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It has been recently shown that the double exchange Hamiltonian, with weak antiferromagnetic interactions,
has a richer variety of first- and second-order transitions than previously anticipated, and that such transitions
are consistent with the magnetic properties of manganites. Here we present a thorough discussion of the
variational mean-field approach that leads to these results. We also show that the effect of the Berry phase turns
out to be crucial to produce first-order paramagnetic-ferromagnetic transitions near half filling with transition
temperatures compatible with the experimental situation. The computation relies on two crucial facts: the use
of a mean-fieldansatzthat retains the complexity of a system of electrons with off-diagonal disorder, not fully
taken into account by the mean-field techniques, and the small but significant antiferromagnetic superexchange
interaction between the localized spins.
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[. INTRODUCTION shown that the competition between the double exchange
and the AFM couplings leads to phase separation into AFM
Doped manganites show many unusual features, the moahd FM regions, suppressing the existence of canted
striking being the colossal magnetoresistatf€¥R) in the  phase$®~8 In addition, the double exchange mechanism
ferromagnetic(FM) phase:™ In addition, the manganites alone induces a change in the order of the FM transition,
have a rich phase diagram as a function of band filling, temwhich becomes of first order, and leads to phase separation,
perature, and chemical composition. The broad features cft low doping!® Note, however, that a systematic study of
these phase diagrams can be understood in terms of thRe nature of the transition at finite temperature was not ad-
double exchange modelDEM),*® although Jahn-Teller dressed until recentRf, despite its obvious relevance to the
deformation8 and orbital degeneracy may also play a role. experiments. In fact, in Ref. 20 it was shown that a small
A remarkable property of these compounds is the existencRFM uniform superexchange interaction between the local-
of inhomogeneities in the spin and charge distributions in azed tpq Spins is crucial to understand some of the more
large range of dopings, compositions, and temperaflités. relevant features of the phase diagram of the manganites. In
In fact, for materials displaying the largest CMR effects, theparticular a first-order phase transition is found between the
size of the phase-separated domains is so Iarg@.5 um  PM and FM phases in the range-0.2—0.5. This transition
(Ref. 9], that the electrostatic stability of the material should does not involve a significant change in electronic density, so
be addressed by theorists. At band fillings where CMR efthat domain formation is not suppressed by electrostatic ef-
fects are presentx~0.2—0.5, these compounds can be fects. Therefore, we find a phase separation of a rather dif-
broadly classified into those with a high Curie temperatureerent type of the previously discussed, not driven by a
and a metallic paramagneti®M) phase, and those with charge instability, but by anagneticinstability. In addition
lower Curie temperatures and an insulating magnetigo this phase transition, we recover those previously dis-

phasetl~13 cussed.
The double exchange mechanism was introduced by In this work we give a detailed exposition of the varia-
Zennef through the following Kondo lattice type model tional mean-field techniqd® and emphasis is made on the

importance of the Berry phase for the existence of first-order
phase transitions near half filling. We have been able to
achieve a more complete description of the phase diagram
than in previous work, because we have taken full profit of a
wheret and Jy, are, respectivelyey electron’s hopping and very particular feature of the DEM, namely, fermions are
Hund'’s coupling between the; and the localized,, elec-  bilinearly coupled toclassicaldegrees of freedortthe Mn
trons responsible for the core s sping. This allows us to trace out the fermions, thus obtain-
WhenJy is larger than the width of the conduction band, ing a nonlocal effective Hamiltonian for the spins, that can
the model can be reduced to the double exchange model withe explicitly written down in terms of the density of states of
weak interatomic antiferromagnetiCAFM) interactions. the fermionic hopping matrix. What we propose to do is to
Early investigation¥ showed a rich phase diagram, with calculateexactlythe effective spin-Hamiltonian, for a given
AFM, canted, and FM phases, depending on doping and th@lisordered in generatonfiguration of the spins, using the
strength of the AFM couplings. More recent studies haveso-calledmoments-methdl complemented with a standard

Hin= 2 1iiCluCiatIn 2 S-Cl0uCia, (1)
L], a H

’
la,a
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truncation procedur# This technique can be directly used conduction electron and this spin is assumed to be infinite, so
for other models, like for instance models of classical spinghat the electronic state with spin antiparallel to the core spin
and lattice vibrations coupled to fermions without directcan be neglected. Finally, we include an AFM coupling be-
interactions, or also in contexts different from the mangan- tween nearest-neighbor core spins. We neglect the degen-
ites physics like the pyrochlores or double perovskytes. Oncgracy of the conduction band. Thus, we cannot analyze ef-
electrons are traced out, we study the spin thermodynamiGgcts related to orbital ordering, which can be important in
using the variational version of the Weiss mean-fieldine highly doped regime>0.5 (Refs. 7 and 2B(see, how-

3
methodf ever, Ref. 2. We also neglect the coupling to the lattice.

