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Abstract. We present a method for studying phase transitions in the large
N limit of matrix models using matched solutions of Whitham hierarchies.
The endpoints of the eigenvalue spectrum as functions of the temperature are
characterized both as solutions of hodograph equations and as solutions of a
system of ordinary differential equations. In particular we show that the free
energy of the matrix model is the quasiclassical 7-function of the associated
hierarchy, and that critical processes in which the number of cuts changes in
one unit are third-order phase transitions described by C' matched solutions of
Whitham hierarchies. The method is illustrated with the Bleher—-Eynard model
for the merging of two cuts. We show that this model involves also the birth of
a cut.
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1. Introduction

We consider the partition function of the unitary ensemble of random Hermitian
matrices [1, 2]

+oo +o00 N
In :/ / exp <—¥ZV(/\Z)> H(/\z_/\])2d/\1d/\N7 (1)

where T' > 0 plays the role of a temperature, and where the potential V(z) is a real
polynomial of even degree

V(z) =) 12", (2)

with V(0) = 0 and positive leading coeflicient ¢, > 0. We are interested in the critical
processes which arise in the large N limit as T varies. It is known [3,4] that for a given
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temperature the support J of the eigenvalue density p(x) is the union of a finite number
of real intervals

J = U(ﬁ2j—1>52j), P < P2 <o < Pas. (3)
j=1
The density and its support are uniquely determined by the following conditions [4]:
V(z) — QT/ log |z —y|p(y)dy = L, for x € J, (4)
Vi) =20 [ loglo =yl dy= L fora ) (5)

for some real constant L, together with the normalization
/p(:p) dz = 1. (6)
J
These conditions mean that the infimum of the functional

Belol = [ Vewde-T [ [ loglo-ylowotn) dedy. (1)
on the set of normalized functions ¢(x) > 0 in (—oo, 0o) with bounded support is attained
at ¢ = p (the constant L is the Lagrange multiplier). In physical terms p(z) represents the
equilibrium density of a normalized one-dimensional charge distribution in the presence
of an external electrostatic potential V' (z).

The general picture of the model is that the T' > 0 semi-axis decomposes into a number
of disjoint (not necessarily connected) subsets I, wherein the support of the eigenvalues
has a fixed number s of disjoint intervals. The multi-cut case s > 1 is essentially different
from the one-cut case: in the latter, the partition function has a regular large N topological
expansion, whereas for s > 1 no such regular expansion exists and oscillatory terms appear.
Using a saddle-point argument it has been shown [5] that the asymptotic behaviour of
the partition function for s > 1 is of the form

Zy ~ e N FO(N/2102), (8)

where 6(z) is a Riemann theta function and
F= -7 [ Viap@)do+7° [ [ 1ogle = ylota)pty) dedy. )
J JJ

In this paper we propose a method for studying phase transitions I, — I such as
the merging of two cuts [6]-[8] or the birth of a cut [9,10]. Our method uses techniques
of the theory of quasiclassical integrable systems [11] (universal Whitham hierarchies) to
characterize the endpoints [3; of the support as functions of 7" and of the coefficients ¢,
of the potential V. Following Krichever’s algebro-geometric scheme [11]-[13], we derive
hodograph type equations for the functions 3; (which are determined from the expressions
for the Abelian differentials of an underlying Riemann surface) and characterize the free
energy (9) as a quasiclassical 7-function [11]. Although our approach is much inspired by
well-known works on the analysis of the zero-dispersion limit of the Korteweg—de Vries
equation in terms of Whitham equations [14]-[22], we provide an additional efficient tool
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for studying solutions of Whitham equations in matrix models: we prove that the 3; satisty
a system of first-order ordinary differential equations which is completely determined by
the expressions for the Abelian differentials. In this approach the role of the complicated
hodograph system of equations is reduced to supplying initial data for the system of
first-order differential equations. With this simplified technique we are also able to
derive several important general properties of critical processes I, — Is4q such as the
C' matching of their corresponding solutions of the Whitham equations or the (third)
order of the phase transitions that they represent [7]-[10], [23].
To illustrate our method we consider the Bleher—Eynard potential |7, §]

V(z) = 2" — 3ca® + (2¢° — 1)a® + 8cu, —l1<e<l (10)

This model was proposed as a concrete example of a third-order phase transition I, — I,
(merging of two cuts) at T, = 1+ 4c¢*. However our numerical and theoretical analyses of
the corresponding system of first-order ordinary differential equations show that for ¢ # 0
the model also exhibits another third-order phase transition /; — I (birth of a cut) at a
certain temperature 7, with 0 <7, < T;. We also derive the asymptotic behaviour of the
functions §;(7T") and 9}F(T) (n = 0,...,3) near both critical points T and 7;.. For the
merging of two cuts we obtain the Bleher-Eynard asymptotic expressions for 3;(T") and
calculate the magnitude of the jump of 93 F(T) at T,. For the birth of a cut we find the
same logarithmic behaviours as in the Eynard models [9].

The layout of the paper is as follows. In section 2 we set up our notation and present
the elements of the theory of Whitham hierarchies on hyperelliptic Riemann surfaces.
Section 3 is devoted to the solutions of Whitham hierarchies underlying matrix models.
In section 4 we discuss several general properties of I, — [, phase transitions, whereas
section 5 addresses the particular cases I; < Io. We defer to appendix A a self-contained
proof of the relation between the free energy of the matrix model and the 7-function of the
hierarchy, to appendix B some explicit expressions and asymptotic estimates of elliptic
integrals, and to appendix C the derivation of asymptotic approximations to the solutions
of the differential equations in neighbourhoods of the critical points.

2. Multi-cut matrix models and Whitham hierarchies

We denote by w(z) the double-valued function

2s

[1G-5), (11)

i=1

by wi(z) the branch of w(z) with asymptotic behaviour wy(z) ~ 2° as z — oo, and by
wy 4+(x) the boundary value of w;(z) on the real line from above. It has been shown [4]
that the eigenvalue density p(z) takes the form

h(x)

pla) = & (@), w e, (12)
where

(V)

= (g ). (13)

doi:10.1088/1742-5468,/2010,/03 /P03023 4
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and where (f(2))q denotes the polynomial part of f(2) at z = co. As a consequence of (4)
the endpoints 3; of J must satisfy the equations [4]

B2j41
/ h(x)w; 4+(x)de = 0, j=1,...,s—1, (14)
/32j
/
fzjv(z)dz:o, j=0,..., 51, (15)
5 wi(z)

where v is a large anticlockwise oriented loop which encircles J. Moreover, the
normalization condition (6) gives

fh(z) wy(z) dz = —4rwiT. (16)
gl

Equations (14)-(16) give 2s conditions for determining the 2s unknowns fi,..., (.
However, it may happen that for fixed 7' and V(z) there exist different values of s
for which the system (14)-(16) has a solution 51 < --- < [y5. If this is the case, the
additional conditions p(xz) > 0 for all x € J, and (5) must be used to characterize the
unique admissible solution of the problem. In terms of the functions h and w; equation (5)
can be written as [4]

B1
/ h(z"yw; (") da’ <0, for x < 3y, (17)

/ h(x')wl(x') da’ >0, for 62]' <r < 62j+17 ] = 1,...5—1 (18)
B

237

/ h(x"Ywy (z') da’ > 0, for © > [as. (19)
2s

In addition there is an important a priori upper bound for the number s of cuts from
a given potential V' at any temperature 7" > 0. Equation (13) shows that h(z) is a
polynomial of degree

degh =degV — s — 1, (20)
while from (14) it is clear that h(x) has at least one zero on each interval By; < x < (B9;41.
Therefore degh > s — 1 and we have the following bound:

degV

s < 5 (21)

Finally, the eigenvalue density p(z) is called regular if h(z) # 0 for all x € J and the
inequalities (17)—(19) are strict. Otherwise p(x) is called singular.

