WEIGHTED ESTIMATES FOR BOCHNER-RIESZ OPERATORS ON
LORENTZ SPACES
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ABSTRACT. We present new estimates in the setting of weighted Lorentz spaces of operators
satisfying a limited Rubio de Francia condition; namely 7" is bounded on LP(v) for every v
in an strictly smaller class of weights than the Muckenhoupt class A,. Important examples
will be the Bochner-Riesz operators By with 0 < A\ < "T’l, sparse operators, Hormander
multipliers with limited regularity and rough operators with € L™(X).

1. INTRODUCTION

Let
[ =] flae®*¢dx, ¢eR,
Rn

be the Fourier transform of f € L' (R?) and let ay = max{a,0} denote the positive part of
a € R. Given A > 0, the Bochner-Riesz operator B) is defined by

ByJ(©) = (1~ [EP)} £(©).

These operators were first introduced by S. Bochner in [6] and, since then, they have been
widely studied (see [7, 8, 9, 14, 22, 26, 40, 42, ...]). The case A = 0 corresponds to the
so-called disc multiplier, which is unbounded on LP(R") if n > 2 and p # 2 (see [21]). When
A > ”T71, it is known that B) f is controlled by the Hardy-Littlewood maximal function M f.
As a consequence, all weighted inequalities for M are also satisfied by By. The value A = ”Tfl
is called the critical index. In this case, X. Shi and Q. Sun [38] proved that B no1 is bounded

on LP(v) for every 1 < p < oo and v € A,. The weak-type inequality for p = 1 was first
settled by M. Christ [16], who showed that B._1 is bounded from L(R") to LY*°(R"), and

2
the corresponding weighted weak-type inequality was obtained by A. Vargas in [42], where
she proved that Bn_1 is bounded from L!(v) to L1 (v) for every v € A;.
2

Below the critical index, 0 < A < 251, B, is not bounded on LP(R") for the whole range
1 < p < co. For instance, in dimension n = 2, L. Carleson and P. Sj6lin [8] proved that B)
is bounded on LP(R") if and only if p > 1 and
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or equivalently, 0 < A < % and

<p< .
342x PSS 19
Moreover, A. Seeger [37] showed that the corresponding weak-type inequality at the endpoint
4 4
By : L32% (R™) — L3+2x°°°(R™) also holds.

For higher dimensions it is already well known that B) is not bounded on LP(R™) for
p < n+1+2A or p > —2%  (see for instance [19, Theorem 8.15] or [22, Proposition 5.2.3]).
Furthermore, it was conjectured the following:

Conjecture 1.1 (Bochner-Riesz Conjecture). By is bounded on LP(R™) if p > 1 and

1 1 1
/\>/\(p):max(n >3 —2,0>,
or equivalently, 0 < A < ”T_l and
2n 2n

11 _an _en
(L.1) ntlton PSS T1oan

This has an equivalent formulation (see for instance [28]): let 11_; /4174 < X < Lj—1/2,1/2)
be a Schwartz function, and set S to be the Fourier multiplier with symbol x((|¢| —1)/7),
T>0.

Conjecture 1.2. For p > 1 such that n ‘% — %‘ < %,
S;: LP(R") — LP(R"), 0<7T<1,
with constant controlled by Co77¢ for all 0 < e < 1.

However, the Bochner-Riesz conjecture only has been partially answered and the best results
known are currently due to Bourgain and Guth [7] (see also Lee [30]). We summarize it here:
if ¢ = max(p,p’) satisfies

2(4n + 3) _
m n = 0 (mod 3),
2 1
q> :jl n =1 (mod 3),
4(n+1)
_ =2
o 1 n (mod 3),

n

then the Bochner-Riesz Conjecture holds for 0 < A < 251 and p in the range of (1.1).

Moreover, under the condition _1) < XA < 2L the corresponding weak-type inequality

St 1) 2

at the endpoint By : LFes —y [arien™ was settled by M. Christ [15] and extended to
A= (n +1) by T. Tao [40], while it remains unknown for the range 0 < A < 2(n +1) This is
the so called endpoint Bochner-Riesz conjecture (see for instance [41]) and we observe that
if it holds for some A, then by duality and interpolation the Bochner-Riesz conjecture holds
for such A as well.
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Now, let us consider for a positive and locally integrable function w in R™ the primitive
W(t) = fot w(s)ds. Given an operator 7', let us define the class

WT) = {0 < w e Lio(RY) : (T W (1) < Cy /OO S (s)w(s)ds, ¥t > 0, Vf € MR™)}
0

and its corresponding norm [[w|lyy,ry to be the infimum of all constants Cy,. Then, one can
immediately see that

1—n+2X

w(s)=s 2» € W(B)) — Bochner-Riesz conjecture holds for Bj.

