inf fs(l', 8) > 1 > A, V(SL’, S) €0 x R,

QxR

where \; := A\ (—A;Q) is the first eigenvalue of —A acting on HZ ()

Our first main result is the following Theorem, showing that any positive
weak solution u* € H}(Q) of a subcritical elliptic problem, with f non-
negative, non-decreasing, convex and satisfying (H4), is in fact a classical
solution. Roughly speaking, this result is known for nonlinearities f = f(u)
(non-negative, non-decreasing, and convex, but not necessarily subcritical),
when N <9, see [3, Corollary 1.6].
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Theorem 2.4. Let f:Q x [0,00) — [0,00) be continuous in both variables,
and continuously derivable with respect to the second variable. Assume also
that Vo € Q, f(x,-) is non-decreasing, and conver, that f(-,s) € C*(Q) for
all s > 0, and that f satisfies (H1)-(H4).
Let u* € H} () be a semi-stable weak solution to (LL1]).
If
f(z,0) =0, (2.15)

then, u* € C?*(Q) is a classical solution.

A sketch of the proof is the following: a weak solution u* € H}(Q) is the
limit of a curve of smooth solutions to approximate equations. A uniform L
bound is the key. The equivalence between a uniform L?"(Q) a priori bound
and a uniform L*>(Q2) a priori bound for weak solutions to subcritical elliptic
equations implies a uniform L>(2) a priori bound (see [4, Theorem 1.2] for
the semilinear case and f = f(u), and [16, Theorem 1.3] for the p-laplacian
and f = f(z,u)). By Schauder elliptic regularity, the sequence is uniformly
bounded in C*%(). By compactness and monotonicity, the approximate
solutions converges to @ < u* in C*#(Q) for any 8 < a. If u* is semi-stable,
hypothesis (H4) and convexity play an overriding role to prove that in fact
u=u".

Our second main result focuses on proving regularity, excluding convexity.
We use instead hypothesis (H5) and sub and supersolution methods, proving
the existence of a minimal and a maximal solution and that the sequence
of maximal solutions converge to u*. It is applicable to any positive weak
solution, independently of its stability.

Theorem 2.5. Let f:Q x [0,00) — [0,00) be continuous in both variables,
and continuously derivable with respect to the second variable. Assume also

that f(-,s) € C*() for all s > 0, and f satisfies (H1)-(H3), and (H5).
Let u* € H} () be a non-negative weak solution to (ILTI).
If 2I5) is satisfied, then u* € C**(Q) is a classical solution.

11



3 Preliminaries and known results

Consider the Hilbert space H}(Q) := {u € L*(Q) : Vu € L*(Q,RY)} with
its usual inner product and norm,

(u,v) ::/Qvu-w, ]| = (/Q\vuﬁ)m.

We will denote by || - ||, the standard LP-norm.
Let A1 := A1(—A;Q), and let ¢; > 0 denote the corresponding eigenfunc-
tion, normalized in the L°°-norm.

By elliptic regularity, L'-weak solutions to (ILT)), bounded in L*> are
strong or classical solutions.

Proposition 3.1. Assume that O is C*“. Assume that f : QxR — R is a
continuous function in both variables. Let u be a L'-weak solution to (L.
If u € L*(Q), then the following holds:

(i) u is a strong solution in W*P(Q) N Wy (Q) for any p > 1, and u €
CHA(Q) for any B < 1 satisfies

lullors@y < CIFC W)l o) (3.1)

(ii) Moreover, if f : Q& x R — R is such that for all R > 0 there exists
L = L(R) > 0 satisfying

[f(@,s) = fly, O < L(lz —yl" + s —1]*),

for all s,t € [=R,R], z,y € Q, then u € C*%(Q) is a classical solution
and

[ullza@ < CIFC Wlloam): (3.2)

Proof. (i) Since u € L>(Q2), and f is continuous in both variables, f(-,u) €
L>(9). By Agmon-Douglis-Nirenberg elliptic regularity, u € W?2P(Q), for
any p > 1, moreover ||uwzr@) < C||f(-,u)||L=(). By Sobolev embeddings
u € CHP(Q), for any 8 < 1 and estimate (B.1I) holds.

