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Abstract

We work with spaces (Ao, A1)p,q,4 which are logarithmic perturbations of
the real interpolation spaces. We determine the dual of (Ag, A1)g .4 When
0 < g < 1. As we show, if 6 = 0 or 1 then the dual space depends on the
relationship between ¢ and A. Furthermore we apply the abstract results to
compute the dual space of Besov spaces of logarithmic smoothness and the
dual space of spaces of compact operators in a Hilbert space which are close
to the Macaev ideals.
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1. Introduction

The description of the dual space is an important and useful item on
the list of properties of any interpolation method. For the case of the real
method (Ao,Al)g,q where 0 < 8 < 1 and 1 < ¢ < oo, this problem was
considered by Lions and Peetre [32] in their foundational paper of the real
method (see also the paper by Lions [31]). Later Peetre [39] studied the
case when 0 < ¢ < 1. Then (Ao, Al)oq is no longer a Banach space but a

)

quasi-Banach space. He proved that ((Ao, A1)y ,)" = (Ap, A1)g oo-
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Some applications of the ideas of real interpolation have required to
consider logarithmic perturbations of the real method (A, Al)e’ .40 duasi-
normed by

BT dt\
lolisgan,,, = ([t 0nc1T)

where A = (qp,a00) € R2, A(t) = (1 —logt)® if 0 < t < 1, (A1) =
(I+1logt)*> if 1 <t < oo and K(t,a) is the Peetre’s K-functional. See the
papers by Evans and Opic [23], Evans, Opic and Pick [24], Edmunds and
Opic [21], Cobos and Segurado [17] and the references given there. Now 6
can also take the limit values 0 and 1, producing spaces very close to A if
f = 1 and very close to Ag if # = 0. Consider, for example, the couple of
Lebesgue spaces (Ly,, Ly, ). Applying to this couple the real method we can
only obtain Lebesgue and Lorentz spaces, but using the method (-, -)g,q.a We
can also get Lorentz-Zygmund spaces.

If0<6<1,AeR?and 1 < ¢ < oo (respectively, 0 < ¢ < 1) the dual
of (Ao, A1), a follows from the general results of Persson [40] (respectively,
Cobos [7]). The dual spaces of (Ag, A1), ,, and (Ao, A1)y, 4 have been
described by Cobos and Segurado [17] when 1 < ¢ < oo. In this paper we
continue those investigations by studying the case 0 < ¢ < 1 and determining
the dual of (Ao, A1) , , and (Ao, A1)y, » in terms of the K-functional.

The main feature of our results is that the parameter g always appears in
the exponent of the logarithms of the resulting spaces. This is a remarkable
difference with respect to the results of [17]. On the other hand, it makes
sense to point out a connection between these abstract results, given by
Theorem 4.3 below, and those on associate spaces of generalized Lorentz-
Zygmund spaces given in [38, Theorem 6.6 (ii)]. See Remark 4.5 below.

The duality results are given in Section 4. They require the description
of the logarithmic spaces in terms of the J-functional that we establish in the
previous Section 3. These results of equivalence are of independent interest
and complement those proved by Cobos and Segurado [17, Section 3].

In the last two sections of the paper we show applications of the duality
results to function spaces and to operator spaces. In Section 5, among other
things, we study the dual of the Besov spaces Bg:g defined by using the
modulus of smoothness associated to L, (1 < p < o0), having classical
smoothness 0 and logarithmic smoothness with exponent b. These spaces
of smoothness close to zero are attracting considerable attention lately (see,
for example, [5, 9, 12, 11]). With the help of logarithmic Lispchitz spaces
Lipj(,},}_a) (see [27, 28]), Cobos and Domingez [9] have described the dual of
Bg:g if 1 < ¢ < 0o. We consider here the case 0 < ¢ < 1. On the contrary to
the case 1 < ¢ < 00, if 0 < ¢ < 1 we show that the Lipschitz space involved
in the description of the dual has logarithmic smoothness that changes with
g. In particular, when b = 0 we show that the dual of Bg’q is isomorphic to



(1,-1/q)
o0 D for 0 < g < 1.

In last Section 6 we consider two scales of spaces of compact operators
on a Hilbert space related to the Macaev ideals (see [33, 25]) and we describe
the duality relationships between them.

Lip

2. Logarithmic interpolation methods

Let A = (Ag, A1) be a Banach couple, that is to say two Banach spaces
Ay, A1 which are continuously embedded in some Hausdorff topological vec-
tor space. For ¢t > 0, the Peetre’s K- and J-functionals are defined by

K(t,a) = K(t,a; Ap, A1) = inf{HaoHAo—i—t ||CL1HA1 ta=aptai,a; € Aj,j =0, 1}
where a € Ay + A7 and
J(t,a) = J(t,a; Ao, A1) = max{|lal| 4, , t llall 4, }, @ € Ag N As.

Observe that K(1,-) is the norm of Ag+ A; = X(A) and J(1,-) the norm of
AgNA = A(/_l)

Let £(t) = 1+|logt|, ££(t) = 1+log(1+]|logt|) and for A = (ap, @) € R?
put
oty if0<t <1,
2= (t) if 1<t < oo,

(A (t) = (0o () = {

and define £¢*(t) similarly. We also put —A = (—ag, —iso ).
Given 0 < 9 < 1,0 < g < oo and A € R?, the logarithmic interpolation
space (Ao, A1)y, consists of all a € Ag + Ay such that

0 de\ Ve
lall 5,411, = (/0 e (t)K(t,a)]qt> < 00

(as usual the integral should be replaced by the supremum when ¢ = o0).
The space (Ap, A1)y, 4 turns out to be a Banach space provided that 1 <
g < 0o and a quasi-Banach space if 0 < ¢ < 1 (see [23, 24, 17]).

For 0 < <1 and A = (0,0), the space (Ao, A1)y, 4 coincides with the
real interpolation space (A, A1)07 , realized as a K-space (see [3, 42, 2, 4]).
If0 <6 <1and A # (0,0), then (Ao, A1)y, » is a special case of the
real method with a function parameter (see [26, 40]). In these two cases,
the properties of the spaces (A, A1)91q7 » are well-known. Concerning the
remaining cases, namely # = 0 and § = 1, it is enough to study just one of
the two because K (t,a; Ay, A1) = tK(t™1, a; A1, Ag) and therefore

(AOa Al)o’q’(amaw) - (A17 AO)Lq,(aoo,ao) . (21)

Subsequently we focuss on the case 6 = 1.



