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The Hamiltonian for an electron in Z2, interacting with a perpendicular periodic
magnetic field, is shown to be gauge equivalent to a periodic Hamiltonian. The
wave function of the system is computed in terms of a ground state of the continu-
ous motion in R2 for the Pauli Hamiltonian. Explicit expressions for the states, in
both the Coulomb and Landau gauges, are considered. © 2007 American Institute
of Physics. �DOI: 10.1063/1.2710199�

I. INTRODUCTION

Since the appearance of Hofstadter’s paper,1 the study of electronic spectra in a lattice under
the influence of a perpendicular magnetic field has become a field of continuous interest. For both
uniform and periodic magnetic fields, a common feature of all studies in this subject consists in the
numerical analysis of the energy levels. The resulting spectral structure leads to a scheme of
energy bands, for a fixed rational value of the magnetic flux on an elementary cell of the lattice.2

Alternatively, the dependence of the energy on that rational flux3,4 produces a fractal figure, the
Hofstadter’s butterfly. For a uniform magnetic field, the problem is reduced to a one-dimensional
problem, the Harper’s equation that can be solved in the context of the theory of quantum group
representations.5 The case of modulated fields in the tight-binding model is so far less generically
treated. The usual approach to this problem consists in the construction, for concrete, simple
enough magnetic fields, of Schrödinger equations with periodic coefficients. According to Bloch’s
theorem, states are given by periodic functions modulated by plane waves on the lattice.

The continuous motion of an electron in R2 under the influence of a perpendicular periodic
magnetic field is described by the Pauli operator. It was considered, in the form we are interested
in, by Dubrovin and Novikov in Refs. 6 and 7, where they gave a beautiful description of the
ground states of the electron in terms of a vector bundle over the torus of quasimomenta based on
the Weierstrass elliptic function theory. An alternative approach to this problem is given in Ref. 8.
Recently, the fractal nature of the spectra9,10 has become an object of interest. As applications, one
can cite two physical problems whose understanding depends on the previous formulations: the
quantum Hall effect11 and the flux-phase conjecture12–14. For many other physical implications and
related questions in connection with the theory of electrons in magnetic fields, we submit to the
reader to the literature cited.

In this paper we solve the Schrödinger equation for the Hamiltonian of an electron on a plane
lattice with a periodic magnetic field. The periodic magnetic field, perpendicular to the plane
lattice, is arbitrary except for the restriction on the values of the flux through its periodic paral-
lelogram. For the case considered in the present paper, the flux is an integer multiple of 2�. This
restriction gives two commuting magnetic translation operators.6 The main result of this paper is
to point out the relation between these symmetries and a gauge transformation which makes the
Hamiltonian translation invariant. Thus, despite the lack of translation invariance the coupling
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with the periodic magnetic field does not remove the degeneracy of the energy bands. This fact
was already observed for the ground state of the continuous motion,6 although in this case there is
no gauge equivalence with a periodic system.

The Hamiltonian

H = �
Z2

tabca
+cb �1.1�

describes a system of free electrons in the plane lattice Z2.12 The creation ca
+ and annihilation ca

operators for spinless fermions satisfy the relations cacb+cbca=0, ca
+cb+cbca

+=�ab, and the coeffi-
cients tab determine the hopping amplitudes for sites a and b. It is assumed that tab= t̄ba and tab

=0 if a and b are not connected by a bond. When tab is a complex number, its argument represents
the interaction of the electrons with a magnetic field perpendicular to the plane containing the
electrons. In terms of the potential vector A it can be written as

tab = �tab�exp − i�
a

b

A ,

where the integral is defined as the line integral of A along the bond connecting sites a and b.
States for one electron, in the Hilbert space �2�Z2�, are described in the orthonormal basis ca

+�0� by
a vector

� = �
Z2

��a�ca
+�0� ,

where the coefficients ��a� are the values of the wave function on Z2. For a system of electrons the
state is the antisymmetric product of the individual states. The Schrödinger equation for the wave
function of an electron,

H� = E� , �1.2�

is just the spectral problem for the matrix tab,

�
b�Z2

tab��b� = E��a� .

