CURVE SINGULARITIES WITH ONE PUISEUX PAIR AND VALUE SETS OF
MODULES OVER THEIR LOCAL RINGS
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ABSTRACT. In this paper we characterize the value set A of the R-modules of the form R+ zR for
the local ring R associated to a germ & of an irreducible plane curve singularity with one Puiseux
pair. In the particular case of the module of Kéhler differentials attached to &, we recover some
results of Delorme. From our characterization of A we introduce a proper subset of semimodules
over the value semigroup of the ring R. Moreover, we provide a geometric algorithm to construct
all possible semimodules in this subset for a given value semigroup.

1. INTRODUCTION

Let & : f(x,y) = 0 be the germ of an irreducible plane curve singularity with one Puiseux pair,
i.e. a germ of plane curve with equation

fly)=x—y+ Y  axy,
ip+jg>pq

where ged(p,q) = 1. For the local ring R = C{x,y}/(f) associated to the germ &, one has
naturally a discrete valuation v : R — N U {eo} induced by the Puiseux parameterization of
the curve. The set I' := v(R) has a natural structure of additive sub-semigroup of the monoid
(N,+); it is called the semigroup of values of £ and is minimally generated by p and g, i.e.
I'={(p,q) :={n€N|n=ap-+bg}. Onthe other hand, it is easy to check that for any semigroup
of the form (p,q) with ged(p,q) = 1 there exists a germ of plane curve singularity admitting
(p,q) as a semigroup of values. However, it is well known that not every numerical semigroup
minimally generated by more than two elements can be realized as the semigroup of values
of a plane curve. In fact, the family of numerical semigroups arising as value semigroup of
an irreducible plane curve singularity was completely characterized by Teissier in [15, Chapter
I, Proposition 3.2.1].

In 1978, Delorme [4] provided a complete characterization of the value set of the module of
Kihler differentials R + (dy/dx)R under the hypothesis of R being the local ring of an irre-
ducible plane curve singularity with one Puiseux pair. Following his ideas, we pursue the gen-
eralization of Delorme’s results for an arbitrary R-module of the form R+ zR with z € R, where R
is the normalization of the ring R. In general, given an R-module M its value set Ay; := v(M) has
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a natural structure of I'-semimodule, i.e. Ay, satisfies the inclusion '+ Ay, C Ay (see Section[2);
the denomination “semimodule” refers to the analogy of this structure —for semigroups—
with the R-module structure. Inspired by Teissier’s characterization of the semigroups of plane
branches, we define a proper non-empty subset of the set of I'-semimodule which we call in-
creasing semimodules (see Definition 2.10). We prove that a I'-semimodule A is an increasing
semimodule if and only if there exists a plane curve singularity with local ring R such that
A = v(R+zR) for some z € R (see Theorem [3.6).

For a local ring R of a plane branch with one Puiseux pair, given a I'-semimodule A, Pi-
ontkowsky in [12 Lemma 11, Theorem 12] provides a characterization of the possible R—
modules M with A = v(M). After Piontkowsky results, it is easy to see that not every I'-
semimodule can be realized as value set of a module over the local ring. However, there is
no combinatorial description of such a subset of I'-semimodules, neither an effective way to
compute them directly from the semigroup I'. Thus, our main goal has been to provide a com-
plete combinatorial classification of ['-semimodules arising as value set of modules over the
local ring. This classification also allows us to compute all such possible I'=semimodules with-
out the use of the Puiseux series of the branch.

First of all, we provide —with the help of the lattice path representation of the elements in N\ I"
due to the third author and Uliczka [9, [10]— a constructive algorithm to provide all possible
increasing semimodules for a fixed I (see Section[2.3)). After that, in a purely abstract way, our
main Theorem (Theorem [3.1]) reads as follows: given both a numerical semigroup I' = (p, q)
with two minimal generators and an increasing I'-semimodule A, we can construct a Puiseux
parameterization of a plane curve with value semigroup I" whose local ring has an R-module M
such that Ay; = A. In particular, the existence of an increasing semimodule induces naturally
a deformation of the parameterization of the curve, see Remark 3.2l This contrasts with the
fact that —in the one Puiseux pair case— none of the results of [12, Section 3] put specific
conditions over the ' =semimodule A; therefore, they do not provide a complete classification
of value set of modules. From this point of view, Theorem [3.1land Theorem [3.6]can be thought
as a sort of analogue to Teissier’s result [[15, Chapter I, Prop. 3.2.1] and hence an improvement
of Piontkowsky results for the case of modules over the local ring associated to a branch with
one Puiseux pair. These results can be considered as the main contributions of this work.

Several theorems have been obtained in the study of the moduli spaces of torsion-free R-
modules of rank 1. Greuel and Pfister [6] established the general background to work with
such moduli spaces. As for plane curves, the semimodule Ay, can be thought as “the topolog-
ical type of the R-module M”’; after fixing this invariant, it makes sense to talk about a moduli
space of M with fixed Ay;. Moreover, we know that the set of all possible Ays parametrizes up
to isomorphism all torsion free R-modules of rank 1; this holds by the fact that every Ay has a
representative as R invariant subspace of codimension |N\ I'| in some Grassmanian (see Pfister
and Steenbrink [11, Definition 1] together with [6, Remark 1.4] and Cherednik and Philipp [3,
page 197]; see also Section [3).

