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Abstract 

In this paper, we present a generalisation of the classical growth rate equations to the case of crystallisation in solid 

solution-aqueous solution (SS-AS) systems. In these new equations, basic growth parameters, interfacial free energy and 

supersaturation are functions of the solid composition. Therefore, each equation describes, for a given aqueous solution, a 

growth rate distribution as a function of the solid composition. Different crystal growth models such as two-dimensional 

nucleation or spiral growth mechanisms provide different growth rate distributions. We have studied the general behaviour of 

growth rate equations in solid solution-aqueous solution (SS-AS) systems. Finally, we have applied the generalised growth rate 

equations to the BaxSrl_xS04-H20 SS-AS system. It allowed us to determine relationships between growth mechanisms and 

solid composition in such a model system. The result of our calculations were discussed and compared with previous 

experimental work on the BaxSrl_xS04 -H20 SS-AS system. 
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1. Introduction 

Our present knowledge of crystal growth is essen­

tially based on theoretical ideas developed during the 

first half of the 20th centnry. Two-dimensional nucle­

ation growth models (Volmer, 1922; Kossel, 1927; 

Stranski, 1928; Ohara and Reid, 1973) and the Bur­

ton, Cabrera and Frank theory of growth on screw 

dislocations (Burton et aI., 1951) were breakthroughs 

in the understanding of how crystalline matter forms. 
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They provided a physical background which relates 

growth mechanisms to the properties of both crystal 

and crystallisation medium. However, original growth 

theories and further developments have always found 

serious difficulties in establishing equations which can 

describe and predict experimental crystal growth rates 

with accuracy. As Ohara and Reid (1973) pointed out 

30 years ago, the origin of this problem is the high 

number of fundamental physical parameters contained 

in rate equations. The determination or calculation of 

such parameters is, in most cases, difficult, and 

extensive approximations and simplifications are 

made. As a result, growth equations become less 

reliable. When rate equations are applied to the case 

of crystallisation from solution, the use of fundamen-



tal pammeters is even more difficult, and frequently, 
they are amalgamated within empirical constants with 
little or no physical meaning. Therefore, it is not 
surprising that the complicated case of solid solution 
crystal growth from aqueous solution has been scarce­
ly treated in the literature. Nevertheless, it is well 
knO\vn that the incorporation of small amoWlts of 
substituting ions into a crystal structure can dramati­
cally affect growth rates. Traditionally, studies of the 
effect of substituting ions (usually considered as 
impurities) on growth rates have been conducted by 
considering that such ions perturb, disrupt or even 
poison the "normal" growth behaviour of the pure 
crystal (Sangwal, 1 993). However, a different point of 
view, where the crystal is assumed to have a more or 
less wide chemical variability (i.e., solid solution), is 
possible. The aim of this paper is therefore to relate 
growth rates to solid composition. 

In this paper, we present a generalisation of some 
of the classical growth rate equations (for spiral 
growth and birth and spread two-dimensional nucle­
ation) to the case of binary solid solutions growing 
from aqueous solutions. Such a generalisation was 
made by introducing basic pammeters in the equations 
as functions of the solid solution compositions. The 
detailed study of the generalised rate equations for an 
hypothetical BxC1_xA-H20 solid solution-aqueous 
solution (SS-AS) system allowed us to extract general 
conclusions on the growth behaviour of solid solu­
tions. Some of these conclusions can be related to 
phenomena such as intrasectorial, sectorial and pro­
gressive zoning, which are frequently observed during 
the crystallisation of solid solutions (paquette and 
Reeder, 1 990; Reeder and Rakovan, 1 999). 

The behaviour of the new equations was also 
explored for the particular case of the (Ba,Sr)SO.­
H20 solid solution-aqueous solution (SS-AS) sys­
tem. This is an interesting model example whose 
physicochemical properties are relatively well 
knO\vn. Moreover, for this system, some experimen­
tal information exists on the growth behaviour at a 
molecular scale. In a previous paper (pina et al., 
2000), we reported Atomic Force Microscope (AFM) 
observations of transitions from step advancement to 
a two-dimensional nucleation growth mechanism for 
the (Ba,Sr)S04 solid solution growing on barite 
(001 )  faces. To explain our experimental results, it 
was assumed that transitional supersaturations varied 

linearly with the solid solution composition. The 
study of the behaviour of the growth rate equations 
in the (Ba,Sr)S04-H20 SS-AS system presented 
here allows us to provide a theoretical basis for this 
assumption. 

2. Growth models and rate equations 

At moderate and low supersaturations, flat crystal 
faces grow according to two-dimensional nucleation 
and spiral growth mechanisms, respectively (Suna­
gawa, 1 987). A number of models have been pro­
posed to describe growth mtes from solution for these 
mechanisms by considering different controlling 
pammeters. In the following sections, we will focus 
on the two most frequently used growth rate equa­
tions: (i) the birth and spread (B + S) two-dimensional 
nucleation equation and (ii) the Burton- Cabrera­
Frank (BCF) equation for spiral growth. Such equa­
tions were taken from Ohara and Reid (1973), and we 
will analyse in detail their fundamental parameters 
and their dependence on solid composition. The 
reasoning presented is, in principle, applicable to 
other crystal growth rate models (e.g., equations from 
engineering approaches to crystal growth, mononu­
clear and polynuclear models, Chemov (1984) bulk 
diffusion model, etc.). 

2.1. Birth and spread two-dimensional nucleation 

model 

Two-dimensional nucleation models are based on 
the assumption that growth takes place by the 
generation and subsequent spread of critical nuclei 
on crystal surfaces. Therefore, two rate-limiting 
steps can be considered: the rate of formation of 
nuclei on the surface and the mte of spread of 
already formed nuclei. 'When it is assumed that a 
nucleus formed on the crystal surface grows infi­
nitely rapidly, we have the mononuclear model. 
Conversely, if the formation of nuclei is considered 
to be much faster than their subsequent growth, the 
polynuclear model is obtained. The so-called birth 
and spread (B + S) model represents an intermediate 
mechanism between mononuclear and polynuclear 
two-dimensional nucleation. This model assumes 
that nucleation on the surfaces and the spread of 



the nuclei with a finite velocity occurs simulta­
neously. The equation that gives the growth rate 
normal to the crystal face (hkT) can be written 
(Ohara and Reid, 1973) as: 