The main difference of our approach and previous work iSye focys on the role of the magnetic interactions only. As

that we use the exact spin Ham|lton|§m, while an appProXityantioned below, magnetic couplings suffice to describe a
mated form was used up to now. For instance, the effectiv

fumber of discontinuous transitions in the regime where

crystal approximation, which amounts to consider that elec- " . i
trons move on a perfect crystal, with a magnetically reduced MR effects are observed. These transitions modify substan

hopping, was employed in Ref. ldee section VIl for a ially the coup_ling between the conduction_electrons and .the
comparison with our methgdA more accurate estimate of Magnetic excitations. Thus, they offer a simple explanation
the density of states, well known from the physics of disor-0" the anomalous transport properties of these compounds.
dered systems and which becomes exact on the infinité=OUplings to additional modes, like optical or acoustical
dimensions limit:® is the coherent potential approximation Phonons, will enhance further the tendency towards first-
(CPA). Notice that for non-self-interacting electrons the dy-order phase transitions. We consider that a detailed under-
namical mean-field approximatioilDMFA)?4*% is also  standing of the role of the magnetic interactions is required
equivalent to a CPA calculation on a given mean field, whichbefore adding more complexity to the model. Note that there
is determined via self-consistency equatidnsth the mean- is indeed evidence that, in some compounds, the coupling to
field and the CPA density of states are obtained selfacoustical phonor8or to Jahn-Teller distortioR$ s large.
consistently. Although those approaches are reasonable, and The Hamiltonian of the DEM is

provide useful information, they are approximated in two

different ways, which is undesiderable because two different + -

effects are entangled. First, even for only-spins models of H:Z 7(S,9)¢; Cj+z JarSS- S, @)
magnetism(like the Ising Model where the exact spin N N

Hamiltonian can be evaluated easily, the mean-field approxiwhereS= 3/2 is the value of the spin of the core, Rin and
mation neglects the spatial correlations of the statistical flucs stands for a unit vector oriented parallel to the core spin,
tuations of the order parametésee, e.g., Ref. 233But, i which we assume to be classical. In the following, we will

addition, for an electron-mediated magnetic interaction, the <.y _—7J 52 calculations show that the quantum nature
evaluation of the effective spin Hamiltonian is only accurate ¢ théFcoreA;pins does not induce significant efféts. one

in the Ii_mit of infinite dimepsions. With our approach, the ¢ ihe earliest studies of this modéithe superexchange
correlations on the magnetic fluctuations are to be blamed foéoupling was chosen FM between spins lying on the same
all the differences between our results and the real behavi

; Y= constant plane, and AFM between spins located on
of the_model. On the ot_her hand, in Sec._VIII_we ShO\_N hOWneighboring planes. This is a reasonable starting point for the
the failure of the effective-crystal approximation on finding study of La_,CaMnO; if x<0.16, whereA-type antiferro-

- .16,

Fhe first-order phase trangition at half fil!ing is due to themagnetism is found. For larger doping, 0<16< 0.5, which
inaccuracy on the calculation of the density of states. More-,

. ) . : is our main focus, the magnetism is uniform and there is no
over, we are able to study directly in three dimensions somg priori reason for favoring a particular direction.
rather subtle details, like the non-negligible effects of keep- The function
ing the Berry phase on the DEM Hamiltonian.
The structure of the paper is as follows. In Sec. Il we 0 0, 6 0
introduce the DEM and our notations. In Sec. lll we present  7(S,S)=t| cos—cos— +sin—sin— ¢~ ¢)| (3)
our mean-field approximation. The very nontrivial part of the 2 2 2 2
work, the computation of the density of states, is explainedy, g for the overlap of two spin 1/2 spinors oriented along
in Sec. IV. It requires numerical simulations that can be Peline directions defined b and S

f d I latti th a high T q i, whose polar and azi-
ormed on large fatices with a high accuracy. They are 0€y, | angles are denoted lsyand ¢, respectively. It de-

scribed in Sec. V. The effects of the Berry phase are an : : : :
lyzed in Sec. VI. Section VIl is devoted to the study of theain%ssasgop.l?r':;ghgqpagirgg fl:,\rlmt::(t)izi (r:r;arl‘tr& S\iﬁ?:nnfs arg;
influence of the Berry phase in the phase diagram of the o

DEM. The comparison of the mean-field approach studied in

; : X ; i
this work with the de Genne¥’ and with the DMFA is car- 7S,S)=t cosJexp(iqSij), (4
ried out in Sec. VIIl. The conclusions are summarized in 2
Sec. IX.

whered;; is the relative angle betweeh andS;, and¢;; is

the so-called Berry phase. It is sometimes assumed that the

Berry phase can be set to zero without essential loss. It is
We study a cubic lattice with one orbital per site. At eachtherefore interesting to study the model that ignores the

site there is also a classical spin. The coupling between thBerry phase, the hopping matrix being

Il. MODEL

054411-2



VARIATIONAL MEAN-FIELD APPROACH TO THE . .. PHYSICAL REVIEW B 63 054411

& 1+S-S where (- --) stands for spectation value over equilibrium
7%= |7, |—0057 — (50  spin configurations.

The variational mean-field approach consists of compar-
In the following sections we will analyze both models, with ing the actual system with a set of simpler reference models,
the Berry phaséhopping matrix7) and without the Berry whose Hamiltonians},,, depend on external parameters,
phase(hopping matrix7 M%), h; . For simplicity, we choose the model:

IIl. MEAN-FIELD APPROXIMATION Ho=—> h-S. (14)

Our approach to the problem follows the variational for-
mulation of the mean-field approximation, described for in-The variational method is based on the inequality
stance in Ref. 23. We start by writing the grand canonical

eff _
partition function for the DEM: F<Fnt (HT=Hun, (15
where Fy, is the free energy of the system with Hamiltonian
2z — | 1ds|TrFock iy /], 6 (14), and the expectation valugs- - ), are calculated with
e f[ 1Tr exH — (M= uN)IT] ®) the Hamiltoniar?y,. The inequality(15) follows easily from

the concavity of the exponential functiéh.The best ap-

the electron number operatdr,is the temperature, and we proximation to the actual free energy with thasatzof Eq.
use units in which the Boltzmann constant is one. The trace (14) Is
ﬁ\:r?]r;ltoor:/izrn tfgtre tﬁl:;:tgﬁg Fock space, defines an effective F=min{ Fn+ (H ™ — (Hidn}- (16)

where u is the electronic chemical potentiaMinciTci is

exd —HM(S)/T]=TrFo0 exd — (H—uN)IT], (7) Since, for technical reasons that will become clear in the
following, it is not possible to work with one field per site,

we must select some subsets that contain only a few inde-
pendent parametersee Sec. VIl The choice is of para-
mount importance since it is ansatzthat will artificially

that can be computed in terms of the eigenvalégs, of the
hopping matrix,7:

