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NEARLY HYPO STRUCTURES AND
COMPACT NEARLY KAHLER 6-MANIFOLDS WITH CONICAL
SINGULARITIES

MARISA FERNANDEZ, STEFAN IVANOV, VICENTE MUNOZ, AND LUIS UGARTE

ABSTRACT. We prove that any totally geodesic hypersurface N° of a 6-dimensional nearly
Kshler manifold M® is a Sasaki-Einstein manifold, and so it has a hypo structure in the
sense of [12]. We show that any Sasaki-Einstein 5-manifold defines a nearly Kahler structure
on the sin-cone N° x R, and a compact nearly Kéhler structure with conical singularities
on N® x [0, 7] when N 5 is compact thus providing a link between Calabi-Yau structure on
the cone N® x [0, 7] and the nearly Kihler structure on the sin-cone N® x [0, 7]. We define
the notion of nearly hypo structure that leads to a general construction of nearly Kéhler
structure on N°® x R. We determine double hypo structure as the intersection of hypo and
nearly hypo structures and classify double hypo structures on 5-dimensional Lie algebras
with non-zero first Betti number. An extension of the concept of nearly Kéhler structure is
introduced, which we refer to as nearly half flat SU(3)-structure, that leads us to generalize
the construction of nearly parallel G2-structures on M® x R given in [3]. For N° = §° c §°
and for N5 = 82 x 83 C §3 x §3, we describe explicitly a Sasaki-Einstein hypo structure
as well as the corresponding nearly Kihler structures on N° x R and N® x [0, 7], and the
nearly parallel G2-structures on N® x R? and (N® x [0, 7]) x [0, 7].
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1. INTRODUCTION

Let N° be a 5-manifold with an SU(2)-structure, that is, the frame bundle of N° has
a reduction to the group SU(2). Recently, Conti and Salamon [I2] have proved that such
a structure is determined by a quadruplet (n,w;,ws,ws) of differential forms, that we shall
abbreviate as (n,w;), where 7 is a 1-form and w; are 2-forms satisfying certain relations (see
Section 2). An SU(2)-structure (n,w;) is said to be hypo if the 2-form w; and the 3-forms
n A we and n A ws are closed.

Hypo geometry is a generalization of Sasaki-Einstein geometry. In fact, any Sasaki-Einstein
5-manifold has an SU(2)-structure (n,w;), where 1 is the contact form, that satisfies the
differential equations

(1.1) dn = —2ws3, dwy =3nAwsy, dwy=—3nAwq,

and so is a hypo structure, after interchanging the form w; with ws. This is due to the
following. A Sasaki-Einstein 5-manifold N° may be defined as a Riemannian manifold such
that N xR with the cone metric is Kéhler and Ricci flat [5], that is, it has holonomy contained
in SU(3) or, equivalently, its SU (3)-structure is integrable. This means that there is an almost
Hermitian structure, with Kéhler form F', and a complex volume form ¥ = ¥, 4+ ¢¥_ on
N x R satisfying dF = d¥, = d¥_ = 0. But an integrable SU(3)-structure on the cone
N3 x R induces an SU(2)-structure on N° satisfying (L)) (see Section Bl for details).

Our goal in this paper is twofold: on the one hand, to show that Sasaki-Einstein (hypo)
5-manifolds are also closely related with nearly K&hler 6-manifolds (weak holonomy SU(3)
manifolds) giving a method to construct nearly Kéhler manifolds from Sasaki-Einstein 5-
manifolds; and on the other hand, to give a method of construction of nearly parallel Gs-
structures on M% x R starting from certain SU(3)-structures on M9, which we call nearly
half flat, leading to a generalization of the construction given in [3].

To this end, in Section B it is shown that any totally geodesic hypersurface N° of a
nearly Kihler 6-manifold M® has a natural Sasaki-Einstein SU(2)-structure (1, w;,ws,ws)
satisfying (LI)). Furthermore, the converse also holds. In fact, we prove that any Sasaki-
Einstein SU(2)-structure on N° satisfying (II]) defines an SU(3)-structure on the sin-cone
N’ x R which is nearly Kihler (see Theorem 3.7 in Section ). Actually, our result is slightly
more general and it applies to nearly hypo SU (2)-structures satisfying the evolution nearly
hypo equations established in Proposition Nearly hypo structures are the natural SU(2)-
structures induced on oriented hypersurfaces of nearly Kéahler 6-manifolds. In particular,
when N° is a compact Sasaki-Einstein SU(2)-manifold, one gets a compact nearly Kihler
structure with conical singularities on N® x [0, 7].

Returning to a Sasaki-Einstein structure, it can be defined as a structure whose cone
is Kédhler and Ricci flat. We show (see Corollary B.8) that in dimension 5 a Sasaki-Einstein
structure could also be defined as a structure whose sin-cone is nearly Kéhler (weak holonomy
SU(3) manifold). In this way, Sasaki-Einstein 5-manifolds provide a link between Calabi-Yau
cones and nearly Kéhler (weak holonomy SU(3)) sin-cones.
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More general, in Section [4, we define a double hypo structure as an SU(2)-structure which
is hypo and nearly hypo; a diagram representing the relations among the classes of SU(2)-
structures is inserted. In Section [ we show also that double hypo structures are precisely
those SU(2)-structures whose sin-cone carry a half-flat SU(3)-structure. We describe all
5-dimensional Lie algebras with non-zero first Betti number which have a double hypo struc-
ture, and prove that solvable Lie groups cannot admit invariant double hypo structures.
Double hypo structures give a relation between Calabi-Yau solution to Conti-Salamon evolu-
tion equations (2.6]) and nearly Kéhler solution to the nearly hypo evolution equations (B.2])
discovered in Proposition below.

In [3] it is proved that if M© is a nearly Kéhler manifold, then the sin-cone M% x R has
a natural nearly parallel Go-structure. We generalize this construction of nearly parallel Go-
structures proving (see Proposition [5.2]) that any nearly half flat SU(3)-structure (F, ¥y, W_)
on M, which means that dU_ = —2F A F, can be lifted to a nearly parallel Go-structure on
MS x R if and only if it satisfies the evolution nearly half flat equation (5.6]) established in
Section [Bl In this section we insert two figures, one of them represents the relations among
the classes of SU(3)-structures, and the other illustrates how it is possible to get special
Go-metrics by evolution from SU (3)-structures.

In Section [6l we consider the oriented hypersurfaces N° = S ¢ S and N° = §2 x S3 C
53 x S3. Since S° C S6 is totally geodesic in S® with the metric of the nearly Kéhler
structure on S%, it induces a Sasaki-Einstein hypo structure on S° satisfying (LI). We
describe explicitly such a structure on S° as well as the nearly Kihler structure on S° x R
and the nearly parallel G5-structure on S° x R2.

For §% x 82 C 83 x S% we notice that S? x S3 is not totally geodesic in S x S3 with
the metric of the nearly Kéhler structure, and we see that the SU(2)-structure induced on
S? x S3 is hypo but it does not satisfy the first equation of (LI). We modify it a little to
obtain a Sasaki-Einstein SU(2)-structure on S? x S? satisfying equations (L)), and then we
describe the nearly Kihler structure on S? x S3 x R and the nearly parallel Go-structure on
2 x 83 x R2.

Finally, we use the recently discovered in [I6] infinite family of explicit compact Sasaki-
Einstein 5-manifold Y?¢ to construct infinite family of compact nearly Kéhler manifold with
conical singularities on Y77 x [0, 7].

2. HYPO STRUCTURES ON 5-MANIFOLDS

In this section we show that any totally geodesic hypersurface of a nearly Kéhler manifold
has a Sasaki-Einstein SU (2)-structure satisfying (I.I]). First we need to recall some properties
of SU(2)-structures and, in particular, of hypo structures on 5-manifolds.

Consider a 5-manifold N° with an SU(2)-structure (n,wr,ws,ws), that is to say, n is a
1-form and w; are 2-forms on M satisfying

(2.1) wi ANwj = 5v, vAnN#DO0,
for some 4-form v, and

(2.2) Xiw =Yow = W3(X, Y) >0,
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where X 1 denotes the contraction by X. Then, it induces an SU (3)-structure (F, ¥, ,¥_)
on N° x R defined by

(2.3) F=w +nAdt, V=V, +iV_ = (wy+iw3)A(n+idt),
where ¢ is a coordinate on R.