(I) 

where dhkl is the height of the nuclei (i.e., a 
multiple or submultiple of the interplanar distance 
of the growing face); QGU is the molecular volume 
of a growth Wlit; v is the average speed of adsorbed 
growth units diffusing on the crystal surface; S is 
the supersaturation defmed as the ratio between the 
actual concentration of the substance in the solution 
and its equilibrium concentration (solubility); CSE,hkl 
is the equilibrium concentration of growth units on 
the surface; nhkl is the number of monomers per 
unit area on the (hkl) surface (both CSE•hkl and nhkl 
are expressed in particles/unit area); Ds is the 
diffusion coefficient of the growth units on the 
crystal face; XS,hkl is the mean diffusion distance 
on the smface in the mean lifetime of an adsorbed 
growth Wlit; and crhkl is the interfacial free energy 
originated when a growth Wlit attaches on a preex­
isting crystal (hkl) face. Finally, K is the Bolt=ann 
constant (1.38 x 10- 23 IlK) and T is the absolute 
temperature. 

2.2. Spiral growth model 

For low supersaturations, the energy barrier for 
two-dimensional nucleation cannot be overcome and 
crystals grow according to a different growth mech­
anism: the so-called spiral growth at screw disloca­
tions (Burton et aI., 1951). The model by Burton, 
Cabrera and Frank (BCF) shares many of the concepts 
of surface diffusion and step advancement used in the 
two-dimensional nucleation approaches. The main 
difference is that BCF proposed screw dislocations 
as continuous and self-perpetuating sources of kink 
sites, and therefore, there is no energy barrier to be 

overcome. The growth rate for the case of growth 
from aqueous solutions is given by (Ohara and Reid, 
1973): 

BCF 2 . D, . CSE.hk1 . K . T . /3, . Yo 
Rhkl � ·lnS·(S-I) 

19· XS.hkl . (Jhkl 

. tanh 
( 19 . (Jhkl . QGU ) 

2 . T . K . InS . XS.hkl 
(2) 

where Pr and Yo are the retardation factors for the 
incorporation of growth Wlits into a straight step and a 
kink site, respectively. 

Without any doubt, supersaturation, S, is the fun­
damental parameter in growth rate Eqs. ( I )  and (2). 
Frequently, the supersaturation, b, of an aqueous 
solution with respect to a binary ionic solid with fixed 
composition (with general formula BA) is expressed 
by the simple formula: 

b � 
a(B+) . a(A -) 

K,p 
(3) 

where a(B+) and a(A -) are the activities of the ions 
B+ and A- in the solution and K,p is the solubility 
product. If we want to express b supersaturations in 
terms of S (which is traditionally used in crystal 
growth theory), it is necessary to consider the stoichi­
ometry of the compoWld. For ionic solids with fixed 
compositions, the relationship between b and S is 
simple and given by: 

(4) 

where v = L:Vb being the stoichiometric number of the 
ion i in the solute formula, i.e., v = 2 for binary ionic 
solids with 1: 1 stoichiometries. 

3. Generalisation of growth rate equations to 

SS-AS systems 

Growth equations can be generalised to the case of 
growth in a binary BxC1_xA-H20 SS-AS system by 
considering that, Wllike the case of solids with fixed 
compositions, some of their parameters vary with the 



solid composition. Taking this into account, Eqs. (1 )  

and (2) can be rewritten as: 

R),'t
S

(x) � \)2. dhkl(X) · (QGu(x))'. � 

· \) (lnS(x))' (-re. dhkl(X)· 

(O"hkl(X))2

. 

QGU(X

)) · exp 
3. T2 . J(2 . 1nS(x) 

BCF 
() 

_2 _ · D---,,-, --;. -;;C",S E",.h:;: kl-,- (X -, )_ ._ K_ .--, T

--,-'

f3,-,,�
·
-'-".yo Rhk;{ x = 

19 . XS.hkl . O"hkl (x) 

·1nS(x)· (S(x) - 1) 

(5) 

· 
tanb( 19· O"hkl(X) · QGu(x) ) 

( 6) 
2· T·K ·1nS(x) ·XS.hkl 

In Eqs. (5) and (6), the introduction of x in brackets 
denotes the parameters that are functions of solid 
composition. Sections 3.1 and 3.2 will deal with the 
problem of evaluating the variation of supersaturation 
and interfacial free energy and [[hkl with chemical 
composition in SS-AS systems. In Section 3.3. we 
will propose some estimates for the other growth 
parameters (CSE,hkb QGU etc.) and their variation with 
solid composition. Finally, in Section 3.4. we will 
analyse the behaviour of the generalised B + S and 
BCF growth rate equations to SS-AS. 

3.1. Supersaturation/unction, b ( x) 

The evaluation of supersaturation in SS-AS sys­
tems is not as simple as in the case of binary ionic 
solids since the variation of the solubility as a function 
of the solid solution composition must be considered. 
This means that for a given aqueous solution with a 
fIxed composition, the supersaturation with respect to 
a solid solution is not a unique value but a function of 
the solid composition. Recently, we have proposed a 
function, b ( x), which essentially is a generalisation of 
the supersaturation expression, b (Eq. (3)), for calcu­
lating supersaturations with respect to binary ionic 

solids (see Astilleros et al., 2003a for the derivations 
of the supersaturations function). Such a function was 
directly derived from the two conditions of thermo­
dynamic equilibrium for SS-AS systems. According 
to our formulation, the general expression for calcu­
lating the supersaturation state of an aqueous solution 
with general formula BxC1 _ xA is: 

(7) 

where XBA = x and XCA = I - x are the molar fractions 
of BA and CA in the solid solution; YBA and YCA are 
the activity coefficients of BA and CA in the solid 
solution; Xc). is the molar fraction of the solid at 
equilibrium with respect to an aqueous solution of 
reference which has the same activity fraction (see list 
of symbols for defmition of activity fractions) as the 
given aqueous solution, and a(A -), a(B+) and a(C+) 

are the activities of the ions in solution (a standard 
state of 1 moUl and an activity coefficient equal to 1 

are assumed). Finally, KBA and KCA are the solubility 
products of the end members of the solid solution at 
298 K and 1 atrn. 

