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Resumen

Esta tesis se compone de tres proyectos que abordan diversos problemas en metrologia cuantica.

El primer proyecto se centra en el calculo de correcciones de orden superior a la cota cuantica de
Cramér-Rao (QCRB). Si bien la QCRB establece un limite inferior para el error cuadritico medio
(MSE) en el régimen asintético de un gran nidmero de repeticiones experimentales, no proporciona
informacién sobre la velocidad de convergencia ni sobre el MSE en escenarios con recursos finitos.
En este trabajo, se derivan analiticamente correcciones de orden 1/v? y superiores al MSE, donde v
representa el nimero de repeticiones, lo que ofrece una descripcién mas precisa del comportamiento
preasintético del MSE. Este enfoque, novedoso en la literatura por su naturaleza analitica dentro
del paradigma frecuentista, revela que dichas correcciones dependen explicitamente de la medida
cuantica implementada. Este hallazgo pone de manifiesto diferencias cruciales entre medidas que
son equivalentes en el limite asintético. Andlogamente, al depender de momentos de orden superior
de los estados cudnticos, estas correcciones permiten distinguir entre familias de estados que eran
indistinguibles bajo la aproximacién asintética. También se analiza la cota de Bhattacharyya y su
conexién con estas correcciones, lo que clarifica su utilidad préactica. Estos resultados son de gran
relevancia para el disenio de protocolos de estimacién 6ptimos en escenarios con recursos limitados,
que son la norma en la practica.

El segundo proyecto explora la conexién entre la representacion de Majorana, la distribucién mul-
tipolar y la sensibilidad a rotaciones en sistemas con simetria SU(2). La representacién de Majorana
permite una visualizacion geométrica de los estados cuanticos y la distribucién multipolar cuantifica
esa geometria desde un punto de vista invariante SU(2), la cual estd intimamente ligada a la sensi-
bilidad de los estados para detectar transformaciones SU(2). En un primer trabajo, se encuentra una
féormula analitica para los multipolos en funcién de la constelacion de Majorana para la transicion
entre un estado coherente y un estado NOON, y se caracteriza la distribucién multipolar que emerge
al maximizar un multipolo especifico, lo que revela una estructura de multiples picos que evoluciona
hacia la del estado NOON, entre otros resultados. En un segundo trabajo, la investigacién se enfoca
en los denominados Random Majorana States, generados mediante la seleccién aleatoria de puntos
sobre la esfera de Bloch. Estos estados se estudian en profundidad de manera numérica y se observa
que son robustos frente al ruido desde un punto de vista metroldgico. Finalmente, se colaboré con
un grupo experimental que generd estos estados utilizando el momento angular orbital de la luz y los
empled para la deteccién experimental de rotaciones.

El tercer proyecto aborda el problema de la estimacion simultanea del centroide y la separacion
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entre dos fuentes puntuales incoherentes, un problema de gran relevancia en superresolucion espacial.
Este problema adquirié renovada atencion a partir de 2016, cuando un anélisis desde la perspectiva de
la metrologia cuantica demostré que, mediante la implementacién de medidas adecuadas, es posible
estimar la separacién entre las fuentes con una precision que no depende de su proximidad. Este es un
caso paradigmatico de estimaciéon multiparamétrica donde las medidas éptimas para cada parametro
individual son mutuamente incompatibles, lo que impide saturar la QCRB de forma conjunta. En este
trabajo, se deriva analiticamente una familia de medidas éptimas que permiten extraer la méxima
informacién simultanea sobre el centroide y la separacion. Aunque la existencia de tales medidas
se habia hipotetizado numéricamente para funciones de dispersién de punto (PSF) particulares, la
contribucién principal de este trabajo radica en la derivacién analitica de sus expresiones, validas
para PSFs arbitrarias. Ademads, se demuestra que estas medidas no son unicas, lo que ofrece una

flexibilidad adicional para su implementacién experimental.
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Abstract

This thesis consists of three projects that address various problems in quantum metrology.

The first project focuses on the calculation of higher-order corrections to the quantum Cramér-Rao
bound (QCRB). While the QCRB establishes a lower bound for the mean squared error (MSE) in the
asymptotic regime of a large number of experimental repetitions, it provides no information on the
convergence speed or the MSE in scenarios with finite resources. In this work, corrections of order
1/v? and higher to the MSE are analytically derived, where v represents the number of repetitions,
offering a more precise description of the pre-asymptotic behavior of the MSE. This approach, novel in
the literature for its analytical nature within the frequentist paradigm, reveals that these corrections
explicitly depend on the implemented quantum measurement. This finding highlights crucial differ-
ences between measurements that are equivalent in the asymptotic limit. Analogously, by depending
on higher-order moments of the quantum states, these corrections allow for distinguishing between
families of states that were indistinguishable under the asymptotic approximation. The Bhattacharyya
bound and its connection to these corrections are also analyzed, clarifying their practical utility. These
results are relevant for designing optimal estimation protocols in resource-limited scenarios, which are
the norm in practice.

The second project explores the connection between the Majorana representation, the multipolar
distribution, and the sensitivity to rotations in systems with SU(2) symmetry. The Majorana rep-
resentation allows for a geometric visualization of quantum states, and the multipolar distribution
quantifies this geometry from an SU(2)-invariant standpoint, which is intimately linked to the sensi-
tivity of the states for detecting SU(2) transformations. In a first work, an analytical formula is found
for the multipoles as a function of the Majorana constellation for the transition between a coherent
state and a NOON state, and the multipolar distribution that emerges when maximizing a specific
multipole is characterized, revealing a multi-peaked structure that evolves towards that of the NOON
state, among other results. In a second work, the research focuses on the so-called Random Majorana
States, generated by randomly selecting points on the Bloch sphere. These states are studied in depth
numerically, and they are observed to be robust against noise from a metrological standpoint. Finally,
a collaboration was carried out with an experimental group that generated these states using the
orbital angular momentum of light and used them for the experimental detection of rotations.

The third project addresses the problem of the simultaneous estimation of the centroid and sepa-
ration between two incoherent point sources, a problem of great relevance in spatial super-resolution.

This problem gained renewed attention starting in 2016, when an analysis from the perspective of
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quantum metrology showed that, by implementing appropriate measurements, it is possible to esti-
mate the separation between the sources with a precision that does not depend on their proximity.
This is a paradigmatic case of multiparameter estimation where the optimal measurements for each
individual parameter are mutually incompatible, which prevents the joint saturation of the QCRB. In
this work, a family of optimal measurements is analytically derived that allows for the simultaneous
extraction of maximum information about the centroid and the separation. Although the existence of
such measurements had been numerically hypothesized for particular point spread functions (PSFs),
the main contribution of this work lies in the analytical derivation of their expressions, which are valid
for arbitrary PSFs. Furthermore, it is shown that these measurements are not unique, which offers

additional flexibility for their experimental implementation.



Introduction to Quantum

Metrology

1.1 Introduction

In physics, our understanding of the world hinges on our ability to measure it. Physical theories are
validated or refuted through measurements, making metrology not just a technical practice but a
cornerstone of the scientific method. Measurement serves as the crucial interface between theoretical
constructs and observable reality. However, this interface is not a mere passive mirror of nature;
its power lies in our ability to interpret data and extract precise knowledge. This interpretative
process depends critically on estimation tools. Without them, testing hypotheses and advancing our
understanding of the universe would be impossible.

Traditionally, in classical metrology it was assumed that all measurement errors stemmed from
environmental disturbances or technical imperfections. In principle, it was believed that any desired
level of precision could be achieved by sufficiently minimizing these noise sources. However, the
advent of quantum mechanics fundamentally transformed this viewpoint, revealing the existence of
fundamental limits to the precision of any estimation, even under ideal conditions, imposed by the
inherently probabilistic nature of quantum systems.

In this context, quantum metrology emerges as the discipline that studies the ultimate limits in the
estimation of physical parameters when the underlying system obeys the laws of quantum mechanics.
Far from being mere restrictions, these quantum limits act as guides that allow us to design innovative

protocols. These protocols leverage intrinsically quantum properties, such as entanglement, to achieve



precisions unattainable by classical methods.

The potential applications of quantum metrology span a broad and promising spectrum of fields:

e High-precision timekeeping: The application of quantum principles is catalyzing advances
in the field of atomic clocks. Particularly, leveraging entanglement between atoms and their
precise manipulation are key to improving the performance of these devices [1-3]. These devel-
opments are crucial for future applications requiring precise global synchronization and advanced

navigation systems.

e Enhanced spectroscopy: Spectroscopy, a fundamental tool for analyzing the composition of
matter, also benefits enormously from advances in quantum metrology. Protocols are being
actively developed that use nonclassical light, such as entangled or squeezed states, to overcome
the noise limitations inherent in classical light sources and thus improve sensitivity in the de-
tection of chemical species [4-7]. These techniques open new avenues for the precise analysis
of exoplanet atmospheres, where the signal is extremely faint, aiming to identify biomarkers or

characterize their composition with high precision [8].

e Bioimaging: The field of medical diagnostics and biological imaging is beginning to explore the
potential of quantum techniques to overcome the limitations of conventional methods. Protocols
are being investigated that leverage the quantum properties of light to obtain images with higher
resolution or contrast, even with a reduced number of photons, which could minimize damage to
sensitive biological samples [9, 10]. These approaches promise to improve the ability to visualize
biological structures and facilitate the early detection of diseases, as explored in studies on

quantum decoherence in contexts relevant to Positron Emission Tomography (PET) [11].

e Defense and navigation: High-precision inertial navigation systems based on atom inter-
ferometry are being developed, with the capability for multi-axis measurements under various
dynamic conditions [12, 13]. Institutions such as the U.S. Naval Research Laboratory (NRL)
are working on these technologies to reduce drift in navigation systems and decrease reliance on

GPS [14].

e Weak-field detection: The ability to measure very weak magnetic, electric, or gravitational
fields with extreme precision is another of the great promises of quantum metrology. Sensors
based on quantum principles, such as trapped-ion crystals or diamond defects (Nitrogen-Vacancy,
or NV, centers), are being developed, demonstrating improved sensitivity for detecting minute
displacements or nanoscale electric fields [15-17]. These technologies have great potential for

application in fields such as neuroscience (e.g., for magnetoencephalography) and geophysics,



through gravitational mapping for subsurface studies [18].

e High-resolution imaging: Optical microscopy faces the fundamental barrier of the diffraction
limit, but quantum super-resolution techniques offer ways to transcend it [19]. Strategies such
as leveraging photon antibunching, complemented by machine learning to optimize acquisition
and processing, are demonstrating the ability to improve image quality and speed, resulting in

sharper observation of subcellular-scale structures [20-22].

o Experimental tests of fundamental theories: The high sensitivity of quantum sensors is
being exploited in the search for dark matter candidates, such as axions, through the detection
of their interactions with ordinary matter [23, 24]. Experiments are also being conducted to
identify dark energy effects, and sensor networks are being designed to investigate large-scale
phenomena, ranging from molecules to massive quantum systems, in order to explore the nature

of gravity and search for new physics [25-29].

While some branches of quantum technologies [30-32], such as quantum cryptography [33-35] or
computing [36], often generate considerable media attention [37] but are in more nascent stages of
development for large-scale applications, quantum metrology has already demonstrated concrete and
high-impact applications. A paradigmatic example is its contribution to the detection of gravitational
waves in observatories like LIGO [38, 39]. Nevertheless, significant challenges persist, such as the
practical implementation of robust protocols in the presence of noise and the scalability of quantum
systems.

Among the most significant open challenges in quantum metrology are:

e Noise, loss, and decoherence: It is crucial to design protocols that remain effective with
current technology and realistic imperfections. A case in point is LIGO: after suppressing clas-
sical noise to near-fundamental levels, squeezed-vacuum injection delivered quantum-enhanced

sensitivity, with the attainable gain ultimately limited by optical losses and phase noise [38].

e Theoretical limits and general tools: Many current techniques have been developed under
the idealization of infinite resources. We still lack tools to accurately describe more realistic
scenarios that consider finite resources, losses, and imperfect measurements. Additionally, the
exploration of new developments, such as global scenarios, or the use of machine learning, is
very promising. Within these theoretical challenges, multiparameter estimation is particularly
relevant. When it is necessary to simultaneously estimate more than one parameter, fundamental
incompatibilities can arise that limit the achievable joint precision. This problem is conceptually

more complex, and our understanding of it is still partial.



e Entangled quantum states and measurements: The efficient generation, manipulation,
and detection of quantum states remain a major experimental challenge for all quantum tech-

nologies, especially concerning the construction of scalable systems.

This thesis is part of the collective effort to understand and overcome the fundamental limits in
quantum estimation. Through three independent but interconnected projects, we address different

key aspects of the discipline:

e Corrections to the quantum Cramér-Rao bound: In experimental practice, available
resources are inherently finite. However, a large part of theoretical developments in quantum
metrology are made under the assumption of the asymptotic regime of infinite resources. This
work provides analytical tools to understand how precision behaves in the pre-asymptotic regime,

thus providing useful information for the design of realistic experiments.

e Majorana constellation and robust states for SU(2) sensing: Numerous physical pro-
cesses relevant in metrology, such as phase estimation or magnetometry, can be modeled by
transformations of the SU(2) group. In this thesis, we investigate the geometric structure of
the quantum states relevant for these tasks through the Majorana representation and the mul-
tipolar distribution. We also propose random states that exhibit high robustness against noise,
which, furthermore, have been experimentally implemented in collaboration with another re-

search group.

e Multiparameter estimation and super-resolution: One of the great theoretical challenges
in quantum metrology is the precise and simultaneous estimation of multiple parameters. In
this context, we propose a protocol that allows achieving maximum precision in the simultane-
ous estimation of the centroid and separation of two incoherent sources. These advances are
particularly relevant in applications such as astronomy or microscopy of delicate objects, where

direct manipulation of the observed object is not feasible.

This thesis is presented in the format of a compilation of publications. The dissertation is orga-
nized as follows: Section 1.2 introduces the fundamental theoretical concepts and tools required to
understand the presented work. Next, Section 1.3 provides a review of the state of the art in quantum
metrology. The core of this thesis consists of the original research articles, which are presented in
Chapter 2. For clarity, the chapter is subdivided into three thematic sections, each introduced by a
brief overview that outlines its objectives and main contributions. Finally, Chapter 3 presents the

overall conclusions of this work and delineates the future lines of research arising from it.



1.2 Mathematical Preliminaries

In this section, we will introduce the fundamental tools used in the articles that make up this thesis.
The purpose is to facilitate the understanding of the results presented in those works. Although each
article includes a brief introduction to these tools, a certain familiarity on the part of the reader is
often assumed. Consequently, this section is conceived as a detailed complement to the introductions

of the articles.

1.2.1 Classical estimation

Estimation theory is a well-established branch of statistics. Given the breadth and depth of the field,
this section will concentrate specifically on the concepts and tools most relevant to the developments
that follow. The material presented is drawn from foundational works that can be found in the
literature [40-45].

Let us consider a physical system whose description depends on an unknown parameter 6. This
system is, in general, subject to fluctuations or noise, which implies that repeated measurements of
it will, in general, lead to different results. An illustrative example could be the estimation of a
parameter characterizing a radio signal, which can be affected by atmospheric conditions during its
propagation from the emitter to the receiver. In the context of this thesis, the main interest lies
in noise of a fundamental nature. Specifically, we will assume that the parameter 6 characterizes a
quantum system, and that the randomness inherent in the measurements originates from the principles
of quantum mechanics.

The outcome of the experiment is represented by the random variable X, which follows a family
of probability distributions p(z|6), parametrized by 6, the quantity to be estimated. In what follows,
we will assume that we have access to this probability distribution, which is plausible in situations
where well-founded theoretical models allow for its calculation. However, in practice, real systems,
subject to various sources of noise and imperfections, can deviate significantly from the predictions of
available theoretical models. Even if a model is available, it might behave like a “black box”; that is,
the dependence of the probability on the parameter 6 might not be a simple analytical function. In
the absence of a precise theoretical model, the probability function p(x|) can be obtained through
experimental characterization of the system. This is the typical case in the development and calibration
of sensors, where one has control over the parameter 6. Following the previous example of the radio
signal, one could emit a signal with a fixed value of § and observe the results at the receiver. By
repeating the experiment a large number of times, it is possible to construct p(z;|0) empirically,

approximating it by the relative frequency of occurrence of the outcome z;.



Typically, the experiment is repeated v times. For a given sequence of trials we denote the counts of
each possible outcome {x1,za,..., x5} as {v1,va,...,vn}, where vy +1v5+- - -+vx = v. Assuming that
individual measurements are statistically independent, a premise that will be maintained throughout
this thesis, the probability of obtaining a specific set of outcomes {v1,va,...,vn} is given by the

multinomial distribution:

v!

p(vi,va,...,uN|0) = |p(x1|0)”1p(x2|9)”2 ..plen]O)N. (1.1)

vilvg! vy

The combinatorial prefactor accounts for the different orders in which the outcomes x; can occur to
produce the observed set {v1,va,...,uN}.

Within the frequentist paradigm of estimation, the primary objective is to infer the value of the
parameter 6 from the experimental data {v1,vs,...,vn}. This translates into obtaining an estimate
Oest that is as close as possible to the true value of 6, given the available data. This approach will
be adopted in the present thesis. It is worth mentioning the existence of alternative approaches, such
as the Bayesian one, in which the result of the inference is not a point value fes, but a probability
distribution p(6|v1, va, ..., vy) for the parameter 6§, conditioned on the observed experimental results.

In the frequentist framework, inference is performed using a function called an estimator, é(x) This

function assigns an estimated value Oq; to each possible set of experimental outcomes {vy,va, ..., vy }:
eestZQ(V17V27~-‘7VN)‘ (12)

Naturally, we seek estimators that provide precise estimates. To quantify the quality of an esti-
mator, it is necessary to define a loss function that measures the error made in the estimation. An
intuitive choice for the loss function could be the absolute error |f(z) — 6|. However, for reasons
of mathematical tractability, the squared error [é(:p) — 0)? is commonly used. This choice implies
that large errors contribute more significantly to the overall measure of imprecision than small errors,
unlike the absolute error which penalizes them linearly.

This leads to the definition of the mean squared error (MSE), which is the expected value of this

squared error, averaged over all possible experimental outcomes, for a fixed value of the parameter 6:

MSE[6(2)]o = ([0(x) = 01°) = > p(«l8)[B(z) - 6)*. (1.3)

z€{vi- N}

Here, the notation (-) denotes the average value with respect to p(x|6). Once the MSE is defined,

different objectives can be set in choosing an estimator. For example, one could seek an estimator



that minimizes the worst-case scenario; i.e., that minimizes the quantity

sup MSE[f(z:)]s, (1.4)
0coO

where © represents the set of all possible values that the parameter § can take. This approach, known
as minimax, is useful when it is crucial to avoid very poor estimates, even if it means not achieving the
maximum possible precision for most values of #. A closely related idea appears in radiotherapy: small,
realistic uncertainties in patient setup or tissue properties can degrade the delivered dose distribution,
so that some regions receive more or less than intended. To mitigate such extreme outcomes, planning
employs robust optimization, including worst-case (minimax) formulations [46].

An ideal situation would arise if it were possible to find an estimator f(x) that minimizes the
MSE[f(z)] for all possible values of # € ©. However, this problem, in general, has no solution; i.e.,
such a universally optimal estimator does not exist. For any proposed estimator, it is possible to
find another that offers better performance for certain specific values of 6. The space of all possible
estimators is, in this sense, too broad. To make progress, it is necessary to restrict the class of
estimators considered. This leads us to a second approach, which involves considering unbiased
estimators. An unbiased estimator is one whose expected value coincides with the true value of the
parameter for all 6:

(0(x)) = 0. (1.5)

For this class of unbiased estimators, there is a fundamental result known as the (classical) Cramér-

Rao bound (CCRB). This bound establishes a lower limit for the achievable MSE:

- 1
MSE > 1.
SEDW 2 5 (1.6
where F'(0) is the so-called classical Fisher information (CFT), defined as:
N 2
39P(Ii|9)}

FO) =S p(z:]0 [ 1.7
® = st | 200 (1.7

The existence of such a bound is of great practical utility, as it informs about the maximum theo-
retically achievable precision. If an estimation protocol leads to a precision bound higher than that
required for a particular application, this indicates the need to modify or change said protocol. How-
ever, the bound does not guarantee that the estimation precision is actually achievable; therefore, the
CCRB acts as a first criterion for discarding strategies, but evaluating the actual performance of the

estimator remains necessary.



Although the concept of an unbiased estimator is theoretically attractive and allows for considerable
analytical progress, its practical applicability is often limited to idealized examples. In most real
problems, finding unbiased estimators may not be feasible. Even if they could be found, the ultimate
goal remains the minimization of the MSE. An estimator that, even if biased, delivers consistently
low MSE over the range of possible parameter values may be preferable to an unbiased estimator with
high MSE.

In practice, estimators such as the maximum likelihood estimator (MLE) are frequently used.
The MLE depends solely on the probability p(z|@), so if this function is available, the estimator is,
in principle, accessible. However, the apparent simplicity of this approach often conceals significant
numerical challenges, especially if the function p(z|f) has a complex structure.

As mentioned above, the CCRB is formulated as a bound for unbiased estimators. However, its
utility extends considerably beyond this restriction, making it a widely used tool in practice. In the
asymptotic limit, when the number of experimental repetitions v tends to infinity, the CCRB becomes
a bound for any estimator, whether unbiased or not. More precisely, for any reasonable estimator

6(x), it holds that:

A 1
MSED()ly 2

+0 (1/v7). (1.8)
This result is of great importance, as it not only establishes the maximum achievable precision in the
limit of a large number of resources but also indicates how to achieve it. It can be shown that the MLE,
which, as introduced, is a generally accessible estimator (with the aforementioned numerical caveats),
saturates this bound in the limit v — co. That is, the goal of obtaining the minimum possible MSE
for all values of @ is, in fact, achievable in this asymptotic limit. In general, when seeking an estimator,
this property of asymptotic efficiency (saturating the CCRB) is highly desirable. It is important to
note that not all estimators satisfy it.

In this thesis, the CCRB and its quantum analog, the QCRB (which will be introduced in the
next section), will be understood in this asymptotic sense: as the maximum precision achievable in
the limit v — oco.

All the theory presented so far can be generalized to the case of estimating multiple parameters.
Let @ = (61,--- ,0x) be the vector of parameters to be estimated, and 8(z) = (A1 (z),--- , O (x)) be
the vector of their corresponding estimators. In the limit v — 0o, a generalization of the CCRB is
obtained in the form:

MSE[0(x)]g = %F*l(()) + 0 (1/v%). (1.9)

In this expression, A = B means that the matrix A — B is positive semidefinite, MSE[6(z)] is the

MSE matrix of the estimation error, and F(0) is the Fisher information matrix. Their elements are



given by:

MSE[@(z)];; = ([0:(z) — 0][0;(x) — 0,]),

(1.10)

p(z0)  p(x|6)

For practical purposes, this implies that the MSE of the estimation of each individual parameter is

bounded. In particular, for the estimation of the parameter 6;, we have:

MSE[0;(2)]g > ~[F~1(8)];; + O (1/v7). (1.11)

R

That is, bounds are obtained for the precision with which the different parameters can be estimated,
determined by the diagonal elements of the inverse of the Fisher information matrix F(0).

As in the single-parameter case, this multiparameter bound is asymptotically achievable by the
MLE and represents the fundamental limit to precision in the simultaneous estimation of multiple

parameters in the regime of a large number of measurements.

1.2.2 Quantum Metrology

The fundamental concepts of quantum metrology that will be presented in this section can be found
in various reviews [47-50], as well as some PhD theses [51-53].

In the context of quantum metrology, the probability distribution p(x|6), which governs exper-
imental outcomes, originates from a measurement performed on a quantum system. Let p(f) be a
density matrix that depends on the parameter 6 to be estimated, and let II = {IIy,...,IIx} be a
set of measurement operators describing a Positive Operator-Valued Measure (POVM). Then, the

probability of obtaining outcome x; is given by Born’s rule:

pla:]6) = Tr [p(O)IL,]. (112)

The dependence of the quantum state on the parameter # generally arises from some physical
process. A paradigmatic case, and one of great relevance in this thesis, is the unitary encoding
of the parameter. In this scenario, the quantum state evolves according to p() = U(8)poUT (),
where pg is the initial state of the system and U(#) is a unitary transformation that depends on the
parameter, and can be expressed as U(0) = exp(—i6X), where X is a Hermitian operator generating

the transformation.



As discussed in the previous section on classical metrology, the main interest lies in the asymptotic
limit v — oo, where the CCRB establishes a fundamental bound on estimation precision. Therefore,
in the quantum realm, the objective is to determine the POVM II that maximizes the classical Fisher
information F'(f) for a given state p(6). A larger F(0) will imply a tighter CCRB (lower minimum
achievable MSE).

Given a quantum state p(f), maximizing the CFI over all possible POVMs leads to the concept of
quantum Fisher information (QFI), denoted by Q[p(9)]:

Qlp(0)] = Sup Flp(0), 1. (1.13)

This optimization gives rise to the quantum Cramér-Rao bound (QCRB):

1

MSEI0(@)] 2 5 s

+0(1/v%). (1.14)
The QFI is given by the expression Q[p(6)] = Tr [L(6)2p(6)], where L(6) is the operator known as

the symmetric logarithmic derivative (SLD). The SLD is implicitly defined through the relation:

Dop(0) = %[L(ﬂ)p((?) +p(0)L(0)]- (1.15)

Thus, to achieve the maximum theoretically possible precision, it would suffice to implement
the optimal POVM, II,,, the one for which F[p(6),Ip:] = Q[p(6)], when measuring the system.
However, there is an important subtlety: this optimal POVM, in general, depends on the true value
of the parameter 6. In a real experimental situation, the objective is precisely to infer this true value,
which implies that, a priori, 6 is not known, and therefore, the measurement I, (6) cannot be directly
implemented.

This difficulty leads to two main scenarios. First, there may be situations where considerable prior
information about the parameter is available; that is, it is known that 6 lies within a relatively narrow
range, bounded by iy and 0.x. In such a case, one can choose to use the POVM corresponding to
the mean value of the interval, (@imax + 0min)/2, or to some other prior estimate. In this regime, the
theory of the local QCRB applies reasonably well. Second, the situation may arise where the interval
of possible values for # is very wide. In this case, some initial, possibly suboptimal, POVM will have
to be employed. However, if, as data are acquired and more information about € is obtained, the
measurement strategy is adjusted using updated estimates of the parameter, II(fst ), it can be shown
that, in the asymptotic limit v — oo, it is also possible to saturate the QCRB. Such strategies are

known as adaptive strategies.
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Throughout this thesis, we will generally assume that we are in a regime where it is reasonable
to suppose that we have access to a POVM close to the optimal one, or that adaptive strategies can
be employed to reach it asymptotically. When this assumption is not valid, we enter the domain of
so-called global quantum metrology, a very active field of research today [54].

Once we have the QFI, one last step remains to obtain the maximum possible precision. For
this, we seek the initial state py that maximizes the QFI. The value obtained from this QCRB is
the maximum precision allowed by nature (recall, in the asymptotic regime, where both QCRB and
CCRB are valid). In particular, for the unitary case and when the initial state is pure pg = |10) (¢o|,

which will be the primary case treated in this thesis, we have the following expression for the QFT:
Qle™ "% poe’™] = 4 (tho| [X — (X)]? [tho) - (1.16)

Note that there is no dependence on 6 as one might expect. This is something particular to the
unitary case. The state that maximizes this expression is simply a superposition of the maximum and
minimum eigenstates of the generator X.

As in the classical case, the above formalism can be extended to the estimation of vectorial param-
eters @ = (61, - ,05). However, a fundamental complication arises now. The direct generalization of

the QFT to the multiparameter case, defined through the quantum Fisher information matrix (QFIM):
1
Qij(0) = 5 Tr{p(8)[Li(6)L;(6) + L;(6)L:(8]}, (1.17)

where L;(0) are the SLDs corresponding to the parameter 6;, gives rise to a multiparameter QCRB:

MSE[0;(x)]g > l[Q’l]ii +0 (1/v%). (1.18)

<

The problem lies in the fact that this multiparameter bound, based on the QFIM of the SLDs, is not
generally saturable. That is, in general, there is no single POVM that allows simultaneously achieving
the precision dictated by Q(8) for all parameters. The underlying reason is that the optimal individual
measurement for estimating parameter 6; may not commute with the optimal individual measurement
for estimating parameter ;. Except in special cases (e.g., commuting SLDs), this typically leads one
to consider a “trade-off” or compromise in the choice of the measurement strategy.

This nonsaturability has motivated the search for other information matrices and tighter bounds,
with the ultimate goal of obtaining a tight bound, i.e., one for which an implementable measurement
strategy exists that saturates it. Multiparameter quantum metrology is a very active field of research

today. However, for the purposes of this thesis, we will primarily rely on results that have recently
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appeared in the literature and offer an alternative approach to this problem [55]. This leads us to

o F.
Aj =, /Q”Q”” (1.19)

These quantities quantify how far one is from achieving the maximum possible precision (given by

define the “information regrets”:

Q,;) for the estimation of the j-th parameter, when using a POVM that attempts to estimate all
parameters simultaneously (giving rise to a classical Fisher information matrix F'). Recall that there
always exists a POVM II that allows, for a particular parameter j, Fj; = Q;; to hold. However,
when estimating several parameters simultaneously, it is generally not possible to achieve this for all
of them with the same measurement.

Eq. (1.19) leads to an uncertainty relation for any pair of parameters:

AL AZ -2 [1-2\J0-2)0 -4y < 2-2, (1.20)

In the specific case that will be studied in this thesis we have that ¢;; — 1 at the parameter value
of interest. This is the maximal value of ¢;; and signals a regime of maximal incompatibility between

the two parameters. In this limit, the trade-off simplifies to
AT+ A7 <1 (1.21)

Pushing one parameter to its quantum limit (A; = 0) forces the other to carry no information
(Ar = 1), and vice versa. Intermediate points (0 < Aj, A, < 1) reflect different allocations of

precision between the two estimates.

1.2.3 SU(2) parametrized processes

The content developed in this section, as well as extensions and more detailed treatments, can be found
in [56-63]. In the context of the present thesis, a case of particular relevance will be where the unitary
transformation U (6) encoding the parameter belongs to the SU(2) group. These transformations are
expressed as U() = e~/ where J, = J - n represents the component of the angular momentum
operator J = (J, Jy, J.) along the direction specified by the unit vector n.

The irreducible representations of the SU(2) group are characterized by the quantum number S,

which corresponds to the spin. We will focus mainly on systems where S is a fixed value. A generic

12



state in this representation can be written in the angular momentum basis as:

S
|¢>= Z ¢m|svm>v (122)

m=—5

where |S,m) are the usual eigenstates of J2 and J,. Systems with a fixed value of S frequently
appear in experimental physics. A prominent example is a set of N spin-1/2 bosons, whose collective
states must belong to the symmetric subspace. This symmetric subspace is isomorphic to a total spin
space S = N/2. Even for particles that are not bosons, the symmetric subspace can often be the
subspace of physical interest [64]. It is important to note that it is not necessary for each elementary
component (qubit) to correspond to an electronic “spin”; it is sufficient for it to be a two-level system.
In practice, systems such as atoms trapped in optical lattices, photons propagating in waveguides, or
superconducting qubits can implement this spin model.

Another important physical system whose description falls within the SU(2) formalism is the
polarization of light. The polarization state of a monochromatic light beam is described by the
Stokes vector S = (S1,S52,53). Upon quantization, the components of this vector satisfy the same
commutation relations as those of the su(2) Lie algebra. Consequently, the action of any linear optical
element on the polarization state is modeled as a rotation U € SU(2).