Vice versa, let f : N> — M5 be an oriented hypersurface of a 6-manifold M® with an
SU (3)-structure (F, ¥, ¥_), and denote by N the unit normal vector field. Then the SU(3)-
structure induces an SU(2)-structure (1, wy,ws,w3) on N° defined by the equalities [12]

(2.4) n=-NJF, w =/fF, wy=N,U_, w3=-N,U,.
An SU(2)-structure determined by (7, w;) is called hypo if it satisfies the equations [12]
(2.5) dwy =0, d(n ANwe) =0, d(n ANws) =0.

Suppose that M has holonomy contained in SU(3), that is, the SU(3)-structure (F, ¥, ¥_)
is integrable (i.e. Calabi-Yau) or, equivalently,

dF = 4V, = d¥_ = 0.

It is not hard to see that any oriented hypersurface N° of M9 is naturally endowed with a
hypo structure [I2]. Indeed, the conditions dF' = d¥, = d¥_ = 0 imply that the induced
SU (2)-structure on N® defined by (2.4)) satisfies (Z.5). Regarding the converse, Conti and
Salamon [12] prove that a real analytic hypo structure on N° (that is, when N°® and the
reduction of the frame bundle of N both are analytic) can be lifted to an integrable SU(3)-
structure on N° x R, that is, (1,w;) belongs to a one-parameter family of hypo structures
(n(t),w;(t)) satisfying the evolution equations

Oywy = —dn
(2.6) O(n A\ ws) = dwo
O(n Nwa) = —duws.

Next we study totally geodesic hypersurfaces of nearly Kihler 6-manifolds M9, that is, M©
has an SU(3)-structure (F, ¥, ¥_) which satisfies the following differential equations [21]
(2.7) dF =30,, dV_=-2FAF.

Lemma 2.1. If f : N> — M9 is a totally geodesic hypersurface of a nearly Kihler manifold
M6, then the induced SU(2)-structure 2.4) on N® satisfies the differential equations (L)).

Proof. Let (M®, g, F,¥,,¥_) be a nearly Kihler 6-manifold. The Nijenhuis tensor N is a
3-form N = —W_ and it is parallel with respect to the Gray characteristic connection V [22].
This connection was defined by Gray [19, 18, 20] and it turns out to be the unique linear

connection preserving the nearly Kéhler structure and having totally skew-symmetric torsion
T=N=-V_[17], ie.

1 1
(2.8) V=V T=V- v, VI =0

where V9 is the Levi-Civita connection of the metric g.
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We calculate using (2.4) and (2.7) that
(2.9) dwi = d(f*F) =3f"Uy = 3n Awo,
(2.10) dy = —d(NJF) = —(LyF) + NodF = —(LyF) — 3ws,
where L denotes the Lie derivative.

Further, —(LyF) = —V9IyF, since N? is totally geodesic. Apply ([Z.8) to the latter equality,
take into account VF = 0 and (2.4)) to derive

6
1
(2.11) — VInF = —VnF - 5 > eiaF Aeia(NaU_) = —NIU . = ws,
i=1
where {e1,...,e6 = N} is an SU(3) adapted basis. Substitute (2.11]) into (ZI0) to get the
first equality in (LI]).
In view of (2.9]), it remains to prove the third equality in (II]). Similarly as above, applying
24), 23) and (271), we calculate
dwy = d(NJU_) = LyV_ — N dV_ = VINU_ +2NY(F AF) =
1

6
(2.12) = —ZNJ(Z ej W_Nej W )+ 2NL(FAF) =
j=1

1
= —SNU(F A F) + 9N(F A F) = SNJ(F AF) = —3n A w,

where we have used the identity

6
Zej_lT VAN Ej_lT =2FNF
j=1

valid on any nearly Kéhler 6-manifold [15]. O

Theorem 2.2. Any totally geodesic hypersurface N° of a nearly Kdhler 6-manifold M°
admits a Sasaki-FEinstein hypo structure, and therefore the Conti-Salamon evolution equa-
tions (2.6)) can be solved for N° x R.

Proof. Clearly Lemma 2.1l implies that the induced SU(2)-structure satisfies (2.0)), i.e, it is a
hypo structure. Moreover, Lemma[2.Tlshows that the induced almost contact metric structure
(n,ws) on N° is Sasaki-Einstein. Indeed, ([LT]) implies that the conical SU(3)-structure on
M = N° x R defined by

(2.13) F=tws+tnpAdt, U=t} wy+iwy) A (tn + idt)

satisfies dF' = d¥ = 0, i.e. it is an integrable SU(3)-structure (see e.g. [5]) which clearly is a
solution to the Conti-Salamon evolution equations (2.0]). (]

Remark 2.3. We notice that any Sasaki-Einstein 5-manifold has a hypo SU(2)-structure
which satisfies (LI). In fact, we know that a Sasaki-Einstein 5-manifold N° is such that
the cone N° x R is Kéhler and Ricci flat, that is, its SU(3)-structure is integrable, and so
induces an SU(2)-structure on N° satisfying (I.I) which is equivalent to equations (14) in
[12], although the two forms wo,ws are not given explicitly there since the SU(3)-structure



6 MARISA FERNANDEZ, STEFAN IVANOV, VICENTE MUNOZ, AND LUIS UGARTE

on the cone is not explicit; we just know that such a structure does exist and is given by

3. NEARLY HYPO STRUCTURES

Let (n,w;) be an SU(2)-structure on N° and consider the SU(3)-structure (F, ¥, ,¥_) on
N x R defined by 23).

We look for sufficient conditions imposed on the SU(2)-structure (1, w;) which imply that
the induced SU(3)-structure on N® x R is nearly Kéhler, i.e. it satisfies ([2.7).

Definition 3.1. We call an SU(2)-structure (n,w;) on a 5-manifold N° a nearly hypo struc-
ture if it satisfies the following two equations:

(3.1) dw; =3nANwe, dnAws)=—2w; Awi.

Consider SU (2)-structures (n(t),w;(t)) on N° depending on a real parameter ¢ € R, and
the corresponding SU (3)-structures (F(t), ¥ (), ¥_(t)) on N° x R. We have

Proposition 3.2. An SU(2)-structure (n,w;) on N° can be lifted to a nearly Kdihler structure
(F(t), ¥ (t),¥_(t)) on N° x R defined by (Z.3) if and only if it is a nearly hypo structure
which generates an 1-parameter family of SU(2)-structures (n(t),w;(t)) satisfying the follow-
ing evolution nearly hypo equations

Qw1 = —dn — 3ws,
(3.2) O(n ANws) = dws + 4n A wy,
O(n Nwa) = —dws.

Proof. Take the exterior derivatives in (2.3]) to get that the equations (2.7)) hold precisely
when ([B.I) and the first two equalities in (3.2]) are fulfilled.

It remains to show that the equations (3.2)) imply that (3.1]) hold for each ¢. Indeed, using
B2), we calculate

Oy(dwy — 3n AN w2) = —3(dws + 0(n A wa)) = 0.

Hence, the first equality in (3.1 is independent on ¢t and therefore is valid for all ¢ since it
holds in the beginning for ¢ = 0. Further, using the already proved first equality in (B3.1) as
well as the defining equalities (2.1]), we obtain

O[d(n AN ws) + 2wi Awi] = —4n A dwy = 0.
Hence, both equalities in (BI]) survive in time. (]

Remark 3.3. The assumption (1(t), w;(t)) to be an SU(2)-structure for all t in Proposition
can not be avoided as it is shown in the example described in the last Section [6.4]

Proposition 3.4. Any SU(2)-structure satisfying the two first equations of (L)) is a nearly
hypo structure.

Proof. The two first equations of (ILT]) together with (2.1I) yield
dwi =3nANwa, dnAws)=—2w3Aws=—2w; Aw;.
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More generally, we have

Proposition 3.5. Let f : N> — MS be an immersion of an oriented 5-manifold into a
6-manifold with a nearly Kdahler structure. Then the SU(2)-structure induced on N° is a
nearly hypo structure.