A basic property of multi-cut matrix models in the large N limit is that (14)-
(16), which determine the endpoints of the support of the eigenvalues, admit a natural
interpretation in terms of Whitham hierarchies of quasiclassical integrable systems. In this
section we describe the elements of the theory of Whitham hierarchies on hyperelliptic
Riemann surfaces which are required for this interpretation.

doi:10.1088,/1742-5468,/2010/03/P03023 5
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Figure 1. Homology basis.

2.1. Hyperelliptic Riemann surfaces

Let us denote by I' the hyperelliptic Riemann surface associated with the curve

2s

w2 :H(z_ﬁz) (22)

i=1

The two branches wi(z) and wy(z) = —w;(z) of the function w(z) characterize I' as a
double-sheeted covering of the extended complex plane:

The following coordinate systems constitute an atlas for I':

koo, = 271, for @ near co;, 1=1,2 (24)
kj = m, for @) near (0, 3;), (25)
k=z, for () near any )y & {001, 002, (0, 5;)}. (26)
where j = 1,...,2s. The homology basis {a;, b;}:_; of cycles in T is defined as shown in

figure 1.

The Whitham hierarchies describe certain deformations of the Riemann surface I'
induced by functions 5; = B;(to,t1,...) in such a way that a suitable set {d€2;}72, of
Abelian differentials on I' can be derived from a ‘potential’ dS, i.e., d€, = 9, dS.

We denote by d€)y the third-kind normalized Abelian differential whose only poles
are at co; and 009, and such that

(1 + 0(22)> dz, Q — 00,

z

d(Q) = (27)

(—% + O(zz)) dz, Q — 009,

where here and hereafter it is assumed tacitly that z = 2(Q). For kK > 1 we denote by
d€ the second-kind normalized Abelian differential whose only pole is at ooy, and such

doi:10.1088,/1742-5468,/2010/03/P03023 6
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that

dQ%(Q) = (k2" + O0(27%)) dz, Q — o0y. (28)
Note that the usual normalization conditions

fko:O, 1=1,...,s—1, (29)
determine the differentials d€)j, uniquely [24,25]. It is easy to see that

k _ Pk(Z)
dQ, = | = 2" d k>0 30
k (2 z + w(z) ) Z, - Y ( )
where Py (z) are polynomials of the form
k’ s—2
Pk(Z) = (5190 + 5) (Zkil wl(z))@ + ZO Cli z" (31)

and the coefficients ¢;; are determined by the normalization conditions (29). We give
explicitly the first polynomials for s = 1 and 2 which will be used in section 5.

Case s=1. For s =1 we have

A = (B 5 ) (VGG - ) (32

so the first few polynomials are

Po(z) =1, (33)
Pi(2) = 52— 3 (B + ), (34)
Py(z) = 2* =5 (B + B2) 2 — § (B — Bo)*. (35)

Case s =2. For s =2 we have

A = (Bt 5 ) (FVE =G = Bl = G = 5) +an, (30

2

where the coefficients ¢ are determined by the normalization condition
/53 P, ( .T) .

. V(&= 01)(x — ) (z — B3)(z — fa)

Using the elliptic integrals in appendix B we find

x = 0. (37)

Po(2) = 2= Ba+ (Ba— 53)2((?5)7 (38)
PU=) = 52 = 100+ B Gact B2 5 (B B+ B )+ 5 (B = B = )
(39)

doi:10.1088,/1742-5468,/2010/03/P03023 7
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Figure 2. Fundamental domain.

where K(s), E(s) and II(r, s) are the complete elliptic integrals of first, second and third
class, respectively, and

G5 =P o — (Ba = B1)(Bs — B2) (40)

"B (Bs — B0) (Bs — )

Our next step is to define Abelian integrals €2, associated with the preceding Abelian
differentials in such a way that (0, ) dz = d€. We first deal with the generic case
{dQ;}22, and then consider separately the special case of d2y. If we let all the basic
cycles {a;, bi}f;l pass through some fixed point and cut I" along these cycles we determine
a simply connected domain I'g, the so called fundamental domain of I" (figure 2). Thus,
by restricting our integration paths to T'g — {oo1} we can define single-valued Abelian
integrals

Q
Qk(Q):/ A + Ly, k> 1, (41)

02

where the z-independent term Ly is

Q
Ly = th (zk — / ko> : (42)

Note that from (28) it follows that

Q

and therefore
Zk+0(z_1)a Q_> 1,

B k> 1. (44)
Lk + O(Z )7 Q — 002,

Qk(@) = {

In order to define a single-valued Abelian integral associated with d€)y we fix a path
¢o in Ty connecting oo with ooy, and a complex number 2, such that both regular points

doi:10.1088,/1742-5468,/2010/03/P03023 8
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O O

91 €o o2

Figure 3. Path .

Q1 = (wi(20), 20) and Q2 = (w2(20), 20) are in ¢ (figure 3). In this way we define the
single-valued integral

Q(Q) = /Q (dQO ;& ) + Lo —log (= — 20), (45)

002 zZ— 20

where the integration path is in 'y — ¢g, the constant term L is defined by

) @ dz
Lo= lim (2logz— dQo + : (46)
Q—0o01 009 Z— 2

and log stands for the principal branch of the logarithm. Note that with this construction

dz

Z — 20

dQy + = O0(z7 %) dz, Q — 00s. (47)

Therefore the integral in (45) is convergent and path independent in I'g— ¢y because all the
poles of the integrand are in ¢y and consequently the sum of the corresponding residues
vanishes. Furthermore,

Q
a/ (on+ dz >=— ! Ay (48)

020 J ooy z— 2 z2— 1z 0z

and consequently 4(Q)) is independent of zy. It follows easily that

(49)

QO(Q) = {1ng—|—(9(2_1), Q_)OOh

—log z+ Lo+ O(z71), Q) — 00s.

doi:10.1088,/1742-5468,/2010/03/P03023 9
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2.2. Whitham hierarchies

As we anticipated in the preceding section we consider deformations of the Riemann
surface I" induced by functions §; = 3;(to, t1, .. .) such that

These equations are the Whitham equations for the differentials df), and are the
integrability conditions for the existence of a meromorphic differential dS satisfying

0, dS =dQ,, k>0 (51)

Hereafter we will use the vector notation 8 = (04, ..., fas), and t = (tg, t1, 12, ...), and so

B = B(t).
Integrating (51) with respect to all the deformation parameters and enforcing the
normalization conditions

!%dS:Q i=1,...,s—1, (52)

we infer the existence of a unique normalized differential dS whose only poles are at oo,
and ooy with expansions of the form

(Z kty 25+ %O + O(z2)> dz, Q — o0,
as(6,Q) = ¢ \i=1

<_t;0 + 0(22)> dz, Q — 00o.

(53)

Our next goal is to pass from this differential to its corresponding Abelian integral.
Thus, from (41), (42), (45), (46) and (50) we obtain

3tj Lk - &gk L_]a j, ]{] Z O, (54)
and therefore

atj Qk - atk Q_]? j) k Z 07 (55)
which are the Whitham equations for the Abelian integrals (4 (t, z). Consequently, if we
define by

Q
S(t,Q) = / (dS + toz ~ ) + L(t) — to log(z — 20) (56)
009 - <0

the Abelian integral on I'y — ¢y corresponding to the differential dS that satisfies the
conditions (52) and (53), and if L is such that

Oy L = Ly, k>0, (57)
then (51) implies at once that

9, S(t,2) = O(t,2), k>0 (58)

k

doi:10.1088/1742-5468/2010/03 /P03023 10
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Moreover, by adjusting a constant term in L we deduce that the function S has the
asymptotic expansions

Ztkzk—i—to logz—z%ﬂ, Q — oo,

a 12°
E>1 i>1

vy — to logz—i—z ZH Q) — 00s.

i>1

S(t,Q) = (59)

The most basic object of the Whitham hierarchy is the quasiclassical 7-function
T(t) = exp F(t). It is characterized [11] by the equations

oF
Vit1 = %, i Z 0, (60)

where the functions v; are the coefficients of the expansion of S given in (59). We prove
in appendix A that

F(t) = i,ij(z) dS(z) + to vy = Zt Vi (t (61)

41
>0

where ~y is a large anticlockwise oriented loop which encircles J in I';. Note that the
calculation of the 7-function requires knowledge of the vy coefficient, which in turn requires
the construction of Abelian integrals and not just of Abelian differentials. In the next
section we will see that F' is precisely the free energy in the leading nonoscillatory factor
in (8), and that v; is the Lagrange multiplier in (4).