An important application of the theory of moduli spaces of torsion free R-modules of rank 1
is the relation with the topology of the compactified jacobians of singular projective curves, as
shown by Piontkowsky [[12]. This has been extended to higher ranks by Cherednik and Philipp
[3], showing its connection with some interesting topics in number theory (see [3l]). Also,
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Greuel and Knorrer [5]], as well as Pfister and Steenbrink [11] have shown that the classification
of equivalence classes in the moduli spaces of torsion free R-modules of rank 1 is useful to
detect the analytic class of simple singularities in the sense of Arnol’d [2]. Our methods also
allow us to identify this fact (see Section [3.2)) in the plane irreducible case.

We have organized the paper as follows. Section [2| describes the main combinatorial aspects
concerning our definition of increasing I'-semimodules; these are an extension of those value
sets corresponding to Kihler differentials. In Section 3| we present the realization of increasing
I'-semimodules as value sets of non-trivial R-modules; one can then see that the increasing I'-
semimodules coincide with the admissible semimodules introduced by Cherednik [3], and they
provide in particular all possible “topological types of of torsion free R-modules of rank 1.
Hence we recover some results of Piontkowsky [12] and Pfister and Steenbrink [[11]]. As it was
the original source of inspiration of this work, we finish by turning back to investigate the value
sets of Kihler differentials. In particular, we show how our methods can be used to recover
some constructions which appear in the literature.

2. NUMERICAL SEMIGROUPS AND SEMIMODULES

A numerical semigroup I' is an additive sub-semigroup of the monoid (N,+) such that the
greatest common divisor of all its elements is equal to 1. The complement N\ I" is therefore
finite, and its elements are called the gaps of I'. Thus, I is finitely generated. The number
¢(T") = max(N\T') + 1 is called the conductor of T".

A T'-semimodule is a non-empty subset A of N such that A4+-I" C A. A system of generators of A
is a subset & of A with A = |J,c0(x+1T); it is called minimal if no proper subset of & generates
A. Notice that, since A\ I' is finite, every ['-semimodule is finitely generated. Since A\ T is
finite, there exist a conductor of A which is defined as ¢(A) = max(N\ A) + 1. Moreover, every
I'-semimodule A has a unique minimal system of generators (see e.g. [9, Lemma 2.1]). Two
I'-semimodules A and A’ are called isomorphic if there is an integer n such that x — x +n as
bijection from A to A’; we write then A = A/,

For every I'-semimodule A there is a unique semimodule A’ = A containing 0; this semimodule
is called normalized. Accordingly, the I'-semimodule

A’ :={x—minA:x € A}

is called the normalization of A; the normalization of A is the unique I'-semimodule isomorphic
to A which contains 0.

The minimal system of generators [xo = 0,x1,...,x;] of a normalized ["-semimodule is what the
third author and Uliczka called a I'-lean set [9], i.e. it satisfies that
lxi—xj| ¢T forany 0<i< j<s,

and conversely, every I'-lean set of N minimally generates a normalized I'-semimodule. Hence
there is a bijection between the set of isomorphism classes of I'-semimodules and the set of
I'-lean sets of N, cf. [9, Corollary 2.3].

For specific material about numerical semigroups, the reader is referred to the books of Rosales
and Garcia Sanchez [14] and Ramirez Alfonsin [[13]].
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2.1. Lattices paths. In this paper we will restrict our attention to numerical semigroups with
two generators, say I' = (@, B) = Noc + Nf for two integer numbers o, § with 1 < o < 8 and
gcd(a, B) = 1. In this case the conductor of T is simply ¢ = ¢({(c,3)) = (¢ —1)(B —1). The
gaps of (a, B) are also easy to describe: they are of the form a8 —aa —bf3, where a € |0, B — 1]
and b € |0, & — 1]. This description yields a map from the set of gaps of (e, 8) to N? given by
off —ao — b +— (a,b), which allows us to identify a gap with a lattice point; since the gaps
are positive numbers, the point lies inside the triangle .7, g with vertices (0,0), (0, @), (B,0).

In the following we will use the notation
X; = Otﬁ —a;o — biﬁ or x; = Otﬁ — a(x,')Ot — b(x,-)ﬁ

for a gap x; of the semigroup (a, ). We can consider a partial ordering < on the set of gaps as
follows:

Definition 2.1. For gaps x,x; of (a,3), we define
X1=3x <= agq<ax N by >b

and
X] <Xy <= a;<ay N by >bs.

Let & ={0,x1,...,x} € N\TI be a subset of gaps of I' = (a, B) such that foreveryi=1,...,s
it fulfills a; < ay < -+ < a5. Corollary 3.3 in [9] ensures that & is (a, )-lean if and only if
by > by > --- > b,. This simple fact leads to an identification between an (a, )-lean set and
a lattice path with steps downwards and to the right from (0, @) to (f3,0) not crossing the line
joining these two points, where the lattice points identified with the gaps in & mark the turns
from the x-direction to the y-direction, see [9, Lemma 3.4]; these turns will be called ES-turns
for abbreviation. As an example, Figure[Ilshows the lattice path corresponding to the (5, 7)-lean
set [0,9,6,8|.

2
91 4
16 111 6 | 1

23| 18| 13] 8] 3

O

FIGURE 1. Lattice path for the (5,7)-lean set [0,9,6,8].

Let [g0 = 0,g1,...,8;] be the minimal system of generators of a (o, 3)-semimodule A. In [9]
the third author and Uliczka introduced the notion of syzygy of A as the (o, )-semimodule

syr(8):= U ((C+s)n(C+sg)).
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According to [9, Theorem 4.2], for I' = (a, B) the syzygies of a normalized I'-semimodule A
can be characterized as follows:

Proposition 2.2. [9, Theorem 4.2] Let A be a I'-semimodule with minimal system of generators
[g0=0,g1,...,8;]- Assume that the minimal system of generators is ordered with the gap-order,
ie. g0 <81 <+ < gs. Then the syzygy of A is the set

Syz(a) = | <(F+gk)ﬂ(F+gj)>:U(F+hk),
0<k<j<s k=0

where hy, ..., hs_1 are gaps of T, ho,hs < o3, and

hy =grmod &, hy > gi for k=0,...,s
hie = grr1 mod B, hy > grq for k=0,...;5—1
hy =0 mod B, and A; > 0.