Proof. Tt follows from (24]) that [12]
NAwy = f*"Uy, nAwsg=f"U_.
Since f* commutes with d, the above equality together with ([2:4)) and ([2.7) imply (31). O

Now, a question remains.

Question 1. Does the converse of Proposition hold?, i.e. is it true that any (real
analytic) nearly hypo structure on N® can be lifted to a nearly Kihler structure on N° x R?

Remark 3.6. The affirmative answer to this question is equivalent to showing the existence of
a solution of the evolution nearly hypo equations ([B.2]). From a private communication with
D. Conti [13], we know that the answer of Question 1 is affirmative, at least locally, for real
analytic nearly hypo structures. In fact, if N° is compact, there is a solution to the nearly
hypo evolution equations on N®, i.e. the real analytic nearly hypo structure on N® can be
lifted to a nearly Kihler structure on N° x I, for a sufficiently small interval I; and if N° is
non-compact, one always has a local solution to these equations, that is, there is an open set
U C N? such that the real analytic nearly hypo structure on the 5-manifold N° can be lifted
to a nearly Kéhler structure on U x I, for a sufficiently small interval 1.

Now, we prove the main result in this section solving explicitly the equations (B.2]) for
Sasaki-Einstein 5-manifolds.

Theorem 3.7. Let (N°,n,w;) be a Sasaki-Einstein SU(2)-structure satisfying (LI)). Then
the SU(3)-structure F, ¥, , W_ on N° x R defined for 0 <t < m by

F =sin?t (sintw; + costws) +sintn A dt,
(3.3) U, =sin®tn Awy —sin?t (—costw; +sintws) A dt,
U_ =sindt (—costwy +sintws) An+ sin®twsy A dt,
is a nearly Kdhler structure on N° x R generating the well known Einstein metric
g6 = dt* +sin’ t g5,
where gs is the Sasaki-Einstein metric on N°.
If (N®,n,w;) is compact then (N°x[0, 7], F, ¥, W_) is a compact nearly Kdihler 6-manifold

with two conical singularities att =0 and t = 7.

Proof. Consider the SU(2)-structure (n(t),w;(t)) depending on a real parameter t:

n(t) = sintn,

w1 (t) = sin?t (sintw; + costws),
(3.4) 9

wa(t) = sin” t wo,

(t)
ws(t) = sin?t (— costw; + sintws) .
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Applying (1)) and (2]), we see that the structure defined by (B.4]) satisfies the nearly hypo
structure conditions (B.1]) as well as the nearly hypo evolution equations ([3.2]). Consequently,
[B.3) satisfies (7)) and therefore it is a nearly Kéhler structure on N° x R. O

As a consequence of the proof of Theorem [3.7] we derive

Corollary 3.8. An SU(2)-manifold (N°,n,w;) is Sasaki-Einstein if and only if the sin-cone
(N5 x R, F, U, V_) with the SU(3)-structure defined by [B3) is a nearly Kdhler manifold
forany 0 <t <.

Proof. The equations (B.3]) imply
dF = sintdt A [3sint costw; — 3 sin? tws + 2ws + dn] + sin? t(sin tdw; + cos tdws).
Consequently, dF = 3V, < dw; = 3n Awy, dn = —2ws. Using this equivalence, we obtain
dV_ 4 2F A F = sin® t[sin tws A (dn + 2ws) — costwy A dn) + sin? t(3wy A 1 + dws) A dt.

Hence, dV_ = —2F A F < dwy = —3n Awi. Thus, (L)) are equivalent to (2.7) and the proof
is complete. O

Remark 3.9. Any Sasaki-Einstein 5-manifold generates, on one hand, a Calabi-Yau structure
on the cone and, on the other hand, it generates a nearly Kahler (weak holonomy SU(3))
structure on the sin-cone, thus giving a link between these two structures in dimension six.
Moreover, Lemma [Z1] shows that any totally geodesic hypersurface of a nearly Kéhler 6-
manifold carries a natural Sasaki-Einstein structure and therefore one gets a non-compact
Calabi-Yau cone genetared by that structure. Vice versa, any totally umbilic hypersurface
in a Calabi-Yau 6-manifold with shape operator A = id carries a natural Sasaki-Einstein
structure which could be lifted to a nearly Kéahler structure on the sin-cone according to
Theorem 3.7 It seems that a (local) description of totally geodesic hypersurfaces of a nearly
Kéhler 6-manifold as well as the (local) description of totally umbilic hypersurfaces of a
Calabi-Yau 6-manifold with shape operator equal to the identity will provide an explicit
relation between Calabi-Yau 6-manifolds and nearly Kéahler 6-manifolds.

Remark 3.10. There exist nonhomogeneous examples of Sasaki-Einstein 5-manifolds; for in-
stance, there are known 14 nonhomogeneous Sasaki-Einstein metrics on S? x S3 [6, [7]. Using
these structures we obtain examples of local nonhomogeneous nearly Kéhler 6-manifolds con-
structed according to Theorem [B.7] .

4. DOUBLE HYPO STRUCTURES

In this section we are interested in the class of SU(2)-structures on a 5-manifold which are
in the intersection class of hypo and nearly hypo structures.

Definition 4.1. An SU(2)-structure (7, w;) on a 5-manifold is said to be double hypo if it is
hypo and nearly hypo simultaneously.

The following picture illustrates the various classes of SU(2)-structures.
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5-manifolds with SU(2)-structure

hypo double hypo

Sasaki-Einstein

nearly hypo

Figure 1: Classes of SU(2)-structures

Double hypo structures can be lifted in the analytic case, on one hand, to an integrable
SU (3)-structure due to the Conti-Salamon result [12] and, on the other hand, taking account
of Remark B.6l to a nearly K&hler structure, which provides a relationship between these
distinguished classes of 6-dimensional manifolds:

SU(3) holonomy nearly Kéhler

Conti-Salamon nearly hypo
evolution equations evolution equations
@ X nip) nearly hypo

Figure 2: Special metrics obtained from evolution of SU(2)-structures

In Figure 2, we write SU(3) holonomy for SU (3)-structures such that the holonomy of its
metric is contained in SU(3). Moreover, taking into account (3.3), we must notice that the
sin-cone metric of a Sasaki-Einstein structure on a 5-manifold N° defines a nearly Kihler
metric on N° x R and, by (2.13), the cone metric of a Sasaki-Einstein structure on N° defines
a metric on N° x R whose holonomy is contained in SU(3).
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In order to give a characterization of double hypo structures, we first recall that an SU(3)-
structure (F, ¥, ,¥_) on a 6-manifold MY is called half-flat if it satisfies the conditions

(4.1) dF AF =dW, =0.

These structures become of recent interest mainly because Hitchin shows in [21] that an
SU (3)-structure on M% can be lifted to a Ga-holonomy structure on M% x R, exactly when
the underlying SU(3)-structure is half flat.

Theorem 4.2. Let (n,w;) be an SU(2)-structure on a 5-manifold N°. The following condi-
tions are equivalent:

i). (n,w;) is a double hypo structure;
ii). (n,w;) satisfies the equations

(4.2) dnAwy) =0, dw =3nAws, d(nAws)=—2w1 Aw, dws=0.
iii). the sin-cone (N° x (0,7), F, ¥, U_) with the SU(3)-structure determined by [B.3)) is
half-flat.

Proof. The equivalence of i) and ii) is straightforward consequence from (23], (8.1 and (4.2]).
We calculate from (B3] that

AW =sin®tdt A [cost(3n Awa — dwi) + sint dws] + sin® t d(n A ws).
Consequently, dV, = 0 = dw; = 3n Aws, dws = 0. Using this equivalence, we obtain
d(F A F) = 2sin®t[cos t(2wy A wy +d(n Aws)) +sintwy Adn] A dt.
Hence, ([@.2]) are equivalent to (4.1 O

4.1. Double hypo structures on Lie groups. Next we determine the left-invariant double
hypo structures on Lie groups G satisfying [g, g] # g, where g denotes the Lie algebra of G.
In particular we show that solvable Lie groups cannot admit structures of this type.