In order to avoid that (Ag, A1), , , = {0} we should assume

1/g<0 if0<g<
ag+1/q i q < 00, (2.2)
ap <0 if ¢ = oo,
(see [24, Theorem 2.2]). If ap = —1/q and 0 < ¢ < oo, we still get a

non-trivial space if we replace £(~1/4:@)(t) by ¢(=1/@ac0) (1) ¢¢(P0:F) (t) with
B = (B0, Bs0) € R? and By + 1/q < 0. This leads to the space (Ao,Al)LqAB
formed by all those a € Ag + A1 which have a finite quasi-norm

> 1A B dt\ '/
ol o = ([ PO OREPT)

Under the above mentioned assumptions, i.e.

. (2.3)
ag <0, or g =0 and By <0 if ¢ = oo,

{ag+1/q<0, orapg=—1/qgand By +1/g<0 if ¢ < oo,
it turns out that (f;~[min(1, t)t_IEA(t)EEE(t)]q%)l/q < oo. Hence, using
that

min(1,¢)K(1,a) < K(t,a) for a € Ag + A;

and
K(t,a) <min(1,t)J(1,a) for a € AgN Ay,

we derive that
AgNA — (A07A1)1,q,A,IB — Ag+ A

where — means continuous embedding.
It is easy to check that the quasi-norm of (Ao, A1), ¢.AB 18 equivalent to

|all (Ao,Al)?,q,A,lB

- 1/q
- ( 3 [2mzA(zm)MB(2m)K(2m,a)]q)

m=—00

(the £4-quasi-norm should be replaced by the o-quasi-norm if ¢ = 00).
Subsequently, we follow the usual notation concerning the symbols <
and ~: If X and Y are quantities depending on certain parameters, we put
X <Y if X <¢Y with a constant ¢ independent of the parameters. We put
X~Yif X SY and Y < X. A similar notation is used for quasi-norms.
When A; — Ay with the embedding having norm less than or equal to
1, then K(t,a) = [lal[4, for t > 1. If A = (ap, a) and g satisfy (2.2), we



have

i dt\ '/ =1 e (0t 1/
([Tee=ereart) " = g, ([Ceesord)
1 1
1 1/q
cllalla, ([ o0 )
0

(/0 (711 —logt)™ K (t,a)] a;t)uq

where we have used in the last inequality that t "' K (¢, a) is a non-increasing
function with K(1,a) = [|a[| ,,- Whence, we obtain

LT K(ta)  ]%dt\"*
\a\I(AO,Al)Lq,AN(/O [t(l—logt)—ao] t) . (2.4)

Equivalence (2.4) shows the connection between logarithmic interpolation
spaces and the so-called limiting real interpolation spaces, studied in [14, 8,
9, 12] among other papers.

If Ay — A;, with the embedding having norm less than or equal to 1,
then K(t,a) = tlla| 4, for 0 < ¢ < 1. In this case if A = (ap, @) and ¢
satisfy (2.2), then

[ K(ta) ]7dt\"
- R 2 2.5
because

(/Ol[t—lﬁao(t)f((t,a)]qcf)1/q _ e, </01£aoq<t)cit>1/q
el ([Tt p )™

< c</100[t_1€a°°(t)K(t o) ‘ff)l/q.

To establish some important points of the theory of the spaces (Ag, A1), oA
the following J-spaces are useful. Assume that

IN

IN

IN

(2.6)

Qoo >0, or s =0 and By > 0 if0<qg<l,
0o —1/¢ >0, or e =1/¢' and B — 1/¢' >0 if 1 < g < o0,

where 1/¢+1/¢' =1if 1 < ¢ < oo. The space (Ao,Al){qAB is formed by
all those a € Ay + A; for which there exists (um)mez € Ap N Ap such that

[e.e]

a= Z U, (convergence in Ay + Aj) (2.7)

m=—0o0



and
[e%s) 1/q
( > [2WA(W)MB(zm)J@m,um)]q> < 00 (2.8)

(again, the £,-quasi-norm should be replaced by the lo-quasi-norm if ¢ =
00). We set

o0

1/q
lellag a0, , = f ( > {2‘m€A<2m>f€B<2m>J<2m,umm)

m=—0Q

where the infimum is taken over all representations (u,,) satisfying (2.7) and
. . J
(2.8). It B = (0,0), we simply write (Ao, A1)j , 4-
Condition (2.6) yields that

sup {min(1,2™)¢~4(2m) 00~ B(2m)} < oo if0<qg<1,
meZ

€ 0o ) 1/ (29)
( S [min(1,2m)eA(zm)aB(W)]q) <oo ifl<gq< oo

Hence, if a =Y °___ up, is a representation of a satisfying (2.7), (2.8) and

1 < g < o0, it follows from the inequality

[tml 491, < min(1,277)J (2", up)
by using Holder’s inequality and (2.9) that the series Y °_ _ u,, is abso-
lutely convergent in Ag+ A;. If 0 < ¢ < 1, using Jensen inequality and (2.9)
we obtain

D Mumllagra, <D min(1,27)J (27, uy)
< ( > (min(1,2_m)J(2m,um))q>1/q
: m\ p—A rom —B/om
< fn%%{mln(1,2 YA (2m) 0B (2 )}
e’} 1/‘1
><< 3 [2mzA(zm)££B(2m)J(2m,um)]q> < 0.

These arguments also show that (AO,Al)iq AB < Ap + Aq. On the other
hand, embedding AgNA; — (Ao, Al)i],q,A,IB holds because for any a € AgNA;

o

0 i3
m——oo Om@, Where 4, is the Kronecker delta.

we can represent a as @ =
Hence,

||a||(A0,A1)‘1]”;>’A,]B < J(1,a) = [lal[49na, -



If 1 < g < oo there is a continuous representation for the J-spaces. It can
be established proceeding as in the case of the real method (see [3, Section
3.2]). Holder’s inequality is used in the arguments. The outcome is that
(Ao, Al)i]’ 4.A B consists of all those a € Ag + A for which there is a strongly
measurable function u(t) with values in Ayg N A; such that

o0 dt
a= / u(t)T (convergence in Ay + Aj)
0

and
0 /
( / [t_IEA(t)MB(t)J(t,u(t))]th>1 ‘<o
0 t
Moreover
o0 1/q o)
HQH(AmAl)‘{,q,A’B = inf { (/0 [t1£A(t)€£B(t)J(t,u(t))]qcit) a4 = /O ult)

is an equivalent quasi-norm in (Ap, Al)i] LA B

B
Let 3(A)° be the closure of A(A) in ¥(A). We have that

a € %(A)° if and only if min(1,1/t)K(t,a) — 0 ast — 0 and as t — oo.
(2.10)
Indeed, it follows from The fundamental lemma (see [3, Lemma 3.3.2]) that if

min(1,1/t)K(t,a) - 0 ast — 0 and as t — oo, then a € ¥£(A)°. Conversely,

given any a € X(A)° and any € > 0, we can choose b € A(A) such that
K(1l,a—b) <e/2. Choose 0 < L < 1 such that for any 0 < ¢t < L we have
t]|blla, < e/2. Then, if 0 < t < L, we obtain

K(t,a) < K(t,a—b)+ K(t,b) < K(1,a —b) + t[|b]|a, <e.