The original motivation of this paper was to study the class W(T') not only for the Bochner-
Riesz operators but also for other interesting operators in harmonic analysis having in com-
mon some properties connected with weighted estimates; namely,

T: LP(v) — LP™(v),

for every v in a certain subclass of the Muckenhoupt weights A,,.
In particular, and as a consequence of our main results, we will obtain boundedness on
weighted Lorentz spaces AP(w) defined by

S 1/p
Ap<w>:{feM<R”>:||f||Ap<w>:( [ v a) <oo}-

Continuing with the boundedness of the operators B), let us mention that, above the
critical index it is reduced to the study of the Hardy-Littlewood maximal operator over
these spaces (see [3]), while for the critical index A = 251 this was done in [4]. So we will
concentrate in values for A ranging below the critical index.

In two recent papers [26, 28], new weighted estimates for B) have been proved using the
fact that the Bochner-Riesz operators can be dominated by sparse type operators. As far
as we know, these are the best weighted estimates known together with the results for the

(2,2)-strong type inequality in [9, 14]. We summarize the results here.

Definition 1.3. Given 0 < a,8 <1 and 1 < p < 0o, let us define the class of weights

AP%(C%B) = {0 <ve L}00<Rn) U= Ugvlﬁ(l_p), v € Al}
Remark 1.4. We observe that
vE Ay T VEALgpo

Let us start stating the result for dimension n = 2 where the conjecture has completely
been solved.

Proposition 1.5. Letn =2 and 0 < X < 1/2.
(1) [9, 28] For every 3 < qo < 4,

By: L®(v) — L(v), v € Agsanan:
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(2) [26, Corollary 1.3]

_4 A . 342X
By : L3+ (U) — L3¥2x>® (’U), v E A3+42>\;(3i§/\,0) (Z.@. v 2Z € Al)

T4+4)
In particular, in this case, the operator norm is bounded by c(n, A) [[v]| 4! -

For n > 2 we have the following result.

Proposition 1.6. Let 0 < \ < "T_l
(1) [9, 28] If gqo = 2 or qq is such that f—fl < qo < 2 and Conjecture 1.2 holds with p = qq,

B)\:qu(v)—>Lq°(v), UEAqO-(A A)

\n—1"n—-1

And, by duality,
B)\ZLqé(v)—>Lq6(U), UEA%;(%V%).
(2) [14] If giniyy < A < "3, then

By : L2<1)) — LQ(U), Yv € AQ;(M,O) U A2;(07ﬂ).

This type of weighted inequalities are also satisfied by other operators such as the Hérman-
der Fourier multiplier m € M (s,l) with | < n (see [27]), among many others. And this is
the starting point of this paper. We want to use the information about weighted estimates
on Lebesgue spaces to study the class W(T') and, as a consequence, to obtain boundedness
on weighted Lorentz spaces. To this end, we need to adapt the ideas in [4] where the case
A = 221 (for the Bochner-Riesz operator) and the case [ = n (for the Hérmander multi-
plier) were considered and the following result was proved (see definitions in Section 2): if T’
satisfies that

T:L'(v) —» LY (v), Vv € Ay,
with constant less than or equal to ¢(||v||4,), with ¢ an increasing function on (0, 00), then,
BF N BL c W(T)
with [|w]|yyr) < CleHBzup (Co||w||s,) for some universal constants Cy,Cy > 0.

We write A < B if there exists a positive constant C' > 0, independent of A and B, such
that A< CB. If A S B and B S A, then we write A = B.

Definition 1.7. We say that f is quasi-decreasing, and we denote by f ~|, if
ft) < f(s), 0<s<t.
If —f is quasi-decreasing we say that f is quasi-increasing and we denote it by f ~T.
The first main result is the following:

Theorem 1.8. Let 1 < pyg < o0, 0 <a<1,0< <1 andlet T be a sublinear operator
such that

T : LP°(v) — LPO>°(v), Yo € Apgia,p)s
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with constant less than or equal to p(|[v|[4,, 4, 1)), with ¢ an increasing function on (0,00).
Set

Po ;o p6
) p— _'1 475'

Then,
Bp% ﬂB;+ C W(T),

or equivalently, if there exists some € > 0 so that

Wt Wit
PO ~p ana 2 o,
L_ +e

tp_ tp+

then w € W(T'). Moreover, it holds that
lwllwery < @(lwls , »lwls; ),
D_

where ® is an increasing function in each variable depending on .

By taking T'= M o M with M the Hardy littlewood maximal operator, it is clear that the
above result is false with € = 0 since T satisfies the hypothesis of our theorem with o = 1
and B =1 but it is not of weak type (1,1).