Proposition 4.3. Let G be a Lie group endowed with a left-invariant double hypo structure
(n,w;). If the Lie algebra g of G satisfies [g,g] # g, then there is a basis €', ..., €5 for g* and
a real number u such that

(4.3) n=e’, wy = e'? +e*, wy = e +e*? w3 = et + €%,
and

de! =0,

de? =pe3t — 3e3%,
(4.4) de® =—pe*t + 3e%,

det = pelt,

de® =—4e* + “—;(614 —e®).
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Proof. Let V be the subspace of g* orthogonal to 1, and let a € g* be nonzero and closed.
Thus, o = B+ pn, where 8 € V and p € R. Now, da = 0 is equivalent to df = —pdn.
Therefore, v = ﬁ (3 is a unit element in V = (n)* satisfying

dy = Adn,

with A = —p/||3||. By [12, Corollary 3] there is a basis €', ..., e® for g* satisfying (@3] with
el = ~. In terms of this basis the differentials of e!, ..., e® are given by

(4.5) de! = Y e, 1<i<s,
1<j<k<5

where c}k = )\c?k for all j,k. The 41 remaining coefficients )\,cgk, e ,c?k must satisfy the
Jacobi identity d(de’) =0, 1 <i < 5, and the double hypo conditions ([ZZ).

First, a direct calculation shows that

dwy =del? + de3t = —(Acfy + 33 + cly)e!® — (A}, + 3y — chy)et?t — (Aey + c3)e!®
—(c3y — ¢y — cly)et™ — (35 — c15)e™ — (cfs + cl5)e!® + (Ac§y + 33 + c5y) e
+(AG5 + ¢55)e* 4 (Acls — ¢35)e*® — (35 + cli5) ™.

Since 317 A wy = 3e!3® — 3¢5, we have that dw; = 31 A ws if and only if the coefficients A, cé-k
satisfy the following relations:

2 _ 5 3 _ .5 2 3 _ o2 3 _ 5 4 _ 5 2

(4.6) Co5 = —ACl5, Clg = ACly+C3y, Ci5 = —Cl5, Cos =3+ ACj5, 1o = —Acjs — ¢,
: 4 _ 2 3 4 _ 2 4 _ 5 3 4 5 4 _ 3
Clqg = €34 — Ci3, Ci5 =3+ ¢35y G = —AC3y — €3, o5 = —AC35, g5 = —C350

On the other hand, since
Al A ws) =deS 1 de™ = (e}, + ) 1 (K + cy + ey — )t
5 5 5 3 3 Y ,1245 5 5 2 4 Y ,1345
+(Acty — ¢35 + Ay + ¢y + ea3)e = + (A iy — ¢35 — ¢fy — Cag)e

5 5 2 31,2345
+(Aedz +cp5 — 34 — c34)e

and wy A wy = 2e'?3* we conclude that d(n A ws) = —2w; A w; if and only if
3 _ 5 5 5 3 3 _\.5 5 2 4 _ 5 2 3
@ Cg = —ACjy+ Co5 — AC3q — €y,  C3q = ACy3+ s — €3y, Cog = Cf5 + €y + €3,
: 4 _ 1y .5 5 2 5 _ 5
C34 = ACl3 —C35 —Cly, Cp3= —4—ciy.

A direct calculation shows that
dws =de + de® = —c55e!® + pe!? + (M35 — c35)e!® + Bzel3t — (25 + cds)el??
—(Aefs —cis)e™® — st + (Nl — c35)e™ — (A3 + cs)e* — (A5 — ci5)e,
which implies that w3 is closed if and only if
(4.8) 04215 = c§5 = 025 =5 = Cgs =35 = Cis =0, C§5 = —0%5-
Moreover, the 3-form n A wy is closed if and only if the additional relation
(4.9) 0:5),4 = —C?z

is satisfied.
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Notice also that 0 = d?(w;) = 3d(n Aws) = 3(dn Aws — 1 A dws) implies dn A ws = N A dwa,
which is equivalent to the conditions
2 2 3 2, - 3 4 5 3 5 5
(4.10) 33 = —cly, =4 +cly, &= —ch— Gty dy=Ach iy, G = s

Now, it is easy to see that the coefficient of 6245 in the 3-form d(de’) vanishes if and only if

(4.11) ey = 0.
JFrom (4.0)-{II) we get that the structure equations (LH) reduce to
de! =\ de®,
02 =oe’ + Gy + Gy Gpe!® — By — (11— Gy)e?! + e + e,
ded =—(4X — X}y — A35)et? + chyeld + el — e — (c2y + By — c33)e
(4.12) +3e2° — (A iy + c23)e3d,

de =—(Xcf3 — ciy)e™® + el + (g — elz)e! + (34 35)e® + (cly + ¢f3)e®
+ce?t + (A C‘?g —ciy)e* — cfze®,

2ael? + et — (44 cf,)e® + cf5e*,

de® =c}
where the 11 coefficients A, Cly, 25,03y, Che, CBy, B, O3, O3y, €75 and ¢f, must satisfy the Jacobi
identity d(de') =0, for 1 < i <5.

For the rest of the proof we follow a decision tree depending on the nullity of the coefficients
to conclude that the Jacobi identity is satisfied if and only if ¢3, = (c3,)?/3 and the remaining
coefficients vanish. The proof of this fact is rather long but straighforward, so we omit
details. (]

It is easy to see that the Lie group determined by (4] is isomorphic to SU(2) x A2 for
p = 0and SU(2) x Aff(R) for u # 0, where A? denotes a 2-dimensional abelian Lie group and
Aff(R) is the group of affine transformations of R. As a consequence of Proposition 3] the
Lie group SU(2) x A? has a unique (up to equivalence) left-invariant double hypo structure.
Moreover:

Corollary 4.4. Let {X1, X2, X3} and {Y1,Ya} be the standard basis of left-invariant vector
fields on SU(2) and A2, respectively, that is,

[X17X2] = X37 [X27X3] = Xla [X3,X1] = X27 [YVI,Y2] = 07

and let us denote by {a', 3} the dual basis of {X;,Y;}. For each p € R, the SU(2)-structure
on the Lie group SU(2) x A% given by

Wy = — 2\[( 3ﬂ1+1a252) W3:6—\/§a2ﬂ1 3ﬂ152 12@ O43
is nearly hypo, and it is double hypo if and only if p = 0.
Proof. In terms of the new basis {e’} defined by
al =3¢°, a?=2V3e% P =2v3e3, pl=¢, 6% =pe* +3et,
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the structure equations of the Lie group are
det =0, de? =—-3e%, de® =3e?, det= p€35, de® = —4¢%,

and the SU(2)-structure is given by (43]). Therefore, when p = 0 the structure is precisely
the one given in Proposition .3 for © = 0. Finally, it is easy to check that for each p # 0 the
structure is nearly hypo but the form ws is not closed. O

JFrom our discussion above and Remark it follows in particular that S3 x T? is a real
analytic manifold having an analytic double hypo structure, therefore:

Corollary 4.5. The double hypo structure on S3 x T? given by
1 1 1

1 1 1 1
_ 2 _ 251 1 320 _ 3a1 1 222 _ Lo 2 3
=34, W 2\@(@5 30°5), @ 2\/§(a5+30‘5)’ ws = 38 Hpeta’

can be lifted both to a nearly Kdhler structure and to a Calabi- Yau structure.

JFrom Proposition [£3] we get that solvable Lie groups do not admit left-invariant double
hypo structures. Since there exist nilpotent Lie groups having left-invariant hypo struc-
tures [12], the class of manifolds with double hypo structures is a proper subclass of that
consisting of hypo manifolds. Moreover, Corollary 4] shows the existence of nearly hypo
structures which are not double hypo.

Corollary 4.6. The Lie group SU(2) x Aff(R) admits a 1-parametric family of left-invariant
double hypo structures. More precisely, if {X1, X2, X3} and {Z1,Zs} are the standard basis
of left-invariant vector fields on SU(2) and Aff(R), respectively, that is,

(X1, X0] = X3, [Xo, X3] =X, [X3,X1]=Xo, [Z1,2:] =2,

then (up to equivalence) any left-invariant double hypo structure (n,w;) on SU(2) x Aff(R)
belongs to the family

n=z(a'+uy?), wi = —A——(a®y + paty?),
p(p2+12)2
_ 1 31 2.2 _ _1.1.2 1 2.3
wy = 7“(u2+12)%(04 Yo paty?),  ws ==y 4 mmatard

for some p € R — {0}, where {a',77} denotes the dual basis of {X;, Z;}.