This establishes that if a € ¥(A)° then K(t,a) — 0 as t — 0. A similar
argument shows that t 1K (t,a) — 0 as t — oc.

By the construction of the J-space, we have that (A, Al)i]q ap C 2(A)°,
but this is not always the case for the K-space as we show next f)y means of
an example.

Example 2.1. Consider the Banach couple of sequence spaces A = ({1, 4s),
let ¢ = (1,1,1,...), 0 < ¢ < 00 and let A = (ap, ) € R? such that

{a0+1/q<0andaoo+1/q<0 if 0 < q < o0, (2.11)

ag <0 and as <0 if ¢ = oo.

According to [42, Theorem 1.18.3] we have that K(2™,§) = 2™ for m € Z.
So, & belongs to (£1,0x0)1,4,a because

0

o 1/q
IEll e ey, , = ( 3 eoremy 3 gaooq(Qm)> < 0.

m=—00 m=1



However ,
tlgglomm(l, 1/H)K(t, &) = tllglo K(t,§)/t =1.

Outside the rank pointed out for as, in (2.11), the K-space is always

contained in ¥(A)° as we show next.

Lemma 2.2. Let A = (Ag, A1) be a Banach couple. Let A = (ap, ase) , B =
(Bo, Beo) € R? and 0 < q < oo satisfying (2.3). Assume in addition that

{aoo+1/q>0, Or Qoo = —1/q and Boo +1/¢ >0  if 0 < g < o0,

Qoo >0, 0r age =0 and Bso >0 if ¢ = oo.
B (2.12)
Then (Ao, A1)y g5 C S(A)°.
PRrROOF. Let a € (Ao, A1)y , o p- Then
%L1 A (g B AR
ol on, o = ([ PO OREPT) T <o
but
! dt
/ [t_lfao(t)ﬁﬁﬁo(t)]qT = o0
0
and, by (2.12),
* dt
/ £ ()%= ()]0 = oo,
1
Therefore
K(t,a) > 0ast— 0and K(t,a)/t - 0ast— oo.
According to (2.10), we conclude that a € X(A)°. O

3. Equivalence theorems between K- and J-spaces

We start with an auxiliary result. If A = (ap, as) € R? and A € R, we
put AN = (A, @ooA) and A + X = (ap + A, aoo + A).

Lemma 3.1. Let A = (ap, as0) € R? and 0 < q < 1 such that ag+1/q < 0.
Put

m=—0oQ

[e%s} 1/(1
V(2k) = ( > [min(1, 2m—k)2—meA(2m)]q> , ke
Then we have:
(a) If s +1/q > 0, V(2F) ~ 27 FpA+1/a(2k),

(b) If oo + 1/q < 0, V(2F) ~ 27k p(0t1/a.0) (k)



2 kgaotl/a(gky ik <0,

(c) If aso +1/q =0, V(Qk) ~ {Q—kwl/q(gk) if k> 0.

Proor. We have

k oo
V(R = 27k 3T phamy g 3T gmmapha(gm)

m=-—00 m=k+1

2" dt
~ 27k / éAq(t)7+2*’fqu(2’“).
0

k
To estimate the integral I = f02 EAq(t)% we distinguish several cases. If
k€ Z and k <0, since ag + 1/q < 0, we get

2k
dt
I= / (1-— logt)aoq? ~ (1 — log 2F)a0atl — phatl(ghy,
0
This yields that

V(2R ~ 2 kaghatl(9k) for k<0, k € Z.

Assume now that £ > 0, k € Z, then
1 2k
dt dt
I = / (1 —logt)a0q7 +/ (1 —i—logt)%"q?
0 1

2k:
dt
~ / (1 —i—logt)a"oqf.
1 t

In the case (a) we obtain I ~ £2=9+1(2%) which implies that
V(28)9 ~ 27kaghatl ok for k>0, k € Z.
In the case (b) we get I ~ 1 and so
V(2" ~ 27k for k>0, k € Z.

Finally, in the case (c),
ok
dt
I~/ (1 +1og 1) % ~ 20(2b)
1
which yields that

V(26)9 ~ 27ka00(2F) for k > 0,k € Z.

The proof is finished. O



Given a Banach couple A = (Ag, A1), the Gagliardo completion A7 of A;
is formed of all those a € Ay + A for which there exists a bounded sequence
(an) in Aj which converges to a in Ag + Ay. The norm in A} is given by

all 4~ = Inf | sup(|lan|| 4.
ol = int (sup(lanl) )

(see [3, 2, 4]). Clearly A; — AT — Ao+ A;. By [2, Theorem 5.1.4] we have

: . K(t,a)
Ha||A0~ = tlggoK(t, a) and ||a||A1~ = }g% o

We put A~ = (A5, AT). According to [2, Theorem 5.1.5]
K(t, a; Ao, Al) = K(t,a; Aa, AT), t> 0, a € Ao + Al. (31)

The Banach couple A is called mutually closed if A; = A7 for j =0,1.
We say that A is reqular if Ag N A; is dense in A; for j =0, 1.

Theorem 3.2. Let A = (Ag, A1) be a Banach couple. Let A = (ag, o) €
R? and 0 < q < 1 such that ag+1/q < 0. Then we have with equivalence of
quasi-norms

(i) (Ao, A1)y gn = (A5, A g agryq if oo +1/0 > 0,

(it) (Ao, A1)y gn = (A87AT)1J,q,A+1/q,(O,1/q) if a0 +1/q = 0.
If in addition A is reqular, then
(iii) (A0, A1)y g0 = (AT AT 4 (aos1/q0) Qoo +1/0 <0,

PRrROOF. It is enough to work with the couple (Ay, A7) because, by (3.1),
we know that (Ao, 41); , o = (45, A7), 4- Let a be any element of the J-
spaces of the statement and let @ = > 72wy, be a discrete J-representation
of a. Since 0 < ¢ < 1, we have

K@2™, a)? < (Z K(2m,uk)> < Z K (2™, uy)

k=—o00 k=—o00
< ) [min(1,277R) (28, w))
k=—o00
Hence
o0 1/‘1
HaH(A(bAl)lO’q,A = ( Z [2_m€A(2m)K(2m’a)]Q>
00 o) 1/’1
< (Z T8 up)? N [mm(1,2mk)2meA(2m)]q>
k=—00 m=—00



The interior sum can be estimated by using Lemma 3.1, with the outcome
that in any of the cases (i), (ii) and (iii), the J-space of the statement is
continuously embedded in (Af, AT); , 4-

Suppose now that a € (Af, A7), , 4. In the cases (i) and (ii), it follows
from Lemma 2.2 that a € ¥(A~)°. In the case (iii), the additional assump-
tion that A is regular and [4, Corollary 2.2.23] imply that a € $(A~)° as well.