Eq. (4) can also be used to relate supersaturations 
in SS-AS systems by taking into account that for 
binary solid solutions, we have that v=v A + xVB+-r 

( 1  - x)vc'� 2. Therefore, 

( 8) 

3.2. Interfacial free energy functian. O"hkl x) 

Although the interfacial free energy is a funda­
mental parameter that is specifIc for each crystal 
face-medium pair, crystal growth equations usually 
include mean interfacial free energy values. Such 
values correspond to the formation of a spherical 
nucleus in the crystallisation medium and are fre­
quently obtained from homogeneous nucleation 
experiments (WU and Nancollas, 1999). In order to 
obtain specifIc interfacial free energies for crystal 



face-solution pairs, we propose the following expres­
sion (see Appendix A): 

(9) 

where Z is the number of growth units in the Wlit 
cell, Vc is the volume of the Wlit cell, NA is the 
Avogadro's number and Ahkz is the surface created 
when a growth Wlit attaches on the surface. 

For the case of SS-AS systems, interfacial free 
energy for a given crystal face is a function of the 
solid composition, and Eq. (9) must be rewritten as: 

(10) 

In Eq. (10), the dependence of Ahkl and Vc on the 
solid composition can be obtained assuming a linear 
variation of the lattice parameters. The evaluation of 
the variation of the solubility product with the solid 
composition is not so straightforward. As an approx­
imation, we can use the stoichiometric saturation 
constant, Kss, for the solid BxC1 _ xA, derived from 
the model by Thorstenson and Plummer (1 977) 
(Glynn and Reardon, 1 990, Eq. (36)): 

K K () Kx 
K

(l-x)xx 
X

(l-x) 
ss= spx = BA CA BA CA (1 1 ) 

By substituting Eq. (11)  in Eq. (1 0), we obtain an 
expression for describing the variation of intefacial 
free energy as a function of the composition of a 
binary solid solution: 

K T  

(Jhkl(X) � -A () hkl x 

rn[ 
(12) 

It is worth noting that Eq. (12) is equivalent to that 
proposed by Butler (1 932) for calculating the surface 
tension between a liquid phase and a monolayer both 
containing different molar fractions of a same com­
ponent (Defay et al., 1 966) . 

3.3. Variation of growth parameters with the solid 

solution composition 

Apart from the supersaturation and the interfacial 
free energy, the rest of the parameters in growth rate 
equations (Eqs. (5) and (6)) are also functions of the 
solid solution composition. However, many of these 
basic growth parameters are difficult to evaluate, and 
estimates and simplifications must be made. In this 
section, we explain the approximations we have 
made: 

Ds: Here we have assumed that this diffusion 
coefficient is independent of the composition of the 
growth unit and equal to 1 0- 9 m2/s. This is a typical 
value of volume diffusion coefficient in solution (Van 
der Eerden, 1 993). Diffusion surface coefficients are 
usually lower, and therefore, in our model, Ds = 1 0- 9 
m2/s can be considered as a maximum value. 

CSE.hkl(X): As we mentioned before, CSE.hkl(X) is 
the equilibrium concentration of growth Wlits on the 
surface. A way of calculating CSE.hkl(X) is using the 
equation: 

(13) 

where Ad is the width of the diffusion layer. There is, 
however, another possible approximation CSE,hkz(X) by 
considering that in an electrolyte aqueous solution, the 
concentration of monomers is predominant in com­
parison to the concentration of dimers, trimers, etc. 
Therefore, CSE.hkl(X) can be assumed to be equal to the 
number of monomers (growth Wlits) per Wlit area on 
an (hkl) surface, nhkZ, which, according to Ohara and 
Reid (1973), is given by: 

nhkl(x) � G&() � CSE,hkl(X) 
Ahkl x 

(14) 

where � is the fraction occupied by surfuce adsorbed 
growth units and AZeY(x) is the area occupied by a 
growth Wlit as a function of the solid composition, i.e., 
calculated from the variation of the lattice parameters. 
In this work, we will use the approximation given by 
Eq. (14). This allows us to make CSE.hkl(X) and nhkl, two 
parameters with analogous meaning, equivalent in Eqs. 
(5) and (6). Finally, it is worth noting that the � 
parameter in Eq. (14) also depends on the solubility, 
and it is lower than unity for sparingly soluble sub-



Table 1 
Physicochemical data and grO\vth parameters used for calculating growth rates in the hypothetical BxC1_xA-H20 SS-AS system 

BA 
CA 

0.207 
0.152 

0.74 x 10 2g 
0.67 X 1O-2g 

10 8.5 
10-4.5 

4.13 x 10 7 
4.00 x 10-7 

3.5 X 1018 
3.7 X 1018 

3.1X10 10 

3.0 X 10-10 

Interfacial free energies forthe (001) face of end members, 0hkl, were calculated using Eq. (12). Molecular vohunes, Dou, were calculated from 
cell parameters. Mean Surface diffusion coefficient, Ds, was taken from Van der Eerden (1993). Mean diffusion distances, Xs.OOl, were estimated 
as 103 times the mean cell parameter. The equilibrilUll concentrations of grov.rth lUlits, CSE.OOl, were calculated by means ofEq. (14). The grov.rth 
step height has been taken equal to the cell parameter. 

stances. Such a dependence of � on the solubility is, 
however, difficult to estimate, and in this work, we 
chose � = 1, the maximum possible value. 

/3, and Yo: By assuming a relatively rapid incorpo­
ration of growth units and closely spaced kinks, both 
retardation factors can be approximated to Wlity. 

Xs hId: Here we have estimated the mean diffusion 
dist�ce on the surface as XS,hkl = 103 X ii, where ii is 
the mean lattice parameter (Ohara and Reid, 1973) . 

v: By assuming that this average speed of surface 
adsorbed growth units is in the order of the lattice 
spacing divided by the frequency of vibration, a value 
of 10

4 
mls for this parameter has been calculated. 

QGu(x) and dhkZ(x): QGu(x) is the variation of the 
molecular volume from one end member to the other 
end member of the solid solution and dhkZ(x) is the 
change in the height of monomolecular growth steps. 
In our model, both parameters have assumed to vary 
linearly with the solid solution composition from one 
end member to the other (Vegard's rule). 