HEN(S) =D S- S-T restrict the behavior of the system. We have chosen the fol-
{in lowing four families® of fields, depending on a parameter,
h:

X2, In{l+exd — (Ex(S)—w)/T]}. 8
2 In{1+exg —(En(S) /Tl (®) h—h, a7
Introducing the density of statd®OS) of 7: hi=(—1)%h (18)
1S = (~1)%*¥ih, (19

9(E;9=y 2 AE-ExS)], (9)
hy=(—1)%+Y*7h, (20

whereV is the volume of the lattice, the effective Hamil- ) ]
tonian can be written as which correspond, respectively, to FM\-AFM, C-AFM,

and G-AFM orderings. There is an order paramef@ragne-

tization) associated to each of these orderings. We will de-
Hef(9)=2 JAFSi‘Sj_TVf dE 9(E;S) note them byMg, M, M, andMg, respectively. As a
) shorthand, they will be denoted generically ®y. The order
XIn[1+e (E-M/T], (100  parameter is related to the correspondmnby
The grand canonical partition function becomes an integral 1 1
in spin-configuration space: M= (21)

where h=|h|/T. Thus, the free energy can be written in
ZGC:J [dS]exf — Heil(S)/T]. (1D terms of M instead ot and Eq.(16) implies that it must be
minimized with respect toM. The free energy has three
Thermodynamics follows from E11) as usual. The free contributions: the fermion free enerd¥FE), the superex-
energy,F, and the electron density, are given by: change energy, and the entropy of the spins:

FIM)= Fee M)+ NIpeM 2= TSH(M), (22

where N is, respectively, 3,—3, 1, and —1 for FM,
1 G-AFM, A-AFM, and C-AFM orderings.

_9 . The entropy of the spins can be easily computed in terms
*= o f IBOES) g E@—wm *®  of the mean field:

T
f:_vln ZGC (12)
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Sh(M) = (Frn—(Hy)IT where theqa; are random numbers extracted with uniform
) probability between-1 and 1. Let us now calin) to the
=In[sinhh(M)/h(M)]=h(M)M, (23 eigenvector of eigenvalug, of the matrix7: It is easy to

but the FFE, check thafthe overline stands for the average on the random
numbersa;)
FroM)=—T [ dE(Q(E:8)y 1+ e & T, Y
(24) SV @7
must be estimated numerically. s
The nontrivial part of the computation is the average of (nv)(v|my=—=". (28)
the DOS(Q(E;S)),. The key is that it can be computed by v

numerical simulations on large lattices with high accuracy
due to two basic factq1) the mean-field Hamiltoniafl4)
describes uncorrelated spins and therefore equilibrium spin v
configurations can be easily generated on very large lattices, 9(E;v;9)= E |(n|v)|?8(E—E,). (29
and(2) the DOS is a self-averaging quantity. This last point n=1
means that the mean \(aluc_e of the DOS can be obta?r)eq ONRom Eq.(28), it follows immediately that
large lattice by averaging it over a small set of equilibrium
configurations. Once the DOS is'computed, the integral of m=g(E;S). (30)
Eq. (24) can be performed numerically to get the FFE as a
function of M. From(v|v)=1, and from Eq(29), we see thay(E;v;S) is
a perfectly reasonable distribution function, whose moments

IV. COMPUTATION OF THE AVERAGED DOS are

Then we introduce a-dependent density of states:

The DOS can be accurately computed &ory given spin e ‘
configuration with the technique that we describe in the dE E‘g(E;v;9)=(v|T “v). (3D
following.?! From its definition, Eq(9), the DOS is a prob-

ability distribution in the variabl&, whose moments are ~ Numerically, the algorithm is of orddex'V, since, as men-
tioned, 7 is sparse and onl®(V) operations are required to

ek 1 ‘ multiply v by 7. This method allows us to compute a large
Mk(S):f dEg(E;SE =vTrT : (29 number of moments on large lattices. However, notice that

o ) ~ the actual calculation is not performed this wapund-off
Now, it is easy to show that the eigenvalues of the hoppingyrors would grow enormously with the power D, but as
matrix verify —6t<E,<6t. A probability distribution of explained in the Appendix.
compact support can be reconstructed from its moments us- (i) Reconstructg(E;v;S) from the moments, by the
ing the techniques of Stieljgs.In practice, we only know method of Stieljes. The DOS is obtained in a discrete but
the firstp moments, but the method of Stieljes allows us tOvery large number of energieg, The cost of refining this set
find a good approximation to the distribution pfis large  of energies is negligible. Hence, the integral orhat

enough. gives the FFE, Eq(24), can be approximated numerically
To compute the averaged DOS we follow four steps:  ith high accuracy.
(i) Generate spin configuration$s}, according to the () Averageg(E;v;S) over the spin configuratior8and