According to [37, Theorem 3.2] there exists a representation a =y oo ug
(convergence in Ay + A7) with (ug) C Ay N A7 and
00 1/q
( > [min(l,Qm_k)J(Qk,uk)]q> < cK(2™,a), m € Z, (3.2)
k=—oc0

where ¢ is a constant depending on ¢ only. By Lemma 3.1 the weight in
front of J(2¥,uz) in the discrete J-norm ||a|]§ is equivalent to V(2%) in any
of the cases (i), (ii) and (iii). Consequently,

00 1/q
lall§ < (Z (V(2k)J(2’“,uk))q>

k=—o00
00 [e%e] 1/q
- ( > ammaptaemy - min(1,2m_k)qJ(2k,uk)q>
m=—00 k=—00

q,A

0o 1/q
< ( Z [2mgA(2m)K(2m7a)]q> ZHGH(AO,Al)ﬁ

m=—0o0

where the last inequality follows from (3.2). This completes the proof. [

Remark 3.3. Let B = (By, B1) be a Banach couple. Under the assump-
tions on A and ¢ in the case (7ii) of Theorem 3.2, it follows from Example
2.1 and the previous discussion to Example 2.1 that (B, Bl)l,q, 5 Mmay not
have a description in terms of the J-functional. However, if B is regular then
the J-description does exist as we have just shown in Theorem 3.2/(iii).

Next we show other two equivalence results between K- and J-spaces
that will be useful later. They refers to the Banach case where 1 < g < oc.
The first one extends [17, Theorem 5.7] allowing ¢ to take the value 1 and
Bo be any number less than —1/q.

Theorem 3.4. Let A = (Ag, A1) be a Banach couple. Let 1 < q < oo,
1/g+1/q¢ =1 and o, Bo € R such that

o +1/g>0and Bo+1/g<0 if 1 <q< oo, (3.3)
Qoo > 0 and By < 0 if ¢ = oo. ‘

Then we have with equivalent norms

J
(A0 A1 g, (“1/g.000).(80.0) = (A0 A1 g (1/¢7 e 41), (B0 +1.0) -

11



PROOF. Let us call for short Ag to the K-space and A; to the J-space.
Assume that 1 < ¢ < oco. The case q = oo can be treated analogously. Take

any a € Ay and let a = fo be a J-representation of a such that
/ 1
(/1 [el/q (t)MfBO“(t)J(t,u(t))r dt /°° [eaoo“(t)J(t,u(t))]q dt) /i
_ _.I_ _
0 ¢ t )y ¢ t
<2|allz, -
Using that

%K(t,a) < 1/OOOK(t,u(s))CiS

< 1/Ooomin(1,t/s)J(s,u(s))cis
< 1/0 J(s,u(s))cf—i-/too %J(S U(S))%a

we obtain

IN

lall 4,

1
/1 (1 —1logt)~1/9(1 + log(1 — logt))? /tJ s))@ q@ /i
0 t 0 S t

1 dt 1/q
[ logt)™9(1 + log(1 — log t)) / I(s ] t)
t

(
! E/ol[llogt ~1/4(1 4 log(1 — log 1)) /1°°J dsrit>1/q
(
(
(o

ﬁ

- _(1 —|—1(:fgt>a°° /01 J(S,U(S))ds] Cff) "

x _(1+lc§gt)a°° /lt!](s’u(s))dsrdty/q

:(1 + log ) /too Wcas]q it>1/q

S

H\H\

+

s
= h+DL+Is+ 14+ I+ Ig.

Next we show that I; < |lall, for j = 1,...,6. We start with I; in the
special case ¢ = 1. Taking any 0 < € < 1 and using Fubini’s theorem, we

12



get

1 L1 —logt)"1(1 + log(1 — logt))P dt d
I = / J(S,u(s))/ (1 —logt)™( +tog( ogt)) ?g
0 s S
1 1—1 “1(1 + log(1 — 1 Po 1 dt d
S /J(S,U(S))( Ogs) ( +50g( Ogs)) /ta—ls
0 S s t s
1 1—1 “1(1 +log(1 —1 Poq
S / J(S,U(S))( OgS) ( + Og( OgS)) j
0 S S
1 1+1log(1—1 Pot+l g
< / J(&u(s))( + log(1 —log 5))™*" ds
0 S S
S ||aHAJ

Consider now the case 1 < g < oco. By Holder’s inequality, for the interior
integral in I; we get

/0 t T, u(s)® < ( /0 t [J(u()) e <s>wﬁo+1(s>r s )1 p

S S

([ e o) L) N

0 S

StV () oo (¢) ( /0 t [J(“‘(S))el/q’(s)eeﬁoﬂ(s)] ' ds) v .

S S

Whence, by Fubini’s theorem,

b= </01 {Wﬁl/q/(s)%%H(S)]q/: [ (e (1)) citcig)l/q
: </01 [Wﬂ/ql(s)MBOH(S)] a Cf) 1/q
S llalls, -

To estimate I when ¢ = 1, since Sy + 1 < 0, using Fubini’s theorem, we get

L (s, s dtd
I, = /(S:(S))/(1—logt)_1(1+log(1—10gt))50tSS
0 0
1
= /M(1+log(1—logs))ﬂ0+16l8
0 S S
S lalls, -

13



If 1 < g < oo, taking € > 0 such that Sy + 1+ 1/¢ < e < 1, we obtain
q ds 1/q
s

1 1/q
x ( / zl(s)a€Q’+q’/q(s)d5)
t S

[ 25 (] s

S

([ |

Hence, by Fubini’s theorem,

I

N

N

S

lall 4, -

)

([
([

S

S

S

)ee=1a(s) ]/z

T uE) 11t () gt )

|

1 ds
s

)1/f1

t)eePo—=+Da ) =2

J(S, U(S))el/q’(s)eea—l/q(s)} ! ds) Va _

dt ds\ "/
t s

As for I3, since By + 1/q < 0 and s + 1/g > 0, for any 1 < ¢ < oo, we

/OOJ(SU(SMS (/01(1 —logt) ™! (1 + log(1 —1ogt))5°qcfst>l/q

/Jsu ds

derive

Iy =

AN

A

AN

S

U
U

lall z, -

s U(S))gamH( )

S

J(S u( ))ga +1( )

|

d

“ds

S

9 ds

S

>1/q

1/q 0
) (/ (et () 22
1

Consider now I for any 1 < g < co. We obtain

Iy

<

~

AN

[ ats.uen®

5w 11 pegpor (5 ]

(T

X (/01 [sﬁ_l/q/(s)ﬂ_(ﬁﬁl)(s)]

(1

lall 5, -

S

S

ds
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S

4 ds

05w o1 yegpor (5 ]

9 ds

S

)1/q

1/¢
2
)1/q

ds
s

)1/q’



The integral Iy (respectively, Is) coincides with Jy (respectively, 1) in the
proof of [17, Theorem 3.5]. Therefore,

B (7[00 o] )

S

and Y
[ J(s,u(s Tds\ 1
s (72 0ot ) S s,

This shows the embedding Ay < Ag. B
Next we proceed with the converse embedding. Take any a € Agx. By
Lemma 2.2 and (2.10), we have that

min(1,1/t)K(t,a) - 0 as t — 0 and as t — oo. (3.4)

For v € Z, we put
92" iy <o,
=191 if v =20,
22" if v > 0.

