LORENTZ AND GALE-RYSER THEOREMS
ON GENERAL MEASURE SPACES

SANTIAGO BOZA*, MARTIN KREPELA**, AND JAVIER SORIA*

ABSTRACT. Based on the Gale-Ryser theorem [2, 6], for the existence of suitable
(0, 1)-matrices for different partitions of a natural number, we revisit the classical
result of G. G. Lorentz [4] regarding the characterization of a plane measurable
set, in terms of its cross sections, and extend it to general measure spaces.

1. INTRODUCTION

In [4], G. G. Lorentz fully characterized the existence of a plane set in terms of
its cross section. The main result reads as follows:

Theorem 1.1. Suppose that P(x), Q(y) are two non-negative integrable functions
defined for —oo < v < 400, —00 < y < 4o00. In order that a measurable set A
with cross functions P(x), Q(y) exists, it is necessary and sufficient that the non-
increasing rearrangements p(z), q(y) of these functions satisfy the conditions:

M) / " p(u) du < /qu*(u)du, >0,
(2) /qu(u)dugfoxp_l(u)du, z >0,

In modern terminology, the nonincreasing rearrangement of a function f on a
measurable space (X, ) is defined as

fr(t) =1inf{s > 0: A\f(s) < t},

where

Ap(s) = p({z € X |f(y)| > s})

is the distribution function of f (see [1] for standard definitions and classical prop-
erties in this setting). It is worth to mention that, according to Lorentz’s notation,
we have that p~!(u) = \,(u). It is also proved in [4] that (1) and (2) are equivalent
to (1) and the condition || P|; = ||@Q||1-

A few years later, D. Gale and H. J. Ryser, studying some graph theoretical con-
ditions for degree sequences on simple graphs [7], proved in [2, 6] a discrete version,
namely, they characterized the existence of a (0, 1)-matrix A, with predetermined
r(A), the sums of its rows, and ¢(A), the sums of its columns (which corresponds
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to fixing 2 partitions of a given n € N). For example, if n =5=3+2=2+2+1,
then the matrix

1 11
(3) A= ( 110 )
satisfies that r(A) = {3,2} and for the columns we obtain c¢(A) = {2,2,1}, as

desired. Similarly, it is easy to see that for the partitionsn =5=4+1=2+2+1
there is not such a matrix. The aforementioned characterization is given as follows:

Theorem 1.2 (Gale Ryser, [2, 6]). Let p = {p1,...,p;} and ¢ = {q1,...,qx} be
two nonincreasing partitions of a positive integer (i.e., p,g C N, p1 > -+ > pj,
G > >qoandpr+ -+ pj=q + - +aqi). Then, there exists a (0,1)-matriz
A € My such that r(A) = p and c(A) = q if and only if for all positive integers
m7

where p; = card{1 <1 <j:p >i}, if 1 <i<p,p;=0,ifi >p and ¢; =0, if
1> k.

As we can readily see, these conditions are in exact analogy with those in The-
orem 1.1. Influenced by this matricial case, we find a new approach (using the
geometrical definition of horizontal swappable squares), allowing us to extend and
unify both Theorems 1.1 and 1.2 by considering products of general resonant mea-
sure spaces (see Theorem 2.10):

Problem 1.3. Let (X, 1) and (Y, v) be two o-finite measure spaces and let f : X —
R* and g : Y — R* be measurable functions. Does there exist a measurable subset
E C X x Y such that f and g are the corresponding cross sections of E:

(4) f(z) = /Y xe(z,y)dv(y) and g(y) = /X xe(z,y) du(z),
p-a.e. v € X and v-a.e. y € Y7

It is clear that a necessary condition for (4) to hold is that || f||L1(au) = |9l 21 (aw)-
However, as the previous matricial example shows for counting finite measures, this
equality is not enough.

The following result gives the key estimate to solve Problem 1.3 (which will be
considered in Section 2). For the rest of this section we will assume the following
resonant condition on the measure space X, which is equivalent to saying that X
is either nonatomic or completely atomic, with all atoms having equal measure [1,
Theorem 11.2.7].

Proposition 1.4. Let (X, pu) and (Y,v) be two o-finite measure spaces, assume X
to be resonant and let E C X xY be a measurable subset. Let f and g be the cross
sections of E on X and Y, respectively, as in (4). Then, for every t > 0 we have
that

(5) [ reras< [ as
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Proof. We first assume that ¢t > 0 is in the range of u, and choose any set A; C X,
with p(A;) =t. Then, setting

={yeY:(r,y) € E} and FEY={xe X:(z,y) € E},

and using [1, Lemma I1.2.1], we have that

//XEIde ) dp(z //xExydu ) dv(y)
At At
// XEy d,u dV // Ou(Ey) deV()
Ay
// X(0,9()(8) ds dv(y //X(o,gy» ) dv(y) ds
= [ [ Xteraen aviyds = [ (o) ds.
0 Y 0

Finally, since X is resonant and using [1, Proposition 11.3.3]

