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Isoperimetric Inequality, p-parabolicity and
Doubling Graphs
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Abstract. Herein we study the relationship on graphs between being (met-
ric) doubling and these two properties: being p-parabolic and satisfying
the Cheeger isoperimetric inequality. We prove that if a uniform graph
G satisfies the (Cheeger) isoperimetric inequality, then G is not (metric)
doubling and see that the converse is not true. We also prove that if G
is a doubling graph with doubling constant C, then it is p-parabolic for
every p ≥ log2(C) and see that the converse is not true. Furthermore,
we see that being doubling does not imply being p-parabolic for every
1 < p < ∞. Finally, we see that a quasi-isometry between manifolds
whose Ricci curvature is bounded below preserves being doubling and
also, that an manifold with bounded Ricci curvature below is doubling if
and only any uniform graph quasi-isometric to it is doubling.
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1. Introduction

Given a graph G = (V (G), E(G)) with the usual length metric dG for which
every edge has length 1, let us denote, as usual, by B(v, k) the open ball of
radius k centered at v and S(v, k) := {w ∈ V (G) | dG(v, w) = k}.

A metric space is (metric) doubling if there exists a constant C such that
every ball in the space can be covered by at most C balls of half the radius.
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Recall that a nontrivial measure μ on a metric space X is said to be
doubling if the measure of any ball is finite and there is a constant c ≥ 1 such
that 0 < μ(B(x, 2r)) ≤ cμ(B(x, r)) < ∞ for all x ∈ X and r > 0.

Although these two concepts are different, there are relationships between
them:

If a doubling measure exists on a metric space X, then X itself is a metric
doubling space. Conversely, every complete metric doubling space admits a
doubling measure. Also, doubling spaces are exactly the spaces with a finite
Assouad dimension.

Doubling metrics are a crucial concept in metric analysis. For a compre-
hensive introduction to this topic, we refer to [3] and [12].

Definition 1. The combinatorial Cheeger isoperimetric constant of a graph G
is defined to be

h(G) = inf
U

|∂U |
|U | ,

where U ranges over all non-empty finite subsets of vertices in G, ∂U = {v ∈
G | dG(v, U) = 1} and |U | denotes the cardinality of the set U .

A graph G satisfies the (Cheeger) isoperimetric inequality if h(G) > 0,
since this means that

|U | ≤ h(G)−1|∂U |
for every finite set of vertices U .

A graph G is said to be μ-uniform if each vertex p of V has at most μ
neighbors, i.e.,

sup
{|N(p)| ∣∣ p ∈ V (G)

} ≤ μ.

If a graph G is μ-uniform for some constant μ we say that G is uniform.
A graph G is defined as p-parabolic if all positive p-superharmonic func-

tions on G are constant. This is equivalent to the absence of a p-Green’s func-
tion, which is a positive fundamental solution of the p-Laplace-Beltrami oper-
ator. In [19], several results regarding the p-parabolicity of graphs and trees
were obtained, particularly characterizing p-parabolicity for a substantial class
of trees. In another study, [20], further characterizations of p-parabolicity were
achieved using graph decompositions. This work also provided necessary and
sufficient conditions for a uniform hyperbolic graph to be p-parabolic based
on its boundary at infinity. Additionally, in [21] it was proved that a uniform
hyperbolic graph satisfying the (Cheeger) isoperimetric inequality is non-p-
parabolic for every 1 < p < ∞.

Herein we want to study the relationship on graphs between being (met-
ric) doubling and these two properties: being p-parabolic and satisfying the
Cheeger isoperimetric inequality.

In sect. 2 we prove that if a uniform graph G satisfies the (Cheeger)
isoperimetric inequality, then G is not (metric) doubling and see that the
converse is not true.
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In sect.3 we prove that if G is a doubling graph with doubling constant
C, then it is p-parabolic for every p ≥ log2(C) and see that the converse is not
true.

In sect. 4 we see that being doubling does not imply being p-parabolic
for every 1 < p < ∞.