Representing a quantum state by its coefficients 1), in the |S,m) basis is not the most intuitive
way to visualize its geometric properties or its behavior under rotations. It is at this point that the
Majorana representation offers an alternative and powerful perspective. This representation estab-
lishes a correspondence between a spin-S state and a set of 25 (unordered) points on the surface of a

unit sphere. We can map every state to the following polynomial in the complex variable z:

S
o) = 3 m(—1)SHm (Sism)z“m, (1.23)

m=—S

which can be factored into its 25 complex roots:
fu(z) =C(z —z1)(z — 22) - - - (2 — 223). (1.24)

These complex roots can be mapped onto the unit sphere by a stereographic projection from the south
pole, so each z; is related to a point on the unit sphere through z; = tan(0;/2)e!®:, where (6, ®;)
are the usual spherical coordinates (with ©; € [0,7] and ®; € [0,27)). This effectively provides a
one-to-one map between any pure state of spin S and a configuration of 25 points on the unit sphere.

These points are commonly known as the Majorana “stars”, and their distribution on the sphere is
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called the Majorana “constellation”.

Although at first glance the Majorana representation is simply a mapping between two parameter-
izations of the quantum state, it possesses properties that make it particularly useful. One of the most
important is that, under the action of a transformation U(#) = e~%*’/» € SU(2) on the state |1)), the
associated Majorana constellation rotates rigidly on the unit sphere. Specifically, an SU(2) rotation of
angle # around the axis n applied to the quantum state translates into an ordinary geometric rotation
of the constellation of stars by the same angle 6 and around the same axis n. This property contrasts
with the transformation of the coefficients v,,, whose change under an SU(2) rotation does not usually
have a direct geometrical interpretation.

Another relevant property relates the distribution of the stars to the expectation value of the spin.
In general, the mean value of the spin operator (¥|Jy [1) tends to be larger in directions n where
there is a concentration of stars. Conversely, if the Majorana constellation is very dispersed, one will
have (| Jy |¢) = 0 for all directions n. These properties illustrate how the Majorana representation
can offer geometrical intuition about the properties of spin states.

As mentioned, we will be interested in estimating the parameter # after a rotation U = e~*/n¢
around an axis n. Throughout this thesis, we will consider the case where the axis of rotation n is
arbitrary. To illustrate what types of states are useful for this task, let us consider the two contrasting
Majorana constellations in Fig. (1.1). In the first state (a coherent state), all stars are concentrated
at a single point. If we rotate this state around an axis passing through that point, the constellation
(and thus the state) remains unchanged. In contrast, the second state (a king state: a state with the
highest possible isotropy order for a given S (this will be clarified below)), with its widely dispersed
stars, will visibly change under rotations around any axis. This intuitively suggests that states well-
suited for detecting arbitrary rotations must have Majorana constellations distributed quite uniformly
over the sphere, ensuring sensitivity in all directions.

The sensitivity of a quantum state to detect a rotation with an arbitrary axis is an invariant
property under SU(2) transformations (when considering all rotation axes, it is irrelevant whether
we rotate the initial state). Therefore, to quantify it, we need a description of the state’s geometric
properties that is invariant under SU(2) transformations. For this, we introduce the multipolar dis-
tribution. Any quantum state p of a spin S system can be expanded in the basis of irreducible tensor

operators T,

25 K
p=>_>" prgTra (1.25)

k=0qg¢g=—K

where the T}, form an orthonormal basis Tr [quT,I, q,} = Opr/0qq- From the coefficients py, of this

expansion, the multipole of order K, denoted by p%, is defined as the sum of the squared moduli of
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Figure 1.1: Majorana constellations corresponding to a coherent state (left) and king state (right)
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Figure 1.2: Multipolar distributions corresponding to a coherent state (left) and a king state (right)

the coefficients for a fixed order K:

K
=3 o™ (1.26)
qg=—K

The set of these multipoles constitutes the multipolar distribution, which is invariant under rotations.
For the pure states we will study, this distribution is normalized, Ziio pi = 1, which allows a direct
comparison between different states. The multipole of order K = 0 is constant, so it is omitted in the
analyses.

The multipolar distribution provides information about the geometric structure of the state at
different scales. Low-order multipoles (small k) are linked to the “coarse” features of the constellation,
which are described by the low-order moments of the spin operator, <Jf1> In contrast, high-order
multipoles (large k) quantify the “fine” details and the complexity of the star distribution, associated
with higher-order moments. This correspondence is clearly illustrated by the states in Fig. (1.1):
the coherent state, with all its stars concentrated, exhibits a multipolar distribution with most of

its weight in the lower orders, as shown in Fig. (1.2). Conversely, the king state, with its highly
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dispersed constellation, exhibits null values for the first multipoles, with the weight of the distribution
concentrated in the higher orders.

In general, there is a heuristic that associates the multipolar distribution with the degree of “quan-
tumness” of the state: those with distributions concentrated in low multipoles are considered more
“classical”, while a higher population in high multipoles is usually interpreted as a manifestation of
more pronounced quantum properties. This idea is based on the observation of limiting cases, such
as the coherent state (considered the most classical) and states like the king state (which maximize
certain quantumness metrics and exhibit populated high multipoles).

However, despite this intuitive interpretation and the usefulness of these extreme cases, it is im-
portant to emphasize that the exact mathematical relationship between the Majorana constellation,
the multipolar distribution, and the moments (J) is, in general, non-trivial. For example, the p%
multipoles cannot take arbitrary values, as upper bounds exist for each order K. Consequently, not
just any set of values {p2% } that satisfies the normalization condition can originate from a physically
realizable quantum state. Furthermore, experience shows that if a state is generated randomly, its
resulting multipolar distribution is usually complex and often difficult to interpret in simple geometric
terms.

The multipolar distribution, with the properties and nuances discussed, plays a central role in the
second project of this thesis. In the first paper, the connection between the multipolar distribution
and the Majorana constellation will be investigated in detail. In the second paper, the multipolar
distribution will be employed, along with other metrics, to characterize the properties of the so-called
”Random Majorana States”, which are states generated by the random selection of stars on the Bloch
sphere.

To quantify the suitability of a state in detecting an arbitrary rotation, a relevant metric is the

average value of the QCRB over all possible rotation axes:

1 1

— — dQ) 1.27
47 So 4m2 (n) ’ ( )

where d is the area element on the surface of the sphere Sy and mo(n) = ((Jn — (Jn))?) is the variance
of the generator along the axis n. It can be shown that the states that minimize this quantity, are

those that satisfy the following conditions:

(thol Jn |tho) = 0, (1.28)

(o] J2 |1o) = constant. (1.29)
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A state for which the first kg moments (| J& [1)0) do not contain directional information is called
isotropic up to order kg. At first glance, a state with (o] Jy, [0) = 0 might seem completely unpolar-
ized. However, this apparent lack of polarization in the first moment does not imply a total absence of
directional structure. A quantum state satisfying (10| Jn [t00) = 0, unlike a classical unpolarized state,
can still harbor directional information in its higher-order moments. This phenomenon is known as
hidden polarization.

The result that isotropic states beyond k = 2 are optimal for detecting arbitrary rotations (ac-
cording to the averaged QCRB) is, at first glance, counterintuitive. If isotropy is, indeed, a desirable
property for this task, why is the optimality condition limited to order k = 27 Shouldn’t higher-order
isotropy confer an additional metrological advantage? The study of this apparent paradox is one of
the topics that will be addressed in the first project of this thesis.

Finally, it is important to highlight the direct mathematical connection between the isotropy of a
state and its multipolar distribution: a state is isotropic up to order kg if, and only if, all its multipoles
pi are null for 1 < k < kg. This relationship is consistent with the interpretation of the multipolar
distribution discussed earlier, where constellations more distributed over the sphere (and therefore

more isotropic) tend to exhibit low values in the first multipoles.

1.3 Quantum Metrology Overview

To conclude, we provide in this section a brief overview of the state of the art in quantum metrology,
begining with its historical development and surveying key contemporary topics. Its scope is inten-
tionally broad, designed to complement rather than duplicate the specific background information
found in the introductions of the research articles that constitute this thesis.

Consequently, this chapter serves as a supplementary resource for readers interested in the wider
scientific landscape. A detailed reading is not a prerequisite for understanding the core contributions
presented in the subsequent articles. Necessarily, this review is selective given the breadth of the
field; for example, the extensive experimental work is only briefly mentioned. For a comprehensive
treatment of various topics, we refer the reader to the numerous excellent reviews [48-50, 54, 64—77]
and recent doctoral theses [52, 53, 78-86].

The birth of quantum metrology occurs when the principles of quantum mechanics are incorporated
into the classical framework of estimation. Since measurements in quantum systems are inherently
probabilistic and can perturb the state of the system, both new fundamental limits to precision and
new strategies to overcome them emerge. The tools of classical metrology are extended to the quantum

domain through the introduction of the quantum Fisher information (QFI) and the quantum Cramér-
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Rao bound (QCRB). These formalisms were developed by authors such as Helstrom and Holevo during
the 1970s and 1980s [87, 88].

A fundamental driving force for the development of quantum metrology was the search for the
detection of gravitational waves (GWs). The need to measure extremely small physical effects, pre-
dicted by General Relativity, forced consideration of the limits imposed by quantum mechanics on
the precision of measurements. These GWs, whose existence was postulated by Albert Einstein in
1916, were the subject of a prolonged debate about their physical reality, with questions raised as
to whether they were a mere mathematical artifact or physically measurable entities; even Einstein
himself harbored doubts about this at certain times [89, 90].

In this context of seeking maximum sensitivity for the detection of phenomena as elusive as GWs,
crucial concepts such as the standard quantum limit (SQL) and the Heisenberg limit (HL) began to
emerge. Initially, these limits were often derived heuristically, using arguments based on Heisenberg’s
uncertainty relation or error propagation. For example, the SQL for harmonic oscillators, relevant in
resonant GW detectors, was analyzed in pioneering works such as those by Giffard [91] and Caves
et al. [92]. Subsequently, strategies were proposed to overcome the SQL using nonclassical states of
light, such as those presented by Caves [93] or Bondurant and Shapiro [94], which led to the coining of
the term “Heisenberg limit” by Holland and Burnett [95]. Although the tools of quantum estimation
theory, such as the QCRB, had already been developed by authors like Helstrom, it was later that
QCRB became established as the standard measure for rigorously formalizing and determining the
achievable sensitivity in metrological schemes and defining their fundamental limits.

After decades of intense technological and theoretical development, large-scale interferometric ob-
servatories such as LIGO, VIRGO, and GEO600 were built. These efforts culminated in 2015 with the
first direct detection of a gravitational wave [96], event GW150914, by the LIGO and Virgo collab-
orations [97]. Currently, to further increase the precision of these detectors, squeezed states of light
are routinely used to detect GWs [98-101]. This technique was first implemented in GEO600 [39] and

later by LIGO [102].

1.3.1 Heisenberg Scaling

One of the main attractions of quantum metrology is the possibility of achieving the so-called “Heisen-
berg scaling”. In a classical metrological scheme, the variance of the estimator, or mean squared error
(MSE), reduces, at best, reciprocally to the number of resources v used (e.g., the number of photons
or experimental repetitions), which is known as SQL or “shot-noise” limit, where precision scales as
1/\/v.

As we mentioned, in the latter part of the last century, there appeared a shared consensus that,
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by using quantum resources, a substantial improvement to this bound could be obtained. Using often
heuristic approaches, without yet generally resorting to the QFI formalism, the possibility of achieving
a precision scaling on the order of 1/v was observed, which would imply an MSE reduction proportional
to 1/v2. The precise definition of the number of resources used, v, can be subtle, but paradigmatic
examples include the number of repetitions of an experiment, the total measurement time, or the
number of repetitions of a parameter encoding process in the probe state. Achieving this Heisenberg
scaling would have profound practical implications, as it would not be a simple improvement by a
constant factor over classical protocols, but a fundamentally different dependence of precision on
available resources.

The first works in this direction explored the use of nonclassical states of light. For example, Caves
proposed the use of squeezed states to improve the sensitivity of interferometers [93]. In that work,
he considered sending a squeezed state of light, instead of vacuum, into the normally unused input
port of the interferometer. By doing so, the photon counting error can be reduced at the expense of
increasing the radiation pressure error, or vice versa. Although this work does not explicitly achieve
Heisenberg scaling, it represents a crucial conceptual advance towards overcoming the limits imposed
by standard quantum noise through the use of quantum resources.

Other contemporary works also explored these ideas from different perspectives, such as the analy-
sis of SU(2) and SU(1,1) interferometers presented by Yurke et al. [103]. The article demonstrated, in
principle, the possibility of achieving a phase sensitivity approaching 1/v, where v is the total number
of photons. This scaling corresponds to the Heisenberg limit.

The understanding of how to achieve this scaling was consolidated with subsequent works, which
analyzed in detail the role of entanglement and the number of systems involved [104-107]. In the
context of estimating a parameter encoded by unitary evolution, it has been shown that highly entan-
gled states such as GHZ (Greenberger-Horne-Zeilinger) or NOON states, and their generalizations, are
capable of producing this Heisenberg scaling [105]. It is relevant to note that this same scaling can,
in principle, be obtained through strategies of multiple passes of the probe state through the system
encoding the parameter. This suggests an interesting interchangeability of resources: the use of states
with a high degree of entanglement could, in certain scenarios, be replaced by a longer interaction or
sensing time.

This 1/v Heisenberg scaling is particularly attractive, but its attainment is based on the consid-
eration of unitary evolutions, i.e., in the absence of noise. In the real world, quantum systems are
inevitably subjected to decoherence and various sources of noise, which raises the fundamental ques-
tion of whether Heisenberg scaling can be maintained in realistic scenarios. This issue has been, and

continues to be, one of the main focuses of research in quantum metrology.
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Although the promise of Heisenberg scaling is considerable, a more detailed analysis considering
noisy systems has revealed that, in practice, this scaling tends to disappear in the face of many common
types of noise [108]. Nevertheless, notable exceptions exist. For example, it has been shown that in the
presence of non-Markovian noise, certain strategies can preserve an improvement in scaling beyond the
SQL [109]. Similarly, under specific noise conditions in frequency estimation, the limitations imposed
by the SQL can also be overcome [110].

Given the fragility of Heisenberg scaling in the presence of noise, an active line of research focuses
on developing techniques to recover it or, at least, to obtain a substantial improvement over classical
protocols in noisy environments. Among these techniques, the use of auxiliary systems (ancillas), with
which the probe state is entangled, and the application of quantum error correction (QEC) protocols
stand out. Entanglement with ancillas can offer additional protection to the probe state, improving
the final precision [111]. For its part, QEC actively seeks to identify and correct errors induced by
noise, allowing, in principle, for the recovery of Heisenberg scaling or, at the very least, a significant
improvement in precision [112-114].

While the complete recovery of Heisenberg scaling in the presence of generic noise is a consider-
able and often unattainable challenge, it is important to note that, even in noisy scenarios, quantum
metrology can offer an advantage in the form of a constant factor improvement in precision over clas-
sical protocols. Various works have demonstrated the possibility of achieving the HL or improving the
SQL through QEC adapted to the specific noise of the system [114-117]. For example, in the context
of gravitational wave detection, an improvement in sensitivity has been achieved using quantum states
of light (squeezed states), in accordance with theoretical predictions. Such advances are crucial, as
they demonstrate the feasibility of implementing protocols with a quantum advantage using current
technology [98].

Finally, it is relevant to mention that research on the Heisenberg limit is not solely confined to the
impact of noise. Other aspects, such as the intrinsic limitations of the QCRB (which is an asymptotic
bound), have also been studied. When the number of repetitions is not sufficiently large, or when
considering simultaneous estimation of multiple parameters, it is necessary to refine the analysis of
Heisenberg scaling, which may lead to the introduction of correction factors or a reconsideration of

optimal strategies [118, 119].

1.3.2 Multiparameter Quantum Metrology

Another topic of great relevance in quantum metrology is multiparameter estimation. While classi-
cal multiparameter estimation already brings new concepts (e.g., statistical correlations), quantum

scenarios add specifically nonclassical obstacles: noncommuting parameter generators and measure-
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ment incompatibility. As a result, joint optimality is not guaranteed and practical strategies typically
balance precision across parameters.

Given its fundamental importance and practical implications, multiparameter quantum metrology
has been the subject of intense research, reflected in various recent reviews that address this topic
from different perspectives [70, 71, 120, 121]. The need to simultaneously estimate multiple parameters
arises naturally in a wide range of practical applications. Notable examples include three-dimensional
magnetometry, which seeks to determine the three components of a magnetic field [122]; the estimation
of multiple optical phases, crucial in advanced interferometry and in the characterization of complex
systems [123, 124]; the joint estimation of a phase and its diffusion, relevant in scenarios where phase
noise is not negligible [125]; the characterization of multidimensional fields, where the parameters to
be estimated may correspond to different components or properties of the field [126, 127]; and super-
resolution, which aims to overcome classical diffraction limits by precisely estimating multiple spatial
parameters [128].

Analogous to the single-parameter case, the fundamental objective in multiparameter estimation is
to determine the maximum achievable precision. However, this ultimate precision limit is not always
analytically calculable, except for simple systems, which has motivated the development of various
bounds. A crucial distinction from single-parameter metrology is that, while the single-parameter
QCRB is always saturable, its generalization to the multiparameter case gives rise to bounds that, in
general, are not [129, 130]. In fact, the non-commutativity inherent to quantum observables in the
multiparameter scenario leads to the definition of different versions of the QCRB—most notably those
based on the symmetric (SLD) and the right logarithmic (RLD) derivatives [131].

Despite not always being a tight bound, the QCRB based on the SLD is frequently analytically
calculable in various situations. This tractability has facilitated its study and application, making it
one of the most investigated bounds in practice. The question of when the SLD-CRB is saturable,
i.e., when the precision it specifies can be achieved, has been a central research topic. Various works
have explored the conditions under which this occurs, analyzing the role of commutativity between
SLD operators, the influence of the extended Hilbert space, and the implications for different types
of probe states and measurements [132-138]. Likewise, connections between the SLD-CRB and other
fundamental bounds, such as the Holevo bound, as well as its relationship with the dimensionality of
the probe state and measures of quantum incompatibility, have been investigated [139-142].

The realization that the SLD-CRB is not, in general, a tight bound in the multiparameter scenario
has spurred the study of tighter bounds. Among them, the Holevo Cramér-Rao bound (HCRB) stands
out as being the asymptotically achievable bound through collective measurements [143]. Although

the HCRB is fundamentally tighter than the SLD-CRB, its calculation usually requires numerical
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methods, and its analytical expression is known only for particular cases [144-147].

Although the HCRB is, in principle, achievable, a collective measurement acting on a possibly
infinite number of copies of the quantum system may be necessary [148, 149]. This considerably limits
its practical applicability, preventing it, in general, from being considered a tight bound in realistic
experimental scenarios.

Another relevant bound in multiparameter estimation is that of Nagaoka [144]. Initially conceived
for two parameters, it has recently been generalized, under the name “Nagaoka-Hayashi” to an ar-
bitrary number of parameters [150, 151]. Although it was thought that this bound might be tight,
recent works have shown that this is not the case, highlighting the influence of the extended Hilbert
space on its achievability [152].

Like the HCRB, calculating the Nagaoka-Hayashi bound generally requires numerical methods.
Fortunately, it has been possible to mathematically reformulate both the HCRB and the Nagaoka-
Hayashi bound as convex optimization problems, specifically as semidefinite programs (SDPs) [150,
153, 154]. This formulation is of great practical importance, as SDPs can be solved efficiently, although
the numerical nature of the solution may limit the insights obtained [155, 156].

The ideal goal, however, would be to obtain not only bounds but also the maximum achievable
precision and the measurement strategy that achieves it, all in a numerically tractable manner. Sig-
nificant efforts are being made in this direction, such as those seeking to unify the theory of precision
bounds for multiparameter estimations through conic programming [157]. These approaches not only
focus on state estimation but also on the fundamental question of what the optimal probe state is for
a given quantum channel [158].

An alternative approach that has recently emerged is based on “uncertainty relations” for mul-
tiparameter estimation. These relations, inspired by Heisenberg’s uncertainty relations, establish
bounds on the classical Fisher information that can be simultaneously achieved for each parameter
[65]. A notable advantage of this method is that the resulting bounds are usually analytically sim-
pler to calculate. The relationship between these uncertainty-based bounds and the more traditional
Cramér-Rao-type bounds has also been studied [159]. Other novel approaches include the study of
implementing an arbitrary number of observables with a single measurement [160] and the use of

randomized measurements [161].

1.3.3 Bayesian Quantum Metrology

As we have already mentioned, statistical estimation theory, which serves as the basis for metrology,
can be conceptually divided into two major approaches: frequentist and Bayesian [162, 163]. In the

frequentist paradigm, the parameter of interest is considered a fixed but unknown quantity, whose
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value is intended to be inferred from observational data. On the other hand, the Bayesian approach
models the parameter as a random variable, characterized by a prior probability distribution that
reflects initial knowledge about said parameter. This prior distribution is updated using Bayes’ rule
as new information from measurements is incorporated.

Both paradigms offer different ways of approaching the estimation problem, each with its own
strengths and weaknesses. One of the main criticisms of the Bayesian approach lies in the influence
that the a priori distribution exerts on the final conclusions, especially when the number of data points
is limited. In practice, this prior distribution is not always accessible or easy to determine objectively,
which can introduce a certain degree of subjectivity into the analysis [164]. Despite this, and although
most works in quantum metrology have traditionally been developed from a frequentist perspective,
there has been a notable surge in Bayesian techniques in recent years.

It is important to note that, in the limit of a large number of experimental repetitions (asymp-
totic limit), both approaches tend to converge in their results. However, when a finite number of
resources are available, the predictions and optimal strategies derived from each paradigm can diverge
significantly.

The first Bayesian analyses in the context of quantum metrology date back to the 1970s, develop-
ing in parallel with the frequentist approach. Pioneering works such as those by Helstrom, Personick,
Holevo, and Yuen and Lax laid the foundations for applying Bayesian principles to parameter esti-
mation in quantum systems [87, 131, 165-167]. In these initial works, the quantum minimum mean
squared error (MMSE) estimator is derived, and the formalism is extended to include multiparameter
estimation.

As in the classical case, bounds on achievable precision have been derived, given that the exact
evaluation of the optimal strategy may not be possible or may require numerical evaluations. Among
them, the quantum Ziv-Zakai bounds [168] and the quantum Weiss-Weinstein bounds [169] stand out.
These bounds, which generalize their classical counterparts, are tighter than the (Bayesian) QCRB
in limited-data regimes or when the likelihood function is not Gaussian. They have been extended to
cover waveform estimation [170] and vector parameters [171]. Other bounds also exist, such as those
based on the quantum Van Trees inequality [172].

The Bayesian approach has demonstrated growing relevance and applicability in contemporary
quantum metrology. In phase estimation, robust strategies against noise have been designed [173].
Quantum thermometry, an area of great activity, has seen the application of Bayesian methods for
temperature estimation without detailed prior knowledge [174], or using concepts such as thermody-
namic length to optimize inference with limited prior information [175]. These approaches have made

it possible to explore the fundamental limits of Bayesian thermometry and develop adaptive strategies
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to reach them [176].

The Bayesian paradigm’s ability to incorporate prior information and adapt to measurement results
makes it particularly suitable for real-time protocol optimization. This has been exploited in quantum
imaging for super-resolution through adaptive multiparameter estimation [177], and in experimental
demonstrations confirming the significant precision improvements obtainable with these techniques,
for example, in gravimetry with cold atoms [178, 179]. Rigorous benchmarking of these protocols,
considering the influence of the prior and the finite number of measurements, is a crucial aspect for
validating their practical utility [180].

From a theoretical perspective, Bayesian quantum metrology continues to expand. The ultimate
precision limits in multiparameter scenarios, such as in magnetometry, have been investigated [122],
and unifying conceptual frameworks for different types of parameters are being developed. A notable
example is the extension of metrology beyond phase and location parameters towards ”quantum scale
parameter estimation” for quantities like decay rates or temperatures, where inherent symmetries
of the problem play a fundamental role [181-183]. Connections with other quantum information
concepts, such as coherence, are being used to better understand the origin of quantum advantage
[184]. Furthermore, techniques are being developed for the systematic design of optimal protocols

that jointly optimize the probe state and the measurement [185].

1.3.4 Global Quantum Metrology

A particularly active area of research today, which fundamentally relies on Bayesian metrology, is
so-called global quantum sensing. For a recent review, see reference [54].

As mentioned, in the frequentist approach, the central quantity is the QCRB, which is evaluated
pointwise in the parameter space. This implies that, generally, the optimization of the probe state and
the measurement is performed for a specific value of the parameter. While this strategy is effective
when very precise prior information about the parameter is available—allowing optimization at the
central point of a narrow range—the optimal state and measurement found are, in general, only valid
for that particular point. For different values of the parameter, the optimal strategy will differ.

However, in practice, such detailed prior information is often not available, and a sensing strategy
is required that is optimal, or at least robust, for a wide range of the parameter. A paradigmatic
example of this is found in phase estimation: while the locally optimal state is the well-known NOON
state, if complete initial ignorance of the phase is assumed, the globally optimal state is the so-called
sine state [48]. This does not imply that the QCRB cannot be reached in the asymptotic limit, as
adaptive strategies can be employed, where the measurement is adjusted as more information about

the parameter is obtained.

24



Nevertheless, this leaves open the fundamental question of what state and what measurement to
use initially, when little or no information is yet available. This is precisely the domain of the global
approach, where the Bayesian paradigm has been most commonly used to address this issue. Various
works have explored this global approach from a Bayesian perspective, for example, in the context of
quantum thermometry [186], in establishing strict hierarchies for global estimation strategies [187], or
by analyzing the role of symmetry and geometry in the design of global quantum sensors [183].

Although less common, there are also contributions to the global approach from the frequentist per-
spective. In the context of many-body systems, for example, the exploitation of critical points—regions
where the system undergoes a phase transition—has been investigated to obtain improved sensing pre-
cision. While this increase in sensitivity is usually, in principle, restricted to a narrow region around
the critical point, strategies have been developed for scenarios where detailed prior information about
the parameter to be estimated is not available [188]. Such works have subsequently been extended
through the design of modular sensors, which allow for a significant extension of the region where said
improved precision is maintained [189].

Finally, other approaches exist that address estimation in global regimes. Probably approximately
correct metrology (PAC) is one such technique, where the key quantity is the probability that the
parameter estimate lies within a predefined range around its true value [190]. Another relevant
approach involves using mutual information as a figure of merit, as opposed to QFI, in order to study

Heisenberg scaling from a global perspective [191].

1.3.5 Machine Learning

Machine learning (ML), although having recently gained public notoriety with the advent of large
language models, is a tool with a well-established track record in the field of physics [192, 193]. In
quantum metrology, its application has experienced notable growth, opening new avenues for protocol
optimization and overcoming experimental limitations [194].

An area of special interest is Bayesian estimation, where ML methods have proven effective. It has
been proposed to reformulate Bayesian estimation as a classification task, allowing Neural Networks
(NNs) to perform inference efficiently and, in certain cases, surpass standard calibration methods,
especially when available data are limited [195]. These NNs not only facilitate direct inference but
can also be trained to act as robust and fast heuristics in the adaptive design of experiments, a
crucial component in Bayesian estimation, where the optimal choice of the next experimental step is
fundamental to maximizing acquired information [196, 197].

Reinforcement learning (RL) is another ML technique with significant potential in this domain. It

has been successfully employed in optimizing experimental design for adaptive quantum estimation,
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where the RL agent learns to select the sensor’s control parameters. A promising approach is “model-
aware RL”, where prior knowledge about the system’s model is assumed and incorporated into the
agent’s training process. This can lead to superior control strategies and more efficient training
compared to model-free approaches [198].

The combination of these ML techniques has led to even more comprehensive developments. For
example, multiparameter quantum estimation protocols have been designed where a deep RL agent,
which makes decisions concerning adaptive control, is combined with a deep neural network that
performs Bayesian updating. Such integrated “model-free” architectures, trained directly with exper-
imental data, have demonstrated the ability to outperform standard calibration strategies in realistic
scenarios with limited resources, such as in the simultaneous estimation of multiple optical phases in
photonic circuits [199].

Another recent application of these techniques is in the classification of images with sub-Rayleigh
resolution subject to photon shot noise. In this context, hybrid algorithms have been proposed that
integrate physical preprocessing of the optical field—performed through spatial mode demultiplex-
ing (SPADE)—with computational postprocessing carried out by machine learning algorithms. This
approach has demonstrated the ability to classify images that would be indistinguishable using con-
ventional direct imaging techniques, operating under conditions of severe diffraction and extremely

weak light signals [200].

1.3.6 Other topics

There are other areas of research in quantum metrology that, while may be considered more tangen-
tial or specific, offer valuable insights and address particular challenges in the pursuit of maximum
precision.

A first set of works has focused on deepening the understanding of fundamental tools, such as
the QFI and QFIM, and their possible anomalous behaviors. It has been discovered, for example,
that the QFI can exhibit discontinuities when the range of the density operator changes [201, 202].
These discontinuities, and the possible non-invertibility (singularity) of the QFIM, have important
metrological implications, as they can invalidate the employment of the standard QCRB [203]. The
conditions for continuity of the QFI have been studied [204], and strategies have been proposed to
overcome the singularity of the QFIM, such as the use of sequential measurements, where information
is accumulated over a sequence of local interactions and measurements, thereby overcoming the limi-
tations imposed by an insufficient number of independent measurement outcomes [205]. Work such as
that developed during the doctoral period of the author of this thesis, although not explicitly included

here, has also addressed the issue of QFIM singularities [206].
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The correct interpretation of data and the diagnosis of imperfections in quantum sensors have
also been studied, for example, by using generalized Cramér-Rao bounds to assess the quality of data
postprocessing and detect possible biases in estimation [207, 208].

In the search for new metrological strategies and harnessing of quantum resources, innovative
proposals have emerged. Postselected quantum metrology, for example, explores the use of pre-
measurements to filter quantum states before the final measurement intended to extract information
about the parameter. It has been shown that these filtered states can concentrate information, which
is particularly useful in the presence of limited resources or noisy detectors, and this advantage has
been linked to the negativity of certain quasiprobability distributions [209, 210]. In fact, a general
theory of compression channels for postselected quantum metrology has been developed [211]. Another
particular technique to optimize the so-called null or near-null measurements, which are known to allow
the saturation of the QFI, are displaced-null measurements, proposed to address distinguishability
problems that arise when the measurement reference is too close to the actual state of the system
[212]. Additionally, other approaches explore the use of quantum contextuality as a resource to
increase estimation precision [213]. Symmetry has also been identified as a fundamental resource,
enabling the preparation of mixed quantum states with advantageous metrological properties [214].
Finally, quantum speed limits also play a crucial role, as they impose fundamental restrictions on the
achievable temporal resolution in the detection of dynamic signals [215].

Quantum metrology also faces specific challenges in particular estimation problems and in the
development of more general theoretical tools. An example is parameter estimation when the mea-
surement strategy itself depends on the unknown parameter, which requires treatment beyond the
standard QCRB [216, 217]. The presence of nuisance parameters, which affect precision but are not
of direct interest, has also been addressed, giving rise to semiparametric quantum metrology [133,
218]. Generalizations of the symmetric logarithmic derivative SLD, such as the bound based on the
maximum logarithmic derivative, which combines the SLD and the right logarithmic derivative, have
been proposed [219]. The estimation of high-dimensional unitary transformations is another complex
problem, where protocols that saturate the QCRB are sought [220]. Beyond parameter estimation,
methods have been developed to certify the dimensionality of quantum systems based on experimental
evidence [221]. Finally, the concept of “QFI power” has been introduced to characterize the ability of
a quantum evolution to generate QFI, especially starting from states with initially null QFT [222].