We can decompose a = ag,, + a1, with a;, € A;, j =0,1, such that
||aO,l/||,4O + -1 Hal,VHAl <2K(v-1,a), v € L. (3.5)
Write
Uy =00y — A p—1 = Al p—1 — A1y € Ag N Ay
According to (3.5) we have

M
a—gul,

v=N

< lao,n=1ll 4, + lla1,all 4,
Ao+A,

K(fyM—h CL)
TM -1

S K(yn—2,a) + —0as M — oo and N — —o0

by (3.4). Soa=>2___ w, in Ag+ A;1.

V=—00

Let D, = (Yv—1,7], v € Z. We have

/ dt  |log2 ifv=1,
p, t |2 %log2 ifv > 1.
For v <0 put

0, = / (1 —1logt)™ (1 +log(1 — logt))_l% ~ 1.

v

15



Consider the function

sriam ft€Dyand v <0,
wit) =\ fog2 if t € Dy,
iftEDV and v > 1.

Uy
2v—2]og 2
Then
JACE 3 in Ao+ A
w — = Uy = a 1n .
0 n v 0 1

V=—0Q0

If v <0andteD,, using (3.5), we get

J(t,w(t))

: J(t’ uy) < f_l(t)fﬁ_l(t)M

3 Yv—1
K(yy-2,
< g—l(t)gg—l(t)M‘
Yv—2

~ Y

Whence,

t t

<o (] ferne4)

 BOv=2,0) guiso+1/0)
Tv—2

1/q
~ K(’;::z,a) (/DVQ [z—l/q(t)fzﬁo(t)}q Cf)

< K(t.a) mrja gy ooy 2 "
_(/D[ Py t)

because t 1K (t,a) is a non-increasing function. If v > 2, proceeding as in
[17, Theorem 3.5] we obtain

(] [tz "< (] [smema]'s)"

For v = 1,2 we derive

([0 r O 45 (f, o) s)

16



Consequently,

lallz, < ( ZO: / [gl/q’(t)wﬁoﬂ(t)w]qit
3 [ ] ) :
: </01 [Wg_l/q(t)ﬁeﬁo&)rc% /100 [K(iweaw(t)r?y/q
= llall, -
This completes ihe proof. ]

The following result can be established by using similar arguments to
those of Theorem 3.4.

Theorem 3.5. Let A = (Ag, A1) be a Banach couple. Let 1 < q < oo,
1/g+1/¢ =1 and ap, Boc € R such that

ap+1/g<0and s +1/¢ >0 if 1 < g < o0,
ag <0 and B >0 if ¢ = oo.

Then

J
(A0 A1 g, (a0, 1/0).(0.800) = (A0 A1) g (0041.1/07).(0,B00 1) -

Remark 3.6. Note the difference between the equivalence results in the
quasi-Banach case and in the Banach case: If 1 < ¢ < oo the exponents of
the logarithms in the J-space in the equivalence theorems are obtained either
by adding an unit to the exponents of the K-space (see Theorems 3.4 and
3.5 and [17, Theorems 3.5 and 5.7]) or by adding an unit to the exponents
and multiplying by an iterated logarithm if ¢ > 1 (see [17, Theorem 3.6]).
However, if 0 < ¢ < 1 the correction may have three distinct shapes and
each one of them involves the parameter ¢q. In this case, the exponents of
the logarithms in the J-space are obtained either adding the term 1/q to
the exponents of the K-space or adding 1/¢ to ap and replacing s by 0
or adding 1/¢ to the exponents and, moreover, multiplying by an iterated
logarithm to the power 1/¢ if ¢ > 1 (see Theorem 3.2).

4. Duality

Let (E,||-||) be a quasi-Banach space. Consider in E the semi-norm

n n
2l = inf (> llawllp: o =D an}
k=1 k=1

17



and let N = {z € E : ||z||¥ = 0}. We designate as E# to the completion of
the quotient space E/N with the quotient norm induced by [|z[*.
As it is shown in [39, p.125], the dual space (E#)’ of E# coincides with
the dual of E:
(E*) = E'. (4.1)

Lemma 4.1. Let A = (A, A1) be a Banach couple. Let A = (ap, o) , B =
(Bo, Boso) € R? and 0 < ¢ < 1 such that as > 0, or ase = 0 and Bo > 0.
Then

#
((A(]v Al){’q7A7B> = (AO’ Al){,l,A,IB% :

ProoF. Since ¢; — {1, the discrete representation of the J-spaces shows
J J . J

that (A07A1)1,q,A,]B — (AO’Al)l,l,A,IB%' Hence, if a € (AO’Al)l,q,A,B and

a =Y p_,ak, using that (Ao, Al)l‘]1 Ap 1S @ norm space, we obtain

n
H H (Ao, Al < Z Hak” (Ao, Al S ; |’ak||(A07A1){:§A,]B ’
Taking the infimum over all finite decompositions a = Y ;_; a; of a in

(A()?Al){,q,A,IB? it follows that

lall a0, , < lla HA RS

1,q,A,B
In particular, we get that ||| ¥ is not only a semi-norm but a norm
(A A )1 ,q,AB
and that
J # J
(A0, 40 405) " = (Ao, A0)] 1 a5 (4.2)

In order to establish the converse embedding, take any v € AgN A; and
let 6% be the Kronecker delta. For any k € Z, using the J-representation
_ k
U=y 0y u, we obtain

m=—oo ~m

< 27kpA(20) 0B (2F) T (2% ).

Il gy,

o0

Let now a € (Ao,Al){l Ap and take any J-representation a =) >

of a. The previous estimate yields that

M M
#
E u < E u 7.0
m:NH m||(A°’A1)i]I;>,A,B m:NH mH(AO’Al)l’q’A’B

M
<) 2P (27) T (27 ).
m=N

Um

18



#
It follows that the series > >°_ _ w,, is convergent in ((Ao,Al)lJ,q’ A,B) :

m=—0oQ
The sum of the series should be also a because of the embedding (4.2).
Therefore,

(o]
# < #
lallfyyapzo,, S 2 Mumllfy 00
m=—o0
o0
<) 2R @M (2™ T (27, u).

m=—0oQ

This yields the embedding

#
(Ao, Al){,l,A,E - ((Ao, Al)iwm)
and completes the proof. O

Next we show the corresponding result for K-spaces.