The use of discrete structures to approximate Riemannian manifolds has
proven to be a valuable tool in studying large-scale properties. M. Kanai ap-
proached this by defining a graph, known as the ε-net of the manifold, en-
suring that the manifold and its ε-net are quasi-isometric. Numerous studies
have followed Kanai’s methodology or explored the relationship between the
large-scale behavior of a manifold and its associated graph. Typically, the large-
scale structure of the manifold or corresponding graph is preserved by quasi-
isometries, which allow for significant distortion of local geometry. One key
large-scale property maintained by quasi-isometries is Gromov hyperbolicity
(see, e.g., [6,11]). In [16,17], and [18], M. Kanai investigated several geometric
properties, including isoperimetric inequalities, Poincaré-Sobolev inequalities,
parabolicity, growth rate of the volume of balls, and Liouville-type theorems,
for a broad class of Riemannian manifolds under certain local geometric condi-
tions. Kanai proved that these properties are preserved under quasi-isometries
(see also [1,4,8,9]). Additionally, quasi-isometries preserve the parabolic Har-
nack inequality (see [4,5]) and various estimates on the transition probabilities
of random walks, such as heat kernel estimates.

Furthermore, Holopainen and Soardi, among others (see [7,13,14,22]),
showed that the existence of non-trivial solutions to a wide class of partial
differential equations is also preserved under quasi-isometries.

Section 5 proves a technical result necessary for sect. 6.
In sect. 6 we prove that a quasi-isometry between n-manifolds whose

Ricci curvature is bounded below preserves being doubling. The same re-
sult is obtained for uniform graphs. Also, an n-manifold with Ricci curvature
bounded below is doubling if and only if its ε-net is doubling. Therefore, given
an n-manifold with Ricci curvature bounded below and any uniform graph
quasi-isometric to it, then the manifold is doubling if and only if the graph is
doubling.

2. Cheeger Isoperimetric Inequality and (metric) Doubling
Graphs

If G is a μ-uniform graph and v ∈ V (G), then number of vertices in B(v,m)
is at most

1 + μ + μ2 + · · · + μn−1 =
μn

μ − 1
. (1)

Theorem 1. If a uniform graph G satisfies the (Cheeger) isoperimetric inequal-
ity, then G is not (metric) doubling.
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Proof. Suppose that G is μ-uniform and satisfies the (Cheeger) isoperimetric
inequality with constant K = h(G)−1. Then, for any vertex v0 ∈ V (G):

|B(v0, n)| ≤ K|S(v0, n)| ∀n ∈ N.

In particular,

|B(v0, n)| ≤ |B(v0,m)| ≤ K|S(v0,m)| ∀n ≤ m < 2n.

Therefore,
n

K
|B(v0, n)| ≤ |B(v0, 2n)|.

Suppose that G is (metric) doubling with constant C and assume that
n > K ·C. Then, there are at most C vertices y1, . . . , ym such that B(v0, 2n) ⊂
∪m

i=1B(yi, n). In particular, |B(v0, 2n)| ≤ ∑m
i=1 |B(yi, n)|. Thus, there is some

vertex v1 = yj such that

|B(v1, n)| ≥ 1
m

|B(v0, 2n)| ≥ 1
C

|B(v0, 2n)| ≥ n

K · C
|B(v0, n)|.

Repeating the argument with vi for each i ∈ N, we can find a vertex vi+1

such that

|B(vi+1, n)| ≥ n

K · C
|B(vi, n)| ≥

( n

K · C

)i

|B(v0, n)|.
Thus, since n

K·C > 1, at some point there is some i0 such that for i > i0 we
have |B(vi, n)| > μn−1

μ−1 , leading to contradiction with (1). Therefore, G is not
(metric) doubling. �

We are going to see that the converse of Theorem 1 does not hold. We
need some definitions.

Given two sequences of positive integers L = {�n}∞
n=1 and R = {rn}∞

n=1,
with 2 ≤ rn ≤ N for every n ≥ 1 and some constant N , the Cantor tree
(TL,R, v0) is a rooted tree such that the root, v0, has degree r1, the vertices at
distance �1 + · · · + �n−1 have degree rn + 1, and any other vertex has degree
two. Note that (TL,R, v0) is uniform since R = {rn}∞

n=1 is a bounded sequence.