From now on, we shall limit ourselves to the case of a square lattice where �tab�=1 if a and b are
nearest neighbors and zero in other case. In this situation, Eq. �1.2� reads

u1�x,y���x − 1,y� + u1
−1�x + 1,y���x + 1,y� + u2�x,y���x,y − 1� + u2

−1�x,y + 1���x,y + 1� = E��x,y� ,

�1.3�

at each point a= �x ,y� in Z2. The functions u1�x ,y� and u2�x ,y� are the nonzero hopping ampli-
tudes in the matrix t, which are given by the formulas

u1�x,y� = exp i�
x−1

x

A1�x�,y�dx�, u2�x,y� = exp i�
y−1

y

A2�x,y��dy� �1.4�

for the vector components of A= �A1 ,A2�. The representation �Eq. �1.3�� of Eq. �1.2� in terms of
the amplitudes ��x ,y� of � allows us to consider solutions ��x ,y� which are not in �2�Z2�.

The organization and content of the paper are as follows. In the next section we shall describe
the gauge transformation that reduces Eq. �1.3� for an electron in a doubly periodic magnetic field,
with a flux which is an integer multiple of 2�, to a periodic equation. The quantization of the flux
increases the symmetry of the problem with two compatible magnetic translations �Eq. �2.3��. The
construction of the gauge transformation depends upon such symmetry. In Sec. III this transfor-
mation will be explicitly obtained for the Coulomb gauge which gives a connection with the
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continuous problem. As a result of this formulation, states in the tight-binding model for the
electronic motion in the lattice correspond with ground states for the continuous motion. Although
of theoretical interest, the Coulomb gauge is not suitable for explicit computations. We shall
describe, in Sec. IV, the form of the equations in the Landau gauge. In this gauge, our formulas are
given in terms of the Jacobi theta function in contrast to the Coulomb gauge where use is made of
the Weierstrass theory for elliptic functions. Formulas �4.3� allow us to compute the energy
spectrum in simple cases. The pictures exhibit the characteristic properties pointed out, for in-
stance, in Ref. 2.

II. GAUGE INVARIANCE

If we assume that the Hamiltonian �Eq. �1.1�� is gauge invariant, we can give an interpretation
of the complex amplitudes tab in terms of the interaction of an electron with a magnetic field B.
Let us consider a magnetic field B, perpendicular to the plane of the lattice, that can be written in
terms of the vector potential A according to the formula B=�A2 /�x−�A1 /�y. For the equivalent
vector A�=A+��, the new hopping amplitudes and wave function are

uk��a� = uk�a�exp i���a� − ��a − ek��, k = 1,2,

���a� = ��a�exp i��a� , �2.1�

as imposed by the invariance of Eq. �1.3�. In the orthonormal basis 	e1 ,e2
 points in the lattice,
with coordinates �x ,y�, are written in the form a=xe1+ye2. Thus we see that the amplitudes ��a�
and ���a� are equivalent. The physical meaning of the magnetic field B manifests in the following
fact. Let us write the gauge invariant relation between B and A in integral form. We denote by
��a� the flux of B through the elementary cell in the lattice having the point a as its upper right
corner. Then, according to the Stokes formula, we get the relation

ei��a� =
u1�a − e2�

u1�a�
u2�a�

u2�a − e1�
,

which is gauge independent. In particular, the choice A2=0 corresponds to the Landau gauge and
reduces this formula to the relation

u1�a − e2� = u1�a�ei��a�.

It then follows that the coefficients u1 in Eq. �1.3� and hence the energy E are determined by the
elementary fluxes ��a�.12 In this gauge the magnetic field B is equal to −�A1 /�y, thus we can take
u1�x ,0�=1 by setting A1�x ,0�=0.

The states � which are solutions of Eq. �1.3� as well as the energy spectrum of the Hamil-
tonian H can be described, for the class of doubly periodic magnetic fields,

B�x + l1,y� = B�x,y + l2� = B�x,y� ,

by means of the elliptic function theory. Periods l1 and l2 of the field are assumed to be integer
numbers, in order for B�x ,y� to be a periodic function on the lattice. Most of our formulas
otherwise would not make sense. Although coefficients u1 and u2 for an arbitrary gauge are not
periodic, we shall show that there exists a gauge where they are. To see that, we observe that,
under a translation in the field periods, the vector potential A undergoes variations given by the
equations

