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Abstract—Experimental results are presented for light diffraction under the Fresnel regime by two types of
fractal gratings: triadic Cantor bars and Vicsek fractals. It is shown that the evolution of the diffraction patterns
in the Fresnel regions reveals the hierarchical structure of deterministic fractal gratings. © 2003 MAIK

“Nauka/Interperiodica” .

The main properties of Fresnel diffraction by regu-
lar fractal gratings have been studied theoretically in
various publications [1-5], athough not al of them
have been experimentally verified.

In particular, it was shown analytically and by
numerical simulationsfor various fractal gratings [3-5]
that the Fresnel integral
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of ahomogeneous function f(x)

f(x/m) = m" f(x), )

where misascaling factor and o is a scaling exponent,
is self-affine with respect to longitudinal zand transver-
sal & coordinates

UE/m zZZm%) = m*U(E, 2). 3)

The fractal structure is usually described by some iter-
ative procedure, and relation (2) holds not for all m, but
for some sequencem', wherek=1, ...,nandnisalevel
of the fractal. Because of the finite n and the finite size
of real-world fractal structures, relation (2) transforms
to

fo(m*x) = mf,_(x) 4)
and, therefore,
Un(E/m", 2Zm™) = m“U,_(&, 2). (5)

Another property of Fresnel diffraction by regular
fractalsisthe invariance of the hierarchical structure of
diffracted fractal fields [6]. Thus, if an input fracta
grating f(X) of level n is constructed from the initiator

L This article was submitted by the authorsin English.

fo(X) through a certain iterative procedure including
affine transformations of fy(x) (scaling and shifting),
then the complex amplitude of the diffracted field U (€,
2) = R f,(¥)](&) can be generated by applying the same
iterative procedure taken as the initiator Uy, 2) =
R fo(X)](&)- Therefore, U,(§, 2), aswell asf,(x), can be
built from U, _ (&, 2) and f,,_(X), respectively, after k
iterations.

The goal of this paper isto observe and assert these
properties experimentally. We study the evolution of
the Fresnel diffraction patterns of fractal fields. Thelat-
ter are generated after the free propagation of a plane
wave through deterministic fractal amplitude gratings.
Concretely, we consider two binary gratings: a triadic
Cantor set and aVicsek curve. These fractalswere gen-
erated on a personal computer and then printed by an
HP Laser 4P printer on transparencies. The size of the
fractal amplitude gratingsis 3.5 x 2.5 cm.

The optical system assembled for the experimentsis
displayed in Fig. 1. It consists of aHe-Ne laser (wave-
length A = 632.8 nm, power P =20 mW), apinhole 1, a
polarizer 2 used for control of the illumination level, a
collimator lensL1 (focal length f; = 50 cm), and aHita-
chi KP 140 CCD camera connected to the computer.
The spatial high-frequency resolution of the system is
limited to 37 linesy/mm (as obtained from the experi-
mental MTF). Two additional lenses L2 and L3 with
focal lengthsf, =50 cm and f; = 18 cm, respectively, are
used in the experiment for Vicsek fractal study in order
to decrease the size of the initia grating by a factor of
3 before observation of the Fresnel diffraction and
accommodate proper detection.

First, we study the Fresnel diffraction pattern pro-
duced by Cantor bars of level 5, partialy shown in
Fig. 2a (the horizontal width of the white bar is
0.2 mm). The pattern is formed by the iterative proce-
dure of dividing a bar into three equal segments and
removing its middle third. Then, the scaling factor min
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Fig. 1. Experimental setup used in the experiments. Additional lenses L2 and L3 are applied for observation of diffraction by the

Vicsek fractal.
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Fig. 2. (a) Part of thetriadic Cantor set of level 5, registered by the CCD camera. (b) The hierarchical tree of the Cantor set, obtained
from the observation of the intensity evolution of the diffractive patterns along the optical axis z. (c) Experimental verification of

Eq. (5).

Egs. (4) and (5) equals 3. In redlity, due to the quality
of the printer used for preparation of the grating, m =
2.8. This means that the initial bar is divided into 14
equal segments and 4 of them are removed from the
middle.