3.4. The behaviour of growth rate equations in SS-AS 
systems 

Eqs. (5) and (6) are, in principle, valid for any SS­
AS system. In the layer-by-layer crystal growth re­
gime, they describe the relationships between crystal 
composition and growth kinetics. Therefore, a detailed 
analysis of the behaviour of Eqs. (5) and (6) for the 
case of an hypothetical SS-AS system will allow us to 
extract some general conclusions on the characteristics 
of the crystal growth of solid solutions. Table 1 shows 
the physicochemical data and growth parameters of the 
hypothetical BxC, _xA-H20 SS-AS system chosen 
for our theoretical analysis. 

The first main conclusion obtained is that for a 
given supersaturation distribution (corresponding to 
an aqueous solution with a fixed composition), dif-

ferent solid solution compositions can simultaneously 
grow according to the BCF and B + S mechanisms on 
the same crystal face. This is illustrated in Fig. 1. 
From the supersaturation distribution in Fig. 1 a, two 
growth rate curves as a function of the solid solution 
composition can be drawn: one for the BCF model 
(solid line) and one for the B+ S model (dashed line). 
The BCF and B + S curves intersect at the solid 
composition ::::::: 0.57 . For solid compositions higher 
than 0.57, the BCF model provides the highest growth 
rates, and therefore, for such a compositional range, 
spiral growth is the predominant mechanism. Con­
versely, solid solution compositions XBA < 0.57 grow 
faster according to the B + S mechanism. This means 
that on the same crystal face, some solid compositions 
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Fig. 1. (a) Supersaturation distribution, Sex), of an aqueous solution 
composition with a(B+) = 4 x 10-7 moUl; a(C) =7.5 x 10-3 moU 
l and a(A -) = 1 x 10-3 moUl as a function of the solid composition 
XBA in the hypothetical B"C1 _xA-H20 SS-AS system. (b) Grov.rth 
rate distributions as flUlction of the solid composition XBA 

calculated using the generalised B+ S equation (Eq. (5); dashed 
line) and the generalised BCF equation (Eq. (6); solid line). Both 
grov.rth rate distributions correspond to the same supersaturation 
function shown in (a). 



will grow by development of spirals, while other 
composition will grow by the formation and spread 
of two-dimensional nuclei. For the solid solution 
composition for which the kinetics of both mecha­
nisms is comparable, the simultaneous operation of 
both mechanisms will lead to compositional inhomo­
geneities on the surface. Such inhomogeneities have 
been observed in natural and artificially grown solid 
solution crystals and named as intrasectorial zoning 
(paquetle and Reeder, 1990; Rakovan and Reeder, 
1996) . Although the anisotropic incorporation of ions 
in nonequivalent positions is a satisfactory explana­
tion for such a zoning, the simultaneous operation of 
two growth mechanism in the layer-by-layer growth 
regime can be a possible explanation for surface 
compositional inhomogeneties often observed in solid 
solutions. 

In general, BCF and B + S growth models provide 
comparable growth rates when the superaturations are 
relatively low. However, when supersaturation with 
respect to the solid solution is increased, the compo­
sitional range of solid solution growing according the 
B + S mechanism also increases. The generalised 
B + S equation (Eq. (5)) predicts that at relatively 
low supersaturation levels (but high enough to ensure 
two-dimensional nucleation as the predominant 
growth mechanism), the solid solution compositions 
for which supersaturation is higher have also higher 
growth rates, i.e., the supersaturation distribution and 
the corresponding gromh rate function have the same 
shape (see solid lines in Fig. 2a and b) .  In contrast, if 
supersaturation is further increased, compositions 
with higher solubility (and with lower interfacial free 
energy) become kinetically favoured, and they grow 
faster. This is essentially a consequence of the oppo­
site role that a( x) and b ( x) play in Eq. (5). 

It is worth noting that the composition of the fastest 
growing solid solution can vary with supersaturation 
even when XB+,aq and XC+,aq are maintained constant 
in the aqueous solution (i.e., parallel supersaturation 
curves). Fig. 2b shows three B + S growth rate dis­
tributions calculated for aqueous solution with 

XB+,aq = 0.00067 and increasing the concentration of 
A - (see supersaturation curves in Fig. 2a) .  As can be 
observed, for the lowest supersaturation curve (solid 
line) , the maximum growth rate corresponds to a solid 
with XBA � 0.90 (for which the supersaturation rea­
ches a maximum value); for a supersaturation distri-
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Fig. 2. (a) Three supersaturation distributions corresponding to three 
aqueous solutions with the same activities for the B+ and C+ 
components (a(B) = 5 x 10-6 moUI; a(C) = 7.5 x 10-3 moUI) and 
three different activities for the A - component: a(A -) = 1 x 10-2 

moUI (solid line); a(A-)=7 x 10-2 molll (dotted line) and 
a(A -) = 7 x 10-1 moUI (dashed line). (b) GrO\vth rate distributions 
as function of the solid composition corresponding to the 
supersaturated distribution in (a) and calculated using the generalised 
B+ S equation (Eq. (5)). Although the activity fraction in the 
aqueous solutions was maintained constant (XB+.aq = 0.00067), 
grmvth rate fimctions show maxima corresponding to different solid 
compositions. Thus, while for the lowest supersaturation levels 
(solid line in (a)), the maximlUll growth rate is reached for a solid 
composition with XBA ::::; 0.90, for the highest supersaturation levels 
(dashed line in (a)), the maximum grmvth rate is reached for a solid 
composition XBA=O. The dotted line in (b) represents an 
intennediate case where similar grmvth rates are obtained for the 
XBA ::::; 0.90 and XBA = 0.00 compositions of the B"C1 _xA solid 
solution. 



bution slightly higher (dotted line), B + S growth rates 
are similar for XBA � 0.90 and XBA � 0.00; finally, for 
the highest supersaturation distribution, the CA end 
member (XBA � 0.00) has the highest growth rate. 

We can assume that those compositions with 
higher growth rates are the compositions of the 
growing layer. Then, from the behaviour described 
above, we can conclude that solid solution crystals 
growing at high supersaturations will be enriched in 
more soluble components, and as growth proceeds 
and supersaturation decreases, solid solution crystals 
will have the composition for which supersaturation is 
maximum. This is in agreement with previous exper­
imental works (prieto et aI., 1993, 1997) . These 
authors have reported that sparingly solid solutions 
grO\vn at very high supersaturations exhibit inverse 
zoning, i.e., the most soluble end member (but less 
supersaturated ) grows in first place (core of the 
crystal) ,  and as supersaturation levels decrease as a 
result of the growth process, the composition switch 
to the less soluble and more supersaturated end 
member (rim of the crystal) .  