From a more practical and computational perspective, software tools have been developed to
facilitate calculations and simulations in quantum metrology, such as the QuanEstimation toolkit
[223]. Furthermore, strategies are being actively investigated to optimize sensing protocols considering

the limitations of real laboratories. Approaches such as end-to-end variational quantum sensing, which
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uses parameterized quantum circuits and neural networks, seek to jointly optimize state preparation,
interaction, and estimation [224]. Similarly, specific dynamics, such as quantum resonances, are being

explored to improve metrology in the presence of noise and with limited controls [225].
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2

Publications

2.1 Project 1: Corrections to the quantum Cramér-Rao bound

As discussed in the mathematical preliminaries section, the QCRB constitutes a bound for the MSE
of an estimator that is only guaranteed to be attainable in the asymptotic limit of an infinite number
of repetitions. Therefore, it does not, in general, provide direct information about the actual MSE
when a finite number of resources is available. This is an intrinsic feature of the classical Cramér-Rao
bound, which is inherited by its quantum generalization.

Despite this fundamental limitation, the QCRB has established itself as the most widely used
tool in quantum metrology. This prevalence is due to a pragmatic balance: on the one hand, its
analytical tractability has enabled substantial theoretical progress, with a vast literature dedicated to
its calculation for various systems, scenarios, and types of noise; on the other hand, the bound shows
a remarkable correspondence with experimental results when the number of resources is reasonably
large. It is this combination of theoretical manageability and empirical relevance that has made it the
preferred figure of merit in the field.

However, in recent years, the quantum metrology community has begun to incorporate tools from
classical statistics that go beyond the Cramér-Rao approach, enriching the available theoretical arse-
nal. The recent rise of Bayesian techniques, as well as the emergence of works adopting minimax or
PAC perspectives, are clear examples of this trend. This adoption process has been gradual. On one
hand, it involves the incorporation of tools that, while part of the standard toolkit of advanced statis-
tics like Bayesian and minimax perspectives, are less straightforward than the Cramér-Rao approach.

On the other hand, there are even more specialized theories, such as the higher-order asymptotic
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theory that will be used in this work, whose presence is limited even in standard statistical textbooks,
placing them on a plane far removed from the typical training of a physicist.

The limitations of the first-order asymptotic approach, represented by the QCRB, have direct
practical implications: In the quest for maximum precision, selecting the optimal POVM is crucial.
The QCRB states that any measurement that saturates the bound, i.e., that makes the CFI equal to
the QFI, is optimal. This leads to an ambiguity, as, in general, it does not identify a unique strategy,
but rather an entire family of POVMs that are indistinguishable and equivalent from this perspective.
More precisely, there may exist a family of POVMs II(¢), parameterized by a parameter ¢, such that
F(I1(9), p(8)) = Q(p(0)) for all 6.

Analogously, this ambiguity extends to the choice of the optimal probe state. Let us consider the
estimation of an arbitrary SU(2) transformation of the form U(f) = e~%/» acting on an initial pure

state |¢p). The QFI is given by:

Q (U(0) |¥o) (1o UT(0)) = 4 (o] (Jn — (Jn))? [tho) = 4my(n) (2.1)

If the goal is to optimize performance over all possible directions n, one seeks to minimize the average

of the QCRB over the sphere:
1 1
— | —— a0 (2.2)
4 Ss 4m2 (n)

where d2 is the area element on the surface of the sphere Ss. This quantity is minimized by states

that satisfy the following conditions:

(thol Jn [tho) =0 (2.3)

(o] Jﬁ |tho) = constant (2.4)

That is, by states that are isotropic to second order. However, there are generally many states that
satisfy these two conditions, with the QCRB offering no criterion to choose among them.

In the work presented in this section, these two issues are addressed by calculating higher-order
corrections (as an expansion in powers of 1/v, where v denotes the number of trials) to the MSE
predicted by the QCRB. The central idea is that these corrections allow us to discriminate between
strategies (states and measurements) that were equivalent in the eyes of the QCRB, revealing that
some are preferable to others in the finite-resource regime. As we will see, the calculation of these
corrections involves certain technical subtleties, as their value depends on the specific estimator used,
the possible presence of a bias of order 1/v, and whether the probabilities of certain measurement

outcomes vanish at the true value of the parameter. Beyond resolving the ambiguity in the choice of
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optimal strategies, the derived expressions provide a more accurate approximation of the actual MSE
before the asymptotic limit is reached, which can be of great practical use by reducing the need to
resort to numerical simulations.

We will also introduce the Bhattacharyya bound, a classical bound that adds corrections to the
CCRB, thereby tightening it. In its standard form, the bound applies to unbiased estimators; however,
in practice the estimators of interest are typically biased, which limits its non-asymptotic usefulness.
For this reason, the corrections it provides are primarily relevant in the limit v — oo, where they
can be understood as a lower bound to those obtained via second-order asymptotics. A quantum
extension of this bound is known, enabling optimization over all POVMs.

This section is composed of two papers. The first is a letter in which we introduced these concepts
for the first time. The second reiterates the explanations in greater depth, conducts numerical simu-
lations to test these expressions, and delves into some of the associated technical difficulties. Finally,

the Bhattacharyya bound and its relationship to them are also examined.
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The quantum Cramér-Rao bound (QCRB) stands as a cornerstone of quantum metrology. Yet, akin to its
classical counterpart, it provides only local information and overlooks higher-order details. We leverage the
theory of higher-order asymptotics to circumvent these issues, providing corrections to the performance of
estimators beyond the QCRB. While the QCRB often yields a whole family of optimal states and several
optimal measurements, our approach allows us to identify optimal states and measurements within the
family that are otherwise equivalent according to the QCRB alone; these are requisite for optimal
metrology before reaching the asymptotic limit. These results are especially pertinent when dealing with

unitary processes.

DOI: 10.1103/PhysRevLett.134.010804

Introduction—Quantum metrology is a rapidly growing
field that leverages the principles of quantum physics to
achieve extremely precise measurements [1-6]. Today,
quantum metrology offers significant advantages in terms
of precision, sensitivity, and noise reduction. These benefits
are driving remarkable advancements in both fundamental
and applied research.

The cornerstone of frequentist quantum metrology, the
quantum Cramér-Rao bound (QCRB), sets a lower bound
on the minimum mean square error (MSE) of an estimator
for a parameter encoded in a state [7,8]. The inverse of the
QCRB is a measure for the state’s sensitivity under small
variations of a parameter, known as the quantum Fisher
information (QFI) [9].

Despite the prevalence of the QFI in quantum informa-
tion, its implications have to be taken with a grain of salt.
First, the associated QCRB is only asymptotically attain-
able, leading to apparent violations of the bound when few
measurement samples are available [10,11]. More impor-
tantly, the QFI is tailored for local estimation scenarios
rather than global ones, where both the location and size
of the parameter neighborhood remain unknown. It has
been noticed that the MSE of global estimation problems
can significantly differ from local strategies [12-16].
Additionally, the QCRB suggests that the best strategy is
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to use all available resources in a single measurement [17].
However, as the number of resources increases, so does
the required prior knowledge about the parameter, a
problem that can be circumvented by using a Bayesian
approach [18-20].

In this Letter, we will address additional issues that,
while highly relevant, have remained largely unexplored.
For single-parameter estimation, multiple measurements
can saturate the QCRB [21,22], raising the question of
which one measurement to prefer over the rest. The QCRB
also has limitations when determining the optimal state
for sensing a unitary transformation. As a representative
example, consider the simplest case of rotations in SU(2): a
whole family of optimal states is known to exist when all
rotation axes are taken into consideration [23-26].

This Letter handles these limitations by leveraging the
theory of higher-order asymptotics. This theory extends
beyond the central limit theorem, providing corrections
based on the number of trials, which are crucial for a bona
fide statistical inference [27]. By properly incorporating
these corrections, we can distinguish between states and
measurements that appear equivalent according to the
QCRB. Additionally, the corrections are essential for
evaluating performance in real-world scenarios with finite
resources. Although tools from the theory of higher-order
asymptotics are well established in the statistical literature
and have been applied in the context of quantum hypothesis
testing [28], their application in quantum metrology offers a
ripe opportunity for progress.

Higher-order asymptotics—We consider the canonical
scenario of quantum metrology in which we want to
estimate the value of a single real parameter 6 from the

Published by the American Physical Society



PHYSICAL REVIEW LETTERS 134, 010804 (2025)

outcomes of v independent measurements. Let p(x|0) be
the probability that in any given round the measurement
will result in the outcome x, given that the value of the
parameter is 6 (we take x as a discrete random variable, but
the continuous case can be dealt with in a similar way). In
the quantum domain, the measurement setting is described
by the positive operator-valued measure (POVM) I1, > 0,
with Y~ TI, = 1, and the probabilities are given by Born’s
rule p(x|6) = Trlg,IL.

To report a value of the parameter 8, a proper estimator
O(x) must be used. This is a function of the obtained
measurement results x. The quantity of central interest is
the MSE of d(x), which for estimators that approach the
classical Cramér-Rao bound (CCRB) can generally be
expanded as [29]

MSE[f(x)] = %FL@ - % [r(e) + b2(0) +

+(’)<D13>, (1)

where the classical Fisher information (CFI) is F,(0) =
3. p(x]0)[0gp(x]0)/ p(x]0)]* and b(0) denotes the bias to
order 1/v: (0(x) — 0) = b(0) /v + O(1/12), with (A(x)) =
S p(x|0)8(x). The function I'(9) depends on the particu-
lar estimator. Actually, a vast number of estimators have
been formulated by proposing ad hoc functions (x) [10].
One of the most widely adopted is the maximum likelihood
estimator (MLE), defined as Oy p(x) = arg maxyp(0|x).
Here, the likelihood p(6]x) must be interpreted as the
probability of € being the true value given the data x. For
this estimator, the function T'(0) takes the value [29]

ro) = - Fxl(a) n 702(0) = 2721(?5)) + 740(0)
173(0) = [r11(8) —r30(0))2
' Fi(0) ’ @)

and b(0) = —y,/[2vF%(0)], with
dyp(x|0 agep(x|9) '
rot0) = Sptao) | (] @

For unbiased estimators, the MSE reduces to the variance,
and the 1/v term gives the time-honored classical Cramér-
Rao bound (CCRB). Similar expresions for other estima-
tors can be found in [29]; nonetheless, no estimator is
universally guaranteed to minimize all the 1/2% contribu-
tions in Eq. (1); which one is best depends on the particular
problem at hand. This differs markedly from the usual
asymptotic case, where the CCRB sets the fundamental
limit, independent of the estimator.

To establish a fundamental limit, we must first restrict
the allowed estimators. It is reasonable to compare estima-
tors that are unbiased to order 1/v; i.e., b(6) = 0. This is
not a significant loss of generality, since for any é(x) one
can always build a bias-corrected version as 6*(x) =
(x) — b(A(x))/v. In this case, the MSE takes the following

value
! +@+o<y—l3). (4)

MSE[d(x)] = F0)

Interestingly, Rao [29-32] showed that the MLE minimizes
['(0), thus setting a fundamental limit similar to the CCRB
and confirming that the MLE is distinctive among all
estimators that reach the CCRB. With this in mind, we
henceforth focus on the MLE.

Problem setting—To gain further insights into these
corrections, we consider an SU(2) rotation R = exp(i6J,),
parametrized by its rotation axis m and angle 6. Here,
J, = J - n, with J being the generators of the rotation, which
satisfy the commutation relations of the Lie algebra 8u(2).
The irreducible representations of this algebra are labeled by
J and are spanned by the states |J,m), which are the
simultaneous eigenstates of J? and J5. These states form a
basis for a (2J 4 1)-dimensional Hilbert space, denoted
by H,. In what follows, we assume that we have a pure
state |w) € H; that undergoes the rotation R, resulting
in lyg) = Rly).

QCRB-optimal states—If the axis of rotation is fixed, we
can always take n as being directed along the z axis. The
optimal probe states according to the QCRB for estimating
the angle are those maximizing the variance of J5: they are
the NOON states R(|J,J) + |J,=J))/v/2 [33].

When the rotation axis is an arbitrary n, one can find
states that minimize the QCRB averaged over all possible
rotation axes

1 1
4z [32 4m,(n) as, (5)

where dQ is the surface area element on the unit sphere S,
and we use the notation my(n) = ((J,, — (J,,))¥) for the kth
central moment (that, in general, depends on n and on the
initial state |yr)). Here, we have taken into account that the
QFI, which is obtained by optimizing the CFI over all
possible measurements, reduces to Q,,(n) = 4m,(n) for
pure states.

The optimal states minimizing the averaged QCRB are
those that satisfy (J,) = 0 and (J2) = constant: m,(n) is
thus isotropic and the states do not carry information in
their first two moments. In general, for a given J, various
states can fulfill these conditions, making the optimal states
not unique [26]. Furthermore, there are states with isotropic
higher-order moments my(n), raising the question of
whether the QCRB is overlooking relevant higher-order
information [34,35].
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Another motivation for states with isotropic higher-order
moments comes from a connection between QFI and fidelity.
Under unitary evolution, a state’s fidelity with itself is given,
to lowest order, by |(w|e™»|y)|* = 1 — 6>Q, (n), such that
states with the largest QFI are those that change the most
rapidly with small unitaries; as was previously established. If
we extend the fidelity calculation to higher orders and
average over all axes n, we now find that the fidelity that
deviates the most rapidly from unity to next order in @ is the
one for states with m; independent from n for the next order
k (see Sec. I in Supplemental Material [36]). This is true for
any unitary transformation (e.g., crowning Fock states for
displacement sensing) and suggests that higher-order iso-
tropic states emerge in a natural and unexplored way.

QCRB-optimal measurements—We study these higher-
order corrections using a measurement whose CFI attains the
QFI, so they can be understood as higher-order corrections to
the QCRB. The requirements for a measurement to attain the
QFI in the pure state case were given in a particularly simple
form in the Appendix E of Ref. [22].

For unitary evolution with generator J,, the optimal
measurement is characterized by a set of two projectors
Iy = D) (D

(1—ei=)

@(0) =3 | (14 e#)lys) + e

(Jn - <Jn>)|l//6> s
(6)

that depends on a single free parameter ¢, = ¢_ + 7 (see
Sec. II in [36]). This represents a family of measurements
that are equivalently optimal according to the QCRB, but
that may be further optimized when considering higher-
order asymptotics. Note that due to periodicity, it is enough
to consider the range [-z/2,0].

There is a subtlety often overlooked in quantum metrol-
ogy: when considering p(x|@), the value of 8 on which the
measurement depends must be treated as a constant, say 6,
For example, p(x,|0) = |(yy|®_(6,))|?, and the depend-
ence on @ is only through the state, not the measurement,
even when we assume 6, = 6. It follows that the resulting
probabilities, |(yy|®.(0y))|*, only sum up to one when
0 = 6,. This implies that we have to extend our measure-
ment, because the MLE presupposes a valid probability
distribution that must arise from a true POVM. However,
modifying the POVM can affect the performance of real
estimators, such as the MLE, even when 6 = 6,. This is
because the MLE relies on p(x|0) as a function of 0, and
any modification to the POVM alters this dependence.

We will consider two ways of addressing this issue,
which are essentially exhaustive. The first method is to
replace one of the initial projectors, say |®_(6))(®P_(6,)|,
with TI, = 1 — |®_ (6y)) (P, (6y)].- When 6 = 6,, this is
equivalent to the I1, measurement, but when 6 # 6, I,
absorbs the missing probability.

The second approach involves extending the two
initial measurements by introducing a set of POVM
elements {Il3,Il4,...}, with associated probabilities
{p(x310), p(x4]0), ...} that are zero when 6 =0,.
Interestingly, the performance at 6 = 6 is unaffected by
this extension. To see why, note that the MLE is the value of
0 that maximizes ), v, In[p(x|@)], where v, is the number
of measurement outcomes for x. At 6 = 6,, only the
outcomes v, and v_ are observed, meaning the MLE is
independent of the extended elements. In principle, it is
possible to imagine other types of extensions, but they
would be a combination of these two. While these two
extensions both approach the QCRB, we will see that their
second-order corrections are different.

Results—In what follows, we assume that 6, =0
without loss of generality. First, we study the exten-
sion I, =1—|®_(0))(®,(0)]. In this case, T'(0) =
cot? ¢, /8m,, which is minimal and equal to zero when
¢, = —n/2, revealing the optimal measurement. The
optimal ¢, is the one where p(x,|0) = p(x_|0) = 1/2,
that is, the “fair coin” case. To understand why this is the
case, note that CCRB is attained in the asymptotic limit
because the MLE tends to a Gaussian distribution.
Convergence to a Gaussian is faster for a fair coin than
for a biased coin. This rate of convergence is reflected in the
1/1% correction terms.

As the term 1/1% cancels out for all second-order
unpolarized states, we are naturally interested in the
1/13 corrections to look for optimal probe states among
the QCRB-optimal family. These next-order corrections
have not been explored in detail in the statistical literature,
so we calculate them explicitly. For this, we employ the
method described in [40]. This involves expanding the
equation for the MLE in powers of Oyig and then using
the Lagrange-Biirmann inversion formula [41] to obtain the
inverse series for Oy g as a function of the experimental
output. Details are provided in [36] (Sec. III). Noting that
¢, = —r/2, which is fixed by I'(0), we get

A 1
MSE |fine(x)] =
MLE (X) 0-0  4myw
138m3 + 79mim, + m,(30m3 — 3mg) + 26m;
+ 53
768m3v

co(2) o

Note that this MSE depends on n. This expression can be
readily evaluated to assess how quickly one approaches the
QCRB and a method’s performance before reaching the
asymptotic limit without the need for numerical methods.
We also provide the formulas for the MLE (without bias
correction) in [36] (Sec. III).

We proceed with the family of QCRB-optimal states,
with (J,) =0 and (J2) = constant. The average over the
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sphere of the 1/1? term in Eq. (7) is minimized by states
with (J3) =0 and (/i) = constant (see Sec. IV in [36]),
confirming our intuition of the superiority of states whose
higher-order moments my, are independent from n among
the family of states that are isotropic to second order. We
have thus found general strategies for selecting optimal
measurements and states for preasymptotic metrology from
among those that are optimal in the asymptotic limits.
We next consider the second extension that adds extra
POVM elements with vanishing probabilities at 8 = 0; as
aforementioned, the performance does not depend on their
choice. Using Eq. (1) yields an incorrect expression for the
second-order corrections. This is because, in general, they
are not appliable at points where probabilities approach
zero [note that I'(0) diverges at ¢, = 0 where p(x_|0) =0
in the previous POVM extension]. We discuss this in more
detail in [36], Sec. V. As Eq. (1) fails, we perform an
asymptotic expansion as before to find, up to order 1/2°

A 1
MSE[Omig (x)]g—0 = 4m,u
m3(14esc?, — 5)4—2m2m4 +3m} Lo % ®)
32m5v v

We observe that the optimal measurement and states
correspond to ¢, = —x/2 and (J;) = 0, respectively, as
before, although there is no longer an advantage in having
(J%) = constant. While the statistical literature considers
probabilities approaching zero to be highly pathological,
this is a common scenario in quantum metrology. Note also
that the definition of the fundamental quantity ['(9) loses its
meaning, as it relies on Eq. (1) being valid.

We tested this expression numerically. For that, we
calculated the average over a grid of n values of the
second order corrections

1

v <é§4LE(x)> _4m21/ .

©)

The results are shown in Fig. 1, where we can see how the
numerical MSE average converges to the theoretical value
given by Eq. (8).

As we have seen, these techniques are useful because
they reveal information not captured by the QCRB: they
provide the rate of convergence to the QCRB and allow for
a better assessment of the performance before reaching the
asymptotic limit, as well as identify optimal measurements
and states that appear equivalent according to the QCRB.
This additional information comes with certain costs: there is
some dependence on the estimators, the need to specify how
the POVM is extended, and the breakdown of the general
theory when probabilities approach zero. Regarding the first
issue, it is inherent to the problem—after all, the QCRB (and
also the CCRB) is a simplification of a complex estimation
process. If we want more detailed information, we must

0.03
e ] 2nd order
[
kS 4 A A 3rd order
s 0.025¢ + 5th order
qé ; 20 ° ° °
5 b 4+ L 2 3
. 0.02}
~ A
--_“ A A A o e
0.015} . . ) N N
10 100 200 300 400 600
Trials
FIG. 1. 1/v* corrections at @ =0, for a different number

of trials, of the MSE averaged over the sphere for the second
POVM extension. We compare states isotropic to the second,
third, and fifth order, and measurements with ¢, = —z/2 and
¢, = —3x/8. The black lines denote the average over all n of
Eq. (8) for third order isotropic states, and the two measurements
(¢, = —n/2 bottom, ¢, = —37/8 top). We used 300 grid points
and the states belong to J = 6.

accept these caveats. As for the other two issues, a few
comments can be made: when dealing with full-rank density
matrices, there is no need to extend the measurement, and
probabilities generally do not approach zero, thus eliminat-
ing the problem. Moreover, it is possible to derive expres-
sions that remain valid when probabilities approach zero, as
we have shown, making it feasible to extend Eq. (1) to
account for this.

We have presented two possible ways to extend the
POVM, raising the question of which method is superior or
what the differences are. If the goal is to achieve optimal
measurement across a wide range of € values, it is advisable
to have a POVM consisting of many elements. These
elements should likely include projections onto the sub-
spaces of J2|wy), J3|we), Jalwe), and so on. This approach
ensures that even when 6 varies significantly, information
can still be extracted from the new state, which will have
components in these subspaces. This concept was demon-
strated in the problem of incoherent imaging [42,43], where
expanding the POVM with projectors onto subspaces of
powers of the generator allowed for achieving the QCRB
over a broader region. Therefore, the second extension is
our recommended approach.

On the other hand, when we are very close to the true
value, the first extension shows that we can eliminate the
1/1% terms, resulting in extremely fast convergence to the
QCRB. However, this extension fails to attain the QCRB if
we move far away from the true value because

1 1 1 my
- = _1 2 3 1
F.(0) 4m2+4<m§ )9 +0(6°), (10)

and the #* term is always positive and the average is
independent of the state.
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In the first-order approach, the QCRB serves as a metric
for comparing two states in a straightforward manner.
However, the QCRB provides only a oversimplified view.
Extending beyond the first order offers a more compre-
hensive perspective, albeit at the expense of simplicity.

Concluding remarks—The QCRB, while having vital
importance in quantum metrology, also exhibits certain
deficiencies due to its local character. In this Letter, we have
focused on three aspects: its inability to distinguish among
a set of measurements that saturate it, its incapacity to
differentiate optimal states for an arbitrary unitary trans-
formation, and the fact that it provides information exclu-
sively about the asymptotic limit.

We have considered higher-order corrections to the QCRB
that allow us to assess performance before reaching the
asymptotic limit. These corrections also enabled us to identify
an optimal measurement and distinguish between states that
appeared indistinguishable according to the QCRB.

Our results apply to any unitary transformation, with the
general case handled by considering the generators of
the group SU(n) instead of the usual angular momentum
operators.

This work has only scratched the surface of the potential
uses of higher-order asymptotic theory in quantum metrol-
ogy. While our primary focus was on frequentist estima-
tion, these techniques are equally applicable in the
Bayesian framework. Extensions to the multiparameter
case are also feasible and are expected to yield interesting
results. Additionally, moving beyond the examination of
pure states and unitary transformations, a promising avenue
for future research involves extending these concepts to
encompass general transformations and density matrices.
Moreover, a more thorough investigation of scenarios
where probabilities approach zero—a common instance
in quantum metrology—Iooks intriguing. The multitude of
potential applications suggests that these techniques can
play a crucial role in advancing quantum metrology.
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Quantum Fisher information and the associated quantum Cramér-Rao bound (QCRB) are fundamental tools
in frequentist quantum metrology, offering both analytical simplicity and practical precision limits for parameter
estimation. The QCRB sets a lower bound on the mean square error (MSE) in the idealized limit of infinite
measurement trials (v — o0o). Here we perform a systematic expansion in powers of 1/v to refine MSE
estimates in realistic, finite-resource scenarios. These corrections reveal differences between measurements that

appear equally optimal under the QCRB. They also help to distinguish among multiple optimal state families

for estimating an unknown unitary transformation. Additionally, we explore the Bhattacharyya bound and its

quantum counterpart, which constrain these corrections. Our results are relevant for preasymptotic metrology,

enabling optimized protocols with limited resources without reliance on numerical simulations.

DOI: 10.1103/1tz3-163t

I. INTRODUCTION

Metrology is the science of devising methods to extract the
most precise possible estimates of quantities in nature. The
ultimate limits in this endeavor are governed by the laws of
physics, with quantum mechanics being the most fundamen-
tal theoretical framework. By harnessing uniquely quantum
phenomena, such as entanglement and squeezing, quantum
metrology surpasses the precision of classical methods, mak-
ing it an ever-growing field of research [1-9].

Parameter estimation has traditionally been ap-
proached from two primary perspectives: Frequentist and
Bayesian [10]. Rooted in different interpretations of
probability, these frameworks provide different insights
into parameter estimates and associated uncertainties. While
they converge in the asymptotic limit of a large number of
measurements, this has led to the mistaken belief that they
are interchangeable in quantum metrology. In reality, they
embody fundamentally different paradigms.

Our main interest here is in the frequentist scheme, where
the quantum Cramér-Rao bound (QCRB) plays a pivotal
role, establishing a fundamental lower bound on the mean
square error (MSE) of any estimator. It is formulated in terms
of the quantum Fisher information (QFI), which quantifies
the sensitivity of a quantum state to infinitesimal changes
in the parameter, thereby dictating the ultimate precision
achievable [11].

Published by the American Physical Society under the terms of the
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The QCRB is widely employed for its elegant blend of
analytical tractability, theoretical significance, and practical
relevance. It not only drives theoretical advancements but also
provides insights into the fundamental limits of estimation
precision in real-world experiments.

Nevertheless, despite its prevalence in quantum informa-
tion, the implications of the QCRB must be taken with
a grain of salt. Notably, it is only asymptotically attain-
able in the limit of infinitely many measurements v — oco.
The performance with limited trials remains largely ferra
incognita, although several intriguing results have recently
emerged [12-15].

Another challenge is that the QFI is designed for local es-
timation rather than global scenarios, where both the location
and size of the parameter neighborhood are unknown. It has
been realized that the MSE in global estimation can differ
significantly from that in local strategies [16—18].

Moreover, while the QCRB indicates that concentrating all
resources on a single measurement is the optimal strategy,
this approach paradoxically requires increasingly precise prior
knowledge of the parameter as resources increase. The scaling
predicted by the QCRB is corroborated by a Bayesian analy-
sis, aside from a numerical constant [19,20].

To overcome some of these limitations, alternative
bounds have been introduced in classical statistics, including
the Hammersley-Chapman-Robbins bound [21], the Bhat-
tacharyya bound [22], the Barankin bound [23], and the
more general Abel bounds [24]. Similarly, a hierarchy of
lower bounds on estimator variance has been explored by
imposing additional unbiasedness constraints in the quantum
domain [25].

Recently, we have addressed these challenges by leverag-
ing the theory of higher-order asymptotics [26]. Extending
beyond the central limit theorem, this framework provides
trial-dependent corrections essential for bona fide statistical

Published by the American Physical Society
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inference [27]. In this paper, we build upon this approach to
explore additional largely unexplored issues.

For instance, in single-parameter estimation, multiple mea-
surements can saturate the QCRB [28], raising the question
of which measurement should be preferred over the rest. We
shall demonstrate that O(1/v?) corrections serve to distin-
guish among them.

The QCRB also presents ambiguousness when determin-
ing the optimal state for sensing a unitary transformation.
A notable example is the case of rotations in SU(2), where
a whole family of optimal states exists when considering
all possible rotation axes [29-32]. Here, too, higher-order
terms allow us to distinguish between states that are otherwise
equivalent under the QCRB.

These findings are instrumental for preasymptotic metrol-
ogy, enabling the design of optimal protocols well before
reaching the asymptotic limit. Since the O(1/v?) corrections
depend solely on the quantum state, they allow for straight-
forward analytical calculations without requiring numerical
simulations. In a rapid measurement, where v ~ 10-100 sam-
ples can be taken before costs incur or the system changes,
this type of correction becomes extremely valuable.

The QCRB is founded on the concept of the symmetric
logarithmic derivative (SLD) [33]. The Bhattacharyya bound
(BB), in both its classical and quantum formulations, seeks
to enhance the QCRB by extending the order of the deriva-
tive, making it intrinsically connected to these higher-order
corrections. We will demonstrate that it establishes a lower
bound for such corrections, offering deeper insights into the
fundamental limits of precision in quantum estimation.

This paper is organized as follows. Section II presents the
essential background in estimation theory, laying the founda-
tions for the discussions that follow. In Sec. III we examine
in detail the previously mentioned limitations of the QCRB.
Section IV introduces the theory of higher-order asymptotics,
which provides a refined framework for analyzing O(1/v?)
corrections. In this context, Sec. V explores the BB and its
connections with O(1/v?) terms. We then present its quantum
counterpart and analyze its relation with the classical case. Fi-
nally, we summarize our findings and present our conclusions
in Sec. VL.

II. BACKGROUND

To ensure a self-contained presentation, we briefly outline
the key concepts of estimation theory relevant to our discus-
sion. Throughout the paper we restrict ourselves to the case of
single-parameter estimation. For further details, we refer the
reader to the relevant literature [34,35].

A. Classical estimation theory

To extract information from a physical system, one must
perform measurements. The results of such an experiment are
represented by a random variable X, which follows a family
of probability distributions p(x|0), parametrized by 6, the
quantity to be estimated. We take X as a discrete variable
that can take on N possible values, forming the sample space

= {x1, ..., xy}. The continuous case can be addressed in a
similar manner.

Typically, the experiment is repeated v times, yielding a set
of v outcomes {Xi, ..., X,}, where each X; € S. These trials
are assumed to be independent and identically distributed.
The assumption of identical distribution means that each trial
is governed by the same parameter 6, while independence
implies that the joint distribution of all these trials factorizes

p(xi6) = [ pxil), @.1)

i=1

where X = (X;, ..., X,)" and the superscript T denotes the
transpose.

If we denote by v; the number of times each x; occurs in X,
with v; + v, 4+ ... + vy = v, then the probability distribution
governing {vy, ..., vy} is given by a multinomial distribution

!

wy|0) = - play|O)™.

(2.2)

pvi, ..., TP 0)" -

1)1!1)2!'”\)]\/

Because {vy, ..., vy} is a sufficient statistic, it retains all the
information contained in the full sample X. In practice, this
representation is typically preferred for computational pur-
poses.

The goal is to infer the value of 6 from the observed data.
To achieve this, we employ an estimator é(x), which is a func-
tion of the observed data only. To quantify the performance of
this estimator, we need a loss function that measures the error
in the estimation. The most common choice is the squared
error [§ (X) — 6]?, which leads to the concept of the MSE [36]:

)y =" pxIOdx) — 01,

2.3)
where (-) denotes the expectation value with respect to the
probability distribution p(x|6).

Ideally, we seek an estimator 9(X) that minimizes the
MSE for all possible values of 8. However, this is generally
not achievable because the optimal estimator may explic-
itly depend on the true value of the parameter 6, which is
unknown [34]. To proceed further, it is necessary to constrain
the class of estimators we consider. This leads to the concept
of an unbiased estimator, which is defined as an estimator
whose expectation value is equal to the true value of the
parameter: (é(x)) =0.