A�x − l1,y� = A�x,y� + ��1,

A�x,y − l2� = A�x,y� + ��2. �2.2�

Assume that the values of the flux of B are
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�
0

l1 �
0

l2

B�x,y�dxdy = 2�N ,

where N�1 is an integer. Then, the system of equations

��x − l1,y� = ��x,y�exp i�1�x,y� ,

��x,y − l2� = ��x,y�exp i�2�x,y� , �2.3�

for a function ��x ,y� on Z2, is consistent. To see that, we observe that the compatibility condition
for the magnetic translation operators6 in Eqs. �2.3� follows from the relation �1�x ,y− l2�
−�1�x ,y�+�2�x ,y�−�2�x− l1 ,y�=2�N. This is the value of the flux of B in terms of the variations
of the potential vector implied by formulas �2.2�. The relevance of Eqs. �2.3� in this context is due
to the following fact. We observe that a solution � with ���=1 serves to define a gauge transfor-
mation �Eq. �2.1��. In such a case, we obtain a new wave function 	�a� and coefficients v1�a�,
v2�a� for Eq. �1.3�, according to the following formulas:

uk�a� = vk�a�
��a�

��a − ek�
,

��a� = ��a�	�a� . �2.4�

The Schrödinger equation �Eq. �1.2�� for 	 is now given in terms of the periodic coefficients vk,
vk�a+ ljej�=vk�a� for j ,k=1,2. This periodicity is a consequence of definitions �1.4� and Eqs.
�2.3�. In this new gauge, the vector potential is now given by A+ i� ln � in agreement with Eq.
�2.1�. The periodicity of the coefficients vk makes now possible to express the solutions of Eq.
�1.3� as Bloch’s wave functions,

	�x,y� = ei�p1x+p2y�f�x,y� ,

where f�x ,y� is periodic with the periods l1, l2 of the magnetic field, f�a+ ljej�= f�a�. The resulting
wave function in the original gauge is thus

��x,y� = ei�p1x+p2y���x,y�f�x,y� �2.5�

for which we obtain a linear system of l1l2 equations in the coefficients f�x ,y�,

e−ip1v1�x,y�f�x − 1,y� + eip1v1
−1�x + 1,y�f�x + 1,y� + e−ip2v2�x,y�f�x,y − 1� + eip2v2

−1�x,y + 1�f�x,y

+ 1� = Ef�x,y� , �2.6�

for �x ,y� in Z2 / �Zl1e1+Zl2e2� and v1, v2 defined by Eq. �2.4�. The l1l2 functions E�p1 , p2� are
defined on the reciprocal lattice. Then, for an integer flux, the states of an electron in Z2 in the
presence of a periodic magnetic field are equivalent to Bloch functions.

III. THE WAVE FUNCTION

To accomplish the explicit construction of the solutions of the Schrödinger �Eq. �1.2��, we
shall fix a concrete gauge to proceed to the analysis of Eqs. �2.3�. We shall consider both the
Coulomb and Landau gauges. The Coulomb gauge is interesting when one considers the connec-
tion of the solutions with those of the continuous problem.6,7 In the Landau gauge the final form
of the solution is very simple. Each gauge is related to one of the classical descriptions of elliptic
functions in the form of Weierstrass and Jacobi.15 In this section we describe the electronic states
in the Coulomb gauge.

Let us consider the condition on A, �A=0. In this Coulomb gauge the potential and the
periodic magnetic field admit the representation
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A1 = −
�


�y
, A2 =

�


�x
, B = �
 ,

with the function 
 given by6


�x,y� =
1

2�
�

0

l1 �
0

l2

ln���z − z���B�x�,y��dx�dy�, z = x + iy . �3.1�

Here � denotes the function

��z� = z �
�m,n��0

�1 −
z

zmn

exp� z

zmn
+

1

2

z2

zmn
2 
, zmn = ml1 + inl2.

