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8 NEARLY HYPO STRUCTURES AND

COMPACT NEARLY KÄHLER 6-MANIFOLDS WITH CONICAL

SINGULARITIES

MARISA FERNÁNDEZ, STEFAN IVANOV, VICENTE MUÑOZ, AND LUIS UGARTE

Abstract. We prove that any totally geodesic hypersurface N5 of a 6-dimensional nearly
Kähler manifold M6 is a Sasaki-Einstein manifold, and so it has a hypo structure in the
sense of [12]. We show that any Sasaki-Einstein 5-manifold defines a nearly Kähler structure
on the sin-cone N5

× R, and a compact nearly Kähler structure with conical singularities
on N5

× [0, π] when N5 is compact thus providing a link between Calabi-Yau structure on
the cone N5

× [0, π] and the nearly Kähler structure on the sin-cone N5
× [0, π]. We define

the notion of nearly hypo structure that leads to a general construction of nearly Kähler
structure on N5

× R. We determine double hypo structure as the intersection of hypo and
nearly hypo structures and classify double hypo structures on 5-dimensional Lie algebras
with non-zero first Betti number. An extension of the concept of nearly Kähler structure is
introduced, which we refer to as nearly half flat SU(3)-structure, that leads us to generalize
the construction of nearly parallel G2-structures on M6

×R given in [3]. For N5 = S5
⊂ S6

and for N5 = S2
× S3

⊂ S3
× S3, we describe explicitly a Sasaki-Einstein hypo structure

as well as the corresponding nearly Kähler structures on N5
× R and N5

× [0, π], and the
nearly parallel G2-structures on N5

× R
2 and (N5

× [0, π]) × [0, π].
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1. Introduction

Let N5 be a 5-manifold with an SU(2)-structure, that is, the frame bundle of N5 has
a reduction to the group SU(2). Recently, Conti and Salamon [12] have proved that such
a structure is determined by a quadruplet (η, ω1, ω2, ω3) of differential forms, that we shall
abbreviate as (η, ωi), where η is a 1-form and ωi are 2-forms satisfying certain relations (see
Section 2). An SU(2)-structure (η, ωi) is said to be hypo if the 2-form ω1 and the 3-forms
η ∧ ω2 and η ∧ ω3 are closed.

Hypo geometry is a generalization of Sasaki-Einstein geometry. In fact, any Sasaki-Einstein
5-manifold has an SU(2)-structure (η, ωi), where η is the contact form, that satisfies the
differential equations

(1.1) dη = −2ω3, dω1 = 3η ∧ ω2, dω2 = −3η ∧ ω1,

and so is a hypo structure, after interchanging the form ω1 with ω3. This is due to the
following. A Sasaki-Einstein 5-manifold N5 may be defined as a Riemannian manifold such
thatN5×R with the cone metric is Kähler and Ricci flat [5], that is, it has holonomy contained
in SU(3) or, equivalently, its SU(3)-structure is integrable. This means that there is an almost
Hermitian structure, with Kähler form F , and a complex volume form Ψ = Ψ+ + iΨ− on
N5 × R satisfying dF = dΨ+ = dΨ− = 0. But an integrable SU(3)-structure on the cone
N5 × R induces an SU(2)-structure on N5 satisfying (1.1) (see Section 2 for details).

Our goal in this paper is twofold: on the one hand, to show that Sasaki-Einstein (hypo)
5-manifolds are also closely related with nearly Kähler 6-manifolds (weak holonomy SU(3)
manifolds) giving a method to construct nearly Kähler manifolds from Sasaki-Einstein 5-
manifolds; and on the other hand, to give a method of construction of nearly parallel G2-
structures on M6 × R starting from certain SU(3)-structures on M6, which we call nearly
half flat, leading to a generalization of the construction given in [3].

To this end, in Section 2 it is shown that any totally geodesic hypersurface N5 of a
nearly Kähler 6-manifold M6 has a natural Sasaki-Einstein SU(2)-structure (η, ω1, ω2, ω3)
satisfying (1.1). Furthermore, the converse also holds. In fact, we prove that any Sasaki-
Einstein SU(2)-structure on N5 satisfying (1.1) defines an SU(3)-structure on the sin-cone
N5 ×R which is nearly Kähler (see Theorem 3.7 in Section 3). Actually, our result is slightly
more general and it applies to nearly hypo SU(2)-structures satisfying the evolution nearly
hypo equations established in Proposition 3.2. Nearly hypo structures are the natural SU(2)-
structures induced on oriented hypersurfaces of nearly Kähler 6-manifolds. In particular,
when N5 is a compact Sasaki-Einstein SU(2)-manifold, one gets a compact nearly Kähler
structure with conical singularities on N5 × [0, π].

Returning to a Sasaki-Einstein structure, it can be defined as a structure whose cone
is Kähler and Ricci flat. We show (see Corollary 3.8) that in dimension 5 a Sasaki-Einstein
structure could also be defined as a structure whose sin-cone is nearly Kähler (weak holonomy
SU(3) manifold). In this way, Sasaki-Einstein 5-manifolds provide a link between Calabi-Yau
cones and nearly Kähler (weak holonomy SU(3)) sin-cones.
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More general, in Section 4, we define a double hypo structure as an SU(2)-structure which
is hypo and nearly hypo; a diagram representing the relations among the classes of SU(2)-
structures is inserted. In Section 4, we show also that double hypo structures are precisely
those SU(2)-structures whose sin-cone carry a half-flat SU(3)-structure. We describe all
5-dimensional Lie algebras with non-zero first Betti number which have a double hypo struc-
ture, and prove that solvable Lie groups cannot admit invariant double hypo structures.
Double hypo structures give a relation between Calabi-Yau solution to Conti-Salamon evolu-
tion equations (2.6) and nearly Kähler solution to the nearly hypo evolution equations (3.2)
discovered in Proposition 3.2 below.

In [3] it is proved that if M6 is a nearly Kähler manifold, then the sin-cone M6 × R has
a natural nearly parallel G2-structure. We generalize this construction of nearly parallel G2-
structures proving (see Proposition 5.2) that any nearly half flat SU(3)-structure (F,Ψ+,Ψ−)
on M6, which means that dΨ− = −2F ∧F , can be lifted to a nearly parallel G2-structure on
M6 × R if and only if it satisfies the evolution nearly half flat equation (5.6) established in
Section 5. In this section we insert two figures, one of them represents the relations among
the classes of SU(3)-structures, and the other illustrates how it is possible to get special
G2-metrics by evolution from SU(3)-structures.

In Section 6 we consider the oriented hypersurfaces N5 = S5 ⊂ S6 and N5 = S2 × S3 ⊂
S3 × S3. Since S5 ⊂ S6 is totally geodesic in S6 with the metric of the nearly Kähler
structure on S6, it induces a Sasaki-Einstein hypo structure on S5 satisfying (1.1). We
describe explicitly such a structure on S5 as well as the nearly Kähler structure on S5 × R

and the nearly parallel G2-structure on S5 × R
2.

For S2 × S3 ⊂ S3 × S3 we notice that S2 × S3 is not totally geodesic in S3 × S3 with
the metric of the nearly Kähler structure, and we see that the SU(2)-structure induced on
S2 × S3 is hypo but it does not satisfy the first equation of (1.1). We modify it a little to
obtain a Sasaki-Einstein SU(2)-structure on S2 × S3 satisfying equations (1.1), and then we
describe the nearly Kähler structure on S2 × S3 × R and the nearly parallel G2-structure on
S2 × S3 × R

2.

Finally, we use the recently discovered in [16] infinite family of explicit compact Sasaki-
Einstein 5-manifold Y p,q to construct infinite family of compact nearly Kähler manifold with
conical singularities on Y p,q × [0, π].

2. Hypo structures on 5-manifolds

In this section we show that any totally geodesic hypersurface of a nearly Kähler manifold
has a Sasaki-Einstein SU(2)-structure satisfying (1.1). First we need to recall some properties
of SU(2)-structures and, in particular, of hypo structures on 5-manifolds.

Consider a 5-manifold N5 with an SU(2)-structure (η, ω1, ω2, ω3), that is to say, η is a
1-form and ωi are 2-forms on M satisfying

(2.1) ωi ∧ ωj = δijv, v ∧ η 6= 0,

for some 4-form v, and

(2.2) Xyω1 = Y yω2 ⇒ ω3(X,Y ) ≥ 0,
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where Xy denotes the contraction by X. Then, it induces an SU(3)-structure (F,Ψ+,Ψ−)
on N5 × R defined by

(2.3) F = ω1 + η ∧ dt, Ψ = Ψ+ + iΨ− = (ω2 + iω3) ∧ (η + idt),

where t is a coordinate on R.

Vice versa, let f : N5 −→ M6 be an oriented hypersurface of a 6-manifold M6 with an
SU(3)-structure (F,Ψ+,Ψ−), and denote by N the unit normal vector field. Then the SU(3)-
structure induces an SU(2)-structure (η, ω1, ω2, ω3) on N5 defined by the equalities [12]

(2.4) η = −NyF, ω1 = f∗F, ω2 = NyΨ−, ω3 = −NyΨ+.