For unbiased estimators, the classical Cramér-Rao bound
(CCRB) establishes a lower bound on the MSE (note that
in this case, the MSE coincides with the standard notion of
variance):

MSE[A ()] = ([0(x) — 0

MSE[6(X)] > 2.4)

1
vF.(0)’
where F,(0) is the classical Fisher information (CFI), defined
as [37]

0, i16
F. (9)-2 um[ b )] 2.5)

p(xil6)

Geometrically, the CFI defines a curvature on the statistical
manifold of probability distributions, quantifying how distin-
guishable different parametrized distributions are. A higher
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curvature enables more precise parameter estimation. More-
over, the CFI is intrinsically linked to the statistical distance
between probability distributions. In particular, for two neigh-
boring distributions, p(x|6) and p(x|0 + d@), the infinitesimal
statistical distance is given by

ds* = F.(0) do*. (2.6)
This expression underscores the role of the CFI in shaping the
local geometry of the parameter space, establishing a natural
scale for parameter estimation.

This unbiasedness constraint facilitates significant analyt-
ical progress, allowing the identification of estimators that
saturate the bound in specific cases. Even if no estimator fully
saturates the bound, it serves as a guiding principle for finding
estimators with a lower MSE.

However, this progress is often confined to textbook ex-
amples. In most real-world scenarios, identifying unbiased
estimators might be impractical. Furthermore, even if such
estimators were available, the primary objective remains
minimizing the MSE. A biased estimator that achieves a sub-
stantially lower MSE is preferable to an unbiased one with a
higher MSE [38].

The CCRB is not merely a bound for unbiased estima-
tors; it provides a fundamental lower limit on the MSE for
any estimator, whether biased or unbiased, in the asymptotic
limit v — oo. This asymptotic optimality is a highly desirable
property, ensuring that with sufficient resources, the MSE
reaches its theoretical minimum.

B. Quantum estimation theory

In the quantum version, the probe state is represented by
a density operator g. The single parameter 0 is encoded via a
quantum channel &, whose action on the state o is the trans-
formation &[] = 0y [39]. For simplicity, we will restrict our
attention to unitary channels, so that gg = U@QUJ , with the
unitary operator Uy expressed as Uy = exp(—if G), where G
is a selfadjoint operator that is called the generator of the
transformation.

To estimate 6, we perform a measurement that is repre-
sented by some positive operator-valued measure (POVM)
{IT,} [40]. Then the probability of obtaining outcome x; is
given by the time-honored Born rule [41]:

Pp(xi10) = Tr(ggIly,).

The goal is to optimally select both the POVM ({Il,}
and the initial state @ such that the resulting probability
distribution p(x|6) is highly sensitive to the parameter 6,
enabling its precise estimation. This translates into optimiz-
ing o and {I1,} to achieve the lowest possible CCRB or,
equivalently, the highest possible F,(6). Maximizing the CFI
ensures that with sufficient resources, we attain the minimum
possible MSE.

Given a quantum state gg, maximizing the CFI over all
possible POVMs leads to the concept of the QFI, which can
be expressed as [11]

Q2.7)

Q,(8) = supF,(9), (2.8)
()

and the associated QCRB:

MSE[d(x)] >

G0 (2.9)

Helstrom, using elementary arguments [33], showed an
explicit way to compute Q,(6):

Q,(6) = Tr(osLy), (2.10)
where Ly is the SLD, defined implicitly via
ng 1
— = —{0¢, Ly}, 2.11
%0 — 2 {06, Lo} (2.11)

and {-, -} is the anticommutator {A, B} = AB + BA.

The QFI is intimately connected with the distinguisha-
bility of a probe for small variations of the parameter [42].
The distinguishability between two states, ¢ and o', can be
quantified by the normalized Bures distance [43] Dg(0l0’) =
VT=F(glo), where F(g|o") = [Tr(\/ /o ¢’ Jo)I* is the fi-
delity [44]. Then, given two states gy and gg+4¢, Obtained by
an infinitesimal change in the parameter, one has [5]

D5 (00100+a0) = §Qp(0)d0?,

except for pointwise differences when oy changes
rank [45,46]. Therefore, the more distinguishable a state
is from neighboring states in the manifold, the greater the QFI
and the sensitivity of the state to the parameter 6, much as in
the classical case.

The next step after calculating the QFT is to find the initial
state o that maximizes it, thereby optimizing both the mea-
surement and the state. In the general case where 6 enters
through a quantum channel, this leads to the concept of the
channel QFI [47]. In the unitary case with pure states, the state
that maximizes the QFI is simply a superposition of the eigen-
states corresponding to the largest and smallest eigenvalues of
the generator [48]:

(2.12)

1

opt/ = max min//)- 213
[Vopt) ﬁ(lg ) + 18min)) (2.13)

IIL. LIMITATIONS OF THE CRAMER-RAO BOUND

The first limitation of the QCRB has already been men-
tioned: It only provides information about the achievable
performance in the asymptotic limit of infinite resources,
v — 00. Yet in practical scenarios, resources are always fi-
nite. This raises a critical question: How many trials, v, are
required for the QCRB to accurately approximate the actual
MSE? More precisely, for a finite number of trials v, what is
the true MSE? We will explore this in Sec. IV. We turn to
two additional limitations that, despite their relevance, have
received less attention within the community. We will use the
lens of rotation sensing for illustration.

A. Ambiguity in optimal states

Let us consider the illustrative example of a rotation
R = exp(i6J,) € SU(2), parametrized by its rotation axis n
and angle 6. Here J, = J - n, with J being the generators
of the rotation, which satisfy the commutation relations of
the Lie algebra su(2). The irreducible representations of
this algebra are labeled by J and are spanned by the states
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|/, m), which are the simultaneous eigenstates of J? and
J,. These states form a basis for a (2J + 1)-dimensional
Hilbert space, denoted by H,. In what follows, we assume
a pure state |yr) € H, that undergoes the rotation R, resulting
in|yp) = RI|Y).

For a fixed n (which we can take as the z axis without
loss of generality) and a fixed J, the states that maximize
the QFI (and minimize the QCRB) are the time-honored
NOON states [49]:

L
V2

in agreement with (2.13). In the context of magnetometry,
these correspond to the Greenberg-Horne-Zeilinger (GHZ)
states [50]. These optimal (pure) states verify Q,(0) =
4m;(n), independent of 6, where we adopt throughout the
notation

W) =—=(J.J) + 1. =J)), (3.1

me(n) = (Y| (Jy — ) 1¥)

for the kth central moment of the generator J,.

When the axis n is not fixed, an optimal state should
perform well for any arbitrary n. A reasonable criterion is to
minimize the average QCRB over all rotation axes; i.e.,

3.2)

1 1
4 Js, 4my(n)

1

1
41‘(127

(3.3)

with the bar denoting such an average over the unit sphere
S,. The states that optimize this average are second-order
isotropic, meaning their first two moments are independent
of the rotation axis: (J,) =0 and (J,f) = const [51]. These
states are not necessarily unique for a given J. Additionally,
higher-order isotropic states exist [52,53], raising the question
of whether increasing isotropy further reduces the O(1/v?)
terms of the MSE.

Higher-order isotropic states naturally emerge when ana-
lyzing the fidelity between a quantum state and its rotated
counterpart [54]:

(Wl 1) P =1 — mp0 + 5 (3m3 + my)6?

+ 555 (10m3 — 15mymy — me)6°® + 0(67).
(3.4)

Our goal is to identify the states that, when averaged over
all rotation axes n, minimize this fidelity; i.e., those that
undergo the largest change. To achieve this, we analyze the
average behavior of each order in 6 separately.

(1) Second-order. This term is proportional to the QFI. The
average value m, is maximized by states satisfying (J,) = 0;
that is, first-order isotropic [32].

(ii) Fourth-order. Among first-order isotropic states, the
optimal ones are those that further minimize the next-order
term. Since (J,) =0, we have my = (J,’,‘). However, it can

be readily shown that (J¥) = const and, consequently, my is
constant and independent of the state.

For the term m% we use Jensen’s inequality to show that

1
47T S,

2
k\2 L k _
(J,,) a2 > <4n /SZ (Jn) dQ) =const. (3.5)

Therefore, this term is minimized by states with my; =
const. This condition is satisfied by second-order isotropic
states, making them the optimal choice at this order.

(iii) Sixth-order. Applying the same reasoning, the opti-
mal states at this order are those that minimize m3. This
requirement is satisfied by third-order isotropic states.

In Appendix A we provide a mathematical proof that
this pattern continues to arbitrary orders, demonstrating that
higher-order isotropic states are always optimal at minimizing
fidelity under rotation.

B. Ambiguity in optimal measurements

For the CFI to match the QFI, a specific POVM must
be used. This POVM is generally not unique. Despite its
importance, this issue has received relatively little attention
in the quantum metrology community. Research in this field
typically focuses on the QFI itself, with the assumption that
any measurement achieving it is sufficient.

The conditions that a POVM must satisfy to ensure
that the CFI equals the QFI were recently expressed in
a particularly simple form in Ref. [55]. Building on this
formulation, Ref. [28] derived the most general form of
such a POVM for pure states, which is the case we
consider here.

Accordingly, let us define

1
%) = —[Ilﬂeo) (3.6)

Jn - Jn )
NG ( ( ))II/feo)]

1
q: [
/M2
where 6 is the value at which the measurement is evaluated.

The most general quantum measurement that attains the QFI
is given by a set of projectors IT; = A;|®;)(D;| onto the states

1

o _
ﬂ(|+)+e =),

|®;) = G.7

such that > ;A; = 2 and ), A;e = 0.

We focus on the simplest case of two projectors, with A =
Ap = 1. This yields a family of measurements parametrized
by an angle ¢,

[P (6))
(1 — ei*+)

1 4
_ iy
= 2[(1+e Nibg,) + s

(Jn — (h))l%o)}
(3.8)

where ¢p_ = ¢, — 7.

A subtle but often overlooked point in quantum metrology
is that when considering the probability distribution p(x|6),
the parameter 6, that influences the measurement must be
treated as a fixed constant, even when 6y = 6. As a conse-
quence, the resulting probabilities, |(¥g|P+(6p))|?, sum to
unity only when 6 = 6. Actually, a simple calculation shows
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that

m3 +m3 — mymy
41112

+ 0(6%).

p(xyl0) + p(x_10) =1+ © — 6o)’*

(3.9)

This implies that we must extend our measurement. However,
modifying the POVM can affect the performance of real es-
timators, such as the maximum likelihood estimator (MLE),
even when 6 = 6. We will consider two ways of addressing
this issue.

The first method is to replace one of the initial projectors,
say, |®_(6p))(P_(6p)], with Ty =1 — |D4(6p))(P+(6o)l-
When 6 = 6y, this is equivalent to the [T, measurement, but
when 6 # 6y, 1, absorbs the missing probability, ensuring a
complete POVM.

The second approach involves extending the two
initial measurements by introducing a set of POVM
elements {I13, I4, ...}, with associated probabilities
{p(x3]0), p(x4]0), ...} that are zero when 6 = 6,. In principle,
other types of extensions might be conceived, but they
would essentially be combinations of these two. While both
extensions achieve the QCRB, we will demonstrate that their
second-order corrections differ.

IV. BEYOND THE ASYMPTOTIC LIMIT

A. Higher-order asymptotics

A wide variety of estimators have been formulated by
proposing ad hoc functions [34,35]. Among these, one of the
most widely adopted is the MLE, largely due to its turn-the-
crank nature. Popularized by Fisher [56], the MLE provides
a general-purpose method that can be readily applied across
a broad range of problems without requiring problem-specific
tuning. It is defined as

OvLe(X) = arg max Pp(X|6). 4.1)
Here the likelihood p(X|6) must be interpreted as the prob-
ability of 6 being the true value given the dataset X. This
estimator just picks the value of 6 that makes X the most likely
observation; in other words, it bets on the winner.

Under mild regularity conditions, the MLE enjoys desir-
able asymptotic properties: It is consistent, asymptotically ef-
ficient, and normally distributed as the sample size grows [57].
Thus, in the regime of abundant resources, one can be confi-
dent in achieving the minimum possible MSE. Nevertheless,
many estimators are known to reach the CCRB asymptoti-
cally, raising the question of why one should be preferred over
another.

In a series of influential papers, Rao addressed this
question [58-60] (for additional perspectives, see also
Refs. [61,62]). For any efficient estimator, the MSE can al-
ways be expanded as

. 11
MSE[B(X)] = - = G

1
+05’

+ %[r(e) +020)+2 b (9)}

F ()

4.2)

where b(0)/v = (9(x) — 0) is the bias of order O(1/v) and
['(0) is an estimator-dependent function. Specifically, for the
MLE, we have

b(6) = —%%
r0 = Yo (8) — 2Fy§1(ée)> + ya0(0)
Lz o) - [%1((:; ~ ra@®)F @3
with
S S ) [ )

i=1

In general, no single estimator minimizes the O(1/v?)
terms in Eq. (4.2). To establish a fundamental bound at this
order, it is necessary to restrict the analysis to estimators that
are unbiased up to O(1/v). More precisely, while comparisons
could be made between estimators with the same bias b(0),
the most natural approach is to consider the strictly unbiased
case, where b(0) = 0 [27]. This restriction does not result in
a significant loss of generality, as any estimator A(X) can be
transformed into a bias-corrected version

. . blA(x
6*(x) = 6(x) — M 4.5)
v
which is unbiased to order O(1/v) [60].
In this case, the MSE takes the form:
MSE[/*(X)] = ! + 1) +0 ! (4.6)
T vF(0) e v3 ) ’

In this way, I'(0) appears as a second-order correction to the
CCRB. The key result established by Rao is that the MLE
is the unique estimator that minimizes I'(@). This highlights
the distinguished status of the MLE among all efficient esti-
mators, not just in terms of first-order efficiency but also in
minimizing second-order error contributions.

B. First POVM extension

Even once the MLE is chosen as the estimator, one must
still choose among POVM strategies. First, we calculate I'(6)
for the first POVM extension, p(x,|0) = 1 — p(x4|0). We as-
sume without loss of generality that 8y = 0 from now on. In
this case, one gets

2
ro) = < @7

811‘12
The minimum value of I'(0) is zero when ¢, = —m/2,

identifying this as the optimal measurement setting. At this
value, the probabilities satisfy p(x|0) = p(x2]0) = 1/2, cor-
responding to a fair coin scenario. In this case, the CCRB
is attained asymptotically because the MLE converges to a
Gaussian distribution. This convergence occurs more rapidly
when the underlying distribution resembles a fair coin, com-
pared to a biased one. This difference is captured in the
O(1/v?) correction terms, which are smaller for the fair coin
case, indicating faster asymptotic efficiency.
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If we do not fix the measurement at ¢, = —m /2, then one
could in principle average over all rotation axes to identify the
states that minimize I'(f), among those that are optimal ac-
cording to the QCRB. However, for these states (J,) = 0 and
(J,f) = m, = const, so this term is the same for all of them.
Interestingly, the measurement with ¢, = —m /2 is also op-
timal according to the Fisher information measurement noise
susceptibility, a recently introduced concept that quantifies a
measurement’s resilience to noise [28].

It is also interesting to analyze the standard MLE, without
bias correction. The O(1/v?) correction is given by

> b'(0)
')+ 5°(0) +2 F.0)
m3[2cos(2¢4) + 5l csc? () + my

4.8)
16m3

As before, the measurement that minimizes this expres-
sion is ¢, = —m /2. With this choice, a remaining O(1/v?)
term from the bias derivative appears, (3m3 + m4)/(16v°m3),
which is always positive.

1. Third-order corrections

Since we can set I'(0) = 0 by choosing ¢ = —7 /2, we
then look at the next term O(1/v?) in the expansion. With the
measurement fixed, we calculate these corrections following
the procedure in Ref. [63].

The very same definition of the MLE; that is,
maxg{vy In[p(xy]0)] + va In[p(x2]0)]}, implies
vy dp(xy]0) v dp(|f) _ 0. 4.9)
pxy|0) do p(x2l0) do

We substitute a Taylor series expansion for p(x,|6)
(3m3 +my)6°

4
6ms + 0(6%) (4.10)

1
p(x410) = 5 Jma 6+
into the MLE equation (4.9):

28,55 — M) 2 600
VALY
4.11)

where we have used the variable §, defined as vy =4, +
v/2, since we will need to take the limit v — oo and require
the remaining terms to be small compared to v. We invert this
series to obtain the value of Oy g. This can be done using the
Lagrange-Biirmann inversion formula [64,65]; the result reads

0= —45+«/m2 —4mv o —

82 81 (3mI +my)

m2v2

B () = KINEATR
5

B 83 (m3 — mymy 4+ m3)

Jmivs + e (4.12)
This expression can be used to estimate the value of 82 ;(X)
as a function of the experimental outcomes v,. Finally, we
take the expectation value (Q&LE(X)). The quantities (5’;)
are the central moments of a binomial distribution with a
fair coin [66], given by (8) = v/4, (§1) = v(3v — 2)/16 and
(83_} = [15(v — 2)v + 16]/64. For odd k, they are 0. Substi-
tuting and performing an expansion in powers of 1/v, we

arrive at
MSE[Our(X) o0
1 3mJ 4+ my
T Amyv 16m3v?

N 219m3 + 133m3my + my (30m3 — 3mg) + 35m]

768m3v3
1
+ 0 F .

We can refine our search for optimal states by considering the
O(1/v3) terms, since the O(1/v?) term does not distinguish
between different optimal states. When averaging over all pos-
sible rotation axes, the only state-dependent terms in O(1/v?)
are 30mym3 and 35m3. As we previously observed, both of
these terms are minimized by fourth-order isotropic states.
This reveals that not all states that were second-order isotropic
are equivalent: The MLE favors higher-order isotropic states.

4.13)

2. Third-order corrections with bias correction
We next consider the MSE of the bAias-corAfected MLE
esEimator. We expand b(6) = b(0) + a6 + 0% + a36° in
([0(X) — b(B(x))/v]?). Note that b(0) = 0 for ¢A+ =—n/2.
We obtain a lengthy expression in terms of (6%(x)). The
details can be seen in the Appendix B. The final result is
MSE[ 3y ()]s
1
o 4m2v

84mj — 11m3my + 3m,(—10m3 + mg) — 28m3

768m3v3
1
+0(—)-

When searching for the optimal states for detecting an
arbitrary rotation, we find that the only nonconstant terms are
m? and mj. Unlike the standard MLE case, where fourth-
order isotropic states were optimal, here they are actually
the worst choices, because these nontrivial terms contribute
with negative coefficients. To our knowledge, states that are
second-order isotropic but exhibit anti-isotropic behavior at
higher orders have not been studied.

4.14)

3. Preasymptotic performance

We turn to an important application: estimating perfor-
mance before reaching the asymptotic limit; a regime where
the QCRB provides limited guidance.

It is crucial to emphasize that discussing the MSE of the
MLE (or any estimator) in the low-trial regime is meaningless
without specifying prior information about the parameter. In
particular, the admissible range of values for & must be clearly
defined by the experimental context.

To illustrate this, we analyze the behavior of the MLE
using the previous POVM extension, with ¢, = —m /2, which
is a binomial model. Similar qualitative conclusions would
apply in more general multinomial scenarios. The key idea
is that, given an observed outcome v, the MLE estimates 6
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p(z4|0)

FIG. 1. Probability p(x.|@) for a coherent state (with J = 3)
pointing along the z axis, after being rotated by an angle 6 around
the x axis: |yy) = e %|J, J).

by setting p(x,|6) = vy /v, as it follows from Eq. (4.9), after
substituting v = vy + v, and p(xz10) = 1 — p(x4|0). Alter-
natively, this result follows from the invariance property of the
MLE and the fact that for a binomial distribution, the MLE for
the coin’s g value is simply § = v; /v. If this value does not
exist, then it returns the closest value.

Figure 1 illustrates the behavior of p(x,|0) for a coherent
state pointing in the z axis, rotated around the x axis |y) =
e~%%|J, J) with J = 3. This example will serve as a guiding
thread throughout the discussion. The maximum detectable
range of 6§ is limited by the region where the function does
not turn around (i.e., where the derivative remains nonzero).
If the function were to turn around, then the MLE would yield
multiple values of 6, making the problem unidentifiable.

The importance of prior information can be stressed by
considering a single trial (v = 1 and vy = 1). The MLE equa-
tion simplifies to arg max,p(x;|6). If v, = 1, then the MLE
instead maximizes 1 — p(x4|0), leading to the lowest possible
0. These extrema may coincide with the range beyond which
the model becomes unidentifiable, but this is not always the
case. If the system rotates slightly beyond this range, then
it becomes impossible to detect, making the effective range
smaller in practice.

H MLE
0.35 QCRB |
m 0.3 @ 2nd order
wn @ 3rd order
= 0.25
Y
0.2

3 5 7 9 11 13 15
Trials

4t i
2 L ]
s
= 0
—2f ]
—4f ]
-0.5 0 0.5
0

FIG. 3. Bias b(f) for the same state as in Fig. 1. The vertical
lines indicate the values of 8 returned by the MLE for the different
experimental outputs.

Figure 2 illustrates how the MSE varies with the choice of
prior range for #. Comparing the full range with a reduced
80% interval, the results reveal a strong dependence of the
MSE on the assumed prior. Further narrowing the range to
50% would reduce the MSE even further.

Since we have to choose a range, and there is no single
correct answer, the most natural choice is simply to take the
maximum range. We have observed that for all states (not just
for our example) the bias diverges near the edges, rendering
bias correction unfeasible. A practical workaround is to ei-
ther exclude these boundary regions or apply a cutoff beyond
which bias correction is no longer applied.

A more natural approach, though, is simply to restrict the
0 range to avoid the divergence. This is illustrated in Fig. 3,
where we restrict the range to 80% to avoid falling into the
diverging region. The figure shows the bias b(6), and how the
MLE assigns values of 6 based on different experimental re-
sults (v = 30), with p(x,]0) =0, 1/30,2/30, ..., 1. Owing
to the 80% threshold, some of the equations lack solutions,
causing several solution lines to cluster at the boundaries. This
behavior follows directly from the original definition of the
MLE.

0.35 H MLE 1
: QCRB
031 @ 2nd order -
Cg @® 3rd order
0.25}F
A
0.2}
0.15

1 3 5 7 9 11 13 15
Trials

FIG. 2. MSE of the MLE as a function of the number of trials for the same state as in Fig. 1. In the left panel, the parameter 0 is restricted to
80% of its maximum admissible range, while in right panel, the full range is considered. The plots also show the QCRB and the approximations
given by equation (B6), including corrections up to orders up to orders 1/v? and 1/v3.
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FIG. 4. Relative error in the MSE when using the MLE with different approximations. The left panel shows results for the standard MLE,
while the right panel presents the bias-corrected MLE. Insets within each panel illustrate the specific approximation method used for the first

POVM extension.

To assess the usefulness of our analytical corrections,
Fig. 4 shows the percentage error when approximating the
MSE using the QCRB alone versus including O(1/v?) and
0(1/1)3) corrections. This is calculated as [MSEyypox —
MSE|/MSE. For the standard MLE, these corrections sig-
nificantly improve accuracy over the QCRB. For the bias-
corrected MLE, the corrections have little impact because
eliminating the O(1/v?) term causes the MSE to converge to
the QCRB much faster. In general, whether a O(1/v?) or even
O(1/v?) correction is relevant or not depends on the specific
context.

A final numerical validation of our expressions can be
performed by computing v2[(#?(X)) — 1/m,v] and similarly
for third order. In Appendix B we show how the theoretical
values of these corrections are in excellent agreement with the
numerical results.

C. Second POVM extension

This case is more complex than the previous one. The
key insight is that, according to Eq. (4.2), the corrections
O(1/v?) depend on the derivative of the bias; specifically, on
its behavior in a neighborhood of the point of interest.

The MLE equation for this extension {I13, Iy, ...}, with
probabilities {p(x3]6), p(x4]0), ...} that are zero at 6 = 0, is
maxg . vy In[p(x|60)].

At 0 =0, we have vs, vg,... =0, as the corresponding
outcomes have zero probability. As a result, the MLE depends
solely on p(x|0) and p(x_|6), assuming it is maximized at
6 = 0. This is somewhat counterintuitive, because the bias
b(0), for 0 # 0, clearly depends on the chosen extension,
which in turn should influence its derivative and, conse-
quently, the MSE at 0 = 0. This highlights how probabilities
that approach zero can introduce subtle complications in the
analysis.

In fact, attempting to compute second-order corrections
using only p(x4|0) and p(x_|0) leads to incorrect results. One
possible approach is to introduce a third outcome, defining
p(x310) =1 — p(x110) — p(x2]6), but this produces an inac-
curate expression. More generally, this theoretical framework
breaks down at these points and the fundamental quantity

I'(0) loses its significance. We discuss this in the next sub-
section.

We proceed by computing these corrections following
the same approach used to determine the O(1/v?) terms
in the previous case. The procedure is largely similar, with
two key differences. First, we have x; = 8, + v cos’(¢, /2),
as we do not fix the value of ¢.. This also changes the
form of the (8% ); specifically, we obtain (§2) = {v sin® ¢,
(83) = —jvsin® ¢, cosdy, and (8%) = v sin® ¢, [3(2 —
v)cos(2¢+) + 3v + 2]. The second change arises after sub-
stituting these terms into Eq. (4.12), where terms involving 8
are in the denominator. To eliminate them and subsequently
compute the mean values of 8’1, we must first expand in
powers of 1/v before proceeding further. The details can be
found in Appendix B. This leads us to

MSE A1 (X)]o—0

1 m3(14 csc? ¢y — 5) — moymy + 3m3
+ )

32m3jv

T 4myv

+o(55).

As in the previous case, the measurement that minimizes the
order O(1/v?)is ¢, = —m /2.

Regarding the optimal states, when taking the mean value,
the only term that does not remain constant is m_%, which is
minimized by third-order isotropic states. This result aligns
with the MLE without bias correction. However, upon cal-
culating the next correction, we find that the fourth-order
isotropic states are the worst, and the best states would be

(4.15)

those that maximize the value of mﬁ. The calculation is
lengthy, we defer its full derivation to Appendix B.

As with the previous POVM extension, we test the cor-
rections using the same rotated coherent state as before and
also fix ¢, = —m /2. Here we take the maximum admissible
range for 6, as bias correction is not meaningful in this regime.
In Fig. 5 we compare the error predicted by the QCRB with
the error obtained from (4.15). As before, the expressions
provide significant insight. As previously noted, the relevance
of corrections of order O(1/v?) or O(1/v?) ultimately depend
on the particular context.
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FIG. 5. Relative error in the MSE when using the MLE with the
approximations indicated in the inset, computed using Eq. (4.15), for
the second POVM extension.

D. The problem of vanishing probabilities

Before tackling the complications of vanishing probabili-
ties, let us first consider a simpler case that clarifies the core
issue. Returning to the first POVM extension with ¢, = 0,
we find p(x;|0) = 0, indicating a probability that vanishes at
6 = 0. Unlike the more complex scenario where the outcome
space grows rapidly with v, here the number of possible
outcomes is limited to v + 1, and the MLE is determined by
solving p(x4|0) = vy /v.

In Fig. 6, we show the MSE and the bias of the MLE
for a NOON state (3.1), though this choice does not play a
particularly special role in the analysis. On the right side of the

0.06
0.05¢
0.04r1
0.03
0.02
0.01r

™ QCRB

vMSE

-0.005

Bias

-0.011

-0.015 : : : : ;
0. 005 01 015 02 025 03

0

FIG. 6. MSE and bias of the MLE for the estimation of the
rotation angle around the z axis with a NOON state (3.1). The number
of trials is v = 30, although this behavior is observed for arbitrarily
high values of v.

e 0 =0.07
® 0 =0.25

)

0.2 0.3 0.4 0.5
Estimated 6
FIG. 7. Probability distribution of the MLE for the true values

6 = 0.07 and 6 = 0.25 with v = 30 trials for the same NOON state
as in Fig. 6.

plot, the QCRB is attained and the MLE remains unbiased, as
it happens in the asymptotic limit. However, as 6 approaches
zero, clear deviations emerge: The MSE diverges from the
asymptotic trend, and the estimator becomes biased. This
behavior persists even as v increases: Larger v merely shrinks
the region of deviation but does not eliminate it.

To understand this behavior, Fig. 7 shows the probability
distribution of the MLE when the true values of the parameter
are 0 = 0.07 and 6 = 0.25. In the first case, the distribution
is still far from a Gaussian, whereas in the second case it
already closely approximates one. No matter how large we
make v, we can always find a sufficiently small 6 for which the
MLE has not yet converged to a Gaussian distribution. This
explains the bump observed in Fig. 6: The system has simply
not yet reached the asymptotic regime. The fact that the MSE
becomes 0 at & = 0 is specific to this particular example. It
arises because at & = 0 the experiment can only return one
result. Since the MLE assigns 6 = 0 to this outcome, the MSE
is necessarily zero, as the estimator is always correct in this
specific case.

Now let us examine the case of p(x|0) and p(x_|60). When
0 = 0, we attain the QCRB, as previously observed, and we
do not encounter the same issues as in the previous example.
To analyze this further, let us consider the simplest possible
extension: p(x3|0) =1 — p(x4|0) — p(x_10). The choice of
this particular extension is not crucial, as the argument we are
about to make holds for any other extension as well.

The MSE of the MLE can be decomposed into two distinct
components:

MSE[fyie(X)] = Z [Omie (v, v, v3) — 012 p(vy, v_, 0)

v3=0
Vi,

+ Z [Onmie (Vs v, v3) =01 p(vy, v, v3)

v3=1
Vi,V

=Ag+A. (4.16)

Consider a sufficiently large v such that, at 6 =0, we
are already in the asymptotic regime (e.g., v ~ 30 is often
sufficient). In this case, the MSE is given by Ay, with A = 0.
Now, if we choose a small nonzero value for 6 while keeping v
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fixed, then the probability that the outcome v3 does not occur
in the experiment is given by

D Py v 0) =1 = p(xsl)]” = (1 - 6%)".

Vi,V

4.17)

For a fixed v, we can always take 6 small enough that the prob-
ability of observing v; becomes negligible. As a result, the
contribution from A can be made arbitrarily small, since the
relevant probabilities vanish while the MLE remains bounded.
By continuity of the MSE, this implies that the QCRB is
saturated in the limit of small 6.

Now, keeping this small fixed 6, let us increase v until
[1 — p(x3]6)]" =~ 0. This marks the asymptotic regime for this
value of 6, where the MSE converges to 1/F,.(0). In this limit,
Ao ~ 0, and the MSE is dominated entirely by the contribu-
tion from A. Between the initial regime and this asymptotic
limit, there exists a transition region in which the CCRB is
not attained.

For any fixed v, there always exists a range of 6 values ly-
ing within the transition region between the asymptotic regime
and the QCRB value at 6 = 0. In this transition region, the
qualitative behavior of vanishing probabilities resembles that
shown in Fig. 6, with one key difference: At 8 = 0, the MSE
reaches the QCRB rather than dropping to zero.

It is noteworthy that this seemingly pathological phe-
nomenon is, in fact, likely to be common in quantum
metrology. Unless the density matrix is full rank, it is typical
for its support to change as the parameter varies. While this
behavior has been previously observed [67,68], to the best of
our knowledge, its underlying origin has not been thoroughly
investigated nor has its generality across quantum estimation
problems been fully recognized.

V. BHATTACHARY YA BOUND

This section revisits the BB [22]. While it provides less
detail than higher-order asymptotic theories, it still offers
a rigorous lower bound. A key advantage is its quantum
extension, allowing direct evaluation from the state without
searching for the optimal POVM, making calculations much
simpler.

A. Classical Bhattacharyya bound

We begin with the derivation of the classical Bhattacharyya
bound (CBB), presenting a general framework that encom-
passes this bound and extends to the multiparameter case.

