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A B S T R A C T

This paper analyzes the dynamics of a level-dependent quasi-birth–death process  = {(𝐼(𝑡),
𝐽 (𝑡)) ∶ 𝑡 ≥ 0}, i.e., a bi-variate Markov chain defined on the countable state space ∪∞

𝑖=0𝑙(𝑖)
with 𝑙(𝑖) = {(𝑖, 𝑗) ∶ 𝑗 ∈ {0,… ,𝑀𝑖}}, for integers 𝑀𝑖 ∈ N0 and 𝑖 ∈ N0, which has the
special property that its 𝑞-matrix has a block-tridiagonal form. Under the assumption that
the first passage to the subset 𝑙(0) occurs in a finite time with certainty, we characterize the
probability law of (𝜏max, 𝐼max, 𝐽 (𝜏max)), where 𝐼max is the running maximum level attained by
process  before its first visit to states in 𝑙(0), 𝜏max is the first time that the level process
{𝐼(𝑡) ∶ 𝑡 ≥ 0} reaches the running maximum 𝐼max, and 𝐽 (𝜏max) is the phase at time 𝜏max. Our
methods rely on the use of restricted Laplace–Stieltjes transforms of 𝜏max on the set of sample
paths {𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗}, and related processes under taboo of certain subsets of states. The
utility of the resulting computational algorithms is demonstrated in two epidemic models: the
SIS model for horizontally and vertically transmitted diseases; and the SIR model with constant
population size.

1. Introduction

In this work, we are interested in continuous-time Markov chains  = {(𝐼(𝑡), 𝐽 (𝑡)) ∶ 𝑡 ≥ 0} defined on a countable state space
, which we partition as ∪∞

𝑖=0𝑙(𝑖) with subsets 𝑙(𝑖) = {(𝑖, 𝑗) ∶ 𝑗 ∈ {0,… ,𝑀𝑖}}, for integers 𝑀𝑖 ∈ N0 and 𝑖 ∈ N0. The 𝑞-matrix of  is
assumed to be conservative and irreducible, and exhibits the structured form

𝑄 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑄0,0 𝑄0,1
𝑄1,0 𝑄1,1 𝑄1,2

⋱ ⋱ ⋱
𝑄𝑖,𝑖−1 𝑄𝑖,𝑖 𝑄𝑖,𝑖+1

⋱ ⋱ ⋱

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (1)

where the sub-matrices 𝑄𝑖,𝑖′ have entries 𝑞(𝑖,𝑗),(𝑖′ ,𝑗′), for pairs (𝑖, 𝑗) with 𝑖 ∈ N0 and 𝑗 ∈ {0,… ,𝑀𝑖}, and (𝑖′, 𝑗′) with 𝑖′ ∈ {max{0, 𝑖 −
1}, 𝑖, 𝑖 + 1} and 𝑗′ ∈ {0,… ,𝑀𝑖′}. This means that process  can move in one step from state (𝑖, 𝑗), for 𝑖 ∈ N0 and 𝑗 ∈ {0,… ,𝑀𝑖},
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to state (𝑖′, 𝑗′) only if |𝑖′ − 𝑖| ≤ 1 and 𝑗′ ∈ {0,… ,𝑀𝑖′}, and, consequently, the values of 𝐼(𝑡) can only change by −1, 0 and 1
nits at jump times of  . Process  is commonly referred to as a level-dependent quasi-birth–death (LD-QBD) process, with the
irst variable 𝐼(𝑡) termed the level, and the second one 𝐽 (𝑡) the phase; for convenience, we also refer to the subset 𝑙(𝑖) as the 𝑖th
evel. Markov chains with LD-QBD structure can be thought of as the natural generalization of the uni-variate birth–death process
see, e.g., Anderson [1, Chapter 8]), competition processes (Reuter [2]) and related models, including prey–predator processes
Hitchcock [3]; Ridle-Rowe [4]), two-species competition processes (Gómez-Corral and López García [5]; Ridler-Rowe [6]), and
irth/birth–death processes with biological applications (Ho et al. [7]). In the multi-variate setting, the multi-variate competition
rocess of Iglehart [8], including a variety of birth–death processes on the 𝑚-orthant (Anderson [1]; Bharucha-Reid [9]; Jonckheere
nd Shneer [10]), may be easily formulated as a bi-variate LD-QBD process by defining the sum of all components of a point as the
evel variable. This means that points (𝑖1,… , 𝑖𝑚) ∈ N𝑚0 with 𝑖1 +⋯+ 𝑖𝑚 = 𝑖 define level 𝑙(𝑖), and jumps of process  amount to either

the birth or the death of an individual affecting a single component, or the mutation of an individual moving from one coordinate
to another one.

LD-QBD processes have been extensively investigated by several researchers, among whom are Baumann and Sandmann [11,12],
Bright and Taylor [13], Phung-Duc et al. [14], and Takine [15]. Readers are also referred to Chapter 12 of Latouche and
Ramaswami [16], the overviews of Bright and Taylor [17], and Kharoufeh [18], and references therein. The focus in these references
is mainly on the stationary vector of a regular process  and its expression in terms of rate matrices {𝑅𝑖 ∶ 𝑖 ∈ N0}, where 𝑅𝑖 consists
of expected rates of visit to state (𝑖 + 1, 𝑗′) in level 𝑙(𝑖 + 1) per unit of the local time of 𝑙(𝑖) spent in state (𝑖, 𝑗). To be concrete,
he solution of Bright and Taylor [13] is developed as an extension of previous matrix-geometric methods of Neuts [19] and the
ogarithmic reduction solution in Ref. [20] – which are both related to a level-independent QBD process, where 𝑄𝑖,𝑖−1 = 𝑄2, for
∈ {2, 3,…}, and 𝑄𝑖,𝑖 = 𝑄1 and 𝑄𝑖,𝑖+1 = 𝑄0, for 𝑖 ∈ N – for the level-dependent case. From the probabilistic interpretation of 𝑅𝑖 and a

suitable continued fraction representation, Phung-Duc et al. [14] provide a novel algorithmic procedure to evaluate the underlying
rate matrices, which is found to be more efficient than that in Ref. [13]; for a related work, see Baumann and Sandmann [11].
In Ref. [12], Baumann and Sandmann present a matrix-analytic solution for numerically computing stationary expectations for
long-run averages of additive functionals, such as long-run average costs and reward rates, without at first computing the stationary
vector of  . To the best of our knowledge, a complete explicit description of the rate matrices {𝑅𝑖 ∶ 𝑖 ∈ N0} has appeared in the
literature only for level-independent QBD processes where 𝑄0 or 𝑄2 are of rank 1 (Ramaswami and Latouche [21]); for a specific
class of level-independent QBD processes, see also the closed-form solution of van Leeuwaarden and Winands [22], which reduces
to counting lattice paths in the transition diagram from the time the process leaves a certain level until its first return to this level.
The approach of Baumann [23] (see also Baumann and Sandmann [12]) for LD-QBD processes relies on truncating the state space
 at a suitably selected level 𝑙(𝑁), which results in inevitable errors for which lower and upper bounds on stationary expectations
are efficiently computed; see Ref. [23, Section 4]. Rastpour et al. [24] propose a novel method to calculate lower and upper bounds
of the rate matrices of a LD-QBD process. The approach in Ref. [24] allows the truncation level 𝑁 to be endogenously selected to
ensure that, for performance measures that can be expressed as stationary probabilities, the calculated values are within the desired
error tolerance relative to the actual values. QBD processes on a finite state space have been extensively studied in the literature,
specifically in Refs. [25–29], among others. In the setting of LD-QBD processes with an explosive state space (i.e., as the cardinality
1 + 𝑀𝑖 of level 𝑙(𝑖) increases exponentially with 𝑖), Takine [15] presents approximation techniques for computing performance
measures. For the analysis of quasi-stationary regime, see the work of Bean et al. [30], and Ramaswami and Taylor [31].

In this paper, the focus is on the extreme values of the LD-QBD process  before the first entrance to states in 𝑙(0), and hitting
probabilities of the underlying phase process {𝐽 (𝑡) ∶ 𝑡 ≥ 0} as the maximum level of  is visited for the first time. A first motivation
to study extreme values and related hitting probabilities in a LD-QBD process comes from applications. For instance, the structured
form of the 𝑞-matrix in (1) is often obtained directly in the case of retrial queues (Artalejo and Gómez-Corral [32]), in such a way
that the length of a busy period is equivalent to the time to reach level 𝑙(0) in a suitably defined LD-QBD process; for a variety of
retrial queues, see the papers by Dayar and Orhan [33], Jeganathan et al. [34], Liu and Zhao [35], Phung-Duc and Kawanishi [36],
Phung-Duc [37], Sanga and Charan [38], and Saravanan et al. [39], among others. We shall demonstrate here that our approach
(Section 2) does not need to exploit further properties of the retrial queue under consideration, except for the specific expressions
of sub-matrices 𝑄𝑖,𝑖′ , for 𝑖 ∈ N0 and 𝑖′ ∈ {max{0, 𝑖 − 1}, 𝑖, 𝑖 + 1}, in Eq. (1) defining the model. This is also applicable to queueing
models with impatient customers and flexible matching mechanism (Chai et al. [40]). In epidemics (Baumann and Sandmann [41];
Lefèvre and Simon [42]), the first visit of  to level 𝑙(0) usually amounts to the duration of an outbreak, and the maximum level of
 and the state of {𝐽 (𝑡) ∶ 𝑡 ≥ 0} at the first access to 𝑙(0) are related to the maximum number of simultaneously infected hosts during
the outbreak and the state of the population at the peak of infection, respectively. As in the case of retrial queues, our approach
(Section 2) should be seen to be a unified procedure in the analysis of epidemic models at the first time of maximum incidence of the
pathogen, including multi-strain models (Chalub et al. [43]), stochastic chemical kinetics (Dayar et al. [44]), gene family evolution
(Diao et al. [45]), resource-limited environments (Gómez-Corral et al. [46]), and recurrence in tumors (Santana et al. [47]).