An SU(2)-structure determined by (η, ωi) is called hypo if it satisfies the equations [12]

(2.5) dω1 = 0, d(η ∧ ω2) = 0, d(η ∧ ω3) = 0.

Suppose thatM6 has holonomy contained in SU(3), that is, the SU(3)-structure (F,Ψ+,Ψ−)
is integrable (i.e. Calabi-Yau) or, equivalently,

dF = dΨ+ = dΨ− = 0.

It is not hard to see that any oriented hypersurface N5 of M6 is naturally endowed with a
hypo structure [12]. Indeed, the conditions dF = dΨ+ = dΨ− = 0 imply that the induced
SU(2)-structure on N5 defined by (2.4) satisfies (2.5). Regarding the converse, Conti and
Salamon [12] prove that a real analytic hypo structure on N5 (that is, when N5 and the
reduction of the frame bundle of N5 both are analytic) can be lifted to an integrable SU(3)-
structure on N5 × R, that is, (η, ωi) belongs to a one-parameter family of hypo structures
(η(t), ωi(t)) satisfying the evolution equations

(2.6)







∂tω1 = −dη
∂t(η ∧ ω3) = dω2

∂t(η ∧ ω2) = −dω3.

Next we study totally geodesic hypersurfaces of nearly Kähler 6-manifolds M6, that is, M6

has an SU(3)-structure (F,Ψ+,Ψ−) which satisfies the following differential equations [21]

(2.7) dF = 3Ψ+, dΨ− = −2F ∧ F.

Lemma 2.1. If f : N5 −→M6 is a totally geodesic hypersurface of a nearly Kähler manifold
M6, then the induced SU(2)-structure (2.4) on N5 satisfies the differential equations (1.1).

Proof. Let (M6, g, F,Ψ+,Ψ−) be a nearly Kähler 6-manifold. The Nijenhuis tensor N is a
3-form N = −Ψ− and it is parallel with respect to the Gray characteristic connection ∇ [22].
This connection was defined by Gray [19, 18, 20] and it turns out to be the unique linear
connection preserving the nearly Kähler structure and having totally skew-symmetric torsion
T = N = −Ψ− [15], i.e.

(2.8) ∇ = ∇g +
1

2
T = ∇g − 1

2
Ψ−, ∇Ψ− = 0,

where ∇g is the Levi-Civita connection of the metric g.
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We calculate using (2.4) and (2.7) that

dω1 = d(f∗F ) = 3f∗Ψ+ = 3η ∧ ω2,(2.9)

dη = −d(NyF ) = −(LNF ) + NydF = −(LNF ) − 3ω3,(2.10)

where L denotes the Lie derivative.

Further, −(LNF ) = −∇g
NF , sinceN5 is totally geodesic. Apply (2.8) to the latter equality,

take into account ∇F = 0 and (2.4) to derive

(2.11) −∇g
NF = −∇NF − 1

2

6
∑

i=1

eiyF ∧ eiy(NyΨ−) = −NyΨ+ = ω3,

where {e1, . . . , e6 = N} is an SU(3) adapted basis. Substitute (2.11) into (2.10) to get the
first equality in (1.1).

In view of (2.9), it remains to prove the third equality in (1.1). Similarly as above, applying
(2.4), (2.8) and (2.7), we calculate

(2.12)

dω2 = d(NyΨ−) = LNΨ− − NydΨ− = ∇g
NΨ− + 2Ny(F ∧ F ) =

= −1

4
Ny(

6
∑

j=1

ejyΨ− ∧ ejyΨ−) + 2Ny(F ∧ F ) =

= −1

2
Ny(F ∧ F ) + 2Ny(F ∧ F ) =

3

2
Ny(F ∧ F ) = −3η ∧ ω1,

where we have used the identity

6
∑

j=1

ejyT ∧ ejyT = 2F ∧ F

valid on any nearly Kähler 6-manifold [15]. �

Theorem 2.2. Any totally geodesic hypersurface N5 of a nearly Kähler 6-manifold M6

admits a Sasaki-Einstein hypo structure, and therefore the Conti-Salamon evolution equa-
tions (2.6) can be solved for N5 × R.

Proof. Clearly Lemma 2.1 implies that the induced SU(2)-structure satisfies (2.5), i.e, it is a
hypo structure. Moreover, Lemma 2.1 shows that the induced almost contact metric structure
(η, ω3) on N5 is Sasaki-Einstein. Indeed, (1.1) implies that the conical SU(3)-structure on
M = N5 × R defined by

F = t2ω3 + tη ∧ dt, Ψ = t2(ω2 + iω1) ∧ (tη + idt)(2.13)

satisfies dF = dΨ = 0, i.e. it is an integrable SU(3)-structure (see e.g. [5]) which clearly is a
solution to the Conti-Salamon evolution equations (2.6). �

Remark 2.3. We notice that any Sasaki-Einstein 5-manifold has a hypo SU(2)-structure
which satisfies (1.1). In fact, we know that a Sasaki-Einstein 5-manifold N5 is such that
the cone N5 × R is Kähler and Ricci flat, that is, its SU(3)-structure is integrable, and so
induces an SU(2)-structure on N5 satisfying (1.1) which is equivalent to equations (14) in
[12], although the two forms ω2, ω3 are not given explicitly there since the SU(3)-structure
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on the cone is not explicit; we just know that such a structure does exist and is given by
(2.13).

3. Nearly hypo structures

Let (η, ωi) be an SU(2)-structure on N5 and consider the SU(3)-structure (F,Ψ+,Ψ−) on
N5 × R defined by (2.3).

We look for sufficient conditions imposed on the SU(2)-structure (η, ωi) which imply that
the induced SU(3)-structure on N5 × R is nearly Kähler, i.e. it satisfies (2.7).

Definition 3.1. We call an SU(2)-structure (η, ωi) on a 5-manifold N5 a nearly hypo struc-
ture if it satisfies the following two equations:

(3.1) dω1 = 3η ∧ ω2, d(η ∧ ω3) = −2ω1 ∧ ω1.

Consider SU(2)-structures (η(t), ωi(t)) on N5 depending on a real parameter t ∈ R, and
the corresponding SU(3)-structures (F (t),Ψ+(t),Ψ−(t)) on N5 × R. We have

Proposition 3.2. An SU(2)-structure (η, ωi) on N5 can be lifted to a nearly Kähler structure
(F (t),Ψ+(t),Ψ−(t)) on N5 × R defined by (2.3) if and only if it is a nearly hypo structure
which generates an 1-parameter family of SU(2)-structures (η(t), ωi(t)) satisfying the follow-
ing evolution nearly hypo equations

(3.2)







∂tω1 = −dη − 3ω3,
∂t(η ∧ ω3) = dω2 + 4η ∧ ω1,
∂t(η ∧ ω2) = −dω3.

Proof. Take the exterior derivatives in (2.3) to get that the equations (2.7) hold precisely
when (3.1) and the first two equalities in (3.2) are fulfilled.

It remains to show that the equations (3.2) imply that (3.1) hold for each t. Indeed, using
(3.2), we calculate

∂t(dω1 − 3η ∧ ω2) = −3(dω3 + ∂t(η ∧ ω2)) = 0.

Hence, the first equality in (3.1) is independent on t and therefore is valid for all t since it
holds in the beginning for t = 0. Further, using the already proved first equality in (3.1) as
well as the defining equalities (2.1), we obtain

∂t[d(η ∧ ω3) + 2ω1 ∧ ω1] = −4η ∧ dω1 = 0.

Hence, both equalities in (3.1) survive in time. �

Remark 3.3. The assumption (η(t), ωi(t)) to be an SU(2)-structure for all t in Proposition 3.2
can not be avoided as it is shown in the example described in the last Section 6.4.

Proposition 3.4. Any SU(2)-structure satisfying the two first equations of (1.1) is a nearly
hypo structure.

Proof. The two first equations of (1.1) together with (2.1) yield

dω1 = 3η ∧ ω2, d(η ∧ ω3) = −2ω3 ∧ ω3 = −2ω1 ∧ ω1.

�
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More generally, we have

Proposition 3.5. Let f : N5 −→ M6 be an immersion of an oriented 5-manifold into a
6-manifold with a nearly Kähler structure. Then the SU(2)-structure induced on N5 is a
nearly hypo structure.

Proof. It follows from (2.4) that [12]

η ∧ ω2 = f∗Ψ+, η ∧ ω3 = f∗Ψ−.

Since f∗ commutes with d, the above equality together with (2.4) and (2.7) imply (3.1). �

Now, a question remains.

Question 1. Does the converse of Proposition 3.5 hold?, i.e. is it true that any (real
analytic) nearly hypo structure on N5 can be lifted to a nearly Kähler structure on N5 ×R?