Consider a probability distribution p(x|6) that depends
on a set of parameters @ = {6, ---,6,} and let 9(x) =
{91 ), ..., @),,(x)} be the corresponding estimators. Let us set
AB; = 0;,(X) — (6;(x)). Define the quantities

yi = Ab; — Ajncn, (5.1

where A;, is an arbitrary matrix with real entries and ¢, is
a vector that can depend on both X and 6. Throughout, we
adopt the Einstein summation convention when no ambiguity
arises. We construct a positive semidefinite matrix with matrix
elements

yivj = (A — Amcn)(AD; — Ajpeyp). (52)

Averaging with respect to the probability distribution p(x|@)
preserves the positive semidefinitess,

(AG:AD)) = (Abicp)Ajp + Aim(ADjcn) — Aim{cmep)Ajp

= (TAT +AT" — AHAT),j, (5.3)
where the matrices 7 and C have elements
Ty = (Abic)), Cij=(cicj). (5.4)

The left-hand side in Eq. (5.3) is the covariance matrix. Our
goal is to minimize the sum of its diagonal entries, which
corresponds to minimizing the total variance. To achieve the
tightest bound, we take the trace of both sides and differentiate
with respect to the elements A;;, yielding the optimal choice
A = TC~!. Substituting into (5.3), we obtain

Cov[d(x)| > TC'T". (5.5)

Since for general estimators we have MSE[@(X)]ij =
Cov[@(x)],-j + (89,-)(89]-), where the deviation from the
true parameter value is given 80, = 9,~(x) —6; and 80 =
{864, 60,, - - - 86, }, we then have

MSE[@(x)] > TC'TT + (50) (50 "), (5.6)

which lets us derive different classical bounds. For unbiased
estimators, the bias term disappears and T becomes indepen-
dent of the estimator.

We now focus on the single-parameter case with unbiased
estimators and choose the ¢, to arrive at the CBB

1 d*p(x|6)
Cr = e
p(x|0)  dok

(5.7)

The CBB of order k corresponds to the kth derivative. For
instance, the second-order CBB takes the form

MSE[6(X)] > ! + Ch
~ Ciy Cll(C”CQz—Clzz).

(5.8)

The term 1/Cj; corresponds to the standard CCRB, while
the extra term, which is always positive, is a correction that
makes it tighter. In some cases, the CCRB is too optimistic
because no unbiased estimator can achieve it. Nonetheless, an
unbiased estimator might still exist that saturates the higher-
order CBB. A classic example is estimating the square of the
mean of a Gaussian distribution: Although the CCRB can be
saturated for the mean itself, no unbiased estimator achieves
it for the square. Yet, an unbiased estimator does exist that
saturates the second-order CBB [57].

As formulated above, the theory applies to the full proba-
bility distribution; i.e., over v trials. For the term Cj;, which is
the CFI, we simply have that C;; = vcy;. The other quantities
scale as [57]

Co = v[cn +2(v = ety ]
Co3 =v[cp3 4+ 6(v — D)epenn],

C33 =v[c33 + 9 — D(excrr +¢1y) + 6(v — D(v = 2)ci, |-
(5.9)

Ci2 =vcpp, Ci3 =vceys,
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In this way, we get

11 li

1 2¢t ¢l + ¢, (6c], +21ct, — 3erien — 12¢11¢13)

MSE[A(X)] = —— +

vey o 22t 3

where we have included terms O(1/v?). Note that this bound,
to order O(1/v"), is only applicable to estimators that are
unbiased to the ith order.

The correction term of order O(1/v?) remains unchanged
even when higher-order derivatives are added to the CBB (by
introducing additional c¢;). However, this is no longer true for
terms of order 1/v3 and beyond.

Importantly, we note that the O(1/v?) term in the CBB
is precisely the contribution y7 /[2F%(0)] appearing in I'(6).
This terms corresponds to the so-called naming curvature [69]
and is one of the three positive terms that constitute I'(6). As
a result, the CBB should be interpreted as a lower bound for
the fundamental quantity I'(6).

Having understood the nature of the CBB, we can apply
it to search for corrections to the QCRB. For the first POVM
extension, the O(1/v?) coincides with I'(0); that is, it reduces
to cot(¢;)?/8m,. We fix ¢, = —m /2 and calculate the third
correction; the result is (3m% +my)? / (384m§).

For the second POVM extension, things are more compli-
cated. First, we complete the POVM in the simplest possible
way: adding a third output p(x3]0) = 1 — p(x+|0) — p(x_16).
The term of order O(1/v?) coincides again with I'(0). How-
ever, when calculating the correction of order O(1/ v?), the
expansion (5.10) is no longer useful. This is because it was
derived by taking the limit v — oo, which implicitly assumes
that no terms larger than v exist. In this case we find that
c33 — oo as @ — 0. To address this, we substitute Eq. (5.9) in
the general CBB, assuming the estimator is unbiased to order
O(1/v?). We take the limit & — 0 and then expand in powers

of 1/v, leading to
cot? ¢ 1
o\ — ).
+ 81112\)3 + <U4>

(5.11)

This indicates that by choosing the optimal measurement, all
correction terms can be eliminated, making the bound tighter.

It is important to highlight that this case is problematic. The
derivation of these expressions assumes an estimator unbiased
to the order of the calculated correction. However, as shown in
Fig. 6, this assumption does not hold (at least for the MLE).
When 6 is sufficiently small, the bias does not tend to zero,
regardless of the value of v. As we already discussed, dealing
with probabilities that approach zero introduces significant
difficulties.

1 cot? ¢
81112 V2

MSE[ (X)]p—o >
4m2 %

B. Quantum Bhattacharyya bound

The quantum Bhattacharyya bound (QBB) was first in-
troduced by Tsuda [70], who also extended other classical
bounds useful for nondifferentiable models [71]. Later,
Parthasarathy provided a rigorous proof that helped to derive
quantum versions of several classical bounds [72].

Another  approach, proposed by Brody and
coworkers [73-75], used a geometric formulation of quantum

120?1

(

mechanics. In this framework, quantum states exist in a real
Hilbert space with a complex structure. They derived a series
of Bhattacharyya-style bounds for pure quantum states, which
depend on the estimator used. To remove this dependence,
special types of estimators are needed. More recently, these
bounds were extended to general density matrices [76].

In Appendix C we provide an alternative proof that closely
parallels the one for the CBB. We summarize here the results.
We proceed as in the classical case, defining ¥; = AX; —
AimLy, where X; =3 6;(X)TIk and AX; = X; — (f;:(x)) =
Zx A@i(x)l'[x and L,, are operators and {I1yx} is the POVM
representing the measurement. Operating much in the same
way we arrive at

Cov[d(X)] = TQ™'TT, (5.12)
where the matrices 7 and Q have elements
T, = 3 Tr[o™ (AX,L] + L; AX))],
Qij = 3 Trlo™(LiL] + L;LD)], (5.13)

where ") is the density matrix corresponding to the v trials.
As in the classical case, we can add the bias to get the MSE.

Equation (5.12) provides a bound for the MSE, but how
does it relate to the CBB and, more generally, to other clas-
sical bounds derived from Eq. (5.6)? The key idea is that T
remains the same as in the classical case when L, are chosen
appropiately. For the QBB we choose them as the kth-order
SLDs, ensuring they are Hermitian,

dk ) 1
o = (Lo + ol Li).
Also, one can demonstrate that the POVM consisting of
eigenvectors of the operator X = (9(X)) + AL, = (B(X)) +
T (O™ ")imL,, saturate the QBB and the other single parameter
bounds.

While we aim to apply this bound to pure states, a fun-
damental issue arises: These operators do not exist for pure
states. This becomes evident when taking the second deriva-
tives of the state pg,

d*0s

do?

(5.14)

= —Ja Vo) (ol — 1) (WolJy + Jul Vo) (Yo lJa-
(5.15)

Clearly, the last term cannot be produced by an operator of the
form L; as in Eq. (5.14), since it maps from outside the span
of o to to outside the span of o. But what does this imply? To
gain insight, we introduce a small amount of white noise and
then gradually let it approach zero,

_ 1
T 14ed

where d is the dimension of the space. The analytical expres-
sions for the L; may be obtained by the use of the methods in
Ref. [77]. It turns out that the nondiagonal terms are 0, so there

(IWe) (Wrg| + 1), (5.16)

Q¢
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is no second-order correction. This is because Tr(oL,L;) is an
imaginary number. A similar thing happens for i = 4,6, ....
We continue and calculate the third-order corrections. In that
case, we have

d3Q9 1

D07 = T eq alve) Wl + 3iduly) (Volly +c.c.),
(5.17)

which leads to the following values for g (we use again ¢
instead of O to denote the v = 1 case)

4m2
M= 01 20)1 +de)’
4(3m3 + my)
=" 052000 + de)’
4mi(3e* 4+ 3 + 1) + mye(l + &)
= T+ o)1+ 26)(1 + de)
—18m3 + 6mumy(10e + 3) — 2m3(20e + 9) + 4mee
03 = e(1 +26)(1 + de) ‘
(5.18)
The rest of the terms involving L, are zero. See Appendix D
for the scaling of Q.
We calculate the third-order corrections,
© ) = i(l + Q—%S) (5.19)
On 01— 0%/ '

To analyze the asymptotic expansion in powers of v, it is
crucial to carefully consider the order in which limits are
taken. If we first take the limit ¢ — O, then the third-order
corrections vanish. This behavior mirrors what we observed
with the CBB in the second POVM extension, where choosing
¢+ = —m /2 canceled these corrections.

On the other hand, if we assume & small, but nonzero,
and apply Eq. (5.10) before taking ¢ — 0, then we recover
a correction that matches the result from the first POVM
extension:

MSE[0(X)]p—o >

2
1 N (3m3 +my) N (l)
4myv 384m3v3 v4
(5.20)
To interpret this, recall that the element Q;; corresponds
to the QFI. The QBB must be attained by measurements
that also achieve the QFI, while minimizing higher-order
corrections. This is precisely what we did in the previous
section.

When ¢ is small but finite, the scenario resembles the
first POVM extension, where no probabilities vanish. This
explains why the QBB corrections match the case with ¢, =
—m /2, which cancels the corrections of order O(1/v?).

Conversely, in the second POVM extension, certain prob-
abilities vanish as ¢ — 0, preventing higher-order corrections
when ¢, = —m /2. This corresponds to ¢ — 0 before taking
vV — 00.

This interplay between limits offers an intuitive expla-
nation of the observed behavior, although a more rigorous
treatment is needed to fully characterize the underlying re-
lationships.

This brings us to the practical significance of the CBB
(or its quantum analog, the QBB). In the classical case, the

CBB naturally arises within the framework of second-order
asymptotic theory. Specifically, the 1/v? term in the CBB is
one of the three components that define the full second-order
asymptotic behavior.

The key advantage of the QBB is its ability to determine
the minimum possible value of the 1/v? term in the CBB.
Moreover, it helps to identify the measurements that achieve
this minimum within the class of measurements that saturate
the QFL.

However, the QBB is not guaranteed to exist in all scenar-
ios. In particular, problems arise when the span of the quantum
state changes with the parameter. One possible workaround
is to introduce a small amount of white noise and consider
the limit as it vanishes. This regularization approach has been
shown to recover the corrections associated with both POVM
extensions, though a deeper analysis is required to fully un-
derstand its scope and limitations.

In summary, the QBB is especially useful for full-rank den-
sity matrices. In cases where the rank varies, its applicability
is less clear and requires deeper investigation.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have derived 0(1/1)2) and 0(1/v3) cor-
rections to the MSE in quantum metrology, where v is the
number of trials. These corrections improve the accuracy of
MSE estimates in the preasymptotic regime.

Our results highlight that these corrections depend on
the estimator used. While the QCRB sets a fundamental
asymptotic limit, estimator-specific effects emerge in the
preasymptotic regime. If we consider estimators unbiased up
to order O(1/v), then the second-order corrections simplify,
revealing a fundamental quantity akin to the QCRB.

We also showed that standard higher-order correction
methods may fail when the density matrix’s span depends
on the parameter. Despite this, we demonstrated that these
corrections remain computable. Importantly, they allow us to
distinguish measurement strategies that appear equivalent un-
der the QCRB. For instance, measurements achieving the QFI
may still exhibit different preasymptotic performance. Addi-
tionally, for optimal state families used in detecting unitary
transformations, higher-order corrections help refine optimal-
ity beyond the asymptotic limit.

Furthermore, we explored the connection between these
corrections and the CBB, a tighter bound than the CCRB.
We demonstrated that the BB provides a lower limit for these
O(1/v?) corrections. Notably, like the QCRB, it has a quan-
tum extension that offers a POVM-independent lower bound
on preasymptotic corrections, making it a powerful and easy-
to-use tool.

Looking ahead, several research directions arise. A key
next step is generalizing the O(1/v?) correction formulas
to probability distributions that do not sum to one, a com-
mon scenario in practice. This could follow the approach
in Ref. [63] but without assuming probability normalization,
simplifying calculations by avoiding explicit series inversion.

Another significant direction is extending these results to
arbitrary quantum processes and mixed states. Investigating
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APPENDIX A: FROM FIDELITY TO HIGHER-ORDER AVERAGES

The fidelity between a state and a slightly rotated version of the state is given by F(@|n) = |(y|e’ |yr) ?P=1- 192Q¢(n) +
O(9?). This means that the states that change most rapidly with small 6 are those with maximal QFI and that the states that
change the most on average for all rotation axes n are those with the maximal values of | S Qy (0|n)d 2, which are the states
with isotropic first-order moments (J,) = const = 0. Within this family of states that have such a maximal average QFI, which
states have their fidelities decrease the most to next leading order in 6?

We begin by writing

2 ~ 2
— 2% & 2%k+1
FO) = / FOn)d2 = / |: (Zk)‘ (Wl(ef) W):| |:§ 2kt 1),(1/f|(9]) W)] a. (Al

ar( sl

The integrals are all over terms of the form f S n{ nénéd 2, which equals when each of j, k, and [ are even

I(5(i+k++3))
and vanishes otherwise. We can write (0) = Z:io f,6%" and note the first few terms:
fo=1,
1 1g 1
S = 4 /Sz ((Jn>2 - (JI%»dQ = 3 ; (Ui>2 - <J12>) = 16w Q‘p(n)dQ
1 1 2
fr=g- /S 7 12((14) TN () + 3(77) ) d<, (A2)

and so on. We see that fj is the same for any state. The sum Z?:l (J?) is constant for any state because Z?:l J? is proportional
to the identity operator, so f; is minimized by states with (J;) = (J») = (J3) = 0, which are first-order isotropic ({(J,) = const).
Among these states, since [ S Ji#d< is proportional to the identity operator [see Eq. (A8) onwards], f> simplifies to

f» = const + 1 / (12)2d52 (A3)
1677,’ S, n

and

1 50 1 ) :
P N (Jn> a2 > (4 /;Z (J )dQ) = const (A4)

has the same lower bound regardless of the state due to |, S J2d2 being proportional to identity [see Eq. (A8) onwards]; this
lower bound is achieved if and only if the state obeys (J2) = const. This was found using Jensen’s inequality that the average of
a square is greater than the square of the average, with equality if and only if the quantity being averaged is constant, as above.

To summarize, all states have the same fj, states that are isotropic to first order have the smallest f;, states that are isotropic
to first and second order have smallest f>, and so on.
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We proceed to prove the general case by induction. Consider that the subleading order in the expansion of ¥(6) to order
62=1 js minimized by states that are isotropic to order n — 1; i.e., by states |y) with (],’,‘) =constforallk € {0, 1,--- ,n— 1}
Then, the terms of order 62" in the integrand are

Nk (_1y—k n—l Nk 1 yn—k—1
1n=Z( S b =D (W) (W ). (AS)
k=0

2k 2n—2k
(2k)! (2n—2k)!(w|]” V) Wiy |‘“Jrkzzg(2k+1)!(2n—2k—1)!

Since all the expectation values (J*) = ¢; to order k are independent from n for k < n, all of the ¢; with odd values of k < n
will vanish. The second sum only retains terms with 2k + 1 = 2n — 2k — 1 = n and so only remains if » is odd. The first sum
is always a constant times a single expectation value, if n is odd, yielding another constant after integration. We thus have the
possibilities:

(=D"=D2 g2 (n—=1)/2 (=D* (=" * 2n—2k
(Jr':) +23 55 %) (2n—2k)!c2k<‘ln ) nodd,

7 n
L= ] (A6)
(—1y? 2 n/2—1 (=F (=1 * 2n—2k
)+ 205 G mesoreadda ), neven.

P.erfor.ming the integral over the angular .coordirllates fu= ﬁ /. s, Ind €2 again uses that /. s n)>"~2kd<Q is proportional to
the identity operator, such that, for all states isotropic to order n — 1,

1 1 2
fu= / (J,’:) dQ + const. (A7)
S

n!2 4m

Such a quantity is uniquely minimized by states with (J;) = const. This proves that a state minimizing the axis-averaged
fidelity between itself and a rotated version of itself to every order in rotation angle 6 up to and including 6%" is a state
that is isotropic to order n. None of this proof relies on a particular group structure and so these results apply to any unitary
transformation.

Finally, we prove that all averages over the unit sphere S, of the type

— 1

T =— / Jy)d<, A8
< ﬂ> 47 Sz( n) ( )

are independent of the state. Consider the operator
0= / JEdQ. (A9)

S

Applying an arbitrary rotation R € SU(2), we have

ROR" = f RIR" dQ = / (RI,RN(RI,RT)--- (R'J,R) dQ = / JY d<, (A10)
S S S

where J, is simply the rotated angular momentum operator. Because we are integrating over all directions n, ROR" = O. But
the only operator that remains invariant under all rotations is an operator proportional to the identity [82], thus

(J,’,‘) = const. (A11)

APPENDIX B: SERIES EXPANSION OF THE MAXIMUM LIKELIHOOD ESTIMATOR

We expand the two outcomes probabilities around 6 = 0, collecting terms up to O(6°); we obtain

63 (3m3 4+ my) sin ¢

p(x4]0) = cos? (‘%) + 6. /mysin g, — 6°m, cos g —

6/

. 0*[3m3(1 + cos¢) — mymu(3 — 5cos py) + 3m3(1 — cos p)] . 63 (15mymy — 10m2 + mg) sin ¢,
24m, 120 /m;

+0(6°),

px-|0) = sin® (%) —60/mysing, +67mycos g, + 93(3mg6";/“;_‘;) sin ¢

N 6*[3m3(1 — cos¢;) — momy (3 + 5cos ¢y ) + 3m3(1 4 cos ¢y )] ~ 65 (15mymy — 10m2 + mg) sin ¢
24m, 120 /m;

+ 0(6°). -
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1. First POVM extension

We now focus on the first POVM extension, in which only two outcomes are possible. Their probabilities are p(x|6) and
p(x210) =1 — p(x4|0). The MLE is obtained by using (4.9). We introduce the shorthand §, = v, — v/2 and note that v, =
v — v;. Fixing ¢4 = —m /2, as determined earlier by the minimization of I"(0), we then obtain:

vy dp(xy]0) vy dp(x]6)
pxyl0) do p(x200)  do
284 (my — 5m3)

1
N [5m2m4(136+ —3v) +3m3(5v — 488, ) + 5m3(28, + 3v) — m68+] o4
6/

N {m3 (3605, — 570v)+ 15mImy(22v — 258, )+ mo[10m3 (378, 4 6v)— 15m3mss, + 10m3 (8, — v)+ me(58,. — 6v)]}

2
= —48, /m; — 4myv 6 + 6% + [2m§(5+ —4)+ ST 4 5m4(4u — 359}93

93
3011’12
+ 0(6%). (B2)
Formally, this can be written as
O = q —+ aIQMLE =+ (1291\2/[LE + a391\3/[LE + a49§/ILE + a59§[LE + O(Q&LE)a (B3)

and applying the Lagrange-Biirmann inversion formula [64,65] provides an explicit power-series expansion for Oy g. Squaring
this series yields 6, g,

02 é 2a8a2 aé(Sa% — 2a1a3) Zag (7a% — bayaraz+ a%a4) n ag (42a‘2‘ — 56a1a%a3 + 14a%a2a4 + 7a%a§ — Za%as)
MLE = ) 5 8 .

ai a aj ap a;’
(B4)
Identifying terms this yields
5 82 &(BmI+my) 8 (md—moumy+m3)  89[315m] + 165mImy 4+ my(30m3 — 3mg) + 35m7 ]
O (X)) = — + . (BS)

myv? 3miv? 4m3v3 180m3v°

Because &, follows a centered binomial distribution (i.e., a fair-coin distribution), its even moments are ((Si) =v/4, (81) =
v(3v —2)/16, and (Si) = [15(v — 2)v + 16]/64, while all odd moments vanish. Substituting these averages and retaining terms
up to O(1/v?) we obtain

1 3m 4 my  219m3 + 133m3my + my (30m3 — 3mg) + 35m?

o /vh. B6
ampv T 16m3? 768m317 + O/ (B6)

(él%/lLE (x)> =

To reach this expression we require the series for Oy g up to fifth order and the 1/v expansion up to sixth order; higher-order
terms do not contribute. Because the estimator is still biased, a positive 1/v? term arising from the derivative of the bias survives,
highlighting the advantage of employing the bias-corrected estimator.

To obtain the MSE of the bias-corrected estimator we expand b(0) = b(0) + a10 + a,0% + a30% in (O (X) — b(#)/v)?). Since
b(0) = 0 for ¢, = —m /2 we obtain

2 2 2
<é2<x)><1 +a @) + <é3(x)>(2“1f2 - @) + <é4(x)>(“—§ 4 2aas zﬁ) 03000 228 4 gy B BT
v v v v v vV v v

v2

_While the intermediate algebra is omitted here, the same expansion technique used for (62(x)) can be repeated to obtain
(63(x)), (9*(x)), and higher moments,

45(m3 + mj — mymy)

512m)% 13

. 3
+00/vY; (i e0)) = —=5— + 0(1/v). (B8)

(O 00) = 16m3 v

Thus, the only contributions that remain at O(1/ v3) are

A N 2a a? A 2a;
(G0’ = <9§/ILE(X)>(1 - TI + v_;> - <9§4LE(X))T' (B9)
The 2a; /v term cancels the contribution from the bias derivative at O(1/v?). The bias is given by
1 3(m3 4+ m? —mym 9m? + 15m2my + my(10m3 — mg) + 9m?
bO) = - (3+ =2 )0+ (mj + 3 — g . Oms Gl 2(3 2w M) oL o, @B10)
8 m3 16mY 48m3

Inserting these results reproduces Eq. (4.14).
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FIG. 8. Numerical validation of the asymptotic coefficients for the first POVM extension, using the uncorrected MLE. The quantum state
is that employed in the main text.

For completeness, we present the general ¢ -dependent expressions, valid at finite 6, for all quantities entering Eq. (4.2),

cot? ¢ ) cot ¢ [m3 csc? ¢ (cos 24 + 7) + 2my ]

re)= 0(6%),

@ = m 16m;"? oy
cotgpy 6 (my 2 )

b(o) = (= +4 —1)+01%,

@) 4\/nTg+8(m§+ csc” gy +0°)

1 1 92 my
= + —
F.(0) 4m, 4

— - 1)+0(93). (B11)
m;
2. Second POVM extension

For the second POVM extension, the use of Eq. (4.2) produces incorrect second-order terms, so we derive them explicitly.
Because ¢ is no longer fixed, we redefine 8, = v, — v cos>(¢,/2). Following the same steps as before, but after inserting the
series into Eq. (B4) we expand in powers of 1/v to remove 8 from the denominators. This procedure yields

8% esc?(¢) N 283 cot(¢) esc® () N 85 esct (¢ ){3m3[7 cos(2¢4) + 13] csc?(¢4) — 2mymy + 6m3}

O s (X) = BI12
e (X) myv2 myv3 12mjv* (B12)
To evaluate the MSE we require the series for 8y g and the 1/v expansion only up to fourth order; higher orders leave the result
unchanged. The central moments are (81) =z sin?¢, (81) =—7 sin?¢, cos ¢, and (51) =5 sin¢ [3(v — 2) cos(2¢4) —

3v — 2]. Substituting these moments and keeping terms through O(1/v?) reproduces Eq. (4.15).
For completeness, Eq. (4.15) at the optimal setting ¢, = —m /2 reads
1 9m3 — moymy + 3m3

MSE[fyLe (X)]g=0 =
[OmLe(X)]o=0 e + 2mi?

+ 001 /v?). (B13)

Proceeding in the same fashion one can derive the O(1/v?) corrections, although the resulting expression is rather cumber-
some. Their evaluation requires carrying the series for both 6y g and the 1/v expansion to sixth order:

1 9md —mymy+3m}  1719m§ — 116m3my + 6m3(223m3 + 3me) — Sm3(17m3 + 18mams) — 30mym3Imy + 315m3
4myv 32m5v2 3072mlv3
1
+ 0(?)' (B14)

Finally, we reproduce the erroneous second-order expression obtained by applying Eq. (4.2),

21/ (0) » myesci (@) (2cos(2¢y) +5) +my
F.(0) + 50y = 16m3 '

ro)+ (B15)

3. Numerically testing the coefficients of the asymptotic expansions
To validate the expansion coefficients for the first POVM extension, Fig. 8 shows the numerical evaluation of the quantities,
" 1 . 1 3m3 + my
VO = — ) v 0P - — ) - = |. (B16)
mov myv 16m;

The numerics converge to the analytical predictions, confirming the correctness of the series coefficients.
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FIG. 9. Numerical validation of the asymptotic coefficients for the bias-corrected MLE in the first POVM extension. The quantum state is
that employed in the main text.

Figure 9 repeats the numerical test for the bias-corrected estimator. As predicted, the second-order term vanishes, leaving the
third-order correction as the leading contribution. The same verification for the second POVM extension is presented in Fig. 10.

APPENDIX C: PROOF OF THE QUANTUM BHATTACHARYYA BOUND

Let {Jwx)} be a list of arbitrary states, {ax} a list of arbitrary constants, and {I1, B(x)} = {IIy, 6;(x)} a POVM and a set of
estimators for the different parameters. By expanding

> oxlag — | D (oxlagy Ty | [T | axlox) = | D axTlelox) | | =0 (C1)

X x' x’
and using ), [Ty = 1 we arrive at
Mxdxxw — MxIlx > 0, (C2)
with no summation over the index X implied. This matrix of operators should be understood as an operator acting on the tensor

product space H ® C", where H is the Hilbert space in which the states exist and » is the number of elements in the POVM [78],
that is, it acts on vectors of kets. More precisely, it would be written as

D Mxdee @ [X)(X'| = Ty My @ [X)(X'| >0, (C3)

xx’

where |X) is an orthonormal basis of C". We now act on the right with 1 ® A#;(X), and on the left with its conjugate transpose.
We do the same with /o™ ® 1. This preserves the positive-definiteness of the operators and the inequality. With that we

025 T T T T T T T T
0 2nd Order g === 31d Order
% 2nd Order Theory = 3rd Order Theory
= 0.2f =
z s
3 S
© O 15 B © 0 2 p---=-=-==================
w 0.
—~ [ — [}
0.1 ; ; ; ; 0.1 : . . .
1 20 40 60 80 100 1 20 40 60 80 100
Trials Trials

FIG. 10. Numerical validation of the asymptotic coefficients for the second POVM extension. The quantum state is that employed in the
main text.
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arrive at

ZAH () AB; (X)v/ 0 xy/0™ > ZA@ (X)A0;(X )y oM T Ty /0™, (C4)

We now take the partial trace with the respect to H and get

Cov[B(x), T];; = Y~ A:(X)AD;(X) Tr(TTxe™) = Y AG:(X)AH;(X') Tr(o ' TIx[Ty ) = Tr(e AX; AX;), (C5)
X

X, x

where we define the estimator operators X; = >, @,-(X)I"Ix and AX; = X; — (éi(x)) =Y A@i(x)l'[x.

At this point, we may proceed in two ways, depending on whether we want to obtain the symmetric version or the
nonsymmetric version of the quantum bounds. First, we show the symmetric version. For that we notice that if we have two
matrices such that A > B, then it implies that A > B, where the bar denotes the complex conjugate. This allows us to write

Cov[8(x), I];; > 1 Tr[o™ (AX;AX; + AX;AX))]. (C6)

We proceed as in the classical case, defining the operators ¥; = AX; — A;,,L,,, where L, are now operators and A;,, is a real
matrix as before. We can build the following positive semidefinite matrix:

Tr[o™ (VY] +Y,¥,)] > 0, (C7)

and substituting

1 (v) Aim ) il Ajl’ ) T
5 T (AX,AX; + AX;AX)] > = Trlo" (L AX; + AXGL)] + = Trle (AXiL] + L, AX;)]

im

A .
= =" Trle (Lnly + LyLy)) = (AT + TAT — AQAT);;, (C8)
where
T = L Te@W(AX.L] + LiAX)), Qi = 3 Trlo"™ (LiL] + L;L))]. (C9)

Thanks to symmetrization, everything is real. We find the optimum A as in the classical case by differentiating the trace with
respect to A to find the value of A that minimizes it; the result is

Cov[0(x), 1] > TQ 'T". (C10)
We can add the bias to get the MSE,
MSE[0(x), TI] > TO~'TT + (80)(80) . (C11)
To derive the nonsymmetric version, we proceed without symmetrizing and do not assume A to be real, arriving at

Tr(0" AX;AX)) = Aim Tr(@" L AX;) + Tr(@ AX,LI DAY, — Ay Tr(@ LiL} A%, =

jm

= (AT +TA" — AGA");,  (CI12)
where now
T, =Tr(@V AXL)), Qij =Tr(e"'LiL)). (C13)

Now, we simply set A = TQ~'. We can also assume T to be real. This will in general be the case, as T will have the same value
as in the classical version by choosing the L; appropriately. As in the symmetric case, we get

Cov[d(x), ] >TQ 'T". (C14)

Notice that, in general, Q is a complex matrix.

Next, we focus on the symmetric version. Equation (C11) provides a bound for the MSE, but what is its relationship to the
CBB or, more generally, to other classical bounds derived from Eq. (5.6)? The key observation is that 7 takes the same values
as in the classical case, provided that the L; are chosen appropriately. For the QBB, the L; we select are the higher-order SLDs
(5.14). This yields:

=1, =] (£ o)) |ax & —(H(x)) — (9(x))—Tr(<”>) & —(B(x)), (C15)
J=AU a6i° = doi doi "\ )= agi

which coincides with the 7' of the CBB. We have omitted the subscript in AX) since we only have one parameter. Knowing this,
since the QBB applies to any POVM, it must be true that

Covldx), I =>TC'T" >TO7'T". (C16)
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Adding the bias, we obtain the version for the MSE
MSE[0(x), T1] > TC™'TT + (86)(80)" > TQ™'T" + (50)(89)". (C17)

This can be generalized to different classical bounds, for example, choosing L; = (Qé”))ilg((,:’) — 1 gives the quantum version

of the Barankin bound [25]. In the same way, choosing L; as the SLD for the parameter 6; we obtain the multiparameter
QCRB [72].

The first inequality, Eq. (C2) can be saturated using projective measurements, since in that case [1xI1y = I1xSxx. The second
inequality, Eq. (C7), is saturated when ¥ = 0; that is, X = (9(X)) + ALy = (0(X)) + T(Q™DimLm (we define A, = A,, as it
is a single parameter). What we do then is to define the POVM II as the eigenvectors of this operator, and also define a new
estimator 0 (x) as its eigenvalues. In this way, X saturates the inequality.

APPENDIX D: SCALING OF Q0

The derivation of the asymptotic CBB in Eq. (5.10) assumed the scaling relations in Eq. (5.9). We seek to verify whether the
scaling of the matrix elements Q;;, matches that of their classical counterparts, C;;.