The Cantor tree (TC , v0) is a rooted tree such that the root, v0, has
degree two and any other vertex has degree three, i.e., (TC , v0) = (TL,R, v0)
with �n = 1 and rn = 2 for every n ≥ 1.

Proposition 2. Given sequences L = {�n}∞
n=1 and R = {rn}∞

n=1, the Cantor
tree (TL,R, v0) satisfies the (Cheeger) isoperimetric inequality if and only if the
sequence

n−1∑

k=1

�k

rk+1 · · · rn
+ �n

is bounded.
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Proof. One can check that the Cantor tree (TL,R, v0) satisfies the (Cheeger)
isoperimetric inequality if and only there exists a constant K such that

|B(v0, �1 + · · · + �n)| ≤ K |∂B(v0, �1 + · · · + �n)|
for every n.

Since

|B(v0, �1 + · · · + �n)| = 1 +
n−1∑

k=1

�kr1 · · · rk + (�n − 1)r1 · · · rn

|∂B(v0, �1 + · · · + �n)| = r1 · · · rn,

the Cantor tree (TL,R, v0) satisfies the (Cheeger) isoperimetric inequality if
and only if the sequence

n−1∑

k=1

�k

rk+1 · · · rn
+ �n

is bounded. �

Remark 1. The converse of Theorem 1 does not hold since no Cantor tree is
doubling and Proposition 2 gives that there are Cantor trees without (Cheeger)
isoperimetric inequality.

3. Parabolicity and Doubling Graphs

Given a function u on a graph G, define the p-modulus of its discrete gradient
|∇Gu|p and its discrete p-Dirichlet integral Dp,G(u), respectively, by

|∇Gu|p(x) :=

(
∑

y∈N(x)

∣
∣u(y) − u(x)

∣
∣p

)1/p

,

Dp,G(u) :=
∑

x∈G

|∇Gu|pp(x) = 2
∑

vw∈E(G)

∣
∣u(v) − u(w)

∣
∣p,

where the edges are considered unoriented.
For a finite subset S of G, the p-capacity of S is defined by

capp S = capp(S,G) = inf
{
Dp,G(u) : u function on G with finite support, u|S = 1

}
.

The following well-known result relates the p-capacity and the p-
parabolicity.

Theorem 3. Given 1 < p < ∞, a uniform graph G is p-parabolic if and only if
capp S = 0 for some (and then for every) non-empty finite subset of S ⊂ G.

For a proof of Theorem 3, see [18, Proposition 6] and [13, Final remark
5.16]. Note that the definition of discrete p-Dirichlet integral in [13] is slightly
different, but both are equivalent.

We recently proved the following result:
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Theorem 4 [21, Theorem 11]. If G is a uniform hyperbolic graph with h(G) >
0, then G is non-p-parabolic for every 1 < p < ∞.

Also, parabolicity is somehow connected with the idea of a moderate
growth of the space as we can see in the following result for Cantor trees.

Theorem 5 [19, Theorem 7]. Given 1 < p < ∞ and sequences L = {�n}∞
n=1

and R = {rn}∞
n=1, the Cantor tree (TL,R, v0) is p-parabolic if and only if

∞∑

k=1

�k

(r1 · · · rk)1/(p−1)
= ∞.

Thus, it makes sense to wonder if there is some relation between being
doubling and being p-parabolic.

In [21, Theorem 16] we proved the following result (for p = 2 this result
is classical, see e.g., [10, Theorem 6.10]).

Theorem 6. If G is a uniform graph such that
∞∑

k=1

( k

|BG(u, k)|
)1/(p−1)

= ∞ (2)

for some 1 < p < ∞ and u ∈ V (G), then G is p-parabolic.

Using this, we can prove that a doubling uniform graph is p-parabolic if
p is big enough.

Theorem 7. If G is a doubling graph with doubling constant C, then it is p-
parabolic for every p ≥ log2(C).

Proof. Suppose that G is a doubling graph with constant C. Then, trivially,
G is C-uniform. Also, for every vertex u ∈ G,

|B(u, 2i)| ≤ Ci|B(u, 1)| = Ci.