Remark 3.6. The affirmative answer to this question is equivalent to showing the existence of
a solution of the evolution nearly hypo equations (3.2). From a private communication with
D. Conti [13], we know that the answer of Question 1 is affirmative, at least locally, for real
analytic nearly hypo structures. In fact, if N5 is compact, there is a solution to the nearly
hypo evolution equations on N5, i.e. the real analytic nearly hypo structure on N5 can be
lifted to a nearly Kähler structure on N5 × I, for a sufficiently small interval I; and if N5 is
non-compact, one always has a local solution to these equations, that is, there is an open set
U ⊂ N5 such that the real analytic nearly hypo structure on the 5-manifold N5 can be lifted
to a nearly Kähler structure on U × I, for a sufficiently small interval I.

Now, we prove the main result in this section solving explicitly the equations (3.2) for
Sasaki-Einstein 5-manifolds.

Theorem 3.7. Let (N5, η, ωi) be a Sasaki-Einstein SU(2)-structure satisfying (1.1). Then
the SU(3)-structure F,Ψ+,Ψ− on N5 × R defined for 0 ≤ t ≤ π by

(3.3)

F = sin2 t (sin t ω1 + cos t ω3) + sin t η ∧ dt,
Ψ+ = sin3 t η ∧ ω2 − sin2 t (− cos t ω1 + sin t ω3) ∧ dt,
Ψ− = sin3 t (− cos t ω1 + sin t ω3) ∧ η + sin2 t ω2 ∧ dt,

is a nearly Kähler structure on N5 × R generating the well known Einstein metric

g6 = dt2 + sin2 t g5,

where g5 is the Sasaki-Einstein metric on N5.

If (N5, η, ωi) is compact then (N5×[0, π], F,Ψ+,Ψ−) is a compact nearly Kähler 6-manifold
with two conical singularities at t = 0 and t = π.

Proof. Consider the SU(2)-structure (η(t), ωi(t)) depending on a real parameter t:

(3.4)

η(t) = sin t η,

ω1(t) = sin2 t (sin t ω1 + cos t ω3) ,

ω2(t) = sin2 t ω2,

ω3(t) = sin2 t (− cos t ω1 + sin t ω3) .
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Applying (1.1) and (2.1), we see that the structure defined by (3.4) satisfies the nearly hypo
structure conditions (3.1) as well as the nearly hypo evolution equations (3.2). Consequently,
(3.3) satisfies (2.7) and therefore it is a nearly Kähler structure on N5 × R. �

As a consequence of the proof of Theorem 3.7, we derive

Corollary 3.8. An SU(2)-manifold (N5, η, ωi) is Sasaki-Einstein if and only if the sin-cone
(N5 × R, F,Ψ+,Ψ−) with the SU(3)-structure defined by (3.3) is a nearly Kähler manifold
for any 0 < t < π.

Proof. The equations (3.3) imply

dF = sin tdt ∧ [3 sin t cos tω1 − 3 sin2 tω3 + 2ω3 + dη] + sin2 t(sin tdω1 + cos tdω3).

Consequently, dF = 3Ψ+ ⇔ dω1 = 3η ∧ ω2, dη = −2ω3. Using this equivalence, we obtain

dΨ− + 2F ∧ F = sin3 t[sin tω3 ∧ (dη + 2ω3) − cos tω1 ∧ dη] + sin2 t(3ω1 ∧ η + dω2) ∧ dt.
Hence, dΨ− = −2F ∧F ⇔ dω2 = −3η∧ω1. Thus, (1.1) are equivalent to (2.7) and the proof
is complete. �

Remark 3.9. Any Sasaki-Einstein 5-manifold generates, on one hand, a Calabi-Yau structure
on the cone and, on the other hand, it generates a nearly Kähler (weak holonomy SU(3))
structure on the sin-cone, thus giving a link between these two structures in dimension six.
Moreover, Lemma 2.1 shows that any totally geodesic hypersurface of a nearly Kähler 6-
manifold carries a natural Sasaki-Einstein structure and therefore one gets a non-compact
Calabi-Yau cone genetared by that structure. Vice versa, any totally umbilic hypersurface
in a Calabi-Yau 6-manifold with shape operator A = id carries a natural Sasaki-Einstein
structure which could be lifted to a nearly Kähler structure on the sin-cone according to
Theorem 3.7. It seems that a (local) description of totally geodesic hypersurfaces of a nearly
Kähler 6-manifold as well as the (local) description of totally umbilic hypersurfaces of a
Calabi-Yau 6-manifold with shape operator equal to the identity will provide an explicit
relation between Calabi-Yau 6-manifolds and nearly Kähler 6-manifolds.

Remark 3.10. There exist nonhomogeneous examples of Sasaki-Einstein 5-manifolds; for in-
stance, there are known 14 nonhomogeneous Sasaki-Einstein metrics on S2 ×S3 [6, 7]. Using
these structures we obtain examples of local nonhomogeneous nearly Kähler 6-manifolds con-
structed according to Theorem 3.7 .

4. Double hypo structures

In this section we are interested in the class of SU(2)-structures on a 5-manifold which are
in the intersection class of hypo and nearly hypo structures.

Definition 4.1. An SU(2)-structure (η, ωi) on a 5-manifold is said to be double hypo if it is
hypo and nearly hypo simultaneously.

The following picture illustrates the various classes of SU(2)-structures.
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double hypohypo
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Figure 1: Classes of SU(2)-structures

Double hypo structures can be lifted in the analytic case, on one hand, to an integrable
SU(3)-structure due to the Conti-Salamon result [12] and, on the other hand, taking account
of Remark 3.6, to a nearly Kähler structure, which provides a relationship between these
distinguished classes of 6-dimensional manifolds:
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SU(3) holonomy nearly Kähler

hypo double hypo nearly hypo

nearly hypo
evolution equations

Conti-Salamon
evolution equations

Figure 2: Special metrics obtained from evolution of SU(2)-structures

In Figure 2, we write SU(3) holonomy for SU(3)-structures such that the holonomy of its
metric is contained in SU(3). Moreover, taking into account (3.3), we must notice that the
sin-cone metric of a Sasaki-Einstein structure on a 5-manifold N5 defines a nearly Kähler
metric on N5×R and, by (2.13), the cone metric of a Sasaki-Einstein structure on N5 defines
a metric on N5 × R whose holonomy is contained in SU(3).
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In order to give a characterization of double hypo structures, we first recall that an SU(3)-
structure (F,Ψ+,Ψ−) on a 6-manifold M6 is called half-flat if it satisfies the conditions

(4.1) dF ∧ F = dΨ+ = 0.

These structures become of recent interest mainly because Hitchin shows in [21] that an
SU(3)-structure on M6 can be lifted to a G2-holonomy structure on M6 × R, exactly when
the underlying SU(3)-structure is half flat.

Theorem 4.2. Let (η, ωi) be an SU(2)-structure on a 5-manifold N5. The following condi-
tions are equivalent:

i). (η, ωi) is a double hypo structure;
ii). (η, ωi) satisfies the equations

(4.2) d(η ∧ ω1) = 0, dω1 = 3η ∧ ω2, d(η ∧ ω3) = −2ω1 ∧ ω1, dω3 = 0.

iii). the sin-cone (N5 × (0, π), F,Ψ+,Ψ−) with the SU(3)-structure determined by (3.3) is
half-flat.

Proof. The equivalence of i) and ii) is straightforward consequence from (2.5), (3.1) and (4.2).

We calculate from (3.3) that

dΨ+ = sin2 t dt ∧ [cos t(3η ∧ ω2 − dω1) + sin t dω3] + sin3 t d(η ∧ ω2).

Consequently, dΨ+ = 0 =⇒ dω1 = 3η ∧ ω2, dω3 = 0. Using this equivalence, we obtain

d(F ∧ F ) = 2 sin3 t[cos t(2ω1 ∧ ω1 + d(η ∧ ω3)) + sin t ω1 ∧ dη] ∧ dt.

Hence, (4.2) are equivalent to (4.1) �

4.1. Double hypo structures on Lie groups. Next we determine the left-invariant double
hypo structures on Lie groups G satisfying [g, g] 6= g, where g denotes the Lie algebra of G.
In particular we show that solvable Lie groups cannot admit structures of this type.

Proposition 4.3. Let G be a Lie group endowed with a left-invariant double hypo structure
(η, ωi). If the Lie algebra g of G satisfies [g, g] 6= g, then there is a basis e1, . . . , e5 for g

∗ and
a real number µ such that

(4.3) η = e5, ω1 = e12 + e34, ω2 = e13 + e42, ω3 = e14 + e23,

and

(4.4)































de1 =0,

de2 =µe34 − 3e35,

de3 =−µe24 + 3e25,

de4 =µe14,

de5 =−4e23 + µ2

3 (e14 − e23).
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Proof. Let V be the subspace of g
∗ orthogonal to η, and let α ∈ g

∗ be nonzero and closed.
Thus, α = β + ρ η, where β ∈ V and ρ ∈ R. Now, dα = 0 is equivalent to dβ = −ρ dη.
Therefore, γ = 1

||β|| β is a unit element in V = 〈η〉⊥ satisfying

dγ = λdη,

with λ = −ρ/||β||. By [12, Corollary 3] there is a basis e1, . . . , e5 for g
∗ satisfying (4.3) with

e1 = γ. In terms of this basis the differentials of e1, . . . , e5 are given by

(4.5) dei =
∑

1≤j<k≤5

cijk e
jk, 1 ≤ i ≤ 5,

where c1jk = λ c5jk for all j, k. The 41 remaining coefficients λ, c2jk, . . . , c
5
jk must satisfy the

Jacobi identity d(dei) = 0, 1 ≤ i ≤ 5, and the double hypo conditions (4.2).