3. Solutions of Whitham hierarchies underlying multi-cut matrix models

The purpose of this section is to prove that given a family of matrix models with a fixed
number s of cuts, then the differential

ds = % (V'(z) + (I‘;((Z)@w(z)) dz — % (V/(2) + h(2)w(2)) d=  (62)

is the normalized solution with asymptotic behaviour (53) of Whitham’s equations for a
finite number of deformation parameters ¢y, 1, ...,%9,. Here tx = =T and t;,...,ty, are
the coupling constants in the potential (2).

First note that (14) simply means

fdszo, P=1 . s—1 (63)

If we write dS in the form

s = 1 (V’(z) G (V/(Z))ew(z)) dz, (64)

2 wi(2)

where (f(2))s = f(2) — (f(2))a, and recall that w;(z) ~ 2° as z — oo, then it is obvious
that (15) and (16) imply

(V'<Z>)ew1<z>=—2ﬁ+0< ), oo, (65)

wy(2)

doi:10.1088/1742-5468/2010/03 /P03023 11
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or, equivalently, that dS has the asymptotic expansions

2p
(Z kty 22+ fo + O(z2)> dz, as Q — 001,
dS(@Q) = 3 \k=1 )

(66)
(—%0 + (9(2_2)) dz, as Q — 00s.
Moreover, in terms of the local coordinate k; near a point (0, 5;) we have that
z=k2+ 3, dz = 2k; dk;, (67)
and so
dS = O(k;) dk;, k; — 0. (68)

Hence the differential dS has poles at co; and ooy only, and from (66) it is clear that

2p

dS =) "t dy. (69)
k=0

Differentiating (66) with respect to tx(k =1,...,2p), it follows that

k—1 -2
as@ {5, 0TV e ™
Furthermore, (68) shows that near (0, 5;)
Oy, dS = O(1)dk;, k; — 0. (71)
Hence, since the aq;-periods of d;, dS vanish, dS satisfies the Whitham equations
O, dS = dQy, E=1,...,2p. (72)

The case k = 0 can be proved similarly.
As a consequence of (62) and (69) we obtain an important identity which for later
reference we state making explicit the dependence of P, h and w on the endpoints 3:

> tkPi(z,B) = 3h(z, B)w(z, B). (73)

k>0

3.1. Hodograph equations

If we set z = ; in (73), we find that the solutions of the Whitham equations (51) associated
with multi-cut matrix models satisfy the hodograph type equations

2p
> tPu(5:,8) =0, i=1,...,2s. (74)
k=0

doi:10.1088/1742-5468/2010/03 /P03023 12
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These equations can be stated in a geometric formulation [12, 13] if we recall that in terms

of the local coordinate k;(t) = \/z — 5;(t) near (0, 3;), we have that for all £ > 0
2P:(5:, B)
[1.:(8 = B)

Hence, equations (69) and (74) imply that
dSlos) =0, i=1,...2s (76)

dQ =

Thus the solutions of (74) determine zeros of the differential dS. Moreover, equating the
principal parts of 9;, d€Q;, and of d;, d€2; at the poles (0, 3;) and taking into account that
O, dk; = (0y, B;/2k?) dk;, we find that (74) represents the hodograph transform [26] for a
compatible set of diagonal hydrodynamical systems given by

0,0 = Mﬁtlﬁia k>0. (77)

Pl(ﬁzaﬂ)

These are the Whitham equations in hydrodynamic form.

3.1.1. Ezample. The simplest non-trivial example that we may consider is the quartic
even potential [6]:

V(z) =120 =22 (78)

4

Its associated hodograph equations (74) are
1 Pi(Bi,B) — Pa(Bi,B) = T Po(53;,8) =0,  i=1,...,2s. (79)

According to the bound (21), as T' changes there are only two possibilities for the number
of cuts: s =1 or 2. For s = 1 the hodograph equations (74) read

—256 T +353) — 50, — 20 3 B2 — 6 57 05 — 4 B B3 — 96 5} + 323 + 64 51 B = 0, (80)
—256 T+ 350y — 506, —20 f3 f1 — 6 55 57 — 4 82 B} — 96 35 + 3237 + 64 52 f1 = 0, (81)
and the function h(z) is given by
z 1
h(z):22"‘5(51+52)+§(3512+3522+25152)—2- (82)

Imposing the symmetry condition § = —/f;, the hodograph equations reduce to the single
equation

2T + 6 — 561 = 0, (83)

which leads to the solution

glz_%\/1+\/1+3T, 52:%\/1+\/1+3T, (84)

which is real and satisfies 3; < (5 for all T" > 0. However, the corresponding function
h(z) takes the form

2
2
h(z):z2+%—2222+§(1+\/1+3T)—2> (85)
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and, obviously, is strictly positive on the real axis only for 7" > 1. Furthermore, we have

—la® = BV, forx < By,
w4 (7)) =1 ila? — 12|1/2, for 31 < a < 3 (86)
|2? — B}|'2, for 3 < w.

Hence for T' > 1 the functions (84) are the endpoints of the support of eigenvalues, since
p(x) > 0 for all x € (41, F2) and the inequalities (17)—(19) are strictly satisfied.

If for s = 2 we impose the symmetry relations 5, = —(1, 03 = —fs, the terms ¢y
with even & in (36) vanish and the hodograph equations (79) reduce to the system

By (2T — §61 — B3 + 50 + B + 16153) =0, (87)

By (2T + B + B3 — 363 — B + 16163) = 0, (88)

which supplies the following solution of (74):

Bi=—\20+VT),  B=—\/201-VT), (89)

Bs=1/2(1 =VT),  Ba=+/201+VT). (90)

Moreover, in this case h(z) = z and

|(x% — BY)(a? — B3)|"/2, forx <3, or x> fy,
) il 512)(962—63)\1/2, for p) < x < f3y,
=N s @)@t - @ forf<a < 1)
i|(a® = B7) (2% — B3)|'2, for B < x < fs.

Hence for 0 < 7" < 1 the functions (89) and (90) are the endpoints of the support of
eigenvalues, since p(z) > 0 for all x € (4, 52) U (Fs, B4) and the inequalities (17)—(19) are
strictly satisfied. Therefore there is a merging of two cuts at T" = 1. Note finally that
the functions (8, 32) of the s = 1 sector have a C'-smooth matching with the functions
(01, B4) of the s = 2 sector at T'= 1. Indeed, for s =1 we have

Br==2-HT—-1)+(T—-1)>+0(T-1)%. (92)
while for s = 2

br==2-HT-1)+Z(T-1)>+0(T-1)%. (93)
Notice that the matching is C'! but not C?.