mean-field Boltzmann weight, exp(t,/T). This can be  gyer the random vectolls ). In practice we only use a ran-
achieved very efficiently with a heat bath algorithm, since allyom vector per spin configuration: it is useless to obtain an
the spins are decoupled in the mean-field Hamiltonian. Insnormous accuracy on the density of states for a particular
this way, one obtains spin configurations in perfect thermakpin configuration, that should be spin averaged, anyway.
equilibrium with the Boltzmann weight given by the mean- gince the errors due to the fluctuations of the spins and the
field Hamiltonian. fluctuations of thgv) are statistically uncorrelated, both of
(i) For each{S}, one would calculate the moments of the them average out simultaneoudhjt is crucial that the DOS
DOS, using Eq(25), and then apply the techniques of recon-js 5 self-averaging quantity, what means that its fluctuations
struction of Stieljes' However, this is impractical since, al- are suppressed as\l/. Hence, its average over a few equi-
though the matrixZ'is sparse, the trace in EQRS) would jipriym configurations is enough to estimate it with high ac-
require to repeat the proce¥stimes, and we would end up curacy.
with an algorithm of ordei®. We use instead a stochastic  This program can be carried out successfully on lattices as
estimator. First, we extract a normalized random Vedr  |arge as 63 and even 9§ computing a large enough number

with components of moments, 50 or 75. As we shall see, this suffices to
achieve an excellent accuracy in the averaged DOS and in
V= i , (26) the FFE.
2 v 2 The whole process is repeated for several values of the
j=0%j mean fieldsh within each family. The FFE computed in a
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FIG. 1. Averaged DOS, reconstructed with 50 moments, versus FIG. 2. FFE atT=0 andu=0 (x=1/2) versusM (squares,
E, for four values of the mean field correspondingMg@=1 (solid solid line) or M (circles, dotted ling The points are the results of
line), M=0.5 (dashed ling paramagneti¢dotted ling, and Mg the simulation and the lines are the three parameter fit.
=0.5 (dot-dashed ling

. L . ) The points are the result of the numerical computation and
discrete set of magnetizations is extended to a CONtiNUOYge jines are the best fits of the foi@2). The high quality of
function of M in the interval[0,1] through a polynomial fit, e fits is remarkable. Note that the fermions favor FM order.
as we will show in the_next section. T_he magnetic phasery,, coefficientsAJ(')(T,,u) of Eq. (32), which will play a
diagram of the model will come out easily then. major role in the exploration of the phase diagram, are dis-

played in Fig. 3 in the casés=F, G, forT=0, as a function
V. EXTRACTING THE FERMIONIC FREE ENERGY of u. We always found\(T, 1) <0 andAS)(T, £)>0, in

Let us discuss in this section the numerical results for thégreement with the FM nature of the spin interaction induced
averaged DOS and the FFE. We carried out the prograrRY the double exchange mechanism. _
designed in the previous section for 20 valueshofvithin Let us estimate the errors of our numerical approach. We
each family of mean fields, chosen in such a way that thé!ave three sources of errofs) The finite size of the lattice,
correspondingnagnetizationsM, are uniformly distributed ~ (b) statistics, arising from the numerical simulation, &oj
in [0,1]. The expectation valuég(E;S)), is estimated by truncation of the infinite sequence of moments.

averaging over 50 equilibriuntwith respect to the mean- Finite-size errors have peen estimated comparing thg re-
field distribution spin configurations. This is enough to have Sults on a 63 and a 98 lattice. They turn out to be negli-
the statistical errors under control on a38attice. gible, as expected given the sizes of the lattices. To estimate

Figure 1 displays the averaged DOS, computed on%a 64th¢ statistical errors we performed three different simulatipns
lattice for four values oh, corresponding to FMNI =0.5  USing the 50 lowest-order moments. One more simulation,
andMg=1), paramagnetic, an@-AFM (M¢=0.5) phases.

They were reconstructed with its 50 first mometitdlote oo
that the DOS is even ik, as required by the particle-hole  _; ¢
symmetry, and that it becomes narrower in going from the
FM to the G-AFM phase, as expected. The width of the -°?f
density of states in the PM phase i$, 8wo thirds of the _oal
width corresponding to the perfect ferromagnetic, in agree- v.oso¢
ment with the results of full diagonalizaticf. 0.025

From the averaged DOS it is straightforward to compute 00t
the FFE by performing the integral entering E24) numeri- ~ ~%9%5¢
cally. In this way, we computeffr, for the chosen values of %%
M. Given that the free energy can be shifted by a term
independent ofM, we useFre(M)— Fre(0) instead of
FrelM).*

To have an analytic expression @i, we fit the data
with a polynomial of order sixth io\, with coefficients that
depend orl and u:

4

—I3 —I2 —‘1 Q
m
FOM)=ADM2+ ADME+ ADME | (32) FIG. 3. CoefficientsAl”, AL® AP AL AP andAl® of
the fits(32) versusu, atT=0. Each figure contains four linéthat
The index| denotes the type of ordering=F, A, C, or G.  sometimes cannot be distinguishemrresponding to the four dif-
Figure 2 shows the FFE dt=0 andw =0, which corre-  ferent computations mentioned in the text, three with 50 and one
sponds to half fillingx=1/2, as a function oMg or Mg. with 75 moments.
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g T T T control and therefore all the conclusions are robust in this
sense. The discrepancies between our analysis and the true
behavior of the system, if they are important, must be attrib-
utedonly to the mean-fieldansatz

0.10
VI. EFFECT OF THE BERRY PHASE

The role of the Berry phase in the effective hopping term,
in the doping range studied here, has not been investigated. It
has been established, however, that Berry phases associated
with orbital rotations in the two-dimensiong| subspace can
lead to the stabilization of phases with orbital ordering for
dopingsx=0.5.253% At intermediate dopings, however, it is

FIG. 4. Averaged DOS vs energy fM=0.5 on a 63 lattice ~ Known that cubic symmetry is restored by the double ex-
from a simulation using 50 momentsolid line) and another one change interaction, and there is no static Jahn-Teller distor-
with 75 momentgdashedl The curves can hardly be distinguished tion. On theoretical grounds, an orbital wave at these fillings
on this scale. must have a long wavelength in order to open gaps at the

Fermi surface. Such an instability should be very sensitive to
this time with the 75 first moments, was done in order todisorder, and the associated energy gain is probably smaller
study the systematic error associated to the truncation of th@n that induced by other instabilities. Hence, for<0x
sequence of moments. As an example, Fig. 4 displays th0-5 we do not expect the degeneracy between theegvo
averaged DOS in the FM phas#{=0.5) extracted from Orbitals to be broken, and we do not need to consider the
two different simulations, one with 50 and the other with 75associated Berry phase. An intriguing possibility, however,
moments. We see only tiny differences, which can hardly bdS the breaking of the orbital degeneracy in such a way that
appreciated on the scale of the figure. This small error propahe material retains the full cubic symmeffyin this case,
gates to the FFE, which is shown in Fig. 5 for=0 andy N0 orbital Berry phase is induced.