Another frequent feature of the crystallisation of 
solid solutions is the development of oscillatory 
zoning (prieto et aI., 1993; Putnis et aI. , 1992) . It 
consists of the alternation of layers with similar 
thickness and two d ifferentiated compositions (in 
most of the cases, close to the end members of the 
solid solution). This behaviour implies similar growth 
rates for both compositions. Fig. 2b shows that for 
certain aqueous solution compositions and relatively 
high supersaturations, similar growth rates are com­
puted for solid solution compositions close to the end 
members (XBA � 0.90 and XBA � 0.00). Both the 
proximity to the end-member composition and the 
degree of departure required depend, among other 
factors, on the activity fractions of the ions in the 
aqueous solution. Nevertheless, when two solid solu­
tion compositions have the same growth rate, they are 
equally probable to grow on the crystal surface, and 
small compositional fluctuations at the crystal-fluid 
interface can be enough to promote the switch from 
one crystal composition to other. The development of 
oscillatory zoning then becomes possible. 

As was sho\Vll above, a number of typical features 
of the crystallisation in SS-AS systems can be related 
to the general behaviour of the generalised growth rate 
equations (Eqs. (5) and (6) ) .  However, the particular 

growth behaviour strongly depends on the specific 
physicochemical parameters of the SS-AS systems 
(differences in solubility product of the end members, 
degree of ideality of the solid solution, etc.). In order 
to test the validity of Eqs. (5) and (6), in the next 
section, we will study the growth behaviour of the 
particular case of the Ba-Sr-S04-H20 SS-AS sys­
tem. The application of Eqs. (5) and (6) to such a 
system will be compared with the present experimen­
tal data. 

4. The growth behaviour of the (Ba,SrlS04 solid 

solution: a model example 

4.1. Experimental background 

Because of its relatively well-knO\vn properties, the 
Ba-Sr-SO.-H20 SS-AS system is very suitable to 
explore the behaviour of growth rate equations as a 
function of both solid and aqueous solution composi­
tions. Crystallographic data and physicochemical 
properties of the solid solution end members, celestite 
(SrS04 ) and barite (BaS04 ) ,  are known (see Table 1) .  
Although the degree of ideality of the Ba,Br) _ xS04 
solid solution is still controversial (Hanor, 1968; 
Brower and Renault, 1971; Malinin and Urusov, 
1983; Felmy et aI. , 1993; Becker et aI . ,  2000) , the 
high d ifference in solubility products of the end 
members (about three orders of magnitude) seems to 
be the main controlling factor of its nucleation and 
growth behaviour (prieto et aI., 1993, 1997) . There­
fore, in this paper, we have assumed that the 
B3:xSrl _xS04 solid solution is continuous and ideal. 
This simplifies supersaturation calculations (i.e., ac­
tivity coefficients can be taken equal to unity), and it 
allows us to assume simple continuous functions for 
the basic parameters in growth rate equations, as we 
did in Section 3.3. 

Recent atomic force microscopy observations have 
provided direct information about growth mechanisms 
operating at a molecular scale on barite and celestite 
surfaces. As was reported by Pina et al. (1 998a) , at low 
supersaturation, the barite (001) face grows according 
to a structurally self-inhibited spiral growth mecha­
nism. Above a supersaturation of b (XBoSO, � 1) � 7.0 
(denoted as the transitional supersaturation b�arite ::::::: 
7.0), two-dimensional nucleation mechanism becomes 



predominant (Bosbach et aI., 1998; Pina et aI., 1998b) . 
Two-dimensional nuclei have half a unit cell in height, 
which corresponds to the elementary growth layer 
predicted by the PBC theory for barite (001) face 
(Hartman and Heijnen, 1983) . AF M  observations have 
also shown that both formation and spreading of two­
dimensional islands occur simultaneously on barite 
(001) surfaces, indicating a birth and spread growth 
mechanism (Ohara and Reid, 1973; Pina et aI., 1998b) . 
These growth features have been also observed on 
celestite (Risthaus et aI., 1998, 2001) . However, on 
celestite (001) surfaces, the transition between spiral 
growth and two-dimensional nucleation occurs at 
lower supersaturation (b(XBaS04 = 0)= b:e1estite ::::::: 2.3). 

'When growth occurs from Ba2+ _ si2+ -SO�- aque­
ous solutions, the (Ba,Sr)S04 solid solution is formed 
on barite (001) faces. As we have shown in Section 3.1, 
in SS-AS systems, a given aqueous solution composi­
tion leads to a supersaturation d istribution, i.e., a 
different value of supersaturation for each solid solu­
tion composition. Depending on the ratio Ba/Sr in the 
aqueous solution, the distribution of supersaturations 
with respect to the solid compositions will be different. 
Supersaturation distributions can be easily calculated 
by applying Eq. (7) to the Ba, SrI _ xSO.-H20 SS-AS 
system. This gives: 

(15) 

where a(Ba2+), a(S?+) and a(SO�-) are the activities of 
the free ions in solution calculated from concentrations 
using a speciation program based on the Debye­
Huckel formula (parkhurst and Appelo, 2(00) ; Xs,so, 
andXBoSo, are the molar fractions of SrS04 and BaS04 
in the solid solution; XB�04 is the molar fraction of the 
B3:xSrl _ xS04 solid solution at equilibrium with re­
spect to an aqueous solution of reference which has the 
same activity fraction as the given aqueous solution; 
KBaS04 = 10-9.98 and KSrS04 = 10-6.63 are the solubil­
ity products of the end members barite and celestite. 
Finally, YBaS04 and YSrS04 are the corresponding activity 
coefficients. For all calculations, the B3:xSrl _ xS04 

solid solution was assumed to be ideal (activity coef­
ficients equal to 1). 