As a second motivation, let us recall that extreme values of the LD-QBD process  in (1) are analyzed by Mandjes and Taylor [48]
(see also Javier and Fralix [49]) in terms of the running maximum level 𝐼(𝑇 ) = sup{𝐼(𝑡) ∶ 𝑡 ∈ [0, 𝑇 ]} attained by  at an independent
exponentially distributed time 𝑇 and, via Erlangization, at a predetermined time 𝑇 ; for a related work in retrial queues, see Gómez-
Corral and López García [50]. We shall complement here the work of Mandjes and Taylor [48] by characterizing the running
maximum level of a LD-QBD process at time 𝑇 that amounts to the first time process  makes a transition to states contained in
𝑙(0), and a detailed description of the phase process {𝐽 (𝑡) ∶ 𝑡 ≥ 0} as the running maximum is first attained. Interested readers in
212

seeing a simpler description in epidemic models are referred to Amador et al. [51].
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This paper proceeds as follows. In Section 2, we first introduce the basic notation for first-passage times of process  , and give
he formal definition of extreme value and phase as the maximum level is first attained. The distributional properties of the first
ime to reach the maximum level are analyzed in terms of taboo Laplace–Stieltjes transforms of certain suitably defined first-passage
imes (Section 2.2), and the probability law of the maximum level visited by process  (Section 2.3). In Section 3, the computational

approach is exemplified with two epidemic models: the first one is used to illustrate the solution in the case of a LD-QBD process
with infinitely many states (Section 3.1), and the second one to do so in the case of a finite QBD process (Section 3.2). Section 4
concludes the paper with a brief discussion.

2. Extreme values of a LD-QBD process and related hitting probabilities

Throughout this section, the LD-QBD process  is assumed to be regular and we study the dynamics of  before the first visit
to level 𝑙(0), under the assumption that the first passage from any initial state (𝑖0, 𝑗0) ∈  ⧵ 𝑙(0) to level 𝑙(0) occurs in a finite time

ith certainty. This assumption amounts to the fact that the null column vector is the largest non-negative solution bounded above
y 1 to 𝑄∗𝑣 = 0, where 𝑄∗ is the matrix obtained by removing from 𝑄 in (1) the rows and columns corresponding to states in 𝑙(0);
ee Kulkarni [52, Theorem 6.13].

For ease of presentation, we adopt the notation and terminology used in our recent work [28,29,53] and related papers [13,48,
9]. More particularly, we define the first-passage time to level 𝑙(𝑖) as 𝜏𝑙(𝑖) = inf{𝑡 ≥ 0 ∶ 𝐼(𝑡) = 𝑖}, for integers 𝑖 ∈ N0, and we let 𝐼max
enote the running maximum level attained by  before the first entrance into any state in level 𝑙(0), and 𝜏max be the first time to
each the value 𝐼max. As a result, 𝐽 (𝜏max) is the phase variable at time 𝜏max, and 𝐼max = 𝐼(𝜏max).

emark 1. Readers should note that Javier and Fralix [49] analyze the joint probability law of both the state (𝐼(𝑡), 𝐽 (𝑡)) of process
and its associated running maximum level 𝐼(𝑡) at any arbitrary time 𝑡, whereas the state (𝐼max, 𝐽 (𝜏max)) is inherently linked to the

andom time 𝜏max, provided that the entrance of  to any state in level 𝑙(0) is certain.

Therefore, the analytical treatment of (𝜏max, 𝐼max, 𝐽 (𝜏max)) contributes to a better understanding of the dynamics of LD-QBD
rocesses in terms of their running maximum level. Furthermore, it contributes in a differentiated way to the general theory
n structured Markov chains, recently addressed by the authors in the special case of QBD processes with finitely many states
Gómez-Corral and López-García [28]; Gómez-Corral et al. [29]) and infinitely many states (Gómez-Corral et al. [53]).

For later use, we introduce some notation as follows: 0𝑎 and 1𝑎 are the column vectors of order 𝑎 such that all their entries are
qual to 0 and 1, respectively; 𝑒𝑎(𝑏) denotes the column vector of order 𝑎 with its 𝑏th entry equals 1, and 0 elsewhere; 0𝑎×𝑏 and 𝐼𝑎
re the null matrix of dimension 𝑎 × 𝑏 and the identity matrix of order 𝑎, respectively; 𝑇 denotes transposition; and 𝛿𝑎,𝑏 denotes the
ronecker’s delta.

.1. Statement of the problem

Our objective is to characterize the conditional distribution of the random vector (𝜏max, 𝐼max, 𝐽 (𝜏max)), provided that (𝐼(0), 𝐽 (0)) =
𝑖0, 𝑗0), for a predetermined initial state (𝑖0, 𝑗0) ∈  ⧵ 𝑙(0). This distribution can be denoted by 𝑃 (𝜏max, 𝐼max, 𝐽 (𝜏max)|(𝑖0, 𝑗0)) in a concise
anner, and it is related to the probabilities

𝑃
(

(𝜏max, 𝐼max, 𝐽 (𝜏max)) ∈ 𝐴 × {(𝑖, 𝑗)}|
|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
)

,

or subsets 𝐴 ∈ 𝛽[0,∞) and states (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0

𝑙(𝑘), where 𝛽[0,∞) is the Borel 𝜎-algebra on [0,∞). The problem is equivalent
o determine the probability law of 𝜏max on those sample paths of process  satisfying {𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗}, for any state
𝑖, 𝑗) ∈ ∪∞

𝑘=𝑖0
𝑙(𝑘).

To start with, we notice that 𝜏max is a mixed random variable with a point mass at zero on the subset {𝐼max = 𝑖0, 𝐽 (𝜏max) = 𝑗0};
.e., we have that

𝑃
(

𝜏max = 0, 𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗|
|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
)

= 𝛿(𝑖,𝑗),(𝑖0 ,𝑗0)𝑃(𝑖0 ,𝑗0)(𝑖0),

here 𝑃(𝑖0 ,𝑗0)(𝑖) = 𝑃
(

𝐼max = 𝑖|
|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
)

. On the sample paths of  satisfying {𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗}, for states
𝑖, 𝑗) ∈ ∪∞

𝑘=𝑖0+1
𝑙(𝑘), 𝜏max is strictly positive and behaves like a continuous random variable, for which we let 𝑓 (𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) denote its

onditional density for 𝑡 > 0, given that (𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0). For states (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘), we can then characterize the distribution
f 𝜏max from the restricted Laplace–Stieltjes transform

𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) = ∫

∞

0
𝑒−𝜃𝑡𝑓 (𝑡, 𝑖, 𝑗|𝑖0, 𝑗0)𝑑𝑡,

or ℜ(𝜃) ≥ 0, which we may also express as

𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) = 𝐸
[

𝑒−𝜃𝜏max1{𝐼max=𝑖,𝐽 (𝜏max)=𝑗}
|

|

|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
]

,

here 1𝐵 is the indicator function of the subset 𝐵; i.e., 1𝐵(𝜔) = 1 if 𝜔 ∈ 𝐵, and 0 otherwise. As a result, the hitting probabilities
(𝜏max > 0, 𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗|(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)), for states (𝑖, 𝑗) ∈ ∪∞

𝑘=𝑖0+1
𝑙(𝑘), may be directly evaluated as 𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗)|𝜃=0.

It is worth noting that 𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) is inherently linked to the random interval [0, 𝜏𝑙(0)) in such a way that the running maximum
evel 𝐼 = 𝑖 is first attained by process  at time 𝜏 , with 𝜏 < 𝜏 , and the subset of states ∪∞ 𝑙(𝑘) is then avoided during
213
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the interval [𝜏max, 𝜏𝑙(0)). More concretely, the random time 𝜏max on {𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗} is identically distributed to the first-passage
time 𝜏𝑙(𝑖) on {𝐽 (𝜏𝑙(𝑖)) = 𝑗} under the taboo of states in 𝑙(0), which yields the expression

𝑓 (𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) = 𝑔(𝑡, 𝑖, 𝑗|𝑖0, 𝑗0)𝑃(𝑖,𝑗)(𝑖), (2)

where 𝑔(𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) denotes the density of 𝜏𝑙(𝑖) on {𝐽 (𝜏𝑙(𝑖)) = 𝑗} under the taboo of states in 𝑙(0), for 𝑡 > 0. The term 𝑃(𝑖,𝑗)(𝑖) in (2)
guarantees that, provided that (𝐼(𝜏max), 𝐽 (𝜏max)) = (𝑖, 𝑗), the maximum level that  visits during the residual interval [𝜏max, 𝜏𝑙(0)) is
not greater than the level variable at time 𝜏max. Then, the expression for 𝑓 (𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) in (2) follows by applying the strong Markov
property to the stopping time 𝜏(𝑖,𝑗) – defined as the time of visit to state (𝑖, 𝑗) – and the natural filtration.

