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1 INTRODUCTION

It is well accepted that the Burgers equation provides a realistic simplification of the Navier-
Stokes system in Fluid Mechanics. One of the most important common features among
both equations is the presence of a quadratic nonlinear term and a linear diffusion operator.
Some optimal control results associated to the Burgers equation have been obtained in the
literature (see e.g., Glowinski and Lions (1994) and its references). This work concerns
with other type of control problem associated to the Burgers equation: the approximate
controllability for a final observation. To fix ideas, given some positive numbers T, L and
v we consider the following boundary control problem

y(t,0)=0, y(t,L)=u(t), ltE 6,T)

(0, z) = yo(z), z € (0,L)

Ye + YYz — VYzz = 0 in (0 T)X(O,L)
( (1)
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where the control u(t) is assumed to be a function on (0, T') and the initial datum is given.
For the sake of simplicity in the exposition we shall assume that yg € L*(0,L). Other
controllability problems associated to the Burgers equation are also considered (see Remark
1.5). We recall that the approximate controllability property, with final observation in a
Banach space of states, &, of functions defined on (0,L) (e.g. X = C([0,L]) or X =
L?(0,L)) can be stated in the following terms: given a desired state y4 € X and ¢ > 0 find
a control u,(t) such that the solution y(t, -;u.) of (1) corresponding to u = u, satisfies that

(T, 2 we) — yalle < e (2)

In Section 2 we shall prove that this property can not holds under this general statement.
To do that, we shall show that an Obstruction Phenomenon arises due to the presence of
the superlinear term (y?);/2 at the equation. This Obstruction Phenomenon was already
exhibited for the case of semilinear parabolic problems in a series of works: Henry (1978),
Diaz (1991a), (1991b), (1993a), (1994a) and (1994b), Diaz and Ramos (1993), (1994), Ber-
nis, Diaz and Ramos (1995).The results here presented complete and generalize previous
considerations on the Burgers equation made in Diaz (1991a) and (1991b). As an applica-
tion we give a necessary condition for the approximate controllability of the Navier-Stokes

system on a rectangle 0 = (0,L;) x (0,Lz). For I' = {L;} x [0,L,], we consider the
boundary control problem

ye+(y - V)y—vAy=-Vp in (0,T) x

divy=0 in (0,T) x

y=0 on (0,T) x (892\ ) (3)
y=u on (0,T)x T

¥(0,z) = yo(z) on §.

We find a necessary condition on the pressure for the approximate controllability of the
problem (see Theorem 2 and Remark 2). Finally, in Section 3, we study the approxi-
mate controllability of the Burgers problem under suitable constraints on the desired state
va(z). We recall some previous results by El Badia and Ain Seba (1992) and Fursikov
and Imanuvilov (1993b) on the exact controllability for suitable desired states yg. Using
the last of those references we give a LP-approximate controllability for a larger class of
desired states. We conjecture that some sharper results can be found following the ideas
of Diaz (1994b). We start here such a long programme by proving the LP-approximate
controllability for the general quasilinear problem

yi— Ay +divB(y) =uy, in(0,T)x N
y=0 on (0,T) x 90 (4)
¥(0,z) = yo(x) on 2,

where {) denotes an open bounded regular set of RN and w is an open subset of ). Here

B € C(R : R) is assumed to be differentiable at some so € IR and sublinear at the infinity,
i.e. there exists M > 0 such that

B(s)| < c1+cals] forany s€ R, [s| > M. (5)

The remaining parts of the programme introduced in Diaz (1994b) will be developped for
the Burgers problem elsewhere.