¢ ¢
/ f*(s) ds = sup flz)du(z) < / Ag(s) ds.
0 {AtCX:u(Ar)=t} J Ay 0
Once we have proved (5) for ¢t > 0 in the range of u, we observe that the inequality
trivially holds for any ¢ > pu(X), since then both sides of (5) are equal to the
measure of £. Now, if 0 < ¢t < u(X) and X is nonatomic, then we can find a
measurable subset A C X such that u(A) =t (see [8]) and we are done. To finish, if
0 <t < p(X)and X is a discrete (totally atomic) measure space, then fot f*(s)ds is

a piecewise linear concave function and f(f Ag(8) ds is a concave function greater than
the previous integral at the nodes (the p-measure of a finite collection of atoms).
Hence, by the concavity property, the inequality is also true for the intermediate
values of ¢ > 0. O

Remarks 1.5. A simple remark, when we work with arbitrary general measures, is
that (4) implies that the cross sections must take values in the image of the measure.
For example, if X = {1,2} and Y = {1}, both with the cardinality measures, then
f: X =R f(1)=f(2)=1/2and g: Y — R, g(1) = 1 satisfy (5), but f is not
the cross section of any set £ C X x Y, since the cardinality measure only takes
nonnegative integer values.

We observe that (5) is not a homogeneous inequality. For example, if f =g =1
on [0, 1], corresponding to the case E' = [0, 1] x [0, 1], then (5) trivially holds, but it
is false for 2f and 2g.

Condition (5) is not, a priori, symmetric on f and g. However, we are going to
prove, in Proposition 1.7, that we can reverse the role of f and g in (5), as long as they
have the same L'-norms, which, as we already know, is a necessary condition to solve
Problem 1.3 (to simplify the proof, continuity of the nonincreasing rearrangements
will be also assumed). We start by recalling some well-known equalities:
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Lemma 1.6. Let (X, pu) be a o-finite measure spaces and let f : X — RT be a
measurable function, with || f||11(au < 4+00. Then, for everyt > 0,

0 )\f(t)
(6) /t M(s) ds + (1) = /0 F(s) ds
and
(7) /t f*(s) ds+tf*(t) :/0 Ar(s) ds.

Proposition 1.7. Let (X, u) and (Y,v) be two o-finite measure spaces and suppose
that f : X — R* and g : Y — R are measurable functions such that f* and g* are
continuous and || f| p1aw = |9ller@wy < 0o. If (5) holds, for t > 0, then for every
r >0,

) [ oras< [ a6 as

Proof. Let us assume that (5) holds, for ¢ > 0. Since

1 s = / F7(s) ds = / Ao(s) ds = lg]L1: .

it is easy to see that (5) is equivalent to the inequality

(9) /too M(s) ds < /too £(s) ds.

Let us now prove (8). Using the hypothesis on f and g, and Lemma 1.6, condition
(9) is equivalent to the following inequality:

Ag(t) (@)
(10) /0 g*(s)ds—t)\g(t)g/o M(s) ds — tF(8).

To prove (8), we observe that if r > || f||oo, the result is trivial since the right-hand
side is equal to ||f|l;. Now, if 0 < r < ||f|loc = f*(0), then by the continuity of f*
and the fact that limg ., f*(s) = 0, there exists a t > 0 such that r = f*(¢). Let us
distinguish the following two possibilities:

If f*(t) < Ag(t), then A\y(t) > 0 and hence 0 < ¢ < |[|g||co. Now, since g* is
nonincreasing, then (10) implies

) f(®) Ag(t)
/ g(s) ds - / As(s) ds <t (8) — £7(1)) / g(s) ds
0 0 fx(t)

Ag(t) Ag(t)
_ / (t— g"(s)) ds < / (t—g"(\g(1))) ds
f

() (@)

Ag(t)

— [ t-g 00 as=o,
(@)

which implies (8). The last equality follows because by the hypotheses on g*, we have

that for every 0 < s <t, {y > 0:s < g*(y) < t}| > 0, which is equivalent to the

equality ¢*(Ag+(t)) = t. In fact, g*(Ag+(t)) < t is always true [1, Proposition 11.1.7]

and g*(A\g-(t)) > t means that

t <inf{s > 0: A (s) < A= (1) };
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that is, if s < ¢, then Ag«(s) > Ay+(t), which is the hypothesis.
Similarly, if f*(t) > A,(t), (10) and the monotonicity of ¢* imply
fr(®)

(@) £
/0 g(s) ds — / Ar(s) ds <t () — F(8) + / g*(s) ds

g(t)
< (1) = Ag(0))(g7(Ag(2)) — 1) <0,
as desired. O

This last result will also be clear once we prove, in Theorem 2.10, that (5) is
equivalent to the existence of a set £ C X x Y with f and g as its cross sections.
Changing F by its transpose set £ = {(y,z) : Y x X, such that (z,y) € E} and
applying Proposition 1.4 to E, we finally obtain (8).

To finish the section, we are to going to work the details, for a couple of concrete
and elementary cases, showing that the existence (or, rather, the construction) of
the set E is not in general straightforward. Moreover, from these examples we will
see that the solution is not, in general, uniquely determined.