This has the following immediate consequence.

Lemma 1. For any fixed state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘), the restricted Laplace–Stieltjes transform of 𝜏max on {𝜏max > 0, 𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗} is
determined by

𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) = 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗)𝑃(𝑖,𝑗)(𝑖), (3)

for ℜ(𝜃) ≥ 0, where 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) is defined by ∫ ∞
0 𝑒−𝜃𝑡𝑔(𝑡, 𝑖, 𝑗|𝑖0, 𝑗0)𝑑𝑡.

2.2. Taboo Laplace-Stieltjes transforms of 𝜏𝑙(𝑖)

Lemma 1 tells us how to compute the restricted Laplace–Stieltjes transform 𝜓(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗), for states (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘), from the
taboo Laplace–Stieltjes transform 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) and the marginal distribution of the running maximum level 𝐼max. Here, we show
how one may compute 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) itself. To that end, we first introduce taboo Laplace–Stieltjes transforms 𝜑(𝑖′ ,𝑗′)(𝜃; 𝑖, 𝑗) in a more
general setting by replacing the initial state (𝑖0, 𝑗0) ∈  ⧵ 𝑙(0) by the current state (𝑖′, 𝑗′) of process  at any arbitrary time, for
(𝑖′, 𝑗′) ∈ ∪𝑖−1𝑘=1𝑙(𝑘).

Theorem 1. For any fixed state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘), the column vectors 𝛷𝑖′ (𝜃; 𝑖, 𝑗) = (𝜑(𝑖′ ,𝑗′)(𝜃; 𝑖, 𝑗) ∶ 𝑗′ ∈ {0,… ,𝑀𝑖′}), for integers
𝑖′ ∈ {1,… , 𝑖 − 1}, are uniquely characterized as the solution of the system of linear equations

⎧

⎪

⎨

⎪

⎩

(

𝜃𝐼1+𝑀𝑖′
−𝑄𝑖′ ,𝑖′

)

𝛷𝑖′ (𝜃; 𝑖, 𝑗) = (1 − 𝛿𝑖′ ,1)𝑄𝑖′ ,𝑖′−1𝛷𝑖′−1(𝜃; 𝑖, 𝑗) +𝑄𝑖′ ,𝑖′+1𝛷𝑖′+1(𝜃; 𝑖, 𝑗), 𝑖′ ∈ {1,… , 𝑖 − 2},
(

𝜃𝐼1+𝑀𝑖−1
−𝑄𝑖−1,𝑖−1

)

𝛷𝑖−1(𝜃; 𝑖, 𝑗) = 𝑄𝑖−1,𝑖−2𝛷𝑖−2(𝜃; 𝑖, 𝑗) +𝑄𝑖−1,𝑖𝑒1+𝑀𝑖
(1 + 𝑗).

(4)

Moreover, the column vectors 𝑚(𝑛)
𝑖′ (𝑖, 𝑗) consisting of the 𝑛th moments of 𝜏𝑙(𝑖) on {𝜏𝑙(𝑖) < 𝜏𝑙(0), 𝐽 (𝜏𝑙(𝑖)) = 𝑗}, for 𝑛 ∈ N and integers

𝑖′ ∈ {1,… , 𝑖 − 1}, satisfy
{

−𝑄𝑖′ ,𝑖′𝑚
(𝑛)
𝑖′ (𝑖, 𝑗) = 𝑛𝑚(𝑛−1)

𝑖′ (𝑖, 𝑗) + (1 − 𝛿𝑖,1)𝑄𝑖′ ,𝑖′−1𝑚
(𝑛)
𝑖′−1(𝑖, 𝑗) +𝑄𝑖′ ,𝑖′+1𝑚

(𝑛)
𝑖′+1(𝑖, 𝑗), 𝑖′ ∈ {1,… , 𝑖 − 2},

−𝑄𝑖−1,𝑖−1𝑚
(𝑛)
𝑖−1(𝑖, 𝑗) = 𝑛𝑚(𝑛−1)

𝑖−1 (𝑖, 𝑗) +𝑄𝑖−1,𝑖−2𝑚
(𝑛)
𝑖−2(𝑖, 𝑗),

(5)

with 𝑚(0)
𝑖′ (𝑖, 𝑗) = 𝛷𝑖′ (𝜃; 𝑖, 𝑗)||𝜃=0.

Proof. Let us fix the state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘) and assume that process  jumps from its current state (𝑖′, 𝑗′) ∈ ∪𝑖−1𝑘=1𝑙(𝑘) to state
(𝑖′′, 𝑗′′), which occurs with probability 𝑞−1(𝑖′ ,𝑗′)𝑞(𝑖′ ,𝑗′),(𝑖′′ ,𝑗′′), where 𝑞(𝑖′ ,𝑗′) = −𝑞(𝑖′ ,𝑗′),(𝑖′ ,𝑗′). Then, the conditional distribution of 𝜏𝑙(𝑖) on the
set {𝜏𝑙(𝑖) < 𝜏𝑙(0), 𝐽 (𝜏𝑙(𝑖)) = 𝑗} is identical to the distribution of 𝜂(𝑖′ ,𝑗′) + 𝜏(𝑖′′ ,𝑗′′),(𝑖,𝑗), where 𝜂(𝑖′ ,𝑗′) is the sojourn time in (𝑖′, 𝑗′) – which
s exponentially distributed with mean 𝑞−1(𝑖′ ,𝑗′) – and 𝜏(𝑖′′ ,𝑗′′),(𝑖,𝑗) is the first-passage time to state (𝑖, 𝑗) starting from (𝑖′′, 𝑗′′) under the
aboo of states in the levels 𝑙(0) and 𝑙(𝑖) ⧵ {(𝑖, 𝑗)}. It is clear that 𝜏(𝑖′′ ,𝑗′′),(𝑖,𝑗) = 0 almost surely if 𝑖′ = 𝑖 − 1 and (𝑖′′, 𝑗′′) = (𝑖, 𝑗), and is
trictly positive with density 𝑔(𝑡, 𝑖, 𝑗|𝑖′′, 𝑗′′) for 𝑡 > 0 otherwise. Thus, we have that
i) For states (𝑖′, 𝑗′) ∈ ∪𝑖−2𝑘=1𝑙(𝑘),

𝜑(𝑖′ ,𝑗′)(𝜃; 𝑖, 𝑗) = (1 − 𝛿𝑖′ ,1)
𝑀𝑖′−1
∑

𝑗′′=0

𝑞(𝑖′ ,𝑗′),(𝑖′−1,𝑗′′)
𝜃 + 𝑞(𝑖′ ,𝑗′)

𝜑(𝑖′−1,𝑗′′)(𝜃; 𝑖, 𝑗) +
𝑀𝑖′
∑

𝑗′′=0,𝑗′′≠𝑗′

𝑞(𝑖′ ,𝑗′),(𝑖′ ,𝑗′′)
𝜃 + 𝑞(𝑖′ ,𝑗′)

𝜑(𝑖′ ,𝑗′′)(𝜃; 𝑖, 𝑗)

+
𝑀𝑖′+1
∑

𝑗′′=0

𝑞(𝑖′ ,𝑗′),(𝑖′+1,𝑗′′)
𝜃 + 𝑞(𝑖′ ,𝑗′)

𝜑(𝑖′+1,𝑗′′)(𝜃; 𝑖, 𝑗). (6)

(ii) For states (𝑖′, 𝑗′) ∈ 𝑙(𝑖 − 1),

𝜑(𝑖−1,𝑗′)(𝜃; 𝑖, 𝑗) =
𝑀𝑖−2
∑

𝑗′′=0

𝑞(𝑖−1,𝑗′),(𝑖−2,𝑗′′)
𝜃 + 𝑞(𝑖−1,𝑗′)

𝜑(𝑖−2,𝑗′′)(𝜃; 𝑖, 𝑗) +
𝑀𝑖−1
∑

𝑗′′=0,𝑗′′≠𝑗′

𝑞(𝑖−1,𝑗′),(𝑖−1,𝑗′′)
𝜃 + 𝑞(𝑖−1,𝑗′)

𝜑(𝑖−1,𝑗′′)(𝜃; 𝑖, 𝑗) +
𝑞(𝑖−1,𝑗′),(𝑖,𝑗)
𝜃 + 𝑞(𝑖−1,𝑗′)

. (7)

Straightforward algebra allows us to verify that, by multiplying (6)–(7) by 𝜃 + 𝑞(𝑖′ ,𝑗′) and 𝜃 + 𝑞(𝑖−1,𝑗′), respectively, the matrix
ersions of the resulting equations are (4). Then, Eqs. (5) are derived by taking derivatives in (4) at 𝜃 = 0, and observing that the
olumn vector 𝑚(𝑛)