The � function of Weierstrass has zeros zmn and satisfies the relations

��z + l1� = − ��z�exp�2
1z + 
1l1� ,

��z + il2� = − ��z�exp�2
2z + i
2l2� , �3.2�

with the usual notation for the real numbers 
1=��l1 /2�, 
̃2=−i
2=−i��il2 /2�. The � function is
defined by �=d ln � /dz and the constants 
1, 
̃2 satisfy the Legendre relation 
1l2− 
̃2l1=�.
Taking into account definition �3.1� and formulas �3.2� for the transformation of the � function,
one easily gets the relations


�x − l1,y� = 
�x,y� − 2N
1x + N
1l1 +

1

�
�

0

l1 �
0

l2

x�B�x�,y��dx�dy�,


�x,y − l2� = 
�x,y� + 2N
̃2y − N
̃2l2 −

̃2

�
�

0

l1 �
0

l2

y�B�x�,y��dx�dy�,

when the flux of the magnetic field on its periodic parallelogram is 2�N. With the aid of these
formulas we obtain the following expressions for the functions �1, �2 in Eq. �2.2�:

�1�x,y� = − 2N
1y, �2�x,y� = − 2N
̃2x ,

up to an arbitrary constant, as follows from the variations of the vector potential A written earlier,
Eqs. �2.2�. We thus arrive to the transformation laws

��x − l1,y� = ��x,y�e−i2N
1y ,

��x,y − l2� = ��x,y�e−i2N
̃2x. �3.3�

These equations represent conditions �2.3� for the present Coulomb gauge. To solve them, first we
extend Eq. �3.3� to the entire plane R2. Now, we see that the function

e−�ze
�x,y���x,y�

behaves under translations, in a multiple of the field periods, like the product of N � functions.
The constant � is determined below. Therefore, the conclusion is that we may write a solution �0

of Eqs. �3.3� in the form
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�0�x,y� = e−
�x,y�e�z�
j=1

N

��z − � j� ,

where the constants, � and the sum �=� j=1
N � j, are defined by the following formulas. The constant

� obtains from

Re � =
2
1

l1
Re � −


1

�l1
�

0

l1 �
0

l2

x�B�x�,y��dx�dy�,

Im � =
2
̃2

l2
Im � −


̃2

�l2
�

0

l1 �
0

l2

y�B�x�,y��dx�dy�,

and the quantity � is defined as

2�i� = �N�l2 + il1� +
l1l2

�
�

0

l1 �
0

l2 � 
̃2y�

l2
+ i


1x�

l1

B�x�,y��dx�dy�.

Since the zeros of �0 are placed at points � j, and their translates by the field periods l1 and l2, the
numbers � j can be chosen in such a way that �0 does not have zeros in Z2. Notice that the quantity
� is determined by the magnetic field that imposes a constraint on the � j, namely, � j=1

N � j =�. If � /N
is not in Z2 we can take all of the � j =� /N. On the contrary, in case � /N belongs to Z2 we take
� j =� /N+�� j /3 with �=exp 2�i /N since � /3 is not an integer and the sum of the Nth roots of
unity is equal to zero. Numbers 	�1 ,�2 , . . . ,�N
 merely specify an admissible gauge transforma-
tion. Gauge invariance implies that the physical state � and the energy E in the Schrödinger
equation �Eq. �1.2�� do not depend on the choice made for the constants � j. The existence of the
transformation reflects the difference between the problem on Z2 and the continuous problem,
because in the continuous case the zeros of ��x ,y� cannot be avoided and hence this function does
not define a gauge transformation from the original Schrödinger equation to a periodic equation.
From our previous discussion, taking into account that ��0�x ,y�� is a periodic function, we deduce
that the solution � we were looking for to Eq. �3.3� can be written in the form

� =
�0

��0�
= ei��2x+�1y��

j=1

N
��z − � j�
���z − � j��

.

In this formula, �1 and �2 are the real and imaginary parts, respectively, of �=�1+ i�2. The final
form for the solution � of Eq. �2.5� is then

��x,y� = ei�q1x+q2y�f�x,y��
j=1

N
��z − � j�
���z − � j��

,

with q1=�2+ p1, q2=�1+ p2 and the function f�x ,y� is a solution of Eq. �2.6�. The wave function
� can be written also as

��x,y� = �0�x,y�F�x,y� ,

the product of a ground state of the continuous problem,6,7

�0�x,y� = ei�p1x+p2y��0�x,y� ,

with the periodic function F�x ,y�= f�x ,y� / ��0�x ,y��. This follows from Eq. �2.5� and the expres-
sion given for �=�0 / ��0�. Thus, we conclude that the states in the lattice are given by a ground
state for the continuous motion modulated by a periodic function.
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IV. THE LANDAU GAUGE

The procedure followed in the previous section to solve the spectral problem �Eq. �1.2��
admits an equivalent formulation. We set A2=0 and define

A1�x,y� = − �
0

y

B�x,y��dy�.