Remark 2.3. Observe that the modular conditions for the generators of the syzygy module

[ho, ..., hs] give us explicit expressions for 4; in terms of the coordinates of the minimal sys-
tem of generators of A.
Assume that we denote the minimal system of generators of A as [go =0, g1, .. .,&s] and for any

i=1,...,swewrite g =off —a;ot —b;y and gy < g1 < --- < gs. Then,
hi=af —ai_jo—b;p.
Example 2.4. Let us consider again I = (5,7) and the semimodule A with minimal system

of generators [0,9,6,8] and lattice path as in Figure [l Then the (5,7)-semimodule Syz(A) is
minimally generated by hg = 15,h; = 13,h, = 16,h3 = 14.

The syzygies allowed the second and third authors [[1] to give a formula for the conductor ¢(A)
of A:

Theorem 2.5. [1, Theorem 1] Let A be a I'-semimodule. Let I be a minimal system of generators
of A and J be a minimal system of generators of Syz(A). Let M := max<,{h € J} denote the
biggest, with respect to the order of the natural numbers, minimal generator of the syzygy
module. Then

c(A)=M—-—a—-B+1.
In particular, if we denote by (my,my) the point in the lattice £ representing M we have
c(A)=c(I') —ma—mB.

Remark 2.6. From now on, all minimum and maxima will be taken under the order of the natural
numbers and will be denoted as max<, min<, .

Let us order the minimal generators of A as gg < g1 < --- < g5 and write

E; = U (F'+gj) for0<i<s.
0<j<i

Forany i=1,...,s, the number u; := min< {(I"+g;) N E;_1 } will play an important role in the
sequel. We may write u; in terms of the coordinates in the lattice path .Z:
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Proposition 2.7. For any i = 1,...,s and g; = aff —a;oc — b;B3, let us define ay = by = 0,
xi = o(B —a;), yi = B(ot — b;) and m; = min< (x;,y;). Let us assume that go < g1 < -+ < g
Then

u = rr<11Nn{aB —a;—10 — b,—ﬁ,mi}.

Proof. Along the whole proof min := min< . Forevery i =0,...,sand j=1,... ,sset Q; ; :=
(I'+gi)N(I'+g;) and ; j := min Q; ;. It is easily checked that