𝑖′ (𝑖, 𝑗) = (−1)𝑛 𝑑𝑛𝛷𝑖′ (𝜃; 𝑖, 𝑗)∕𝑑𝜃𝑛||𝜃=0 contains the taboo expectations

𝐸
[

𝜏𝑛 1 |

| (𝐼(0), 𝐽 (0)) = (𝑖′, 𝑗′)
]

,

214

𝑙(𝑖) {𝜏𝑙(𝑖)<𝜏𝑙(0) ,𝐽 (𝜏𝑙(𝑖))=𝑗}
|
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for any current state (𝑖′, 𝑗′) ∈ ∪𝑖−1𝑘=1𝑙(𝑘). This completes the proof. □

An important observation is that the equations in (4) (respectively, (5)) become a structured system of linear equations in the
unknowns 𝛷𝑖′ (𝜃; 𝑖, 𝑗) (respectively, 𝑚(𝑛)

𝑖′ (𝑖, 𝑗)) with 𝑖′ ∈ {1,… , 𝑖 − 1}, whence its solution can be evaluated by applying any general-
purpose procedure, such as block Gaussian elimination; see, e.g., Stewart [54]. The solution of (4) and (5) may be then expressed
as

𝛷𝑖′ (𝜃; 𝑖, 𝑗) =
{

𝐻𝑖′ (𝜃; 𝑖, 𝑗)𝛷𝑖′+1(𝜃; 𝑖, 𝑗), if 𝑖′ ∈ {1,… , 𝑖 − 2},
𝐻𝑖−1(𝜃; 𝑖, 𝑗)𝑒1+𝑀𝑖

(1 + 𝑗), if 𝑖′ = 𝑖 − 1,

𝑚(𝑛)
𝑖′ (𝑖, 𝑗) =

{

𝐻𝑖′ (𝑖, 𝑗)𝑚
(𝑛)
𝑖′+1(𝑖, 𝑗) + ℎ𝑖′ (𝑖, 𝑗), if 𝑖′ ∈ {1,… , 𝑖 − 2},

ℎ𝑖−1(𝑖, 𝑗), if 𝑖′ = 𝑖 − 1,

where

𝐻𝑖′ (𝜃; 𝑖, 𝑗) =
(

𝜃𝐼1+𝑀𝑖′
−𝑄𝑖′ ,𝑖′ − (1 − 𝛿𝑖′ ,1)𝑄𝑖′ ,𝑖′−1𝐻𝑖′−1(𝜃; 𝑖, 𝑗)

)−1
𝑄𝑖′ ,𝑖′+1,

ℎ𝑖′ (𝑖, 𝑗) =
(

−𝑄𝑖′ ,𝑖′ − (1 − 𝛿𝑖′ ,1)𝑄𝑖′ ,𝑖′−1𝐻𝑖′−1(𝑖, 𝑗)
)−1

(

(1 − 𝛿𝑖′ ,1)𝑄𝑖′ ,𝑖′−1ℎ𝑖′−1(𝑖, 𝑗) + 𝑛𝑚
(𝑛−1)
𝑖′ (𝑖, 𝑗)

)

,

for 𝑖′ ∈ {1,… , 𝑖− 1}. In these expressions, the column vectors 𝑚(0)
𝑖′ (𝑖, 𝑗) with 𝑖′ ∈ {1,… , 𝑖− 1} record the values 𝜑(𝑖′ ,𝑗′)(𝜃; 𝑖, 𝑗)

|

|

|𝜃=0
, for

integers 𝑗′ ∈ {0,… ,𝑀𝑖′}, and matrices 𝐻𝑖′ (𝑖, 𝑗) with 𝑖′ ∈ {1,… , 𝑖 − 1} are defined by 𝐻𝑖′ (𝜃; 𝑖, 𝑗)||𝜃=0.
This is summarized in Algorithms A–B, where vectors 𝑚(0)

𝑖′ (𝑖, 𝑗) and matrices 𝐻𝑖′ (𝑖, 𝑗) in Algorithm B are derived from Algorithm A
y selecting 𝜃 = 0. As in the well-known forward-elimination–backward-substitution method for solving a system of linear equations,
he iterative scheme proceeds in two steps. During the first step, the procedure progressively reduces the subset of states ∪𝑖−1𝑖′=1𝑙(𝑖

′)
y removing one level and evaluating the auxiliary matrices 𝐻𝑖′ (𝜃; 𝑖, 𝑗) and vectors ℎ𝑖′ (𝑖, 𝑗) at each iteration; once these matrices
nd vectors are evaluated, the procedure iteratively computes the unknown vectors 𝛷𝑖′ (𝜃; 𝑖, 𝑗) and 𝑚(𝑛)

𝑖′ (𝑖, 𝑗) in the second step, by
dding back one level at each iteration.

lgorithm A. Computation of the column vectors 𝛷𝑖′ (𝜃; 𝑖, 𝑗) with 𝑖′ ∈ {1,… , 𝑖−1}, for ℜ(𝜃) ≥ 0 and a fixed state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘).
Step 1: 𝑖′ ∶= 1;

𝐻𝑖′ (𝜃; 𝑖, 𝑗) ∶= (𝜃𝐼1+𝑀𝑖′
−𝑄𝑖′ ,𝑖′ )−1𝑄𝑖′ ,𝑖′+1;

while 𝑖′ < 𝑖 − 1, repeat
𝑖′ ∶= 𝑖′ + 1;
𝐻𝑖′ (𝜃; 𝑖, 𝑗) ∶= (𝜃𝐼1+𝑀𝑖′

−𝑄𝑖′ ,𝑖′ −𝑄𝑖′ ,𝑖′−1𝐻𝑖′−1(𝜃; 𝑖, 𝑗))−1𝑄𝑖′ ,𝑖′+1;
endwhile.

Step 2: 𝛷𝑖′ (𝜃; 𝑖, 𝑗) ∶= 𝐻𝑖′ (𝜃; 𝑖, 𝑗)𝑒1+𝑀𝑖′+1
(1 + 𝑗);

while 𝑖′ > 1, repeat
𝑖′ ∶= 𝑖′ − 1;
𝛷𝑖′ (𝜃; 𝑖, 𝑗) ∶= 𝐻𝑖′ (𝜃; 𝑖, 𝑗)𝛷𝑖′+1(𝜃; 𝑖, 𝑗);

endwhile.

Algorithm B. Computation of the column vectors 𝑚(𝑛)
𝑖′ (𝑖, 𝑗) with 𝑖′ ∈ {1,… , 𝑖 − 1}, for 𝑛 ∈ N and a fixed state (𝑖, 𝑗) ∈ ∪∞

𝑘=𝑖0+1
𝑙(𝑘), in

terms of 𝑚(𝑛−1)
𝑖′ (𝑖, 𝑗) with 𝑖′ ∈ {1,… , 𝑖 − 1}.

Step 1: 𝑖′ ∶= 1;
ℎ𝑖′ (𝑖, 𝑗) ∶= −𝑛𝑄−1

𝑖′ ,𝑖′𝑚
(𝑛−1)
𝑖′ (𝑖, 𝑗);

while 𝑖′ < 𝑖 − 1, repeat
𝑖′ ∶= 𝑖′ + 1;
ℎ𝑖′ (𝑖, 𝑗) ∶= (−𝑄𝑖′ ,𝑖′ −𝑄𝑖′ ,𝑖′−1𝐻𝑖′−1(𝑖, 𝑗))−1;
ℎ𝑖′ (𝑖, 𝑗) ∶= ℎ𝑖′ (𝑖, 𝑗)(𝑄𝑖′ ,𝑖′−1ℎ𝑖′−1(𝑖, 𝑗) + 𝑛𝑚

(𝑛−1)
𝑖′ (𝑖, 𝑗));

endwhile.
Step 2: 𝑚(𝑛)

𝑖′ (𝑖, 𝑗) ∶= ℎ𝑖′ (𝑖, 𝑗);
while 𝑖′ > 1, repeat
𝑖′ ∶= 𝑖′ − 1;
𝑚(𝑛)
𝑖′ (𝑖, 𝑗) ∶= 𝐻𝑖′ (𝑖, 𝑗)𝑚

(𝑛)
𝑖′+1(𝑖, 𝑗) + ℎ𝑖′ (𝑖, 𝑗);

endwhile.