Examples 1.8.
(i) Let X =Y = [0,1], with the Lebesgue measure, and consider f(z) = g(z) =
(1—2)/2. Then, f*(£) = f(t)xio(t) and Ag(t) = (1 — 20)xjo.1/o1(£). Thus,
tt 1

) ds = (L= B ) ol + o)
/ (57 w0+

t
1
[ 2ats) ds = (= 000 + 10 1200(0)
0

and (5) holds. For this case, it is easy to check that any of the sets on Figure 1
give a positive solution to Problem 1.3.

and

’n’

' s,

e

FIGURE 1. Two different approximations of a set £ C [0, 1] x [0, 1],
with cross sections equal to f(z) = g(z) = (1 — z)/2.

(ii) For 0 < a < 1, let f(z) = g(x) = axjo1y(x). Then (5) holds and two possible
sets for which (4) is satisfied are shown in Figure 2.
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A

FIGURE 2. Two different sets £ C [0,1] x [0, 1], with cross sections
equal to f(z) = g(x) = axp,j(x). In this example, a = 1/3.

2. EXISTENCE OF THE SET F WITH A PRIORI CROSS SECTIONS

Our main result in this section is Theorem 2.10, where we show that the necessary
condition (5) of Proposition 1.4 is actually sufficient to find a set E, in the product
space, with given cross sections. The main geometric tool used for such construction
is the notion of swappable squares in Definition 2.5, which allows us to horizontally
translate the mass of the hypograph of the function g in such a way that in the
limit, after suitable iterations for different grids of dyadic squares, we get precisely
a set I/ with the vertical cross section equal to f. In the discrete case, this idea lies
behind the proof of the Gale-Ryser Theorem 1.2 given in [3].

To this end, we will start by proving some interesting properties of this swapping
argument, as well as some measure theoretical estimates of the (lower) limit set
obtained.

Definition 2.1 (Dyadic squares). Forn € N andi,j € {1,...,2"} define
XP=[27 = 1),27"), Y= (27— 1),27)
and
b= X x Y
We call Q}; the dyadic squares of n-th generation with indices i, j.

Definition 2.2 (Shifted set). Let Q C R? and (xo,yo) € R% Then we define
Q + (20, 90) = {(z,y) € R*: (z — 20,y — v0) € Q}-

Definition 2.3 (Cross sections of a set). Let A C [0,1]* be a measurable set. Define
the vertical cross section and the horizontal cross section, respectively, of the set A
as

1
wa@) = [ a@d  se ol
0
and

ha(y) ::/0 xal(z,y)dz, y € [0,1].
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Definition 2.4 (Horizontal swapping). Let A C [0,1]* be a set. Let n € N and
i,7,k €{1,...,2"}, j # k. Then we define the set

o (A) = (AN (QUQ5)U((Q5NA) + (27" (k—7),0)u((QNA) = (27"(k=7),0)).

In other words, agk(A) is the set A, whose subsets Q7;NA and Qf;,NA have “changed
their places”.

Definition 2.5 (Swappable squares). Let A C [0,1]* be a measurable set and f :
[0,1] — [0, 1] be a measurable function such that

/t f(s)ds < /t vi(s)ds, forallt €0,1].
0 0

Letn € N and i,5,k € {1,...,2"}, j # k. Then, given f and n € N as above, we
say that the dyadic squares QF; and Qj, are swappable (with respect to f, A and n)
if, with

A =0l (A),

ijk

the following conditions are satisfied:

(11) va> f+27" ae in X7,
(12) va < f—=2"" a.e in X7,
t t
(13) / f(s)ds < / vi(s)ds forallt €]0,1],
0 0
(14) (QNnA) —(27"(k—7),0)CQ;NA and |AAA|>0.

Lemma 2.6. Let the function f, the indices n, i, j, k, the squares Qf; and Qj,, and
the sets A and A’ be as in Definition 2.5. Then,

(1) ha(y) = ha(y), for every y € [0,1], and hence |A| = |A|.
(i)
A\ A = /Xn(vA(:v) (@) de and |A\ Al = / (v () — va(z)) da.

(iii)
/0 (@) = va()| do = / (@) — va(e)| dz — [AA 4]
(iv) If l € {1,...,2"}, then:

f>va >vqin X' if f>04 in X,
f<wva <wvygin X" if f <wqin X[,

var =y in X' else.
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Proof. (i) The result is clear if y € [0,1] \ ¥;". Now, if y € ¥;", then
1 1
ha(y) = / Xar(z,y)dz = / X(A\(QruQn, y(2,y) do
0 0

1 1
+ / X((@pna)+@— (-0 (7, y) do + / X((QunA)—2=n(k—5),0)) (T, y) da
0 0
1

1 1
=/ X(av@ruQz) (T, 9) d$+/ X@ynay (@, y) d95+/ X(@rna)(z,y) dr
0 0 0

:/0 xa(z,y)dz = ha(y).