The supersaturation distributions have a direct 
effect on the growth mechanism operating on the 
barite surface. Experimental results indicate that the 
transitional supersaturation, b* ( x), which separates the 
spiral growth mechanism from two-dimensional nu­
cleation, is close to a linear function of the solid 
composition which extends from b:e lestite to b �ari te 

(pina et aI., 2000) . Fig. 3b shows three AF M  images 
of barite (001) faces growing from three Ba2+ -S?+ -
SO� - aqueous solutions with different supersatura­
tion distributions (Fig. 3a) . As can be observed, the 
higher the supersaturation level of the solution, the 
higher is the nucleation density on the surface. In Fig. 
3b-(3) , both two-dimensional nucleation of low den­
sity and step advancement occurs simultaneously. 
This is consistent with a supersaturation distribution 
for which most of the solid solution compositions 
grow according to a spiral growth mechanism (step 
advancement) , i.e., the supersaturation function is 
mostly below the supersaturation transitional line 
(curve 3 in Fig. 3a) .  For aqueous solutions with 
supersaturation distributions entirely projected below 
the transitional line, no two-dimensional nucleation 
was detected. 

4.2. Birth and spread vs. spiral growth in the Ba2+ -

Sr'+ - SO:- SS-AS system 

Equations corresponding to both B + S spiral 
growth and BCF growth mechanisms (Eqs. (5) 
and (6)) can be applied to the case of (Ba,Sr)S04 
solid solution and for any crystal fitce. Since growth 
on barite and celestite (001) face is the best 
characterised, we will focus our study on this face. 
Calculations will be compared with previous exper­
imental findings. 

First of all, it is necessary to give values to the 
parameters included in Eqs. (5) and (6). The first 
parameter to take into account is the height of the 
growth steps. As we know from theoretical predic­
tions by PBC theory and AF M  observations (Hartman 
and Heijnen, 1983; Pina et aI., 1998b) , barite and 
celestite (001) fitces grow by advancement of growth 
steps half a unit cell in height (i.e., d8gg"� 3.6 A and 
do��

s
ti
te

= 3.4 A.). Depending on the composition of 
the growing phase, growth steps will have different 
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values of supersaturation are projected below the o*(x) line can only indefmitely continue their grov.1h by the advancement of steps generated on 
screw dislocations. (b) AFM images of the barite (001) face during grov.1h from the solutions described in (a). The images were taken in contact 
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and 2), two-dimensional nucleation is the predominant grov.1h mechanism, for solution (3), both two-dimensional nucleation and advancement 
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heights. The height of growth steps, dhkl(X). can be 
assumed to vary linearly from barite to celestite. 
Similarly, the variation of molecular volume of the 
growth Wlits, QGu(x) can be approximated as a linear 
function from Qce1estite = 7.69 X 10- 29 m3 to Qbarite= 

8.64 X 10- 29 m3 The other growth parameters (i.e., 
CSE,hkl, V, Xs ) can be obtained using the estimates 
proposed in Section 3.3. Table 2 shows the values of 
such parameters for the end members. As we men­
tioned in Section 3.2, another basic function in the 
generalised growth rate equations (Eqs. 5 and 6) is the 
variation of the interfacial free energy with the solid 
composition, a(x). For the particular case of the (001) 

face of the B3:xSrl _ xS04 solid solution, we obtain the 
following expression from Eq. (12): 

KT CTOCl! (x) = Aocl! (x) 

. In [ K�,so,K1!s�; (XB,SO, YB'SO� nxs,so, Ys,so, ) ' 'NA Ve(x) 1 
(16) 

Fig. 4 shows the interfacial free energy for the 
(001) face as a function of the BaxSrl_xS04 solid 
solution composition. Calculated interfacial free ener­
gies for the end members, lJ8m

ite 
= 84 mJ/m2 and 



Table 2 
Physicochemical data and grO\vth parameters used for calculating grO\vth rates in the Ba"Sr1_xS04 -H20 SS-AS system 

Barite (BaS04) 
Celestite (SrS04) 

0.084 
0.067 

8.64 x IQ 201 

7.69 X 10-201 
7.17XIQ 7 
6.88 X IQ-7 

7.17 X IQ18 
6.88 X IQ18 

doOl (m) 

3.6X10 10 

3.4 X IQ-10 

Interfacial free energies for the (001) face of end members, 0001, were calculated using Eq. (16). Molecular vollUlles, !lou, were calculated from 
cell parameters. Solubility products, Ksp, were taken from Blount (1977) for barite and from Reardon and Annstrong (1987) for celestite. Mean 
Surface diffusion coefficient, D" was taken from Van der Erden (1993). Mean diffusion distances, Xs•001 , were estimated as 103 times the barite 
and celestite mean cell parameters. The equilibrilUll concentrations of grmvth llllits, CSE.OOh were calculated by means ofEq. (14). The grmvth 
step height is half of the barite and celestite c parameter, as AFM observations have shown (pina et ai., 1998b; Risthaus et al., 1998). 

lToo\
estite

= 67 mJ/m2, are similar but slightly lower than 
the interfacial free energies obtained from homoge­
neous nucleation experiments assuming a spherical 
nucleus. Such an assumption provides the lowest 
possible surface/volume ratio and, therefore, the high­
est interfacial free energy (Christoffersen et aL, 1991) . 
This supports the validity of Eq. (16) . 

Fig. 5a shows the supersaturation distribution, b(x), 
calculated for a solution with composition [Ba2+] = 1 
flmol!l; [S,.:o+l�[SO�-l � 3000 flmoVL This solution is 
supersaturated with respect to the whole range of solid 
solution compositions (i.e., b(x) is higher than unity 
for any solid molar fraction) , and there is a supersat­
uration maximum for XBaS04 =0.405. By introducing 
this supersaturation distribution and growth parame­
ters (Table 2) into Eq. (5), we obtain the growth rate as 
a function of the solid composition for the birth and 
spread model, RB+S(x) (see Fig. 5b) .  In a similar way, 
the growth rate fimction for a BCF spiral growth 
mechanism, Rlio'iF(x), can be calculated using Eq. (6) 
(Fig. 5c) . The intersection of R�tlS(X) (dashed line) 

90,----,-----,----,-----,----, 

� 80 

.5 
E 70 
b 

600
L---��--�--��--��--�· 0.2 0.4 0.6 0.8 

XBaSO• 
Fig. 4. Variation of the interfacial free energy of the (001) face of the 
BaxSr1 _ xS04 solid solution as a function of the solid composition. 
The calculation was made using Eq. (16). 