fﬁ i 65
Obstruction and Cmr;;;,f’; lability for Burgers Equation

2 OBSTRUCTION FOR THE BURGERS EQUATION

i ion i imate controllability in A =
i | of this section is to show that the approxima
Lr ;)I‘h;) mfm<g;a< ooo ;r X = C([0,L]) can not holds for the Burgers problvem (11)1 To
do(tilat; ’we shall ;rové the existence of an universal obstruction function \:/luch w? iroe~
vide an explicit bound for any element of the attainable ;et Rr = {y(T,v) :
i f controls.
lution of (1)}, where &/ denotes the space 0 '
“ V‘Zessotal.lrtlzr; retfal)l;}ng that the existence and uniqueness of s;)lzﬁ:ons ;prmlE&Zi; ((Il)gtéz;r;
i in di i the results o L and Luc
bt d in different ways. So, for mstanc‘e, . :
l(j:nob(:u;f;plied showing the existence and uniqueness of a weak soluth:hy Gei(p[,(sz}'.
L*(0, L))nLe2((0,T) x (0, L))NLP(0,T : W'?(0, L)) for any p € ['l,oo) with v o Yth'é
W“‘l""(O L)) assumed u € U := WH(0,T). In fact, it is not difficult to show that thi
jon i ch more regular. . o
Som’?}?: :cirsré:nce of the mentioned universal obstruction fun?tzon is a conseqt;ﬁnce o.futﬁz
presence of the superlinear term y¥z = (y*)z/2 at the equation. Such a function wi
built as solution of the following problem

'+ VY.~ Y =0 in (0,T) x (0,L)
}}/’(-:,0) =0, Y(t,L)=+o0, t€(0,T) (6)
Y (0, z) = yo(z), z e (0,L).

THEOREM 1 - e
(i) Problem (6) has a minimal solution ¥ € c([o0,77: L’(O,L-—e)‘)ﬂL”(O,T ' W ?(0,L tc)gs
for anye € (0,L) and foranyl Sp < 00, Moreover, there ezists some positive constan
C1, Cp only dependent on L,v and [lwolloo such that

Y(te) SGr (ﬁ;;—%) + G (1)

(i) Let y(t, - u) be the solution of the associated problem (1). Then
y(t,z;u) < X(t,z) foranyt € [0,T] and a.e. € (0, L)- (8)

e . . :
In particular the approzimate controllability property can not be satisfied in the set of states
X=L10,L), 1 <¢< co.

PROOF. Given n € IN we consider the truncated problem

4 VY, — vYar =0 in (0,T) x (0,L)
5(1 0)=0, Y(tL)=n, te(0,7) 9)
Y(0,z) = yg(z) := min{zo(2), n}, z €(0,L).

The existence and uniqueness of the salution Yy of (9) holds as mentionedlgggo)ge. F;rstohi,:
more, the comparison principle is satisfied (see e.g. Alt and Luckhaus ( an
have

KSY;SSY,,<Y,,+1§ OD(O,T)X(O,L).

In order to construct a global barrier function we define

Wi(z) = Ky(L —z)™® + K2, z€(0,L) (10)
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where K;,a > 0 and K> > 0 will be choosen later. Then
WW, = vWae = aK}(L - )72 4 K1 Kya(L — )™ — va(e + 1) K1 (L — z)~>2

So, making o = 1 we find that

WW, — vWeo = (=20 + KK (L = z)° 4+ K Ko (L — )77 = f(x). (11)
Then, for any n € IN, we have
Yot YYo= vYae =0 S WW. — v, in (0,T) x (0, L)
Ya(t,0) =0 < W(0),” limsup,;,(Ya(t,z)— W(z)) <0, t€ (0,T)
Y2(0, ) < llyollee < W), z €(0,L)
assuming that
K22, K>0  and |yl € KiL7t + K. (12)
In particular, if
Ki=2v  and K22 [llwelle —20L7, (13)

then (12) holds, f € L*=(0,L — ¢), for any ¢ € (0, L), and from the comparison principle
we deduce that Yz (¢,z) < W(z) for any n € IN, ¢t € [0,T) and a.e. z € (0,L). By the
Beppo-Levi Theorem we have that Y(t,-) — Y(t,-) in L?(0,L — ¢€), for any € € (0,L)
and any 1 < p £ oco. Using straightforward arguments it is easy to see that Y is the
minimal solution of problem (6) and that (7) holds. Part (ii) comes from the fact that if u
is a bounded function then choosing ng € IN such that ng > max{||yolce, |[2/lee}, We have
y(t, z;u) < Yi(t,z) for any n 2 no, t € [0,T) and a.e. © € (0,L). Finally, if the desired
state yy(z) is such that y4(z) > W(z) on an open subset of (0, L) then condition (3) fails,
for any u € Y, for any e >0. &