(ii) We prove the first equality (the second one is completely analogous). Now, using
(14), we have that:

A= n@gl= [ ot avas
- /n/n(XA(l’,y) — Xxa(z,y))dydz = /n(vm@?j(x) — vangy (v)) dz

_ / (va(z) — var(z)) da.
7
Let us now prove (iii). Taking into account part (ii),

h/’|f — (o) da

— x)—vy(x)|de r) —vqa(x)|dx z) — vz de
§4meyﬂ> (@) +/Jﬂ) (@) +/gﬂ) @)
:/K)I]\(X%Xn) | f(x) —UA(iU)’der/?(vAf(fﬂ) —f($))d$+/£(f(x) — v (z)) da
:/K)l]\(xyuX") | f(z) —UA<JJ>|dI+/;L(UA(l’) - f(x))dl’—i-/g(f(l’) —vu(x)) de

+/n(UA/(:E)_UA($)>dw+/n(UA(fE)—UA/(ZL‘))CL’E
:/[071]\(XWXI?) |f(z) —va(z)|do + /}1 lva(z) — f(z)] do + /g |f(x) — va(x)| dz
— A\ Al = A"\ A

=A|ﬂw—m@WM—MAAL

(iv) Let us observe that, if we construct A" = o7, (A) from A, we change the content
of the square Q7;, which is the only change in the j-th column. By (14), we obtain
that QF; N A" C QF; N A. Hence we get va > va > v4 — 27" in X7, where the last
mequahty holds since 27" is the height of the square. Then, condition (11) gives

UAZUA/ZUA—anZfinXJn.
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Similarly, by looking at the k-th column, since Q% N A C Q% N A’, condition (12)
gives
(O} S’UA/ SUA—}—Q_n S flIl X]?

In any other case, since if neither (11) nor (12) holds with [ in the role of j or k, the
[-th column remains unchanged, and thus v4 = va in X" 0

Remark 2.7. Given A, f, and n, let €2,, be the collection of all sets B obtained from
A by a finite number of swappings. It is obvious that €2, is finite, since, because of
(14), no pair of squares can be swapped twice. Then A, ., is defined as such an
element of €2, that

£ = Ol = pin I = vl
We need to recall the following classical result:

Lemma 2.8. Let {E,}nen be a sequence of measurable subsets of R and let

(15) E:=J ﬁ Ej,

meN k=m
be its lower limit. If |E| < oo and
(16) D En\ Ena| < o0,
neN

then E, — E in measure; i.e., |E, AE| — 0 as n — 0.

Similarly, the proof of the following result is straightforward and follows from the
standard properties of the nonincreasing rearrangement of a function:

Lemma 2.9. Let u : [0,1] — [0,00) be a measurable function. Assume that there
exist 0 < p < ¢ < 1 and constants C; > Cy > 0 such that u(xz) > C, for a.e. x €
0,p), Cy <wu(z) < CY, for a.e. x € [p,q) and u(x) < Cy, for a.e. x € [q,1]. Then

u*(t) = (uxpp)*(t) for allt € [0,p)

u(t) = (ux(pq) (t —p) for allt € [p,q)
and
u*(t) = (uxea)) (t — q) for all t € [q,1].

Furthermore, as a particular consequence, one has

(17) /Op u*(s)ds = /Op u(z) dz, /pq u*(s)ds = /pq u(z) dz,

and /ql u*(s)ds = /ql u(z) dz.

We will now prove our main result. To do this, we first address the case of
cross sections on [0, 1] (moreover, under some monotone conditions) and the gen-
eral setting will then follow using Ryftf’s Theorem and some measure preserving
transformations (see [5] and [1, Theorem I1.7.5 and Corollary I1.7.6]).
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Theorem 2.10. Let (X, u) and (Y, v) be two finite resonant measure spaces and let
f: X =R and g:Y — R" be measurable functions satisfying || fllc1) = [19ll21)

and . .
/Of*(s)ds§/0 Ag(s)ds,

for allt > 0. Then, there exists a measurable set E C X XY such that vg(z) = f(x),
p-a.e. x € X and hg(y) = g(y), v-a.e. y €Y.

Proof. We start by considering the case X =Y = [0, 1], endowed with the Lebesgue
measure, and assume also that f is a nonincreasing function. Now, define Ey by

Ey:={(z,y) €[0,1]*: z < g(y)}
and E, = (En—1)optn, for each n € N, as in Remark 2.7.

Observe that since vy, = A, in [0,1], hence vg, is nonincreasing and right-
continuous, which in turn implies vg, = v, in [0,1]. Therefore we get

/Otf*(s)dSS/OtAg(s)ds:/OthEO(S)dS,

for all t € [0,1]. Let n € N. Then, by the definition of F,,

(18) /Ot F(s)ds < /Ot o (s) ds.