and RBCF(x) (solid line) shown in Fig. 5c indicates 
that for most of the solid solution compositions, birth 
and spread model provides the highest growth rates. 
This means that a two-dimensional nucleation mech­
anism is the predominant growth mechanism for these 
particular growth conditions. In add ition, RJt�s(x) 
distribution shown in Fig. 5b has a maximum for 
XBaS04 = 0.0. Therefore, one can expect that a 
Ba,Srl_xS04 (001) surface will grow from the solu­
tion in the above example according to a birth and 
spread model, and it will be Sr rich. This is in good 
agreement with AFM observations and surface chem­
ical analysis of barite surfaces grown from such a 
solution composition (pina et al., 20(0) . Calculated 
absolute growth rates are, however, higher than those 
observed experimentally. Among the reasons for such 
a discrepancy is the fact that small variations in some 
growth parameters, such as the surface diffusion 
coefficient or the average speed of surface adsorbed 
growth Wlit, can result in growth rates which differ by 
several orders of magnitude. Such parameters are 
essentially unknown for the case of growth within 
the Ba2+ -S,.:o+ -SO�- SS-AS system, and only broad 
estimated values (within the range of typical values 
for growth from solution) were used in the growth 
equations. Moreover, generalised growth equations do 
not take into accoWlt the influence of the crystal 
surface structure on the growth behaviour (e.g., struc­
tural self-inhibition of spiral growth (Pina et aL, 
1998a) and template effect (Astilleros et aL, 2002, 
2003b) . Therefore, absolute growth rates obtained are 
not reliable. It is worth mentioning here that the 
precise determination of basic growth parameters 
(either experimentally or by means of computer sim­
ulations) is of great importance, and it would lead to 
an improvement of the predictive power of growth 
rate equations. 
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Fig. 5. (a) Supersaturation distribution (Eq. (15)) of an aqueous 
solution composition with [Ba2+] = 1 IilllOUl; [Sr 2+]=[SOl-] = 3000 
IilllOUI as a fimction of the solid compositionXBaso4" The (Ba,Sr)S04 
solid solution was asslUlled to be ideal (activity coefficients = 1). (b) 
GrO\vth rate fimction obtained when specific grov.1h parameters 
(Table 2), interfacial free energy fimction and the supersaturation 
distribution shown in (a) are introduced into the generalized grov.rth 
rate equation for the birth and spread model (Eq. (5)). (c) Grmvth rate 
distribution obtained for the same supersaturation distribution but for 
the case of a BCF spiral growth mechanism (Eq. (6)). In this plot, the 
gTo\Vth rate fimction for the B + S mechanism has been also plotted 
(dashed line). (Note the two orders of magnitude difference in grO\vth 

rates). The intersection between BCF and B + S growth rate curves 
indicates that solid solutions with molar fractions, Xnaso4' higher than 
0.766 can only perpetuate their grmvth by the advancement of steps 
generated on screw dislocations (spiral grmvth). 

4.3. Transitional supersaturations between growth 

mechanisms in the B'/+ - S?+ - SO�- SS-AS system 

Although the prediction of absolute growth rates 
using generalised growth equations to SS-AS is 
difficult (basically as consequence of the uncertain­
ties about the growth parameters of the classical 
starting equations), we can presume that since we 
introduced the same set of parameters in Eqs. (5) 
and (6), the shape of the calculated growth rate 
functions of the solid composition and the relation­
ship between growth mechanisms are essentially 
correct. To investigate further this relationship, we 
can construct a theoretical supersaturation-solid 
composition plot from growth rate curves as fol­
lows. From a number of supersaturation distribu­
tions, such as those sho\Vll in Fig. 6a, we calculate 
the corresponding growth rate curves for B + S and 
BCF models (Fig. 6b) . The intersections of each 
pair of such curves obtained for the same supersat­
uration distribution give the solid solution molar 
fractions for which both growth models provide the 
same growth rate. Therefore, supersaturations for 
these particular solid solution compositions are 
transitional supersaturations between birth and 
spread and BCF growth mechanisms, denoted by 
b* (XBoSOJ Fig. 6c shows the supersaturation -solid 
composition diagram, where b* (XBaSO)-XBaS04 

pairs obtained by this procedure have been plotted. 
By connecting these points, a transitional supersat­
uration curve, b* ( x), can be drawn. The b* ( x )  

function shows a slight curvature, and it does not 
greatly differ from linearity, as our previous exper­
imental work suggested (pina et aI., 20(0) . While 
solid solution compositions with supersaturations 
above b* (x )  will grow according to a birth and 
spread growth mechanism, for solid compositions 
with supersaturations projected below, a spiral 
growth mechanism will be observed. The diagram 
shown in Fig. 5c can also be reproduced by starting 
from different supersaturation d istributions. Al­
though both resulting growth rate curves and their 
intersections will be different, transitional supersat­
uration-solid molar fraction pairs will lie on the 
same b* (x )  curve. Furthermore, even though growth 
pammeters have a strong effect on the calculated 
absolute growth rates, b* ( x )  remains essentially 
invariant, irrespective of the growth parameters 
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between both grmvth mechanisms as a fimction of the solid composition. 

chosen. The intersection of the b* ( x )  with the 
ordinates at XBa S04 = 0 and XBa S04 = 1 give us, 
respectively, the transitional supersaturations values 
for the end members, (tte1estite = 3.2 and b tarite = 9.0. 
These resulting transitional supersaturations for the 
end members, celestite and barite, are in good 
agreement with experimental fmdings reported by 
Pina et al. (2000): b te1estite = 2.3 and abm-ite = 7.0. 
The lower experimental transitional supersaturations 
in comparison to the calculated values may be due 
to the existence of defects on the surface that 
reduces the energy barrier for two-d imensional 
nucleation. 

5. Concluding remarks 

From the work presented here, we can extract the 
following general conclusions: 

I .  Classical rate equations for crystal growth from 
solution can be generalised for the case of growth 
in SS-AS systems by considering both basic 
growth parameters and supersaturation as functions 
of the solid compositions. 

2. The generalised equations provide, for a given 
aqueous solution composition, growth rate distri­
butions as a function of the solid composition 



which are different depending on the growth model 
considered (e.g., birth and spread two-dimensional 
nucleation and BCF spiral growth). 

3. The study of the behaviour of the generalised 
growth equations has also shown that different solid 
solution compositions can grow simultaneously on 
the same crystal face by different growth mecha­
nisms (BCF or B + S). This can provide an 
explanation for surface compositional inhomoge­
neities frequently observed in solid solutions. 