From Algorithms A–B, the taboo Laplace–Stieltjes transform of 𝜏𝑙(𝑖) on {𝜏𝑙(𝑖) < 𝜏𝑙(0), 𝐽 (𝜏𝑙(𝑖)) = 𝑗} is easily obtained as

𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) = 𝑒𝑇1+𝑀𝑖0
(1 + 𝑗0)𝛷𝑖0 (𝜃; 𝑖, 𝑗),

and the expectation 𝐸
[

(𝜏max)𝑛1{𝐼max=𝑖,𝐽 (𝜏max)=𝑗}
|

|

|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
]

is evaluated as

𝑒𝑇 (1 + 𝑗 )𝑚(𝑛)(𝑖, 𝑗)𝑃 (𝑖),
215

1+𝑀𝑖0
0 𝑖0 (𝑖,𝑗)
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for any state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘). Applying Euler and Post-Widder algorithms (Abate and Whitt [55]; Cohen [56]), we may invert
numerically the transform 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗) from Algorithm A, for any state (𝑖, 𝑗) ∈ ∪∞

𝑘=𝑖0+1
𝑙(𝑘) and the initial state (𝑖0, 𝑗0) ∈  ⧵ 𝑙(0). This

ields the density 𝑔(𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) of the first-passage time 𝜏𝑙(𝑖) on the sample paths {𝜏𝑙(𝑖) < 𝜏𝑙(0), 𝐽 (𝜏𝑙(𝑖)) = 𝑗} of process  , from which
e have that 𝑓 (𝑡, 𝑖, 𝑗|𝑖0, 𝑗0) = 𝑔(𝑡, 𝑖, 𝑗|𝑖0, 𝑗0)𝑃(𝑖,𝑗)(𝑖) by (2).

.3. Marginal distribution of 𝐼max

Using processes under a taboo (see, e.g., Section 2.1 in Gómez-Corral and López García [5]), the mass function {𝑃(𝑖0 ,𝑗0)(𝑖) ∶ 𝑖 ∈ N0}
of 𝐼max is found to be 𝑃(𝑖0 ,𝑗0)(𝑖) = 0 if 𝑖 ∈ {0,… , 𝑖0 − 1}; otherwise, 𝑃(𝑖0 ,𝑗0)(𝑖) = 𝐹max(𝑖; 𝑖0𝑗0) − (1 − 𝛿𝑖,𝑖0 )𝐹max(𝑖 − 1; 𝑖0, 𝑗0), where the
robability distribution function 𝐹max(𝑖; 𝑖0, 𝑗0) = 𝑃

(

𝐼max ≤ 𝑖|
|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
)

has the form

𝐹max(𝑖; 𝑖0, 𝑗0) = 𝑒𝑇𝑐(𝑖)((1 − 𝛿𝑖0 ,1)𝑐(𝑖0 − 1) + 1 + 𝑗0)
(

−𝑇 −1(𝑖)𝑡0(𝑖)
)

, (8)

or 𝑖 ∈ {𝑖0, 𝑖0+1,…}. In this expression, 𝑐(𝑖) = ∑𝑖
𝑖′=1(1+𝑀𝑖′ ) is the cardinality of the subset of states ∪𝑖𝑘=1𝑙(𝑘), the matrix 𝑇 (𝑖) consists

f infinitesimal rates 𝑞(𝑖,𝑗),(𝑖′ ,𝑗′), for states (𝑖, 𝑗), (𝑖′, 𝑗′) ∈ ∪𝑖𝑘=1𝑙(𝑘), and 𝑡0(𝑖) is the column vector

𝑡0(𝑖) =
(

𝑄1,011+𝑀0
0𝑐(𝑖)−(1+𝑀1)

)

.

t is worth noting that −𝑇 −1(𝑖) in (8) is a matrix of expected total times spent in states of ∪𝑖𝑘=1𝑙(𝑘), whence −𝑇 −1(𝑖) is a non-negative
atrix and −𝑇 −1(𝑖)𝑡0(𝑖) contains probabilities that the first visit of  to 𝑙(0) occurs in a finite time, provided that process  does
ot visit states in the subset ∪∞

𝑘=𝑖+1𝑙(𝑘), from any initial state in ∪𝑖𝑘=1𝑙(𝑘).
Algorithm C derives the mass function of 𝐼max in a recursive manner. Its proof mostly repeats arguments of Ref. [5, Section 2.1],

hence we omit the details.

lgorithm C. Computation of the non-null probabilities 𝑃(𝑖0 ,𝑗0)(𝑖), for 𝑖 ∈ {𝑖0, 𝑖0 + 1,…} and a predetermined initial state (𝑖0, 𝑗0) ∈
⧵ 𝑙(0).
Step 1: 𝑖 ∶= 1;

−𝑇 −1(𝑖) ∶= −𝑄−1
𝑖,𝑖 ;

if 𝑖 = 𝑖0, then
𝐹max(𝑖; 𝑖0, 𝑗0) ∶= 𝑒𝑇𝑐(𝑖)(1 + 𝑗0)(−𝑇

−1(𝑖)𝑡0(𝑖));
𝑃(𝑖0 ,𝑗0)(𝑖) ∶= 𝐹max(𝑖; 𝑖0, 𝑗0);

endif.
Step 2: While 𝐹max(𝑖; 𝑖0, 𝑗0) < 1 − 𝜀, repeat

𝑖 ∶= 𝑖 + 1;
𝐴1,2 ∶=

(

0𝑐(𝑖−2)×(1+𝑀𝑖)
𝑄𝑖−1,𝑖

)

;

𝐴2,1 ∶=
(

0(1+𝑀𝑖)×𝑐(𝑖−2), 𝑄𝑖,𝑖−1
)

;

𝐵2,2 ∶=
(

−𝑄𝑖,𝑖 − 𝐴2,1(−𝑇 −1(𝑖 − 1))𝐴1,2
)−1;

𝐵2,1 ∶= 𝐵2,2𝐴2,1(−𝑇 −1(𝑖 − 1));
𝐵1,2 ∶= −𝑇 −1(𝑖 − 1)𝐴1,2𝐵2,2;
𝐵1,1 ∶= −𝑇 −1(𝑖 − 1)

(

𝐼𝑐(𝑖−1) + 𝐴1,2𝐵2,1
)

;

−𝑇 −1(𝑖) ∶=
(

𝐵1,1 𝐵1,2
𝐵2,1 𝐵2,2

)

;

if 𝑖 ≥ 𝑖0, then
𝐹max(𝑖; 𝑖0, 𝑗0) ∶= 𝑒𝑇𝑐(𝑖)(𝑐(𝑖0 − 1) + 1 + 𝑗0)

(

−𝑇 −1(𝑖)𝑡0(𝑖)
)

;
𝑃(𝑖0 ,𝑗0)(𝑖) ∶= 𝐹max(𝑖; 𝑖0, 𝑗0) − 𝐹max(𝑖 − 1; 𝑖0, 𝑗0);

endif;
endwhile.

In evaluating −𝑇 −1(𝑖) from the previously determined matrix −𝑇 −1(𝑖−1), Algorithm C (Step 2) computes the inverse matrix 𝐵2,2
of dimension 1 +𝑀𝑖. Since the number 1 +𝑀𝑖 of phases does not necessarily increase with increasing values of 𝑖, it is not possible
to give, in principle, general recommendations on how to address potential numerical precision problems in Algorithm C. These
problems may occur due to either a large number 1 +𝑀𝑖 of phases – for some level –, or to the additional operations needed to
iteratively evaluate the matrices −𝑇 −1(𝑖) until at least 1 − 𝜀 of mass from 𝐹max(𝑖; 𝑖0, 𝑗0) is accumulated.

Note that, from an appropriate use of Algorithms A and C, it is possible to evaluate the following expressions for the hitting
probabilities at time 𝜏max and the 𝑛th moment of 𝐽 (𝜏max) on {𝐼max = 𝑖}:

(i) For states (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘),
(

|

)

|
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𝑃 𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗
|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0) = 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗)|
|𝜃=0

𝑃(𝑖,𝑗)(𝑖).
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Table 1
Transitions from state (𝑖, 𝑠) of process  and related events in the SIS model with vertical and horizontal transmission.

Event type Event function Event condition Rate

New person-to-person infection (𝑖 + 1, 𝑠 − 1) 𝑖 ≠ 0, 𝑠 ≠ 0 𝛽𝑖𝑠
Birth of an infectious individual (𝑖 + 1, 𝑠) 𝑖 ≠ 0 (1 − 𝑝)𝛽𝐼 𝑖
Birth of a susceptible individual (𝑖, 𝑠 + 1) (𝑖, 𝑠) ≠ (0, 0) 𝑝𝛽𝐼 𝑖 + 𝛽𝑆𝑠
Death of an infectious individual (𝑖 − 1, 𝑠) 𝑖 ≠ 0 𝛿𝐼 𝑖
Death of a susceptible individual (𝑖, 𝑠 − 1) 𝑠 ≠ 0 𝛿𝑆𝑠
Recovery of an infectious individual (𝑖 − 1, 𝑠 + 1) 𝑖 ≠ 0 𝛾𝑖

(ii) For 𝑛 ∈ N0 and integers 𝑖 ∈ {𝑖0 + 1, 𝑖0 + 2,…},

𝐸
[

(𝐽 (𝜏max))𝑛1{𝐼max=𝑖}
|

|

|

(𝐼(0), 𝐽 (0)) = (𝑖0, 𝑗0)
]

=
𝑀𝑖
∑

𝑗=0
𝑗𝑛 𝜑(𝑖0 ,𝑗0)(𝜃; 𝑖, 𝑗)

|

|

|𝜃=0
𝑃(𝑖,𝑗)(𝑖).

To conclude the section, we briefly present the solution for a finite LD-QBD process.