w; = min{f(a—b;),a(f—a)}

0),'7,'+j = Otﬁ —a,—a—biﬂ-ﬁ
8i 8i
b,
Vi
: biyj 8i+j
~~~~~~~~~~~~~~ D
o, i |
] ‘ a; iy j

FIGURE 2. Shaded regions (I'+x;) U(I'+y;) and €; ;.

Now fori=1,...,s we get
j—1
ui =min{ (T +g) N Ei-1} = min{(T+g) 1 | (T+¢))}
j=0
:min(QoJ- U.QU U--- U-Qi—Li) = min{a)o7i, Otiy--s (1)1'_171-}.
Observe that @;; < w1 ; for j=1,...,i—1since ay > ay4 forall k=1,...,i — 2, therefore
u; = min{ @y ;, W—1;}, as desired. O

Remark 2.8. Observe that if all u; became of the form a8 — a;_ @ — b; 3 then u; = h;, i.e. they
are minimal generators of the syzygy semimodule.

Finally, we recall a few properties of the u;’s previously defined which will be very useful in the
sequel. These properties were already given by Delorme [4, Lemma 10] in a different context:

Lemma 2.9. [4, Lemma 10] Let p,q € Z be such that |p —q| ¢ T. We set
u:= rr<11n{(F+p) N(+q)}
>N

aswellasii:=u+c(I)—of, vi=p+qg+af —uand v:=v+c(') — af. Then we have:
(1) (T+p)N(C+g) = (C+u)U(T+v),
(2) T+p)U(T+g)=T+u—af)n(l+v—ap),
(3) N+vC (T'+p)u(l'+q).
(4) N+a)N((C+p)U(T+q)) = (N+a) ([ +v—af).
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2.2. Increasing semimodules. From now on along the whole paper, when referring to the
minimal set of generators {go, g1, . .,&s} of a'—~semimodule A, we will assume that it is ordered
by the natural order gg <y g1 < --- <y &s unless we mention the contrary. For the scope of
this paper we are interested in a particular subset of semimodules:

Definition 2.10. A I'-semimodule L of a numerical semigroup S is called an increasing semi-
module if it satisfies the following property:

If L is has minimal set of generators {go = 0,g1,...,gs} and we put g1 = oo, ug =0,
then for all 0 <i < s we have g;+1 > u;, where u; = min{(T'+g;)NE;_;}for1 <i<s
andE;= [ J (T+g;) for0<i<s.

0<j<i

(X9

Before continuing, let us mention the easy result that the class of increasing semimodules is
non-empty:

Lemma 2.11. Any normalized semimodule with two generators is increasing.

Proof. Because of the minimal set of generators is of the form {0, g} with g € N\ T, condition
(X9 trivially holds since g = « and uy = 0. O

Moreover, the set of increasing semimodules is a proper non-empty subset in the set of I'-
semimodules: consider for instance the (5,7)-lean set [0,9,6,8] (see Figure [I); this is not an
increasing semimodule since inf((5,7) N ((5,7) +6)) =20 > 8.

Lemmas 2.9 and 2.11] allow us to prove a key property which we will use in Section 3] for the
characterization of increasing semimodules. This property was proven by Delorme [4, Lemma
12 (a)] for the case of an increasing semimodule with g; = 8 — a. Here we present a proof for
any increasing semimodule without restriction about the values of the minimal generators.

Lemma 2.12. Let be I' = (., B). Let L be an increasing I'-semimodule with [go =0, g1, ..., &s],
we set gs+1 = and ii; := u;+c(I') — af. Then, foranyi=0,... s — 1 there exists an element
ci € (=I), namely c; = c;—1 + g — u;, such that

(N+a@) NE; = (N+a;) N(T+¢).
Proof. We proceed by induction on s. The case s = 1 is easily deduced from Lemma 2.9 with
p=g0=0,g=g;then u; = min{(I'+ g;) NT'} € I, therefore it is enough to consider
co=v—af=got+g+ap—u—ap
=g —u € (-T).
Since #; < uy < gy+1, we have gs1 € N+1j; this together with the fact that g, ¢ E; implies
that g;1 ¢ N+ ¢, by induction hypothesis. Therefore g;, | —c; ¢ I' and we apply Lemma[2.9/(4)

with p = gs11 and g = ¢y, so that ugy ] = min{(I'+ g5 1) NEs}. if we set cs1 = g1 — Us+1 +Cs,
then Lemma [2.9] again yields the equality

(N+2g41) NEsr1 = (N+2g41) N (T +c541),
as desired. O

Remark 2.13. From the proof of Lemma we observe that we may relax the assumption
gi+1 > u; and consider g1 > U instead.
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2.3. Lattice paths of increasing semimodules. To conclude the section, we are going to show
a procedure to construct any lattice path associated to an increasing semimodule. Recall that
a semimodule can be represented as a lattice path in which the ES-turns correspond to the
minimal set of generators of the semimodule and the SE-turns correspond to the minimal set of
generators of the semimodule of syzygies.

An easy consequence of Lemmal[2.11lis that any lattice path with a unique ES-turn is an increas-
ing semimodule A(") generated by go =0, g; € N\T. Let us write J = [k, 4] for the minimal set
of generators of the syzygy semimodule Syz(A(")); we will also use the writing Syz(A()) = (J).
Therefore, it is a straightforward computation to check that min{Ag, s} = min{T'N(I"+g;)}.

Write u; = min{ho,h;}. There exists an increasing semimodule A(®) with three generators
containing A" if and only if there is an element g» € N\ A() with g > u; such that A?) =
AU (I'+g2). Since u; is a generator of the syzygy module and g, must be a gap, then g, > u
means

g €{(a,b) eN*: u; < ap —aa—bp}.
On the other hand, condition g; € N'\ AW means that g, is a point above the lattice path asso-
ciated to AV, Let us denote by L(A(l))Jr the region above the lattice path associated to A,
Hence the existence of A?) is equivalent to

LAY N {(a,b) eN?: u; < aff —aa—bB} #0.

So, let us assume that we start with AG—1) minimally generated by I = [go = 0,g1,...,8i—1]-
Consider u; 1 = min{(I"+ g;_1) N E;_»}. Observe that by construction

Syz(AUVY = [uy, ..., u;_1, M),

where M = ¢(AU~1)) + o4 B — 1 by Theorem 2.3l We observe that we are ordering g; here by
the natural order in N, and this ordering does not necessarily coincide with the order <. So, the
indices in the minimal set of the syzygies may not coincide with those in Proposition