Also, for every k such that 2i−1 < k ≤ 2i,

|B(u, k)| ≤ |B(u, 2i)| ≤ Ci.

Thus,
∞∑

k=1

( k

|BG(u, k)|
)1/(p−1)

≥ 1
1

p−1 +
∞∑

i=1

2i−1
(2i−1 + 1

Ci

) 1
p−1

>

∞∑

i=1

2i−1
(2i−1

Ci

) 1
p−1

=
1

C
1

p−1

∞∑

i=1

( 2
p

p−1

C
1

p−1

)i−1

,
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and this is a geometric series with ratio 2
p

p−1

C
1

p−1
. So, this series is divergent if

2
p

p−1

C
1

p−1
≥ 1 ⇔ 2p ≥ C ⇔ p ≥ log2(C).

Therefore, the result follows from Theorem 6. �
Question 1. Is a doubling uniform graph p-parabolic for every 1 < p < ∞? Or
at least, how small can we assume p to be?

The converse of Theorem 7 is not true. To build a space that is p-parabolic
for every 1 < p < ∞ but fails to be doubling, let us recall the following from
[19].

A cut set C for a rooted, geodesically complete tree (T, v) is a subset C
of T such that v /∈ C and for every isometric embedding f : [0,∞) → T with
f(0) = v there exists a unique t0 > 0 such that f(t0) ∈ C (see [15]).

If c is any vertex of the rooted tree (T, v), then the subtree of (T, v)
determined by c is

Tc = {x ∈ T | c ∈ [v, x]},

where [v, x] denotes the unique geodesic in T joining v and x.
Given a rooted tree (T, v0), a set of vertices in T , C = {ci}i∈I , is called a

subcut set in T if Tci ∩ Tcj = ∅ for every i �= j and C is not a cut set.
Given a rooted tree (T, v0) and a cut set or a subcut set C = {ci}i∈I , let

us denote TC = T \ ∪i∈ITci .

Proposition 8 [19, Proposition 7] . Let (T, v0) be a uniform geodesically com-
plete rooted tree, C a subcut set in T and 1 < p < ∞. Then, T is p-parabolic
if and only if TC and Tc are p-parabolic for every c ∈ C.
Example 1. Consider a geodesic ray T0 starting on a root vertex v0 and denote
vk the vertex in T0 such that dT0(v0, vk) = k for each k ∈ N. Now, let (T, v0)
be the rooted tree obtained by attaching to each vertex vk, k ≥ 1, the root
of another geodesic ray, Tk. Notice that for every n ∈ N, there are n points
yk = S(v0, 2n − 1) ∩ Tk, with 1 ≤ k ≤ n, in the ball B(v0, 2n) such that
dT (yi, yj) > n. Therefore, T is not doubling. However, considering the subcut
set in T defined by the vertices in Tk adjacent to vk it is trivial to check, by
Proposition 8, that T is p-parabolic for every 1 < p < ∞.

We need the following result.

Proposition 9 [19, Proposition 6]. If a uniform graph G contains a non-p-
parabolic subgraph G′ for some 1 < p < ∞, then G is non-p-parabolic.

The following is a natural complement of Proposition 8.

Proposition 10. Let (T, v0) be a uniform geodesically complete rooted tree, C
a cut set in T and 1 < p < ∞. Then, T is p-parabolic if and only if Tc is
p-parabolic for every c ∈ C.
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Proof. By Proposition 9, if T is p-parabolic, then Tc is p-parabolic for every
c ∈ C.

Assume now that Tc is p-parabolic for every c ∈ C. First, let us see
that TC is bounded and, therefore, compact. Suppose, otherwise, that TC is
unbounded. Since T is uniform, S(v0, i) is finite for every i ∈ N. Then, there
is some vertex x1 ∈ S(v0, 1) ∩ TC such that (TC)x1 is unbounded. Again, for
every i ∈ N, there is some vertex xi ∈ S(v0, i) ∩ (TC)xi−1 such that (TC)xi

is unbounded. Therefore, there is an isometric embedding f : [0,∞) → T
with f(0) = v0 and f(i) = xi for every i ∈ N, such that f([0,∞)) ⊂ TC and
f([0,∞)) ∩ C = ∅, leading to contradiction. Thus, TC is bounded and, since T
is uniform, compact.