Proof. Tt follows directly from Proposition [43] taking

o = —pet +36°, o = (uF + 12)% e, ot =(u?+ 12)% e, = —pet, Fr=eh

We finish this section by showing that the double hypo structures of Proposition 43| can
be deformed into hypo structures. In fact, it is easy to see that for each r € R — {0} and
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w, T € R, the Lie group G determined by the equations

(de' =0,
de? = pe3t + re®,
(4.13) de® =—pe? —re®,
det = pe'?,
deb =(r — /jn—2)623 o %2(614 o 623)’

is isomorphic to the product H x K, where H = A% for y = 0 and H = Aff(R) for pu # 0,

and K = SU(2) if r7 > 0, K = SL(2, R) if r7 < 0 and H = E(2) if 7 = 0, E(2) being the

group of rigid motions of Kuclidean 2-space. Moreover, a direct calculation shows that the

SU(2)-structure given by (43) is always hypo, and it is double hypo if and only if r = —3
2

andT:—éL—%.

5. NEARLY HALF FLAT STRUCTURES ON 6-MANIFOLDS

In this section we generalize the construction of nearly parallel Go-structures on M% x R
induced from a nearly Kihler structure on M® described in [3]. For general results on Ga-
manifolds, see [14].

Let (F, ¥, ¥_) be an SU(3)-structure on a 6-manifold M%. We consider the Ga-structure
¢ on M5 x R defined by the 3-form ¢ given by

(5.1) b=FNdg—T_,

where dq is the standard 1-form on R. We also have a 4-form
1

where %7 denotes the Hodge star operator on M6 x R.

Vice versa, let f: M% — P7 be a hypersurface of a Gy-manifold (P7,$) and denote by
N the unit normal. Then the Ga-structure ¢ induces an SU(3)-structure (F, ¥, ¥_) on M5
defined by the equalities
(5.3) F=N.p, V¥, =-—-Nixp, V_=—f"¢.

The types of the induced U (3)-structures are investigated in [I1}, 17, [8] while the types of the
induced SU (3)-structures are studied recently in [10].

We recall that a Ga-structure is called nearly parallel if
(5.4) de = 4x¢.
It is well known that nearly parallel Go-structures are Einstein with positive scalar curvature
s=>54-7-16 = 6048.

Hitchin shows in [21] that an SU(3)-structure on M5 can be lifted to a parallel Go-structure
(G10) on MO xR, i.e. [14], a Go-structure satisfying d¢ = d+¢ = 0 (or, equivalently, M xR has

a metric whose holonomy is contained in G3), exactly when the underlying SU(3)-structure
is half flat (note that the half-flat condition compatible with (5.1) reads dF A F = d¥_ = 0).
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Thus, any double hypo structure on a 5-manifold could produce a (Go-holonomy metric by
solving Hitchin’s flow equations (compatible with (5.1I))

0,V = —dF, dU, — —%aq(F A F)

since its sin-cone is half-flat due to Theorem [£.2]

Next, we search for sufficient conditions imposed on an SU (3)-structure (F, ¥, ¥_) which
imply that the Ga-structure on M® x R determined by (5.1)) is nearly parallel, i.e. it satisfies

E.4).
Definition 5.1. We call an SU(3)-structure (F, ¥, ¥_) on a 6-manifold M® nearly half flat
if it satisfies the equation

(5.5) dV_ = —2F AF.

In particular, any nearly Kéhler 6-manifold carries a nearly half flat structure.

The following diagram represents the relations among SU (3)-structures on 6-manifolds:

6-manifolds with SU(3)-structure

half flat

nearly Kéahler

nearly half flat

Figure 3: Classes of SU(3)-structures

Consider SU (3)-structures (F(q), ¥, (q),V_(gq)) on M® depending on a real parameter
q € R and the corresponding Ga-structure ¢(q) on M% x R. We have

Proposition 5.2. An SU(3)-structure (F,¥,,V_) on M can be lifted to a nearly parallel
Ga-structure ¢(q) on MY x R defined by (5.1)) if and only if it is a nearly half flat structure
and the following evolution nearly half flat equations hold

56) 0,U_ = AV, — dF,
' AV, = —30,(F A F).

Proof. Take the exterior derivative in (5.1)) and use (5.2]) to get that the equation (5.4]) holds

precisely when (B.0]) and (5.0) are fulfilled. Moreover, (5.6]) imply that (5.5 holds for any

time ¢ due to the equality 0,(dV_ +2F A F) = 4dVU, + 20,(F N F). O
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As a consequence of the above considerations, we can recover one of the main results in [3].

Theorem 5.3. [3] Let (MS, F, VU, W_) be a nearly Kihler structure. Then the Ga-structure
¢ on MS x R defined for 0 < ¢ < m by

(5.7) ¢ =sin?qF Ndq—sin® q(—cosq ¥, +sing¥_)
is a nearly parallel Ga-structure on MS x R generating the well known Einstein metric
g7 = dq” + sin® ¢ gs,
where gg is the nearly Kdihler metric on MS.
If (MS, F, W, ,W_) is compact then (M®x[0,7],$) is a compact nearly parallel Go-manifold

with two conical singularities at ¢ =0 and g = 7.
Proof. Consider the SU(3)-structure (F(q), ¥4(q),¥_(q)) depending on a real parameter ¢:
F(q) =sin’qF
(5.8) W, (q) =sin® ¢ (sing ¥, +cosqW_),
U_(q) =sin®q(—cosqU, +singW¥_).
Applying ([2.7]), we see that the structure defined by (5.8]) satisfies the nearly half flat condi-
tions (0.5]) as well as the evolution nearly parallel equation (5.6]). Consequently, the structure
(5.7) satisfies (5.4) and therefore it is a nearly parallel Go-structure on M® x R. O

As a consequence of the proof of Theorem [5.3] we obtain

Corollary 5.4. An SU(3)-manifold (NS, F, ¥,V _) is nearly Kdhler if and only if the sin-

cone (NS x R, ¢) with the Go-structure defined by (5.0) is a nearly parallel Go-manifold for

any 0 <t <.

Proof. The equations (5.7]) imply

d¢ = sin® g cos ¢ dV ; —sin® ¢ dV_+[sin? g dF — (3 sin? ¢ cos? g—sin? q) ¥ +4 sin® g cos ¢ U_]Adg.

Consequently, dp =4 % ¢ < dw; = 3n Aws, dn = —2ws. Using this equivalence, we obtain
dep — 4 % ¢ = sin® g[cos ¢dV¥ . — sin q(dV_ + 2F A F)] +sin? g(dF — 3V ) A dg.

Hence, dp = 4% ¢ < dF =3V, dV_ = —2F A F. Thus, ([27) are equivalent to (5.4) and

the proof is complete. O

More generally we have

Proposition 5.5. Let f : M® — P7 be an immersion of an oriented 6-manifold into a
7-manifold with a nearly parallel Ga-structure. Then the SU(3)-structure induced on M is
a nearly half flat SU(3)-structure.

Proof. Since f* commutes with d, the equalities (B.3]) substituted into (5.4) yield (5.5). O



COMPACT NEARLY KAHLER 6-MANIFOLDS WITH CONICAL SINGULARITIES 17

Question 2. Does the converse of Proposition hold? i.e. is it true that any (real
analytic) nearly half flat structure on M5 can be lifted to a nearly parallel Go-structure on
M6 x R? This is echuivalent to prove the existence of a solution of the evolution nearly half

flat equation (B.0]).

Notice that nearly Kahler structures can be lifted, on one hand, to a metric with holonomy
contained in Gy (that is, to a parallel Go-structure) due to Hitchin result [2I] and, on the other
hand, taking account Corollary 5.4l to a nearly parallel Gs-structure, providing a relation
between these special classes on 7-dimensional manifolds:

- nearly parallel Go

Hitchin evolution nearly half flat
equations evolution equations
half flat nearly Kahler nearly half flat

Figure 4: Special metrics obtained from evolution of SU(3)-structures

6. EXAMPLES

For N° = S° C S and for N° = 82 x §2 C 83 x S3, we give an explicit description of the
Sasaki-Einstein hypo SU(2)-structure on N° which generates a new nearly Kéhler structure
with two conical singularities on S? x S3 x [0, 7] as well as a nearly parallel Ga-structure on
N5 x [0,7] x [0,7] according to Theorem 7] and Theorem .31 We also apply our results
to the new compact Sasaki-Einstein manifolds Y74, which are diffeomorphic to S? x S3 and
were constructed recently in [16], to obtain a new nearly Kéhler structure with two conical
singularities on Y74 x R and a nearly parallel Go-structure on Y79 x R2.