First, a direct calculation shows that

dω1 =de12 + de34 = −(λc513 + c223 + c412)e
123 − (λc514 + c224 − c312)e

124 − (λc515 + c225)e
125

−(c234 − c313 − c414)e
134 − (c235 − c415)e

135 − (c245 + c315)e
145 + (λc534 + c323 + c424)e

234

+(λc535 + c425)e
235 + (λc545 − c325)e

245 − (c335 + c445)e
345.

Since 3η ∧ ω2 = 3e135 − 3e245, we have that dω1 = 3η ∧ω2 if and only if the coefficients λ, cijk
satisfy the following relations:

(4.6)
c225 = −λ c515, c312 = λ c514 + c224, c

3
15 = −c245, c325 = 3 + λ c545, c

4
12 = −λ c513 − c223,

c414 = c234 − c313, c
4
15 = 3 + c235, c

4
24 = −λ c534 − c323, c

4
25 = −λ c535, c445 = −c335.

On the other hand, since

d(η ∧ ω3) =de145 + de235 = (c514 + c523)e
1234 + (c515 + c212 + c313 − c423)e

1235

+(λ c512 − c525 + λ c534 + c314 + c323)e
1245 + (λ c513 − c535 − c214 − c434)e

1345

+(λ c523 + c545 − c224 − c334)e
2345

and ω1 ∧ ω1 = 2e1234, we conclude that d(η ∧ ω3) = −2ω1 ∧ ω1 if and only if

(4.7)
c323 = −λ c512 + c525 − λ c534 − c314, c334 = λ c523 + c545 − c224, c423 = c515 + c212 + c313,

c434 = λ c513 − c535 − c214, c523 = −4 − c514.

A direct calculation shows that

dω3 =de14 + de23 = −c515e123 + c525e
124 + (λ c535 − c245)e

125 + c535e
134 − (c215 + c435)e

135

−(λ c515 − c335)e
145 − c545e

234 + (λ c515 − c335)e
235 − (λ c525 + c345)e

245 − (λ c535 − c245)e
345,

which implies that ω3 is closed if and only if

(4.8) c245 = c335 = c345 = c515 = c525 = c535 = c545 = 0, c435 = −c215.

Moreover, the 3-form η ∧ ω1 is closed if and only if the additional relation

(4.9) c534 = −c512
is satisfied.
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Notice also that 0 = d2(ω1) = 3d(η ∧ω2) = 3(dη ∧ω2 − η ∧ dω2) implies dη ∧ω2 = η ∧ dω2,
which is equivalent to the conditions

(4.10) c223 = −c214, c224 = −4λ+ c213, c324 = −c212 − c234 + c313, c413 = λ c512 + c314, c524 = c513.

Now, it is easy to see that the coefficient of e245 in the 3-form d(de5) vanishes if and only if

(4.11) c512 = 0.

¿From (4.6)–(4.11) we get that the structure equations (4.5) reduce to

(4.12)























































de1 =λde5,

de2 =c212e
12 + c213e

13 + c214e
14 + c215e

15 − c214e
23 − (4λ− c213)e

24 + c234e
34 + c235e

35,

de3 =−(4λ− λ c514 − c213)e
12 + c313e

13 + c314e
14 − c314e

23 − (c212 + c234 − c313)e
24

+3e25 − (λ c514 + c213)e
34,

de4 =−(λ c513 − c214)e
12 + c314e

13 + (c234 − c313)e
14 + (3 + c235)e

15 + (c212 + c313)e
23

+c314e
24 + (λ c513 − c214)e

34 − c215e
35,

de5 =c513e
13 + c514e

14 − (4 + c514)e
23 + c513e

24,

where the 11 coefficients λ, c212, c
2
13, c

2
14, c

2
15, c

2
34, c

2
35, c

3
13, c

3
14, c

5
13 and c514 must satisfy the Jacobi

identity d(dei) = 0, for 1 ≤ i ≤ 5.

For the rest of the proof we follow a decision tree depending on the nullity of the coefficients
to conclude that the Jacobi identity is satisfied if and only if c514 = (c234)

2/3 and the remaining
coefficients vanish. The proof of this fact is rather long but straighforward, so we omit
details. �

It is easy to see that the Lie group determined by (4.4) is isomorphic to SU(2) × A2 for
µ = 0 and SU(2)×Aff(R) for µ 6= 0, where A2 denotes a 2-dimensional abelian Lie group and
Aff(R) is the group of affine transformations of R. As a consequence of Proposition 4.3, the
Lie group SU(2)×A2 has a unique (up to equivalence) left-invariant double hypo structure.
Moreover:

Corollary 4.4. Let {X1,X2,X3} and {Y1, Y2} be the standard basis of left-invariant vector
fields on SU(2) and A2, respectively, that is,

[X1,X2] = X3, [X2,X3] = X1, [X3,X1] = X2, [Y1, Y2] = 0,

and let us denote by {αi, βj} the dual basis of {Xi, Yj}. For each ρ ∈ R, the SU(2)-structure
on the Lie group SU(2) ×A2 given by

η = 1
3α

1, ω1 = 1
2
√

3
(−α2β1 + ρ

6
√

3
α2α3 + 1

3α
3β2),

ω2 = − 1
2
√

3
(α3β1 + 1

3α
2β2), ω3 = ρ

6
√

3
α2β1 + 1

3β
1β2 + 1

12α
2α3,

is nearly hypo, and it is double hypo if and only if ρ = 0.

Proof. In terms of the new basis {ei} defined by

α1 = 3 e5, α2 = 2
√

3 e2, α3 = 2
√

3 e3, β1 = e1, β2 = ρ e2 + 3 e4,
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the structure equations of the Lie group are

de1 = 0, de2 = −3 e35, de3 = 3 e25, de4 = ρ e35, de5 = −4 e23,

and the SU(2)-structure is given by (4.3). Therefore, when ρ = 0 the structure is precisely
the one given in Proposition 4.3 for µ = 0. Finally, it is easy to check that for each ρ 6= 0 the
structure is nearly hypo but the form ω3 is not closed. �

¿From our discussion above and Remark 3.6 it follows in particular that S3 × T
2 is a real

analytic manifold having an analytic double hypo structure, therefore:

Corollary 4.5. The double hypo structure on S3 × T
2 given by

η =
1

3
α1, ω1 = − 1

2
√

3
(α2β1−1

3
α3β2), ω2 = − 1

2
√

3
(α3β1+

1

3
α2β2), ω3 =

1

3
β1β2+

1

12
α2α3,

can be lifted both to a nearly Kähler structure and to a Calabi-Yau structure.

¿From Proposition 4.3 we get that solvable Lie groups do not admit left-invariant double
hypo structures. Since there exist nilpotent Lie groups having left-invariant hypo struc-
tures [12], the class of manifolds with double hypo structures is a proper subclass of that
consisting of hypo manifolds. Moreover, Corollary 4.4 shows the existence of nearly hypo
structures which are not double hypo.

Corollary 4.6. The Lie group SU(2)×Aff(R) admits a 1-parametric family of left-invariant
double hypo structures. More precisely, if {X1,X2,X3} and {Z1, Z2} are the standard basis
of left-invariant vector fields on SU(2) and Aff(R), respectively, that is,

[X1,X2] = X3, [X2,X3] = X1, [X3,X1] = X2, [Z1, Z2] = Z2,

then (up to equivalence) any left-invariant double hypo structure (η, ωi) on SU(2) × Aff(R)
belongs to the family

η = 1
3 (α1 + µγ2), ω1 = 1

µ(µ2+12)
1
2

(α2γ1 + µα3γ2),

ω2 = 1

µ(µ2+12)
1
2

(α3γ1 − µα2γ2), ω3 = − 1
µ
γ1γ2 + 1

µ2+12α
2α3,

for some µ ∈ R − {0}, where {αi, γj} denotes the dual basis of {Xi, Zj}.

Proof. It follows directly from Proposition 4.3 taking

α1 = −µe4 + 3e5, α2 = (µ2 + 12)
1

2 e2, α3 = (µ2 + 12)
1

2 e3, γ1 = −µe1, γ2 = e4.