Remark 2. For a process  on the finite state space  = ∪𝑁𝑖=0𝑙(𝑖), Algorithms A–B should be executed progressively for any state
𝑖, 𝑗) ∈ ∪𝑁𝑘=𝑖0+1𝑙(𝑘) and a fixed initial state (𝑖0, 𝑗0) ∈ ∪𝑁−1

𝑘=1 𝑙(𝑘). In Algorithm C, the probabilities 𝑃(𝑖0 ,𝑗0)(𝑖) can be evaluated for integers
𝑖 ∈ {𝑖0, 𝑖0 + 1,… , 𝑁} by modifying Step 2 with the condition 𝑖 < 𝑁 − 1 and noting that 𝐹max(𝑁 ; 𝑖0, 𝑖0) = 1.

3. Epidemic models

In this section, the analytical solution in Section 2 is exemplified with two epidemic models: the SIS model for a pathogen
transmitted both vertically and horizontally; and the SIR model with constant population size. For convenience, the number 𝐼(𝑡) is
related to infectious individuals in Sections 3.1–3.2, and the level of process  is suitably defined according to the extinction of the
population (Section 3.1) and the duration of an outbreak (Section 3.2).

3.1. The SIS epidemic model for vertically and horizontally transmitted pathogens

In the terminology of Reuter [2], the SIS model with vertical and horizontal transmission is defined in Ref. [57] as a competition
process  = {(𝐼(𝑡), 𝑆(𝑡)) ∶ 𝑡 ≥ 0}, where 𝐼(𝑡) and 𝑆(𝑡) are related to the number of infectious and susceptible individuals at time 𝑡,
respectively. For states (𝑖, 𝑠), (𝑖′, 𝑠′) ∈ N0 × N0 with (𝑖′, 𝑠′) ≠ (𝑖, 𝑠), the dynamics of  are specified by the infinitesimal rates

𝑞(𝑖,𝑠),(𝑖′ ,𝑠′) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝛽𝑖𝑠, if 𝑖′ = 𝑖 + 1 and 𝑠′ = 𝑠 − 1,
(1 − 𝑝)𝛽𝐼 𝑖, if 𝑖′ = 𝑖 + 1 and 𝑠′ = 𝑠,
𝛿𝑆𝑠, if 𝑖′ = 𝑖 and 𝑠′ = 𝑠 − 1,
𝑝𝛽𝐼 𝑖 + 𝛽𝑆𝑠, if 𝑖′ = 𝑖 and 𝑠′ = 𝑠 + 1,
𝛿𝐼 𝑖, if 𝑖′ = 𝑖 − 1 and 𝑠′ = 𝑠,
𝛾𝑖, if 𝑖′ = 𝑖 − 1 and 𝑠′ = 𝑠 + 1,

(9)

and 𝑞(𝑖,𝑠),(𝑖,𝑠) = −(𝛽𝑖𝑠+ (𝛿𝐼 + 𝛽𝐼 + 𝛾)𝑖+ (𝛿𝑆 + 𝛽𝑆 )𝑠), for (𝑖, 𝑗) ∈ N0 ×N0, where 𝛽, 𝛽𝑆 , 𝛽𝐼 , 𝛿𝑆 , 𝛿𝐼 and 𝛾 are strictly positive, and 𝑝 ∈ (0, 1).
In particular, the value 𝛽 in (9) is the contact rate; parameters 𝛽𝑆 and 𝛿𝑆 (respectively, 𝛽𝐼 and 𝛿𝐼 ) are the birth and death rates of
susceptible (respectively, infectious) individuals; 𝛾 is the recovery rate of an infectious individual; and 𝑝 represents the proportion
of the offspring of infectious parents that is born as susceptible. For a detailed description of events, see Table 1.

Epidemic models with vertical and horizontal transmission (Busenberg and Cooke [58]) are motivated by TORCH infections.
The acronym TORCH refers to the congenital transmission of Toxoplasmosis, Other infections (including hepatitis B, coxsackievirus,
syphilis, varicella-herpes zoster, and parvovirus B19, among others), Rubella, Cytomegalovirus, and Herpes simplex. The choice
𝑝 ∈ (0, 1) in process  results in the natural generalization of the SIS model with demography (Allen [59, Chapter 7]), where the
prevalence probability 1−𝑝 of congenitally acquired disease is closely linked to the pathogen and can be very significant or negligible,
as is the case of the human immunodeficiency virus (with estimated values varying between 31 − 36%, measured in terms of cases
per 100 live births) and the parasitic protozoan Toxoplasma gondii (between 0.01 − 0.033%), respectively; see e.g. Neu et al. [60].

In Figs. 1–3, we focus on the life cycle of a population initially consisting of a single infectious individual and twenty susceptible
ones, i.e., 𝐼(0) = 1 and 𝑆(0) = 20. Thus, the analytical results in Section 2 have to be applied here to process  = {(𝑁(𝑡), 𝐼(𝑡)) ∶ 𝑡 ≥ 0}
with 𝑁(𝑡) = 𝐼(𝑡) + 𝑆(𝑡), instead of  . Process  can be routinely formulated as a LD-QBD process1 defined on  = ∪∞

𝑛=0𝑙(𝑛) with
levels 𝑙(𝑛) = {(𝑛, 𝑖) ∶ 𝑖 ∈ {0,… , 𝑛}}, for 𝑛 ∈ N0, in such a way that the time taken to access the absorbing state (0, 0) (i.e., level 𝑙(0))
corresponds to the extinction time. This allows quantifying the incidence of the disease at the time of maximum population size
through the number 𝐼(𝜏max) of infectious individuals, which acts as the phase of  at time 𝜏max. The numerical examples in Figs. 1–3
are then derived from Algorithms A–C (i.e., Eqs. (4), (5) and (8)) and the corresponding expressions of submatrices 𝑄𝑛,𝑛′ , for 𝑛 ∈ N
and 𝑛′ ∈ {𝑛 − 1, 𝑛, 𝑛 + 1}, in process  (Appendix A).

1 Specifically, we let 𝑁(𝑡) and 𝐼(𝑡) be the level and the phase variables of  , respectively. Hence, 𝑁max = 𝑁(𝜏max) is the maximum population size before
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Fig. 1. Conditional probabilities 𝑃
(

𝑁max = 𝑛, 𝐼(𝜏max) ≤ 𝑖|
|

(𝑁(0), 𝐼(0)) = (21, 1)
)

, for integers 𝑛 ∈ {21,… , 𝑛0.95} and 𝑖 ∈ {𝛿𝑛,21 ,… , 𝑛}, in scenarios with rates
𝛽 ∈ {1.0, 2.5, 5.0} and 𝛽𝐼 ∈ {0.625, 1.25, 2.5}.

Fig. 2. The mass function {𝑃
(

𝑁max = 𝑛|
|

(𝑁(0), 𝐼(0)) = (21, 1)
)

∶ 𝑛 ∈ {21,… , 𝑛0.95}} in scenarios with rates 𝛽 ∈ {1.0, 2.5, 5.0} and 𝛽𝐼 ∈ {0.625, 1.25, 2.5}.

Similarly to Ref. [57, Section 4], birth and death rates in our experiments are assumed to be related to each other through the
equalities 𝛿𝑆 = 𝛽𝑆 , 𝛽𝑆 = 2𝛽𝐼 and 𝛿𝐼 = 2𝛿𝑆 . Hence, the compartment of susceptible individuals is expected to be demographically
stable, offspring from infectious parents are expected to be born less frequently than those from susceptible parents, and susceptible
individuals have a longer life expectancy than infectious ones. With the selections 𝑝 = 0.2 and 𝛾−1 = 1.0, it is supposed that 20%
of newborn offspring of infectious parents will be susceptible and that an infectious individual will be recovered, on average, in 1
unit of time. Contact rates 𝛽 ∈ {1.0, 2.5, 5.0} and birth rates 𝛽𝐼 ∈ {0.625, 1.25, 2.5} yield nine scenarios in Figs. 1–3, for which the
extinction of the population is certain and occurs in a finite mean time.2 For convenience, intervals on the axes ox and oy in Fig. 1,
and on the ox axis in Figs. 2–3 are chosen to concentrate at least 0.95 of the probability, whence the integer 𝑛0.95 in these figures
satisfies 𝐹max(𝑛0.95 − 1; 21, 1) < 0.95 ≤ 𝐹max(𝑛0.95; 21, 1).

It is seen that, in our experiments, the transmission dynamics of the pathogen are limited and the duration of the outbreak
is expected to be short. This is mainly related to the values of 𝑃

(

𝑁max = 𝑛, 𝐼(𝜏max) ≤ 𝑖|
|

(𝑁(0), 𝐼(0)) = (21, 1)
)

in Fig. 1, especially
because the most significant ones correspond to the integers 𝑛 = 21 and 𝑖 = 1 (i.e., the initial population size and the initially
infectious individual), regardless of the choice of (𝛽, 𝛽𝐼 ). In Fig. 2, it is seen that the mass function of 𝑁max is unimodal and is
mainly concentrated on the initial population size and the closest values to it. Note that, for a fixed value of 𝛽𝐼 , shorter life cycles
are expected to occur when isolation measures between compartments are relaxed (i.e., increasing values of 𝛽), which is explained
by seeing that infectious individuals die at a higher rate than susceptible ones. Although a higher birth rate from infectious parents
leads to an increased number of infectious newborns, it will also generate a greater number of susceptible newborns, who are born in
a lower proportion than infectious ones but with longer life spans and a higher birth rate. Therefore, heavier-tailed distributions of
𝑁max – which would predict longer durations of a life cycle – are observed when isolation measures between compartments become
more significant and, in particular, the birth rate from infectious parents increases.