As before, let us denote L(A("’l))+ the region above the lattice path associated to A1), then,
there is a g; € N\ I" with g; > u;_; if and only if

LA N {(a,b) eN?: u;_; < aff —act— b} #0.
Observe that the previous construction give us the following immediate consequence:

Proposition 2.14. Let A be an increasing T—semimodule minimally generated by {go = 0 <y
coo <N &t Then, uyp <y -+ <y usg <y M :=c(A)+ o+ B — 1 are the minimal set of generators

of Syz(A).

Remark 2.15. Propostion 2.14] shows that, in constrast to Proposition the minimal set of
generators of the syzygy semimodule of an increasing semimodule can be obtained with the
natural order. Obviously the labeled may differ from the order established in the lattice path.

Example 2.16. To see how the ordering in the labeling of the minimal generators of the syzygy
semimodule may differ, let us consider I' = (7,9) and the increasing I'-semimodule A con-
structed in Example with minimal set of generators [0,5,20,31]. Observe that Syz(A) is
minimally generated by u; = 14,up = 27,u3 = 38 and ¢(A) + o +  — 1 = 40. If we order the
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minimal generators of the syzygy module with the order < then we have hy = 14,h) =40,hy =
38,h3 =27.

The previous construction encloses a rooted tree structure over the set of incresing semimodules
in terms of its first non zero minimal generator; the root corresponds to the semimodule associ-
ated to a gap of the semigroup, and represents the unique I'-semimodule of the form A = [0, g|.
We assign this to the level O of the tree. The next level represent the possible increasing I'-
semimodules with three generators [0, g1,g2] with g; = g; hence the number of leaves at this
level is

LAY N {(a,b) e N*: u; < aff —act—bB}|.

In general the number of nodes at a level k represent the number of increasing I'-semimodules
with g as first non zero generator and k + 2 minimal generators. To each node at level k we
attach exactly

LAY TN {(a,b) € N*: gy < @B —ac—bB}|

leaves. Obviously, this tree representation is finite; observe that £ < . Let us show the proce-
dure with an example:

Example 2.17. Let us consider the semigroup I' = (7,9). We are going to construct all possible
increasing ['-semimodules with g; = 5. Since u; = 14, the first step of the above procedure says
that there are 8 increasing I'-semimodules with g; = 5 and 3 minimal generators, see Figure

FIGURE 3. Lattice path for the (7,9)-lean set [0,5] and the eight candidates for
g2 in red.

As a second step, let us choose go = 20 as minimal generator. Then, uy = 27 and the following
figure shows that there is only one increasing I'-semimodule with g; =5, g» =20 and 4 minimal
generators in total, namely A = [0,5,20,31]. Which has u3 = 38.



10 M. ALBERICH-CARRAMINANA, P. ALMIRON, AND J.J. MOYANO-FERNANDEZ

[0}

7
7

FIGURE 4. Lattice path for the (7,9)-lean set [0, 5,20] and candidate for g3 in red.

Finally, it is an easy computation to see that the set of increasing I'-semimodules with g; =5
has the following tree structure, Figure

A Level Added generators
[0,1] 0 8
[0,81,82] 1 c&
[0,81,82.83] 2 <83

FIGURE 5. Tree of increasing I'-semimodules with first non zero generator g = 5.

3. COMBINATORICS OF R-MODULES AND ITS VALUE SET

Let & : f(x,y) = 0 denote the germ of an irreducible plane curve singularity, or just a plane
branch, and let R := C{x,y}/(f) be its local ring. A Puiseux parametrization of & is denoted as

((0),3(0) = (12,064 =P + ¥ ajt))
j=B
induces a normalization morphism R := C{x,y}/(f) < R = C{t} so that we can identify the
normal closure of R with R = C{r}.

Moreover, the injection R < R induces a discrete valuation v : R — Z U {oo} of R given by the
order function, i.e. v(g) := ord,(g(x(¢),y(¢))). Recall that v fulfils the following properties:

(1) v(g) = oo if and only if g € (f)

(2) v(u) =0if u € R is a unit,

(3) v(gh) =v(g) +v(h)

4) v(g+h) = min{v(g),v(h)}
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for any g,h € R. Notice that the property g € (f) reads also as the germ 7 contains the germ
&, if i is the germ given by {g = 0}. Therefore, we can associate to a (germ of) plane branch
the numerical semigroup defined by I' := {v(x)| x € R}; this is called the value semigroup of
the curve. It is well known that § := [N\ I'| coincides with dim¢c R/R and the conductor of T is
¢ = 20 in the case of a plane curve singularity.

Consider a nonzero R-module M C R, and its value set Ay := v(M). It is easily checked that
Ay is a I'-semimodule. Following [3, Sec. 2.1.2], the degree of M is defined as deggp(M) :=
dim¢(R/M), which can be seen as the analogous to the delta invariant of the curve since
degz(R) =: 8g. We also define the deviation of M as dev(M) = Or — degz(M). In general,
Ay is not a normalized I-semimodule but this can be obtained by considering ¢~ ™"4u) A7 in-
stead of M. If Ay is a normalized I'-semimodule we will say that M is a standard module. For
a standard module we have degp(M) = [N\ Ay| and dev(M) = |[Ap \T'|.

As pointed out by Cherednik and Philipp [3]], the map M — 19V ™) pf yields an identification
between the set of standard R-modules and the set .# of all R-modules of degree 6 = .
After Pfister and Steenbrink [11, Section 2], as well as Greuel and Pfister [6, Remark 1.4], if
1(28) = {z € R|z > 28} the set . can be identified with the subset Grass(8,R/1(28))) of 3-
dimensional linear subspaces of the Grassmanian which are R-modules; the set .# parametrizes
up to isomorphism all torsion-free R-modules of rank 1.