Remark 1.9. Recall that a weight v belongs to the reverse Hélder class RHg, 1 < s < 00, if
for every measurable cube Q C R",

/s
(@) =l

It is known that v € A, N RH, if and only if v° € A, withr = s(p— 1)+ 1 (see for instance
[24, (P6)]) so that when o > 0,
Ay as =Are NRH ’y
va( ’5) P (%)

which keeps some symmetry with the class of weights B 1 N By, .
p_

Corollary 1.10. Let 0 < p < co. Under the hypotheses of Theorem 1.8, if there exists some
e > 0 so that

(12) WO o ad 2O
tP_ tp+

we have that
T : AP(w) — AP(w).
Our next main result reads as follows:
Theorem 1.11. Let 1 <pg < oo, 0 < a <1, and let T be a sublinear operator such that
T : [P (v™) — LPO®(0®), Vo € Ay,
with constant less than or equal to ¢ (||UHA1), where @ is an increasing function. Then,

B% nB%, c W(T),
11—«

PO
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or equivalently, if there exists some € > 0 so that

W71® =l and ——

tro t Po

then w € W(T'). Moreover,

Po
1 | Cllw| g >, 0<a<l,
lwlwery S llwllgr < e

e (Clulpy),  a=1

Corollary 1.12. Let 0 < p < oo and let us assume the hypotheses of Theorem 1.11.
a) If

W (t W (t
Z(,)m¢ and 35>0:%%T,
2 pi—a)
tro t ro
then
T : AP (w) — AP (w).
b) If
W (t W (t
e >0: L(—Z ~|] and % ~T,
tPo t e TF
then

T : AP(w) — AP(w).

Remark 1.13. Although Theorems 1.8 and 1.11 are stated with T being a sublinear operator,
which is enough for the applications that we present in Section 4, they can be proved without
this hypothesis. In fact, we only need this condition when applying interpolation in Corollaries
1.10 and 1.12.

The paper is organized as follows. In Section 2 we present some technical lemmas and
previous results which shall be used later on, and Section 3 contains our main results. The
last section will be devoted to obtain estimates in the setting of weighted Lorentz spaces for
the Bochner-Riesz operators in the critical range, among others, such as sparse operators,
Hormander multipliers with limited regularity and rough operators with 2 € L"(3).

2. DEFINITIONS, PREVIOUS RESULTS AND SOME TECHNICAL LEMMAS

Given 0 < p,q < 0o, w a positive locally integrable function defined on RT and W (t) =
fg w(r) dr, the weighted Lorentz space AP(w) is defined by the condition ||f||pr.a() < 00
where

(/OOO f*(t)qvv(t)i—lw(t)dt>q, q < oo,
sup £ ()W (1)7, g= o0,

>0
where Ay and f* are, respectively, the distribution function and the decreasing rearrangement

of f defined by

|’f||AP’q(w) =

Ar@) =Kl >t fH@) = inf{y > 0: Ap(y) <t}



WEIGHTED ESTIMATES FOR BOCHNER-RIESZ OPERATORS ON LORENTZ SPACES 7

Observe that if w = 1, AP9(w) coincides with the more usual case LP9. We should also
emphasize here that for 0 < ¢ < oo,

APU(w) = AU(T),  W(t) ~ W(t)?.

and, similar, AP (w) = AV (@), with W (t) ~ W(t)% Besides, these spaces satisfy the
embeddings
Ap7q0 (w) (SN APle (w)

continuously for 0 < ¢gop < ¢1 < oco. For further information about these notions and related
topics see [5, 12]. Therefore, with this notation,

weW(T) <= T:A(w)— AY>®(w),
with
lolbary = ITlat oty = 590 T Fllxsoouy-

Hf”Al(w)fl

Let us consider the Hardy-Littlewood maximal operator M, defined for locally integrable
functions on R™ by

1 n
M) = s (o /Q FWldy, @ eRY,

where the supremum is taken over all cubes Q C R containing x. It is known [34] that for
every 1 < p < o0,
M:LP(v) — LP(v) <= wvEA,

where v € A, if v is a positive and locally integrable function in R"™ (i.e., v is a weight in R™)

such that ,
1 p=
Iolla, = sup (@ /Q v(x)dx) (@ /Q v(a:)“ﬂd:c) “ .

Moreover, if 1 < p < oo,
M : LP(v) — LP>®(v) <= vEA,

where v € A; if v is a weight in R™ such that

[vlla, =

Mv H
— < o0.
v o
Also, in the context of restricted weak type inequalities, the following result was proved in
[17, 25]:
M : LPY(v) — LP™®(v) <= we€ AZ},
where a weight v € A;z if
_ 1 -1
Ivllag = sp 53l @™y <
Moreover,

M| o1 (0)— Lo (v) S 0] aR-
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Concerning the boundedness of M on weighted Lorentz spaces we have (see [3]) that for

every p > 0,
M : AP(w) — AP(w) <= w € B,

where -
™ fo min(1, %)pw(r)dr
w =su
B =50 W)
and
||M||Ap(w) = ||M||Ap(w)—>AP(w) < ||wHBp-

Also, since for W (t) ~ W(t)%,
M : APHw) — AP®(w) = M :A(0) = AV>®(0),
and we have that ([10, 13])
M : AP (w) — AP™®(w) <= we BF,
where w € BZ} is defined by
lullgg = sup SO o
w = s —_— :
By 0<s§2?<oo tW(3>1/P
Further,
M| Ap1 (w)—s apoe ) S ]| BR-

For 0 < ¢ < p < o0, it is easy to see that BZIz ¢ B, ¢ B;z with [|w| gr < ||w|]gf <
P

T ||quB/§. Indeed, it is known that ([3, 35]) for 0 < p < oo,

W(t)
pro= ~l .