REMARK 1

1. The fact that (1) is not approximately controllable can also be proved by using an
universal integral estimate as obtained in Fursikov and Imanuvilov (1993) by multiplying
the equation by (b—z)"y} (¢, =) with b € (0,L) and n > 5, integrating by parts and applying
Holder and Young inequalities. Such a method was already introduced by A, Bamberger
for the study of superlinear semilinear parabolic equations (see Henry (1978)). ‘A more
sophisticated energy method can also be applied to higher order superlinear parabolic
equations: see Bernis, Difaz and Ramos (195).

2. The obstruction phenomenon also holds for other nonlinear parabolic controls problems
with superlinear terms in the equations such as y; — Ay + Aly|P~'y = 0 (p > 1: superlinear
semilinear equation), y; — Aly|™ 'y = 0 (m > 1: the porous media equation) and y, —
div (|Vy[P~*Vy) =0 (p > 2: Non-Newtonian flows). See Diaz (1991a).

3. The study of boundary value problems blowing-up on a part of the boundary has been
largely considered by many authors: Bieberbach, Rademacher, Keller, P.L.Lions and Lasry,
etc. (see references in Bandle and Marcus (1990), G.Diaz and Letelier (1993) and Bandle,
Diaz and Diaz (1994)).

4. We point out that the conclusion of Theorem 1 holds if u is not bounded (truncate u
and pass to the limit). It also holds for solutions of the non-homogeneous equation

Yo+ Yo — VYzz =f(t,$) - (14)
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and the rest of conditions as indicated in (1), assuming that f € L*((0,T) x (0, L —¢)) for
any € € (0,L) and

ft,z) < My(L - )3 4 My(L —z)™? for any (¢,z) € (0,T) x (0, L) (15)

for some nonnegative constants M, and M.

5 Similar results can. be obtained for other control problems associated to the Burgers
equation. So, for the case in which the control acts on the left boundafry, i.e. y(t,0) =
u(t), y(t,L) =0, t € (0,T) and the rest of conditions of (1) an inequality (analogous to
(8)) holds

-;:— —c Ly(t,z;u) forany t € (0,T), a.e. z € (0, L) (16)

for any bounded function v and for some constants ¢; and ¢;. Analogously, consider the
controllability from the interior problem

Yttt YYz — VYzz = UXuw in (O,T) X (O,L)
y(t,0)=y(t, L)=0, te(0,T) (17)
y(o)m) = y()(m)a T € (01 L))

where w = (, b) is an open subinterval of (0, L) and u € L*(w). An easy application of the
arguments of Theorem 1 shows that

y(t,z;u) < (——1—-— %) +c for any t € [0,T) and a.e. ¢ € (0, a) (18)
a—=

for any u € L?(0, T) x w) and for some constants ¢; and c;. ©

We shall end this section by applying Theorem 1 to the study of the approximate
controllability of the Navier-Stokes system. Such a question was already raised by Lions
(1990) and still remains an open question. Qur contribution will be limited to give a
necessary condition on the pressure assuming that the approximate controllability holds.
For the sake of simplicity in the exposition we shall merely deal with the case of a planar
flow occupying a rectangle 1 = (0, L,) X (0, L) (see problem (3) in the Introduction).
Many other domains and other control problems can be considered analogously.

THEOREM 2 '
Let yo € L®(§)?. Consider € > 0 and ya = (ya1,¥4,2) € L3(Q)? such that there exists
a positively measured subset P of 1 and a constant C 2 {[lyoalles — vLy], such that

"[yl.d(x) —v(L - 13)—1 - c]-{-”L’(P) > €. (19)
Let u = (uy,us) be any control such that ||y (T, ; u) = yalfraap < €. Then necesarily

-gg- (t,z1,T250) > 20C(Ly — .7:1)_2 (20)
I

on some positively measured set M C (0,T) x €.