�

We finish this section by showing that the double hypo structures of Proposition 4.3 can
be deformed into hypo structures. In fact, it is easy to see that for each r ∈ R − {0} and
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µ, τ ∈ R, the Lie group G determined by the equations

(4.13)































de1 =0,

de2 =µe34 + re35,

de3 =−µe24 − re25,

de4 =µe14,

de5 =(τ − µ2

r
)e23 − µ2

r
(e14 − e23),

is isomorphic to the product H ×K, where H = A2 for µ = 0 and H = Aff(R) for µ 6= 0,
and K = SU(2) if rτ > 0, K = SL(2, R) if rτ < 0 and H = E(2) if τ = 0, E(2) being the
group of rigid motions of Euclidean 2-space. Moreover, a direct calculation shows that the
SU(2)-structure given by (4.3) is always hypo, and it is double hypo if and only if r = −3

and τ = −4 − µ2

3 .

5. Nearly half flat structures on 6-manifolds

In this section we generalize the construction of nearly parallel G2-structures on M6 × R

induced from a nearly Kähler structure on M6 described in [3]. For general results on G2-
manifolds, see [14].

Let (F,Ψ+,Ψ−) be an SU(3)-structure on a 6-manifold M6. We consider the G2-structure
φ on M6 × R defined by the 3-form φ given by

(5.1) φ = F ∧ dq − Ψ−,

where dq is the standard 1-form on R. We also have a 4-form

(5.2) ∗7 φ =
1

2
F ∧ F + Ψ+ ∧ dq,

where ∗7 denotes the Hodge star operator on M6 × R.

Vice versa, let f : M6 −→ P 7 be a hypersurface of a G2-manifold (P 7, φ) and denote by
N the unit normal. Then the G2-structure φ induces an SU(3)-structure (F,Ψ+,Ψ−) on M6

defined by the equalities

(5.3) F = Nyφ, Ψ+ = −Ny∗φ, Ψ− = −f∗φ.
The types of the induced U(3)-structures are investigated in [11, 17, 8] while the types of the
induced SU(3)-structures are studied recently in [10].

We recall that a G2-structure is called nearly parallel if

(5.4) dφ = 4∗φ.
It is well known that nearly parallel G2-structures are Einstein with positive scalar curvature
s = 54 · 7 · 16 = 6048.

Hitchin shows in [21] that an SU(3)-structure on M6 can be lifted to a parallel G2-structure
(5.1) on M6×R, i.e. [14], a G2-structure satisfying dφ = d∗φ = 0 (or, equivalently, M6×R has
a metric whose holonomy is contained in G2), exactly when the underlying SU(3)-structure
is half flat (note that the half-flat condition compatible with (5.1) reads dF ∧F = dΨ− = 0).
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Thus, any double hypo structure on a 5-manifold could produce a G2-holonomy metric by
solving Hitchin’s flow equations (compatible with (5.1))

∂qΨ− = −dF, dΨ+ = −1

2
∂q(F ∧ F )

since its sin-cone is half-flat due to Theorem 4.2.

Next, we search for sufficient conditions imposed on an SU(3)-structure (F,Ψ+,Ψ−) which
imply that the G2-structure on M6 ×R determined by (5.1) is nearly parallel, i.e. it satisfies
(5.4).

Definition 5.1. We call an SU(3)-structure (F,Ψ+,Ψ−) on a 6-manifold M6 nearly half flat
if it satisfies the equation

dΨ− = −2F ∧ F.(5.5)

In particular, any nearly Kähler 6-manifold carries a nearly half flat structure.

The following diagram represents the relations among SU(3)-structures on 6-manifolds:

nearly Kähler

half flat

nearly half flat

6-manifolds with SU(3)-structure

Figure 3: Classes of SU(3)-structures

Consider SU(3)-structures (F (q),Ψ+(q),Ψ−(q)) on M6 depending on a real parameter
q ∈ R and the corresponding G2-structure φ(q) on M6 × R. We have

Proposition 5.2. An SU(3)-structure (F,Ψ+,Ψ−) on M6 can be lifted to a nearly parallel
G2-structure φ(q) on M6 × R defined by (5.1) if and only if it is a nearly half flat structure
and the following evolution nearly half flat equations hold

(5.6)
∂qΨ− = 4Ψ+ − dF,
dΨ+ = −1

2∂q(F ∧ F ).

Proof. Take the exterior derivative in (5.1) and use (5.2) to get that the equation (5.4) holds
precisely when (5.5) and (5.6) are fulfilled. Moreover, (5.6) imply that (5.5) holds for any
time q due to the equality ∂q(dΨ− + 2F ∧ F ) = 4dΨ+ + 2∂q(F ∧ F ). �
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As a consequence of the above considerations, we can recover one of the main results in [3].

Theorem 5.3. [3] Let (M6, F,Ψ+,Ψ−) be a nearly Kähler structure. Then the G2-structure
φ on M6 × R defined for 0 ≤ q ≤ π by

φ = sin2 q F ∧ dq − sin3 q (− cos qΨ+ + sin qΨ−)(5.7)

is a nearly parallel G2-structure on M6 × R generating the well known Einstein metric

g7 = dq2 + sin2 q g6,

where g6 is the nearly Kähler metric on M6.

If (M6, F,Ψ+,Ψ−) is compact then (M6×[0, π], φ) is a compact nearly parallel G2-manifold
with two conical singularities at q = 0 and q = π.

Proof. Consider the SU(3)-structure (F (q),Ψ+(q),Ψ−(q)) depending on a real parameter q:

(5.8)

F (q) = sin2 q F

Ψ+(q) = sin3 q (sin qΨ+ + cos qΨ−) ,

Ψ−(q) = sin3 q (− cos qΨ+ + sin qΨ−) .

Applying (2.7), we see that the structure defined by (5.8) satisfies the nearly half flat condi-
tions (5.5) as well as the evolution nearly parallel equation (5.6). Consequently, the structure
(5.7) satisfies (5.4) and therefore it is a nearly parallel G2-structure on M6 × R. �

As a consequence of the proof of Theorem 5.3, we obtain

Corollary 5.4. An SU(3)-manifold (N6, F,Ψ+,Ψ−) is nearly Kähler if and only if the sin-
cone (N6 × R, φ) with the G2-structure defined by (5.7) is a nearly parallel G2-manifold for
any 0 < t < π.

Proof. The equations (5.7) imply

dφ = sin3 q cos q dΨ+−sin4 q dΨ−+[sin2 q dF−(3 sin2 q cos2 q−sin4 q)Ψ++4 sin3 q cos qΨ−]∧dq.
Consequently, dφ = 4 ∗ φ⇔ dω1 = 3η ∧ ω2, dη = −2ω3. Using this equivalence, we obtain

dφ− 4 ∗ φ = sin3 q[cos q dΨ+ − sin q(dΨ− + 2F ∧ F )] + sin2 q(dF − 3Ψ+) ∧ dq.
Hence, dφ = 4 ∗ φ⇔ dF = 3Ψ+, dΨ− = −2F ∧ F . Thus, (2.7) are equivalent to (5.4) and
the proof is complete. �

More generally we have

Proposition 5.5. Let f : M6 −→ P 7 be an immersion of an oriented 6-manifold into a
7-manifold with a nearly parallel G2-structure. Then the SU(3)-structure induced on M6 is
a nearly half flat SU(3)-structure.

Proof. Since f∗ commutes with d, the equalities (5.3) substituted into (5.4) yield (5.5). �
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Question 2. Does the converse of Proposition 5.5 hold? i.e. is it true that any (real
analytic) nearly half flat structure on M6 can be lifted to a nearly parallel G2-structure on
M6 × R? This is equivalent to prove the existence of a solution of the evolution nearly half
flat equation (5.6). 1

Notice that nearly Kähler structures can be lifted, on one hand, to a metric with holonomy
contained in G2 (that is, to a parallel G2-structure) due to Hitchin result [21] and, on the other
hand, taking account Corollary 5.4, to a nearly parallel G2-structure, providing a relation
between these special classes on 7-dimensional manifolds:

�
�

�
�

��

@
@

@
@

@I

G2 holonomy nearly parallel G2

half flat nearly Kähler nearly half flat

nearly half flat
evolution equations

Hitchin evolution
equations

Figure 4: Special metrics obtained from evolution of SU(3)-structures

6. Examples

For N5 = S5 ⊂ S6 and for N5 = S2 × S3 ⊂ S3 × S3, we give an explicit description of the
Sasaki-Einstein hypo SU(2)-structure on N5 which generates a new nearly Kähler structure
with two conical singularities on S2 × S3 × [0, π] as well as a nearly parallel G2-structure on
N5 × [0, π] × [0, π] according to Theorem 3.7 and Theorem 5.3. We also apply our results
to the new compact Sasaki-Einstein manifolds Y p,q, which are diffeomorphic to S2 × S3 and
were constructed recently in [16], to obtain a new nearly Kähler structure with two conical
singularities on Y p,q × R and a nearly parallel G2-structure on Y p,q × R

2.

Finally, we give an example of an analytic double hypo structure and a solution to the
Conti-Salamon hypo evolution equations (2.6) as well as a solution to the nearly hypo evolu-
tion equations (3.2) which is an SU(2)-structure only in the beginning for t = 0. This shows a
difference between Hitchin theorem [21] which says that any solution to the Hitchin flow equa-
tions starting with a half-flat SU(3)-structure is automatically a half-flat SU(3)-structure for
all t.