Using Lemma 2.6 (i), it immediately follows that

(19) |En| = |Enil, hg, =g ae. in [0,1],
and
(20) |En| = [Jve, |l = [[he, ]l = llglli = [|f]1-

Furthermore, to fix the notation, suppose now that the set FE,, is constructed from
E, ;1 as follows: there exists an m € N and sets Ay, ..., A,, such that Ay = E,,_1,
An =E,and A; = (A1) forall l € {1,...,m}. Then, using Lemma 2.6 (iii)

m

Bact AE <Y A A4 =) (I = va = IIf = valh)
=1

=1
= lf =gl = I =gl

Since the inequality ||f — va, ,|l1 — ||f — va,|l1 > 0 holds for all [ € {1,...,m} (see
(14) and Lemma 2.6), we have also || f —vg, |l — || f — vg, |l > 0. Thus, we get

N
> |EnaAE,| = lim Y |E, 1 AE,|
n=1

N—o0
neN

N

< A}linm; (If = vzl = If = vz, lh)

= lim ([[f —vgllr = [If = veylh)

<|f=vglh < 1.
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We finally define £ by (15). Since E C [0, 1]* obviously holds, the assumptions of
Lemma 2.8 are satisfied and it follows that F,, converges to E in measure. Observe
that (19) and (20) give us that hg = g, a.e. and |jvg|y = || |-

It remains to prove ||f —vg||; = 0, which will be done in the rest of the proof. At
first we need some auxiliary observations. We see that

1 1
1) lvg, —oslh < / / xe, (2,9) = xp(z,y)| dedy = |E,AB| === 0.
0 0

For every x € [0, 1] let {j,.(z)}nen be the unique sequence of natural numbers such
that z € X7 for each n € N. Now let n € N be fixed. By the construction of
E,, for every i € {1,...,2"} there exists a unique permutation m,; : {1,...,2"} —
{1,...,2"} such that £, N Q}; = Ey N Q?ﬂm(j) for all 7 € {1,...,2"}. Hence, for
r € X7 we have

UE" Z UEan’TLLJ Z UEOQO (J)
By the definition of Ej, one has

YBonQy, )

(z) = U{(U,Z)GQ?ﬁni(j):u<g(z)}(x) = / X{(w,2)€Qp, u<9(2)}<x’ y) dy,

Y
for every pair 7,5 € {1,...,2"}. Since the above integrand is nonincreasing on the
variable x, then = — vEan” . )( T) = Vgyngn (x) is a nonincreasing function on

i (In (2))

X7, for every i and j, and thus v, is also nonincreasing on every X7, j € {1,...,2"}.
It is worth mentioning that, for any 4, 7, k € {1,...,2"}, the following implication
is valid:
(22)
im0, (2) > g (27 (6= 1) = (BaN@) — (27 (k—5),0) € E.N@Y,
This follows from the representation £, NQj; = EoNQy .y, EnNQj = EoNQY,
the definition of Ej, and Lemma 2.6 (iii).
Next, we have

on

Zl (vEn(Q_”(j —1)) - HIQignnj_ UEn(Z))
. ii (UEHQQZ_(Q—"(J' —1)) - i v, nar, (2 ))

j=1 i=1
27L 2TL

=> 3 <UEOQQ;WJ_)<2"(nm(j)—n)— lim  ogngr (])(z))

227" (5)—

j:l i=1
Sy (veray (277G = 1) = i venay ()
7j=1 =1

where the last equality holds by switching the order of the two sums, rearranging
all indices obtained when applying the permutation m,; to the set j € {1,...,2"},
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and switching the indices ¢ and j back again. Continuing from here we obtain:

Z (ve2G =1~ i on.(2)
_ ZZ (mn@yj@—"o — 1) - H%“E“QW))
_ (oG- D)~ _tim o (2))
_ : (MG -0 A)
< (327G = 1))~ A (27)

A
For every n € N and x € [0, 1] define
vg, 27" (jn(z) — 1)) —  lim  vg,(2).

227" (z)—

As observed above, vg, is nonincreasing on each X7, therefore ¢, is nonnegative on
[0,1] and we have

z—=27 " —

271
“9071”1 = 22—71 (UEn(2_n(j — 1)) —  lim UEn(z)> < 2_")\9(0) TH_OO) 0.
j=1

Hence, there exists a subsequence {@,,, }men converging a.e. in [0, 1]. In particular,
this implies that

lim inf <vEn(2—n(jn(x) “1)- lim vEn(z)) =0

n—00 227" (x

for a.e. z € [0,1]. By the monotonicity of vg, on each X7, we therefore get

(23) liminf sup |vg,(x) —vg,(2)] =0
n—o0 ZEX]T.l(x)

for a.e. z € [0, 1].

Consequently, using Lemma 2.6 (iv), for every = € [0, 1] the sequence {vg, ()} nen
is monotone.

Next, for any n € N and ¢ € [0, 1] we have

t
(24) /0 |0E, (8) —vp(s)| ds < |[vg, —vplly = [[(vE, —vE)"|h

< (v, —ve)*lh = lve, —velL,

where the second inequality follows from the Lorentz-Shimogaki theorem [1, Theo-
rem [I1.7.4, p. 169]. Hence, taking the limit as n — oo in (18), using (21) and (24)
give

(25) [ reas< [
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for any fixed ¢ € [0, 1].