3.1. Characterization of increasing semimodules as value set of R-modules. From now on
we will restrict ourselves to germs with value semigroup I' := (a, ) = Na + Nf. The main
goal of this subsection is to provide a characterization of increasing semimodules as value set
of non-trivial R-modules, where R is the local ring of a branch with one Puiseux pair. More-
over, given an increasing I'-semimodule we explicitly construct a Puiseux parameterization of
a branch having an R-module with value set such a semimodule. This result can be thought as
a sort of analogue to Teissier’s theorem [15, Chap. I Prop. 3.2.1].

First of all, we are going to show that for fixed I" and an increasing I'-semimodule we can find
a plane curve with value semigroup I, as well as non-zero functions (elements in the local ring)
such that the associated R-module has as value set the given increasing semimodule.

Theorem 3.1. Let I' = (o, B) be a numerical semigroup with @ < 3. Let L be an increasing
[-semimodule, and set b := ¢(T') — B — 1. Then there exist a tuple (ay,...,a;) € C’ and z € R
such that L =v(R+ zR), where R is the local ring of the germ of plane curve singularity defined
by the Puiseux parameterization

. tO(

x(t) = .
c: { y(it):= P+ Zaiti+ﬁ.

i=1
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Proof. We first introduce some notation and definitions. Let us denote by g =0< g1 <--- < gs
the minimal set of generators of L. Also set

E;:= U (I'+gj), and E;:=L

0<j<i
ui:=min{E;_ 1 N(T+g;)}
Oit] := Z (gj+1—uj) with op=07=0, fori=1,....s
1<)<i

hi:=gi—o;, fori=1,....;s4+1
I = [O'i_l,Gi]ﬁN, fori=2,...,5s+1

Let us consider the polynomial ring C[Xj,...,X,,T]. We consider formal elements Y,z €
C[Xy,...,Xp, T] of the form

b b
y=TP(1+ Y Xe), z=T%(co+ ) eXir').
i=1 i=1

Step 1: We set Ugo =1, Ucl,l = z. We will prove the existence of a family of polynomials

such that

i b i
U]l = (Xj HAkClgj + Vj) Tﬁ_hi + Z (Xr HAkaJ + Vr) TH_hi +h.o.t.
k=2 r=j+1 " k=2

with V, € (C[Xl, . 7Xr71] ifr>j A€ (C[Xl, . ,X(;l.,l] and Cryr € C.

Step 2: We consider the polynomials U ]’ as polynomials in the variable 7 and we observe that
A = lcT(Uc’;k) the leading coefficient as polynomial in 7. Set @y := Uc’;k fork=0,...,s. By
construction, we have that ordy (@) = g if Ay Z0 fork=0,...,s and for all j € (o}_1, 0}) we
have lcp (U ]k) = (0. We want to show that the system of polynomial equations defined by

A #0, for all &

(D) ler(Uf) =0,  forall kandall j € (0}, 0%)
ler(UsH) =0.

has a non-trivial compatible solution (ay,...,ap) € CP.

Step 3: Finally, let us take a solution (ay,...,ap) € CP of the system (I)). We can consider the
ring morphism defined by

ClXi,...,X,, T] & R=C{r}

Xi a;
T r.

11
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Therefore, we can define the germ & of plane curve singularity given by the following Puiseux
parameterization:

x(t):= %

2 b,
) y(e) = ev(y) =P+ Zait”rﬁ.
i=1

If R stands for the local ring of the curve C, then I = v(R). Moreover, it is easy to check that, by
construction, the set {ev(wy)} is a minimal set of generators of the R-module R + zR. Therefore,
we have v(R+ zR) = L, since ordy (@) = ord;(ev(wy)).

We conclude proving Steps 1 and 2.
Proof of Step 1. we apply induction. Define

Ug =1 Ug =T (co+ Y ciXit")

i>1

It is easily checked that Ugo, Ucl,l are of the required form. Let be € = ej 0t 4 e, € I, and write
P(g) :=T1%Y*2. Let us assume that for i < k < s there exists this family of polynomials. We
are going to construct {U]k} for j € I; first, we define U(’;H = P(uy_ —gk_l)U(’;;II. Since by

induction hypothesis Ug:l is of the desired form, so is UX

Ot Now, for j < o; we define the

corresponding U ]k recursively:
o Ifhy+j ¢ Er_1 we put
UJ]-‘H = U} —leg (UF)T"H.
o If iy +j€ E,N(N\E,) for some m < k we set
Uf,y =ler(Ug U —ler (UHUZ..

Finally, it is a straightforward computation to check that in both cases U Jk 1 has the desired
form.

Proof of Step 2: Observe that, by construction,

Av=[]AjX6 4+ Vs, with Vg € C[X,..., Xg,—1]
Jj<k

.- . . Vi
so that the condition A # 0 is equivalent to X, # ﬁ Also observe that for ¢ € (0y_1, O)
J J

by definition
1CT(U§) = HijAng +V, withV, e C[Xl, e ,Xg,l]
i<k
so that ler (Uf) = 0 is equivalent to X, = #ﬁﬂ{]
: J Js
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Therefore, the system (1)) can be rewritten as

r Vs
Xak;AHK—]’:Aj forallk=2,...,s
) XFW forallk=2,...,s+ 1 and for all £ € (0;_1, O%)
Vs,
— O+l
Xo-s“ - <1 ¢iog 457

Finally, observe that (0;—1,0;) N (0j—1,0;) =0 if i # j. Since every isolated variable in the
system 1is different, we can solve the system in the following recursive way. We start with
Ap,A; € C*, and for ¢ € (01,02) = (0,82 —u;) we have Xy = 0. Thus, X, # 0. Let us denote
as, = Xg, € C*. After that, since V, depends on variables of lower index than ¢ a recursive
reasoning solves the system. 0

The systems (L)) and (2) have more equations than needed in order to obtain the required semi-
module; the reason is that, if j € (0y_1,0}) is such that iy + j € Ex_, then U ]k cannot be an
element with v(U Jk) = g since v(U Jk) = hx + j € Ex_1. Moreover, the last condition provides
an element with oy + hgy1 = ¢s11 + af. If we apply Lemma it is trivial to see that
N+c¢;+aff C E;, since N+ ¢y + of C N+T7y; thus we can eliminate the last condition as well.
As aresult of that we may replace the system of equations given in the proof with the following:

Vs
Xok;ém forallk=2,...,s

3)

Xy fork:2,...,s+1andforallEE(Gk_l,O'k)

such that i +¢ € N\ E;_

Remark 3.2. A result of Zariski [[16, Chap. VI Prop. 2.1] shows that any plane branch with one