Theorem 4.2. Let A = (Ag, A1) be a Banach couple. Let A = (g, o)
and 0 < g < 1 such that ag +1/q < 0. Then we have:

(i) if aco +1/q >0, (AOaAlﬁq,A = (AO’A1>1,1,A+1/q717

(it) if aoo +1/q =0, (Ao, Al)ﬁq,A = (Ao, Al)1,1,(a0+1/q—1,—1),(0,1/(]—1)’

(iii) if aso + 1/q < 0 and, in addition, A is reqular and § < —1, then
(Ao, ADT 4 = (A0, A1) 1 (00 41/g-1.0):

PROOF. For the case (i), according to Theorem 3.2, Lemma 4.1 and (3.1),
we derive

- #
(Ao, AT, = ((AO’AI){,q,A+1/q)

= (A5, A1 a1/

= (A0N7A1N)1,1,A+1/q71 = (A07A1)1,1,A+1/q71 :

For the case (ii), we proceed similarly but using also Theorem 3.5. We
obtain

#
~ ~ J
(Ao,Al)fqu = ((AOaAl)1,q,(o¢0+1/q,0),(0,1/q))

~ gonJd
= (A7, A7 )1,1,(a0+1/q,0),(0,1/q)
(Ao, A1) 11 (a0 +1/g-1,-1),(0,1/g—1) -
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Finally, in the case (iii), we have, by Theorem 3.2 and Lemma 4.1,

#
~ ~\J
(A(],Al)ﬁqA = ((AﬂvAl )1,q,(ao+1/q,0)>

~ mnd
(A0 AT 1 (a0+1/4,0)

= (A07A1)1,1,(ao+1/q—1,5)'
]

In what follows we assume that A is regular. Then the dual space A;
of A; is continuously embedded in (Ag N A1)’ and so (Af, A}) is a Banach
couple too.

Note that the several instances shown in Theorem 4.2 do not appear
when 0 < 6 < 1. Indeed, it follows from [7, Theorem 3.1] (see also [34,
Corollary 2]) that for 0 < ¢ < 1 and (g, o) € R? we have

(Ao,Al)gf%(ao,%) = (A0, 4151 (g - (4.3)
Equalities (4.1), (4.3) and [19, Theorem 3.1] (or [40, Theorem 2.4]) yield
/
((A07 Al)G,q;(aO,aoo)> = ( E); Aﬁ)ﬁ,o@,(—aoo,—ao) . (44)

Next we proceed to determine the dual of (Ag, A1), , 4 for 0 < ¢ < 1. Our
arguments are based on the previous results of this paper and the duality
theorems for the case ¢ = 1 established by Cobos and Segurado [17].

Theorem 4.3. Let A = (Ag, A1) be a regular Banach couple. Let A =
(g, o) and 0 < q¢ < 1 such that ag+ 1/q < 0. Then for the dual space W
of (Ao, A1)y, we have:

(1) if oo +1/q > 0, then W = (AJ, A’l)lpo’(_%o_l/q,_ao_l/q) ;

(it) if oo +1/q =0, then W = (Aj, A’l)17007(0,_040_1/(1)7(_1/(170);

(iii) if aoo +1/q <0, then W = A\ N (A6,A’1)1,007(_17_a0_1/q).

PROOF. In the case (i), according to (4.1) and Theorem 4.2, we obtain

W= ((AO,Alyléfq,A)/ = ((AoaAl)m,AH/qA),-

The last dual space has been determined in [17, Theorem 5.6] with the result

that W= (A9, A1) 1 06, (~as-1/g,-a0-1/a)"
For the case (ii), applying Theorem 4.2 and [19, Theorem 3.1], we get

!/

W = ((AO?Al)1,1,(a0+1/q—1,—1),(0,1/(]—1))
J

- ( 6’All)1,00,(1,—ao—l/q+1),(—1/q+1,0)'
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We can describe the J-space in terms of the K-functional by using Theorem
3.4. We derive that

W - ( 6’ All)17007(0,—040_1/q)7(_1/Q70) ’

In the last case (iii), take any 6 < —1. Using Theorem 4.2 we obtain

!/
W = ((A()?Al)l,l,(aoJrl/qfl,é))
and, by [17, Theorem 5.10], we get

W = All a ( 67 All)l,oo,(—l,—ao—l/‘I) ’

O

Remark 4.4. The corresponding duality results for (Ag, A1), can be
derived from Theorem 4.3 by using (2.1).

Remark 4.5. Let L, 4.4 ) be the generalized Lorentz-Zygmund (GLZ) space
as defined in [38, Definition 3.3]. We put L, 4a) = Lp.g:am) if B = (0,0).
We write X* for the associate space (see [38, page 396]) of the GLZ space
X. Then, by [38, Theorems 6.6 (ii) and 3.8],if 0 < ¢ < 1 and o + 1/q <
0 < oo +1/¢q, we have

(L(cogia))™ = L(1,00,-a-1/q) -

Moreover (cf., e.g., [24, Lemma 8.3] and [38, Theorem 3.8]),

Lioo,gn) = (L1, Loo)1,q,a 5

and
L(l,oo;—A—l/q) = (L17L00)0,oo,—A—1/q:(LoovLl)l,oo,(—ozoo—l/q,—oao—l/q)
= (LT7Lzo)l,oo,(—aoo—l/q,—ao—l/q)-
Consequently,

((leLOO)l,q,A) :( >{7L?;o)1,00,(70400fl/q,fozofl/q)a

which corresponds to the result on dual spaces in Theorem 4.3 (i) provided
that Ag = Ly and A; = Lo if we disregard the fact that (L1, L) is not a
regular couple.

Similarly, such a correspondence can be verified in the remaining cases
of Theorem 4.3.
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5. Applications to Function Spaces

Besov spaces with logarithmic smoothness are attracting considerable at-
tention in recent years (see, for example, the papers by Caetano, Gogatishvili
and Opic [5], Cobos and Dominguez [8, 9, 10], Cobos, Dominguez and Triebel
[12] or Cobos, Dominguez and Kiihn [11]). These spaces are very near to
the Lebesgue space L, but they have additional properties than L, due to
their smoothness and their structure of Besov spaces (see, for example, [8,
Theorem 5.1] ). There are two natural ways to introduce them that we
review next.