The proof will use some comparison results between the solution of a Burgers problem (1)
and the first component of the solution of the Navier- Stokes system (4). A first result in
this direction is the following
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LEMMA 1
Let 2 € C2((0,T) x (0, Ly))
) 2 ) y Ly ﬂC([O,T x (0, L d = 3
classical solution of (3). Let z € €([0,T) x ](0,[[11)) 1b)e) siﬁh t!;zs:;mc oty = (o) s o

zy + zz::) - Uz:ncx = f(t Il) J
= 2131 , in (0,T) x (0, L
z2¢0) =0, lim infeqp, z(t,z) > “ul(tx ’)“L"’(I‘)» te (0112)1 ( !

2(0,21) 2 Jlyo,llLeny, z1 € (0, Ly) “
where f € C((0,T) x (0, Ly)) werifies
9p
s _9p .
f(t,z1) > oo (t2n224)  for (42, 2,) € (0,7) x 0 (22)
(the control u = (u1yu2) in (3) is here assumed to be known). Finally, assime that
25 (L71) >0 for any (t,z1) €(0, T) x (0,L;). (23)
Then
2(t, 1) > yy(t, 21, za; u) for anyt € [0, T) and (z1,22) € 0. (24)

PROOF. From (21) and (23) we can assume, without
to € (0,T] and (T 20,2) € Q such that

[;;—;Eﬁ(yl(ta 1, 22) = 2(t,21)) = Yy (to, 710, 220) — 2(t,x1,0) > 0
(otherwise (24) holds). Define w(t, Ty, z,) 1= v1(t, z1,22) — 2(¢, ;). Then
%

To1, To2) = 0,

91 0z
E (io,.’):o,bzo.z) = B (to,z01) >0 and gﬁ (to,
(i.e Ayi(to, x ]

1(to, Zo1,Z0,2) < 2, (to, zo,1))

Aw(to, zo,1, 0,2) < 0
and

‘U)t(to, I1,0, :1:2‘0) Z 0.
On the other hand

Wt = =NY1,5 = Yolho, + vAy, — Vzzyzy — Pz — f + 22,
.
Thus

wy(to,zo,1, To,2) < —w(tg,

- 0,1, T0,2)2z, (to, Z01) < 0
which is a contradiction. a

A more general result. obtaj i
. , ined by replacin
fmd va.hfi for bounded weak solutions of the N
introducing an artificial constant

LEMMA 2
Let z€ C(10,T) : L*(0,L,)) n 130, T : 1

ative function satisfying

g (23) by a nonnegativeness condition,

. avier-Stokes problem, can be
in the Burgers equation. , proved by

(O, Ll)) N WI'I(O,T N LI(O,Ll))

be a nonneg-

z(ta 0) =0, z(t’ Ll) = ”ul(tv')“[a”(r)v te (O)T)

2(0,21) 2 [lyoflL=(a), zy € (0,L1).

%+ 2220, — wzg,, = f(4, z) in (0,T) x (0, ,)
} (25)

loss of generality, that there exists

Obstruction and Co;x-a""‘ llability for Burgers Equation 69
Letu € U C L=((0,T) x T')? be given such that (3) has a unique bounded weak solution
¥(t,5u) = (1t 0), Ua(t, 4 ) of pressure p = p(t, -1u). Assume f € L((0,T) x (0, L))
satisfying (22). Then

z(t,z1) 2 yi(t,z1, 721 u)  for any t € [0,T] and a.e. (z1,22) € Q.