Again, using (21) and the monotonicity of the sequence {vg, (x)}nen, then, the
sequence of functions vg, converges to vg a.e. in [0,1]. Moreover, the pointwise
limit in fact exists for every x € [0,1], and hence we may thus assume without
loss of generality (modifying E on a subset of measure zero, if necessary) that vg,
converges to vg everywhere in [0, 1]. Thus, as a consequence of Lemma 2.6 (iv), we
obtain

(26)  f(2) Swvp(z) Swvg,(2) Swg(z) or  f(2) 2 ve(2) > vg,(2) = vg(2)
for all z € [0,1] and n € N. In particular, this yields
(27) min{ f(z),vg,(2)} < vp(r) < max{f(z),vg,(x)}, forall z € [0,1].

Define by S the set of all z € (0,1) such that both f and vg, are continuous in z
and (23) holds. Since f and vg, are nonincreasing, and, as shown before, (23) holds
for a.e. z € [0, 1], it follows that |[0,1] \ S| = 0.

Now we can return to the main point. We are going to show that f(x) = vg(x)
for almost all z € S, by contradiction. To do so, assume that the set

So:={z € S:vp(x) > f(x)}

has positive measure.

The function vg, is right-continuous. We may assume that f is right-continuous,
otherwise its values may be changed on a null set. Hence, the level set V, := {z €
[0,1] : vg,(z) — f(x) > 0} is right-open in the sense that for every x € V. we have
(x,x 4+ 0) C V,, for some 0 > 0. By (26), inequality vg,(x) > f(x) holds whenever
vep(z) > f(x). Hence Sy C V. Thus, there exists an interval (a,b) C V. C [0, 1]
such that

(28) VE, Z VE Z f in [aa b)7
(20) lim g () < Tim f(2),

(30) vE, (0) < f(b),

(31) 150N (a,b)] > 0.

Notice that (a,b) C [0,1] and hence b < 1. If a > 0, let € [0,a) be arbitrary.
Using (27), (29) and monotonicity of vg,, we have

vp(a) > min{f(2), v, (2)} > lim min{f(y), vr,(y)} = lim o, (5) > vr,(a).

Similarly, for any y € [a, 1] we have

UE(Z/) < maX{f(Z/)ﬂ VEo (y>} < max{f(a), VEo ((Z)} = VE, (CL)
Analogously, by (27), (28) and (30) we get, for any y € [0,b),

vp(y) > min{f(y),ve,(y)} > Tim min{f(2), v, (2)} = T f(2) > f(5) > vp, b).

For every z € [b, 1] one has

vp(2) < max{f(2),vg,(2)} < max{f(b),vg,(b)} = f(b).
Hence, we have
ve(z) = vy (a) 2 ve(y) = f(b) = ve(z)
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for all x € [0,a), y € [a,b) and z € [b, 1]. For the sake of correctness, we note that
if a = 0, the first term and inequality is simply omitted. Lemma 2.9 now gives

vg(t) = (vexpy) (t —b) forall ¢t e [b1],

[ ieras= [ st an

By (31), one has vg > f on a subset of (a,b) with positive measure. Thus, there
exists a o > 0 such that

/abUE(y)dy> /bf(y)dy+4Q=/bf*(s)ds+4g.

From this and (25) used with ¢ = a, we obtain

(32) /f ds+4g—/f ds+/f ) ds + 4o

</0 ”d”/a <>ds—/0vE<s>ds.

and

Define
¢ t
h := min {t € (b,1): / v (s)ds < / fr(s)ds + 3@} .
0 0
The minimum is indeed attained Since the function ¢+ [) vj(s)ds — [5 f*(s)ds is
continuous and fol vy (s)ds = fo s)ds, which is (20). Let us Shovv that f > v

holds on a subset of (b, h) with pos1t1ve measure. To do so, assume, for contradiction,
that f <wvg a.e. in [b,h). Let t € [b, h). The assumption implies (fxppn))*(t —b) <
(VEX[p,n))* (t — D). Since f is nonincreasing, by Lemma 2.9 we have

(fxpm)*(t—=b) = (fxpa) (t —b) = f*(t).
Consequently,

vp(t) = (UEX[b,l])*(t —b) > (UEX[b,h)) (t—10) > (fX[b h)) (t—=0) = f*(t).

Therefore we have vy (t) > f*(t) for all t € (b, h). However, this inequality together
with (32) implies

h b h
/ v (s) ds:/ v (s) ds+/ vp(s)ds
0 0 b
b h h
>/0 f*(s)ds+/b f*(s)ds+4,g—/0 £*(s) ds + 4o.

This contradicts the definition of h.