Puiseux pair is isomorphic to a deformation of the monomial curve given by 7 — (¢%,78). The
system of equations (3)) together with the proof of Theorem 3.1 show that if (ay,...,a;) € Cis
a solution of this system, then the increasing I'-semimodule L associated to the equation system
(@) induces the deformation of the parameterization of the monomial curve defined by

x(t):= %

b
y(t):= P+ Zaiti+ﬁ.
i=1

_ Vi
[lj<kcjiAj

Remark 3.3. As pointed out by Piontkowsky [12, page 207], the free variables in the system (R}
lead to different points in the Grassmanian Grass(5,R/1(25))).

Now, we prove a short of converse of Theorem Furthermore, we show that the system
(@) characterizes the increasing semimodules of semigroup I if the corresponding module is
generated by a certain function.

Theorem 3.4. Let & : f(x,y) = 0 denote the germ of a plane branch with value semigroup T’ =
(a,B), and let R := C{x,y}/(f) be its local ring. Let hy,hy € C{x,y} be such that v(hy) > v(h;)
and v(hy) —v(hy) ¢ T. Then,
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(a) L:=v(R +R%) is an increasing semimodule.
(b) If {go = 0,g81,...,8s} are minimal generators of L then for all 0 < i < s there exists
a relation ;| = Z Fjiw; where Fj; € R, u; = v(F;;) + g; = inf j{v(F; ;) + g} and
0<j<i
V(@i1) = git1-
(c) If hy,hy are such that

hy(t ;
ﬂ =181 (c0+2ciaitl)

hi(t) i1

with ¢; € C* for any i, and a; are the coefficients of the Puiseux series of & for all i, then
(ai,...,ap) satisfies the system (3)).

Proof. Let us denote by ®; the elements in R +R% such that v(w;) = g; for 0 <i <'s; these
elements do exist because {go =0, g1,...,&;} is the minimal set of generators of L.

First we observe that any element z € R +R% can be written as z = 73 —|—ng—?, for 71,22 € R,

therefore go = 0 and g; = v(h2) — v(h1) > up = 0. Hence the claim is true for i = 1 if we set
wy=1and o = hz/hl.

Before continuing, we notice that for all i = 1,...,s there exists an element @ € R +RZ—? with

1
v(®) > u; such that @ = Z pro,; this holds since, if #; = min{(I"+g;) NE;_; } then there exist
r=0
z,Z' € R such that u; = v(z) +g; = v(z') + g for some j < i and v(z'®; +z®;) > u;. The referred
element can be then constructed by taking @ = 7' ®; + zw;.

Reasoning by induction, let us assume that the result is true for i < k < s, i.e. forevery 0 < j <k

we have g;.1 > u; and there exists @;1 = Z F,.jo,, where F,.; € R, uj =v(F; ;) +g; =
0<r<i

inf {v(F.;) +g-} and v(@;11) = gj+1; let us further suppose that the coefficients of the Puiseux

series of & satisfies the conditions of the equation system () for i < k <s.

To finish the proof of (a) and (b) it remains to show that if there exist fo, f1, ..., fr € R such that
k

W] = Z fr@y, then a reduction to the case ux < v(fx) +grx < v(f;) +g; with v(fi) + gk €
r=0

I" + uy is possible, i.e. such that if any other combination of the elements @; has value g1,

then f; # 0 and v(f;) = ur — fi, hence we are in the previous situation.

k
In this way, let us consider w1 = ) f, @y, if f; # 0 there is nothing to prove and also we have
r=0

min{v(f,,)} = min{(T"+g;) NEi-1} = u

So let us assume f; = 0 and set /(f) := m<ilr<1{v(f,a)r)}. Let j; < jo < k be the biggest indices
r

such that v(f;,) + g, = v(f},) +&j, = ¢(f). By induction hypothesis and Lemma there
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exists cj,—1 such that g, —cj,—1 ¢ I. In this way, we apply LemmaR.9with p=g;,, g=cj,—1.
By part (1) of Lemma[2.9 we have u = u,, v=cj, + o3 and

(T+gj)N(T+cjy—1) =T +up) U +cj, +aP).
Observe that v(f},) + g, > uj,—1, hence v(fj,) +gj, € (N+7j,—1) NEj,—;. Then Lemma[2.12]
implies v(fj,) + &, € I'+cj,—1. Therefore, we have two alternative cases: either v(f},) +gj, €
T+cj, +opf orv(fj,)+gj, € ' +uj,. By Lemma[2.12lit holds that v(fj,) + g;, € T +¢j,, so

the first option is not possible since v(f},) + &, < gk+1 < af. Therefore, the only case to be
considered is v(fj,) +gj, € I'+uj,; here there exists z € R such that v(fj, +zFj, j,) > v(f},)

Ja—1
where ©j, 1 = Fj, j, 0j, + Z F, j, @, by induction hypothesis. From this, we can write
r=0
k k
/
Wp+1 = Z fr@r +20j,+1 —20j,41 = Z 1o
r=0 r=0

with fi = f, +2Fj, it r < jao, fi, 11 = fj+1—zand fi = f, if r > jo+ 1. In the sum on the
right-hand side we have f] .| # 0 since z # 0, as well as £(f") > £(f). Therefore, we proceed
as before until the achievement of u; = m<1]r(1{v( frop)}.

Since g;11 > u; for all 0 <i <s, we obtain that L is an increasing semimodule.

It remains to prove (c), but this is just an application of the recursive process presented in the
proof of Theorem 3.1 with Uél =hy(t)/h(2). O

Remark 3.5. After Theorem [3.1] and Theorem [3.4] and for a local ring of a branch with one
Puiseux pair, a I'-semimodule is admissible in the sense of Cherednik [3), page 198] if and only
if it is an increasing semimodule.

The previous discussion can be summarized in the following theorem.

Theorem 3.6. Let R C C{x,y} be a local discrete valuation ring withv(R) =T = (a, B). Then,
A is an increasing T'-semimodule if and only if there exist z, f € C{x,y} such that R is the local
ring of a germ of isolated plane curve singularity & : f(x,y) = 0 with semigroup of values T and
A =v(R+2zR).

Moreover, in the particular case (c) the system of equations (3) characterizes the increasing
semimodules in terms of the coefficients of the Puiseux expansion of &. In particular for a fixed
&, the number of realizable increasing semimodules depends on the analytic type of €.

3.2. Characterization of monomial semigroups with two generators. Following Pfister and
Steenbrink [11], let us define the concepts of monomial curve singularity and monomial semi-