6.1. The Nearly Kähler structure on S5 × R. We begin with an explicit description of

1Recently we learned that Stock proves in Theorem 2.5 of [24] that Question 2 has an affirmative answer
for nearly half flat structures on closed 6-manifolds M6, i.e. they can be lifted to a nearly parallel G2-structure
on M6

× I , for a sufficiently small interval I .
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6.1.1. The standard SU(3)-structure on S6. Using the stereographic projection of S6 − {p}
on R

6 from the point p = (0, · · · , 0, 1) ∈ R
7, one can check that a basis for the vector fields

on S6 − {p} consists of {Ei; 1 ≤ i ≤ 6} with

(E1)x = (1 − x7 − x2
1,−x1x2,−x1x3,−x1x4,−x1x5,−x1x6, x1(1 − x7)),

(E2)x = (−x1x2, 1 − x7 − x2
2,−x2x3,−x2x4,−x2x5,−x2x6, x2(1 − x7)),

(E3)x = (−x1x3,−x2x3, 1 − x7 − x2
3,−x3x4,−x3x5,−x3x6, x3(1 − x7)),

(E4)x = (−x1x4,−x2x4,−x3x4, 1 − x7 − x2
4,−x4x5,−x4x6, x4(1 − x7)),

(E5)x = (−x1x5,−x2x5,−x3x5,−x4x5, 1 − x7 − x2
5,−x5x6, x5(1 − x7)),

(E6)x = (−x1x6,−x2x6,−x3x6,−x4x6,−x5x6, 1 − x7 − x2
6, x6(1 − x7)),

for any arbitrary point x ∈ S6 − {p}. (Notice that this basis is orthogonal and ||Ei||2 =
(1 − x7)

2.) The basis {αi; 1 ≤ i ≤ 6} for the 1-forms on S6 − {p} dual to {Ei; 1 ≤ i ≤ 6} is
given by

αi =
1

1 − x7
dxi +

xi

(1 − x7)2
dx7.

From now on, we write xij = xixj , xijk = xixjxk, dxij = dxi ∧ dxj , and so forth. We will
need also the expressions of αij and αijk in terms of dxij and dxijk, respectively;

αij =
1

(1 − x7)2
dxij +

1

(1 − x7)3

(

xjdxi7 − xidxj7

)

,

for 1 ≤ i < j ≤ 6, and

αijk =
1

(1 − x7)3
dxijk +

1

(1 − x7)4

(

xidxjk7 − xjdxik7 + xkdxij7

)

,

for 1 ≤ i < j < k ≤ 6. Let U =
∑7

i=1 xi
∂

∂xi
be the unit normal vector field to S6 − {p}. We

identify R
7 with the imaginary part of the space of Cayley numbers, and define a vector cross

product x× y, where x, y ∈ R
7, by the imaginary part of the Cayley number xy. Then, the

standard almost complex structure on S6 is defined by J(X) = U ×X for any vector field X
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on S6. A simple calculation shows that

(JE1)x = (−x16, x15 + x3(1 − x7), x14 − x2(1 − x7),−x13 + x5(1 − x7),

− x12 − x4(1 − x7), x
2
1 − x7(1 − x7), x6(1 − x7)),

(JE2)x = (−x26 − x3(1 − x7), x25, x24 + x1(1 − x7),−x23 + x6(1 − x7),

− x2
2 + x7(1 − x7), x12 − x4(1 − x7),−x5(1 − x7)),

(JE3)x = (−x36 + x2(1 − x7), x35 − x1(1 − x7), x34,−x2
3 + x7(1 − x7),

− x23 − x6(1 − x7), x13 + x5(1 − x7),−x4(1 − x7)),

(JE4)x = (−x46 − x5(1 − x7), x45 − x6(1 − x7), x
2
4 − x7(1 − x7),−x34,

− x24 + x1(1 − x7), x14 + x2(1 − x7), x3(1 − x7)),

(JE5)x = (−x56 + x4(1 − x7), x
2
5 − x7(1 − x7), x45 + x6(1 − x7),

− x35 − x1(1 − x7),−x25, x15 − x3(1 − x7), x2(1 − x7)),

(JE6)x = (−x2
6 + x7(1 − x7), x56 + x4(1 − x7), x46 − x5(1 − x7),−x36 − x2(1 − x7),

− x26 + x3(1 − x7), x16,−x1(1 − x7)).

Now we take the natural metric g on S6 − {p}. Thus, (S6 − {p}, g, J) is a nearly Kähler
manifold and hence has an SU(3)-structure. The Kähler form, F (X,Y ) = g(JX, Y ), for any
X,Y vector fields on S6 − {p}, has the form

F =

(

6
∑

i=1

xidxi

)

∧ (−β)/(1 − x7) + β1 + β ∧ dx7/(1 − x7),

where β is the 1-form

β = x6dx1 − x1dx6 + x2dx5 − x5dx2 − x4dx3 + x3dx4,

and β1 is the 2-form given by

β1 =x7(−dx16 + dx25 + dx34) + x1dx23 + x3dx12 − x2dx13 + x1dx45

+ x5dx14 − x4dx15 + x2dx46 + x6dx24 − x4dx26 − x3dx56 − x6dx35 + x5dx36.

Now, using that
∑7

i=1 xidxi = 0, it follows that

F = β ∧ dx7 + β1.

Then it is easy to obtain

dF = 3(dx257 + dx347 − dx167 + dx123 + dx145 + dx246 − dx356).
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Now, a long calculation shows that JdF is expressed, in terms of the αijk, as

JdF = 3(1 − x7)
2(x2

1 + x2
2 + x2

3 + x2
4 + x2

5 + x2
6 + x2

7)
(

(−x34 − x25 + x16)α123

− (x2
1 + x2

2 + x2
4 − x7(1 − x7))α124 + (x23 − x45 − x6(1 − x7))α125

− (x13 + x46 − x5(1 − x7))α126 − (x23 − x45 + x6(1 − x7))α134

+ (x2
1 + x2

3 + x2
5 − x7(1 − x7))α135 + (x12 + x56 + x4(1 − x7))α136

+ (x34 + x25 + x16)α145 − (x15 − x26 + x3(1 − x7))α146

+ (x14 − x36 − x2(1 − x7))α156 + (x13 + x46 + x5(1 − x7))α234

+ (x12 + x56 − x4(1 − x7))α235 + (x2
2 + x2

3 + x2
6 − x7(1 − x7))α236

− (x15 − x26 − x3(1 − x7))α245 − (−x34 + x25 + x16)α246

− (−x24 − x35 − x1(1 − x7))α256 − (x14 − x36 + x2(1 − x7))α345

− (x24 + x35 − x1(1 − x7))α346 + (x34 − x25 + x16)α356

+ (x2
4 + x2

5 + x2
6 − x7(1 − x7))α456

)

.

The 3-forms Ψ+ and Ψ− of the SU(3)-structure on S6 − {p} are given by

Ψ+ =
1

3
dF = dx257 + dx347 − dx167 + dx123 + dx145 + dx246 − dx356,

Ψ− =
1

3
JdF =

1

(1 − x7)

(

− x4dx127 + x5dx137

+ x2dx147 − x3dx157 + x6dx237 − x1dx247 − x3dx267 + x1dx357

+ x2dx367 + x6dx457 − x5dx467 + x4dx567

)

+ terms not containing dx7.

6.1.2. The SU(2)-structure on S5. Let us consider S5 = {(x1, · · · , x6) ∈ R
6 |∑6

i=1 x
2
i = 1} ⊂

S6, and N = ∂
∂x7

the unit normal vector field to S5. Then, using (2.4), the SU(2)-structure

(η, ωi) on S5 is given by

(6.1)

η = − ∂

∂x7
yF = x6dx1 − x1dx6 + x2dx5 − x5dx2 + x3dx4 − x4dx3,

ω1 = f∗(F ) = x3dx12 − x2dx13 + x1dx23 + x5dx14 − x4dx15 + x1dx45

+ x6dx24 − x4dx26 + x2dx46 + x5dx36 − x6dx35 − x3dx56,

ω2 =
∂

∂x7
yΨ− = −x4dx12 + x5dx13 + x2dx14 − x3dx15 + x6dx23 − x1dx24

− x3dx26 + x1dx35 + x2dx36 + x6dx45 − x5dx46 + x4dx56,

ω3 = − ∂

∂x7
yΨ+ = dx16 − dx34 − dx25.

Next we show that the SU(2)-structure on S5 defined by (6.1) satisfies Lemma 2.1. First,
we see that

dη = −2(dx16 − dx34 − dx25) = −2ω3.
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The expression of ω1 gives

dω1 = 3(dx123 + dx246 + dx145 − dx356).