Then, let u : V (TC) → R be such that u(v) = 1 for every vertex v ∈ TC .
Since TC is finite, there is a finite number of vertices c1, . . . , ck ∈ C. Since Tci

is p-parabolic, there is a function un
i : V (Tci) → R such that un

i has finite
support, un

i (ci) = 1 and Dp,Tci
(un

i ) < 1
2in . Let us define ūn : V (T ) → R such

that ūn(v) = u(v) = 1 for every v ∈ TC and ūn(v) = un
i (v) for every v ∈ Tci

and every 1 ≤ i ≤ k.
Thus,

Dp,T (ūn) =
k∑

i=1

Dp,Tci
(un

i ) <

k∑

i=1

1
2in

<
1
n

and it is readily seen that ūn has finite support. Therefore, by Theorem 3, T
is p-parabolic. �

4. A Partial Answer to Question 1

First, let us introduce some background.
A function between two metric spaces f : X → Y is said to be an (a, b)-

quasi-isometric embedding with constants a ≥ 1, b ≥ 0, if
1
a

dX(x1, x2) − b ≤ dY (f(x1), f(x2)) ≤ a dX(x1, x2) + b , for every x1, x2 ∈ X.

Such a quasi-isometric embedding f is a quasi-isometry if, furthermore, there
exists a constant c ≥ 0 such that f is c-full, i.e., if for every y ∈ Y there exists
x ∈ X with dY (y, f(x)) ≤ c.

Two metric spaces X and Y are quasi-isometric if there exists a quasi-
isometry between them. It is well-known that to be quasi-isometric is an equiv-
alence relation (see, e.g., [16]).

A complete manifold with polynomial growth of degree d is p-parabolic
for all p ≥ d. For instance a complete n-dimensional manifold with non neg-
ative Ricci curvature is p-parabolic for all p ≥ n. Conversely, a manifold of
isoperimetric dimension d is not p-parabolic for any p < d. Consequently, Rn

is p-parabolic if and only if p ≥ n. For any uniform graph or manifold with
bounded geometry X, we can introduce an invariant dpar ∈ [1,∞], called its
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parabolic dimension, such that the manifold X is p-parabolic if p > dpar(X)
and p-hyperbolic if p < dpar(X). This is a quasi-isometric invariant. Hence,
dpar(Rn) = n. See [23].

Theorem 7 implies that if G is a doubling graph with doubling constant
C, then dpar(G) ≤ log2(C).

The following results are trivial extensions of [17, Theorem 2 and Corol-
lary 7] for the general case of p-parabolicity.

Theorem 11. Given 1 < p < ∞ and ε > 0, let X be a complete Riemannian
manifold with bounded geometry, and let P be an ε-net in X. Then, X is
p-parabolic if and only if P is p-parabolic.

Theorem 12. If P and Q are quasi-isometric uniform graphs, then P is p-
parabolic if and only if Q is p-parabolic for any fixed 1 < p < ∞.

Corollary 1. Suppose that X (respectively, Y ) is a complete Riemannian man-
ifold with bounded geometry or a uniform graph. If X and Y are quasi-
isometric, then X is p-parabolic if and only if Y is p-parabolic for any fixed
1 < p < ∞.

Consider the graph Z
n, i.e., the Cayley graph of the finitely generated

group (Zn,+).

Proposition 13. Z
n is a doubling graph which is not p-parabolic for 1 < p < n.

Proof. Z
n is a doubling graph for each positive integer n. Since the inclusion

of Zn in R
n is a quasi-isometry, Corollary 1 implies that Z

n is p-parabolic if
and only if p ≥ n. �

5. Hyperbolic Balls

In this section we prove Proposition 14, which is a technical result needed to
prove later Proposition 16.

If B(r) is any ball of radius r in H
n (n ≥ 2), then

Vol(B(r)) = Vol(Sn−1)
∫ r

0

sinhn−1(t) dt,

where Vol(Sn−1) is the total volume of the Euclidean (n − 1)-sphere of radius
1.