2 Since process  is regular, the inequality min{𝛽𝑆 , 𝛽𝐼} < 𝛿𝑆 + 𝛿𝐼 can be seen as a sufficient condition for  to be absorbed almost surely, provided that
min{𝛿 , 𝛿 } = min{𝛽 , 𝛽 }; see Ref. [53, Theorems 1 and 3]. Indeed, the absorption of  occurs in a finite mean time from any initial non-absorbing state.
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Fig. 3. Conditional probabilities {𝑃
(

𝐼(𝜏max) = 𝑖|
|

(𝑁(0), 𝐼(0)) = (21, 1), 𝑁max = 𝑛
)

∶ 𝑖 ∈ {0,… , 𝑛}}, for selected numbers 𝑛 ∈ {22, 24, 26}, in scenarios with rates
𝛽 ∈ {1.0, 2.5, 5.0} and 𝛽𝐼 ∈ {0.625, 1.25, 2.5}.

Table 2
Transitions from state (𝑖, 𝑠) of process  and related events in the SIR model.

Event type Event function Event condition Rate

New infection (𝑖 + 1, 𝑠 − 1) 𝑖 ≠ 0, 𝑠 ≠ 0 𝑁−1𝛽𝑖𝑠
Recovery of an infectious individual (𝑖 − 1, 𝑠) 𝑖 ≠ 0 𝛾𝑖

A detailed description of the compartment of infectious individuals at the time of maximum population size is displayed in
Fig. 3 in terms of the conditional probabilities 𝑃

(

𝐼(𝜏max) = 𝑖|
|

(𝑁(0), 𝐼(0)) = (21, 1), 𝑁max = 𝑛
)

, for integers 𝑖 ∈ {0,… , 𝑛} and selections
𝑛 ∈ {22, 24, 26}. The unimodal conditional distribution of 𝐼(𝜏max), provided that 𝑁max = 𝑛, reflects how a more accurate estimation of
the maximum population size 𝑁max will allow a better prediction of the incidence of the disease in terms of 𝐼(𝜏max), as observed, for
example, in the case 𝑛 = 22 and any of our scenarios. For some values of (𝛽, 𝛽𝐼 ), the selection 𝑛 = 26 leads to a bimodal conditional
distribution of 𝐼(𝜏max), with a first peak at a small integer 𝑖 and a second one at 𝑖 = 𝑛. This behavior is linked to the inherent
stochasticity of the Markov chain model, for which sample paths of process  on {𝑁max = 𝑛} in the case 𝑛 = 26 and some pairs
(𝛽, 𝛽𝐼 ) may make it significantly plausible that the outbreak has a short duration in time and a minimal incidence in terms of the
number 𝐼(𝜏max) of infectious individuals, and at the same time a major outbreak with values of 𝐼(𝜏max) comparable to the maximum
population size can also be observed.

3.2. The SIR epidemic model

In the SIR model (Kermack and McKendrick [61]; Neuts and Li [62]), the process  = {(𝐼(𝑡), 𝑆(𝑡)) ∶ 𝑡 ≥ 0} records the number
𝐼(𝑡) of infectious individuals and the number 𝑆(𝑡) of susceptible individuals, whereas the number 𝑅(𝑡) of removed or recovered
individuals is given by 𝑅(𝑡) = 𝑁 − 𝐼(𝑡) − 𝑆(𝑡), where 𝑁 is the (constant) population size. The process  is then defined on the state
space

 = {(𝑖, 𝑠) ∶ 𝑖 ∈ {0,… , 𝑁𝐼 +𝑁𝑆 − 𝑠}, 𝑠 ∈ {0,… , 𝑁𝑆}},

for initial numbers of 𝑁𝐼 infectious individuals and of 𝑁𝑆 susceptible individuals – consequently, 𝑁 = 𝑁𝐼 +𝑁𝑆 with 𝑅(0) = 0 –,
and its 𝑞-matrix 𝑄 has entries

𝑞(𝑖,𝑠),(𝑖′ ,𝑠′) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑁−1𝛽𝑖𝑠, if 𝑖′ = 𝑖 + 1 and 𝑠′ = 𝑠 − 1,
−(𝑁−1𝛽𝑖𝑠 + 𝛾𝑖), if 𝑖′ = 𝑖 and 𝑠′ = 𝑠,
𝛾𝑖, if 𝑖′ = 𝑖 − 1 and 𝑠′ = 𝑠,
0, otherwise,

for states (𝑖, 𝑠), (𝑖′, 𝑠′) ∈ , where the parameters 𝛽 and 𝛾 are the contact and recovery rates, respectively, and are assumed to be
strictly positive; see Table 2 and Appendix B.

The SIR model is possibly the simplest compartmental model and is commonly taken as the basic way to define more general
ones (Yang et al. [63]), both in the deterministic (Krögen and Schlickeiser [64]) and stochastic (Allen [59]) frameworks. In the
above formulation, it is seen as a reasonably predictive model for pathogens that are transmitted by person-to-person contact in
closed populations, and whose recovery confers lifelong resistance, such as measles and mumps.

In Figs. 4–5 and Table 3, we consider a small community consisting initially of one infectious and twenty-four susceptible
individuals, i.e., 𝐼(0) = 1 and 𝑆(0) = 24. An infectious individual is assumed to recover, on average, in 𝛾−1 = 1 unit of time,
219
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Fig. 4. The mass function {𝑃
(

𝐼max = 𝑖|
|

(𝐼(0), 𝑆(0)) = (1, 24)
)

∶ 𝑖 ∈ {1,… , 25}} for populations with value 0 = 1.5 (left) and 3.8 (right).

Table 3
Expected values 𝐸

[

𝜏max
|

|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖
]

for selected numbers 𝑖 ∈
{3, 8, 13, 18, 23}, and populations with 0 = 1.5 and 3.8.
0 𝑖 𝐸

[

𝜏max
|

|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖
]

1.5 3 0.84726
8 2.44037
13 2.27654
18 2.07524
23 1.91487

3.8 3 0.41006
8 1.73395
13 1.45888
18 1.26555
23 1.13595

and the contact rate 𝛽 is determined from the basic reproductive number 0 = 𝛾−1𝛽. The choice of 0 values corresponds to the
estimated mean values in Ref. [65, Table 1] for the 1918 Spanish influenza. Fig. 4 illustrates the transmission dynamics in terms of
the mass function3 {𝑃

(

𝐼max = 𝑖|
|

(𝐼(0), 𝑆(0)) = (1, 24)
)

∶ 𝑖 ∈ {1,… , 25}}, which is plotted for values 0 = 1.5 (spring wave) and 3.8
(fall wave), and Table 3 gives the expected values 𝐸

[

𝜏max
|

|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖
]

, for selected numbers 𝑖 ∈ {3, 8, 13, 18, 23}.
We notice that, not surprisingly, the less interaction between individuals, the less spread of the pathogen will be observed. In
particular, the maximum number 𝐼max of infectious individuals in the spring wave has an unimodal distribution with a clear peak
at point 𝑖 = 1, meaning that the event {𝐼max = 1} occurs more frequently than the others. As a result, the disease is more likely to
be eradicated as soon as the initially infectious individual recovers than to spread to the subpopulation of susceptible individuals.
However, the latter may also occur with significant probability. A more relevant interaction between individuals in the fall wave
yields a bimodal distribution of 𝐼max, with a first peak at point 𝑖 = 1 and a second one at 𝑖 = 13. This illustrates how increasing
values of 0 may cause major outbreaks – i.e., outbreaks with a significant number of infectious cases – at the same time that the
disease could also disappear at an early stage of the epidemic. This fact highlights the need to analyze the maximum number 𝐼max
of infectious individuals as a random variable (i.e., in terms of its mass function) rather than its expected value or its deterministic
counterpart.

To further investigate how the values of 𝐼max affect the subpopulation of recovered individuals at the time 𝜏max of greatest inci-
dence of the pathogen, a detailed description of 𝑅(𝜏max) is displayed in Fig. 5, in terms of the mass function
{𝑃

(

𝑅(𝜏max) = 𝑟|
|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖
)

∶ 𝑟 ∈ {0,… , 25 − 𝑖}}, for integers 𝑖 ∈ {3, 8, 13, 18, 23}. It is important to note that the
most likely event {𝐼max = 𝑖} in Fig. 4 is linked to the choice 𝑖 = 1, irrespectively of 0, which leads to 𝑅(𝜏max) = 0 almost surely (since
𝜏max = 0), provided that (𝐼(0), 𝑆(0)) = (1, 24) and 𝐼max = 1. The particular selection 𝑖∗ = 13 is related to the second peak of the bimodal
distribution of 𝐼max in the fall wave. Therefore, the conditional probabilities {𝑃

(

𝑅(𝜏max) = 𝑟|
|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖∗
)

∶ 𝑟 ∈
{0,… , 25 − 𝑖∗}} must be seen as an accurate description of the variability of 𝑅(𝜏max) for a major outbreak in the case 0 = 3.8,
whereas they should not be usually appropriate when 0 = 1.5 as 𝑖∗ = 13 leads to an event {𝐼max = 𝑖∗} that it will hardly ever occur.
Our experiments always found that the conditional distribution of 𝑅(𝜏max) is unimodal, regardless of the selected integer 𝑖.