Using that
∑6

i=1 x
2
i = 1, so

∑6
i=1 xidxi = 0 on S5, we verify

3η ∧ ω2 = dω1, −3η ∧ ω1 = dω2

Now, we apply Theorem 3.7 and Theorem 5.3 to get

Theorem 6.1. Let (S5, η, ωi, g5) be the standard Sasaki-Einstein 5-sphere endowed with the
SU(2)-structure determined by (6.1). Then

i) The SU(3)-structure on S5 × [0, π] defined by (3.3) is a nearly Kähler structure gen-
erating the round metric on the 6-sphere, g6 = dt2 + sin2 t g5, with two conical singu-
larities at t = 0, t = π.

ii) The G2-structure on (S5 × [0, π]) × [0, π] defined by (5.7) is a nearly parallel G2-
structure generating the roumd metric on the 7-sphere, g7 = dq2+sin2 q(dt2+sin2 t g5)
with singularities at t = 0, t = π, q = 0, q = π.

6.2. The Nearly Kähler structure on S2 × S3 × R. As in the previous example, first we
describe explicitly

6.2.1. The standard SU(3)-structure on S3 × S3. Let us consider the sphere S3, viewed as
the Lie group SU(2), with the basis of left-invariant 1-forms {α1, α2, α3} satisfying

dα1 = −α2 ∧ α3, dα2 = α1 ∧ α3, dα3 = −α1 ∧ α2.

Denote by {β1, β2, β3} another basis on a second sphere S3 satisfying the same relations.
Then, a nearly Kähler structure on S3 × S3 is given by ([1], [9])

F =
i

2
(µ1 ∧ µ1 + µ2 ∧ µ2 + µ3 ∧ µ3), Ψ = i(µ1 ∧ µ2 ∧ µ3),

where µj = 1
3(αj + e

2πi

3 βj), for j = 1, 2, 3.

In terms of the real forms {αj , βj}, the forms F , Ψ+ and Ψ− are expressed as

F =

√
3

18
(α1 ∧ β1 + α2 ∧ β2 + α3 ∧ β3),

Ψ+ =

√
3

54
(−α12 ∧ β3 + α13 ∧ β2 − α23 ∧ β1 + α1 ∧ β23 − α2 ∧ β13 + α3 ∧ β12),

Ψ− =
1

54
(2α123 − α12 ∧ β3 + α13 ∧ β2 − α23 ∧ β1 − α1 ∧ β23 + α2 ∧ β13 − α3 ∧ β12 + 2β123).

It is easy to check that the corresponding metric on S3 × S3 is

g =
1

9
(α2

1 + α2
2 + α2

3 + β2
1 + β2

2 + β2
3 − α1β1 − α2β2 − α3β3).(6.2)
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6.2.2. The SU(2)-structure on S2 × S3. In order to show explicitly the induced SU(2)-
structure on the hypersurface S2 × S3, we first describe S3 × S3 as the submanifold of
R

8,

S3 × S3 = {(x1, . . . , x4, x5, . . . , x8) ∈ R
8 | x2

1 + · · · + x2
4 = x2

5 + · · · + x2
8 = 1}.

With this description, we can identify

α1 = 2x4dx1 + 2x3dx2 − 2x2dx3 − 2x1dx4, β1 = 2x8dx5 + 2x7dx6 − 2x6dx7 − 2x5dx8,

α2 = −2x3dx1 + 2x4dx2 + 2x1dx3 − 2x2dx4, β2 = −2x7dx5 + 2x8dx6 + 2x5dx7 − 2x6dx8,

α3 = 2x2dx1 − 2x1dx2 + 2x4dx3 − 2x3dx4, β3 = 2x6dx5 − 2x5dx6 + 2x8dx7 − 2x7dx8.

We shall denote by {Uj , Vj}3
j=1 the basis of vector fields on S3 × S3 dual to {αj , βj}3

j=1.

Let us consider the hypersurface S2 × S3 ⊂ S3 × S3 given by x4 = 0. Then, with respect
to the metric (6.2), the vector field

N = −
√

3(2x1U1 + 2x2U2 + 2x3U3 + x1V1 + x2V2 + x3V3)

is a unit normal vector field along S2 × S3.

Next, we describe explicitly the induced SU(2)-structure (2.4), taking f as the inclusion
map.

A direct calculation, using that x1α1 + x2α2 + x3α3 ≡ 0 on S2 × S3, shows that the form
η is expressed as

(6.3)
η = − NyF =

1

3
(x1β1 + x2β2 + x3β3) =

2

3

(

(x18 − x27 + x36)dx5

+ (x17 + x28 − x35)dx6 + (−x16 + x25 + x38)dx7 + (−x15 − x26 − x37)dx8

)

.

Since f is the inclusion, taking x4 = 0 in the expressions of αj above, we get

ω1 = f∗F =
2
√

3

9

(

(x26 + x37)dx15 + (−x25 − x38)dx16 + (x28 − x35)dx17

+ (−x27 + x36)dx18 + (−x16 + x38)dx25 + (x15 + x37)dx26

+ (−x18 − x36)dx27 + (x17 − x35)dx28 + (−x17 − x28)dx35

+ (x18 − x27)dx36 + (x15 + x26)dx37 + (−x16 + x25)dx38

)

.
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For computing ω2 and ω3, take into account the equality x3α1∧α2−x2α1∧α3+x1α2∧α3 =
4(x3dx12 − x2dx13 + x1dx23), to get

ω2 = NyΨ− =
2
√

3

9

(

− x3dx12 + x2dx13 − x1dx23 + x8dx15 + x7dx16 − x6dx17 − x5dx18

− x7dx25 + x8dx26 + x5dx27 − x6dx28 + x6dx35 − x5dx36 + x8dx37 − x7dx38

)

;

ω3 = −NyΨ+ =
2

9

(

− x3dx12 + x2dx13 − x1dx23 − x8dx15 − x7dx16 + x6dx17 + x5dx18

+ x7dx25 − x8dx26 − x5dx27 + x6dx28 − x6dx35 + x5dx36 − x8dx37 + x7dx38

)

+
4

9

(

x3dx56 − x2dx57 + x1dx58 + x1dx67 + x2dx68 + x3dx78

)

.

Notice that S2 × S3 is not a totally geodesic hypersurface of S3 × S3; for example, for
T = x2U1 − x1U2 which is tangent to S2 × S3, we have

g(∇T N, V3) = −
√

3

36
(x2

1 + x2
2),

which is non-zero on S2 × S3, and thus the second fundamental form does not vanish iden-
tically. Therefore, we cannot apply Lemma 2.1 to establish that the SU(2)-structure (η, ωi)
induced on S2×S3 from the nearly Kähler structure of S3×S3 is hypo. To solve this problem,
we proceed as follows. We have

dη =
1

3
(dx1 ∧ β1 − x1 ∧ β23 + dx2 ∧ β2 + x2 ∧ β13 + dx3 ∧ β3 − x3 ∧ β12)

=
2

3

(

x8dx15 + x7dx16 − x6dx17 − x5dx18 − x7dx25

+ x8dx26 + x5dx27 − x6dx28 + x6dx35 − x5dx36 + x8dx37 − x7dx38

− 2x3dx56 + 2x2dx57 − 2x1dx58 − 2x1dx67 − 2x2dx68 − 2x3dx78

)

,

and so we can write

ω3 = −1

3
dη +

2

9
(−x3dx12 + x2dx13 − x1dx23),

which implies that

dη 6= −2ω3,

since the form −x3dx12 + x2dx13 − x1dx23 is the standard volume form on S2, and

dω3 = 0,

because d(−x3dx12 + x2dx13 − x1dx23) = 0 on S2 × S3. Moreover, we get

dω1 = 3η ∧ ω2,

dω2 = −3η ∧ ω1.

The previous equalities show that (η, ωi) is hypo on S2×S3, but it does not satisfy equations
(1.1) because dη 6= −2ω3.
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On the other hand, a direct calculation shows that

η ∧ (dη)2 = − 2

27
(x3dx12 − x2dx13 + x1dx23) ∧ β123 6= 0,

so η is a contact form on S2 × S3.

Remark 6.2. Let us see that 3η = x1β1 + x2β2 + x3β3 ∈ Ω1(S2 × S3) is the natural contact
form on S2 × S3 seen as the tangent sphere bundle over S3 (see [4]). As S3 is parallelizable,
the tangent bundle to S3 is isomorphic to R

3 ×S3. Let V1, V2, V3 be an orthonormal basis of
left-invariant vector fields, and let β1, β2, β3 be the dual basis of left-invariant 1-forms. The
isomorphism R

3 × S3 ∼= TS3 is given by ((a1, a2, a3), p) 7→ ∑

aiVi(p). The metric of S3 is
g = β2

1 +β2
2 +β2

3 . Consider the unit sphere in the tangent bundle T1S
3 ∼= S2×S3. If x1, x2, x3

are the natural coordinates in the R
3 factor of R

3 × S3, then T1S
3 is given by the equation

x2
1 + x2

2 + x2
3 = 1.