3.2. An alternative approach for determining the eigenvalue support

Except for the simplest examples, the system of hodograph equations (74) is extremely
difficult to solve, even by numerical methods. Our strategy for dealing with this difficulty
is to take advantage of a particular feature of the solutions of the Whitham hierarchies
associated with matrix models: the functions J;(t) satisfy a system of first-order ordinary
differential equations which will provide not only a practical numerical method but also
analytical estimates for studying the asymptotic behaviour near critical temperatures.
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From (62) and (69) it follows that
P.(z B)
(2716) w1(2718)2’

where n = 0,...,2p. Then, equating the residues of both sides at z = 3; (i = 1,...,2s)
we get

O, log(h(z, Bur(z, B)) = 2 (94)

4Pn(ﬁi> /8)
(ﬁza /6) Hj;éz(ﬁz - ﬁj)

By construction this is a compatible system of first-order ordinary differential equations
which is satisfied by the endpoint functions. Therefore, if we can find a solution (3(tg)
of the hodograph equations (74) at a certain value ty of the deformation parameters,
then this B(to) will supply a set of initial data for solving the system (95) and determine
completely B(t) in a region of constant s.

We stress that the first-order ordinary differential equations (95) in fact imply the
full system of hydrodynamic Whitham partial differential equations (77). Furthermore, if
we denote by xy,...,z,_1 the roots of Py(z,3), then the n = 0 member of (95) reduces
to

atnﬁi = _h (95)

ATL 20 (8 — )
(ﬁia 5) H];éz(ﬁz - ﬁj)7

which are the Bleher-Eynard relations (A.13) in [7].

00 = (96)

3.3. The relation between the T-function and the free energy

We now establish the relation between the 7-function and the nonoscillatory factor of the
partition function of the matrix model in the large N limit. From (69) and (72) we deduce
that

2p
> 0, dQy, = 0. (97)
k=0
As a consequence the functions Ly defined in (42) and (46) satisfy
O, L(t) = L, n=0,...,2p, (98)

n

where
2p
L(t) =)t Li(t). (99)
k=0
Thus the Abelian integral (56) corresponding to the differential (62) is
2p
S(6,Q) =D tuhl(t, Q), (100)
k=0

and has the asymptotic behaviour given by (59) with
v1(t) = L(t). (101)
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In particular we get that v, satisfies
O, V1 = Ly, n=0,...,2p. (102)

To relate the function S to the eigenvalue density p(x) of the matrix model we prove
that the restrictions S; of the function S to the sheets I'; (i = 1,2) of the Riemann surface
can be written in the form

Si(t,2) =V (t,2) + 1o / p(x)log(z — x) dx, (103)
J
So(t, 2) = v1(t) —to / p(x)log(z — x) dx. (104)
J
We begin by noticing that the derivatives of S; with respect to z are given by
1 V'(2)
A = v 105
s =3 (Vi + (5ng) m). (105)
Sy(z) =V'(2) — Si(2). (106)
Thus, the boundary values of Sj(z) on the real axis satisfy
(V(x)) wy (), forz e J
S (z +i0) — Sj(z —i0) = wi () ) (107)
0, for z € (—o0,00) — J.
Hence
Si(z) =V'(2) + to/ olz) dz, (108)
JE—x
SL(2) = —t / ) 4, (109)
2 jEi—x

Therefore, taking into account the normalization of p(z) and (59), our equations (103)
and (104) follow. Moreover since the function S is continuous in I'g — ¢y (cf figure 3) we
have

S1(z +10) = Sy(z —i0), for all x € J. (110)
Thus, using (103), (104) and

log(z —y +10) + log(x — y —i0) = 2log |z — y|, (x #vy), (111)
we obtain

vi1(t) =V(z) + QtO/J,o(y) log |z — y| dy, x e J (112)
Therefore

0(®) = [ ) dr = [ Vo2 [ [ p@pogle—ylasan. 13)
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Moreover, (12) and (62) imply that

f\/(z) dS(z) = %fV(z)h(z)w(z) dz (114)

Y Y

= —/JV(x)h(:p)wH_(x) dz (115)

:27Tit0/JV(x)p(x) dz, (116)

and we are led to the main result of this section, namely

F(t) = log 7(t) — ﬁfw )dS(z) + t—%l

:—T/V(7 dx+T2//log\x—y|p z)p(y) dz dy, (117)

where in the last equation we have substituted ¢, by —T.

4. Phase transitions in multi-cut matrix models

For a given fixed potential let us denote by I, the set of values T" > 0 such that the
eigenvalue support J has exactly s cuts and the corresponding eigenvalue density is
regular. These sets correspond to the different phases of the matrix model. Common
boundary points of two sets I, and I, ; mark phase transitions in which the number
of cuts changes in one unit. Our next goal is to match pairs of solutions of Whitham
hierarchies to characterize critical processes.

Hereafter we will use a superscript ‘(s)’ to distinguish objects corresponding to
different multi-cut cases. Using our new, more explicit notation, we recall that for each
T € I, the endpoints of the eigenvalue support

B(T) < BNT) < -+ < BR(T), (118)

satisfy the hodograph equations

(2

TP (5, BY) ZtP BY)Y=0, i=1,....2s (119)

As we mentioned in the preceding section it is extremely difficult to characterize
BY¥(T) from this system. Thus, we will take advantage of the n = 0 member of the
system (95)

() _ 4 P ;ff)ﬁ(s))
hO(B, B T (B — B2

where the dot denotes a derivative with respect to T

k=1,...,2s, (120)
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T T T T T T

Figure 4. Evolution of the endpoints for the quartic even potential.

4.1. Phase transitions with I, — I;44

In this section we will use matched solutions of Whitham hierarchies to describe a type of

critical process in which two consecutive endpoints ( l(s), ﬁ(s)

)11) of the eigenvalue support
coalesce at a critical temperature T" = T, and such that:

i) The remaining components of B and of 3(*) match continuously with the
g p y
corresponding limits of ,6(5_1) and ,B(S_l).

(ii) The first and second derivatives OpF and OprF' of the free energy are continuous at
T="T..

If we denote by ,Bgs) and Bis) the limits of the endpoints and their T-derivatives as T' — T,
these conditions mean that

() 5(s)
B(s) _ B(S) (ﬁ(sfl) ﬁ'(s—l)) _ { (60,]660,]@)7 1<k<l, o)
ol = el ok 0 Pek o (s) 5(s)
(ﬁc,k+2’ 66,19—}—2)7 [ <k<2s—2.

As an example of this notation, the phase transition in figure 4 corresponds to the case
s =2,1=21in (121), where the red labels correspond to the ‘(2)’ phase, the blue labels
to the ‘(1)” phase, 552) merges with ﬁf), ?) matches BS), and Bf) matches ﬁél).

As we will see, our method for characterizing these processes is based on the important
identity (73) and the following property of the polynomials Py (see theorem 3.5 of [19]):
given B (s > 2) such that for some [ =1,...,2s — 1

b = B =5, (122)
then the following identities hold:
PI(z,B9) = (z = ) P V(= B857Y), k>0, (123)
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where

(s) 1<k<l
B;fffl) _ ’E>’ = : (124)
Bilss [ <k<2s—2.

We give some simple examples of identities (123) which can be directly verified and that
will be used later.