PROOF. We start by noting that from the incompressibility condition divy = 0 we
deduce that

1
(y N v)yl = 1Y,z + Y21,z = (5]/12)3 + (y1y2)xa —NY2,z;
1

1 : .
= (Eyf) + (h1y2)z, + Yz = le(yf, Y1¥2).
£
Then

z+div (2f,¥22) —vAz >yt div (], 9231) — vAu in (0,
ey on (0
2(0,-) 2 ni(0,°) on

Finally the comparison theorem of Diaz and de Thelin (1994) (see Theorem 3) can be
applied since the function K : (0,T) x @ x R — IR? defined by K(t,z1,z,,7) =
(r?, ya(¢, 71, T2)r) generates a locally Lipschitz functional on LY() for any fixed ¢ € [0, T).
u

PROOF of THEOREM 2. Assume, by contrary, that —p,, (¢, 1,2, : u) < 2v(L; —
z)72 a.e. on (0,T) x Q. Taking 2(¢,z1) = v(L; — z)~! + C and arguing as in Theorem 1
it is easy to see that Lemma 2 can be applied on (0,L; — §) for any § > 0 small enough.
In consequence we have yy(t,z1,zq;u) < 2(¢,z;) for any ¢t € [0,7) and a.e. (z1,72) € &-
Therefore

ly(T,-1u) = yalluzay 2 §ui(T, 5 u) — yrallLaq)

> [yx(T;'i u) - y1,d]+ |[L2(P) + || (11,4 — vi(T, 4 U)]+ ”L’(P)
2 || [pre —v(L =2y = O]l > &

which is a contradiction. B

REMARK 2

Roughly speaking Theorem 2 says that if ya,1(z1,2) is big enough near the boundary
z; = 0 then necessarily p, (¢, 71, z2) must be “very negative” on some part of (0,T) x Q.
Notice that although we do not know if this is our case, there are many explicit solutions
of the Navier-Stokes system on special domains having p;, = 0 for some i and that this
would contradict the necessary condition for the approximate controllability. o
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3 SOME CONTROLLABILITY RESULTS: THE

BURGERS EQUATION AND A RELATED
QUASILINEAR EQUATION

Al i
ot hotll:lozill;the otl?sl'iructlon Phenfnmt.anon shows that the approximate controllability can
oo u, € partial results in this direction can be obtained. So, El Badia and Ain Seb
S¢ some variants of the Hopf-Cole transformation ® to prove the exact contro(:l:-.

blhty Of prOblems (1) a.nd 1; Whel t e (leSl 'E(l tate l)el()] s to the ra; St() med se
h
( ) S Ya g h n T

set associated to the Bur i i i
o tainable s gers equation. Th
lse: ;8 f::; ]taf;eaf:;fulla;wn g;vtel? 111; (1) says the following: Let y, € H(0 L;l;i;;];::s::;
I , olution of the Burgers equation satisfying § 1
z . g §(¢,0) = 0 for ¢
r‘1:/[‘(151(;;)thel:yo(:z:)' on (0,L) but without any prescription at z = [,. l%eﬁne ::(I)E'(:Ou?(}a;)d
e y*”:l eilsZsa5od> 0 sutchlthat for any & € (0, 4y) there exists vy € Hl(.O :Z) v:rith'
; Yollat =0 and a control u € C(0,T) such that if y* i io
asso\;ftttgi;o lt1h<la data y3 and u then v (T, a:))= (T z)aorif(g ([3 7) i the solution of W
i e help of the above result , roxi
tertum for & lasgr o 2 dGSirecels:tat:: can prove a LP-approximate controllability cri-
PROPOSITION 1

Let yo € L*™(0,L) and let 7
L) Ya(-) = §(T,-) where g €C([0,T]: L*>(0.1)) ; 1
c:;:fhil:le ﬁt:rg;rs eq:c(z)tz;ln satis:fying §(t,0) =0 fort (0, fZ[') ar{d g(O,(:u,) i)y:s'(;)ni:%utgn
e ) ye ere ezists a control u € C(0,T) such that foranyp 1<p< ooj wt;

ly (T, w) - Yalltrory < €

Ptl}}OOF. By regularizing yo we can find % € H!
other hand, by applying the T-accretiveness of the operator —y, +Y¥z on L®(0, L) (i.e. b

s+ YUz \ .e. by

a N . !
generalization of the classical maximum principle, see, e.g. Benilan (1981)) we know that

if yi(t,z), i = 1,2, are solutions of ;
of problem (1) associat initi
L*(0,L)) and to the same boundary datum(u)(t) th::-\:: ;Z\f:e roial date voi(e) (o €