Moving the CCD cameraalong the optical axisfrom
the closest position to the object plane (15 cm) to the
farthest allowed by the system (177 cm), we obtain a
sequence of 40 Fresnel diffraction patterns. Selecting
the same small region Ay from every pattern and plac-
ing them consecutively in growing order of z, we build
up an image (Fig. 2b) representing a part of a fractal
tree, which reveals the hierarchica structure of the
Cantor set. The gray scaleindicatestheintensity levels.
One can observe that, during propagation in free space,
thefield associated with the fractal of level ntransforms
into the field associated with the structure of the lower
level n—1. Thehifurcation point wherethistransforma-
tion occursisindicated by z,= 113 cmin Fig. 2b. From
analysis of Fig. 2b, we can conclude that another bifur-
cation occurs at the distance z, = 15 cm from the object

plane. Thisisthefirst registered diffraction pattern due
to the specifics of our experimental setup. The experi-
mental observation of the evolution of the Fresnel dif-
fraction patterns verifies Egs. (4) and (5). Thus, the
ratio between the distances where the similar intensity
distributions are observed isn? = z,/z, = 7.5, which cor-
responds to the scaling factor m = 2.8 = 3. Moreover,
after rescaling the coordinate x of the fractal tree for
distances z U [z, z] by the factor 1/m, we obtain an
image (Fig. 2c) that coincides with every two parts of
the Cantor tree for distances z [J [z, z;].

Therefore, from analysis of theintensity distribution
of the Fresnel patterns along the optical axis, informa-
tion about the hierarchical structure of the regular frac-
tal gratings and its scaling parameters can be derived.

In the second experiment, we demonstrate the
invariance of the hierarchical structure of the diffractive
patterns. Sincethislaw holdsfor acomplex field ampli-
tude of the diffractive fields, its verification from the
analysis of the intensity distributions measured in the
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Fig. 3. (8) Successive stages of Vicsek fractal generation. (b—h) Fresnel patterns of the Vicsek fractal of level 4 and its generator
(boxed) for the distances 0, 2.5, 4.6, 7.3, 10.3, 18.3, and 32.6 from the scaled object plane, respectively.

experiment is possible only for relatively small dis-
tances z, inside the near field.

The objects of our study are the Vicsek fractal of
level n =4 and its generator (n = 1). The Vicsek fractal
is generated starting from a square as an initiator and
setting at every corner another square with the same
dimensions, as described in Fig. 3a. The size of aside
of initiator is 0.53 mm. To decrease the size of the
object by afactor of 3, we used the additional lenses L2
and L3 shownin Fig. 1.

Figs. 3b—3h show a sequence formed by seven dif-
fraction patterns for the following distances (cm) from
the scaled object plane: 0, 2.5, 4.6, 7.3, 10.3, 18.3, and
32.6. The evolution of the diffraction patterns for the
generator is shown in the right corners inside the white
boxes. It isobserved that the diffracted image |U,4(E, 2)|?
can be reproduced from |U, (€, 2)]? after three iterations
for distancesz [0, 18.3] cm (Figs. 3b—3g) by applying
the same iterative procedure used for the generation of
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Fig. 4. Line profiles of theintensity distributions of thefield
diffracted by the generator along the x axis for the distances
z=(1) 0, (2) 25, (3) 4.6, (4) 7.3, (5) 10.3, (6) 18.3, and
(7) 32.6 cm.
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the Vicsek fractal f,(x). For larger distances (Fig. 3h),
due to the strong influence of the phase, the intensity
patterns cannot display the general law for complex
field amplitude. In Fig. 4, the profiles of the intensity
distributions of thefield diffracted by the generator f;(X)
along the x axis for the distances z = 0, 2.5, 4.6, 7.3,
10.3, 18.3, and 32.6 cm, (curves 1-7, respectively) are
shown. One can seethat the intensity of thefirst six line
profiles (Fig. 4, curves 1-6) is concentrated in the lim-
ited region of x O [30, 70] normalized units, while, for
z = 32.6 cm, this intensity spreads over x U [10, 90].
Therefore, due to the interference phenomenon, the
structure |U,(&, 2)|> cannot be observed in the pattern
U4, 2> (Fig. 3h). This fact indicates that it is not
always possible to reveal the fractal properties of opti-
cal fields on the basis of only measurements of the
intensity distribution.
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