We begin by analyzing the element Q;;, which is well known to scale linearly with the number of trials v; i.e., Q11 = vq;.
This linear dependence arises because the SLD for v trials, L%”) , acting on the state Qé"), is simply the sum of the individual
SLDs, L. For example, in the case of v = 2, the derivative of the composite state is given by

o = %o ®1+1® do, (DI1)

and the SLD is given by ng) =L ® 1+ 1 ® L. This linear scaling also extends to the off-diagonal elements Qy;. To prove
this, let us examine the element Q, for the v = 2 case, which is given by

Q1 =Tr[LP820] = Tr(Li ® 1 + 1 ® L) (330 ® 0 + 2860 ® 390 + 0 ® 350%). (D2)
By invoking the identity Tr(d)0) = O for any integer i > 1, we find that the only terms contributing to the trace are
Tr (L1350 ® 0 + 0 ® L13;0) = 2q1». (D3)

This can be extended to the general case of v trials, as each of the v terms composing Lﬁ") contributes a single g;; to the final
trace, confirming the linear scaling Q; = vq;.

The analysis for the 0y, term is more involved. Its classical counterpart exhibits a more complex scaling, given by Cy =
vey +2v(v — 1)012l . To determine if O, follows a similar pattern, we first consider the v = 2 case, for which we must construct

the operator L;z) satisfying
NP o®o+o®0 L] = (370 ® 0 + 2060 ® %0 + 0 ® 350°). (D4)

The terms 970 ® ¢ and ¢ ® 970 are generated by including the operators L, ® 1 and 1 ® L, in the construction of Léz) . The
contribution of these components to the QFI element 05, is thus given by

Tr(L, ® 1+ 1 ® L,)(350 ® 0 + 2350 ® 0 + 0 ® %0°). (D5)
The only nonzero terms are as follows:
Tr (L2330 ® 0 + 0 ® Lrd;0) = 2422. (D6)

This contribution provides the linear scaling component, analogous to the vc;; term in the classical case. The quadratic scaling
component must therefore arise from the remaining term, 29y0 ® dgo. By expressing dypo in terms of the SLD L, this term
expands as follows:

2050 ® 390 = 3(L10 ® Lig + Lio ® oLi + oL ® oLy + oL ® L0). (D7)

The terms %(ng ® Lio + 0oL; ® oL;) can be generated by an L; ® L; component in the SLD L;z). The contribution of this
component to Oy is then given by

Tr(Ly ® L1)(9;0 ® 0 + 230 ® dpo + 0 ® 950). (D8)
Recalling that Tr(L;0) = O for any i, the only nonvanishing contribution to the trace is as follows:
2Tr(L1390 ® L1dgo) = 247, (D9)

However, generating the remaining cross-terms, Lj0 @ oL; + oL ® L0, is not straightforward, as they cannot be produced
by any simple tensor product of the form L; ® L;. Accounting for these terms would, in principle, require introducing a new

operator X into the structure of L;z) that satisfies

1Xo®o0+0®0X)=1(Lio®oL + 0oL ®L0). (D10)
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To fully replicate the classical scaling, this new operator would need to yield a contribution of 2¢7,. However, an explicit
demonstration of this result has proven elusive. Given the difficulty of this direct approach, we now turn to an alternative method
to validate the asymptotic expressions.

We pursue an alternative approach to show that Eq. (5.10) remains valid to second order under the replacement of ¢;; with
¢qij. This method begins by establishing a general inequality between the two quantities. For any list of real constants {a;}, it has
been shown that [25] that

] a dipao?\ L[ d'p(ul6)
v _<<p<x|9) a0 >>_Zp<xk|9>[“’ do' }

k

2 1 1 :
= ¥ g o st otom |

k

2
< Z |Tr [o(a;L;)TTk]|

D11
Tr(olly) (PID

<aTr I:l(LiLj + LjLi)Qi|aj = a;Qjja;;
P 2

that is, C < Q. Notably, this inequality does not guarantee the existence of a single POVM for which equality holds, as the
optimal measurement projectors—eigenstates of the operator a;L;,—depend on the specific choice of coefficients a;. Despite this,
the relationship provides a powerful tool for constraining individual matrix elements. By isolating the second-order terms (i.e.,
setting a; = 8;), we find that Cy, < Q2. Now, in the asymptotic limit v — oo, a measurement that saturates the QFI yields
c11 = q11. For such a measurement, the classical element scales as follows:

Cp = 2vc}, = 20%g}, < Om. (D12)

Therefore, in the asymptotic limit v — oo, it must hold that Q,; > 2v2q%l. This lower bound is sufficient to validate the
asymptotic expression in Eq. (5.10), since the dominant contribution from the classical term Cj; to that expression is precisely
its leading-order term, 2v%c?,. While this analysis confirms the result to order O(1/v?), a complete determination of higher-order

corrections would necessitate a more precise characterization of the scaling for all Q;; elements.
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2.2 Project 2: Majora constellation and robust states for
SU(2) sensing

As introduced in the mathematical preliminaries section, the Majorana representation offers a visual
and intuitive description of the states of a spin-S system. In turn, the multipole distribution provides
an SU(2)-invariant quantification of the constellation’s geometry. The geometry of this constellation
is closely related to the metrological properties of the state. In particular, states whose constellation
is more uniformly distributed over the sphere prove to be the most suitable for the estimation of
arbitrary rotations.

The first paper presented in this chapter delves into the connection between the Majorana repre-
sentation and the multipole distribution for several paradigmatic states: coherent states, NOON states,
and king states. Coherent states, being quasi-classical in nature, serve as a standard benchmark in
the evaluation of estimation protocols. Meanwhile, NOON states are optimal for estimating rotations
around a fixed axis, whereas king states are optimal when the rotation axis is arbitrary. Among the
main results, an analytical expression is derived for the evolution of the multipoles during the tran-
sition from a coherent to a NOON state. This analysis reveals that the even-order multipoles remain
invariant, while the odd-order multipoles characterize the transition between the two states.

In the second paper, a new family of random states is introduced and characterized, generated
by randomly selecting Majorana stars on the surface of a sphere. The properties of these states are
exhaustively studied from a numerical perspective, analyzing their multipole distribution, their QFT,
the associated precision bound (QCRB), and their resilience to noise, and are compared to those of
other random state families. The results demonstrate that these states are remarkably robust to noise
and maintain a high performance for rotation estimation. Finally, the feasibility of their implemen-
tation and their practical application to rotation estimation was demonstrated experimentally by a
collaborating experimental group.

Note: In the experimental part of the collaboration, my contribution was limited to the visualiza-
tion and representation of the data. The main focus of my work was on the numerical aspects of the

first part.
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Majorana stars, the 25 spin coherent states that are orthogonal to a spin-S state, offer an elegant method
to visualize quantum states, disclosing their intrinsic symmetries. These states are naturally described by the
corresponding multipoles. These quantities can be experimentally determined and allow for an SU(2)-invariant
analysis. We investigate the relationship between Majorana constellations and state multipoles, thus providing
insights into the underlying symmetries of the system. We illustrate our approach with some relevant and

informative examples.

DOI: 10.1103/PhysRevA.109.012214

I. INTRODUCTION

Completely symmetric states aptly describe numerous
phenomena [1]. These states play a crucial role in the char-
acterization of spinor Bose gases [2,3], whose dynamics
have been observed with spin-1 [4,5], spin-2 [6], and even
spin-3 [7,8] condensates. They have also been used for the
characterization of entanglement [9-14] in those boson sys-
tems.

A salient feature of this family is that any state of spin S can
be described as a permutation-symmetric n-qubit state, with
n = 28S. This is the basis of the elegant representation devised
by Majorana [15], in which a spin S is depicted by 25 points
(called the stars) on the Bloch sphere. Although the subject
attracted some attention in relation to the quantum theory
of angular momentum [16-19], it remained quiescent until
1969, when Penrose reinterpreted Majorana stars as principal
null directions in spinor theory [20] and brought it to wider
attention in his celebrated book [21].

Apart from indisputable mathematical advantages [22],
this picture builds a bridge between the abstract Hilbert space
(where the states live) and the simple geometry of the Bloch
sphere. Consequently, this representation rapidly meets the
increasing interest in high-dimensional quantum systems and,
several decades after its conception, is being used in fields as
diverse as polarization [23-27], spinor Bose gases [28-31],
multiqubit systems [32-38], metrology [39-43], geometric
phases [44-51], non-Hermitian lattices [52], and alge-
braic quantum models such as the Lipkin-Meshkov-Glick
model [53,54].

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by the Max Planck Society.
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The distribution of Majorana stars conveys complete in-
formation and can be directly computed when the quantum
state is known. But this notion has far-reaching advantages:
by visualizing in a crystal-clear manner the intrinsic sym-
metries of the state, one can perceive connections with other
intriguing questions. Examples include geometrical measures
of entanglement [55-57], spherical 7-designs [58,59], and
the Thomson [60—65] and Tammes [66—68] problems. More-
over, a number of states with remarkable properties, such as
queens [69] and kings of quantumness [70], maximally en-
tangled states [71], k-uniform states [72—74], and states with
maximal Wehrl entropy [75], can be aptly understood in terms
of the properties of their corresponding constellations [76].

Distributing points on a sphere is a mathematical prob-
lem with a long history and with a variety of optimal
configurations depending on the cost function one tries to
optimize [77-80]. This suggests exploring those arrangements
of points distinguished by some extremal properties. Then
a natural question arises: if one knows the locations of the
Majorana stars, what can one say about the state, in particular,
about its multipolar distribution? That is precisely our main
goal here.

For a system of point charges on the sphere, the most
suitable way of capturing the progressively finer angular fea-
tures of the system is the standard multipolar expansion [81].
Such an expansion can often be truncated, meaning that to a
good approximation only the first terms need to be retained.
We propose here to carry out a similar procedure for the
Majorana constellation: the resulting multipoles constitute a
basic tool for problems with an SU(2) invariance [82,83]
and, in addition, they can be experimentally determined with
simple procedures [84,85].

The paper is organized as follows. In Sec. II we intro-
duce the basic notions needed to understand the Majorana
constellations, whereas in Sec. III we show how to calculate
the multipoles from a given Majorana constellations. Our

Published by the American Physical Society
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insight is to apply the time-honored Vieta formulas [86] to
the polynomial defining the constellation, which provides a
shortcut between the stars and other representations of the
state. In Sec. IV we thoroughly examine how the method
works in a series of relevant examples. Further physical im-
plications are discussed in Sec. V and, finally, our conclusions
are summarized in Sec. VL.

II. MAJORANA CONSTELLATIONS

We will deal with any pure system living in a finite-
dimensional Hilbert space of dimension 2S5 + 1, which can be
formally regarded as a spin S. The corresponding space Hsg,
spanned by the standard angular momentum basis {|S, m) |
m= —S,...,S}, is the carrier of the irreducible representa-
tion (irrep) of spin S of SU(2) and is isomorphic to C>5*!,
Since any two vectors in Hg differing by a phase represent
the same physical state, the manifold of physical states is the
projective space CP?S [87].

The merit of Majorana was to show that points in CP?S are
in one-to-one correspondence with unordered sets of (possibly
coincident) 2 points on the unit sphere S,. There are various
ways to see why this is so, but probably the most direct one is
in terms of coherent states.

The spin (or Bloch) coherent states live in Hg and
are displaced versions of a fiducial state, much the same
as for the canonical coherent states on the plane. This
fiducial state is chosen so as to minimize the vari-
ance of the Casimir operator S? = Sf —}—S)z, +Szz, where
(Sx, Sy, S;) are the angular momentum operators, which gen-
erate the algebra su(2). The minimum-variance states are
|S, £S) and they guarantee that their displaced versions are
the closest to classical states. The displacement operator
on S, is D(9, ¢) = exp(iS.) exp(i6S,) = exp[36(S e —
S_e'?)], where S;. = S, = iS, are raising and lowering opera-
tors. Disentangling this displacement allows us to express the
coherent states |0, ¢) = D(6, ¢)|S, —S) as [88,89]

10, ¢) = I2)

exp(zS+)IS, =), (2.1)

1
I+ 1218
where the label z = tan(6/2)e™"® corresponds to an inverse
stereographic projection from the south pole, mapping the
point z € C onto the point (6, ¢) € S, [90].
On expanding the exponential, we can write the coherent
states in terms of the basis states of the irrep:

s }
|z) = RENEDY +1|z|2)3 m;S (S fm) StS, my,  (2.2)
or, employing again the stereographic projection,
l2) = ij ( 2 ) [sin(6/2)1% " [cos(6/2)]* "
= S+m
x e "STMOIS m). (2.3)

The system of spin coherent states is complete, but the states
are not mutually orthogonal; their overlap is

(1 + Z*Z/)ZS
[+ 12121 + 121215

(zl1Z) = 2.4

They allow for a resolution of the unity in the form

[ dust@r izl =1, @5)
C
with the invariant measure given by
284+1  d’z
dusz) = ————=. 2.6
ws(z) T+ 2P? (2.6)

With this completeness relation one is able to decompose an
arbitrary pure state over the coherent states. If we denote
Y (z*) = (z|¢¥), by using the basis {|S, m)}, we define the
stellar function f, (z) of the state [y) as

528 .
fr@ =041y =) (S+m) Y 2T

m=—S

28 1
=) (ZkS ) Vies 2, @7

k=0
with i, = (S, m|y), and in the second line we have made
the relabeling S + m +— k. Interestingly, in this representation
the wave function is a polynomial in z of order r < 2§. In
consequence, the roots zx € C of fy, (z) fully characterize the
state. These roots define, via an inverse stereographic map,
2S points on the unit sphere S,. This is the Majorana con-
stellation, and each one of these points constitutes one star of
the constellation. Note that an SU(2) rotation corresponds to
a solid rotation of the constellation; therefore, states with the
same constellation, irrespective of their relative orientation,
have the same physical properties.

The stellar function is directly related to the Husimi Q
function [91,92]:

0y () = (1 + 211 £ @),

which clearly shows that the zeros of the Husimi Qy, function
are the complex conjugates of the zeros of f,. These can then
be observed in the laboratory by measuring where the Husimi
function vanishes [93].

Let us examine a few relevant examples to illustrate how
these constellations look. The first one is that of a spin co-
herent state |zo), whose stellar representation is direct from
Eq. (2.4):

(2.8)

(1 +z202)*
) —m —/—m/mM/M— 2.9
fo® (I + 120> @9
so it has a single zero at z = —1/zp with multiplicity 2S.

In consequence, the constellation collapses in this case to a
single point diametrically opposed to the maximum zg.

Another relevant set of states is that of the so-called NOON
states, defined as [94]

L
V2

They are known to have the highest sensitivity for a fixed
excitation S to small rotations about the S, axis [95]. The
associated polynomial reads

INOON) = —(|S, S) — IS, —S)). (2.10)

froon(@) = —= (@ = 1). (2.11)

Sl -
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099

FIG. 1. Top: Majorana constellations for, from left to right, a spin
coherent state, a NOON state, and a king of quantumness, all of them
for the same dimension with S = 6. Bottom: Density plots of the
corresponding Husimi functions, with a scale that goes from blue
(minimum) to red (maximum).

The zeros are thus the 2S roots of unity, so the Majorana
constellations have 2§ stars placed around the equator with
equal angular separation between each star. A rotation around
the S, axis of angle 7 /(2S) renders the state orthogonal to
itself, justifying their optimality.

Finally, we consider kings of quantumness, initially
dubbed anticoherent states [96]. In a sense they are the op-
posite of spin coherent states: whereas the latter correspond
as nearly as possible to a classical spin vector pointing in
a given direction, the former point nowhere; i.e., the aver-
age angular momentum vanishes and the fluctuations up to
given order M are isotropic [97]. Their symmetrical Majo-
rana constellations herald their isotropic angular momentum
properties [98] and correspond to the vertices of Platonic
solids in some particular dimensions. In Fig. 1 we show the
constellation associated to the examples aforementioned for
the case of spin § = 6.

III. STATE MULTIPOLES FROM A CONSTELLATION

So far, we have shown how to compute the constellation
when the state is given. In this section, we attack the inverse
problem: what information can we extract from a given con-
stellation. To this end, we first recall that every polynomial
P(z) of degree n can be represented in terms of its zeros ¢y us-
ing the classical Vieta formulas [86], which can be expressed
in the form

n

PR =Y & =a,y (—1)Fe,(2) 2,

k=0 k=0

(3.1)

where ¢;(¢) = e;(¢1, &2, ..., §,) are the elementary symmet-
ric polynomials [99] defined as

eo(C1, 65, 5) =1,
Gt = Y &,

1<j<n

el b, G = Y Gk

1< j<k<n

o) =868 G (3.2

Using this fundamental result, the Majorana stellar function
can be expressed in the compact form

el’l({]s ;27 cee

28
fo@ =Y 1@, 33)
k=0
where we have introduced the notation
(@) = (D™ F Yrg s (2), (34)

and the coefficient ¥y is fixed by the normalization condition

28

exs @)\
[ X
Us(@) = (Z —”(;Sf ) .

k=0 k

(3.5)

In this way, the state coefficients are simply related to the
coefficients of the Majorana polynomial, and we can calculate
them as a function of the stars:

£ (8)
28
V()
For many purposes, expanding in the basis |S, m) is not a good
choice. Instead, if one considers the associated density matrix

o = |¥){(¥|, it proves more convenient to use the irreducible
tensors [83]. They are defined as

S
2K +1 ot ,
T = 5 = mmzz‘:scs'"’” 1S, m')(S, ml,

with Cgl”,j:Kq being the Clebsch-Gordan coefficients that cou-
ple a spin § and an integer spin K (0 < K < 25) to a total
spin S [100]. These tensors constitute an orthonormal basis
Tr(Tk, T[;, q,) = Skk'04y and have the correct transformation
properties under rotations.

The corresponding expansion coefficients gg, = Tr(o TI; )
are known as state multipoles. Actually, gk, can be related
to the Kth powers of the generators. The monopole gy =
1/+/285 + 1 is trivially fixed by normalization; the dipole g1,
is the first-order moment of S and thus corresponds to the
classical picture, in which the state is represented by its
average value on the Bloch sphere. However, the complete
characterization of a state demands the knowledge of the other
multipoles that account for higher-order fluctuations. The her-
miticity of ¢ imposes the conditions ggx_, = (—1)4 Q}k(q.

The multipoles can be expressed in terms of the state
amplitudes ,,, which, in turn, can be computed from the
constellation. This allows us to calculate gg, as a function of
the constellation in a very compact form:

N
2K + 1 S.m+q 4 %
oxe =1 3577 m;S Comky Vrnsg(©) ¥n(0).

Vi-s(§) = (3.6)

(3.7)

(3.8)
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FIG. 2. Multipole lengths for the three constellations depicted in
Fig. 1, as a function of the order K.

It will prove convenient to characterize the multipoles by
their effective length:

K
QIZ(= Z |QKq|27

q=—K

(3.9)

which gauges the state overlapping with the Kth multipole
pattern and is unchanged via SU(2) rotations of the state.
Note that, for pure states we are considering, Z?{io Q%( =1.
These coefficients o7 have been used as measures of lo-
calization [101]; as quantifiers of quantumness [76], which
is useful for applications such as rotation sensing [43]; and
to quantify mode-decomposition-independent entanglement
properties [14].

IV. EXAMPLES

To check how the method works we consider the constella-
tions depicted in Fig. 1, corresponding to the states worked out
in Sec. II, namely, coherent, NOON, and king of quantumness
for S = 6. In Fig. 2 we represent the corresponding o7 as
a function of the order K (excluding the monopole, as it
is always trivial). Similar patterns emerge for other S. For
completeness, in Fig. 3 we also plot the distribution of 0% as
a function of the order K and the spin S for the same three
states.

In the Bloch sphere, constellations having their points ar-
ranged as symmetrically as possible are the most quantum,
whereas the opposite occurs for coherent states. As we can
appreciate, the coherent state conveys all the relevant infor-
mation in the lowest-order multipoles, which is in agreement
with its classical character. Only for high values of S, one
can see a tiny contribution of higher-order multipoles. In the
limit of large S, we can fit a Gaussian distribution to these
multipoles. Since the distributions are unchanged by rotations
of the Bloch sphere, we can choose the coherent state with
z = 0to find

. K+ 1Es)?
Okeoh = D8 KNS+ K + 1)

.1)

FIG. 3. Multipole lengths as a function of the order K and the
system spin S for (upper panel) spin coherent states, (middle panel)
NOON states, and (lower panel) kings of quantumness. Since the
value of the monopole depends on the dimension, we normalized the
rest of the multipole lengths to add up to 1. This allows us to compare
their values for different S.

The maximum of this distribution is at Knax = +/S + 1/2 —
1/2. In the limit of large S, this peaks at le(max ~ 1/+/Se, with
a variance S/2.

The NOON state has only even multipoles which, sur-
prisingly, are identical with the corresponding ones from the
coherent state. We thus could regard the NOON state as a
coherent state wherein the information from the odd multi-
poles has been transferred to the highest-order one. In the
limit of high S only that multipole is relevant (see Fig. 3),
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FIG. 4. Maximum multipole length for each order K, selected
from randomly generated states (blue bars). Different states maxi-
mize the multipoles for different values of K, so the dotted curves
represent the multipoles of the states maximizing a certain region,
except for the orange dots, which denote the distribution of the
coherent state. The black dot above the last multipole is the value
corresponding to the NOON state. Note that the distribution for the
coherent state and the state maximizing the last multipole are shown
in front of the maximum values, and the rest are vertically displaced
for clarity.

confirming that NOON states are more quantum for higher S.
The significant contribution of the NOON state to the final
multipole raises the question of the maximum value that a
state can achieve in its highest-order multipole. To explore this
question, we numerically generated 6 x 10* random constel-
lations for various values of S: none of them exhibited a larger
highest-order multipole than the NOON state. This brings
the question of the maximum value for the Kth multipole
length.

The results are shown in Fig. 4 for § = 60. Unexpectedly,
it appears that the coherent state is the unique state with the
maximal multipole o% for all values of K up to a certain point.
After this, another state maximizes the Kth multipole for a
different region of larger K values and so on. The multipolar
distribution of these states is bell shaped near the multipole it
maximizes and exhibits a wiggling behavior at the first multi-
poles. We can also observe how, as K increases, this wiggling
evolves to a distribution very similar to that of the NOON
state. This supports the hypothesis that the NOON state is
the one with the highest contribution to its final multipole and
allows a discrete transition between states maximizing low-
order multipoles (coherent) and those maximizing high-order
ones (NOON).

The king of quantumness shows the absence of lower-
order multipoles, which is the origin of the isotropic behavior
of their higher-order fluctuations. However, the signifi-
cance of the strength of the first nonzero multipole is not
clear.

We can also gain some general intuition from our cal-
culations. If one has a constellation and makes a change,
such as adding, removing, or moving a star, what happens to
the multipoles? Upon the addition of a new star {pew to the
constellation, for example, the elementary symmetric polyno-
mials change as e; > Cnewer—1 + €x for k > 0 and the rest
of the calculations proceed as above. Supposing further that
the original constellation corresponded to a coherent state at
z =0, the addition of a star at {p., makes the multipoles

transform to

K? 4+ K —25)°
ok = c(K, S>[4S2 + 48] new|” + %wnwr‘}

4.2)
with
2K 4+ 1)(2S — D2 |ys]?
2S—K)IQ2S+K+ 1!

c(K,S) = 4.3)

V. DISCUSSION

We explore in this section some nontrivial consequences
of our method. A first direct result is to compute Stokes
operators [102] from the constellation. Choosing the S, op-
erator, for example, all of its moments may now be computed
as

28 28 —1
(Sf>=|f2s(§)|2r;)(m—5)"<m) leas-m(D)I; (5.1

all other moments may be found by rigidly rotating the con-
stellation to highlight any other operator axis. Knowledge of
the Stokes vector S = ({Sx), (S,), (S )T (the superscript T
denoting the transpose) and 2S5 — 1 of the stars provides an
overcomplete set of three equations for finding the location
of the remaining star. With two stars’ locations unknown,
the covariances between the Stokes parameters provide suf-
ficient information to determine the four unknown angular
coordinate parameters, and so on for higher-order moments
and determining the unknown locations of more stars. The
inversion process involves nonlinear functions and tends to
require numerical solutions.

The results may also be used to make contact with spherical
t designs, which are sets of points on the sphere that may
be used for averaging polynomial functions over the entire
sphere [58,59]. For a set of points to be a one-design, their
vectors must sum to the zero vector. In terms of the stereo-
graphic projection, this constrains the points to obey

§i L—1g1?
—) _—o, — 5 .
Zl+|§'1|2 Zl+|{]|2

J Jj

5.2)

More connections to designs with # > 1 are the subject of
future study.

We can further explore the significance of the elementary
symmetric polynomials, as they have not yet been used to
our knowledge for studying our quantum states. Consider
that a Majorana constellation can always be rotated such that
one of the stars is at the north pole with & = 0. This makes
the highest-order polynomial e,s vanish. Then, the vanishing
of the next polynomial eps_; implies that a second star is
also at the north pole. With each subsequent polynomial that
vanishes, another star is added to the north pole, up to the
condition that e; = 0Vj > 0 implies that all 2 stars are at the
north pole and the state is a spin coherent state. The maximal
degeneracy of any star in the constellation is then equal to
the maximum number of consecutive highest-order symmetric
polynomials that vanish, where the latter is maximized over
rigid rotations of the stars that perform a known transforma-
tion of the roots.
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FIG. 5. Two visualizations of how a Majorana constellation can
smoothly evolve between classical (coherent) and quantum (NOON)
states. On the left, the stars are always at equal polar angles to each
other and are equally spaced from each other, while the circle they
are spaced on transitions between the north pole (coherent) and the
equator (NOON). On the right, the stars spread or coalesce around
the equator, with equal azimuthal angles between each star and the
subsequent star; the final star goes around the equator to come closer
to (NOON) or farther from (coherent) wrapping around to reach the
initial star from the other side.

Specifying which polynomials e;(¢) vanish significantly
constrains a state. In quantifying quantumness, the vanishing
of low-order multipoles is a sign of nonclassicality, while here
the vanishing of all higher-order polynomials seems to imply
an increase in classicality. We are led to consider an interest-
ing case: what if all of the lower-order polynomials vanish,
such that the state retains eys 7 0 while ¢;(£) =0V0 < j <
28? This includes, for example, the NOON states, which are
considered highly quantum by many measures. Since NOON
states have all of their stars equally spaced around the equator,
the roots all obey |¢;| = [¢| and are directly equal to roots
of unity ¢; = exp(imr j/S). Summing all 2§ such roots gives
e () = Zfil exp(im j/S) = 0; summing all (223) products of
such roots gives

28
ex(§) =) _explin (j +k)/S]
Jj<k
=
=5 > explim(j + k)/S1 =0, (5.3)
J#k
and so on for all higher-order e;(¢) other than
25 .
es@ =exp|iny é = (1P 20, (5.4)

Jj=1

We can visually and mathematically explore the transition
between NOON states and coherent states by the migration of
stars from the equator to the north pole and by the vanishing
of ey5(&), respectively. Consider the transition as sketched in
Fig. 5(a), where the 2§ points in the constellation are equally
spaced around a circle other than the equator, sharing the polar
angle 6. The symmetric polynomials take the same form as
before, with e;(¢) multiplied by tan/(6/2), so all of the lowest
polynomials vanish other than

ers = (=¥ tan?5(6/2). (5.5)

Coh
® Intermediate

L1 o ]

Af = Intermediate
6 7 8 9 10 11 12

= NOON |
T2 3
K

FIG. 6. Evolution of the multipole lengths corresponding to
Fig. 5(a). The position of the stars in the figure is for illustrative
purposes only, as the transition occurs when the stars are very close
to the equator.

This codifies the gradual progression: as the circle on which
the stars lie gets smaller and smaller, from a NOON to a coher-
ent state, the one nonzero polynomial (other than ey = 1) goes
to zero as tan>S(6/2). The magnitude of this highest-order
polynomial, after a rigid rotation that makes the rest of the
polynomials vanish, directly encodes the quantumness of the
state. Note that it is the deviation of the magnitude of e;g from
unity that matters: there is a coherent state at 6 = 0 and 7.

We can also obtain exact expressions for the multipoles as
a function of 6:

5 5 [tan45(9/2) -1

2
- D | Kk=1,3,...,25— 1,
@k = QK.con tan45(o9/2)—|—1:|

(5.6)

whereas of = 0f o, for K =2,4,...,25 — 2. This transi-
tion from coherent to NOON is very abrupt, even for low
values of S, due to the power of 4S in the tangent. The
multipoles look much like a coherent state up until the stars
are very close to the equator. This shows the vulnerability of
the NOON state to a small displacement of its stars.

As previously argued, the NOON state maximizes the last
multipole. With the help of the previous expressions we can
obtain this value:

S=1.2, ...
§=1 ’

3
35 50

48\ —1
+
Q%S,NOON = (ZS) 5.7

[T STES

which tends to 1/2 as S becomes large. Note that this does
not contradict the results in Fig. 3, for the multipoles are
normalized therein.

We can observe how the multipole lengths change in the
aforementioned transition between coherent and NOON states
in Fig. 6. This transition can be enacted by evolution under the
highly nontrivial Hamiltonian

HNooNecon = —ilS, S)(S, =S| + IS, =S)(S. S| (5.8)

that manifestly breaks degeneracies between Majorana stars.
Further consider the alternative transition as in Fig. 5(b),
where the stars spread around the equator (6 = 7 /2) smoothly
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between NOON- and coherent-state configurations. Now we
consider the coherent state to have ¢ = 1, such that its poly-
nomials take the form e;(¢) = (2jS). We choose the spreading
rate such that all stars arrive in place at the same time, with
£j(t) =exp(intj/S) and t € (0, 1) with t =0 and 1 corre-
sponding to coherent and NOON states, respectively. Then

25+1) j| sin(mt)
t )
28 sin (%)

1
ele®)] = 5{&[@@)12 —el[¢2n)]},

e1[¢()] = exp [iﬂ

1
e3[e()] = 5{61[1;0)]3 —3ei[8®)]ei[8(20)] + 2e1[E(BN)]},

(5.9)
and so on. For small ¢, these equal
28 28 225+1 , 4
(¢S] = - ——t"+ 0. (5.10
e;[(®)] (J) <j+1)” GO, (5.10)

The Hamiltonian required to enact this transition is much
more complicated, as the stars all rotate around the z axis
but no Hamiltonian of the form S? can do anything other than
rotate the NOON state.

Finally, consider the symmetric transition where the stars
spread in both directions along the equator, with pairs moving
at equal speeds. For example, with 2§ odd, we can set ¢y = 1,
gj(t) = exp(intj/S) for 0 < j < S — 1/2, and relabel the re-
mainder as {_;(t) = exp(—intj/S)for0 < j < S —1/2.The
spacings between all of the stars are the same as when all
of the stars traveled in the same direction, merely offset by
a relative phase, which symmetrizes the expressions to

sin(rt)
sin (’27—;)’
1
et = E{el[cm]z —eil¢20)]},

el[g(r)] =

(5.11)

and so on. We can thus use the symmetric polynomials to
observe the transitions between highly quantum and highly

classical states, in accordance with the geometric picture of
the Majorana constellation.

VI. CONCLUDING REMARKS

The Majorana representation provides a valuable geomet-
ric tool to characterize quantum states with SU(2) symmetry.
The visualization of quantum states as a constellation in the
unit sphere is finding new applications in quantum informa-
tion science. On the other hand, the multipolar expansion is
especially germane to capture the state invariant properties
and, in addition, the resulting multipoles can be measured in
the laboratory.