Finally, we give an example of an analytic double hypo structure and a solution to the
Conti-Salamon hypo evolution equations (2.6 as well as a solution to the nearly hypo evolu-
tion equations (B.2]) which is an SU (2)-structure only in the beginning for ¢ = 0. This shows a
difference between Hitchin theorem [21] which says that any solution to the Hitchin flow equa-
tions starting with a half-flat SU(3)-structure is automatically a half-flat SU(3)-structure for
all ¢.

6.1. The Nearly Kihler structure on S° x R. We begin with an explicit description of

1Recently we learned that Stock proves in Theorem 2.5 of [24] that Question 2 has an affirmative answer
for nearly half flat structures on closed 6-manifolds M®, i.e. they can be lifted to a nearly parallel Go-structure
on M x I, for a sufficiently small interval 1.
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6.1.1. The standard SU(3)-structure on S®. Using the stereographic projection of S¢ — {p}
on R from the point p = (0,---,0,1) € R, one can check that a basis for the vector fields
on S8 — {p} consists of {E;;1 < i < 6} with

(E1)e = (1 —27 — x%, —T1 X9, —T1X3, —T1T4, —T1T5, —T126, T1(1 — x7)),
(E2)p = (—x120,1 — 27 — 23, —xox3, —Toxy, —Tox5, —ToTg, T2 (1 — 7)),
(E3)p = (—x123, —x0ow3, 1 — w7 — 23, —2324, —2375, —23T6, 23(1 — 7)),
(Ey)e = (—2124, —Tomy, —x374, 1 — 27 — 27, —2475, — 2476, T4(1 — 7)),
(Bs)e = (w125, —2%5, — 235, —T475, 1 — 27 — 23, —w526, 05(1 — 7)),
(Eg)z = (—x126, —T2T6, —T3T6, —T4Te, —T5T6, 1 — 27 — 28, 26(1 — 7)),

for any arbitrary point z € S% — {p}. (Notice that this basis is orthogonal and ||E;||* =
(1 — x7)2) The basis {a;;1 < i < 6} for the 1-forms on S® — {p} dual to {E;1 < i < 6} is
given by

dx; + i

——dxr.
1-— X7 (1 — a:7)2 o

o =

From now on, we write x;; = x;v;, jjp = x;xjTk, drvy; = dx; A dr;, and so forth. We will
need also the expressions of a;; and «;j, in terms of dx;; and dx;jy, respectively;

1 1
Qi = 7(1 — x7)2d$ij + m <$jd$i7 - l‘id$j7>,
for 1 <i<j <6, and

dxijk + flfidxjk’? — xjdxpr + a:kdxiﬂ),

(1 —1x7)4 (

1
Qijk = m

for1<i<j<k<6. Let U= E _1 :Ezax be the unit normal vector field to S — {p}. We
identify R” with the imaginary part of the space of Cayley numbers, and define a vector cross
product = x y, where z, y € R”, by the imaginary part of the Cayley number zy. Then, the
standard almost complex structure on S is defined by J(X) = U x X for any vector field X
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on S%. A simple calculation shows that

(JE1)z = (—z16, 215 + x3(1 — 27), 214 — 22(1 — 27), —213 + 25(1 — 27),
— X112 — x4(1 — aw),x% — a:7(1 — x7),x6(1 — a;7)),
(JE3)y = (—x26 — x3(1 — x7), 225, xoa + x1(1 — x7), —223 + x6(1 — 27),

— x% + a:7(1 — x7),a:12 — a:4(1 — x7), —x5(1 — x7)),

(JE3)y = (—x36 + 22(1 — 27), 235 — 21 (1 — 27), 234, —22 + 27(1 — 27),
— x93 — x6(1 — 27), 213 + 25(1 — 27), —24(1 — 7)),

(JEy)y = (=46 — x5(1 — x7), 245 — 26(1 — x7), 27 — 27(1 — x7), — T34,
— g +21(1 — 27), 014 + 22(1 — 27), 23(1 — 27)),

(JE5)y = (—x56 + 24(1 — 27), 2% — 27(1 — 27), 45 + 26(1 — 27),
— w35 — x1(1 — x7), —wa5, v15 — x3(1 — x7), 22(1 — 7)),

(JEg)z = (—2§ + 27(1 — 27), 256 + 24(1 — 27), 246 — 25(1 — 27), —236 — 2(1 — 27),
— 296 + x3(1 — x7), 216, —21(1 — 27)).

Now we take the natural metric g on S® — {p}. Thus, (S® — {p},g,J) is a nearly Kihler
manifold and hence has an SU(3)-structure. The Kéhler form, F(X,Y) = g(JX,Y), for any
X, Y vector fields on S® — {p}, has the form

<Zm d:nl) —0)/(1 —x7)+ 1+ B Adey /(1 — x7),

where 3 is the 1-form
0 = xgdx1 — x1dxg + Todrs — T5dTe — T4dX3 + T3dT4,
and (3 is the 2-form given by

01 = x7(—dx16 + dxos + dx34) + x1dxog + x3dr12 — X2dx13 + X1dT45
4+ T5dx14 — T4dx15 + TodTse + TedTos — T4dTos — T3dTs6 — TedTss + T5dTs3g.

Now, using that 22-721 x;dx; = 0, it follows that
F=p0gNdxr+ (.
Then it is easy to obtain

dF = 3(dwas7 + dr3sr — drier + doi3 + drigs + dross — dwsse).
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Now, a long calculation shows that JdF' is expressed, in terms of the ayji, as

JAF =3(1 — a7)* (2} + 23 + 23 + 23 + 22 + 22 + 22) ((—:1:34 — o5 + T16) 123
— (2] + 25 + 2] — 27(1 — w7)) 124 + (w23 — 245 — 26(1 — 7)) 125
— (w13 + w46 — 25(1 — 77)) 126 — (T23 — 745 + (1 — 7)) 134
23+ 22+ 2 — 27(1 — 27))anss + (212 + w56 + 24(1 — 7)) o136
x34 + x5 + 16) 145 — (T15 — 26 + 3(1 — 7)) 146
w14 — w36 — x2(1 — 27)) 156 + (213 + Ta6 + 25(1 — 7)) 234

(
(
(
(
( )
(12 + w56 — 2a(1l — 27)) 235 + (3 + 23 + 2§ — 27(1 — 27)) 236
— (215 — 226 — 23(1 — 7)) 245 — (—T34 + 25 + T16) 246

— (—224 — w35 — w1(1 — 7)) 256 — (w14 — 236 + 22(1 — 27)) 345
— (w24 + 235 — 21(1 — 7)) 36 + (734 — @25 + 216) 356

(

+ 1'421 + x% + 1’% — x7(1 — x7))a456) .
The 3-forms ¥, and W_ of the SU(3)-structure on S — {p} are given by

1
v, = ng = dxosy + dasar — dxigr + dxios + daias + dwosg — dxsse,
1

(1—a7)
+ xodw147 — w3dx157 + Tedwezy — w1dT247 — T3dX267 + T1dT357

1
U_ = ngF = ( — wadzr27 + w5d2137

+ xodrsgr + xedxasy — r5dTa67 + :1:4dx567) + terms not containing dzz.