We are going to prove that for each a > 1 and n ≥ 2, the function

Vol(B(ar))
Vol(B(r))

=

∫ ar

0
sinhn−1(t) dt

∫ r

0
sinhn−1(t) dt

(3)

is increasing on r, see Proposition 14.
We need some preliminary facts.
Fix a > 1 and let Ia(0,∞) be the set of increasing functions f : (0,∞) →

(0,∞) such that f(ar)/f(r) is an increasing function on r ∈ (0,∞).
The following fact is elementary.
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Lemma 1. If a1/b1 ≤ a2/b2, then
a1

b1
≤ a1 + a2

b1 + b2
.

Lemma 2. If f ∈ Ia(0,∞) and λ > 0, then fλ ∈ Ia(0,∞) and
∫ r

0
f(t) dt ∈

Ia(0,∞).

Proof. The first statement is direct, let us prove the second one. If 0 < s <
r < t < R, then

f(as)f(r) ≤ f(ar)f(s), f(ar)f(t) ≤ f(at)f(r),

f(r)
∫ r

0

f(as) ds ≤ f(ar)
∫ r

0

f(s) ds, f(ar)
∫ R

r

f(t) dt ≤ f(r)
∫ R

r

f(at) dt,

f(r)
∫ ar

0

f(s) ds ≤ af(ar)
∫ r

0

f(s) ds, af(ar)
∫ R

r

f(t) dt ≤ f(r)
∫ aR

ar

f(t) dt,

∫ ar

0
f(s) ds

∫ r

0
f(s) ds

≤ a
f(ar)
f(r)

, a
f(ar)
f(r)

≤
∫ aR

ar
f(t) dt

∫ R

r
f(t) dt

.

Consequently, Lemma 1 implies
∫ ar

0
f(t) dt

∫ r

0
f(t) dt

≤
∫ ar

0
f(t) dt +

∫ aR

ar
f(t) dt

∫ r

0
f(t) dt +

∫ R

r
f(t) dt

=

∫ aR

0
f(t) dt

∫ R

0
f(t) dt

.

�

Corollary 2. If f ∈ Ia(0,∞) and λ > 0, then
∫ r

0
fλ ∈ Ia(0,∞).

Proposition 14. The function
∫ r

0
sinhn−1(t) dt belongs to Ia(0,∞) for every

a > 1 and n ≥ 2.

Proof. By Corollary 2, it suffices to check that the hyperbolic sine belongs to
Ia(0,∞) for each a > 1.

Let us check first that the function u(t) = t cotanh t is increasing on
(0,∞):

u′(t) =
(cosh t + t sinh t) sinh t − t cosh t cosh t

sinh2t
=

cosh t sinh t − t

sinh2t
> 0.

Hence, for each t > 0 and a > 1,

at cosh at

sinh at
>

t cosh t

sinh t
,

a cosh at sinh t > sinh at cosh t.

Finally, for each fixed a > 1, consider the function

v(t) =
sinh at

sinh t
.
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We have

v′(t) =
a cosh at sinh t − sinh at cosh t

sinh2t
> 0

and the result follows. �

6. Boundedly Doubling Spaces and Quasi-isometries

Definition 2. We say that a metric space (X, d) is boundedly doubling if for
every R > 0 there is a constant CR such that every ball of radius 2k ≤ 2R can
be covered by at most CR balls with radius k.

Proposition 15. Uniform graphs are boundedly doubling.

Proof. Assume that G is μ-uniform.
Consider any ball B(w, 2R) in G. Then

|B(w, 2R)| ≤ 1 + μ + · · · + μ�2R�−1 =
μ�2R� − 1

μ − 1
.

In particular, B(w, 2R) is covered by at most μ�2R�−1
μ−1 := CR balls of any radius

k > 0, where CR depends only on μ and R. �

Let V (r) denote the volume of a geodesic ball in the simply connected
complete Riemannian n-manifold of constant curvature −κ2, with κ > 0.