—0. There are four sets of points plotted, corresponding to !N the following, we elucidate the role of the Berry phase

the four mentioned simulations. Again, the differences can@sSociated with rotations in spin space, which can be impor-
not be appreciated. The errors in the computed FFE give ris@nt even in the absence of orbital ordering. To investigate
to uncertainties in the coefficients of Eq. (32), which can  thiS point, let us repeat our analysis of the DEM setting the
be appreciated in Fig. 3. The largest errors appearaf) ~ Bery phase to zero. All we t]n%\ée to do is to compute the

(half filling). We have also checked that fits to a polynomialPOS of the hopping matrixZ” ™ of Eq. (5). The rest is

of an eight order do not change the Va|uesA(§lf) signifi- |den_t|cal to Whgt we have discussed in the previous sections.
cantly. Figure 6 displays the averaged DOS Mit-=0 (PM

To summarize, we have checked that the numerical unPh@s¢ andMg=0.5 for hopping with and without the Berry

certainties inherent to our numerical approach are well unddphase. At first sight, the differences, although noticeable
(they are much bigger than the errors, cf. Fig, do not

seem very important. However, it happens that the results are
very sensitive to small modifications of the DOS. We shall
see indeed that the presence or absence of the Berry phase is
crucial for some features of the phase diagram. Thus, the
analysis of errors of the previous section turns out to be
extremely important to give a meaning to our results. Notice
that the effect of the Berry phase is stronger in the disordered
phase, as expected.

Figure 7 shows the effects of the Berry phase on the FFE
atT=0 andu=0. These effects modify the coefficier§’
enteringFg,, Which can be seen in Fig. 8. These coefficients
are very sensitive to the modifications of the DOS induced

o by the Berry phase. Of special relevanceA§, which, as
My we shall see in the next section, governs the possibility of

FIG. 5. Fermion free energy Vg ¢ from four simulations on a h_aying first-order PM'FM .tr.ansit_ions. In. particul.ar, in the
64° lattice. Three of them, carried out to estimate the statistical’!CINItY of ,u,_=0 this coefficient is '}ega“ve- NOt'Ce’ how-
errors, used 50 moments to reconstruct the DOS. The other ongVer, that without the Berry phask{) is negative around
aimed to estimate the systematic errors due to the truncation of the =0 in a smaller region than with Berry phase, and it is
sequence of moments, took into account 75 moments. The errogjoser to zero. This fact induces important differences in the
turn out to be so small that they cannot be appreciated on the scafature of the phase transitions of the model, as we shall see
of the figure. in the next section.
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v
02— 222y — —0.1
: : -0.2
B b -0.3
- — 0.050
01— — 0.025
- . 0.000
L i -0.025
| i -0.050F
0.0+t — 0.02
02— _ 0.00
B T -0.02
B 7 -4
B T I3
o1 __ __ FIG. 8. Coefficients of the fi(32) of the fermion free energy at
i | T=0 as a function ofu with (solid) and without(dashed Berry
| | phase.
: : illuminating to get some insight by a semianalytic treatment
N e b b N of the problem. As we have seen, to a very good approxima-
-6 —4 -2 0 2 4 6 tion, the FFE is a polynomial of sixth degree (. The
E entropy(23) can also be expanded in powers.of around
FIG. 6. Averaged DOS in the paramagnetic phade£0, up- M=0:
per panel and in the ferromagnetic phas®£=0.5, lower panel 3 9 99
with (solid) and without(dashed Berry phase. =— M2+ —M*+—MF+... .
Sp(M) 2/\/1 20/\/1 350/\/1 (33

VIl PHASE DIAGRAM Hence, we find the Landau expansion of the free energy in

The equilibrium states are determined by the absolut@owers of the order parameter.
minima of the free energy, EqR2), with respect to the order 5 4 5
parameters M. The minima determine the phases and the FM)=coM+c M +CcgM®+ - - -, (34
phase boundaries. Given _thgt we kncﬁygs a function .of The coefficients of the expansion are
M, the problem of determining the equilibrium states is re-
duced to numerical minimization of a function of a single

variable. This is indeed the way we proceed. It is, however, Co=5 T+ NIare+AD(T, 1), (39
F;‘"ERO/(.; T T T T | T | T I T T T | T 9
' c4:2—OT+Ag'>(T,M), (36)
c =%T+A(')(T ) (37
-0.1 6 350 6 M),

whereN was defined right after Eq22).

The free energy has the symmetkf— — M. At high T,
the entropic term dominates and the minimum J6fis at
M=0. As the temperature decreases, the internal energy
becomes more important and the absolute minimutf c&n
be located afM # 0. The phase transition will beontinuous
when the absolute minimum at the origin changes to a maxi-
mum, i.e.:

-02

3
C=0= =T+ NIpe+AY (T, 1) =0. 38
FIG. 7. Fermion free energy @=0 andu=0 as a function of 2 2 ¢ art Az (Te, ) (38)

Mg with (solid) and without(dashed Berry phase. Notice that, in _ - o
both cases, the free energy has been taken vanishing at the origin by At a first-order transitionthree minima, M=0 and M
convention. ==+ My#0, are degenerate. Three conditions must hold:
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(i) Minimum at M=0: S 57_ U

c,>0. (39) Lo - .