4. Growth rate functions show maxima for specific 
solid compositions, which, in principle, do not 
correspond to the composition with highest 
supersaturation. 

5. We have explored the behaviour of the generalised 
equation of both birth and spread and BCF spiral 
growth mechanisms for the case of the Ba2+_ 
Sr"+ -SO�- SS-AS system. Many basic parameters 
required for calculating growth rates in such a 
system were not well kno\Vll, and simplifications 
and estimations were made. As a consequence, 
calculated absolute growth rates are not reliable. 
However, general growth rate distributions and 
relationships between growth mechanisms are 
consistent with previous experimental work. 

6. By comparing birth and spread and BCF spiral 
growth rate functions, it was possible to construct a 
theoretical supersaturation-growth mecharusms­
solid solution composition diagram for the Ba2+ -
sl+ -SO�- SS-AS system. On such a diagram, the 
transitional supersaturation between regions where 
two-dimensional nucleation or spiral growth is the 
predominant mechanism was found to be a 
function of the solid composition. This is consis­
tent with experimental findings (pina et al., 20(0) . 

7 .  Supersaturation-growth mechanisms-solid solu­
tion composition diagrams can be useful to 
interpret and predict the growth behaviour in SS­
AS systems. However, a precise description of the 
relationships between composition and growth 
mechanisms and the calculation of growth rates 
will require a better detennination of basic growth 
parameters (e.g., surface diffusion coefficients, 
growth unit concentration, height of the growth 
steps, etc.) as well as an understanding of the 
influence of crystal surface structure on growth 
behaviour. For this task, the combination of surface 
science techniques (especially AFM) with theoret-

ical and molecular modelling methods will be 
undoubtedly very effective. 

List of symbols 

o( ) activity in the aqueous solution 
CSE,hkl equilibrium concentration of growth Wlits on 

the surface 
Ds the diffusion coefficient of the growth Wlits 

on the crystal face 
dhkl height of the two-dimensional nucleus 
GU growth unit 

K Bolt=arm constant ( 1. 38 x 10-23 IlK) 
KBA and KCA solubility products of the end members 

of the BxC1 _ xA solid solution 
K ,p 

solubility product of a binary ionic solid 
K "  stoichiometric solubility constant (Eq. ( 1 1) )  

NA Avogadro's number 
nhkl number of monomers per Wlit area on the 

(hkT) surface 
R�fi" and Rms growth rate normal to an (hkT) crystal 

face calculated according to the Burton, 
Cabrem and Frank and birth and spread 
model, respectively 

S supersaturation ratio 
Ahkl surface created when a growth Wlit attaches 

on an (hkT) surface 
Af:kY the area occupied by a growth Wlit as a 

function of the solid composition 
T absolute tempemture 
V, the volume of the unit cell 

XBA and XCA molar fractions of BA and CA in the 
solid solution with general fonnula BxC1 _ xA 

XB,."'! and Xc'.",! activity fractions of the B+ and C+ 
ions in the aqueous phase, respectively: 

XS,hkl 

x 

XB,.",!�(a(B+)la(B+)+ a(C+)); Xc+.",!�(a(C+)1 
a(B+) + a(C+)) 
mean diffusion distance on the surface in the 
mean lifetime of an adsorbed growth Wlit 
molar fraction of one end member in the 
solid solution; the symbol x in brackets also 
denotes those parameters in growth rate 
equations depending on the solid solution 
composition 

Z the number of growth units in the unit cell 
Pr retardation factor for the incorporation of 

growth units into a straight step 
Yo retardation factor for the incorporation of 

growth units into a kink site 



b supersaturation (Eq. (3)); for binary ionic 
solids, S � Vb 

b* (x )  transitional supersaturation function between 
two-dimensional nucleation and spiral 
growth mechanisms 

b �arite and b te1estite transitional supersaturations be­
tween two-dimensional nucleation and 
spiral growth mechanisms for barite and 
celestite, respectively 

Ad width of the diffusion layer 
v average speed of adsorbed growth Wlits 

diffusing on the crystal surfuce 
� fraction occupied by surface adsorbed 

growth units 
crhkl the interfacial free energy originated when a 

growth Wlit attaches on a preexisting crystal 
(hkl) face 

QGU molecular volume of a growth unit 
[ ]  square brackets indicate concentration of an 

ion in the aqueous solution 
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Appendix A .  Calculation of specific interfacial free 

energies for crystal face-solution pairs 

The expression for calculating crystal face-solution 
interfacial free energies (Eq. (9)) has been derived on 
the basis of the classical theory for heterogeneous 
nucleation. When a growth unit, GU. attaches on a 
preexisting (hkl) crystal surface, the change in free 
energy is given by: 

(AI) 

where Ahkl is the smface created when a growth Wlit 
attaches on the surface, [[hkl is the specific interfacial 
free energy for the (hkT) face and illl",y, is the change 
in chemical potential due to the crystallisation. From 
defmition of chemical potential: 

[a(GU) cry,] 
ill'cry, � KTln ( ) a GU sol 

(All) 

where a(GU)",y, and a(GU),ol are the activities of the 
growth units in the crystal and in the aqueous solu­
tion, respectively. By substituting Eq. (All) into Eq. 
(AI), we obtain: 

[a(GU)cry,] 
ilG � AhkWhk/ - KTln ( ) a GU sol 

At equilibrium ilG � 0, and therefore: 

(AlII) 

(AIV) 

This equation allows us to calculate the interfacial 
free energies for any crystal face. If we consider now 
an ionic solid with general formula AB, then the 
activity of AB growth units at equilibrium in the 
solution is: 

(AV) 

where K,p is the solubility product of the solid AB and 
NA is the Avogadro's number. 

For the solid phase, the activity of the AB growth 
Wlits can be expressed as: 

Z a(GU)"", � ­
Vc 

(AVI) 

where Z is the number of growth Wlits in the unit cell 
and Vc is the volume of the unit cell. By substituting 
Eqs. (AV) and (AVI) into Eq. (AIV), we obtain the 
general expression for the interfacial free energy of an 
(hkT) face: 

(9) 

It is important to note that, in order to obtain 
specific interfacial free energies using Eq. (9), it is 



necessary to calculate the new smface generated, Ahk/' 
considering the concept of elementary growth layer as 

defmed by the Hartman -Perdok theory. 
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