Also, we say that w € Ay if there exists C' > 0 such that W (2r) < CW(r), for all r > 0
and it holds that, for every 0 < p < oo, BZ} C Ag, and if w € Ay, AP(w) is a quasi-Banach
r.i. function space (see [12]).

Let us recall now, that given a r.i. space X, the associate space X' is defined by the
condition

(2.1) we B, <= J>0:

| fllxr = sup /Ooo f()g*(t)dt < cc.

lglIx<1
To prove our main results we need several estimates on the boundedness of the operators
Myf=M (fl/a)a, 0 < a < 1, on the corresponding associate spaces (AP(w))’. To this end,
the following classes of weights are going to be fundamental.

Definition 2.1 ([36]). A weight w € B%, if and only if

1 EW(r)
wl|lgx = su dr < oo.
Jollse, = sup oo [ =)

Definition 2.2 ([29, 36]). Let 0 < p < co. A weight w € B, if and only if

AN
wl||px = sup —— - w(r)dr < oo.
lllss =5 i [ (5) o
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It is known that ([29, 33]) for every 0 < p < oo,

W(t)

tote

(2.2) we B, <= 3>0: ~1 .
Besides, direct from the definition, for 0 < ¢ < p < o0,
B, C B, C B,
and, for every 0 < p < o0,
(2:3) By = |J B
0<g<p
Indeed, (2.3) also holds for p = oco:

Lemma 2.3.

W)
e T

Proof. Since B, C BS,, by (2.2), it is enough to see that if w € B}, then there exists some
p > 0 such that w € B. Let W : (0,00) — (0,00) be defined as

weE By <= F>0:

W) ::sup{g//((g:0<tgks}: :Bp)m.

It was seen ([1, Lemma 2.6]) that w € B} is equivalent to the existence of some u € (0, 1)
such that W (u) < 1. What’s more, arguing similar as in [1, Lemma 2.7], it can be seen that
w € By is equivalent to the existence of some p € (0,1) such that W(u) < p'/?. Therefore,
given w € B and taking p great enough, it holds that W (u) < 1 implies W () < p/?.

]

Hence, from Lemma 2.3, (2.1), (2.2) and the definition of BZ}, it follows immediately that
for every 0 < p < 00, 0 < ¢ < o0,

W (t W (t
weB1NB;, <<= J>0: 1()%¢ and 1()zT,
D t;—a E-‘r&
and
W(t W(t
weBYNB, <+ f)m and e >0: 1()%T.
P tr ta™®
Example 2.4. a) Let 0 < p < oo and take w(r) = r’~1. Then,
weB, <<= ~v<p and wEBZ,2 — ~v<p
with |wllg, = ;% and Hw”B}} = 1. Moreover,

1
we B, < 7>2; and we B, << ~v>0

with [[w] 5, = 27 and ul
P

By, ~ y°
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b) Let 1 < p < q < oo and set, for every m € N,

1\ 1_q
W (1) = 1+log+; e .

By induction on m, it is easy to see that w,, € BZ} N By with

pq m-+1\]™
=1 d L < .
”meB%2 an ”meBq N [(q—p) ( m >] (m+1)

¢) Similarly, let 1 < p < q < 0o and set, for every m € N,

o 1_
Wi (1) = (1 +log,. r) et
Then, W, € B]Z,z N By with

m
- - pq 1
il ST and il < | 2| o1yt

Lemma 2.5. Let 0 <p<1. Ifw € BZ}, then for every measurable set E C R™,

IxEll(Ar @)y < HwHBR £]
(AP (w)) A ”/'(E)l/p.
Proof. Tt is known [12, Theorem 2.4.7] that

t
h*(s)ds
B[l (A (w)y = sup fOil’
t>0 P

W (t)
and hence
min(¢, |E|) |E|
[IXEll(Ap(w)y = iggW < HwHBZ}WlTQE])'
]
Proposition 2.6 (]2, 4]). For every 0 < p < oo,

M| apyy S lwllBs,  and  [[M]|ap1 )y S llwl]Bs, -

From the above results we are now ready to estimate the boundedness of M,, 0 < a < 1,
on the associate spaces (A? (w))’ for 0 < p < 1. To do so, we need this technical lemma:

Lemma 2.7. Let 0 <p<1,0<a <1 and

V() = inf {max <: 1) W(r)i} .
If )
A ARSI RS

Mo fll(ar )y S AvIFIlarw)) -
Moreover, if My : (AP (w))" — (AP (w))’, and w € As, then Ay < co.