01t -~ ya 1
(i) Minimum at M, / FM s M %

)

2¢,+4c, M3+ 6ceM =0. (40) 0.0 .

PM PM ] g
(iii ) Degeneracy F(0)=F(My)]: o1f T ’/,,——“’ iy
Crt CaM2+ceME=0. (41) f\\ i o 3

0.0 ! ! : !

The solution of these three equations is 9
PM PM S

M3i=—-2c,lcy, (42) o.1p RSP
) T R et M 3

Ce=C3/(4Cy), (43 0.0 ' : B

~

[w)

Cc,>0; €4<0; cg>0. (44 o 1: PM % PM ?
Equation(42) gives the spontaneous magnetization; &®) é /,,_.——G oo A ae-mm T N
determines the critical temperatuFg of the first-order tran- | >l T —— ™S
5

sition as a function ofu and Jae; EQ. (44) sets necessary ~ 00 01 02 03 04 00 01 02 03 04 O
conditions(real M) for a first-order transition to happen.
We see that to have a first-order PM-FM transition we must FIG. 9. Phase diagram of the DEM in the planeT/t), for
haveAEf)(Tc,M)<0. Figure 3 shows that in particular this is several values ofi4-/t. The left (right) part corresponds to the
possible around half filling. model with (without) Berry phase. Soliddashedl lines represent
The boundaries between first- and second-order lines afést- (second) order transitions and the zones with stripes are

tricritical points. They are determined by the conditions: ~ phase-separation regions. The onset for first-order PM-FM transi-
tion is at Jar=~0.06 in the model with Berry phase, while such

3 A(zl)(Tt-,U«) transitions do not appear if the Berry phase is neglected.
C;=0=J04=— NN (45)
effective if the critical temperature were much lower, which
20 can be achieved by increasing the AF superexchange cou-
cs=0=T=— —AD (T, w). (46)  pling. But in this case the competition between FM and AF
9 is so strong that the transition at half filling takes place be-
With these ingredients, we are able to discuss the phastt\—f-veen PM and A-AFM phases, and it is second order. First-

diagram of the DEM. It has been shown in Ref. 20 that theOrder PM-FM transmons only appear if the Berry phase is
roperly taken into account.

e e el e e el e AL T-0, the phase cagrams are simiar n boh cases,
and we only display that of the model without Berry phase in

more conventional itinerant ferromagnets. Moreover, it is_. ; . . . .
consistent  with the magnetic properties of Fig. 10. The discussion of Ref. 20 applies to this case with-

manganite$133-3%(see Sec. IX ot
We shall not repeat here the analysis of the phase diagrar
of the DEM carried out in Ref. 20. Let us concentrate on the | G-AFM
effects of the Berry phase. Figure 9 displays the phase dia o.20
gram in the planex,T/t), for several values afo¢. The left I
part corresponds to the model that includes the Berry phasi ]
and on the right the Berry phase is neglected. Bgf 0.15 = coard ]
<0.06 both phase diagrams are very similar. The transition
temperature is slightly highef1l3%) at half filling in the ]
model that ignores the Berry phase. At low filling, both ©1°  Phase Separation 7y ]
phase diagrams are almost identical. However, Jag
>0.06 important differences arise. A first-order PM-FM 1
transition develops around half filling if the Berry phase is ®%°[ M )
taken into account. The onset for such behaviordjg
=0.06. In contrast, the PM-FM transition around half filling 0.00 — L L
remains continuous for any value &fr if the Berry phase is “oo 0.1 0.2 03 04 0.5
neglected. The explanation is simple: the coefficiaft , §
although negative, has too small an absolute value to drive a FIG. 10. Phase diagram of the DEM without Berry phase in the
first-order transition. This negative coefficient would becomeplane §,J,r) at T=0.
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0.45

0.30 0.35 0.40
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x

FIG. 11. Critical magnetic fieldin units of 10 %t) versusx at
JAFZOOSt

out any modification.

Let us end this section with the analysis of the phas
transitions at finite applied magnetic fie, The first-order
PM-FM transition around half filling survives under an ap-
plied magnetic field. In this case, the order paraméiky, is
nonzero in both phases, but suffers a jump on a line in th
plane B,T). The line ends at a critical pointBf,T*),
which has a certain magnetizatidhi . The critical field can
be measured and is of interdSf! Let us compute it. The
free energy in the presence of a magnetic fi@ldis

F(Mp)=c,M2+cME+cgME—BME. (47
The magnetic field shifts the three degenerate minima of th
zero-field PM-FM first-order transition and lifts the degen-
eracy. By tuningincreasing the temperature it is possible to

get two degenerate minima again, and a first-order transition

takes place. In this way, we get a transition line in tBeT)
plane. IncreasingB, the two degenerate minima become
closer. At the critical field,B*, both minima coalesce at
some pointM¥ , and the transition disappears. When this
happens, the three first derivatives Bfin respect toMg
vanish, and the fourth is positive. These conditions read

F'(ME)=0=B*=2c,M{ +4c,ME3+6cME>,

(48)

F'(ME)=0=2C,+12c,M£?+30ccME*=0, (49)
F"(ME)=0=24c,ME +120ceME3=0,  (50)
FU)(ME)>0=24c,+ 360cgME%>0. (51)