Let f be a (complex-valued) function on R, let h € R? and 1 < p < oc.
If f belongs to L, the modulus of smoothness of f is defined by

w(f;t)p = sup{[lf(-+h) = FO)l, = [h] <t}

For 0 < ¢ < o0 and —oo < b < o0, the Besov space Bg:g is formed by all
f € L, having a finite quasi-norm

1 , di\ V1
gy = 171, + (| 10 = togeftre )
(see [20, 9, 12]). The case of interest is b > —1/q because if b < —1/¢ then
fol(l —logt)¥dt/t < oo and so Bg:g = L, with equivalence of quasi-norms.
Also B)Y, = L.

Note that Bg;g has zero classical smoothness and logarithmic smoothness
with exponent b. We put ng = Bg:g = L, when b = 0.

Similar spaces may be introduced by following the Fourier analytic ap-
proach as we recall now. Let S and 8’ be the Schwartz space of all (complex-
valued) rapidly decreasing infinitely differentiable functions on R?, and the
space of tempered distributions on RY, respectively. We write F for the
Fourier transform on &’ and F~! for the inverse Fourier transform. Take
wo € S such that

supp @o C {z € R? : |z| < 2} and po(z) = 1 if |z < 1.

For j € Nand x € R? let ;(z) = ¢o(2772) — ¢o(2771x). The sequence
(¢j)720 is a smooth dyadic resolution of unity.

For 1 <p<o00,0<qg<ooandbdeR, the Besov space ngg consists of
all f € &' having a finite quasi-norm
1/q

oo

1l goe = | DI+ [[F @i F )1

J=0

. . _ . . 0
(see [36, 13, 30]). Again if b = 0, we simply write B, .
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Spaces Bg:g and B,?;S are different but they are closely related as it is
shown in [9, Theorem 3.3] and [10, Theorem 3.2]. Duality for these spaces
has been studied in [9, Section 4] for the Banach case 1 < ¢ < co. Next we
consider the quasi-Banach case 0 < ¢ < 1. We start with the spaces Bg;g :

Peetre [39, Example 3.2] showed that if b = 0 then (Bgﬂ)/ = B}?’,oo if
l1<p<oo,1/p+1/p) =1and 0 < ¢ < 1. The corresponding formula for
b # 0 is as follows.

Theorem 5.1. Let 1 <p <oo, 1/p+1/p'=1,0<qg<1 andbeR. Then
0b) _ p0,—b
<Bp7q> - Bp’,oo'

PROOF. Let Hp be the fractional Sobolev space. We recall that (Hp)" = H,*

(see [42, Theorem 2.6.1]). It follows from [13, Theorem 5.3 and Remark 5.4]
0b [

that Bpy = (H, 1,H[})1/27q7(b7b).

Theorem 5.3, we obtain

(B32) = (1), )
b

— 0
— (H.. H 1) — B%
( PP )1 )2,00,(—b,—b) p'y00

Consequently, using (4.4) and again [13,

O]

Next we determine the dual of spaces Bg:g with the help of logarithmic

Lipschitz spaces Lipgég *) studied by Haroske in [27, 28] (see also [22, p.149])

and the references given there.
For 1 < p < oo and a > 0, the space Lipl(,i;g

f € L, having a finite norm

a)

consists of all functions
_ w(f’ t)P
HfHLipz(fg;“) - ||f||Lp + OS<1tlI<)1 <t(1 . logt)oz> '
For s € R, we denote by I the lift operator defined by
If = F Y1 + |z))*/2Ff.

Theorem 5.2. Let 1 <p<oo, 1/p+1/p'=1,0<qg<1andb+1/q> 0.
The space (Bg:g)/ is formed by all f € H;l such that I_1f € Lip;}’;b_l/@.
Moreover

191 gy ~ 115100

PRroOOF. Consider the Banach couple formed by the Sobolev space I/Vp1 and
L,. By [2, Theorem 5.4.12], we get

K(t, [; Wy, Ly) = tK(t™, f5 Lp, W) ~min(L ) [| £l + tw(f,t7)p.
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Take any 7 with 7 + 1/¢ < 0. Using (2.5), we obtain that

Byg = (W, Lp)l,q,(T,b) :

Applying Theorem 4.3 and having in mind that (H,) = H s we derive
that

!
B07b> - (H—,l L ) .
( P p ’ P 1,00,(7{)71/(]77771/(])

On the other hand, since I_q : H;, — H;,H is bijective and bounded, we
have

K(t, fi Hy' Ly) ~ K(t, 11 f; Ly, Wyy) ~min(1,0) [T fll, , +w(I-1f,t)y-
Therefore, using (2.4), we conclude

(K(t,f;Hyl,Lp/)>

t(1 — log t)b+1/a

Hf” BOb /o~ Sup
( p,q) o<t<1

w(I—lfv t)P'
=i fllz,, + sup (t(l “logt)H1/a

= HI—lfHLip;}:;bfl/@ :

For the special case b = 0 we obtain the following.

Corollary 5.3. Let 1 <p<oo, 1/p+1/p' =1 and 0 < ¢ < 1. The space
(Bg’q)/ is formed by all f € Hl;l such that I_1 f € Lz‘pg:;ol/q). Moreover

”f”(B%qy ~ HI_lfHLipS:;l/q) .

Remark 5.4. As follows from Theorem 5.1, the dual of Bg;g does not de-
pend on ¢ for 0 < ¢ < 1. However this is not the case for the space Bg;g.
Moreover, Theorem 5.2 point out a remarkable difference between the dual
of Bg:g in the quasi-Banach case 0 < ¢ < 1 and the dual in the Banach case
1 < g < oo described in [9, Theorem 4.3]: HfH(Bg;Z)/ ~ HI—lfHLip;}*;b*”‘

As one can see, the role of ¢ when 0 < ¢ < 1is in the exponent, —b—1/gq,
of the logarithm in the associated Lipschitz space, while in the Banach case
that exponent has the constant value —b — 1 and ¢ has a role in the second
index, ¢/, of the Lipschitz space.
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6. Applications to Operator Spaces

Let H be a Hilbert space and let L£(H) be the Banach space of all
bounded linear operators acting from H into H. For T € L(H), the singular
numbers of T are defined by

sn(T) = inf{||T" — R|| ;) : R € L(H) with rank R <n}, n € N.