(ii) If 9 is C%<, by Schauder elliptic regularity, u € C*%(Q) (see [T, The-
orem 6.8]) and since [11, Theorem 6.6] with homogeneous Dirichlet boundary
conditions, estimate (3.2) holds. O

12



Lemma 3.2. Assume that f is subcritical. Then, for any u weak solution to

(LI the following hold:
f(u) € L (Q), (3.3)

and

/ (Vu -V — f(z, u)gp) dx =0, for any ¢ € H3(Q). (3.4)
0

Proof. Using ([L2)), and Sobolev embeddings, for any u € HJ () there exists
a constant C' > 0 such that

2N * *
/Q‘f(x,u)‘sz de < C (1 + /Q |u|2 dx) <(C (1 + Hqué(Q)) < 400,

hence (3.3]) holds.
In addition, by Holder inequality

/ fz,u)pdr < +o00 for any ¢ € Hy(9Q),
Q

and by density, (3.4]) holds. O

4 Proof of Theorems [2.1] and

In that Section, we prove Theorem for sequences of BVP, and sequences
of solutions {uy} to (ZI1]). The proof of Theorem [21]is a particular case of
Theorem 2.3] applied to one particular BVP, (ILT]), and we omit it.

Proof of Theorem 23 Let {u,} C Hi(Q) N L=(2) be a sequence of weak
solution to (2I1)g. If ||ug|lec < C, then (i) holds.
Now, we argue on the contrary, assuming that ||ug||s. — +00 as k — oo
Let x;, €  be such that

Choose R}, such that

l|ur]| o for any z € B(xy, Ry),

N | —

Jur(z)] =

13



and there exists y € 0B(xy, Ry) such that

us)| = 5 el (1)

Step 1. W24 estimates for ¢ € (N/2,N).
Let us denote by

My :=  max |fi] >C  max | fi] (4.2)
Qx{—llulloo,llurlloo } Qx[=lug lloo, |2 [loc]
by hypothesis (H2), see (2.9).
For any g > ]3—12,

/Q‘fk(x’uk(x))‘q dr < /Q\fk(x,uk(:c))\% ‘fk(fcvuk(x))\q_ﬁ—ﬁz dx

IA

= _2N_
(Il g )™ 25 (4.3)

Let us take ¢ in the interval (N/2, N). Combining elliptic regularity with
Sobolev embedding, we have that

2N 2N
aN+2) ™)
el < C (Ifelowdll z, )™ M, (a)

| 2n
N+2
where 1/¢* = 1/q — 1/N; since ¢ > N/2, then ¢* > N.
Step 2. A lower bound for the radius Ry.
Using Morrey’s Theorem, we have that

ug(z1) — up(2)| < Clay — 2oV V||, Vay, 29 € Q, (4.5)

where the constant C' depends only on €2, ¢ and N. Hence, for all x €

B(l’l,R) cQ
N
Jur(@) = up(21)] < C BR[|V, (4.6)

for any k. In particular, it follows that for any = € F(:ck, Ry),

N (112\771\[2 1—712\,]\’2
() = up(zi)| < C (R (Il )7 M, (4)

| 2
N+2
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Taking = y in the above inequality and from (4.1) we obtain

4 % 1_q(12v112) 1
C (RS (Il g )™ M 2 e (48)
which implies
_N 1 il
(Ry)* > 5 I kll&—% N "
(ka(,uk)H%) Mk a(N+2)
or equivalently
v(=-3)
(4.10)

l|ur] oo
vy o 1

R, >C

(im0 o, )

Step 3. A lower bound for the L* -norms.

Now, from definition of B(zy, Ry),

! g
[l = (Ghale) @@,
B(mk7Rk)

where w = wy is the volume of the unit ball in RY.
Using the inequality (4.10), we deduce

(o) > (G —3)

[l zc
i (I ) | 2

2
Q|

(2]\7 ) 1 2N
a(N+2 ~av
) M,

Denoting
2 1 2N
a:1+2* — — =], b:l—i’
<N q) q(N +2)

observe that ¢ = 2* — 1. From (H2),, and due to hy is defined by (23)) for

f = fr, we deduce
2N
SRS 2(N+2)
1 21
N q

wel|% > C (o (|| we| oo R o v

15



Since the above, we can write

2N T__2N _ 12N
} q(N+2)

he(lunlloe) < C | (aagller)? (875 (et 2,)

Writing % = 1% with € (0,1) we obtain

2(1-0) 2+6)

N42 20— =
i ([lunlloo) < C (JJug]oe) Y2 -2 <||f1~c('>u1~c)||157§2 o
Finally by elliptic regularity and Sobolev embedding,
lurller < C llunllmye) < C [1Fuup)ll 2, (4.11)
and we deduce that
o3
i (luelloe) < C (11w )™
ending the proof. O

5 Approximation of weak solutions. Sequences
of BVP. Regularity theory of weak solu-
tions.

In that Section, we use families of BVP, and families of classical solutions to
approach some weak solutions, and prove Theorem 2.4] and Theorem

The next Proposition provides an approximation result for some weak
solutions to ([I.I]) with subcritical nonlinearities. It states that there exist a
family of BVP, and a family of solutions, uniformly bounded and convergent
to a classical solution to (ILTI).