We have shown that |[{y € (b,h) : f(y) > ve(y)}| > 0. Since |[0,1] \ S| = 0, we
have also [{y € (b,h) NS : f(y) > vr(y)}| > 0. Thanks to this and (31), there exist
points = € (a,b) NSy and y € (b, h) N S such that

(33) vp(x) > f(z) = f(y) > ve(y) = vk (y).
Define

= Tminfup(s) — f(2), f(y) ~ vp)}
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Since f and vg, are both continuous in z as well as in y (recall the definition of 5),
there exists a § > 0 satisfying
(34) min{z —a,2(b—x),y —b,1 —y} >5 >0
such that
(35) |vg, (2) —vg,(z)] < e and |f(2) — f(x)| < e for all z € (v — d,z + 9),
Vg, (2) — v, (y)| < e and |f(2) — f(y)| <eforall z € (y — 0,y +9).

In particular, we get vg, > f and f > vg, on (z — 0,2 4+ 0) and (y — 0,y + 9),
respectively.
By (24) we have, for t € [0,1],

t
/ [0Sy () — ()] ds 222 0
0

and this convergence is uniform in ¢t. Moreover, since x,y € S, both z and y satisfy
(23) (in the latter case with y instead of =) and f as well as vg, are continuous in
x and y. Based on these properties, there exists a sufficiently large n € N such that
all the following conditions are satisfied:

up s, (1)~ om, ()] <2 s o, (9) —om, (2)] <,
ze X zEX™
36 Jn(x) Jn(y)
(36) 2l g, 2T <, 2 <,
and
t
(37) / |vg, (s) —vp(s)|ds < o forallte[0,1].
0

In the following, we will write j := j,(z) and k := j,(y) since n, x and y remain
fixed. By (26), we have
Vg (z) > vg, () > vp(x) > f(x) + 4e.
Let z € X7 be arbitrary. We have
vg,(2) = vg, (x) = |vp, (x) — vE,(2)] > vp,(2) — € = f(z) + vp,(z) — f(z) — €

> flx)+3e =2 f27"(G 1) = [f27"( = 1) = f(2)] + 3¢

> f27"0 = 1) + 2.
Taking the limit (or infimum), we get

(38) inf vg,(2)= lm g, (2)> f27"(G —1)) + 2.

ze X 227 —

Proceeding analogously regarding the point y, we obtain

(39) inf f(z)= Z_>l2igik_ f(z) > vg, (27"(k—1)) + 2.

zeX}P

Taking into account the inequalities

fRTG=1) = f(b) = fly) = lim  f(z),

z—2""k—

we have

(40) lim wg, (2) > vg, (27"(k — 1)) + 4e.

Z—27 15—
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Recall that, for any ¢ € {1,...,2"}, the functions vg,nqr, and vg,ngr are nonin-
creasing on X7 and X}, respectively. Inequality (40) thus yields

2n 2n
> lim . vg,nay(2) > > vy (27" (k = 1)).
=10 T i=1
Hence, there exists an ¢ € {1,...,2"} such that
(41) lim - vg,nay(2) > vp.ngy (27"(k - 1)).
z ng—

If we are able to show that the squares ()f; and Q) are swappable with respect to
E,, and n, we will obtain the ultimate contradiction with the construction of E,,.

Thus, we set A := E,, and A" := 0}, (A) and want to show that (11)-(14) holds.

By (41) and (22) we immediately obtain condition (14). Since 27! < ¢ was
assumed and f is nonincreasing, estimate (38) implies

g}g“y g, (2) > max fz)+27",

Therefore (11) is satisfied. Analogously, (39) yields (12).

It remains to prove (13). In this part, we will frequently use the inequality

(42) /Ot v (s) ds > /Ot F(s)ds for all £ € [0, 1],

which obviously holds since A = E,,.

Since, by (33), vg,(y) < f(y), we can define (¢, d) as the maximal open subinterval
of (b,1) such that y € (¢,d) and vg, < f in (¢,d). Moreover, using (35) and (36),
we have that

(43) X} C(a,b) and X} C(c,d).

Keeping in mind that A = E,,, by applying (26) and (27) to (28)—(30) we get the
estimates

(44) va > vg,(a) in [0,a), vg(a) >va > f> f(b)in [a,b), f(b) > vain [b,1].

Now we may proceed analogously with the interval (¢, d). Its maximality and (26)
guarantee that

(45) va > f(c)in [0,¢), f(c) > f >wva > vp,(d)in [c,d), vg,(d) > v4 in [d,1].

Notice that (44) and (45) hold also with A’ in place of A. To see this, recall that
A" = o7, (A) and then use Lemma 2.6 (iv) and (43) which implies

ijk
(46) [va —var] < 27" (xxr + Xxp)-

Based on (44), (45) and their analogues with A’, by Lemma 2.9 we obtain:

(47)  05(t) = (0axpa) (t =) and v(t) = (X)) (E—p) for t€ [p,q),

whenever [p, ¢) is one of the intervals [0, a), [a,b), [b, ¢), [c,d),[d,1). Ifa =0o0r b= ¢,
the intervals [0, a) or [b, c) are, of course, not considered.
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In particular, using (47) with [p, q) = [a,b), A" = 075,.(A) and X} C (a,b), which

is (43), we have
b b b
(48) /0 v (s)ds = /0 var(z)dz = /0 va(z)dz —|A\ Al
b
= /0 vi(s)ds — A\ A'|.