4.1.1.  Ezamples. Consider the polynomials P]?)(Z,ﬁm)) (k = 0,1) with 8@ =
(61,8, 0,04). From the expressions (38) and (39), taking into account that [y = 3
implies r = s = 0, and that [27]

T

E(0) = K(0) = I1(0,0) = —, (125)

\)

we deduce at once the identities
PP(2,89) =2~ = (2 - B) PV (2, 8V), (126)
PPz, %) = (2= B) (32— 1B+ 1) = (2= B) P{V(z,8Y). (127
Likewise, consider the polynomial P0(2)(2, ,8(2)) with B® = (61, o, 8, 3). Now (B3 = (34

implies r = s = 1, and from the asymptotic approximation (C.30) of appendix C it follows
that

) II(r, s)
i ((m - g ) 0. (128)

Hence, (38) implies
P (2,8%) = 2 = 8= (2= B) P (2, 8"). (129)
4.1.2. C'-matching of eigenvalue supports. For the critical processes that we are considering

the limit values B((:q) (¢ = s,s — 1) of the endpoints of the eigenvalue support satisfy the
hodograph systems

2p
T.R" (B, 89) = S 6 PO(BY. W) =0, i=1,...,2. (130)
k=1

Since B verifies the hypothesis (122) then from (123) we deduce that

B (2 8Y) = (2= 8) BV (= 807Y), (131)
As a consequence we have

PO, B = (B =) PV BT, =12 (182)

Hence, the hodograph equations (130) for ¢ = s and ¢ = [, [+ 1 are trivially satisfied, while
the remaining equations reduce to the system (130) for ¢ = s — 1. Thus, the hodograph
systems are compatible with a continuous matching of the endpoints of the eigenvalue
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support,

k 1<k<l
(5) — (8—1) kj — ) - ’ 1
Bc,k Bc,]g/ ) { ke — 2’ [+2 < k < 2s. ( 33)

We notice also that (73) and (131) imply
VB

h(
hO(z, BY) =

134
o — /8 ) ( )
and therefore the continuity of the eigenvalue densities at the critical point follows
P, B) = p D (, BEY). (135)
Furthermore, from (120), (132) and (134) we deduce that
5(/2 4P(8)(5§k76(8))
BB BE) T (B3 = 07
ORI
WD (G5 BE ) T (B = B57Y)
=850, kAL, (136)

which shows the C! property for the matching of the eigenvalue supports.

4.1.3. The order of the phase transitions. We will now prove that these critical processes
are, generically, third-order phase transitions.

Consider the behaviour of the derivatives of the free energy (117) with respect to T°
as T'— T. £ 0. From the expression for the free energy (117) and from (135) it is clear
that F' is continuous at 7.. Now (60) and (112) imply

OF (T
D o=@+t [ o) ogle sl wes (a1
oT J
0*F Q dz
— = — =Lo= 1 21 — Q ) 1
577 Orvy 0 Qigl( 0g 2 /002 (d 0+z—zo)> (138)

Therefore Or F is also continuous at Ti. and from (30) and (123) it follows that

PFOT)  PFC(T) /W BT BB o (50
_ — — z =
o2 o2 sor \wCD(z,B887Y)  w@(z, B
which shows that OppF' is continuous at 7.
Finally, as a consequence of (138),
PF =1 9dQy 8dQO
- = — 14
SR M i D (140
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and using again (30) and (123),

9d0y §doi
BY) =2 (2,807Y),  jALI+1L 141
S P = S (e (141)
Therefore, the jump of the third derivative is
PBFET,)  PBFEI(T) o1 8y 9, 8y
< — L= li : 142
T3 T3 /Oo ) o 5 B 5 ﬁz(j_1 ﬁz (142)

As we will show with an explicit calculation in section 5, this jump is in general different
from zero and, consequently, these processes represent third-order phase transitions.

5. Phase transitions I; <~ I,

In this section we first particularize our previous analysis to the case in which T, is a
common boundary point of two regions I; and [, and then apply these results to the
matrix model corresponding to the Bleher—Eynard potential [7].

For s = 1, (32) implies that the hodograph equations (119) can be written in the form

((F-ve) w%”(z,,@“»)@

W (2, 89) = /(2 - BV (2 — B, (144)

Moreover, (120) reduces to

-0, =12 (143)
z:ﬁgl)

where

21 _ 4
RO, B0 — 6) e
2(1) _ 4

(146)

2

@Y, B0 (5" - 4y

Similarly, from (36) it follows that the hodograph equations (119) for s = 2 can be written
as

(@ vo)oresm)|_somsmeo imiass o
z ® Z:ﬁlgl)
where
w? (2, 89) = /(2 - 82)(z - B2)(z — B2) (= — BD), (148)
and
(2) (2) (2) (2)
v gy WO = =5
2 K(s(8P))
(2)
3 E o (2) ) > dz
N /ﬂgm (ERCE e (149)
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Although these hodograph equations are extremely involved, the corresponding ordinary
differential equations (120) for B? are much simpler. Indeed,

) 4% — c(8?))

T ) L ey 0
where
oy _ 808
I chy ) 151
(5(2) _ 5(2))( 2 _ 5(2))
s =s(B%) = (532) - ﬁiz))( Z(ig) - 522))’ (152)
and
C(8%) =87 = (07 = A7) I;((ZS)' (153)

As we have seen in the preceding subsection the second derivative OppF' of the free
energy (the specific heat)

O*F ) Q dz
W:nggm (210gz—/002 (dQO+Z_ZO)>, (154)

is continuous at T' = T,,. Then for a transition I; < Iy it can be calculated from the limit
value of OprF'M). In this way, integrating from oo, to 0o; along the path shown in figure 5
and taking into account that

dz

aal) = : (155)
1 1
VG = B9z — 80)
we get
82F(T ) (1) _ ﬁ(l)
£ =2log 22— 156
aT? 6Ty (156)
5.1. Merging and birth of cuts in the Bleher—-Eynard model
The Bleher-Eynard potential [7]
Vizg)=12'—%ca®+ (25 —1)2° +8cu, —l<e<], (157)

defines a matrix model exhibiting interesting critical processes. According to the upper
bound (21) there are two possible phases s = 1,2 only. In these cases it follows easily that

1), 40\ ?2
5
h(z,80) = (Z —aer AL Z@ ) + 15 (07 + 55")?
— 1B —c (g + V) — 2, (158)
and
W (z,82) = 2+ (8P + 82 + 82 + ) — 4e. (159)
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Figure 5. Integration path from coy to cog.

Merging of two cuts. We first look for a particular solution of the hodograph equations.
A direct calculation shows that

2T
((— — V’(z)> w%l)(z, ﬂ(l))> =2T — 2" +4cz(2? —4) —4(* - 1)22 + 8¢ — 2, (160)
z
&
and as a consequence it is easy to see that at T, = 1+ 4¢? the hodograph equations (143)
are satisfied by BV = (ﬁéll), ﬁg) = (—2,2). Moreover, we have
W (z,BY) = (z — 2¢)%, (161)

so the eigenvalue density vanishes at x = 2c¢ € J. Hence 7 is a common boundary point

of I and Iy, and the endpoints (ﬁéz),ﬁ:gz)) of the eigenvalue support for s = 2 tend to
B =2casT — T, in I;. Thus

B =-2, pB=p%=p  p9=2 (162)
and
r(B?) =s87)=0,  h(BY) =z2-5 (163)
with -2 < f=2c< 2.
From (145) we obtain
) ) -1 ) ) 1
(2) (1) (2) (1)
Bc,l Bc,l (5 + 2)2a 5074 ﬁc,Q (ﬁ _ 2)2 ( )
If we write
1), 4\ 2
W (z, ) = (z —2c+ w> +a(B8Y), (165)
where
2
a(BY) = & (87 + 87) - 187 B0 — e (8 + 8") - 2, (166)
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and use the expressions (164) for the velocities ﬁc(ll) (1=1,2) we get

%Q(Q(U(T)) T ﬁ > 0. (167)

This implies that for 7" slightly to the right of 7. the function h()(z, 3M(T)) is strictly
positive for all real x and T is in [;. Consequently, if 7" is slightly to the left of 7. then T’
is in I5. Therefore, the critical process at T, represents a merging of two cuts.