then
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Proof. Since

17| (AP (w)y = sup

1 t
- / h*(s)ds
t>0 W(t)E 0

and fo h*(s)ds is a concave function, we have that

1 *
/0 B (s) ds < (|l argayy W(0)F <= /O B () ds < |[Bllar oy V),
and hence
My = sup 77 / B*(s) ds = ||l ar(aryy-

First assume that Ay < oco. Then,

[[Mafll(Ar(w)) = sup Vt ) / ((M(fl/a))*(s)>a i

A~ su 1/adr> ds < su /( / *( 1/°‘dr) ds
t>gV /( /f t>gV /

< Av|lfllar@vyy = AvIIfIllar )y

Conversely, the first observation is that since M f < M(f%))®, the boundedness of M,
implies the boundedness of M and hence, since w € Ay (so that (AP(w))’ is a Banach space
[12]) we already know that the derivative of V' must satisfy dV € BZ ([4]).

V(r)

,
g(x) = f(Cyplz|™), x € R, where C,, is the volume of the unit sphere in R™, we have that
g* = f and thus

=ty [ (L (4) )

1 [tv(r)
< w)) = Su / dr < ||[dV||px < .
9!l (A ) S TIr Rl A |dV|| Bz,

Now, since V is concave, the function f(r) = is decreasing and hence, if we take

(AP (w))’

Lemma 2.8. Let 0 <p<landO<a<1l. IfweB*, |, then

(I—a)p

[0
HMamep(w)ys(—wn wlg? 1 f )y

l1—a)» T=ap

Proof. Observe that, by Lemma 2.7, it is enough to see that
Ay S

pt+1 || )

Hl/P
l—a)r m

and we have seen in the proof of Lemma 2.7, that

s [T o) o
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. o : : : 1
Now take s > 0. By the Minkowski’s inequality applied with the exponent — > 1,
e

L)) = (L (L")

«

< — d d
=5/ A X(o,s)(T)X(O7V£r>>($) r €L
1 [ a [*V(r) dr

= ¢ (x)dx =

= v _
s Jo o X)) s Jo r rlma

1
Therefore, using that V(t) < W(t)» and the Minkowski’s inequality again with exponent
1
— > 1, we obtain that
p

t s )] @ Ly g . 1 .
W(ltﬁ/o (2/0 m)]l dr) dsSW(lt)é/o sa/o s
a o W (r)s dr t 1—a)p
l1-a (I;/l(t);la/o W(’r) r?—a) = (1_104)1/p (Wl(t)/o (i>( w(r) dr>

1 1/p

< o, lwllp
= 1 B s
(1 —a)t/r =%

1/p

IN

and the result follows.

Lemma 2.9. Let 0 <p<landO<a<1l. IfweB*,; |, then
(1-a)p
1

o 1
1Mo fllart )y & — 737 lwllp- |
l—a)» T=ajp

Proof. Recall that AP (w) = A (@) with @ = W/P~1y. Therefore, by Lemma 2.8

11 ar 1 )y -

o N
Mol apr wyy = Mallar @y < A—ap @] g

_a)

I—a

Now, integrating by parts and using the Minkowski’s inequality we obtain that

[(&) a0 [ (D) worruo

1 t=o LW (r)r dr
pW(t)r +p (r)? dr

IN

1—af, !

IA
E
=
+
—_
\
QI3
—
+
S
/N
c\“
TN
S | o+
S~
T
L
S
=4
=
QU
=
~

INA
i

=
4
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and the result follows. ]
Definition 2.10. Given 1 <pg < oo and 0 < a,p <1, set

Py P
1—a’ - 1=
and, for every p € (p—,py), take 0 < a(p), B(p) < 1 such that

b+ =

/

. p o p
Ti-al) 180

To end this section, we present an extrapolation theorem that we shall need for our pur-
poses (see [9, Theorem 2.7] and [20, Theorem 7.1)).

D+

Theorem 2.11. Assume that for some family of pairs of functions (f,g), for some 1 < py <
o0 and 0 < «a, B <1, a and B not both identically zero, and for all v € A, . g)

g1l zro.oo ) < (vl 450 )I|.f 1 270 (0)
where ¢ is an increasing function in (0,00). Then, for every p— < q < py and for every
v € Ag(ala) 50)

|
lgllzacey S | € [0 151124y

Tq

with rg =1+ %(q —1).