In this Landau gauge, functions �1 and �2 in Eq. �2.3� adopt the expressions

�1 = 0, �2 = �
0

x �
0

l2

B�x�,y��dx�dy�.

Thus we see that �2�x� represents the magnetic flux through the rectangle �0,x�� �0, l2�. Equa-
tions �2.3� for � now are

��x − l1,y� = ��x,y� ,

��x,y − l2� = ��x,y�ei�2�x�. �4.1�

The periodicity of B implies the relation �2�x+ l1�=�2�x�+2�N from which we deduce that
2�Nx / l1−�2�x� is a periodic function with period l1. The substitution

��x,y� = ��x,y�exp�i�2�Nx

l1
− �2�x�
 y

l2
�

reduces Eq. �4.1� to the simpler system

��x − l1,y� = ��x,y� ,

��x,y − l2� = ��x,y�exp
2�iNx

l1
, �4.2�

for the new function �. This system can be solved in terms of the Jacobi theta function ��z ,��.15

This function is defined, for Im ��0, by the series

��z,�� = �
n�Z

exp�2�inz + �in2��

and satisfies the relations

��z + 1,�� = ��z,�� ,

��z + �,�� = ��z,��exp�− �i� − 2�iz� .

The zeros of ��z ,�� form a periodic set in the lattice Z�+Z at points �1+�� /2+m+n� for integer
numbers m and n. To get a solution of Eqs. �4.2� we define the function

h�z� = �� z

l1
,i

l2

l1

 ,

which is a � function with �= il2 / l1. For this function h one has the relations

h�z + l1� = h�z� ,
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h�z + il2� = h�z�exp��l2

l1
+

2�y

l1

exp −

2�ix

l1
.

Provided that the real part of � is zero, we can take ��x ,y�=h�z−�� / �h�z−��� as our sought
solution to Eqs. �4.2�. The solution to Eqs. �4.1� can be written in that case

��x,y� = exp�i�2�Nx

l1
− �2�x�
 y

l2
�� h�z − ��

�h�z − ���

N

.

The zeros of h�z−�� are located at points �+ �l1+ il2� /2+ml1+ inl2. Thus, � should be chosen to
avoid the presence of zeros of h�z−�� on Z2, for instance, �= i� /3. Periodic hopping amplitudes
in this gauge are given by formulas �2.4�. In view of the foregoing equations �Eq. �1.4�� we have

v1�x,y� =
��x − 1,y�

��x,y�
exp − ik�x,y�, v2�x,y� =

��x,y − 1�
��x,y�

, �4.3�

where we denote

k�x,y� = �
x−1

x �
0

y

B�x�,y��dx�dy�.

The spectrum is then determined by Eq. �2.6�. Let us make a final remark about the choice of the
magnetic field B. The Fourier series for the periodic field B gives the decomposition B=B0+B1,
where the term B0 is constant and the flux of B1 is zero. Considered as a periodic function, with

periods l̇1 and l̇2, integer multiples of l1 and l2, respectively, the admissible values of B0 are B0

=2�N / l̇1l̇2. Since the flux of B1 is again zero, through the new periodic parallelogram, for the

present value of the constant term B0 the number of equations in Eq. �2.6� becomes l̇1l̇2. Conse-

quently, the number of eigenvalues E�p1 , p2� is also l̇1l̇2. The examples analyzed in Ref. 2 are
particular instances of our construction.

In the case of a uniform magnetic field, with rational flow 2�N /M through each elementary
cell, we can take l1=1 and l2=M and chose B to obtain an integer flux Bl1l2=2�N as in the
previous formulas. In the present situation, the problem is reduced to a one-dimensional problem,
described by a Bloch function, since the gauge transformation is defined by the function ��x ,y�
=1. This follows from the conditions ��x−1,y�=��x ,y�, ��x ,y− l2�=��x ,y�exp 2�Nix=��x ,y� on
Z2.
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