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Abstract

We study the regularity of the solution to the Reynolds equation for incom-
pressible and compressible fluids when the gap between the lubricated surfaces,
“h(x,y)”, presents a discontinuity in a two dimensional bounded domain. As
in the one dimensional problem studied by Rayleight the solution P does not

belong to C*(Q) but we obtain that |V P| is bounded, i.e. P € W1 (Q).
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1 Introduction

Lubrication is a known phenomenon since the early civilizations. Since then, lubrication
has been an important part of engineering, and has helped to solve many problems
of engineering, as in gears, rollers, journal bearings, thrust pads etc. One of the
earlier mathematical models was presented by O. Reynolds in [12] starting a very
rich literature on this subject. We assume that the distance h between the lubricated
surfaces is small, that one of the surfaces is given by z = 0 and that it moves with
a given velocity (U,0,0) (i.e. parallel to the z-axis). The pressure of the lubricant is
denoted by P. Then, the incompressible Reynolds equation has the expression

—div(h*VP) = —6uU2Zh in (1.1)
P—-—F =0 on 0, '

where p is the viscosity of the fluid and P, the pressure at the boundary. The com-
pressible equation is given by

—div(h?PVP) = —6pU 2 (hP) in Q (1.2)
P—FP,=0 on Of). '

The classical Reynolds equation (1.2) was later modified due to many different pur-
poses. Some of these modifications take into account the slip flow and, so, the diffusion
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coefficient h3P is replaced by ah? + BR3P (see Burgdorfer [3]). Here, we assume the
mean free path of the molecules ) is small in comparison to the film thickness A (i.e.
A/h < 107?) and so we shall work with the classical Reynolds equation (1.2). In [11]
Rayleigh considered the one dimensional problem. He optimized the load carrying
capacity, obtaining the optimal form of “A” given by

_ h() if z€ (O,Ll)
ie) _{ hi if z e (L, L),

whose solution P is given by

T P+ A (L—2) if ze(Ly,L)

where A = A(u, U, hg, hy). This explicit solution to the one dimensional problem be-
longs to the Sobolev space W1>(0, L), i.e. |P,| < C (see Cameron [4]). Nevertheless
notice that P ¢ C(0, L). During the last century, many phenomena have been studied
in lubrication theory, as cavitation or deformation of the surfaces, and many of them
have coupled the Reynolds equation to other equations describing the new phenom-
ena, see Elrod [8], Burgdorfer [4], Cameron [4], Bayada [1], Rodriguez and Linan [13],
etc. In the last 30 years many authors have been studied Reynolds equation from a
theoretical point of view (see e.g. Chipot and Luskin [6], Chipot [5]). Problems where
lubricated surfaces present discontinuities of type (1.3) frequently appear in different
engineering applications, as in “feedbox”, “shaft-bearing” systems, “magnetic head
recording” or in “hard or floppy disc drives” see Bhusman [2] and also Friedman and
Tello [9]. In this paper we study the regularity of the solution to (1.1) and (1.2) where
Q2 =(0,L) x (0,B) and h is given by the discontinuous function

e ={ 0 R TE03) 13
Since h presents a discontinuity the source term g—’; ~ 0,—1, and we can not expect that

the solution P belongs to C?(€2). For that reason we need introduce the standard notion
of week solution, given in Definition 2.1 and 3.1. The regularity C**(Q), Va € [0, 1),
of the weak solution of (1.1) is a direct consequence of the regularity theory (see e.g.
Kinderlehrer and Stampacchia [9; Th.9.2]). The W1?(Q) regularity is a more delicate
question due to the lack of continuity of h. The main goal of this paper is to present
a delicate and improved version of the results advanced in Diaz and Tello [7].

Theorem 1.1 Let P be the unique weak solution to (1.1). Then uw := P — Py €

Theorem 1.2 Let P be a weak solution of (1.2). Then P € Wh>(Q).

The proofs of the above theorems are presented in Sections 2 and 3 respectively. We
consider an auxiliary problem in order to construct a test function, which helps us to
obtain the needed estimates in the regularized problems(see (2.3) and (3.2)). Once
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obtained the estimates we take limits in the weak formulation to obtain the desired
results. Through the paper, we assume

hg <hy and U <O, (1.4)

n denotes the outward unit normal to 0f) and do denotes dzdy.