~

3. PROOF OF OUR MAIN RESULTS
Proof of Theorem 1.8. Assume first that o < 1 (i.e., p4 < 00) and let w € B_1_ NBy, . Using
p_
(2.3), we have that

By, =B = |J B |
1-a(p_) p_ < q<po 1—a(q)
with
alg)=1--L  and  alp)=1-2,
P+ b+
and hence, we have that there exists some p_ < ¢ < pg < py such that w € B*,_ and

1—a(q)

0 < a(q) <1,0< B(q) <1. Besides, by Theorem 2.11, for every v € Agi(alq),8(q))

alg) (5=
N (35 )> 11 Law)s

Tq

1
pala)

T fll L) S (C‘

with rg =1+ %(g —1). So, let us see that w € W(T'), or equivalently,
T fllavoe ) S ILF1A1 ()
Let 6 = i < 1. Since we have that w € By, we can define
> Ak (fl/é) (x)

Rsf(x) == [R (fl/é) (x)r N =0 (zy\MHAé( ))k
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Then,

i) f(z) < Rsf(x) a.e. x € R™,
i) R(7) € Ay with RGP, < 20M g5
iii) and, since A%(w) C A% (w) and A%*°(w) is a Banach space for w € Bj (see [39]),

é
2 [MF(F0)] | poce
1Rs fllaroew) < ol B2 [T
=0 (21l
Moreover, by Lemma 2.8, since w € B* ; |, we can define, for an arbitrary nonnegative

(—-a(9)s
function h € (Aé(w))/a

(q)
(3.1) Sa(g)h() = [S (hl/a(q)) (xﬂa(Q) _ i MFE (M @) () |

k/a(q)
k=0 (2!\Ma<q>H<Af‘(w>>’>

so that
i) h(z) < Sugh(x) ae. x € R,
ii) S(hl/a(q)) € Ay with HS(hl/a(Q))HAI < (2 HMQ(‘I)H(At?(w))/

iii) and, since (A%(w))’ is a Banach space (see [12]),

)1/04(11)

ISa@Pll sy <

Let y > 0 and observe that since 6(¢ —p—) = 8(q)(¢ — 1),

v = Rsf (@) "Satq) (X(eoy) = | B (1°)] s

Hence, for every v > 0,

i) < Amys(ow) + [ da
{ITf|>y,Rs f<vy}
oyl _
< Arsr(vy) +11 p‘y,ﬁ T Rs f(x)P~"9S0) (X{iTf9}) (2) daz
o Po—P— q
N s
5 )‘Rsf('yy) + 'Yq_ZL . flL (x)Sa(q) (X{Tf>y}) (:C) dx.

yp - Rn
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Now, by the Hélder’s inequality,

IN

4
AT @S (Xqrsg) @) de < IS 34w 1Sata) (i) llas )y

4
S AR I sl as )y

1/ 1/8 Ay (y)
S HfHAl(w)HwHBé WY (Aps(y))’

where in the last estimate we have used Lemma 2.5. Therefore, since § = pi,

yWrs(y)

o /p,
() P07P q
(35 >) 1£11a o)

Tq

o) (22=)\ """
= )> £ 1AL (w)-

Tq

1
pala)

<
< max [ yW (Ale(’yy)> = lwlls @ (C‘
pP— P—

_1_
v ela)

N

1 a1
max | 97 [fwlls, ¢ | C|
Y P

Thus, taking the supremum in y > 0 and the infimum in ~ > 0,

Po—P_
(552 >> 1A (w)-

@
Arg

1
pala)

p;
T fllavee@w) S lwllg | @ (C’
P

Finally, since

v = (Sa(gh) (Rsf)'~ "7 = [S(hl/o‘(q))R(fp*)l—rq}a(q) ’

then (see [20, Lemma 2.1])

1

— « _\|Tq— o ro— 1/a Tq—
‘va(w < Hg(hl/ (q))‘ |R(fP )le 1 < 9l/e(g)+re—1 HMa(q)H / (i) 1M qu ’
rq Ay (AP— (w)) AP= (w)
so that
T fllavee (w) < Cuwll fllar(w)s
with
e po—PpP
T a(q) e P S
Cw S |wl| 4 C|l—F—|w|'s w
H HBP%SO (1 — a(q))1+p7 H |B(lpa(q>>] H HBP%

If « =1, then p; =00 and w € B1 NBX,. So, arguing identically as before but with ¢ = po
p_
and a(g) = 1, in addition to use Proposition 2.6 instead of Lemma 2.8 to define (3.1), we get
that
T fllAvee (w) < CuwllFllar(w)
with

P Po—P—
Cuw S lJwllg’, ¢ (IIw!B;O lwlig"s > :

p_ p_
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Proof of Corollary 1.10. Let w := W/P~1w. Hence, observe that

W (t W (t
we By NBp, = Je>0: p()z¢ and p()zT
P— 'y tZ_a tﬁ-i-&
= veBi NB;

w - P+

Therefore, if w € B» N B%, , by Theorem 1.8, we have that
Y

T : A(0) — AV (),
and hence
T : AP (w) — AP®(w).
Now if w € B» M B}, , there exists some § > 0 such that w € Bp—s N B%, and w €
Byis N B, . Heffce,

P p+95

D P p—9

T: AP w) — AP70®(w)  and T : APPSO (w) — APTO® (),

and the result follows by interpolation on Lorentz spaces [12, Theorem 2.6.5].
O

Proof of Theorem 1.11. The proof essentially follows the same steps as the proof of Theo-
rem 1.8 with few modifications. For the sake of completeness, we have added it here.