Let So be the subspace of L(H) formed by all compact operators and
for 1 < p < oo let Sy, be the Schatten p-class, formed by all those T' € L(H)

having a finite norm
[e%e) 1/p
_ p
ITls, = (Z ulT) )
n—

(see [25, 29]). The so-called Macaev ideals Str, Seo,1 are defined as the col-
lection of all T'€ L£(H) which have a finite norm

1T, = sup{l—i—logn Zsk nEN},

oo
ITls., = D sa(@)n™
n=1

respectively (see [33, 25, 1, 18]). We have the following continuous embed-
dings

S1—= S = St = Sq = Soc,1 = Soo — L(H).
Here 1 < ¢ < oo and S° stands for the closure in the space S of the set of

all finite rank operators in H. Furthermore, the following duality formulae
hold

(S1)' = L(H) and (Sp) =Sy for 1 <p<oo,1/p+1/p' =1, (6.1)
(Sﬁ)/ = 50071 and (Soo,l)/ = SH,

(see [25, Theorems I11.12.3 and I11.15.2]).
The space Su,1 is a member of the scale

00 1/q
Socqp =T € L(H): ||T||500’q7b = (Z[(l + log n)bsn(T)]qn_1> < 00

n=1

where 0 < g < 00, b+1/¢ > 0if g < oo and b > 0 if ¢ = oo because otherwise
the space is equal to L(H). Theses spaces make sense even for operators
between Banach spaces provided that we replace the singular numbers by
the approximation numbers. They have been studied in [6, 15] among other
papers.
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Associated to Spp we may consider the scale

o n

1/q
SH,q,b == T S L(H) : HTHSH,q,b = <Z[(1 + 10g n)b Sk(T)}qn_1> < 0
n=1 k=1

where b+1/q < 0if ¢ < 0o and b < 0 if ¢ = co because otherwise the space
is just {0}.

All these spaces can be obtained by interpolation between S; and S
by using logarithmic interpolation methods as we show next.

Lemma 6.1. Let 0 < g < o0 and b,n € R.

(i) Ifb+1/g<0<n+1/q and ¢ < o0, or b <0 < n and ¢ = oo, then we
have, with equivalent quasi-norms,

(So0s S1)1,4,(bm) = Stq.b-

(i) If n+1/qg<0<b+1/q and ¢ < oo, orn <0 < b and ¢ = oo, then we
have, with equivalent quasi-norms,

(Sl’ 500)17‘17(77717) = SOO,qJ)‘

PRrROOF. Since S7 — S, and

KT8, 81) =n""> si(T), neN (6.3)
k=1

(see [41, 35, 42]), using (2.4) we obtain

hssingn ~ (] 10 to0t K1)

[e%¢) 1/n 1/q
~ (Z/l (711 — logt)PK (¢, T)]“ff)

n=1"1/(n+1)
e ) n 1/q
~ (Z[(l +1logn)® Sk(T)]qn_1>
n=1 k=1

~ Tl ,, -
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To prove (ii), we use (2.5) obtaining that
1 b dt)
Tl ~ ([ 0+ gt D)
1/q
N <Z/ 1 (1 + log £)P K (¢, T))° dt)
1/q
1—|—logn Zsk )

1/q
~ < [(1+logn) sn(T)]qn1>

.

2
/\

where we have used the generalized Hardy’s inequality established in [16,
Theorem 1.2] for the last equivalence. O

Remark 6.2. Under the assumptions of Lemma 6.1, according to Lemma
2.2, we have

(L(H),51)1,4,(b.) € Soos (51, L(H))1 g () € Soo-
Since S; < Soo — L(H), it is easy to check that
K(t,T;5,L(H)) = K(t,T;51,5), T € Sso
Therefore, under the assumptions on b, ¢,n as in Lemma 6.1, we also have
(L(H), 51)1,,m) = Straps (51, LH))1 g 5) = Foc,g,b-

We close the paper by showing the duality relationships between these
two scales of spaces.

Theorem 6.3. Let 0 < g < oo and b € R with b+ 1/q < 0. Then we have
(i) (St1g8) = Soco0,-b-1/q 0 < g <1,
(ii) (Stigp) = Socqr—b-1 if 1 S q <00, 1/q+1/¢ =1,

(iii) ( ﬁ’w7b>/ = Soo1—b1.

ProOOF. By Lemma 6.1, we know that Stigp = (Sec;S1)1,q,6,0) Hence, if
0 < g < 1, according to (6.1), Theorem 4.3/(i) and Remark 6.2, we obtain

(qu,b)/ = (Sla 'C(H))l,oo,(fl/q,fbfl/q) = Soo,oo,fbfl/q-
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If 1 < ¢ < 00, we proceed similarly but using now [17, Theorem 5.6]. Finally,
if ¢ = oo, we get by [17, Theorem 5.9]

/
(Shioep) = ((SOO’Sl)Cl),oo,(b,l))
= (51, L(H))1,1,(=2,~b—1) = So0,1,~b—1-

Theorem 6.4. Let 0 < g < oo and 0 < b+ 1/q. Then we have
(i) (Soo,gb)’ = Stieo,—b-1/q #f 0 < q <1,
(i) (Soc,gp) = Stig—b—1 if 1 <g<oo, 1/g+1/¢ =1,

(iii) (S3%00p) = Sm1,—b-1-

PRrROOF. For 0 < ¢ < 1, according to Lemma 6.1, Theorem 4.3/(i) and
Remark 6.2, we derive

(Soo,q,b)/ = ((SlaSOO)l,q,(72/q,b)),
= (L(H), 511 00,(—b—1/q,1/q) = STl00,—b—1/g-

The case 1 < g < oo is similar but using [17, Theorem 5.6]. If ¢ = co, by
Lemma 6.1 and [17, Theorem 5.9], we obtain

/
( go,oo,b)/ = <(517 Soo)ioo,(fl,b))
= (‘C(H)v 51)171’(_1,_170) = SH,L—b—l-

O]

Since St = Ste0,—1 and Seo;1 = Soc,1,0, formulae (6.2) follows from
Theorems 6.3 and 6.4.

Remark 6.5. Looking at the statements of Theorems 6.3 and 6.4 one can
see that the exponent of the logarithm depends on ¢ when 0 < ¢ < 1, while
this is not the case for 1 < ¢ < oo.

The dual of the space S 41/, does not belong to the scale of spaces
Stipp- We compute it in the case 0 < ¢ < 1.

Theorem 6.6. Let 0 < ¢ < 1. Then (S q,-1/4) coincides with the collec-
tion of all T € L(H) which have a finite norm

T = sup {(1 +log(1 +logn)) 4 s (T) & € N}.
k=1
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PROOF. Since Sy 4 _1/q = (S1,5)1,4,(~2/q,—1/q)» it follows from Theorem
4.3/(ii) that

(Soo,q,fl/q)/ - (‘C(H)7 Sl)l,oo,(O,l/q),(fl/q,O)'

In order to identify this interpolation space, we observe that K (¢,7; L(H), S1) =
1T\l gy for t = 1. Hence,

sup {t " K (6, T)¢9(t) : t > 1} ~ || Tl oy
Consequently, using (6.3), we derive
HT”(ﬁ(H),51)1,m,(o,1/q),(—1/q,0)

~sup{t 'K (t,T; L(H),S1)e0~Y9(t) : 0 < t < 1}
= sup{K (s,T; S1, L(H))eL™(s) : 1 < 5 < o0}

~ sup {(1 + log(1 + logn))_l/quk(T) in € N}.
k=1
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