From the expressions (164) for the velocities 592 it follows that as T'— T, — 0,

t t
BT =t~ 24 s BTt~ 2= (168)

whereas the expressions (150) for ﬁ'ém and B§2) become undetermined because ﬁl-m) —
C’(ﬂ@)), h(ﬁi(z),ﬂ) and Béz) — ?52) vanish.  However, we show in appendix C
(equations (C.6)—(C.16)) that

C(B®) ~ 7 + 5 (057 = 027, (169)
and therefore (150) leads to

7(2) 2
By~ h( 52),ﬁ(2))(ﬁé2) - §2))( 52) —Bf))’ (170)

2(2) 2
53 ~ h( §2),ﬁ(2))(5§2) . §2))( §2) —Bf))’ (171)

which implies the following asymptotic behaviours [7]:

2t1/2 2t1/2
DT —t) ~ = (2)Tc—t ~ B+ . 172
52 ( ) ﬁ \/m? 3 ( ) B 4—ﬁ2 ( )
Analysis of the third-order phase transition at T =T,. We have that
PF 1 0dQ2 <t 9 (P
_ _/ 0 _ _/ v 0(27/8) dZ, (173)
or3 0oy OT 0y 0T \w(z,B)

and it is clear that

ROAY)  PPEAY) =8 — a7 - (- 08®) (174)

w®(z,BY)  w@(z,8%) (2= p)V2" —4

If we now use the Taylor expansion at 552) = (ﬁfz), 52), 552), f)),

(2) (2)
\/(2— )z = 8) = (2 — o) LB =By

=5
3@ _ g @ _ gl2)y2
=z - —(8;_ <>>) + 08" = 87, (175)
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then, taking into account (C.3), we have that as T'— T¢,

Ve - a0 - coce) ~ g (-2 g ) -mt g

Hence it follows from (172) that

BB RY(B%) AT -T) ( : v )

J— ~ J—

w(z,80)  w®(z,8%)  (4-VE-4\(z=0)? (“A=F)(z-p)

Therefore integrating from ooy to ooy along the path shown in figure 5 we get

PFO(T) PF(T) 4 /°° dx
or3 ors  A-p2\J)y, (x—p)2Va®—14

(177)

B / e dx ) B 4 (178)
4=0 )y (z—p) Va2 -4 (4—p2)%
This equation shows that the third-order derivative of the free energy jumps at the critical
point [7].

Numerical calculations. In section 3.1.1 we have solved directly the simple hodograph
equations (80) and (81) for the symmetric quartic potential (78) in the s = 1 region
and, by imposing in advance the symmetry relations between the roots, we have solved
also the hodograph equations (87) and (88) for the same potential in the s = 2 region.
The symmetric quartic potential (78) is the particular case ¢ = 0 of the Bleher—Eynard
potential (157), but nonsymmetric (i.e., ¢ # 0) cases of this latter potential are not
amenable to the same direct procedure. The corresponding hodograph equations in the
s = 1 region are still purely algebraic, and with the help of a symbolic manipulation
program the solutions can be found implicitly among the roots a two-variable polynomial
equation of degree 12. The hodograph equations in the s = 2 region are already
nonalgebraic (the roots appear in the arguments of elliptic functions) and even a numerical
solution and identification of the roots seem to be extremely difficult. However, we
have shown that the roots also satisfy the system of first-order ordinary differential
equations (120), which is readily amenable to numerical integration. For concreteness
we will outline the procedure for the particular case ¢ = 1/2, which turns out to be
typical, and omit the superscripts (cf figure 6).

We take as our starting point the critical temperature 7, = 2 (marked by the rightmost
dashed vertical line in figure 6), for which we have already discussed the solution of the
hodograph equations. We have also shown that sufficiently small values of T to the right
of T belong to an s = 1 interval, and that at 7' = T, the system (120) for s = 1 is regular
(the denominators do not vanish). Therefore for 7" > T;. we can integrate the system (120)
directly with the initial condition £(T.) = —2, (2(7.) = 2. In this interval the system
is numerically well behaved and we obtain the two curves shown in figure 6. We have
checked that within our numerical precision these solutions coincide with two arcs of the
algebraic curve mentioned in the previous paragraph. Note also that the mere success of
the numerical integration does not guarantee that the system remains in an s = 1 region
and we have to study later the behaviour of the density of states.
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T T T T T T

Figure 6. Evolution of the endpoints for the Bleher—Eynard potential with
c=1/2.

Likewise, sufficiently small values of T" to the left of T belong to an s = 2 interval,
but at 7" = T, the system (120) for s = 2 is singular and we cannot start our integration
to the left simply with the initial condition 51(T%) = =2, (2(1e) = G3(Te) = 1, Bu(Te) = 2.
We circumvent this problem by taking as our initial point a value Ty = T, — ¢t with ¢
sufficiently small, and using the asymptotic behaviours (168) and (172) as initial values.
As the integration proceeds to the left we find that the solutions (3(7") and (34(7") coalesce
at a second critical temperature T, =~ 1.845097, where we find numerically a birth of
a cut. This second critical temperature is marked by the leftmost vertical dashed line
in figure 6. Incidentally, the computational effort required by the adaptive numerical
integrator increases as the integration approaches the Tt., where the system of differential
equations is again singular and the arguments of the ensuing elliptic integrals tend to
1. We have found that we can achieve higher precision if at an intermediate point, say
T = 1.85, we rewrite the system of differential equations using the relations [28, 29|

K(s):\/llTsK(Sil), larg(1 — )| < T, (179)
1 r S
H(T’S):(l—r)\/mﬂ(r—l’s—l)’ larg(l1 —7r)| <m, |arg(l—s)| <m,

(180)

to map the branch points of the elliptic integrals at 1 to —oo.

Finally, from 7. to T" = 0 we integrate again the nonsingular system of differential
equations (120) for s = 1 taking as initial conditions the values that we have obtained
in the previous step for 3;(7:) and (>(7¢.), and get the two curves shown in figure 6 that
coalesce at T' = 0. As a double check of this last step we point out that, within our
numerical precision, the solutions again coincide with two arcs of the degree 12 algebraic
curve mentioned previously. Moreover, the point 3;(0) = B2(0) can be calculated exactly,
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because it is the position [y, of the minimum of the potential V(x), i.e. the real root of
the cubic equation

S in — 4B + 2(2¢% = 1)Bain + 8¢ =0, (181)
or, using the Cardano formula,
4 28 1/3 42 46
Buin = 50+ 5= (—4¢" = 360+ 3V6VA) T+ cr . (182)

13
91/33 <—4c3 _ 360+ 3\/6\/5)

where A = 4¢* 4+ 22¢* — 1. In particular, for our case ¢ = 1/2 we find

1 7
Bin =5 [ 2— = — /37— 3V114 | = —1.26953, (183)
3 V/37 — 3y/114

in agreement with our numerical results.

We next use (12) and (13) to calculate the density p(x) in each of the three subintervals
0<T<T.(s=1),T.<T <T. (s=2),and T, < T < Tpax (s = 1), and verify that
p(x) > 0 for all x € J and that p(z) is normalized. To give a sample of our numerical
results, in figure 7 we plot the density as a function of the position x for the first critical
temperature T, ~ 1.845097, for a temperature 7' = 1.9 in the s = 2 interval, for the
second critical temperature T, = 2 and for a higher temperature in the second s = 1
interval 7' = 3. Within our numerical precision all these densities are normalized. The
transition from the first to the second plot illustrates clearly the birth of a cut; as the
temperature increases both intervals lengthen until at 7, = 2 they join in the third plot,
illustrating the merging of the two cuts; finally, in the last plot we see the normalized,
one-interval density after the two cuts have merged.

Finally, in figure 8 we illustrate the sufficient conditions (17)-(19). The figure
corresponds to the second plot of figure 7, i.e., to a temperature 7" = 1.9, for which
the solutions are 3; ~ —1.989, (3, ~ 0.646, 53 ~ 1.431 and [, ~ 1.870. Since this
temperature belongs to the s = 2 interval we have the three conditions

B1
/ h(x Yw;(z") da’ <0, for = < Gy, (184)
/ WY () e >0, for fh <z < fs, (185)
B2
/ h(z"w (") dx’ > 0, for = > (4, (186)
Ba

which correspond respectively to the three plots.