The natural 1-form of T ∗S3 (the Liouville form) is given as λ ∈ Ω1(T ∗S3), λα(v) =
α(dπ(v)), where π : T ∗S3 → S3. Using the metric, we identify g : TS3 ∼= T ∗S3. Then
g∗λ|T1S3 is the natural contact form for T1S

3 (see [4]).

It is easy to see that 3η = g∗λ|T1S3 . Actually, x1β1 + x2β2 + x3β3 = g∗λ ∈ Ω1(TS3).
Equivalently, we need to see that y1β1 + y2β2 + y3β3 = λ ∈ Ω1(T ∗S3), where y1, y2, y3 are the
coordinates of the R

3 factor of T ∗S3 ∼= R
3 × S3. But take α =

∑

aiβi(p) ∈ T ∗
pS

3. Then

λα(v1, v2) = α(v2) =
∑

aiβi(p)(v2) =
(

∑

yiβi

)

((a1, a2, a3), p)(v1, v2),

for (v1, v2) ∈ Tα(R3 × S3) = Tα(T ∗S3), identifying βi in S3 with its pull-back to R
3 × S3.

The following result shows how the hypo structure on S2 × S3 described above can be
deformed into a double hypo structure, and even into a Sasaki-Einstein structure.

Proposition 6.3. Let (η, ωi) be the hypo structure on S2 × S3 given above. For each λ < 0
and µ > λ

3 , the quadruplet

(6.4) ( η̃ = η, ω̃1 =
√

3λ(λ− 3µ)ω1, ω̃2 =
√

3λ(λ − 3µ)ω2, ω̃3 = λdη + µ volS2 )

defines a hypo structure on S2 × S3, which is double hypo if and only if λ < −1
4 and µ =

λ(4λ+2)
3(4λ+1) . Moreover, the SU(2)-structure (6.4) is Sasaki-Einstein only for λ = −1

2 and µ = 0.

Proof. Since (η, ωi) is a SU(2)-structure and dη ∧ dη = −2
3dη ∧ volS2 , we have that

ω̃i ∧ ω̃i = λ(λ− 3µ)dη ∧ dη
for i = 1, 2, 3. Moreover, ωi ∧ volS2 = 0 and ωi ∧ dη = 0 for i = 1, 2, so the quadruplet (6.4)
satisfies (2.1).

In order to see that (6.4) also satisfies condition (2.2), let X =
∑3

i=1(fiUi + aiVi), Y =
∑3

i=1(giUi + biVi) be vector fields such that Xyω̃1 = Y yω̃2. This condition implies that

x2g3 − x3g2 =x3(x3f1 − x1f3) − x2(x1f2 − x2f1),
x3g1 − x1g3 =x1(x1f2 − x2f1) − x3(x2f3 − x3f2),
x1g2 − x2g1 =x2(x2f3 − x3f2) − x1(x3f1 − x1f3),
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and
b1 =x2a3 − x3a2 + x3(x3g1 − x1g3) − x2(x1g2 − x2g1),
b2 =x3a1 − x1a3 + x1(x1g2 − x2g1) − x3(x2g3 − x3g2),
b3 =x1a2 − x2a1 + x2(x2g3 − x3g2) − x1(x3g1 − x1g3).

Then, on S2 × S3 we have that

dη(X,Y ) = −1

6

(

b21 + b22 + b23 + (x2a3 − x3a2)
2 + (x3a1 − x1a3)

2 + (x1a2 − x2a1)
2
)

and

volS2(X,Y ) =
1

4

(

(b1 − x2a3 + x3a2)
2 + (b2 − x3a1 + x1a3)

2 + (b3 − x1a2 + x2a1)
2
)

.

Therefore, (λdη + µ volS2)(X,Y ) ≥ 0 when λ < 0 and µ > λ/3.

The SU(2)-structure (6.4) clearly satisfies that dω̃1 = 3η̃∧ω̃2, dω̃2 = −3η̃∧ω̃3 and dω̃3 = 0.
Moreover, using again that dη∧dη = −2

3dη∧volS2 , the structure is double hypo if and only if

2λ2 + λ− 6λµ− 3
2µ = 0. Therefore, λ 6= −1

4 and µ = λ
3 (1 + 1

4λ+1) in order the latter relation

be satisfied. Since µ > λ/3, we must have λ < −1/4. Finally, the SU(2)-structure (6.4)
satisfies equations (1.1), i.e. it is a Sasaki-Einstein hypo structure, only for λ = −1/2 and
µ = 0. �

Now, we apply Proposition 6.3 and Theorems 3.7 and 5.3 to get

Theorem 6.4. Let (S2×S3, η̃, ω̃i, g) be the Sasaki-Einstein manifold endowed with the SU(2)-
structure determined by (6.4) for λ = −1/2 and µ = 0. Then

i) The SU(3)-structure on S2 × S3 × [0, π] defined by (3.3) is a nearly Kähler structure
generating the metric g6 = dt2 + sin2 t g with two conical singularities at t = 0, t = π.

ii) The G2-structure on (S2 × S3 × S1) × [0, π] defined by (5.7) is a nearly parallel G2-
structure generating the metric g7 = dq2 + sin2 q(dt2 + sin2 t g) with singularities at
t = 0, t = π, q = 0, q = π.

6.3. The Nearly Kähler structure on Y p,q × R. We start with the recently discovered
in [16] infinite family of Sasaki-Einstein metric on S2 × S3, labeled by two coprime integers
p > 1, q < p and refered as Y p,q. Geometrically they are all U(1)-bundles over an axially
squashed S2 bundle over a round S2. We take the explicit local description of the Sasaki-
Einstein SU(2)-structure presented in [23]. In terms of local coordinates y, β, θ, φ, ψ they can
be described as follows:

η =
1

3
(dψ − cos θdφ+ y(dβ + c cos θdφ)) ,

ω3 =
1

6
((cy − 1) sin θdθ ∧ dφ− dy ∧ (dβ + c cos θdφ)) ,

ω2 =

√

1 − cy

6w(y)r(y)

(

dθ ∧ dy − w(y)r(y) sin θ

6
dθ ∧ dβ

)

,(6.5)

ω1 =

√

1 − cy

6w(y)r(y)

(

sin θdφ ∧ dy +
w(y)r(y)

6
dθ ∧ (dβ + c cos θdφ)

)

,
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where

w(y) =
2(a− y2)

1 − cy
, r(y) =

a− 3y2 + 2cy3

a− y2
,

and a, c are constants. If c = 0 one can obtain the known homogeneous metric on S2×S3 and
for c = 1 = a one can recover the round metric on 5-sphere S5. However, for c 6= 0, 0 < a < 1
one can get irregular Sasaki-Einstein structures, i.e. the orbits of the Killing vector field dual
to η are non-compact [16].

It is easy to check that the SU(2)-structure (6.5) satisfies (1.1). Apply Theorem 3.7 and
Theorem 5.3 to get

Theorem 6.5. Let (Y p,q, η, ωi, g) be the Sasaki-Einstein manifold endowed with the SU(2)-
structure determined by (6.5). Then

i) The SU(3)-structure on Y p.q × [0, π] defined by (3.3) is a nearly Kähler structure
generating the metric g6 = dt2 + sin2 t g with two conical singularities at t = 0, t = π.

ii) The G2-structure on (Y p,q × [0, π]) × [0, π] defined by (5.7) is a nearly parallel G2-
structure generating the metric g7 = dq2 + sin2 q(dt2 + sin2 t g) with singularities at
t = 0, t = π, q = 0, q = π.

6.4. Evolution which is not an SU(2)-structure. For half flat SU(3)-structures Hitchin
shows [21] that if his evolution equations are satisfied, and for t = 0 the structure is half-
flat, then the half flat SU(3) condition is preserved in time provided some non-degeneracy
condition for the evolved SU(3)-structure holds.

For a hypo and nearly hypo SU(2)-structure we find an example which solves the Conti-
Salamon and our nearly hypo evolution equations but there exists a solution to the evolution
equations which is not an SU(2)-structure, i.e. the situation is a little bit different.

We take the double hypo structure on the Lie group isomorphic to SU(2) ×A2 defined in
Proposition 4.3 by (4.3) and (4.4) for µ = 0.

We find the following solution to the Conti-Salamon hypo evolution equations (2.6)

η(t) = η, ω1(t) = ω1 − t dη, ω3(t) = − sinh 3t ω1 + ω3, ω2(t) = cosh 3t ω2

which is not an SU(2)-structure since ω2
2 = ω2

3 = cosh2 3t while ω2
1 = 1.

We obtain the following solution to the nearly-hypo evolution equations (3.2)

η(t) = η, ω2(t) = cos
√

3 t ω2,

ω1(t) = cos
√

3 t ω1 −
√

3

2
sin 2

√
3 t e14 +

1

2
√

3
sin 2

√
3 t e23,

ω3(t) =
1√
3

sin
√

3 t ω1 + cos 2
√

3 t e14 +

(

4

3
− 1

3
cos 2

√
3 t

)

e23

which is not an SU(2)-structure again.
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