Proposition 5.1. Let f : Q x [0,+00) — [0,4+00) be a continuous function
in both variables, satisfying (H1) and 2I5]). Assume that there exists so > 0
such that f(x,-) non-decreasing for all s > sq, x € €.

Let u* € H} () be a non-negative weak solution to (IT)).

16



Then, for some ey > 0, there exist a family of non-linearities { f-}ec(0,e)
and a family of strong solutions {u.}.c.e) C W>P(2) N Wol’p(Q) for any

p>1, to
—Au. = fo(x,u.) in €,
{ u. = 0 on 052, (5-1)
such that f. < f, u. < u*, and f. T f (pointwise in Q x R). Moreover,
u. — 4 in CYP(Q)) as e — 0, for any B8 < 1, and @ solves (LT)).

Remark 5.2. Once proved the above Proposition, there is still an open ques-
tion: is u = u*?. Theorem 2.4 and Theorem shows two different ways to
answer positively.

Proof of Proposition Bl If u* € L>*()) the proof is easily achieved with
fE(xv S) = (1 - €)f(l’, S)’
Assume that u* € L*>®(Q).
Step 1. Construction of f. < f.
Let us define
1—¢)f(x,s), s<1/e,
PIAR (CEDVES /
(1—€)f(l',1/5), 52> 1/5
Due to f is non-negative and f(z,-) is non-decreasing for s > sg, choosing
g0 = 1/s0, fe is a non decreasing family for any € € (0,¢¢), f: < f, and f. T f

(pointwise in Q x R) as € | 0.
Thanks to Beppo-Levi Theorem, and Lemma [3.2]

fCour () = fCut()  in LR(Q). (5.3)

Observe also that subcriticality (see (I.2])) implies in particular the fol-
lowing

(5.2)

0< fo(z,s) < C. < +o0, for all s>0, (5.4)

for each € € (0, ¢g).

Step 2. Construction of u. < u*, strong solutions to (B.1)). in W2P(Q) N
Wy (Q) for any p > 1.

Consider now the family of BVP’s (5.1).. From (2.13)), 0 is a subsolution to
(B1). for any € € (0,ep), and not a solution. On the other hand, since f is
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non-negative and non-decreasing, u* is a weak supersolution to (5.1]). for any
e € (0,g).

Consequently, there exist L'-weak solutions u, < u. of (). in [0, u*]
such that any wu. solution to (5.1]). in the interval [0, u*], satisfies

0Su <u. <w <u' a.e. (5.5)

(see [I7, Theorem 1.1]), since (5.4)), for each € > 0, f. is bounded, hence u.
are strong solutions in W??(Q) N Wy P(Q) for any p > 1, and u. € CHP(Q),
see Proposition 3.11

Step 3. The family of solutions u. is uniformly bounded in C1#(€2).

Fix € € (0,&9). Since f. < f, f is non-negative, non-decreasing, and u. < u*

/|Vu€|2d93—/f€:£u6 U < /f:zu6
< / flo,u)u” = ||U*HH5(Q) <C,
Q

where C' is only dependent on f and u*, and it is independent of . Now,
Theorem 23/implies that {u.} are uniformly L a priori bounded. By elliptic
regularity (see Proposition B.1), there exists a uniform constant C' > 0 such
that [|uc||c1.s@) < C for any g < 1.

Step 4. u. — i in CHP(Q)) ase — 0, for any B < 1, and @ solves (L.1).

By compact embeddings and monotonicity, for any 5’ < 8 < 1 the family
{u.}, converges to @ in C#(Q) as k — oo, see [11, Lemma 6.36].

