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Appendices

A Dynamics of single synapses

Let x be the input pattern exciting a neuron. Without loss of generality, we assume that it arrives
at t ∈ [0,∆). The spike train in the j-th channel {tji} is a stationary Poisson point process with
the rate fj = fmaxxj . Then, Nj = fj∆ is the expected number of spikes the neuron receives from
this channel.

By integrating Eq. (6) from the main text, we get the dynamics of the synaptic random variable:

yj(t) =
∑
i

e−
t−tji

τs H(t− tji), (A.1)

where H(·) is the Heaviside function. Then, the expectation (over the ensemble) of yj is given by

E [yj ] (t) =
Nj

∆

∫ ∆

0

e−
t−tji

τs H(t− tji) dtji =

= fjτs

(
1− e−

t
τs

)
.

(A.2)

Then, Eq. (10) from the main text follows. For t ≫ τs, we can approximate:

E [y] (t) ≈ fmaxτsx. (A.3)

We can write Eq. (8) from the main text in the form:

ẇj = −Aj(t)(wj −Bj(t)), j = 1, . . . , n, (A.4)

where

Aj(t) = µyps(t)(1 + ηyj(t)), Bj(t) =
ηyj(t)

1 + ηyj(t)
. (A.5)

Approximating y by its expectation (A.3), we obtain

ẇ = −a(t) ◦ (w −w∗), (A.6)

where a(t) = µyps(t)(1 + ηfmaxτsx) and

w∗ = x⊘ (α+ x), α =
1

ηfmaxτs
. (A.7)

Finally,

w(t)−w∗ = (w(0)−w∗) ◦ e−
∫ t
0
a(s)ds. (A.8)

Thus, each postsynaptic spike leads to an exponential convergence of w(t) to w∗ (see Fig. 2C in
the main text).
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B Neuronal firing to frequency patterns

B.1 Response to a novel stimulus

We assume that a neuron has random synaptic weights w(0) ∼ Un[0, 1] and it receives a random
pattern x ∼ Un[0, 1]. Then, the probability of firing to the pattern is:

Pfr := Pr (E [I] > θ) , E [I] =
β

n
⟨w,E [y]⟩ − γ. (B.1)

Using the expectation (Eq. (29) in the main text), we get:

Pfr = 1− Pr

(
ρ ≤ θ + γ

βτsfmax

)
= 1− Pr

(
ρ ≤ λ

4

)
, (B.2)

where ρ is the pattern-synaptic match (Eq. (13) in the main text) and λ is the inhibitory-excitatory
ratio (Eq. (15) in the main text). Since ρ implies a sum over n ≫ 1 i.i.d. terms, we can use the
Central Limit Theorem [1] and approximate the distribution ρ ∼ N (µ, σ/

√
n). The mean and the

standard deviation of the product of two independent random variables uniformly distributed on

[0, 1] are: µ = 1
4 and σ =

√
7

12 . Then, Eq. (B.2) yields Eq. (14) in the main text.

B.2 Response to the learned stimulus

After learning stimulus x, the synaptic weights are given by Eq. (11) from the main text. Thus,
the pattern-synaptic match is:

ρlrn =
1

n

n∑
j=1

x2
j

α+ xj
. (B.3)

Then, the first two moments are:

µlrn = E

[
x2

α+ x

]
= f1(α), σ2

lrn = E

[
x4

(α+ x)2

]
− µ2

lrn = f2(α), (B.4)

where, after simple but tedious calculations, we get the expressions for f1,2(α) provided by Eq.
(18) from the main text. Then, similar arguments as in Sect. B.1 give the firing probability:

Pfr = Φ
(√

n(µlrn − λ/4)/σlrn

)
, (B.5)

which yields Eq. (17) in the main text.

B.3 Response to arbitrary stimulus after learning

After learning stimulus x, the response to another stimulus ξ ̸= x is defined by the pattern-synaptic
match:

ρoth =
1

n

n∑
j=1

xjξj
α+ xj

. (B.6)

Then, we get the moments:

µoth = E

[
xξ

α+ x

]
= f3(α), σ2

oth = E

[
x2ξ2

(α+ x)2

]
− µ2

oth = f4(α), (B.7)

where the expressions for f3,4(α) are provided by Eq. (20) from the main text. Then, we get the
firing probability to an arbitrary stimulus after learning x:

Pfr = Φ
(√

n(µoth − λ/4)/σoth

)
, (B.8)

which yields Eq. (19) in the main text.
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