Let w € BY N B*, . First, by Lemma 2.9 (when 0 < a < 1) and Proposition 2.6 (when

PO 11—«

1 /
a = 1) we can define, for an arbitrary nonnegative function h € (APO ’1(w)> ,

r 7o

Roh(z) := [R (hl/a> (x)r‘ _ i Mk(hl/a)(:c)

k=0
2l

k/a

Then,
i) h(z) < Ryh(x) ae. x € R™,
1/
ii) Roh € Ay with ||R(RV*)[], < |2 HJ\@\I(A;W1 w)), ,
!/
iii) and, since (A%’l(w» is a Banach space (see [12]),

(32) R ) =2 )

Let y > 0 and observe that v = R (X{Tf>y}) € Ay. Then, we have
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e (I[vll4,)"
A <y>s/ R (x (e)de < T2 ppm L
s o (Xqzs1>91) o o,
o (ol )™ (= o \”
~ Ay
R /O [ /{ 1oy e (Ocrssay) (ff)dfﬂ] dz
@ (loll4,)"
<71 1 ’,
S IR HX{Tf>y}H(Am,1(w))

where in the last estimate we have used the Hélder’s inequality and the property (3.2) of R,.
1 ~
Now, since A%’l(w) = Al(w) with W (t) ~ W (t)P°, by Lemma 2.5

o (vl 4,)" Ary(y)
A ys———é;ff w —
Tf( ) yPo H ’ 1(w) H ”B;io Wpo()\Tf(y))
Thus,
1
17 Flarouy S Nl & @ (lolla,) 1Flas gy
PO
and since

Q=

Po
Hw”g*&7 O<O[<1,
lolla, < 1 21Mally 2+, ] S o
() :
lwllg: ,  a=1,

the result follows.

Proof of Corollary 1.12. The proof follows the same pattern as in Corollary 1.10. O

4. APPLICATIONS TO THE BOUNDEDNESS OF OPERATORS
4.1. Bochner-Riesz B,.

Corollary 4.1. Letn =2, 0< A < % and % < qo < 4. If there exists some € > 0 so that

W) wit)
t1+2x(§gofl)7€ ~) and t1;§A+8 ~1
then
w € W(B)).
Proof. By Proposition 1.5 (1), we have that
9o q0
Pe=19n M PTG o

and the result follows by Theorem 1.8. O
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Corollary 4.2. Letn=2 and 0 < A < % If

W(t) W)
(4.1) ez ~| and Fe>0: e ~1
then

' 3+2>\ 744N
w € W(B)) with @l S lwligg | lwlgy
3422 3
Proof. By Proposition 1.5 (2), we have that
J 2\
= a. =
Po=3%an 0 YT 30

and the result follows by Theorem 1.11. O

Remark 4.3. As a first ezample of Corollary 4.2, if we let w(s) = s 2 then we conclude
that w € W(B,); that is

4 4
By : Laiznl .y 33

and, as expected, we obtain that the Bochner-Riesz conjecture holds for By when n = 2.
We also obtain spaces for which the boundedness of By was not previously known. For
istance, taking w.,, and Wy, as in Examples 2.4, we have that

AT (1) o3 LTl s ATl (i,,)  and AT (wy,) <3 LI oy AT (),
and
4 4
By : A5 (wy,) — Ava(wm) By : AFR () — AT (wm).

Corollary 4.4. Letn > 2,0 < XA < %L and gy = 2 or let gy be such that =% < qo < 2 and
Conjecture 1.2 holds with p = qo. If q E {qo0, qy} and there exists some € > 0 so that

W(t) W(t)
— e & d ——— =~
e~ ot e
then
w e W(B)\)
Proof. By Proposition 1.6 (1), we have that for ¢ € {qo, ¢,},
g(n—1) g(n—1)
= - d _ =
Pr= 1oy P n—1+2\g—1)
and the result follows by Theorem 1.8. (|
Corollary 4.5. Letn > 2 and 2(n+1) <A< RIS
W(t) W@ W@ (t)
?N\L and de >0: mwlr or de > 0: WN\L and t%+€ NT

then
w e W(B)\)
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Proof. By Proposition 1.6 (2), we have that either

142X
po=2 and o= +
n
and the result follows by Theorem 1.11, or
2n
=2 d po=——
P B S )Y
and the result follows by Theorem 1.8. g

4.2. Sparse operators. These operators have become very important due to its role in the
so called Ay conjecture consisting in proving that if 7" is a Calderén-Zygmund operator then

T2y S Nollas |11 L2(w)-

This result was first obtained by T.P. Hytonen [23] (see also A.K. Lerner [31, 32]). Let us
give the precise definition. A general dyadic grid D is a collection of cubes in R™ satisfying
the following properties:

(i) For any cube @ € D, its side length is 2* for some k € Z.
(ii) Every two cubes in D are either disjoint or one is wholly contained in the other.
(iii) For every k € Z and given 2 € R™, there is only one cube in D of side length 2*
containing it.
Let 0 < n < 1, a collection of cubes § C D is called n-sparse if, for every @) € S, there exist
pairwise disjoint measurable sets Eg C Q with |Eg| > n|Q)|.