These equations determiB&, T., andMF as a function of
w (or x) and Jae. The critical temperaturd, varies very
little from its value atB=0. Figure 11 display8*, in units

of 10”4, versusx, for J,-=0.08t. In physical units, using

PHYSICAL REVIEW B 63 054411

t~0.166 eV,B* varies from 0.6 T ak=0.33t0 2.2 T at
x=0.5. Recent measurements inylg# ,7Ca 3dMInO3 gave
a critical field of 1.5 T

VIIl. COMPARISON WITH OTHER CALCULATIONS
A. Rigid band mean field approximation

The main conclusion of the variational mean-field tech-
nique applied to the DEM is the prediction of a first-order
PM-FM transition at half filling and its vicinity fordag/t
€[0.06,0.1. This is in sharp contrast with the widely used
mean-field approach devised by de Gennes in 186aich
predicts a second-order PM-FM at half filling for any value
of Jag. Let us see briefly what are the differences between
these two approaches that yield different qualitative behav-
ior.

The difficulty in the mean-field approach to the DEM lies
in calculating the contribution of the fermions to the mean-
field free energy. In the variational method discussed here,
we compute it exactly through a numerical simulation. As
we have already mentioned, the only approximation is the

ean-fieldansatzfor the Boltzmann weights of the spin con-
igurations. On the other hand, de Gennes suggested that the
fermion free energy might be well approximated by the free
energy of an assembly of fermions propagating on a crystal

gvith a homogeneous hopping parameter given by the aver-

age of the spin-dependent hopping parameter over the mean-
field spin configurations. The de Gennes’ method neglects
the influence of the Berry phase. In this approach, the elec-
tronic DOS depends on the spin configuration only through
the hopping parametetin this case, without the Berry
phase: g(E;S)=g[E;’Im°d($~SJ-)]. In mathematical terms,

de Gennes’ approximation is carried out through the follow-
Eng substitution:

OEIT(S-S)Mn—9ET(S-S))n)
=0o(E; 7o), (52

wheregy(E;7p) is the DOS of free fermions with hopping

To(h)=(|7(S-S))n

I 1 —ih)
(21-1)(21+3)’

(53
0

andJ,(z) is the Bessel function.

Since the hopping is homogeneous, the fermion free en-
ergy is known analytically. AtT=0 and half filling («
=0) itis

0

]'—Fer:f
—ToW,

0

dE9(E;To)E

0

(54)

Wo
=—To(h)f dE go(E;1)E.
0
(59
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All the dependence in the magnetization is contained irfirst-order transition we do not expect divergent critical fluc-
To(h). The expansion in powers of the magnetization fol-tuations, so that our approach should give qualitative, and
lows straightforwardly from Eq953) and(21). It yields: probably semiquantitative correct results as compared to the

DMFA, in lattices where the latter is exact.
lT(h(M ) 2+2M2 ° Mg 1 ME+
~T D)=z +=M2—— M- — ce
t 3 5°F 1757F 8757F (56) C. Hierarchy of approximations
o A _ - We are tempted to design a hierarchy of approximations,
The coefficient oM in Fee is positive Hence, the PM-FM  ordered according to the coefficieat” of the M# term in

phase transition at half filling can only be continuous. Wethe | andau expansion of the fermion free energy, as follows:
have also checked that this remains true when we keep the (1) ge Gennes’s approximatioa{”>0 and the PM-FM

contribution of all powers oMg to Fr,. transition is second order.

The fermions in de Gennes’s approach propagate only on () Exact variational computation without the Berry
perfect crystals. In the truly variational mean-field presented,,,ca-A(F <0 put |A(F)| too small to produce first-order
in this work, the fermions propagate on the disordered spi 4 4

; i M-FM transitions, see Eq36).
background generated by the mean fieldThis appears as —3) gyact variational computation with the Berry phase:
an important ingredient that leads the predictions closer t

: AP <0 and |APP| large enough to produce first-order
the phenomenology, as we have shown in Ref. 20. PM-EM transitions.

B. Dynamical mean field approximation

. . IX. CONCLUSIONS
This method allows for an improvement on the treatment

of the electronic contribution to the self-energy. In the PM  We have presented a detailed analysis of the variational
phase, the density of states is proportional to that in the fullymean-field technique. This method can be useful in any situ-
ferromagnetic phase, like in de Gennes treatment. The onlgtion where non-self-interacting fermions are coupled to
difference is that the constant of proportionality is/2/and  classical continuous degrees of freedom. Within this method,
not 2/3. BelowT,, the density of states is calculated self- the fermionic contribution to the free energy is calculated
consistently, through a self-energy which can be written asexactly, and, later on, the variational mean-field method is
applied to the classical degrees of freedom. As an example,
E(E:Si)=<|T(Si~SJ-)|Zg(E;Sj))sj (570  we have chosen the double exchange model, both with and
without the Berry phase. The phase diagram has been ob-
and: tained in both situations.
We have shown that the Berry phase is crucial in order to
(58) get first-order PM-FM phase transitions around half filling.
Such transitions are second order if the topological effects
) ) ) o associated to the Berry phase are neglected. Thus, the dimen-
Finally, the averagg- - -)s is carried out defining a prob- gjonajity of the lattice plays a very important role in the
ability distribution, P(S;), which depends self-consistently structure of the phase diagram.
on the free energy associated with a site with magnetization Some earlier mean-field computatiéh¥’ approximate

1
g(E;S)=m-

S; immersed in the lattice described BYS)). the fermion free energy by that of an assembly of fermions
Our approach is similar to the dynamical-mean-field appropagating on a perfect crystal with a homogeneous hop-
proximation, but differs from it in two aspects: ping parameter averaged over the spin configurations. They