6.1.2. The SU(2)-structure on S°. Let us consider S° = {(x1,--- ,2¢) € R° | 2?21 z?=1}C
S6 and N = 8%7 the unit normal vector field to S°. Then, using ([2.4]), the SU(2)-structure
(n,w;) on S is given by
0
n=-— 8—_IF = xgdxr1 — T1drg + TodTs — T5dxo + T3dT4 — T4dT3,
7
w1 = fY(F) = xsdria — vodx13 + x1dwes + r5dr1y — T4dx15 + T1dTg5

4+ xgdroy — x4dxog + Todrss + T5dx36 — Tedxss — r3dxsg,

6.1 o
( ) wo = 874\:[1_ = —x4dx19 + x5d2x13 + Todx14 — T3dT15 + TedTo3 — x1dTo4
7
— x3dTog + x1dT3s + Todrsg + xredrys — r5drss + T4dxs6,
0
w3 = — —_I\I’+ = dl‘lﬁ — d:L'34 — dl‘25.
Oxy

Next we show that the SU(2)-structure on S° defined by (6.1)) satisfies Lemma 21l First,
we see that

d’l’] = —2(d$16 — dl‘34 — dl‘25) = —2(4)3.
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The expression of wy gives
dwi = 3(dx123 + dxoss + dri4s — dxsse).
Using that 2?21 z? =1, s0 Z?:l x;dx; =0 on S°, we verify

3n A wg = dwy, —3n Awy = dwo

Now, we apply Theorem [B.7] and Theorem [5.3] to get

Theorem 6.1. Let (S°,n,w;, gs) be the standard Sasaki-Einstein 5-sphere endowed with the
SU(2)-structure determined by (6.1)). Then

i) The SU(3)-structure on S° x [0, 7] defined by [B3) is a nearly Kdhler structure gen-
erating the round metric on the 6-sphere, gg = dt®> 4+ sin’t gs, with two conical singu-
larities at t = 0,1t = 7.

ii) The Ga-structure on (S° x [0,7]) x [0,7] defined by (B.7) is a nearly parallel G-
structure generating the roumd metric on the 7-sphere, g7 = dg*+sin® q(dt>4-sin®t gs)
with singularities at t =0,t =mw,q =0,q = 7.

6.2. The Nearly Kihler structure on S? x §% x R. As in the previous example, first we
describe explicitly

6.2.1. The standard SU(3)-structure on S x S3. Let us consider the sphere S3, viewed as
the Lie group SU(2), with the basis of left-invariant 1-forms {a1, ag, a3} satisfying

dop = —ag ANag, das =a1 ANag, dag= —a1 N as.

Denote by {1, 32,3} another basis on a second sphere S? satisfying the same relations.
Then, a nearly Kéhler structure on S3 x S2 is given by ([1], [9])

i

F
2

(1 ATy + p2 ATl + p3 ATig), W =i A po A ps),

where p; = %(aj + e%ﬂj), for j =1,2,3.

In terms of the real forms {«a;, 3;}, the forms F', U, and W_ are expressed as

F—ﬁ(al/\ﬂlJrazAﬂerazaAﬂ?,),

18
V3
v 25—4(—0412 A Bz + aiz A fBa — agg A B+ a1 A Pag — ag A Bis + az A Br2),
1
V_ = 5—4(204123 — a2 A\ B3+ a1z A o — asg A B1 — aq A Pag + as A Bis — az A Bra + 20123).

It is easy to check that the corresponding metric on S x S3 is

1
(6.2) g= 5(0% + a3+ a3+ Bt + 55+ 85 — a1B — azfe — asf).
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6.2.2. The SU(2)-structure on S? x S3. In order to show explicitly the induced SU(2)-
structure on the hypersurface S? x S°, we first describe S3 x S3 as the submanifold of
RE,

53><53:{(xl,...,x4,x5,...,x8)€R8]a:%—i-'”—kx?l:a:g—i-'“—i-x%:l}.

With this description, we can identify

aq = 2x4dx1 + 2x3dx9 — 2290d23 — 2T1dT4, 01 = 2xgdxs + 2x7drg — 2x6dT7 — 225d28,
g = —2x3dx1 + 2w4dTo 4+ 221dT3 — 220d24, o = —2x7dx5 + 2w8dT6 + 2X5dT7 — 2X6dT8,
a3 = 2xodr1 — 2x1dxo + 2x4d23 — 213dT 4, O3 = 2xgdxs — 2x5drg + 2x8dr7 — 2X7dXS.

We shall denote by {Uj, Vj}?:l the basis of vector fields on S x S dual to {ay, 53‘}?:1'

Let us consider the hypersurface S? x S2 ¢ 83 x S2 given by x4 = 0. Then, with respect
to the metric (6.2]), the vector field

N = —\/§(2x1U1 + 229Uy + 223Us + 21 V1 + 22V + x3V3)

is a unit normal vector field along S? x S3.
Next, we describe explicitly the induced SU(2)-structure (2.4]), taking f as the inclusion
map.

A direct calculation, using that i + xoas + 2303 = 0 on S? x S3, shows that the form
7 is expressed as

1 2
n=—NuF = §($1ﬁ1 + 222 + x33) = g((xls — X7 + x36)dws

+ (217 + w98 — 235)dwg + (—x16 + 225 + 238)dw7 + (—T15 — Tos — T37)dxs).

(6.3)

Since f is the inclusion, taking x4 = 0 in the expressions of o; above, we get

o3
9
+ (=27 + x36)dr18 + (—216 + 238)d22s + (T15 + 237)dT26

+ (=18 — x36)drar + (17 — 35)dwog + (—T17 — Xog)dx35

w = f*F ((SE%‘ + x37)dx1s + (—w25 — x38)dT16 + (28 — X35)dT17

+ (z18 — wa7)dwse + (z15 + w26)dr3r + (—z16 + :E25)d<1338>-
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For computing ws and w3, take into account the equality x3aq Aag —x20q Aag+T100 Ay =
4(:E3d3312 — xodr13 + 331d:L'23), to get

2v/3
wo =NJU_ = %( — x3dr19 + x9dr13 — 1dT93 + 18dT15 + T7dT15 — TedT17 — T5dX1R
— x7dxos + xgdrog + x5dxor — Tedxog + Tedrss — Tr5drse + redrsy — :E7d:L'38);
2
w3 =—-NJU, = 5 ( — x3dxio + xodx13 — x1dxog — T8dx15 — T7dx16 + Tedx17 + T5dX18

+ x7dros — x8drog — x5dror + Tedrog — xgdrss + x5drss — xsdrsy + a:7da:38)

4
+ 9 <a:3dx56 — zodxsy + x1drsg + x1drer + xodres + xgdx78).

Notice that S? x S® is not a totally geodesic hypersurface of S% x S3; for example, for
T = xoU; — 21U, which is tangent to S? x S3, we have

V3
9(VIN, V3) = =5 (2] + 3),

which is non-zero on S? x S3, and thus the second fundamental form does not vanish iden-
tically. Therefore, we cannot apply Lemma 2.1] to establish that the SU(2)-structure (1, w;)
induced on S?% x S? from the nearly Kéhler structure of S3 x S is hypo. To solve this problem,
we proceed as follows. We have

1
dnzg(dl'l/\ﬁl_331/\ﬁ23+d$2/\ﬁ2+$2/\ﬁ13+d$3/\ﬁ3_333/\ﬁ12)

= % <:178d:r15 + x7dr16 — Tedr17 — T5dT18 — T7dT95
+ zgdxa + x5drar — xedrag + Tedras — rsdass + xsdrsy — x7drss
— 2x3dxsg + 2x9dxs7 — 2x1drsg — 2x1drer — 220dT68 — 23;3dx78>,
and so we can write

1 2
w3 = _gdn + 5(—;1;3(13;12 + xodxi3 — $1d$23)7

which implies that

d77 # _2w37
since the form —x3dxio + zodr13 — £1dzo3 is the standard volume form on S2, and
dwg = O,

because d(—z3dr1s + T2dr13 — x1dw23) = 0 on S? x S3. Moreover, we get
dwi = 31 A\ wa,
dws = —3n A wy.

The previous equalities show that (1, w;) is hypo on $?x S3, but it does not satisfy equations
([LI) because dn # —2ws.
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On the other hand, a direct calculation shows that
2
2
n A (dn)” = — 55 (z3dr12 — T2dw13 + T1d723) A 123 # O,

27
so 7 is a contact form on S?% x S3.