Definition 4.6. Let 1 <r < oco. Given a sparse family of cubes S C D, the sparse operator
is defined by

1 r Hr n
Ar,sf(ﬂf):%(@ /Q f<y>dy) volz), zeR

The boundedness of A; sf over the Lorentz spaces AP(w) was settled in [4]. Here we deal
with the case 1 < r < o0o. To do so, first we present the following restricted weak-type
inequality for the sparse operator A, s. The proof follows by duality using the same ideas as
in [11, Theorem 4.1] with the obvious modifications.

Proposition 4.7. Given 1 < r < p < oo and a weight v € A%. The sparse operator A, s
satisfies the weak-type estimate '
r+p
HA’/‘,SfHLp,oo(v) S H’UHA;EQ HfHLPvl(v) :
Observe that, in particular, for p = r we have v € A; with pg = r and o = 1. Consequently,
by Theorem 1.11 and Corollary 1.12:
Corollary 4.8. If

t
~| and Je>0: W)

. =~

then )
. P 2
wEWys)  with  [wlhya, g S el el
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Moreover, if for 0 < p < oo,

t
Wg);ui and E|€>0:W
tr t¢

then
A.s : AP (w) — AP (w).

4.3. Hormander multipliers. Let m be a bounded function on R™ and consider the Fourier
multiplier T,,, f(z) = (mf)Y(z). Set s > 1 and let v = (71, ...,7,) a multi-index of nonnega-
tive integers with |y| =1 + -+ + . It is said that m € M (s,1) if

1/s
sup RSM_"/ |DYm(z)|*dx < oo, Vv <L
R>0 R<|z|<2R

Proposition 4.9. [[27]] Let 1 < s < 2, g <l<mnandme M(s,l). Then:
(1)
Tyt LY(vn) — LY®(vn),  Yv € Ay,
with constant less than or equal to ¢ (|[v]| 4,) with ¢ an increasing function,
(i)
T - LT (v) = LT>(v), Vv € Ay,

with constant less than or equal to ¢ (HU”Al), with ¢ an increasing function.

Consequently, by Theorem 1.11 and Corollary 1.12:

Corollary 4.10. Let 1 < s < 2, “cl<nandme M(s,1). If
s

W(t Wit W(t Wit
&mi and Je>0: 75)%T l()%i and Je>0: ()mT,
t = te - te
then
w e W(Ty,).
Moreover, if for 0 < p < oo,
t t t t
W();u¢ and 35>0:LQ% or w%¢ and 3€>0:W()%T,
74 tl’("T)+€ t% te

then
T, : Ap’l(w) — AP (w).

4.4. Rough operators. Let ¥ = %, ; = {z € R" : |z| = 1} and, for 1 < r < oo, take
Q € L"(X) to be a positive function homogeneous of degree zero such that [. Q = 0. Let us
consider the rough operator

Q')

: Qy)
Tof(0) =poo. [ S0 fa = )dy = tim
Rn ’y|n >0 Jiy|>e |y’n

f(z —y)dy,

where 3/ = i, y # 0.

|y
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Proposition 4.11 ([18]). Ifv € Ay,

To: L™ (v) = L"*°(v),
with constant less than or equal to ¢ (||v]| 4,) with ¢ an increasing function.
Consequently, by Theorems 1.8 and 1.11 and Corollaries 1.10 and 1.12:
Corollary 4.12. If

Wgt) ~| and de>0: M/tgt) ~7,
e

then
w e W(TQ)
Moreover, for 0 < p < oo, if

w
~| and Je>0:

then
Tq : Ap’l(w) — AP (w).

Also, if we assume that () satisfies the L"-Dini condition, that is

1 dé
/ w'r‘((s)i < +o00,
0 0
where

wn(6) = sup ( [ 1pz) - Q(mwda)l/r,

lpl<d

with p any rotation of ¥ and |p| = sup,cx, |pr — x|, Proposition 4.11 (ii) can be improved as
follows:

Proposition 4.13 ([27]). Ifv € Aj,
To: L'(vi) — LV°(vir),
with constant less than or equal to ¢ (||v]| 4,) with ¢ an increasing function.
Consequently, by Theorem 1.11 and Corollary 1.12:
Corollary 4.14. For 0 < p < oo, if

W (t) W) w .
tTNi and E|€>O.t$+6~T or ?N and de >0:

then
T : AP (w) — AP (w).

Remark 4.15. We should finally mention that although the property of being increasing of
@ in Propositions 4.9, 4.11 and 4.13 is known, the sharp expression for such function is
unknown.
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