(i) The electronic density of states is calculated in a cubigjield second order FM-PM transitions in the vicinity of half
lattice, instead of using the semielliptical DOS valid in thefilling. The propagation of the fermions in the disordered

Bethe lattice with infinite coordination. spin background generated by the mean field is another cru-
(i) We use a variationaansatzfor P(S;), instead of de- cial ingredient to get discontinuous PM-FM transitions at
termining it fully self-consistently. half filling. More modern approaches, such as the DNMFA

Point (i) allows us to consider effects of the lattice geom-cannot deal with three dimensional effects such as the Berry
etry, and the influence of the Berry phase, as discussephase either.
above. At zero temperature, where both approaches become As shown in Ref. 20, the variational mean field described
exact for their respective lattices, we find phases which cain the present work leads to results that are consistent with
only be defined in a 3D cubic lattice. the phenomenology of the magnetic properties of the man-

If the transition is continuous, the distributid(S;) can  ganites La_,(Sr,Ca)MnOs, in the range 0.8x=<0.5, in
be expanded on the deviation from the isotropic JRES;) particular with the fact that for materials with a high-
=const in the PM phase. Thensatzthat we use has the transition temperature, the PM-FM transition is continuous
correct behavior sufficiently close t6., so that both ap- while for those with lowT. it is not. Moreover, the order of
proaches will predict the same valueToffor a given lattice. magnitude of our estimate of the critical field for which his-
One must be more careful in the study of discontinuous tranteretic effects disappear agrees with the experimental find-
sitions. Ouransatzintroduces an approximation in the or- ings in La, g 0 07Ca 3MN0;.%* Also the phase diagram ob-
dered phaséwhich disappears af=0). However, near a tained by substitution of a trivalent rare earth for another one
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with smaller ionic radiusi.e., compositional changes that do with the coefficients,, andb,, given by

not modify the doping levelis in remarkable agreement with o

our results. 2
Of course, the DEM itself can also be highly improved. ,etdE 9(B)E Pr(E)
For instance, one should include the orbital degeneracy, an=""g : (A6)
which is known to play an important role, and other elements f dE g(E)Pﬁ(E)
like phonons and Jahn-Teller distortions. The variational —6t
mean-field approach can be applied with the same techniques o
presented in this work whenever the bosonic fields that in- dE g(E)P2(E)
teract with the electrons can be treated as classical. —6t :
bn: 6t (A7)
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APPENDIX: THE METHOD OF MOMENTS z—a, 2
Z—ay—

In this appendix we include, for completeness, some de- . .
tails on the method of moments.For a complete math- |f one truncates the continued fraction, the resolvent would
ematical background we refer to Ref. 31. The method of® approximated by a rationale function, which does not
moments allows to obtain some statistical properties of largave a cut and use of E¢A2) is impossible. Fortunately,
matrices(as the density of states or the dynamical structurévhen, as in this case, the density of states does not have
factors, in general quantities depending on two-legged Gree®@ps, the coefficientsa, and b, tend fastly to their
functions, without actually diagonalizing the matrices. Re- asymptotic valuea andb.** Thus, one can end the continued
garding the density of states, once one recognizes that it isfaactior?? with a truncation factof (z), that verifies
probability function whose moments can be obtained by it-
eratively multiplying by7 the initial random vectofv), it is T(z)=
clear that the classical Stieljes technigilezn be used. Ow-
ing to the fact that the matrix is sparse, and using the
random vector trick, Eq31), the moments can be calculated
Wlth orderV operations. Since the sp_ectrum_of the_ maftfix are the limits of the spectrum.
lies between—6t and & for any spin configuration, the

Stieljes method is guaranteed to converge. The procedure is One should not use the moments of G(E) calculated
J ) S g ge. P with Eq. (31) to obtain the orthogonal polynomialand
as follows: one first introduces the resolvent

hence the[a, ,b,}), since this is an extremely unstable nu-
ot £ merical procedure. It is better to use the recurrence relation:
R(z)= dE’g(—) (A1)
— 6t z—E"’ Pn+1(T)|U>:(T_an)Pn(T)|v>_ann—l(T)|U>(!A10)

—a- T2’ (A9)
Since the previous equation is quadratidifz), we find that
T(2) has a branch cut between-2\b anda+2+b, which

that has a cut along the spectrumGfwith discontinuity . )
starting with
27g(E)=Im Iim[R(E—ie)—R(E+ie)]. (A2)
e—0 P_1(7)[v)=0, Po(7)[v)=]v). (A11)

The resolvent can be obtained from the orthogonal polyfT0m this, one immediately gets

nomials of theg(E), with the monic normalization: . :<Pn(T)v|TPn(’T)v> a2
P, (E)=E"+C,_E" 1+..., (A3) " (Pu(T)u|Py(T)v)
5 [ dE qE)P(E)P(E) (A4) b= DIolPa(T)v) (A13)
oC — .
|05 GEI Bl " (P (T)o[Pau(T))
with Py=1, P_,=0, andn,m=0,1, ... . Thepolynomials  In this way, one generates tih orthogonal polynomial of
Verify the fo”owing recursion relation: the matrix(timeSU) reCUrSiVer, at the pl’ice afl multlpll-
cations pef7. The cost of this procedure is always of order
Pnri1(E)=(E—a,)P,(E)—b,P,_1(E), (A5)  operations. For each random vector, one first extracts the
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density of states through E@A2), which is subsequently
averaged over the different) and spin realizations.

PHYSICAL REVIEW B 63 054411

lies on the normalizationsIt should therefore not be pur-
sued for a large number of orthogonal polynomials, without

Let us finally point out that the above recursion relation isreorthogonalization. For the relative modest number of coef-

virtually identical to the Lanzcos methdthe only difference

ficients calculated in this work, this has not been needed.
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