Remark 6.2. Let us see that 3n = 1181 + x202 + 2383 € Q1(S? x §3) is the natural contact
form on S% x S3 seen as the tangent sphere bundle over S (see [4]). As S? is parallelizable,
the tangent bundle to S? is isomorphic to R? x S3. Let Vi, Vi, V3 be an orthonormal basis of
left-invariant vector fields, and let 31, 82, B3 be the dual basis of left-invariant 1-forms. The
isomorphism R? x §3 =2 T'S3 is given by ((a1,a2,a3),p) — >_a;Vi(p). The metric of S® is
g = %+ 35+ 32. Consider the unit sphere in the tangent bundle 7753 = §% x S3. If 21, 29, 73
are the natural coordinates in the R? factor of R? x S3, then T1S? is given by the equation
v+ adi+ad=1

The natural 1-form of T*S3 (the Liouville form) is given as A € QYT*S3), A\o(v) =
a(dn(v)), where m : T*S® — S3. Using the metric, we identify g : T'S® = T*S3. Then
g* A1, g» is the natural contact form for 715% (see [4]).

It is easy to see that 3n = g*A|lp,gs. Actually, z161 + 2202 + 2303 = g*\ € QY(TS).
Equivalently, we need to see that y1 51 +y202 + y383 = A € QY(T*S3), where y1,y2,y3 are the
coordinates of the R3 factor of T*S% = R3 x S3. But take a = > a;5;(p) € T;S?’. Then

Nalv1,02) = av2) = D @Bi(p) (v2) = (3136 (a1, 02, a3),p) (01, v2),
for (v1,v2) € To(R3? x S3) = T,,(T*S?), identifying 3; in S3 with its pull-back to R3 x 3.

The following result shows how the hypo structure on S? x S described above can be
deformed into a double hypo structure, and even into a Sasaki-Einstein structure.

Proposition 6.3. Let (1,w;) be the hypo structure on S? x S3 given above. For each A\ < 0
and p > %, the quadruplet

(64) (n=mn, @1 =+3AXA—=3p)wi, w2=+3\NA—=3p)ws, @3=Adn+ pvolg:)

defines a hypo structure on S? x S, which is double hypo if and only if A < —% and p =

;‘Eg‘ﬁ; Moreover, the SU(2)-structure (6-4]) is Sasaki-Einstein only for A = —% and p = 0.

Proof. Since (n,w;) is a SU(2)-structure and dn A dn = —%dn A volge, we have that
Wi AN @; = A\ —3u)dn A dn
for i = 1,2,3. Moreover, w; A volgz = 0 and w; A dn = 0 for i = 1,2, so the quadruplet (6.4)
satisfies (2.I]).
In order to see that (6.4 also satisfies condition (2.2]), let X = Zf’:l( filUi + a;V;),Y =
Zf’:l(giUi + b;V;) be vector fields such that X _.@w; = Y u@wy. This condition implies that

Tag3 — w392 =x3(x3f1 — x1f3) — xo(x1 fo — 22 f1),
x3g1 — 193 =x1(x1 fo — x2f1) — w3(x2f3 — 23 f2),
192 — 2291 =x2(x2f3 — x3f2) — 1 (23f1 — 21f3),
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and
b1 =x9a3 — x3a2 + x3(x391 — T193) — T2(T192 — T201),
by =z3a1 — 103 + 21(T192 — T201) — 23(T293 — T392),
bz =x1a2 — X201 + T2(x2g3 — T392) — T1(T391 — 2193).

Then, on S? x S3 we have that
1
dn(X,Y) = G (b3 + b3 + b3 + (2203 — 302)% + (z301 — T103)° + (T102 — T201)?)
and
1
volg2(X,Y) = 1 ((b1 — x2a3 + 333(12)2 + (by — z3a1 + $1a3)2 + (bg — z1a2 + $2a1)2) .

Therefore, (Adn+ pvolg2)(X,Y) > 0 when A < 0 and p > A\/3.

The SU(2)-structure ([6.4)) clearly satisfies that do; = 37AQe, dbe = =37 A3 and dws = 0.
Moreover, using again that dnAdn = —%dn/\vol 52, the structure is double hypo if and only if
A2 A —6Apu— %,u = 0. Therefore, A # —i and = %(1 + ﬁ) in order the latter relation
be satisfied. Since p > A/3, we must have A < —1/4. Finally, the SU(2)-structure (6.4])

satisfies equations (I.I)), i.e. it is a Sasaki-Einstein hypo structure, only for A = —1/2 and
w=0. U

Now, we apply Proposition and Theorems 3.7 and £.3] to get

Theorem 6.4. Let (S?xS3,7,0;, g) be the Sasaki-Einstein manifold endowed with the SU (2)-
structure determined by (6.4) for A= —1/2 and pn =0. Then

i) The SU(3)-structure on S? x S3 x [0, 7] defined by B.3)) is a nearly Kdhler structure
generating the metric gg = dt? +sin®t g with two conical singularities at t = 0,t = 7.

ii) The Ga-structure on (5% x S x S1) x [0, 7] defined by (B.7) is a nearly parallel Ga-
structure generating the metric g7 = dq? + sin? q(dt? + sint g) with singularities at
t=0,t=mq=0,q=m.

6.3. The Nearly Kihler structure on Y?? x R. We start with the recently discovered
in [16] infinite family of Sasaki-Einstein metric on S2 x S3, labeled by two coprime integers
p > 1,q < p and refered as YP?. Geometrically they are all U(1)-bundles over an axially
squashed S2? bundle over a round S2. We take the explicit local description of the Sasaki-
Einstein SU(2)-structure presented in [23]. In terms of local coordinates y, 3,0, ¢, 1 they can
be described as follows:

= % (dip — cosOdp + y(dS + ccos 8de)) ,

n
wsg = é ((cy = 1)sinOdf N dp — dy A (dS + ccos 0de)) ,
(6.5) wy = % <d9 Ady — wcw A dﬂ) ,

wy = % <sin9d¢ A dy + Wda A (df + ccos 9d¢)> )
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where ) ) 5
2(a —y*) a — 3y~ + 2cy
w(y) = ———, r(y) = —————
) =—— = (y) Y
and a, c are constants. If ¢ = 0 one can obtain the known homogeneous metric on S? x S% and
for ¢ = 1 = a one can recover the round metric on 5-sphere S°. However, for ¢ # 0,0 < a < 1
one can get irregular Sasaki-Einstein structures, i.e. the orbits of the Killing vector field dual

to 1 are non-compact [16].

It is easy to check that the SU(2)-structure (6.5]) satisfies (II)). Apply Theorem [B.7 and
Theorem [(.3] to get

Theorem 6.5. Let (YP9 n,w;, g) be the Sasaki-Einstein manifold endowed with the SU(2)-
structure determined by (6.5). Then

i) The SU(3)-structure on YP1 x [0,7] defined by B3) is a nearly Kdhler structure
generating the metric gg = dt® +sin®t g with two conical singularities at t = 0,t = 7.

ii) The Ga-structure on (YP4 x [0,7]) x [0, 7] defined by (B.7) is a nearly parallel G-
structure generating the metric g7 = dq? + sin? q(dt? + sin®t g) with singularities at
t=0,t=mq=0,q=m.

)

6.4. Evolution which is not an SU(2)-structure. For half flat SU(3)-structures Hitchin
shows [21] that if his evolution equations are satisfied, and for ¢ = 0 the structure is half-
flat, then the half flat SU(3) condition is preserved in time provided some non-degeneracy
condition for the evolved SU(3)-structure holds.

For a hypo and nearly hypo SU(2)-structure we find an example which solves the Conti-
Salamon and our nearly hypo evolution equations but there exists a solution to the evolution
equations which is not an SU(2)-structure, i.e. the situation is a little bit different.

We take the double hypo structure on the Lie group isomorphic to SU(2) x A? defined in
Proposition 4.3l by (4.3]) and (@4]) for p = 0.
We find the following solution to the Conti-Salamon hypo evolution equations (2.0))
nt)=mn, wi(t)=w —tdn, ws(t)=—sinh3tw;+ws, wa(t)= cosh3tws
which is not an SU(2)-structure since w3 = w? = cosh? 3t while w? = 1.

We obtain the following solution to the nearly-hypo evolution equations (B.2])
n(t) =n, wa(t)=cosV3tws,

V3 1
wi(t) = cos V3tw; — —sin2v/3te' + ——sin 2v/3t e,
1(¢) ' 2v/3

1 4 1
w3(t) = —=sin V3twy 4 cos2vV3tett + <— —3 CcoS 2\/§t> e

3 3

which is not an SU(2)-structure again.
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