We have extensively explored how to go from Majorana
constellations to multipolar distributions and back, illustrat-
ing this through a variety of examples. For instance, we
have elucidated the changes in the multipolar distribution
when the Majorana constellation transitions from a classical
(concentrated) to a highly quantum state (spread out). Addi-
tionally, we have delved into the consequences of adding new
stars to the constellation and examined states with the great-
est contribution to the higher-order multipole, among many
other aspects. Interestingly, the formalism can be manifestly
extended to other symmetries [103]: this is more than an
academic curiosity, and work in this direction is ongoing.
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Abstract

Even the most classical states are still governed by quantum theory. A number of physical systems
can be described by their Majorana constellations of points on the surface of a sphere, where
concentrated constellations and highly symmetric distributions correspond to the least and most
quantum states, respectively. If these points are chosen randomly, how quantum will the resultant
state be, on average? We explore this simple conceptual question in detail, investigating the
quantum properties of the resulting random states. We find these states to be far from the norm,
even in the large-number-of-particles limit, where classical intuition often replaces quantum
properties, making random Majorana constellations peculiar and intriguing. Moreover, we study
their usefulness in the context of rotation sensing and find numerical evidence of their robustness
against dephasing and particle loss. We realize these states experimentally using light’s orbital
angular momentum degree of freedom and implement arbitrary unitaries with a multiplane light
conversion setup to demonstrate the rotation sensing. Our findings open up new possibilities for
quantum-enhanced metrology.

1. Introduction

Random matrices sampled from an ensemble with a specific symmetry were introduced by Wigner [1, 2] and
Dyson [3-5] to describe spectral properties of quantum many-body systems, such as atomic nuclei [6]. Since
then, random matrix theory [7-9] has found applications in fields as diverse as black holes [10-13] and
gravity [14], quantum chaos [15], transport in disordered systems [16, 17], spin glasses [18], neural
networks [19, 20], and even finance [21]. Quantum information is definitely one of the most recent
applications, and a very natural one, too [22-24].

Random quantum states can be seen as arising from the time evolution of arbitrary initial states of
quantum analogues of classically chaotic systems [25]. Furthermore, these states emerge when not much is
known about a state and one wants to ask about its generic properties, characteristic of a ‘typical’
state [26—28]. Given a random quantum state, one may then ask how quantum is this state: does it exhibit
classical behavior in the large-number-of-particles regime? If one had access to a black box that prepared
random states, how much would it be worth and what would its applications be? These questions and more
motivate the present study.

When considering the set of pure states living in an N-dimensional complex vector space, the manifold of
physical states is the projective space CPY [29], wherein there is a unique normalized measure invariant
under all unitary transformations: the associated Haar measure [30]. One can reasonably call this measure
the uniform distribution over the unit sphere [31].

© 2024 The Author(s). Published by IOP Publishing Ltd
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The geometrical properties of quantum states are essential to understanding where classical intuitions
break down and where the next quantum advantage may lie [32-34]. In phase space, localization is a clear
signature of the state quantumness [35, 36], as it has been demonstrated with several indicators, such as
Rényi—Wehrl entropies [37], inverse participation ratio [38], or Husimi extrema [39]. However, while these
notions provide effective analytical tools, the geometry of CP is not very intuitive and so it is difficult to
visualize and to gain insights into the nature of those states.

Here, we propose a novel class of random states based upon a mapping onto a many-qubit system
(which, in some cases, might be fictitious). Actually, any system with a finite-dimensional Hilbert space of
dimension N = 2S5+ 1 can be thought of as a spin S [40]. The space manifold CP" admits an appealing
representation due to Majorana [41], which maps any pure state onto 2S points on the unit sphere S,; the
state’s stellar representation. This picture makes it natural to consider the states associated with random
points on the sphere. We conduct a detailed study of these states from an SU(2)-invariant perspective.
Notably, we find that, in the limit of a large number of particles, they do not converge to a classical state and
preserve their quantumness.

In addition, these new random Majorana (RM) states belong to the symmetric (bosonic) subspace. It has
been recognized that symmetric states offer significant advantages from a metrological perspective [42—45].
We find numerical evidence that the usefulness of RM states for rotation-sensing-style tasks, like
magnetometry and ellipsometry, is robust against the loss of a finite number of particles and dephasing. This
is in stark contrast to other relevant states, such as Greenberger—Horne—Zeilinger (GHZ) states [46]
(equivalent to the NOON states [47] in optical interferometry), which completely lose their (otherwise ideal)
sensitivity upon loss of just a single particle. Finally, we experimentally generate these states by utilizing
light’s orbital angular momentum and implement arbitrary unitaries using a multiplane light conversion
setup to showcase rotation sensing.

This paper is organized as follows. In section 2 we address the basic notions of the Majorana stellar
representation and its physical interpretation. In section 3 we raise the ideas behind RM constellations and
characterize their properties by resorting to a multipole expansion. Subsequently, in section 4 we use these
multipoles to compare our method with alternative ways of obtaining random states. In section 5 we
introduce the setting of quantum parameter estimation. Utilizing the quantum Fisher information, we
investigate the performance and robustness of the RM states under the influence of noise and particle loss.
Finally, in section 6 we introduce the experimental setup used to study these states with respect to rotation
sensing and analyze the obtained results. We conclude our work in section 7.

2. Majorana constellations

Let us consider a pure spin-S state |¢) living in the 25 + 1-dimensional Hilbert space Hs spanned by the
standard angular momentum basis {|S,m) | m = —S,..., S}, which is the carrier of the irreducible
representation (irrep) of spin S of SU(2). This space is isomorphic to C>*1, but since any two vectors in H.s
differing by a phase represent the same physical state, the manifold of physical states is the projective space
CP? [29].

The merit of Majorana was to show that points in CP* are in one-to-one correspondence with
unordered sets of (possibly coincident) 2§ points on the unit sphere S,. In other words, spin-S states can be
obtained as fully symmetrized states of a system of 25 spins 1/2 (or qubits). These systems have many
physical applications, ranging from quantum computation to quantum sensing and metrology [48-52]. This
idea is also at the heart of the Schwinger map [53, 54], which realizes the set of angular momentum operators
in terms of polynomials of bosonic operators.

There are various ways to see why this is so, but probably the most direct one is to notice that the state |¢))
can always be written as

28
1

) = [ [ ol Ivac), 2.1)

N i=1
where u; is a unit direction of spherical coordinates (6;, ¢;), the rotated bosonic operators are
al =cos(0/2) al, + ¢ sin(6/2) a' (2.2)
u - + - .
with aj_ and a’_ creating excitations in two modes (denoted by 4+ and —) from the two-mode vacuum |vac),

and /N is a normalization factor of no interest for our purposes here and whose explicit expression can be
found, e.g. in [55].
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The set of 2S (non-necessarily distinct) unit vectors {uy,...,u,s} defines the Majorana constellation of
the state. Alternatively, the state (2.1) can be expressed as

) = Py(al,,al )|vac), (2.3)

where Py, (ai, a' ) is a homogeneous polynomial of degree 28 in the variables ai and a' that can be
factorized (up to an unessential factor) in the above form.
In particular, the states

_; aT = vac
In) = &SI (al)™ vac) (2.4)

are precisely the spin-S coherent states (CS) [56]. The definition shows that the associated constellations
consist of only one single point in the antipodal direction —n. It is natural to introduce the CS representation
by ¢ (n) = (n|t)): this is a bona fide wave function over the unit sphere S,. Simple algebraic manipulations
yield

28

o) =[50 -n-w) e=ow] (2.5)

i=1

where ¥ (n, —u;) is the oriented area of the spherical triangle with vertices (z,n, —u;), with z the unit vector
in the direction of the axis Z. This confirms that the Majorana constellation consists of the zeros of ¢ (n).
The CS wavefunction induces a probability distribution

Qy (n) = [(n|y)?, (2.6)

which is the Husimi function [57], and whose zeros are also the Majorana constellation.

Because the Majorana representation facilitates a useful geometrical interpretation of quantum states, it
has found an increasing number of applications in recent years, with prominent examples being polarimetry
and magnetometry [58], Bose—Einstein condensates [59, 60], Berry phases [61-63], and studies of
entanglement [64].

3. Random Majorana constellations

Since points on the sphere S, correspond uniquely to pure states via the Majorana representation, one is
immediately led to the simplest idea of how to generate RM states: they correspond to sets of random points
on S,. Interestingly, the question of distributing points uniformly over a sphere has inspired substantial
mathematical research [65—67], as has the question of random polynomials [68—71], in addition to attracting
the attention of physicists working in a variety of fields.

We randomize each of the spherical coordinates (6;, ¢;) independently using the Haar measure
sin6;df; d¢;/4m for S,. Equivalently, the resulting RM states can be viewed as arising from the action of a
random operator U € SU(2)®% on the ground state of 25 qubits, followed by projection onto the symmetric
subspace and normalization. This is fundamentally tied to the most robust deterministic technique for
creating arbitrary bipartite states of light, which uses beam splitters and post selection to sequentially add a
photon’s coordinates on its Poincaré sphere as a new point to a state’s existing Majorana constellation 72,
73]. When the states of the single photons are randomized, the resulting state immediately takes the form of
equation (2.1) with random spherical coordinates. This basic scheme can then be used to create random
states in the light’s polarization degree of freedom for tasks like polarimetry.

The intrinsic SU(2) symmetry suggests using the germane notion of multipoles [74, 75] to characterize
the resulting states. To this end, we expand the density matrix of the system as

25 K
Q:Z Z 0kqTky s (3.1)

K=0g=—K

where T, are the spherical tensor operators, defined as [75]

S
2K+1 " ,
Tig = 1 /725+1 mmz/;iscgm\s,m V(S m|, (3.2)

3
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Figure 1. Mutipole distribution g% for RM states with the values of S indicated in the inset.

with Cg:”nl kq being the Clebsch-Gordan coefficients that couple a spin § and a spin K (0 < K < 25) to a total
spin S. These tensors are an orthonormal basis

Tr (Tig They ) = drcrd (3.3)
that transform appropriately under rotations R(£2) € SU(2):

R(R) Ty RT () =Y "Dy, () Ty, (3.4)
p

where D3 (£2) = (S,m|R(£2)|S, n) are the usual Wigner D matrices [76].
The expansion coefficients are scalar values that are precisely the state multipoles. Alternatively, they can
be computed as [48]

oxq = Cx / dn Q, (n) Yi,(n), (3.5)
S

where Cx is a constant, Yg,(n) the standard spherical harmonics, and d’n = sin6dfd¢ the invariant measure
on S;. The multipoles thus appear as the standard ones in electrostatics, but replacing the charge density by
Q,(n) and distances by directions [77]. They are the Kth directional moments of the state and, therefore,
they resolve progressively finer angular features with increasing K.

Since Yi,(n) constitute an orthonormal basis on S,, we can immediately invert equation (3.5):

Qo(n) =C" Y oxgYig (n) (3.6)
Kq

so the multipoles represent the state’s Q distribution on the sphere in its natural basis of spherical harmonics.
As the Q function determines the Majorana constellation, these coefficients o, can also be directly
computed from the constellation, as was recently explained in [78].

For each value of S, we average over 1.5 x 10° samples. In figure 1 we show the resulting multipoles
plotted in terms of the multipole squared length

ok= Y loxgl (3.7)

which are SU(2) invariant and thus serve as an effective tool for studying the states, treating all states related
by an SU(2) transformation (a rigid rotation of the constellation) as equivalent. As we can see, only
multipoles with small K contribute significantly. The maximally contributing multipole K.« smoothly
increases with S: a least-squares fitting gives that, for large S, Kpax = aV/S, with a ~ 0.8.

To gain further insight into this behavior, in figure 2 we plot the average multipoles for RM states with
S§=60. The broken lines delimit the corresponding variances, which are clearly not uniform. Since the
individual multipole distributions are non-Gaussian, the variances give only partial information. To
complete the picture, in the background we display a density plot representing the number of states with a
given value of the Kth multipole. Notice that we use a logarithmic scale in order to better appreciate the
behavior of higher Ks, which have exceedingly small values. We see the emergence of a striking multipeaked
structure. The multipoles with significant yellow areas (i.e. a strong concentration of samples) are those with
less variance.
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Figure 2. The dots represent the average multipoles for RM states with S 60. The broken lines delimit the associated variances.
The density plot in the back (with the logarithmic scale shown at the right) is the number of trials having the corresponding value
of the multipole.
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Figure 3. Multipole distribution for CS, RM, and Kings of Quantumness for S = 106. The colors in the inset indicate the
corresponding states.

One sensible set of quantities in this scenario is the set of cumulative multipole distributions, defined as

M
Au=_ ok (3.8)
K=1

Note that we ignore the Oth multipole as it corresponds only to normalization. For CS this quantity reaches
the value
Ao 28 [T (2S+1))
M™72s+1 TQRS-MT(2S+M+2)’

(3.9

and it has been proven that this is indeed maximal for every M € {1,...,2S} [79]. At the opposite extreme
we have states whose multipoles vanish up to the highest M: they have been dubbed as Kings of
Quantumness [80] and they are maximally unpolarized. For each total spin S, there exists a maximal order M
to which a state can be unpolarized; the state(s) satisfying this condition of Aj; = 0 are the Kings. Therefore,
Ay is a good measure of the quantum properties of a state through its hidden polarization features [81] that
are stored in high-order multipoles.

To appreciate the different behaviors, in figure 3 we have plotted the multipole distributions for the most
quantum (Kings of Quantumness), the least quantum (CS), and RM states for S = 106. The differences speak
for themselves. A RM constellation is markedly different from a classical state: although the maximal
contributions arise from roughly the same multipoles for both states (actually, for CS a quick estimate gives
Kmax = VS —1 /2), RM states have much heavier tails, thus hiding their quantum information in
higher-order multipoles than CS. This makes them useful for metrological applications, even in the large-S
limit, where quantum effects may be expected to vanish. Additionally, such RM states are far from the most
quantum states, certifying the rarity of the Kings of Quantumness and the effort required for creating them.
This behavior is confirmed by the cumulative multipole distribution Ay, for the same states, as plotted in
figure 4.

4. Comparison to other random distributions

If a pure state is expressed in the angular momentum basis as [1)) = > 1,,|S, m), one could instead
consider states with randomized probability amplitudes v,,,. This can be achieved with a random unitary

5
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Figure 4. Cumulative multipole distribution for CS, RM, and Kings of Quantumness states for S = 106. The colors are the same as
in figure 3.
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U € SU(2S + 1) acting on the state, which is often called the circular unitary ensemble (CUE) [4]. These
random unitaries were considered in [82] and [37], who found the Rényi—Wehrl entropies of the resulting
random CUE states to be highly quantum. Moreover, in [45] it was demonstrated that such random CUE
states are useful and robust for metrology.

Actually, we can calculate the expectation value of the cumulative multipole moments Ay = [ ApdU for
a variety of normalized Haar measures dU, through

S
2K+1 " +q
A= Z Z 25+1 Z Sﬁchsml Kqum 45 (4.1)

K=lg=—K m'=—3

with Ly /g = [ Vms g0l /+qwmsz and Cslm1 s,m, the Clebsch—-Gordan coefficients [76] that vanish
unless the usual angular momentum coupling rules are satisfied: #1; + m; = m, 0 < K< 2§, and
—K<q<K

For example, if we express our random unitaries by U € SU(2S + 1), these integrals can be obtained
exactly using random-matrix theory [83, 84] (see Supplemental Material). But there is another intuitive
method: all of the nonzero integrals take the form [ |4,,|*[,|*dU and the distribution for each v is the
same, so we know immediately that I, s,/ 4 0¢ dg,0 + O ;> such that

M(M+2
A, su@s+1) = (28+(1)(281)LZ) (4.2)
This means that states with random coefficients v,, have Z{;:f «|0Kq|* o< 2K+ 1, making them much more
quantum than RM states and according with other results for this distribution [37, 82]. This is in stark
contrast to the notion that both forms of randomness approach each other in the limit of large S in terms of
the distance between arbitrary pairs of random states [85], stressing the differences maintained between the
forms of randomness for all but § = 1/2.

Another possibility of obtaining a random spin-S state is to take a state of 25 random qubits. We employ
the same procedure as used for the RM, beginning with the 2§ qubits, but without normalizing the states
initially. The resulting state is normalized at the end, ensuring that each state carries a weight proportional to
its overlap with the symmetric subspace. This contrasts with the RM, where all states are assigned equal
weight. This is not a unitary operation, instead creating the states from equation (2.1) with the replacement
of the normalization constant by a state-independent factor N' — /(2S)!, but it facilitates an analytical
calculation whose cumbersome expression we show in the Supplemental Material.

Because each state in the ensemble has a different normalization due to having inhomogeneous
likelihoods of being produced, the statistical properties derived for them should be understood as being
weighted by the probabilities of finding the different projected states. These probabilities are proportional to
N and their normalization can be found from the Oth order multipole. After normalizing the final results, we
find that their multipolar distribution is very similar to that of CS. Intuitively, one can conclude that it is far
more likely for such a projection method to produce a state close to CS than to produce a highly quantum
state. The RM states may be thought of as states randomly chosen after the projection method succeeds,
while the projected states are the result of randomization prior to the projection. In other words, if the RM
can be thought of as a die with n equally likely sides, the projected states are the same die, but with each side
having a different probability.

In figure 5 we display the conspicuous differences between the multipole distributions for these different
randomized states.
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Figure 5. Multipole distribution for RM, CUE, and projected random qubits, all of them for S = 30. For comparison, the dots
represent the multipoles for a CS.
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Figure 6. Quantumness £ for the same random states considered in figure 5 as a function of S. The two continuous lines give the
limit values of £: the upper one is 25/(2S + 1), whereas the lower one corresponds to the CS.

The conclusion from the discussion thus far is that classical states convey their information in lower
multipoles, whereas the opposite occurs for extremal quantum states. However, to assess this behavior in a
quantitative way, we need a proper measure of quantumness. Since our analysis has been largely based on
multipoles, we will use a recent proposal defined precisely in terms of them [86]; viz.,

1 ok
E(o)=1 ngo Kl (4.3)

E(p) takes an entanglement monotone for a particular decomposition of Hilbert space, the linear entropy of
the pure state when decomposed over the modes a, and a_,, then averages this over all possible two-mode
decompositions that come from rotating the unit vector u. We stress though that this metric is an
entanglement monotone only for pure states. Equation (4.3) provides a mode-decomposition-agnostic
measure of quantumness that is entanglement averaged over easy-to-perform entangling operations. Larger
values of £ signify more quantum states. This quantity emerges when looking at symmetric superpositions of
two-mode states: it turns out that they can be entangled or separable, but this property can change after the
Majorana constellation undergoes a rigid rotation. To properly account for this possibility, one can consider
their linear entropy of entanglement averaged over all rotated partitions of the two-mode Hilbert space: the
final result is precisely (4.3).

In figure 6 we calculate this measure for the different states discussed before for various values of S. We
see that RM constellations are more quantum than states of random qubits projected onto the symmetric
subspace, but less quantum than CUE states with random coefficients in the angular momentum basis.
Impressively, the CUE states have Equgp = 25/(2S + 2) on average, which is very close to the maximum value
for a single pure state: 2S/(2S + 1). The lower continuous line in the figure corresponds to the values of £ for
CS, which are the least quantum ones.

This confirms the fact that the overwhelming majority of CUE random states are extremely close to the
maximally entangled state [87] and that a significant portion of the RM states are entangled, which seems
very counterintuitive. Moreover, we observe that for many functions defined over Hs, the majority of vectors
take a value of the function very close to the average value as S — co. This observation, collectively, is
referred to as the concentration of measure phenomenon [88].
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5. Metrology with random states

We look next at the possibility of sensing rotations using random states. A general rotation is characterized
by three parameters: the two angular coordinates fixing the rotation axis u(©, ®) and the angle w rotated
around that axis [89]. In the space Hs the action of this rotation is represented by the operator [90]

R(Q) =exp(iwS-u), (5.1)

where we have used the notation (w,u) = (w, ©, ®) to denote the three parameters and S is the vector
comprising the three components of the angular momentum; the generators of the algebra su(2).

The restriction of working in a single irrep is reasonable, since maximal precision will be obtained by
concentrating all of the resources into a single subspace corresponding to the average total number of
particles. This is true in the local regime, where prior information about the parameter in question is
known [91], in sharp contrast to the global regime, where minimum error in estimating a completely
unknown parameter requires coherences between irreps [92].

For the time being, we assume the rotation axis u to be known; the task is thus to estimate the rotation
angle w. A canonical scenario requires w to be imprinted on a (preferably pure) probe state |¢), in which the
latter is shifted by applying a rotation R(w) € SU(2) that encodes the angle w. A set of measurements is then
performed on the output state |1),,) = R(w)|t), with the measurements represented by a positive
operator-valued measure (POVM) [93] {IL,}, where the POVM elements are labeled by an index x (discrete
or continuous) that represents the possible outcomes of the measurement according to Born’s rule
p(x|w) = (Y| Ti|tw). Afterward, what remains is to infer the angle via an estimator @ [94], whose
performance is usually assessed in terms of the variance. The ultimate limit for any possible POVM is given
by the quantum Cramér—Rao bound (QCRB), which reads [33]

1
Vary, (0) > ———, (5.2)
P ( ) = v Qw (w)
where v is the number of independent times the experiment is repeated. To assess the ultimate sensitivity per
experimental trial, we take henceforth v = 1. Here, Qy (w) is the quantum Fisher information (QFI), which
depends exclusively on the initial probe state. We briefly recall that an explicit way to compute Q,(w) is as
Q,(w) = Tr(owL2) and L, is the so-called symmetric logarithmic derivative, defined implicitly via [95-97]

do, 1
— = = {0w,Lu}, 5.3
50 = 5 (0w L} (5.3)
and {-,-} stands for the anticommutator {A, B} = AB+ BA. For pure initial states we have the simple result
Qy (w) =4 Vary (S-u) . (5.4)

although generalizations to general density matrices are possible [98]. Convexity of the variance is
responsible for a single irrep conferring maximal precision per number of particles. The QFI is thus maximal
for pure states that maximize the variance of the generator S - u: these are the states [u) + |—u))/v/2, which
are the rotated versions of the time-honoured NOON states [47], defined as

1
V2

One may be interested in a probe state with the best average performance for any u rather than creating a
distinct state for every axis. To this end, we consider the average QFI defined as

INOON) = — (IS, ) +1S,—S5)) . (5.5)

T 27
Q,(w) = ﬁ/o de sin@/0 d®Q, (w) . (5.6)

This average has been used in different issues of quantum information [99]. An exemplary context is
magnetometry, where the magnitude of the magnetic field being sensed can be more important than its
orientation. Then, Q,(w) gives an upper bound on the attainable precision for a quantum state g, if the
direction of the magnetic field is chosen randomly based on a uniform distribution.

The maximum average QFI is achieved by states whose angular momentum projection vanishes in all
directions; i.e.

Tr(QwS) =0, (5.7)
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Figure 7. Average QFI as a function of the spin S. The black (green) dots denote the average value (over 60Kk trials) of the RM
(CUE) states. The density plot in the back is the number of trials having the corresponding value of the average QFI for RM. The
red lines indicate the maximum and minimum achiveable values of the QFI, corresponding to first-order unpolarized and CS,
respectively.

0 0.01 0.02 0.03 0.04
T

Figure 8. Average variance for RM (black line), CUE (green line) and King of Quantumness (yellow line) states as a function of
the dimensionless time 7 = vt when the system experiences dephasing according to the model in equation (5.8). In all cases,
S =3. The density plot in the back is the same as in previous plots.

with a maximum value Qmax = $5(S+ 1). They correspond to first-order unpolarized states (which, among
others, include the NOON states). In this sense, the most sensitive probe states are those whose classical
angular momentum features are hidden [100, 101].

In figure 7 we plot the average Q,(w) for both, RM and CUE states as a function of S. We also include the
extremal values of this quantity, which are for first-order unpolarized and CS, respectively. The random
states always lie in between these two lines, although CUE are closer to optimal. Some of the random states
have QFI close to the maximum values, but most of them are concentrated below its average value.

In view of these results, one might wonder about the usefulness of random states. Intuition suggests that
they should be more robust against imperfections than very fragile entangled states, as is the case for CUE
states with certain types of loss [45]. To confirm this point, let us first consider the case of depolarization. We
use the model devised in [102] for an SU(2)-invariant dephasing, which is appropriate for our case. The time
evolution of the state is given by

o(t) =exp (fZ'ytSz)Z Z (2;};7:)"5;19(0)5;17 (5.8)

n=0j=x,y,z

where 7y is a constant determining the strength of the dephasing, which we set to 1 without loss of generality.
The results of the evolution under this dephasing are summarized in figure 8 for the case of S = 3, where we
plot the minimum average variance of the angle estimator w as a function of the dimensionless time
evolution (that can be easily converted to, e.g. traveled distance), for RM, CUE, and Kings of Quantumness
states. The Kings are the optimal states to sense an arbitrary rotation when quantified by the highest QFI
averaged over all rotations and by the lowest inverse QFI when averaged over all rotations [52], and, as
expected, are very vulnerable to dephasing, and become much worse than the random, not only in their
average values, but for most of their individual trials. Interestingly, RM are more robust than CUE and
similar behavior is observed for other dimensions.

We next examine the case where a photon loss occurs. To analyze this scenario, we employ a simple
SU(2)-invariant model that consists of mapping each state to an incoherent superposition of the states
resulting from the removal of one particle, which in general is a mixed state in the space of spin S — % In
other words, we create 2S states by the removal of each one of the creation operators in equation (2.1) and
add them incoherently, to explicitly look at random Majorana constellations that randomly lose a star; this is
different from mode-agnostic removal of a particle [103] and is more in line with a preparation error where
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Figure 9. Average variance for RM (black line), CUE (green line) and King of Quantumness (yellow line) states as a function of S
after losing one particle. The density plot in the back is the same as in previous plots.

one of the inputs is randomly neglected. The results are shown in figure 9, for the same states as in the
previous figure. One can observe that for low S, random states exhibit again a clear advantage over Kings of
Quantumness, albeit it diminishes as S increases.

The measurement saturating the QCRB has been characterized [52], but its experimental
implementation may be challenging. Easier is to project the rotated state onto a set of coherent states for
various directions and to reconstruct the rotation parameters from these measurements. Using the same
basic principles applied to geographical positioning systems (GPS) [104], five projections are sufficient for
this orientation problem, as has been recently demonstrated [105]. This is particularly useful in the context
of random-state metrology, where we seek a single measurement scheme that is useful for all input states;
while it cannot generally attain the averaged QFI, due to the QFI allowing for a different measurement for
each term being averaged over, it can often perform very well, as demonstrated experimentally below.

6. Experimental results

The results of section 5 suggests that random states should perform well in rotation sensing tasks, in systems
with imperfections. Hence, as a last step, we set out to test the suitability of random states for rotation
sensing in the laboratory, where experimental imperfections can never be avoided. In these measurements,
we used multiple different random states in the GPS-like measurement protocol mentioned above.

In our experimental implementation, we used the transverse-spatial degree of freedom of light. More
specifically, we construct our Hilbert space Hs from a set of Laguerre—Gauss (LG) modes LG/, only choosing
modes with a zero radial index p = 0 and orbital angular momentum indices ¢ corresponding to the m index
in the standard angular momentum basis |S, ). This is a standard system for probing SU(2) dynamics, even
though it can also be analyzed with classical optics [107]. The beam radius was around 520 pm for the LG
modes used to prepare the probe state. For both RM and CUE states, we follow the generation procedure
described in sections 3 and 4, respectively, and translate the resulting states to our laboratory encoding using
a set of (2S84 1) LG modes. We then constructed the rotation R(£2), within this Hilbert space, using a
multiplane light conversion (MPLC) device [108, 109]. For the measurements, Hilbert spaces with
dimensions 5 and 7, corresponding to spins S =2 and S = 3, respectively, were used.

The experimental setup is shown in figure 10 and can be divided into three distinct parts: probe state
generation, unitary rotation of the probe state, and measurement of the rotated state. We used a CW laser at
roughly 808.4 nm, for all of the measurements. The random probe states were created as coherent
superpositions of the chosen set of LG modes by shaping an initial Gaussian field with an amplitude and
phase modulating mask [110] on a spatial light modulator (SLM, Holoeye Pluto-2). An additional Gaussian
correction was added to the masks [111, 112], and all of the SLMs used in the experiment had an added
phase profile for aberration correction that was retrieved using the method introduced in [113].

In the second part of the experimental setup, an MPLC system, with five phase modulations, transforms
the probe field according to the rotation transformation R(£2). The phase modulations were performed on a
single SLM, and each pair of consecutive modulations was separated by 800 mm of free-space propagation.
The MPLC device is capable, in principle, of performing an arbitrary unitary mapping between spatial
modes [108, 114].

A set of five phase modulating masks had to be designed, through a process called wavefront
matching [115], for each of the 10 rotation angles [(0, 36, ...,324) degrees], in both the 5- and
7-dimensional systems. The rotation axis was kept fixed in each dimension. The third and final SLM was
used to measure the rotated probe state by projecting it onto a transverse field structure [106].

10
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Figure 10. A simplified sketch of the experimental system is shown in (a). The initial laser output is split into two using a fiber
beamsplitter with half of its power being directed onto a power meter (PM). The rest is collimated and sent onto the first of three
SLMs. The Gaussian beam coming out of the single-mode fiber (SMEF, yellow) is shaped into one of the chosen random states by
the first SLM. The prepared probe state is then sent to the MPLC device that performs a unitary rotation operation R(£2). After
the MPLC, the rotated probe state is sent to the third SLM to be measured. The third SLM, together with a final single-mode fiber
(SM), perform a projective measurement onto a state by first shaping the phase and amplitude of the beam and then coupling the
first diffraction order of the SLM into the SMF using a 10 X microscope objective [106]. Non-magnifying 4f lens systems imaging
each SLM onto the next one are omitted from the figure. The insets correspond to field structures (in color) and phase mask
structures (in gray scale). Colorbars explaining the mode structure and gray-scale colormaps are given in (c). The holographic
measurement mask shown in (a) filters for one of the chosen coherent states in the 5-dimensional Hilbert space. The field
structure insets in (a) show an example of a state with a randomly distributed Majorana constellation for S = 2 and the same
transverse field structure after the rotation unitary. In (b), more examples of states with random constellations are shown, along
with their rotated counterparts. In the sketch of the experiment, the grating terms have been removed from the phase masks of the
unitary and only the field structure at the first-diffraction orders from each phase mask are shown.

To perform the GPS-like measurement mentioned before, we probed each rotated random state |¢)q) by
projecting it onto a set of five coherent states, as described in detail in [105]. The explicit form of the FI
matrix for this measurement is computed in [52]. Effectively, our measurements produced the quantities

Pin
O =|(nfysq) [ = 50l e (6.1)
Plyglya) T

where Py, was the relative power coupled into the final SMF when projecting the rotated random state
|hq) onto the coherent state [n), and Py, |y,) Was the power coupled when projecting the rotated random
state onto itself. The efficiencies 7y, and 7, are measured estimates of the state-dependent projection
efficiencies: 1)y, is the projection efficiency for the rotated random state measurement mask in question and
similarly 7, is the efficiency of the CS projection.

The projection efficiencies were measured by first shaping the light field to the structure we want to
project on in the generation, the MPLC was made to image the field structures, and the power of the field
was measured both before the last SLM and after the last fiber. The efficiency was then estimated as the
power after the fiber divided by the power before the measurement mask. The power measurements were
normalized by dividing them with the power measured before the first spatial mode manipulation, as shown
in figure 10. This was done to minimize the effects of changes in laser power throughout the measurements.

As mentioned before, the probe states used in the experiment were both RM and CUE states. In our
specific experimental implementation, where transverse spatial modes are used to encode different types of
random states, the primary challenge in preparing, modulating, and measuring the states with minimal
errors arises from the increasing dimensionality of the state space. This difficulty stems from the increasingly
intricate transverse phase and amplitude structures, coupled with the limited resolution of our devices.
Consequently, all types of states can be considered equally challenging to work with, regardless of their
specific nature.