Again, using (43) we have that X7' C (a,b) and X}' C (c,d), and obtain
(49) va =wva in [0,a) U [b,c) U [d, 1].
If a>0,lette0,a]. By (49), (47) with [p,q) = [0,a), and (42), we get

(50) /Otv;g,@)ds:/ ds>/ (s

Let t € [a,b]. Since va > f in [a,b) (recall that this is (44) with A replaced by A’),

(47) with [p, q) = [a,b), and (42) provide

[ ronas= [(wi - reas

+ / (i) (5 — @) — (Frees)*(s — a)) ds = 0,

thus (50) holds for t € [a, b].
If b<c, let t €[b,c|. Since ¢ < h, the definition of h and (37) yield

/th(s) ds > /t f*(s)ds + 2e.
0 0

Property (49) yields (varXp,e))* = (vaXp,e))*. Considering (47) with [p,q) =

(48), the assumption ¢ > 272", and (42), one has

[b’ C)?

t b t b ¢
/ v (s)ds = / v (s)ds + / v (s)ds = / va(z)dz + / (VarXp,e))* (s — b) ds
0 0 b 0 b

b t
:/ vA(z)dz—|A\A'|+/(vAX[b,c))*(s—b)ds

0 b
:/OUZ(s)ds—|A\A'|>/O fH(s)ds+20—|A\ A'|
z/o f*(S)ds+2Q—2">/0 f*(s)ds + o

Hence, (50) is satisfied for t € [b, ¢]. In particular, the previous calculation gives

[ tas = e as—1an

Moreover, since A" = 073, (A) and X}! C (¢, d), by (47) with [p, ¢) = [c, d) we have

/chZ’(S)dSZ/CdUA’<Z)dZ:/chA(Z)dZ—F‘A/\/H:/Cdvj';‘(s)ds_i_‘A’\A"
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Thanks to these two relations, we have

s [eas= [ [Cnedas= e

Let t € [c,d]. By (46) it follows that f > vas holds in [c, d), and therefore (fxcq))* >
(VarX[e,q))*- Applying this to (47) with [p, ¢) = [c, d), one has f* > v, in [c, d). Using
this fact, (51) and (42), we get

[vras= [Co@ass [(6 - vienas— [ rea

> [Ceas- [ ez [roa- [ e

- /0 () ds.

In other words, (50) holds for ¢ € [¢, d].
If d <1, lett eld1]. By (49) we have (varx(1))* = (vaX(g1))" which together
with (47) for [p,q) = [d, 1), (51) and (42) provides

/ot V() ds /od Vi (s)ds + /dt v (s)ds = /Od va(s)ds + /dt(UA/X(d,l))*(S) ds
/Ode(s) ds+/dt(vAx<d,1))*(s) ds = /Otv;(s) ds > /Ot () ds.

This shows that (50) is satisfied for t € [d, 1]. If d = 1, this step is omitted.

Altogether we have shown that (50) is valid for all ¢ € [0, 1], hence condition (13)
is satisfied. Thus, all conditions (11)-(14) are met, which means that Q7; and Qj;
are swappable with respect to A and n.

Let us summarize what we have proven at this point. Having started with the
assumption [{x € S : vg(x) > f(x)}| > 0, we have found a set E, such that there
exist swappable squares @7}, Qj; with respect to E, and n. This contradicts the
construction of FE,, as explained in Remark 2.7.

Recalling that [[0,1] \ S| = 0, we have therefore vy < f a.e. in [0,1]. Since
lvelli = ||f|l1 and both functions are nonnegative, it follows that vg = f a.e. in

0, 1].

The proof is now complete, under the conditions X = Y = [0,1] and f nonin-
creasing. If X and Y are general finite resonant measure spaces (we can assume,
without loss of generality, that they are probability spaces), we use Ryft’s Theo-
rem [1, Theorem I1.7.5 and Corollary I1.7.6] to find a couple of measure preserving
transformations

o,: X —=10,1 and o,:Y —[0,1],
such that f = f*oo,, p-a.e. and g = g* o 0,, v-a.e. We now apply the previous
case to the functions f* and ¢* on [0, 1] (observe that f* is nonincreasing and the
hypothesis on the primitives of f* and A+ trivially holds), to obtain a set EcC [0, 1]2
such that hz = ¢g* and vz = f*, a.e. We now define the measurable set £ C X x Y
as follows:

E={(z,y) € X xY : (0,(2),0,(y)) € E}.
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Then, using [1, Proposition 11.7.2]

hely) = /X (@, y) du(z) = /X Yo(0u(@), 0 (y) du(z)

= | xels o) ds = ha(ou) = g () = sl v-ae

Analogously, one can prove that vg(x) = f(z), p-a.e. O

Remark 2.11. As direct consequences of Theorem 2.10, with the Lebesgue measure
on R and the counting measures on finite sets, we recover Lorentz’s result, Theo-
rem 1.1, as well as Gale-Ryser’s Theorem 1.2 for matrices in the discrete setting.
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