Birth of a cut. We have seen that temperatures slightly below 7. belong to a two-
cut region [I,. In the particular case ¢ = 0, the Bleher-Eynard potential reduces to
the quartic even potential studied in 3.1.1, in which this two-cut region is the whole
interval 0 < T" < T.. However, for ¢ = 1/2 the numerical integration of the differential
equations (120) has revealed a birth of a cut at a certain temperature ;. between 0 and 7.
According to the variational equations (4) and (5), as 7" — 0 the closure of the eigenvalue
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Figure 7. Density p(z) as a function of the position x for the Bleher-Eynard
potential with ¢ =1 /2 at four temperatures. The first two plots illustrate the
birth of a cut at T, ~ 1.845097; the last two plots illustrate the merging of two

cuts at T, = 2.
0.030 f ' ' E 1.0
0.025 B> < x < f33 1 08Ff
0.020 | 06l
0.015 |
0.010 | 04r
0.005 1 02r
. . . . . 0.000 £ . . . > ook : . . . . J
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Figure 8. Illustration of the sufficient conditions (184)—(186) for the Bleher—
Eynard potential with ¢ = 1/2 in the s = 2 region (7" = 1.9). The approximate
values of the endpoints are $; ~ —1.989, [y ~ 0.646, B3 ~ 1.431 and (34 =~ 1.870,
and the plots show the respective integrals as a function of x.

support reduces to the set of absolute minima of the potential V(x). But, except for
c = 0, this set is given by the single point Bni,, and then a birth of a cut must happen at
a certain 0 < T, < T¢ for all ¢ # 0.

We denote the endpoints of the support at the critical temperature 7' = T, by 3671,

B2, and B(EZ) = 5(524) — (3. Note that

%(2)

r(B7) = s(B7) =1, (187)

and

WO (2, 87) = 2+ 1 (B2 + %) + 5 — 4. (188)
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We prove in appendix C that as T — T,

I;((ZS) o (5;\/(5 ?g))ﬁl;g)igz; %222)) tanh ™ ( g:@ﬁ : (189)
As a consequence,

C@) ~ B, o)
Thus (145) leads to

ﬂmﬂ+”wﬂﬁ+mw@aﬁ%@g—@%@ﬁ—@’ o

BT+ 1) ~ B + i (192)

h@ (32, B33 - 3D (63 - 5)

In order to characterize the behaviour of 5§2) and Bf) we use (150), which now implies

2(2) _ A(1 —1II(r, s) /K (s))
T e P - P ) o
2(2) _ ATI(r, s)/ K (s)
T N B — AP ) o
Using (189) it is easy to see that (193) and (194) imply that
(8 = 557 log (B — 85357 ~ . (195)
(87 = 55) log (87 — 85”)) B ~ =, (196)
where
16 tanhil (\/(B - Bc,?)/(@ - Bc,l))
M — (197)
(45 + B + B — 8/ (B = ) (B — f2)
In this way, solving (195) and (196) yields [9]
(2) (7 5 t )"
B (Te+t) ~ B = (—27@) ; (198)
(2) (7 5 t o\
B (Te+1t) ~ B+ (‘27@) : (199)
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Analysis of the third-order phase transition at T = T,. In this case the difference between
the third-order derivatives of the free energy above and below the critical temperature
diverges [9]. Indeed, proceeding as in the analysis of the merging of two cuts we have

P odQy [0 Py(z,8)
L (s e .
PV B8Y)  PP(z8%) 1
(1)(27 /6(1)) w(2) (Z, ﬁ(Q)) (Z - B) \/(z - chl)(z - BQQ)
< (Vi 802 = 5 - (s - ™). (201)
We now use the following Taylor expansion at ,39) = ( f), 52), §2), §2)):
(2) (2)
Vie =82 = B) = (= — B 1 - @ Cid o
— B
Z(l2) B 5§2)

— 2By — +0(B7 -89, (202)

2
Furthermore, (189) implies that

~25ﬁcﬁﬁc) 3-8,
C(B?) ~ \/mg(@f)l o : tanh_1< f=h 2) (203)

Hence, we deduce that

V(2,8 PP (z8%)

N

w®(z,8Y)  w@(z,p?) ~ log(T —1T,) (204)
where
40/ (B = B.1)(B = B. =
5= \{(5 5 ,12(5 B, ,22 U < @ ﬁfv?) | 205)
(z — ﬁ)\/(z — Be1)(z — Beo) B = Bea
Therefore we find that the integrand of
@)(T; W (T
PFOT) _PEOT) (200)

ors  9T®
diverges as (T — T,)~" (log(T — T,))~2
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Appendix A. The 7-function of the Whitham hierarchy

In this appendix we prove that the free energy F' defined in (61) satisfies (60). The
derivative of F' with respect to ¢, forn > 1 is

O F = —— & ras(z) 4+ — f V(2),, (dS(2)) + %Oatnvl. (A1)

47i . 47i 5

We analyse separately each of the three terms of this expression. The first one is easily
evaluated using (59):

1 n o Un+1
e VZ dS(z) = 5 (A.2)

The calculation of the remaining terms is more involved. Using (51) we can write the
second term in the form

L f v, @se)) = 4% 7{ V(2)dQ, — 4% Zp: - 7{ A0, (A3)

471 5

Now, taking into account (28) and (44),

7{ A = (O)o A% = P (R)e )

v v

_ 7{ () d(Qn)s = — ]{ Qd (L)

v v

== $ Q0 d U+ ¢ 2 d(Un)o. (A4)
§mas. - §

v v

The first integral in the last expression can be transformed into an integral along the
boundary 6 I'y of the fundamental domain (see figure A.1):

f@ndgm = —f Q, d Q. (A.5)

ol ()

But using the normalization properties and the bilinear relations for Abelian differentials
dQy, [24,25] we have that

s—1
f Qd Q=) (7{ dqQ,, - fd@m—f s, - fd@n) =0. (A.6)
6F0 i=1 a; bl a; bl

Moreover, it follows easily that
and (U)o = ]{z”d(Qm)@ = ]{z"de. (A.7)
0l Y 0l

Hence, (A.4) implies that
y{zm dQ, = 742” dQ,,, (A8)
gl g

doi:10.1088/1742-5468/2010/03 /P03023 31


http://dx.doi.org/10.1088/1742-5468/2010/03/P03023

Phase transitions in multi-cut matrix models and Whitham hierarchies

ol

Figure A.1. Path ~.

and using (69) and (A.3) we finally obtain for the second term

L S vi)o, @se) = 4i 7{ dS(z) — 4’5—0 j’{ Q, dOy

4ri

; i i
Unt1 o

= —— ¢ Q,,d . A9

2 dri ’ (8.9)

To calculate the third and last term in (A.1) note that from (113), (44) and (27) it
follows that
1
atnvl = Ln = —— Qn dQ(), (A]_O)

2m o

where 7/ is a large anticlockwise oriented loop which encircles J in T'y. Now (A.2), (A.9)
and (A.10) imply
t
Oy F = vpyy — — Q,, dQy, (A.11)
4mi

n
Y+

and integrating along 61y (see figure A.2) and using again (29), we have

f Q,dQy = —7{ Q,, d€2
Y+ oo

s—1
=-> (7{ dQn-jfdQO—jf dQO.jf dQn) =0. (A.12)
i=1 a; b; a; b;

Therefore we conclude that

atnF = Unp+1, n Z 1. (A]_?))
Consider now the derivative of F' with respect to ty. From (51) and (113) we have
1 (%1 to
O F' = — ¢ V(2)dQy + — + —Lo. A4
WF = p VD At 55l (A.14)
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ol

Figure A.2. Paths v and ~'.

Moreover, following the same procedure as in the proof of (A.13),

7{ 2)dQy = t, j{QndQO Zt}z{szndszo 2 taLn, (A15)
Y

n>1 n>1 n>1

and therefore, using (101) we obtain

O, F = = ZtL —+2L0 (A.16)

which completes the proof of (60).