Moreover, % solves (LLI)). Indeed, since u. solves (5.1, using the Lips-
chitzian property of f on bounded intervals, and the uniform L> bound for
u., and @, for any ¢ € H3(Q):

ViVe — f(z,a)pdx| =
Q

(ue — )V — [folw,ue) — fla, a)}go) dz

/QV(UE — @)V — [fo(wu) — flo,ue) + flz,u) — f(z, a)]go) da

< O(IIV (e = @)l + ]| f . w)l| gy + (1) = F@, D] 2 )l
— 0, as k — oo,

ending the proof. O
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5.1 Proof of Theorem 2.4

We extend the above result on smoothness to the case of weak solutions
to subcritical semilinear elliptic equations in any dimension. The question
is now if for any positive semi-stable weak solution u*, we can construct a
sequence of BVP and a sequence of classical solutions convergent to u*.

Proof of Theorem 24l If supg u* < +o0o, then u* € C?(2) and the proof is
finished.

Assume that

supu* = 400, (5.6)
0

By Proposition B.1], there exists a family u. — @ in C*#(Q)) as e — 0, for
any 8 < «, and @ solves (ILT)). We will now prove that @ = u*.

Assume by contradiction that @ < w*. We observe that, by a density
argument and Fatou’s Lemma, the semi-stability inequality holds for ¢ €
H} (). Testing it for u* with u* — @ > 0, we obtain

On the other hand, by convexity

f(xvu*> - f(l’,ﬂ) < fs(:c,u*)(u* - ﬂ),
this leads to

flz,u*) = f(z,a) = fs(z,u”)(u* — ), a.e. in Q. (5.7)

Due to @ is a classical solution, there exists M > 0 such that
0<a<M. (5.8)

Hypothesis (H4) implies that given ¢y = (¢o — 1)/2 > 0, there exists sy such
that
sfs(z, s) S G 1

fx,s) — 2

> 1, for all s> 59, a.e. in Q.
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Therefore, there exists 6 > 0 and s; > 0 such that
fo(z,s)(s — M) S (co+1)(s — M)
f(z,s) - 2s

Taking into account (5.0]), there exists ) Z w; C Q be such that u*(z) > s;
a.e. T € wi.
From the above, and taking into account (5.7)-(5.8]), we deduce

[, a(@)) + fola, v (2))(u”(z) — a(z))
fa, u(x))

reaching a contradiction and concluding the proof. O

> 144, for all s> s;.

1=

>1+d6>1, ae z€w

5.2 Proof of Theorem

The only difference with the proof of Theorem 2.4l are the arguments involved
in proving that @ = u*.

Proof of Theorem 2.5, We apply Proposition 5.1l and get a sequence u; — u
in C29(Q)) as k — oo, for any 8 < «a, and u solves (LI). We can repeat
the argument for the family of maximal solutions 7. getting a subsequence
{7} convergent to u < u* in C1#(Q). Moreover @ € C*5(Q) solves (LLI)). If
u = u*, then the proof is finished.

Assume on the contrary that 7 < u*. Fix ¢ € (0,g9) small enough.
We now prove that u. = w*, arguing on the contrary, and assuming that
T. < u*. Observe firstly that hypothesis (H5) imply that there exists a
positive constant dp such that

fs(z,8) > A1 + o, forany z€Q, s>0, (5.9)
and consequently
f(x,8) > (A +dg)s, forany €, s>0. (5.10)

Secondly, we see that u. + d1¢; is a subsolution to (5.1]). for any d; > 0.
From (5.9]), and thanks to the mean value theorem, there exists a 6 = 0(x)
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such that
A+ 01601) = (L= 2)f (0, ) + Gidr < (1 - ) f (o, + 610)

= Ghd < (1—e)[f(z,u + 6¢) — f(z,u.)]
= Mo < (1—e)fo(x, U+ 001¢1)0161

— N < (1 — €)fs(l’,ﬂ5 —|—‘9(51(Z§1) V.

Thirdly, we check that u. + 0;¢; < u* for §; small enough. From (B.10),
f(z,u.) > M., and since @, is a classical_solution, there exists a 05 > 0 such
that u. > d2¢1. Hence, for any ¢ € C%(Q), @‘m =0, ¢ > 0, the following
holds

[ 9 =556 Vo= [ [ = 1= ) fte.70) - 0o
= [ [o0w + (1= 00) (0" =) + @) = i |

> / -)\1 (" —T.) +eNTe — 51>\1¢1} ®
ol

> [ —m)+ (8- e 2 0
ol

choosing 0; < edy. Therefore u,. + d0;¢; < u*. Consequently, there exist a
weak solution . of (B.1). in [@.+0d1¢1, u*], contradicting that . is a maximal
solution to (5.1]). in the interval [0, u*].

Consequently, u. T u* € C%#(Q), and finally, the elliptic regularity ends
the proof. O
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