group. Along this subsection all the semigroups I" are considered with any number of generators
if the number of generators is not specified.

Definition 3.7. A monomial curve singularity over C is an irreducible curve singularity with
local ring isomorphic to A := C[[t“,...,t%"] for some ay,...,a, € N with gcd(ay,...,a,) = 1.

Definition 3.8. A numerical semigroup I is called monomial if each reduced and irreducible
curve singularity with semigroup I" is a monomial curve singularity.
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Pfister and Steenbrink [11, Theorem 10] provide the following characterization of monomial
semigroups:

Theorem 3.9. [11, Theorem 10] Let I" be a numerical semigroup. Then, 1" is a monomial
semigroup if and only if the following property holds:

(MP) IfgeN\T"and c¢(g) :=min{n € N: [n,00) CTU((T'+g)}, then 'N(I'+g) C [c(g),°)

Observe, that in the case of I' = («, 8), we can translate property (MP) in terms of I'-modules.
We consider the I'-semimodule A(g) minimally generated by [0, g], and let c(g) = c¢(A(g)) be its
conductor. Recall that, by the results in Section[2.3] the set of increasing semimodules has a tree
structure so that the existence of an increasing semimodule with three generators is conditioned
on

LAY N {(a,b) eN?: uy < aff —ac—bB} #0,

where A() = A(g) and u; = min{I'N (I +g) }. But the inclusion I'N (T4 g) C [¢(g), ) means
that

LAY N {(a,b) eN?: uy < aff —ac—bB} = 0.
Therefore, the property (MP) is equivalent to the fact that the only increasing semimodules are

those generated by [0, g]. We may thus rewrite the Pfister-Steenbrink theorem [11, Theorem 10]
for plane monomial curves as follows:

Theorem 3.10. Let R be a discrete valuation ring, and write I'(R) := v(R) for its value set.
Then R is the ring of an irreducible monomial plane curve singularity if and only if the only
increasing T'(R)-semimodules are those of the form [0, g] with g € N\ T'(R).

Recall that in the sense of Arnol’d, a singularity is called simple if it has 0 modality. Thus, this
theorem indeed provides a characterization of the unique simple irreducible plane singularities,
i.e. those of the type Ay, Eg, Eg in Arnol’d classification [2].

Moreover, Greuel and Knorrer [3]] prove that those are the only singularities for which there are
a finite number of isomorphism classes of torsion-free R-modules of rank 1. Observe that in
this case, the equation system (3)) is in fact empty.

4. APPLICATION TO KAHLER DIFFERENTIALS

Let & : f(x,y) = 0 be an irreducible germ of plane curve singularity with one Puiseux pair, i.e.
such that T =T(&) = (a, B). Let us denote by R its local ring and by R — R its normalization.

Recall that to any C-algebra A we can associate the A-module Q4 :=1/1 2, where [ is the kernel
of the diagonal surjection A QcA — A; we call Q4 the module of Kéahler differentials. The
injection R < R induces a morphism of R-modules ¢ : Qg — Qp. Now, the R-module Qg is
free of rank 1 and it is generated by df :=t® 1 — 1 ®t. On the other hand, the R-module Qg has
two generators, namely

dx=at*" and dy=BrP 1+ Y japi .
=B

In this way we can see that ¢(Qg) is a free sub-R-module of rank 1 generated by ot*~!.
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We can define the set of values of the module of Kéhler differentials of & as A’ := v(@(Qg)).
Since minA’ = n — 1 it is easy to see that

/\o dy
A—M)—v@+RM)
In the sequel, we will call (B — a)—increasing I'-semimodule to an increasing I'-semimodule
with go =0, g1 = B — a. Observe that the I'—=semimodule of values of Kéhler differentials, A, is
a particular example of ( — a)—increasing I'-semimodule. Recall that the set A is an analytic
invariant of the curve &, as deduced from [4] §4].

Remark 4.1. Observe that A is the normalization of the value set associated to the fractional
ideal (f,df/dx,df/dy): a straightforward computation yields that

of [ox(t) _ dy

af/dy(t) — dx’

Moreover, Hefez and Hernandes (8, Theorem 2.1] prove the following general result:

Theorem 4.2. [8, Theorem 2.1] Let I' = (EO, e ,Eg) be the semigroup of values of a plane

branch &. Then, a Puiseux parameterization of & is analytically equivalent to either (tBO,tBI)

or
3 '
<ﬂ%,ﬂh—%t-+ ) ¢nﬂ>,
i>A
igA'—P
where A is its Zariski invariant and A is the non-normalized set of orders of differentials of
the branch. Moreover, if @ and @' are Puiseux parameterizations of the previous form with

the same I" and A then they are analytically equivalent if and only if there is r € C* such that
P =1and a; = ri_ﬁlag.

Remark 4.3. Theorem was already stated by Delorme in [4, Proposition 6] under two re-
strictions (Condition (CE) and (CU) of [4, Proposition 6]) for the A set. Therefore, Hefez and
Hernandes’ theorem could be stated as: the restrictions of Delorme for the A’ set can be
eliminated.

Observe that in the case I' = (a, B), the module R + R(dy/dx) fulfils the hypothesis of our
Theorem This means that the equation system (3) fully characterizes the set of normal-
ized values of Kihler differentials A. Moreover, Section together with Theorem shows
that all the possible f — a-increasing I'-semimodules can be realized as value sets of Kéhler
differentials. Hence our method provides an alternative way to compute all possible A sets to
the one shown by Hefez and Hernandes in [7]] which avoids the use of the Standard bases algo-
rithm in the case of a local ring with one Puiseux pair (Compare [7, Algorithm 4.10] with the
construction described in Section [2.3]).
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