(0, L) such that lvo=Folleo < €/2. On the

lya (2, ) = (2, Moo < Nyoa(-) — Y02() [l oo (26)

f-or any ¢t € [0, T]. Let now ¥(t, ) be the solution of the Bur

Yo and boundary conditions (¢, 0)=0, 7(t,L) = §(

(26) we bave 506 ) ~ 5t Y] < e/ for any ¢ ¢ |

s .

a_m; ;.O\é zglld(olnze;nu?/tl:lov“UQQS‘l‘)) we ded.uce the existence of a control function 1 €C(0,T)

0 a;SOCiatEd ,to uw; y ”3{0 =~ Yol _<_‘ min(6o/2,&/2) such that if ¥*(t,z) is the solutiox’1 of

ol ociates ‘nd yg we have y*(T, z) = 9(T,z) on (0,L). Finally, if (tyzju) is th
of (1) associated to u(t) and yo(z), by virtue of (26) we have s e

gers equation for initial datum
t,L) for t € (0, T). Thus, by virtue of
0,T). Now, by the mentioned result by

N7, ) ~ ve( Yoo < l1y(T, ) - 5T, Weo +115(T, ) = y*(T, ) loo

+”y‘(T1 ) *ﬂ(T, )”oe < 5/2 + min(60/2,6/2) <e. @
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Notice that if we define the class of functions
Y:={wel((0,L): w(z) <Y(T,z) foranyze€ (0,L)}

where Y is the universal obstruction function given in Theorem 1 then, arguing as in the
proof of Theorem 1, it is clear that the desired state y4 considered in Proposition 1 satisfies
that ¥4 € V. Notice also that part (ii) of Theorem 1 proves that if, for instance, we know
that y¢ € C(0, L) satisfies the C%-approximate controllability property then, necessarily,
yd € V. In fact, we conjecture that this necessary condition is also sufficient. Such type of
results was obtained in the case of superlinear semilinear problems in Diaz (1994b). The
proof there was established in two different steps: a) truncation of the nonlinear term and
application of approximate controllability results for sublinear semilinear equations, and
b) obtention of a priori estimates on the control (associated to the truncated problem)
independent of the truncation value n € IN.

A first difficulty to apply such a programme for the case of the Burgers equation is that,
as far as we know, there is not any controllability result for the associated sublinear case
available in the literature. Due to that, we shall start here the mentioned programme by
considering the question of the L?-approximate controllability for a general class of quasi-
linear parabolic problems including the case mentioned above. For the sake of simplicity
in the exposition we replace the boundary controllability considered in (1) for an internal
controllability formulation. More precisely, let  be an open bounded regular set of RN
and w be an open subset of 2. Given yo € L%(f)) we consider the control problem (4)
mentioned in the Introduction.

The existence of a solution y € C([0, T] : L?(f2)) (when the control u € L*((0, T) x w)
is given) can be obtained by different methods (see e.g. Alt and Luckhaus (1983)). The
uniqueness of solutions is a more delicate question. It was established under the additional
assumption

B € C®(IR : IRM), (the space of Holder continuous functions), and a > %

by several authors: Alt and Luckhaus, Artola, Chipot and Rodrigues, Gagneux and Guerfi,
Diaz and de Thelin (see references in Diaz and de Telin (1994)). More recently, the unique-
ness of the solution has been established for merely continuous functions by Gagneux and
Madaune-Tort (1994) using previous ideas introduced by Carrillo (1986) for the elliptic
case. Concerning the approximate controllability we have

THEOREM 3
Under condition (5) on B problem (4) is approzimately controllable in L2(S1).