2 Incompressible case

Since h € L>((2), then —6pU 2% € H~'(£) and we have

Oh ¢ 1

Definition 2.1 We say that P is a weak solution of (1.1) if P = u+ Py, u € Hj(Q)
and u satisfies

. . aqs
3 . — bt 1
[ 1Vu-Vdo A6mm6£w V¢ € HL(9). (2.1)

The existence of a unique weak solution is a direct application of Lax-Milgram Theorem.
The proof of Theorem 1.1 is structured in several steps. In the first step we approximate
h by some continuous functions h,,

ho ifo<z<i
he(z,y) = 2(x— L +chy) if £<az<Lte(h—hy), (2.2)
hl if§+€}L1—}L())<LE<L,

and consider the approximated problem

— div(h¥Vu,) = —6pUZ(h:) in Q (2.3)
U = on Of). '

We have
Proposition 2.1 The solution u. to (2.83) belongs to Wolq(ﬂ) for any 1 < g < .

According Troianiello [14; Theorem 3.7 and Theorem 3.14] the proof of the above
result reduces to prove that the outer normal derivative 687—; is a bounded function. It
is deduced from the following lemma.

Lemma 2.1 %Ln € L>(09).

Proof. Define the operator L.(-) = — div (h3V(-)). Then we have

5 0, ifo<z<i
L.(u.) = —6uUa—$(h5) = %l jf % <z < L+e(h—ho),
0 if 5+€(h1—h())§$§[/.



Let t.(z,y) = Cz(z — L)y(y — B) with C = 181Ul A routine computation shows that

hSL26
—2Chiy(y — B) —2Ch}z(x — L) on 0 <z < %,
L.(a.) =< —2Chiy(y — B) — 2h}z(z — L) on % +e(hy —hy) <z <L,
—Cy(y — B)[2h? + (2 — L)h?] — Chiz(x — L) otherwise.

Since L¢(ue) > Le(ue) > Le(0) = 0in Q, and @, = u. = 0 on 912, we get that . is a
supersolution and 0 is a subsolution to (2.1). Thus, by the comparison principle and
the uniqueness of solutions, we obtain @, > u, > 0 in ). In consequence

ou. _ Ou,

< <0
on —

on —

which implies that

Ou. -
3 € L>(09).

n

—C(B*+ L% < % <0 and so
n

O In a second step, given ¢ > 1, we construct a test function w. as solution to the
auxiliary problem

— div (R3Vw,) = — div (|Vu.|7*Vu.) in Q 54
h?% + a.(z,y)w. = |VU5|(’_2% on 0, (2.4)
where 5 o
ae(fﬁ;y) Cs ( - an - an )7
= 6ul
Te(z) = ds — k
5(.’1?) 0 h?(S) S 0y
and

o U8 + 1) CH)AS
0= 61 .

In order to solve (2.4) we introduce the Hilbert space
V(Q) :={¢ € H*(Q) such that / a.pdoy = 0}
J o0

associated to the inner product < ¢, v >y:= [, Vo - Vipdo + ([, ¢pdo)( [ ¢do).
Proposition 2.2 Problem (2.4) has a unique weak solution w. € V().
For the proof we need a previous result

Lemma 2.2 [, a.doy <0 for any € > 0.



Proof. Integrating in (2.3) it results

du oG
h2——= — h}——doy =
/an ©on “on 2

By construction of a, we have

adoy = [ (GE = GTHO) (RS — WS )dos.
./aga 72 09(05 GO on ° on )do
Since (by Lemma 2.1)

a 15 aGg aGS
U’SOOHBQ, =0ony(B—y)=0, — >0onz=1,
on on n
and G-' — G71(0) > 0 we obtain the desired result. O We point out that any
function in H'(2) can be expressed as the sum of a function in V(£2) plus a constant.

Proof of Proposition 2.2. We define the bilinear form A, : V(Q2) x V(Q) — IR by

A, ) ::/Qh§V1/;-V¢da+/m acbddos.

Since
/(;Q abddoy = /aQ ag(zp—ﬁl'A¢da)(¢—ﬁ4¢d0)d02—@_/&Q a5d02/9¢d0/9q5d0

and || ¥ — ﬁfgzb 200 < C(Q) || V¥ |[(z2(0))2 we obtain the continuity of A..
Coerciveness is a consequence of the fact that [y, a. < 0. Since A, is a continuous,

coercive and bilinear form, by Lax-Milgram Theorem, there exists a unique w. € V(Q)
weak solution to (2.3). a

Lemma 2.3 There exists a positive constant K(, hy,U, 1) such that

[ ||W&’Q(Q)S K(Q,ho,Uyp) V 1< q< o0.