4. Conclusions

For a regular LD-QBD process  = {(𝐼(𝑡), 𝐽 (𝑡)) ∶ 𝑡 ≥ 0} with countably many states, the probability law of the random vector
(𝜏max, 𝐼max, 𝐽 (𝜏max)) has been characterized under the assumption that the first passage from any initial state (𝑖0, 𝑗0) ∈  ⧵ 𝑙(0) to level

3 Since 𝐼(𝑡) and 𝑆(𝑡) specify the level and the phase variables of  , respectively, 𝐼max = 𝐼(𝜏max) represents the maximum size of the compartment of infectious
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Fig. 5. Conditional probabilities {𝑃
(

𝑅(𝜏max) = 𝑟|
|

(𝐼(0), 𝑆(0)) = (1, 24), 𝐼max = 𝑖
)

∶ 𝑟 ∈ {0,… , 25− 𝑖}}, for selected numbers 𝑖 ∈ {3, 8, 13, 18, 23}, and populations with
value 0 = 1.5 (left) and 3.8 (right).

𝑙(0) is certain. For this purpose, efficient algorithms for computing the marginal distribution of 𝐼max, and restricted Laplace–Stieltjes
transforms of 𝜏max on the sample paths of  such that {𝐼max = 𝑖, 𝐽 (𝜏max) = 𝑗}, have been developed as an extension of the well-known
block-Gaussian elimination technique, whence the algorithmic complexity of the solution in Sections 2.2 and 2.3 is similar to that in
Refs. [27, Algorithm A] and [28, Algorithms 1A-3A] in the finite case. To be concrete, the most intensive effort in Algorithms A–B
lies in the inversion of matrices with dimension 1 +𝑀𝑖′ , which implies that the computational complexities of Algorithms A and
B are 𝑂

(

∑𝑖−1
𝑖′=1(1 +𝑀𝑖′ )3

)

and 𝑂
(

∑𝑖
𝑖′=1(1 +𝑀𝑖′ )3

)

, respectively, for a fixed state (𝑖, 𝑗) ∈ ∪∞
𝑘=𝑖0+1

𝑙(𝑘) and the initial state (𝑖0, 𝑗0). In
Algorithm C, the effort needed for each integer 𝑖 is 𝑂

(

(1 +𝑀𝑖)3
)

and, consequently, the computational complexity of Algorithm C is
𝑂
(

∑𝑖∗
𝑖=1(1 +𝑀𝑖)3

)

, where 𝑖∗ ∈ N is the smallest integer satisfying 𝐹max(𝑖∗; 𝑖0, 𝑗0) ≥ 1− 𝜀; in the finite case, we may select 𝑖∗ = 𝑁 −1.
Algorithms A–C involve matrix inversion, for which the key assumption is that process  has a finite number of phases at

each level, regardless of the number (finite or denumerable) of levels. In the framework of LD-QBD processes with infinitely many
possible values of the phase variable, the study of (𝜏max, 𝐼max, 𝐽 (𝜏max)) should require an analytical treatment and related numerical
procedures that will be substantially different from those used in this paper; in particular, the underlying analysis could benefit
from the approach described by Motyer and Taylor [66] for the level-independent case.

The computational approach can be thought of as an alternative one to that of Mandjes and Taylor [48], and Javier and
Fralix [49] for the running maximum 𝐼(𝑇 ) attained by process  during a time interval [0, 𝑇 ] when 𝑇 is either independent and
exponentially distributed time, or a fixed time. Here, time 𝑇 is described as the first time that process  visits states in level 𝑙(0), so
𝑇 is closely linked to the dynamics of  and, for practical use, amounts to the duration of a life cycle in a population, of an outbreak
in epidemics, and of a busy period in a queueing model. In the context of epidemics, an aspect that deserves further exploration is
how phase 𝐽 (𝜏max) and its probability law – when level 𝐼(𝑡) in process  is defined as the number of infectious individuals – could
be used to characterize a stochastic version of the herd immunity threshold (see, e.g., Britton et al. [67]), for which it is crucial to
notice that no more endemic transmissions are expected to occur after time 𝜏max.

Data availability

No data was used for the research described in the article. Details on numerical experiments in Section 3 will be made available
from the corresponding author upon reasonable request.
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Appendix A. Expressions for submatrices 𝑸𝒏,𝒏′ , for 𝒏′ ∈ {𝒏−𝟏, 𝒏, 𝒏+𝟏} and 𝒏 ∈ N, of process  in the SIS model with vertical
and horizontal transmission

In Section 3.1, submatrices 𝑄𝑛,𝑛′ , for 𝑛′ ∈ {𝑛 − 1, 𝑛, 𝑛 + 1} and 𝑛 ∈ N, of process  are specified as follows:

𝑄𝑛,𝑛−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛𝛿𝑆
𝛿𝐼 (𝑛 − 1)𝛿𝑆

2𝛿𝐼 (𝑛 − 2)𝛿𝑆
⋱ ⋱

(𝑛 − 1)𝛿𝐼 𝛿𝑆
𝑛𝛿𝐼

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝑄𝑛,𝑛 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−𝑞(𝑛,0)
𝛾 −𝑞(𝑛,1) (𝑛 − 1)𝛽

2𝛾 −𝑞(𝑛,2) 2(𝑛 − 2)𝛽
⋱ ⋱ ⋱

(𝑛 − 1)𝛾 −𝑞(𝑛,𝑛−1) (𝑛 − 1)𝛽
𝑛𝛾 −𝑞(𝑛,𝑛)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝑄𝑛,𝑛+1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛𝛽𝑆
𝑝𝛽𝐼 + (𝑛 − 1)𝛽𝑆 (1 − 𝑝)𝛽𝐼

2𝑝𝛽𝐼 + (𝑛 − 2)𝛽𝑆 2(1 − 𝑝)𝛽𝐼
⋱ ⋱

(𝑛 − 1)𝑝𝛽𝐼 + 𝛽𝑆 (𝑛 − 1)(1 − 𝑝)𝛽𝐼
𝑛𝑝𝛽𝐼 𝑛(1 − 𝑝)𝛽𝐼

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

ith 𝑞(𝑛,𝑖) = 𝑖((𝑛 − 𝑖)𝛽 + 𝛽𝐼 + 𝛿𝐼 + 𝛾) + (𝑛 − 𝑖)(𝛽𝑆 + 𝛿𝑆 ).

ppendix B. Expressions for submatrices 𝑸𝒊,𝒊′ , for 𝒊′ ∈ {𝒊−𝟏, 𝒊,𝐦𝐢𝐧{𝒊+𝟏,𝑵}} and 𝒊 ∈ {𝟏,… ,𝑵}, of process  in the SIR model

Submatrices 𝑄𝑖,𝑖′ , for 𝑖′ ∈ {𝑖 − 1, 𝑖,min{𝑖 + 1, 𝑁}} and 𝑖 ∈ {1,… , 𝑁}, of process  in Section 3.2 may be expressed as

(i) For 𝑖 ∈ {1,… , 𝑁},

𝑄𝑖,𝑖−1 =
{

𝑖𝛾𝐼𝑁𝑆+1, if 𝑖 ∈ {1,… , 𝑁𝐼},
(𝑖𝛾𝐼𝑁−𝑖+1, 0𝑁−𝑖+1), if 𝑖 ∈ {𝑁𝐼 + 1,… , 𝑁},

𝑄𝑖,𝑖 =

⎛

⎜

⎜

⎜

⎜

⎝

−𝑞(𝑖,0)
− 𝑞(𝑖,1)

⋱
−𝑞(𝑖,min{𝑁𝑆 ,𝑁−𝑖})

⎞

⎟

⎟

⎟

⎟

⎠

,

with 𝑞(𝑖,𝑠) = 𝑁−1𝛽𝑖𝑠 + 𝛾𝑖.
(ii) For 𝑖 ∈ {1,… , 𝑁𝐼 − 1},

𝑄𝑖,𝑖+1 =

⎛

⎜

⎜

⎜

⎜

⎜

0
𝑖𝑁−1𝛽

2𝑖𝑁−1𝛽
⋱

−1

⎞

⎟

⎟

⎟

⎟

⎟

.
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(iii) For 𝑖 ∈ {𝑁𝐼 ,… , 𝑁 − 1},

𝑄𝑖,𝑖+1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
𝑖𝑁−1𝛽

2𝑖𝑁−1𝛽
⋱

(𝑁 − 𝑖 − 1)𝑖𝑁−1𝛽
(𝑁 − 𝑖)𝑖𝑁−1𝛽

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.
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