Appendix B. Elliptic integrals

The complete elliptic integrals of first, second and third kinds are given by

t
S):/ V1I—82V1—st? (B-1)
/ V1-—st? st2 : (B.2)
1— t2
dt , (B.3)
o V1I—=1(1—=rt?)v1—st?
respectively. In terms of these integrals,
/ﬁ3 dz _ 2K(s) ' (BA)
2 \/(ﬁ—ﬁl)($—ﬁ2)($—ﬁ3)($—54) \/(53—51)(54—52)
/ﬁB xdx _ 2(ﬁ4K(8) + (ﬁg - 54)1—.[(7’, S)) (B5)
2 \/(ﬁ—ﬁl)($—ﬁ2)($—ﬁ3)($—54) \/(53—51)(ﬁ4—ﬁ2) 7
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2% dx

B3
/2 V(@ = B)(x — B2)(x — B3)(x — Ba)
1
- 2 Z_ 4 — M3 L, — 02)) K (s
s == 20— (B = B = B2 K (s)

— (B3 = B1)(Bs — B2)E(5) — (B1 + B2 + B3 + Ba)(Bs — B3)1(1, 5)). (B.6)

In our study of the merging of two cuts we need the Taylor series of II(r, s) /K (s) near
(r,s) = (0,0). From the integral representations (B.1) and (B.3) it follows immediately
that [27]

s 9s?

K(s):g<1+1+6—4+---), s =0, (B.7)

and

3r?2 952 3
n<r,s>:z(1+i+f+L+i+ﬁ+..), F0, s—0. (B3)

2 24" 8 "4 16
Consequently
11 1 3 1
f((?s§)=1+§r+gr2+1—67”8+~-, r—0, s—0, (B.9)

where the remaining terms are powers 7! s* of order [ + k > 3.
Similarly, in our study of the birth of a cut we need to estimate K (s) and II(r, s) for
(r,s) near (1,1). For K(s) we use the standard formula [27]

K(s) ~ —1log(1l — s), s — 1. (B.10)

The appropriate asymptotic expression for I1(r, s) is obtained from the inequality

V20(r, 5) 8m
I(r,s) — < , B.11
Y TR W vV Av sy ey ey (B
where 0 <r <s <1 and
[
0(r,s) = tanh ( ﬁ) : (B.12)
To prove (B.11) we note that near ¢ = 1 the integrand in (B.3) behaves as
1 1
VI- 21— r2)WI—s2 V214Vt s
« L | (B.13)
VI— (1 — /it)/1— /st
and that
/1 dt _ 20(r, s) . (B.14)
o VI=H1— Vi1 — ot I— i/ vr
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Furthermore, we have

M(r, ) — V20(r, s) _ ! f(rys,t)— f(r,s,1) &t
T T UL i v o T — i) st
(B.15)
where
f(r, s, t) = ! (B.16)
T VT4 )1+ st '
Now, for all 0 < r,s,t <1 we have the bound
|0uf (r,5,t)| <8 (B.17)
and so
0< f(r,s,t) — f(r,s, 1) <8(1—1), (B.18)
and since
! V-t
V< /0 (1 —/rt)\/1— /st &
_ /1 dt
—Jo (1= /rt)/1— /st
= 2 [tanl <7T1/4 ) — tan~! <—r1/4 1= ﬁ)]
rUNs = Vs =T Vs =T
< \7} — (B.19)

from (B.15) we deduce at once the estimate (B.11).

Appendix C. Asymptotic approximations in the merging and birth of cuts
In this appendix we consider the two-cut case only and therefore we dispense with the
superscripts.

Asymptotic approzimations in the merging of two cuts. We first prove the asymptotic
expressions (172) for 52(T") and (3(T"). Consider the function

c(8) = 61— (01—,

(C.1)

on a neighbourhood
U={BeR": |8 — B <di=1,...,4} (C.2)

of the critical point 3, = (=2, 3, 3,2) such that C(3) is analytic in U. Given 8 € U we
use (B.9) to approximate C'(3) by its Taylor polynomial at 3, = (1, B2, B2, 4) € U:

CB) = o+ 5= )+ 5 (1= 3t ) (Ba— B + O = )Y, (€3

8B4 — o
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In particular we have

1C(B) — B2 — 3(Bs — Bo)| < M(Bs — 32)?,  BeEU, (C.4)
where
1 0*C
=) o

Thus, as T'— T,
C(B) ~ fa+ 5 (s — Ba). (C.6)
Hence, (150) and (C.6) lead to

. 2
~ ) C.7
B 1B B — B (s = o) (€7)
s - (C3)
S (B, B)(Bs — B1)(Bs — Ba)’ .
or, equivalently, to
1 1 . 2
(5(51 + 01) + 5(352 + 03) — 25) Oa ~ (G —1) (C.9)
1 1 . 2
(5(51 + 01) + 5(353 + B2) — 25) Os ~ P-4 (C.10)
If we now set T'=T, —t in (C.9) and (C.10), substitute the approximations
: t
To—t) ~ —2— B (T)t = —2 , C.11
- t
T.—t)~2—04(T)t=2— ——— 12
54( c t) 54( c)t (5 IR 2)27 (C )
and look for a solution of the form
Ai a;+1 —
ﬁi(Tc—t)Nﬁ—mt , —1<a; <0, =23, (C.13)
then (C.9) and (C.10) imply
1 1 3A2 Ay A 4
_ A ta2+1 o 2 t2a2+1 2 3ta2+a3+1) ~ C.14
((ﬁ+2)2 (ﬁ—2>2) : (a2+1 T pog (O
1 1 3A2 Ay A 4
— Agtstl — [ 28 _g20sl | 1270 t“2+“3+1) ~ : C.15
(v~ mmgr) - (o™ + 24 Foi (O
The solution of this system of equations is
1 1
a2:a3:—§, Az:_ABITBQ’ (C16)

which completes the proof of (172).
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Asymptotic approzimations in the birth of a cut. In our next discussion all the functions
involved will be considered as T-dependent functions near 7,. We note that G, — 3 — 0
and

ﬁ4_ﬁ3 BCQ_Bcl ﬁ4_ﬁ3
1— 1 —gm o2 Pl — By, . C.17
R BB P T, O
Thus from (B.10) we get
K(s) ~ —3 log(Bs — fs). (C.18)

Let us look for an asymptotic approximation to II(r, s) near T.. Taking into account that
as T — T,

(ﬁlaﬁ%ﬁ&ﬁé&) - (Bc,lch,27B7B>7 (C19)
o 53 - 52 N
=G5 1L (C.20)
_ BB
=5 51 — 1, (C.21)

3—7":53—52 5 ﬁcz
L=r B3_ﬁ1 B Bcl

\/g \/’F §—T 1+\/_ B_BC,Q
T=Vr 1=rvavE G 2

0(r,s) — tanh ™" < b= ﬁf’2> , (C.24)

(C.22)

we find that

8 ( V20(r, 5) >_1
T/ s = \V1+Vs(L+VrV1—r/s—r

:87n/1+\/§(1+\/F)\/1—\/F_>0 (C.25)
r1/4y/20(r, s) . '

Therefore it follows from (B.11) that
V20(r, s) .
VIEAT VNI T

II(r, s) ~ (C.26)

Moreover, we have that

ViS5 v ca1)

and so (C.26) can be rewritten as

tanh (/G — )/(1 1))
Vi1
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Then, using (C.17) it follows that

VB-8.00 -2

II(r,s) ~ 5 tanh (C.29)
which together with (C.18) leads to
2 3 — Nc 3 — Nc
II(r, s) o \/(5 Bea)(B = Be2) tanh (C.30)

K(s) (Bs — Bs) log(Bs — Bs)
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