Proof. We take w, as test function in (2.3) and we get

thug-VwEdcT:/ Vu, - (6uUh.,0)do + [ K325
Q Q o0 on

— < (6pUh,,0),n >)w.dos.
Taking u. as test function in (2.4) we obtain
/ hg’Vug -Vw.do = / |Vue|?do. (2.5)
Jo Jo

Therefore
15}

uE
on

/Q|vu5|qcza:/vae-(ﬁwhg,o)dmr/m(hg — < (6pUhe,0),n >)w.dos. (2.6)
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By construction of G, we know that h3VG, = (6uUh,,0). Thus
/ V. - (6uUh.,0)do = / WVG. - Vu.do. (2.7)
Jo Jo

Taking G. as test function in (2.4) we obtain

/ RAVG, - Vw.do = / |Vu.|7*Vu, - VG.do
Q Q

: Ou, ow,
—/ G5|Vug|q_2id0'2—|- < Gg,hg - >p1/2 g1z
o9 on on

From (2.6), (2.7) and the above expression we get

oo+

/' V. |'do = / IV [©2Vu, - VC.odo — / G Va2 2%
0 Q Jogo on

du,
Y < (6uUhe,0),n >)w.dos.

+ <G ™

3
e 5 8 >H1/2H 1/2 —1—/ h3

Using the definition of w. we arrive to
/ |Vu|?do :/ |Vu.|"?Vu, - VG.do,
0 Q

which implies

/Q|Vu5|qda§ HVGEH(Loc(Q))z/O|Vu5|q_1d0.
In consequence

6uU 6ulU

IVttel{zaye < ||Vu€||(Lq vy < O 75

||V“€||(Lq(g )2
Vel < C(Q)%2E ,2 , and so we conclude that [|uelly10 < C()%E for any
0

(l,oo). O End of the proof
of Theorem 1. Since || . ||W01,q(m§ C then there exists a subsequence u. which

converges weakly in W;¢(€2), to v. Taking limits in the weak formulation of (2.3), we
get that v is a solution to (1.1). From the uniqueness of solution we deduce that v = v
and then u € Wol’q(ﬂ) for any ¢ < oo. Moreover || u HW&,q(Q)S C(Q, ho, p, U), which is

independent of ¢. Since || u |[jree= limgoo || © ||1e taking limits when ¢ — co we
0 0

conclude the proof. |
Lemma 2.4 The solution P to problem (2.1) is such that P ¢ C'(Q).

Proof. Since —AP =0 out31de of x = —, and P > P, P takes his maximum at some
point (z,yo), where zy = 5 and 0 < yp < B. Consider the equation

—APl =0 n Ql

Pl =P on 8Q1,



where Q; is an open subset of  with regular boundary such that Q; C @N{0 < z < £}
and (£, o), (0,9y) belonging to 9Q;. By the strong maximum principle we obtain

0

—P 0. 2.8
g1 (2.8)
In the same way we consider P,, 25 C QN {% <z < L} and (%,yo), (L, yo) belonging

to 0f)y; and we obtain

o)
a—ng <0. (2.9)

By the uniqueness of solution it results P, = P in §; and P, = P in s and by (2.8)
and (2.9) we get

Lim gP >0> lim 0

(29)>(E), a<t O () =(Eo), «>L O

P

Y

which proves the lemma. a

3 Compressible case

In this section we study the compressible case, modeled by the compressible Reynolds
equation (1.2), where h is given by (1.3). As in Section 2 we introduce the standard
notion of weak solution

Definition 3.1 We say P > 0 is a weak solution to (1.2) if P — Py € Hj(2) N L>=(Q)
satisfies
N

/h3pvp-wda:/6whp—da Y € HY(S).
Q Q Oz

The proof of the Theorem 1.2 consists in several steps. First we introduce the unknown
function u = %PQ which satisfies

—div(R*Vu) = —6\/§U/Ji(h\/ﬂ) in ,
Oz (3.1)
u— 1P} =0 on 0f).

The existence of weak solution can be proved by several ways: using a fixed point
theorem (see Chipot [5]) or as limit of the solutions of some regular approximated
problems. Let us consider a continuous approximation of i (given by (2.2)) and the
approximated problem

{ — div (R2Vu.) = —6v2Up2 (h.\/u:) inQ,

u. = 3 P7 on Of. (3:2)

Then



Lemma 3.1 There exists a weak solution to (3.2). Furthermore the weak solution u,
belongs to W'1(Q) for any 1 < q < oo.