The following result is a restatement of Lemma 2.3 in [16]:

Lemma 3. Let X be a complete Riemannian n-manifold whose Ricci curvature
is bounded from below by −(n−1)κ2 for some κ > 0, and let P be an ε-separated
subset of X. Then,

#{p ∈ P : x ∈ B(p, r)} ≤ V (2r + ε/2)
V (ε/2)

for all r > 0 and for all x ∈ X.

Lemma 4. For each a > 1, the function V (ar)
V (r) is increasing on r.

Proof. It is well known (see [2, III.4.1]) that

V (r) = Vol(Sn−1)
1
κn

∫ κr

0

sinhn−1(t) dt.

Then, Proposition 14 implies that V (ar)
V (r) is increasing on r. �

Proposition 16. If X is a complete Riemannian n-manifold whose Ricci cur-
vature is bounded below by −(n − 1)κ2 for some κ > 0, then X is boundedly
doubling.
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Proof. Consider any R > 0 and any ball B(x, 2k) in X with k ≤ R. By Lemma
3 with r = 2k and ε = k, B(x, 2k) contains at most a finite number ν(k) of
k-separated points, where ν(k) = V (5k/2)

V (k/2) . Therefore, B(x, 2k) is covered by
ν(k) balls of radius k.

By Lemma 4, for every k ≤ R, ν(k) ≤ ν(R) and ν(R) only depends
on R, the curvature bound and the dimension of the manifold. Hence, X is
boundedly doubling. �

Theorem 17. Given two quasi-isometric metric spaces X and Y , if X is dou-
bling and Y is boundedly doubling, then Y is doubling.

Proof. Consider f : G1 → G2 and g : G2 → G1 two ε-full (a, b)-quasi-
isometries such that for every vertex y ∈ Y dY (y, f ◦ g(y)) < ε. Consider
any fixed point y0 ∈ Y .

If 0 < k ≤ max{4b, 2ε}, then, since Y is boundedly doubling, B(y0, 2k)
is covered by at most C1 balls of radius k, where C1 depends only on b and ε.

Now, suppose that k > max{4b, 2ε}.
Since g is an (a, b)-quasi-isometry, g

(
B(y0, 2k)

) ⊂ B(g(y0), a2k + b) and
if X is C-doubling, the ball B(g(y0), a2k + b) is covered by C balls of radius
a2k+b

2 and, inductively, CN balls of radius a2k+b
2N

and centers {xi}CN

i=1. Let N

be such that 2N > 8a2 + a.
Notice that

a2k + b

2N
<

k
2 − b

a
⇔ 4a2k + 2ab

k − 2b
< 2N

and since k > 4b, that is, k − 2b > k
2 , we have that

4a2k + 2ab

k − 2b
<

4a2k + 2ab

k/2
= 8a2 +

4ab

k
< 8a2 + a < 2N .

Thus, f
(
B(xi,

a2k+b
2N

)
)

is contained in the ball B(f(xi), a(a2k+b
2N

) + b) ⊂
B(f(xi), k

2 ). Now, since

g(B(y0, 2k)) ⊂ B(g(y0), a2k + b) ⊂ ∪CN

i=1B
(
xi,

a2k + b

2N

)

and dG2(y, f ◦ g(y)) < ε < k
2 for every y ∈ Y , it follows that

B(y0, 2k) ⊂ ∪CN

i=1B(f(xi), k)

where CN := C2 depends only on the constants C and a.
Hence, if C ′ := max{C1, C2}, Y is C ′-doubling. �

Corollary 3. Given two boundedly doubling, quasi-isometric metric spaces X
and Y , then X is doubling if and only if Y is doubling.

Corollary 4. If G1 and G2 are quasi-isometric uniform graphs, then G1 is
doubling if and only if G2 is doubling.
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Corollary 5. If X and Y are quasi-isometric n-manifolds whose Ricci curva-
ture is bounded below , then X is doubling if and only if Y is doubling.

Corollary 6. If X is an n-manifold whose Ricci curvature is bounded below
and P is an ε-net in X, then X is doubling if and only if P is doubling.

Corollary 7. If X is an n-manifold whose Ricci curvature is bounded below
and G is a uniform graph such that X and G are quasi-isometric, then X is
doubling if and only if G is doubling.
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