However, since the difficulty of generating states will vary across different systems, it is essential to weight
the ease of generating each type of state against its metrological power. Generally, we anticipate that the more
entangled a state is on average, such as CUE or NOON states, the harder it will be to generate them
accurately. This suggests that RM states may serve as a valuable and powerful alternative.
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Figure 11. The dots are the estimated values of the rotation angle & for the CUE and RM states indicated in the upper labels. The

horizontal axis labels the 100 random states used in each one of the experiments. The rotation axes used are given in
equation (6.2). The true values of w are 0, 36, . .., 324 degrees and are indicated by horizontal lines.
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Figure 12. Statistics of the measurement for the states considered before in figure 11. The error bars represent standard deviations.
The estimation procedure is local: the same states can be used for estimating a wide range of parameter values, but prior
information about those parameters is essential to obtain the sensitivity limits dictated by local estimation theory.

It is important to stress that in our experimental setup there is no need to perform any projection onto
the symmetric subspace, as the states are directly generated in Hs. The concept of a symmetric subspace does
not apply here, since our Hg does not originate from 2S qubits.

We performed the rotation measurement with 100 different random states of each type, with v =100
repetitions of each relative-power measurement. The rotation axis u(©, ®) was arbitrarily chosen for each
value of S:

© =34.9674°, & =296.4448° S
u(0,9)= (6.2)
© =157.948°,® = 137.361° S=3.

Il
)

Three different kinds of generalized maximum likelihood estimators were formed from this data set to verify
the excellent rotational sensitivity of the fiducial states, following standard procedures [116, 117]. The
estimator of the rotated angle w reads

argmax; gjlog <—— Z Q] (6.3)
where g; is the measured value of Q; = |(nj|¢)q)|*. This is equivalent to a quantum measurement where there
are five meaningful outcomes, the measurement is repeated v times, and the frequency with which each
outcome occurs is proportional to g;. The results appear in figure 11. The estimated values of w show small
fluctuations around the true values with very small typical standard deviations and negligible biases. The
three cases look very similar.

To check the quality of our estimators, in figure 12 we have plotted the true values of w versus the
estimated ones. For each estimated point, we have included error bars determined by the corresponding
standard deviation. The agreement emphasizes the excellent performance of the method. Moreover, figure 12
corroborates a unique property of random states: due to their typicality [118], they can unambigously
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Figure 13. Estimated rotation axes for RM with S =2 (red points) and S = 3 (blue points) using the data from figure 11.

estimate any rotation angle within a 27 range. This is in sharp contrast with other states such as NOON or of
Quantumness that can distinguish angles within a range =/ (25) [80].

Turning the assumptions around, we can take now the set of rotation angles as fixed, while assuming no
prior knowledge of the rotation axis. The orientation of this axis can be estimated globally as follows

. Qix
0 = argmax gilog =———=——, (6.4)
LY

where now Qj = |(nj|1x o) |*. This time, there is a bigger set of outcomes: each of the five quantum
measurement outcomes for each of the rotation angles. Using this on the ensemble of 100 input RM states
gives the statistics of inferred axis directions :
©=3531°+4.0°,H=2958°+29° S
u(0,9) = (6.5)

©=138.4°+2.9°,d =157.2°+£3.9° S=3.

I
[N}

All the target true values are comfortably accommodated within those uncertainty regions. This estimation is
nicely visualized on the sphere S,, as sketched in figure 13. The results for CUE random states are similar,
although a bit less reliable due to experimental difficulties in getting the corresponding data.

These values can be compared with the best possible results respectively for the variances of 6 and & for
a single measurement with a CS, which are (albeit for different orientations of CS)

Val‘cs(é) = Val‘cs(@) = % (6.6)

and the variances with Kings of Quantumness

3
16S(S+1)sin (w/2)’

3
16S(S41)sin (w/2)sin’©

Vargings (@) =

(6.7)

VarKings ((i)) =

When performing such a multiparameter estimation, the achievable uncertainties tend to depend on the
actual values of the parameters. This dependence can be removed by choosing an appropriate weight matrix
for combining the covariances of the different parameters: using the metric tensor for the group as the weight
matrix allows all of the results to be independent from the parameter values and the chosen parametrization
[119]. As in [105], such a figure of merit when estimating the angular coordinates of a unit vector is
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Figure 14. Deviation A between the true rotation and the estimated rotation for RM states with S =2 (red) and S = 3 (blue),
determined by the angle of rotation one would require to convert between the true and estimated rotation, as a function of the
angle. The large error bars on the deviations make these results compatible with both quantum advantages (small deviations) and
lack of demonstrated quantum advantages (large deviations); in all cases, the measurement method is demonstrated to be viable
for determining all three parameters of a rotation.

A0 + sin? ©OA2d, here 0.00 488 634 and 0.00 257 369, as compared to the best possible values with a single
coherent state of
1 2cosw + csc? (w/2) +2 N 0.3758

— - (6.8)
28 2v/2sinw + cosw + 3 A

Finally, our detection scheme projecting onto five coherent states has a redundancy that makes possible
to estimate simultaneously the axis of rotation and the angle of rotation. This implies maximizing the
objective function

{w,u} = arg max Z gjlog =~ (6.9)

ZQJ

which requires global optimization tools [120]. Again, we are using a classical system to simulate a quantum
measurement by taking the frequency of quantum measurement outcomes to be proportional to the relative
power received for each of the five settings, then finding the variances of the maximum likelihood estimators
that we take to be distributed according to the underlying probability distribution for the true parameters.

Errors of the inferred three parameters of the rotations can be quantified by considering the deviation A
between the true rotation and the estimated rotation, determined by the angle of rotation one would require
to convert between the true and estimated rotation, as A = arg R(—€2)R(£2), which can be found from the
Hilbert-Schmidt norm as cos AS 4 sin AS/ tan(A /2) = Tr[R(—§2)R(£2)] [105]. This way, we find the
average deviations

I
[\S]

19.3° +15.2° S
A= (6.10)
18.9° £ 15.1° S=3.

The results are plotted for RM states in figure 14. These can be compared with the best possible results for
measurement with a single CS as a probe state, which can never be used to estimate all three parameters of a
rotation due to CS only depending on two coordinates that define the state’s spin. Comparisons of schemes
that split all of the trials into different subsets that each involve the same respective probe state can be found
in the recent [121]. This allows us to conclude that the high rotational sensitivity of the RM states has been
experimentally verified.

Although in our experiment the rotations have been artificially encoded using an MPLC system, the
coherent-state projections used for the detection offer a range of advantages, including compactness,
versatility, high efficiency, flexibility, and real-time adaptability. As already demonstrated in [105], this
scheme is broad enough to apply to any other rotation-sensing application.

7. Concluding remarks

We have explored random Majorana constellations that arise as sets of points uniformly distributed on the
sphere S,. The concept of state multipoles, intimately linked with the inherent SU(2) symmetry, has served
as our main diagnostic tool to capture the amazing properties of these states. Additionally, these multipoles
are sensible and experimentally-realizable quantities.
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The family of symmetric states contains many metrologically useful states, including GHZ, NOON, and
Dicke states, among others. However, all of them are extremely fragile resources. In contradistinction,
random Majorana states, from their very same definition, are robust against imperfections such as dephasing
and particle losses.

We have experimentally demonstrated the usefulness of these random constellations in protocols of
quantum metrology. Apart from their incontestable geometrical beauty, there surely is plenty of room for the
application of these states in a variety of physical contexts.
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2.3 Project 3: Multi-parameter estimation and super-resolution

The Rayleigh resolution criterion holds notable historical importance in optics and imaging. While
its original formulation provides a useful rule, it is crucial to understand that it functions more
as a heuristic guideline than as an absolute threshold. The loss of resolution between two point
sources is not an abrupt event that occurs upon reaching a specific separation, but a gradual process.
Nevertheless, the Rayleigh criterion reveals a fundamental and ineluctable aspect of wave optics:
due to the phenomenon of diffraction, as two light sources draw closer, their respective point spread
functions (PSFs) begin to overlap, making their “resolution” progressively more difficult.

In its original sense, “resolving,” as per the Rayleigh criterion, refers primarily to the ability to
discern whether an observation corresponds to a single light source or to two distinct sources. More
generally, the problem of characterizing a system composed of two sources can be conceptually divided
into two fundamental tasks. Consider an astronomical observation via a telescope, where a region of
diffuse light of uncertain origin is perceived. The first task consists of determining the number of
sources present in said region. The second, once the number of sources has been established, lies
in assigning them coordinates—that is, in locating them spatially. In the context of this thesis,
the analysis will focus on the two-source scenario, for which a particularly useful one-dimensional
parameterization is given by the separation between them and the position of their centroid, as
illustrated in Fig. 2.1.

The first of these tasks, determining the number of
sources, falls within the domain of hypothesis testing, an Centroid
essential discipline in statistical inference. While not ad- >

dressed in this thesis, it is crucial for making optimal de- /\ E
[ = = X

cisions when choosing between alternative hypotheses—in
M

this case, whether there is one source or two. It can be
shown mathematically that the difficulty of this decision Separation
increases as the sources become closer [226], a fact that Figure 2.1: Centroid and separation co-
represents a mathematical manifestation of the Rayleigh ordinates
criterion. In the present work, we will assume that this
detection stage has already been resolved; that is, we will start from the premise that the presence of
two sources has been established, and our objective is their spatial localization.

Before proceeding, it is worth clarifying two important points. Generally, the Rayleigh criterion is

formulated for the case of two incoherent sources of identical intensity, which is the scenario that will

be addressed in this work. However, the concept can be generalized to systems with more than two
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sources, different degrees of coherence, or unequal intensities.

There is another fundamental subtlety that must be clarified. Suppose an idealized, noise-free
scenario where the presence of two sources has been determined and the image observed on a detector
is as shown in Fig. 2.2. In such a case, there would be no difficulty in determining the spatial
coordinates of the sources. If the shape of the PSF is known—a common assumption—a one-to-one
correspondence exists between the observed image and the coordinates of the sources. As illustrated in
the figure, only a specific configuration of the model (red dots) exactly reproduces the observed signal.

In other words, a one-to-one correspondence would exist between the model and physical reality.

-6 -4

Figure 2.2: Comparison of an observed intensity profile (solid black line) with a theoretical model
(dashed red line). Black dots on the x-axis mark the true source positions, while red dots mark the
positions assumed by the model.

However, this idealized scenario ignores an ineluctable element: noise. In a real experimental
situation, the presence of noise, as shown in Fig. 2.3, precludes this direct, one-to-one inversion.
In this work, we will consider a fundamental source of noise: photon shot noise. This means that
technical noise sources, such as electronic noise, are disregarded, and only the randomness inherent in
the corpuscular nature of light is considered.

Analogously to the difficulty in choosing between the
two hypotheses, it can be shown mathematically that the
precision in estimating the separation, in the presence of
photon shot noise, is also compromised as the sources draw
closer. The Cramér-Rao bound for the estimation of the

separation diverges in this limit, a phenomenon that has

2 4 6

been termed the “Rayleigh curse” to distinguish it from

Figure 2.3: Intensity profile for two inco-

the hypothesis testing problem. Formally, this translates .
herent sources when noise is present

to the classical Fisher information F(s) tending to zero as
the separation s approaches zero: F(s) — 0.
However, a seminal paper published in 2016 by M. Tsang et al. [227] achieved a significant

breakthrough by reconsidering this problem from the perspective of quantum metrology. By treating
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light as a quantum system, and under certain assumptions, they demonstrated that, through the use
of an optimal measurement, the precision in estimating the separation not only does not degrade but
in fact remains constant, regardless of the sources’ proximity. This precision is, in fact, equal to that

which would be obtained in the ideal classical scenario where the sources are infinitely separated.

Q(p(s)) = const = F(c0) (2.5)

This finding indicates that the “Rayleigh curse” is not an intrinsic limitation of light, but rather an
artifact of the conventional detection method. It should be noted that an analysis of the hypothesis
testing task from a quantum perspective reveals an analogous phenomenon.

Since its publication, this influential paper has served as a foundation for hundreds of articles
that expand on its original ideas, generalize its findings, or explore new facets of the problem. An
important observation is that most of these subsequent investigations have predominantly focused on
the estimation of the separation, often assuming the centroid’s position to be already determined.
However, in a realistic scenario, both parameters—separation and centroid—are, in general, unknown
and must be estimated simultaneously.

The present work builds upon previous attempts, which were primarily numerical, aimed at de-
termining the optimal measurement strategies for the joint estimation of both parameters. The core
contribution of this research is the derivation of analytical expressions for these optimal measurements,
capable of simultaneously extracting the maximum possible information about both the separation
and the centroid. Furthermore, these measurements offer the advantage of being tunable, allowing
for the prioritization of information extraction for one parameter over the other, depending on ex-
perimental requirements. Moreover, their dependence on a free parameter renders them non-unique,

affording considerable flexibility for their practical implementation.
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The quantum Cramér-Rao bound for the joint estimation of the centroid and the separation between two
incoherent point sources cannot be saturated. As such, the optimal measurements for extracting maximal
information about both at the same time are not known. In this paper, we ascertain these optimal measurements
for an arbitrary point spread function, in the most relevant regime of a small separation between the sources.
Our measurement can be adjusted within a set of tradeoffs, allowing more information to be extracted from the

separation or the centroid while ensuring that the total information is the maximum possible.
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I. INTRODUCTION

The Rayleigh criterion [1] is a commonly accepted stan-
dard that specifies the minimum separation between two
incoherent point sources using a linear imaging system. It was
widely believed that this represents a fundamental limitation
inherent to the nature of light.

Recently, Tsang and co-workers [2-5] challenged this
Rayleigh curse. They resorted to the concepts of quantum
Fisher information (QFI) and the associated Cramér-Rao
bound (QCRB) [6] to quantify how well the separation be-
tween two point sources can be estimated. When only the
intensity at the image is measured, the Fisher information
falls to zero as the separation between the sources decreases
and the classical Cramér-Rao bound (CCRB) diverges accord-
ingly. However, when the QFI for the complete field is calcu-
lated, it stays constant and so does the QCRB. This clearly
reveals that the Rayleigh limit is not intrinsic to the problem.

Since then, a plethora of publications have arisen from
this idea: experimental implementations [7-12], general-
izations [13-21], effects of noise [22-26], and coher-
ence [27-31]. A comprehensive review can be found in
Ref. [32] and an updated list of references in Ref. [33].

An optimal method, dubbed spatial mode demultiplexing
(SPADE), was designed to estimate the separation between
two point sources. This involves passively projecting the col-
lected light onto an orthonormal basis of spatial modes, which
is accomplished using a mode-sorting device that couples
each spatial mode to a specific intensity-resolving detector.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by Max Planck Society.
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However, SPADE requires prior knowledge of the centroid
of these sources and the alignment of the device with the
centroid [2,34]. This prior information can be easily obtained
because direct imaging is accurate in estimating the centroid.
An adaptive two-stage detection scheme that dynamically
allocates the resources between the centroid estimation and
the separation estimation has been proposed [35], demon-
strating that it still outperforms direct imaging. The impact
of misalignment on separation estimation has been also
considered [36].

At a fundamental level, this is a multiparameter problem.
It is well known that in this scenario the QCRB suffers from
the incompatibility issue of quantum measurements [37—43].
It has been noticed [44] that the optimal measurements for
individually estimating the centroid and the separation of two
incoherent point sources are maximally incompatible. Actu-
ally, reaching the quantum limit in one, inevitably, reduces
the information of the other to zero [45].

However, this does not prevent one from a joint estimation
of both quantities: It is possible to achieve acceptable per-
formance in both variables without necessarily reaching the
quantum limit in either. In Ref. [46], the authors numerically
pursued optimal measurements that approached the tradeoff
relation and came remarkably close to achieving it. In the
same vein, Ref. [47] proposed an adaptive sequential protocol
that uses optimal measurements (that have to be found numer-
ically) to simultaneously estimate both parameters.

In this paper, which serves as a seamless extension of
preceding efforts, we analytically demonstrate the ideal mea-
surement strategy as the sources get very close. This strategy
hinges on a parameter whose manipulation enables us to glean
enhanced insights from both centroid and separation metrics.
In this way, we saturate the tradeoff relation and extract the
maximum possible information from the two variables at the
same time.

Published by the American Physical Society
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This paper is organized as follows. In Sec. II, we describe
the mathematical formulation of our estimation problem. In
Sec. 11, we derive our measurement scheme and demonstrate
that the centroid and the separation can, in principle, be esti-
mated simultaneously. Section IV studies the performance of
our scheme for the relevant case of a Gaussian point spread
function (PSF), showing that the measurements works over a
wide range of separations. Finally, our conclusions are sum-
marized in Sec. V.

II. MODEL AND ASSOCIATED MULTIPARAMETER
CRAMER-RAO BOUND

We assume quasimonochromatic paraxial waves with one
specified polarization and one spatial dimension x denoting
the image-plane coordinate. For a linear spatially invariant
system the corresponding object-plane coordinates can be ob-
tained via the lateral magnification, which we take as unity
without loss of generality.

We phrase what follows in a quantum notation that will fa-
cilitate the calculations. A wave of complex amplitude U (x) €
L*(R) can then be assigned to a ket |U), in such a way that
U(x) = (x|U), with |x) representing an ideal point source
localized exactly at x.

The normalized amplitude response of the system to a point
source will be denoted by W(x) = (x|¥). The corresponding
intensity response, usually called the point spread function
(PSF) [48], can thus be written as I(x) = |W(x)|>.

Two point sources of equal intensities and separated by a
distance s are imaged by that system. Since they are incoher-
ent with respect to each other, the total signal must be written
as a density operator

0s = 3(04+ + 0-),

2.1)
where the total intensity is normalized to unity. The in-
dividual components o+ = |WV4)(W.| are just x-displaced
PSF states, that is, (x|Wi) = (x — 59 Fs5/2|W¥), so that
they are symmetrically located around the position of the
geometric centroid s¢. If we recall that the momentum op-
erator (which in the x representation acts as a derivative
P +— —id,) generates displacements in the x variable, we can
write

[Ws) = exp[—i(so £ 5/2)P]|V¥). 2.2

The density matrix (2.1) depends on both the cen-
troid sp and the separation s. This is indicated by the
vector 5 = (sg,s)'. Our task is to estimate the values
of s from the outcomes of some measurement performed
on Qs.

Let us assume a real and symmetric PSF. This implies
that (| P21 |W) = 0 and we denote g,, = (¥| P?* |¥) for
n=0,]1,.... Our first step is to define an orthonormal com-
putational basis: This can be achieved by orthonormalizing
the PSF state and its successive derivatives [13]. For our
purposes here, we consider only the first three elements of
that basis, all centered at an educated guess & for the centroid

[Ws,) = exp(—io P) [W):

|®1) = |Ws,),
|Dy) = / P |Ws,)
2) = 7 50) 5
1 2
|®3) = ——=——=(02 — P*) |Ws,). (23)

\/ 824 —80%

Next, we construct an optimal positive operator-valued
measure (POVM) [49]. Since we need to simultaneously esti-
mate two parameters, the optimal POVM must contain three
outputs (the third one to ensure normalization). To this end,
we introduce two vectors using a set of real-valued parameters
aj, b; and making one vector orthogonal to the signal PSF
state:

|7T1) = ax |®2) + a3 |D3),
|2) = by |®1) + by |P2) + b3 |DP3) . 2.4)

Then a family of three-element POVMs is designed as

follows:
Iy = |m) (mi], I3 =1—1II, — I,.

(2.5)

Iy = |m) (mal,

As we shall see in Sec. 111, the coefficients a; and b; have to
be properly chosen in order to optimize the POVM.

Since our goal is to estimate small deviations of the signal
state ps from the nominal PSF state |V) (W[, we expand the
signal state components in the small quantities §+ = ro £ 5/2,

. Lo P

W, ) ~ (1 —i8:P — S8LP° + Z8LP ) |Ws,),  (2.6)
where 1o = (59 — §p) is the small deviation between the initial
guess and the true centroid. This makes it possible to compute
the probabilities p(j|s) = Tr(gsI1;) of observing IT; for true
signal parameters s. From these probabilities we can calculate
the classical Fisher information (CFI) matrix associated to this
measurement. The calculations are straightforward and we get

F(s)

2

2 €5 2 483
B 46@2(85°+1+r>+0(5) 4t+1/t+0(5)
- 4¢? , ot N
pronyyulelC) #2877 HO6E)
Q.7

where we have enforced a,, b1, b, > 0 and the parameters

2
2 _ b2

si = a%, &5, = — 5 sg,sio < 1. 2.8)
1
We also set
1 52
T= ——. 2.9)
415

Similar to the intuition from postselected metrology [50],
quantum measurements effectively allow one to zoom in on
a parameter range and there obtain enhanced sensitivity; this

033716-2
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means, to harness the advantages, one must have prior infor-
mation about the region to magnify, so we henceforth consider
t > 1. This allows us to consider the CCRB,

C(8) = F(s), (2.10)

where the matrix inequality A > B means that A —B is a
positive semidefinite matrix. Here, Cy(§) is the covariance
matrix of the unbiased estimator 5.

In quantum estimation theory, we often consider the QFI
matrix instead of the classical version to evaluate the error
bound. It is known that the F(s) for a given measurement
scheme is bounded from above by the QFI matrix Q(s),
that is

F(s) < Q(s). (2.11)

If there exists a measurement that achieves the upper bound in
(2.11), it is the optimal measurement. As a rank-2 state [51],
elements of the QFI can be found analytically from the purity
of the state and the variance of P, giving

Quyep = 4lp2 — (W W) (1 — (W4 | W_)]*)/4]
~ 4y (1 — 52 /4).

By convexity properties of the QFI and its further relation to
variances [52], we can immediately bound Qs < ;. In our
case, since our CFI matrix is diagonal as v — oo and s — 0,
we have

2.12)

Fij=eQy. (2.13)
where the subscript j runs the values s and s9. The same
applies to the inverse diagonal elements of the corresponding

inverse matrices, which set the classical and quantum bounds.

III. OPTIMAL MEASUREMENT

Any three-element POVM of the form (2.4) with
az, by, by > 0 generates, in the limit of small separations,
information about centroid and separation, which differs from
the corresponding quantum bounds by constant factors, which
amounts to lifting the Rayleigh curse. This can be checked
using the explicit form Eq. (2.7).

The next step is optimizing POVM with respect to a; and
b;. Unfortunately, the obvious choice a; =1 and b% =1-

b3, which (apparently) saturates the QCRB fails, as it is not
consistent with T3 being positive semidefinite. Considering
the projector A = |®;) (®| + |DP;) (P>| and imposing I13 >
0 on this subspace gives

1 —det(AT3A) =a3(1 —b]) + b7 +b5< 1. (3.1)

Using Eq. (2.8) and rearranging, we get the tradeoff relation

e +e;, <1 (3.2)
that places limits on how the total information can be dis-
tributed between the centroid and separation variables. For
example, letting sg = ego < 1/2, the price to pay for having
a “uniform” access to both centroid and separation in a mul-
tiparameter estimation amounts to minimally doubling their
mean-square errors with respect to single-parameter cases.

This is consistent with the tradeoff relation introduced in

IHG 1)

|71)

G2y ¥

FIG. 1. The geometry of optimal measurements. Aligning modes
|mry) or |m,) along any coordinate axis must be avoided to not in-
validate the optimality conditions. We denote the axis by [HG i) in
reference to the common case of a Gaussian PSF. For non-Gaussian
PSFs the HG modes are replaced with the corresponding three
lowest-order orthonormalized PSF derivatives |®;).

Ref. [45] for the so-called information regrets, defined as

(3.3)

which in the limit of small separations take the form [46]

A+ AL 21 (34)
For our POVM, we have A? =1- g%, and in the limit of
small separation, (3.2) is equivalent to (3.4).
One particular way of saturating those tradeoffs is by
choosing

0 cos B
|m1) = |cosa |, |m)=| sinasing |, 3.5)
sin o —cosasin 8

2 2

so that &2 = cos”« and sgo = sin” &, ensuring we have ex-
plicitly found the best measurement possible for very small
separations—the only interesting regime.

Visualizing |m;) and |m,) as vectors in a real three-
dimensional (3D) space, whose z, x, and y coordinates (in this
order) are given by the coefficients a, and b, (¢ € {1, 2, 3})
as in Eq. (2.4), the states on which to project are as follows:
|7ry) lies in the xy plane making an angle o with the x axis.
This angle o determines how the information is distributed
between the centroid and the separation estimates according
to (3.2). The second projection lies in a plane perpendicular
to |m;), while its orientation in this plane, i.e., angle B, can
be chosen arbitrarily. This is indicated in Fig. 1. In particular,
rotating the POVM so as to move |m;) closer to |®;) (the first
PSF derivative) improves the estimation of separation while
moving it closer to |®;) (the second PSF derivative) improves
the estimation of the centroid. In both cases this is at the
expense of worsening the estimates of the other variable.
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FIG. 2. The diagonal elements of the CFI (solid lines) and the
QFI (dashed lines) matrices for the centroid (blue, upper portion
of the plot) and the separation (red, lower portion of the plot) vari-
ables. The curves correspond to decreasing values of the parameter
B=m/12,7/6, /4, w /3, with the lowest value represented by the
uppermost lines in each set.

IV. GAUSSIAN PSF

The freedom of rotating |m,) about |m;) by (almost)
any angle 8 without compromising the small-separation per-
formance of the optimal POVM is a useful feature. First,
projections on some sets of modes may offer easier or more
robust implementation in a laboratory and some POVM orien-
tations may be preferred over others for this reason. Second,
different settings of § alter the higher-order terms of the CFI
matrix expansion. This becomes important when extending
the range of metrology to larger separations.

This will be demonstrated with a conceptually simple yet
practically important case of a Gaussian PSF of variance o
(which we set to unity without loss of generality):

1 ( x2 )
—exp|—= )
2ro?)4 40

Here, the computational basis |®;), obtained by orthonor-
malizing W(x) and its successive derivatives, becomes the
Hermite-Gauss (HG) modes, which are well-known solutions
to the paraxial wave equation commonly used to describe the
transverse profile of laser beams [53]. The POVM elements in
Fig. 1 are labeled using these modes.

Going for balanced resolutions in both variables, we set
o = /4 and compare the performances of POVMs with dif-
ferent B settings to their respective quantum limits. The results
appear in Fig. 2. For very small separations, the 8 setting is
irrelevant, as we already concluded. Making the separation

V) = (x[W) = 4.1)

(€]m12)

~0.4}

FIG. 3. Optimal measurement modes |7;) (solid) and |m;)
(dashed) with ¢ = /4 and 8 = 7 /6.

larger gives a clear advantage to small 8 values, for which
the resolution in separation actually gets close to the quantum
limit at some points. Figure 3 provides a visualization of one
pair of such optimal modes. There is no point in extending
the analysis to even larger separations, because there the two
signal components spatially separate, Rayleigh’s curse does
not apply, and direct intensity detection starts to rule.

V. CONCLUDING REMARKS

We have introduced an optimal measurement, valid for
an arbitrary PSF, that allows extracting the maximum possi-
ble information from the centroid and the separation of two
incoherent point sources when they are very close. This mea-
surement can be adjusted at will, allowing us to extract more
information from the centroid or the separation, ensuring that
it always extracts the maximum total information. We have
also demonstrated, for a Gaussian PSF, the good performance
of this measurement for small and moderate separations.
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3

Conclusions and Future Outlook

Conclusions

Quantum metrology is a discipline that has attained a remarkable maturity, with high-impact applica-
tions already in practice. Nevertheless, fundamental theoretical and experimental challenges persist.
This thesis contributes to the collective effort to address three of these challenges: the analysis of
precision beyond the asymptotic limit, the design of robust quantum states, and the simultaneous
estimation of incompatible parameters.

The three projects comprising this thesis tackle these challenges through the development of an-
alytical tools and the generation of numerical results. The main contributions of each project are
summarized below, followed by an outline of the future research directions that emerge from this
work.

The first project investigated the asymptotic nature of the quantum Cramér-Rao bound (QCRB),
which is insufficient for describing performance with finite resources and for discriminating between
strategies that are equivalent in the v — oo limit. The main contribution was the analytical derivation
of corrections of order 1/v? and higher to the mean squared error (MSE) within the frequentist
paradigm. It was shown that these corrections break the degeneracy of the QCRB, as they explicitly
depend on the implemented quantum measurement and the higher-order moments of the state. This
result provides a highly practical criterion for selecting optimal strategies in the pre-asymptotic regime.

The second project focused on two interconnected objectives: on the one hand, the search for ro-
bust quantum states for SU(2) rotation sensing; on the other, a deeper understanding of the multipole
distribution as a tool to characterize the geometry of these states. Within this framework, a new

family of states, the Random Majorana (RM) states, was proposed and characterized, numerically
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demonstrating their high robustness and excellent metrological performance. Furthermore, the con-
nection between the Majorana constellation and the multipole distribution was investigated in detail
for several paradigmatic states. The proposal of RM states was experimentally validated through a
collaboration that successfully generated these states and used them for rotation sensing.

Finally, the third project addressed a paradigmatic problem in multi-parameter estimation: the
simultaneous estimation of the centroid and separation of two incoherent sources, for which the optimal
measurements are incompatible. In contrast to previous, predominantly numerical approaches, the
fundamental contribution of this work was the analytical derivation of a family of measurements
that extract the maximum joint information about both parameters. These expressions are valid for
arbitrary point spread functions (PSFs), allow for tuning the trade-off between centroid and separation

precision, and depend on a free parameter that offers flexibility for their experimental implementation.

Future Outlook

The research conducted in this thesis motivates a series of future lines of work. The prospects arising

from the results of each project are outlined below.

Corrections to the quantum Cramér-Rao bound
The formalism of higher-order asymptotics, is a fertile field for future research.

e Define a quantum analogue of the I'(#) function. In the same way that the QFI is obtained by
optimizing the CFI, one could seek a “second-order QFI” that optimizes this correction term
over the family of measurements that already saturate the QFI. In parallel, assess whether the

measurements identified by this criterion also exhibit sufficient experimental robustness.

e Apply this formalism to non-unitary transformations and mixed initial states, enabling the

analysis of finite-resource performance in the presence of noise and decoherence.

e Characterize the general structure of POVMs that saturate the QFI (F = @Q), further inves-
tigate the role of POVM extensions, and develop general expressions for the case of vanishing
probabilities. Likewise, investigating higher-order versions of I'(#) (1/v® and beyond) could

unequivocally reveal the advantage of states with isotropic higher-order moments.

Majorana constellation and robust states for SU(2) sensing

e Find analytical expressions that relate the Majorana constellation to the multipole distribution.
This would allow for a more precise understanding of the exact sense in which the multipole

distribution captures the state’s geometry.
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e Develop analytical tools to study RM states. Unlike other random states, such as CUE states,
RM states do not arise from the simple application of a symmetry group, which makes their
mathematical treatment with standard methods difficult. If analytical formulas for their sta-
tistical properties were obtained, one could rigorously prove their robustness and their scaling

with the total spin.

Multi-parameter estimation and super-resolution

e Design an optical setup that implements the proposed family of measurements and experimen-

tally demonstrate the ability to tune the trade-off between centroid and separation estimation.

e Extend the analysis to determine the optimal measurements for the N-point-source scenario,

exploring the structure of incompatibilities in a higher-dimensional multi-parameter system.

In conclusion, this work has contributed analytical tools and solutions to specific problems in
quantum metrology, focusing on scenarios that extend beyond common idealizations. It is hoped that
the results presented here will contribute to the development of more precise and robust estimation

protocols, and that the future lines of research proposed herein will stimulate new investigations.
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