Proof. Let us consider the operator

L() = — div (Y () + 6v2ul 5 (/).

Let uy = %PDZ, then, by (1.4) we get L.(ug) < 0. Let us consider @. defined by

.(z,y) = Cz(z — L)y(y — B) + P2, where C' = (££772)2. Then we have
0

{ Le(te) > Le(ue) > Le(wo) — in £,

U = U = Uy on 0f2,
and by comparison we obtain the existence of solution u, satisfying
Ue > U > PO2 in €.

Then

and we get

ou
—C(B*+ %) < =—=
( + )_ on

< 0. (3.3)

O The second step of the proof of Theorem 1.2 is to prove the regularity of
P. = +/2u,, where P, is the solution to

{ — div(hP.VP.) = —6pU 2 (h.P.) in ), (3.4)

P.=F on Of).
Proposition 3.1 The solution to (3.3) satisfies

| P lwra@)< K
for any 1 < ¢ < oo and K = K(Q, hy, Uy, pt, Py), i.e. independent of ¢ and €.

In order to prove Proposition 3.1, given ¢ > 1, we introduce the auxiliary problem

— div (R3P.Vw,) = — div (|VP.|*"2VP.) in Q, (3.5)
PUhgaaq%,E + aE(xay)ws = |Vpe|q—2%% on 8Q, ’

where op o

: = RGN (hi = — h}—

ac(l’;y) 0T, ( e an e an ),
= 6uly
Gg(ﬂf) = Jo hg(s) dS — ]ﬂ()

and

{ %H%wag) + [Us|h1) C*(S2) Pohg

ko = —
0 61




Lemma 3.2 Problem (3.4) has a unique weak solution w. € V(Q).

Proof. As in Section 2 we consider the bilinear continuous and coercive form A,

V() x V(2) — IR defined by
A ) = /Q WPV - Vde + /6 abdo.

Since Py < P. < /24, we obtain the continuity and coerciveness of A, (as in Proposi-
tion 2.2). Applying Lax-Milgram Theorem we conclude the proof. O Proof of

Proposition 3.1. Taking w,. as test function in (3.3) we obtain

fo P-W3VP. - Vu.do = fo P.Vw, - (6uUh.,0)do+

+ [a0 P()(hg’%— < (6uUh.,0),n >)w.dos.
Taking P. — Py as test function in (3.4) it results
/ P.RVP. - Vu.do = / IV P.|tdo.
Q 0

Then we get

(6uUhe,0),n >)w.dos. (3.6)

P,
/ VP, |1do :/P56,L1Uh6%da+/ Py(R3 ==
Q Q Oz o0 on

Since (6uUh.,0) = K2V G, it results

— / P.RVG, - V. do.
Q
Taking G. as test function in (3.4) and using (3.6) we obtain
/ IVP.|tdo = / IVP|I2V P, - VG.do—
Q 0

ap , Ow,

/ G, |VP |q 2 E,Pohc >H1/2H 1/2=
o0 on

P,
/m P (hﬁ% (64U, 0),n > )w.dos.

Using the definition of w, it results
/ IVP.|1do = / VP12V P, . VG.do
Q Q

and then _
[ IV J1de < |V Gell=qaye [ [V P~ do.
Q Q

Consequently

6 6

/,LU MU
IV Pe[{Laaye < IIVP Iz (0 < C(Q)= 7 HVP (e



Le. ||[VP||(zeayye < C’(Q)M and since P, = P, on J€) we obtain the desired result.

}lz ?
O Proof of Theorem 1.2? Since || P. ||W1,q(Q)S K then there exists a subsequence
P,. which converges to v weakly in W14(Q). Since W'4(Q) C L>(Q) is a compact
embedding it results P. — v in L>°(§2). Taking limits in the weak formulation of
(3.3) we obtain

/S;vh‘?Vv Vidz = /va (6uUh,0)dz ¥ 4 € HHQ)

which implies that v is a weak solution to (1.2). Since v € W'4(Q) for any 1 < ¢ < o0
and

|| v ||W1’q(9)§ C(Q7h07p07:u’7 U)

taking limits as g goes to co we obtain v € WH>(Q). O ACKNOWLEDGMENT.
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