As usual, we shall prove Theorem 3 through a fixed point argument applied to an
operator associated to a linearised problem. So we consider, previously, the following

problem
ye— L(t)y =ux, in(0,T) x N

y= 0 on (O, T) X 69 (27)
¥(0,z) = yo on §)
where
L(t)y = Oy — div (b(¢,")y) (28)

assuming (for simplicity) b € L=((0, T) xQ2). The existence and uniqueness of the solutions
y €C([0,T]: L*(Q))NL?(0,T : HY(R)), for a given data yo € L*(R) and v € L*((0,T) xw)
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can be obtained, for instance, by applying the theory of abstract operators .A(t) such that
A(t) + Al are maximal monotone operators on L?(f2) for some A > 0 and a.e. t € (0,T)

(seee.g. Brezis (1973)). Wepoint out that, in general, A cannot be takenas A =0if b # 0
(see Lemma 8.4. of Gilbarg and Trudinger (1977)).
PROPOSITION 2

When u spans L?((0, T) xw), y(T,-;v) spans an affine subspace which is dense in L?(Q2).

PROOF. We follows the arguments of Lions (1968). Without loss of generality we can
assume that yo = 0. Let ¢o € L?(2) such that

/‘;y(T,z; u)po(z)dz =0 for any u € L%((0,T) x w). (29)

Let £* be the formal adjoint operator of £, i.e. L*(t) = Ap + b(t,-) - Vi (see Gilbarg
and Trudinger (1977) p. 172). Define ¢ as the solution to the backwards problem

o~ L () =0 in (0,T) x 0 .
0=0 on (0, T) x 89 . (30)
@(T,z) = po(z) on Q. :

Applying Green’s formula we get

/ny(T, z; u)po(z)dz =_/0TA<p(t,z)u(t,z)dmdt. (31)

Therefore (29) implies that ¢ = 0in (0,T) x w. Finally, applying the unique continuation
property (see Corollary 1.2 of Saut and Scheurer (1987), valid for non necessarily selfadjoint

operators) we conclude that ¢ = 0 in (0,T) x § and the conclusion holds by the Hahn-
Banach theorem. &

In order to consider the nonlinear problem (4) we shall need more information on the
application yq + u (for a fixed € > 0) found in Proposition 2. In fact this is a multivalued
map since it is easy to see that there are infinitely many u € L?((0, T') x ) satisfying

ly(Ty ) = yalliagy < e, (32)

where y(t,;u) denotes the solution of (27). We shall follow now some direct methods
introduced in Lions (1992a), (1992b) and later generalized and improved in Fabré, Puel
and Zuazua (1992a), (1992b) leading to the existence of “quasi bang-bang controls”. The
results of thislast reference can be modified easily to our context although in the mentioned
work it is always assumed that £* = £ = A. Given ¢, € L*(Q) we define the functional

Tleo) =3 ( [ W(t,z)wzdt)“ +ellpollae) = [ ve(e)po(a)ds,

Following Fabré, Puel and Zuazua (1992b) this functional is continuous from L?({) into
IR, strictly convex and satisfies the coerciveness condition

. T (o) >e

imin >
"’v’u"—oo “900“2
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(this last condition is proved from the unique continuation property obtained in Saut and
Scheurer (1987)). Therefore there is a unique 1, € L?*(Q2) such that

J @)= min_ J(°). (33)

wo€el3(N)

It is easy to see that, in fact, o =0 iff llvall. < e By studying the associated Euler-
Lagrange (multivalued) equation it is proved the following result.

PROPOSITION 3 )

Let vo be the solution of (33) and let W(t,z) be the solution of (30) associated to g = tho-
Then there ezists v € sign ($)xw such that the control u 1= (1 lLiqoiryxw))v leads to a
solution y(t, ) of (27) such that ly(T,5u) —yall L €.

REMARK 3
The operator £ defined in (28) can be taken, more generally, of the form

N
L(t)y = zN: (%‘ (aij(i,z)-:%) +§£;(bi(t1$)y) (3¢)

ia=1

with ai; € CH((0,T) x Q) satisfying

sl 2)66 > oz OlP,  V(ha) € (0,T) x 2, Ve € BY

ij=1

for some a(z,t) > 0 and b = (b1, ..., bn) € L®((0,T) x Q). We point out that in Glowinski
and Lions (1994) the nondivergential form operator

Nod dy
Ly= 2, Er (‘lij(m)'@) + Vo Vy (35)

i,g=1
was considered under the assumption Vo € L>>(Q) and div V=0 on Q. Notice.tha.t un-
der this assumption the operator can be written as in (34) (use tk}at div (Voy) = div Voy+
Vg-Vy). Finally, we point out that if b is a W' (Q)N function, independent on t, then the
result of Lin (1991) allows to know that the set {(t,z) : %(t,2) =0, 1 solution of (30)}
has zero Lebesgue measure and so the controls u, in Proposition 2, are of type bang-bang.

o

PROOF of THEOREM 3. Let us assume that B is differentiable at s = 0. The
case sp # 0 can be easily treated by an homogeneization argument. Define the function

g: R—RNby

o(s) = 28 :B(O) if s # 0 and g(0) = B'(0).

From the regularity of B and (5) it is clear that g € C(R : RN) N L=(R : RN). Given
z € L}(0,T) x Q), we define b = —g(2) € L*((0,T) x Q) and so, by Proposition 2,
the associated linear problem (27) is approximately controllable. More precisely, given
yd € L*(Q) and € > 0 let u(z) be the control and y*(¢, -; 2) the solution of (27) mentioned
in Proposition 3. Define now the nonlinear mapping A : L*(Q) — P(L*(Q)) by A(z) =
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{y?(t, -ju(2)) for some u(z) € Illhsign(s)x}. Notice that A can be multivalued since the
uniqueness of u(z) is not assured. It is easy to see that any fixed point of A allow us to
o.btam the conclusion of the theorem. In order to apply the Kakutani fixed point theorem
(in the2weak form given in Aubin (1984)) we need to check the following conditions: (i)
Vz € L ((0,T) x (1), the set A(2) is non-empty, convex and compact in L?((0, T") x Q). (ii)
A(z) is upper hemi-continuous. The proof of both properties can be obtained, by ada;;tin
the arguments of Fabré, Puel and Zuazua (1992b). The convexity of A(z)isa consequenci
of thc? lme‘a.rity of (27) and the convexity of the set {veL3((0,T)xN): v e sign(y)xw}. As
g(z) ls2un1f0rmly bounded in L=((0, T") x 2) we can prove the existence of a compact su'bset
K c L%((0,T) x Q) such that A(z) C K for any = € L*((0,T) x Q). To prove this we first
ngtlce that_{y‘(~,-',z)} and {y;(-,; z)} remain uniformly bounded in L*(0,T : HY()) and
L?(0,T: H '(f2)) respectively when z runs L?((0,T) x ) (this can be obtained m?.xltiplyin
by ¥*(2), integrating by parts and applying the coerciveness of £()). Then by well-knowg
results (s.ee e.g. Corollary 4 of Simon (1987)), we conclude that {v( z,)} is relativel
compact in L((0, T) x2). Choosing as K the closure of this set in L2((O1 ’.;") x ¢
fogroierty (i) ii reduced to show that A(z) is a closed set. This is ,
Iiculty using that the multivalued (maximal monotone) graph s; n(-)is s -

closed, the coerciveness of L(t) and the compactness of 2hge ('?reengoégrato:r:.:sgolé:;:zkg
(27). The proof of (ii) follows as in Fabré, Puel and Zuazua (1992b) once that we alread
know the compactness of the set X and the continuity of function g. = d
REMARK 4

Theorem 3 can be improved in several directio i
) ns. First of all, following closely the
arguments of Fabré, Puel and Zuazua (1992b), the approximate c’ontrollabilit_y property

can be also obtained on the spaces LP(Q2), 1 £ p < co, and C°(8). On the other hand, the

approximate cont ili i i i
oxf)lzhe e controllability can be obtained for a more general class of nonlinear equations

) the proof
proved without any

ye— Ay +div (B(y)) + f(y) = uXe
assuming B as before and f be a continuous real function, differentiable at some s; € R
and sublinear at the infinity. g
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