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Abstract

In this paper, we present a generalisation of the classical growth rate equations to the case of crystallisation in solid
solution—aqueous solution (SS-AS) systems. In these new equations, basic growth parameters, interfacial free energy and
supersaturation are functions of the solid composition. Therefore, each equation describes, for a given aqueous solution, a
growth rate distribution as a function of the solid composition. Different crystal growth models such as two-dimensional
nucleation or spiral growth mechanisms provide different growth rate distributions. We have studied the general behaviour of
growth rate equations in solid solution—aqueous solution (SS-AS) systems. Finally, we have applied the generalised growth rate
equations to the Ba,Sr;_,SO,—H,0 SS-AS system. It allowed us to determine relationships between growth mechanisms and
solid composition in such a model system. The result of our calculations were discussed and compared with previous

experimental work on the Ba,Sr;_,SO4—H,O SS-AS system.
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1. Introduction

Our present knowledge of crystal growth is essen-
tially based on theoretical ideas developed during the
first half of the 20th century. Two-dimensional nucle-
ation growth models (Volmer, 1922; Kossel, 1927,
Stranski, 1928; Ohara and Reid, 1973) and the Bur-
ton, Cabrera and Frank theory of growth on screw
dislocations (Burton et al., 1951) were breakthroughs
in the understanding of how crystalline matter forms.
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They provided a physical background which relates
growth mechanisms to the properties of both crystal
and crystallisation medium. However, original growth
theories and further developments have always found
serious difficulties in establishing equations which can
describe and predict experimental crystal growth rates
with accuracy. As Ohara and Reid (1973) pointed out
30 years ago, the origin of this problem is the high
number of fundamental physical parameters contained
in rate equations. The determination or calculation of
such parameters is, in most cases, difficult, and
extensive approximations and simplifications are
made. As a result, growth equations become less
reliable. When rate equations are applied to the case
of crystallisation from solution, the use of fundamen-



tal parameters is even mere difficult, and frequently,
they are amalgamated within empirical censtants with
little er ne physical meaning. Therefere, it is net
surprising that the cemplicated case of selid selutien
crystal grewth frem aqueeus selutien has been scarce-
ly treated in the literature. Nevertheless, it is well
knewn that the incerperatien ef small ameunts ef
substituting iens inte a crystal structure can dramati-
cally affect grewth rates. Traditienally, studies of the
effect of substituting iens (usually censidered as
impurities) en grewth rates have been cenducted by
censidering that such iens perturb, disrupt er even
peisen the “nermal” grewth behavieur ef the pure
crystal (Sangwal, 1993). Hewever, a different peint of
view, where the crystal is assumed te have a mere er
less wide chemical variability (i.e., selid selutien), is
pessible. The aim eof this paper is therefere te relate
grewth rates te selid cempesitien.

In this paper, we present a generalisation of seme
of the classical grewth rate equatiens (fer spiral
grewth and birth and spread twe-dimensienal nucle-
atien) te the case of binary selid selutiens grewing
frem aqueeus selutiens. Such a generalisatien was
made by intreducing basic parameters in the equatiens
as functiens ef the selid selutien cempesitiens. The
detailed study of the generalised rate equatiens fer an
hypethetical B,C, _ ,A-H,® selid selutien—aqueeus
selutien (SS-AS) system allewed us te extract general
cenclusiens en the grewth behavieur ef selid selu-
tiens. Seme eof these cenclusiens can be related te
phenemena such as intrasecterial, secterial and pre-
gressive zening, which are frequently ebserved during
the crystallisatien ef selid selutiens (Paquette and
Reeder, 1990; Reeder and Rakevan, 1999).

The behavieur ef the new equatiens was alse
explered fer the particular case of the (Ba,Sr)S@,—
H,® selid selutien—aqueeus selutien (SS-AS) sys-
tem. This is an interesting medel example whese
physicechemical preperties are relatively well
knewn. Mercever, for this system, seme experimen-
tal infermatien exists en the grewth behavieur at a
melecular scale. In a previeus paper (Pina et al,
2000), we reperted Atemic Ferce Micrescepe (AFM)
ebservatiens ef transitiens frem step advancement te
a twe-dimensienal nucleatien grewth mechanism fer
the (Ba,Sr)S@, selid selutien grewing en barite
(001) faces. Te explain eur experimental results, it
was assumed that transitienal supersaturatiens varied

linearly with the selid selutien cempesitien. The
study ef the behavieur ef the grewth rate equatiens
in the (Ba,Sr)S@®,-H,® SS-AS system presented
here allews us te previde a theeretical basis fer this
assumptien.

2. Growth models and rate equations

At mederate and lew supersaturatiens, flat crystal
faces grew accerding te twe-dimensienal nucleatien
and spiral grewth mechanisms, respectively (Suna-
gawa, 1987). A number of medels have been pre-
pesed te describe grewth rates frem selutien fer these
mechanisms by censidering different centrelling
parameters. In the fellewing sectiens, we will fecus
en the twe mest frequently used grewth rate equa-
tiens: (i) the birth and spread (B + S) twe-dimensienal
nucleatien equatien and (ii) the Burten—Cabrera—
Frank (BCF) equatien fer spiral grewth. Such equa-
tiens were taken frem @®hara and Reid (1973), and we
will analyse in detail their fundamental parameters
and their dependence en selid cempesitien. The
reasening presented is, in principle, applicable te
ether crystal grewth rate medels (e.g., equatiens frem
engineering appreaches te crystal grewth, menenu-
clear and pelynuclear medels, Chernev (1984) bulk
diffusien medel, etc.).

2.1. Birth and spread two-dimensional nucleation
model

Twe-dimensienal nucleatien medels are based en
the assumption that grewth takes place by the
generatien and subsequent spread eof critical nuclei
en crystal surfaces. Therefere, twe rate-limiting
steps can be censidered: the rate eof fermatien ef
nuclei en the surface and the rate of spread eof
already fermed nuclei. When it is assumed that a
nucleus fermed en the crystal surface grews infi-
nitely rapidly, we have the menenuclear medel.
Cenversely, if the fermatien of nuclei is censidered
te be much faster than their subsequent grewth, the
pelynuclear medel is ebtained. The se-called birth
and spread (B+S) medel represents an intermediate
mechanism between menenuclear and pelynuclear
twe-dimensienal nucleatien. This medel assumes
that nucleatien en the surfaces and the spread ef



the nuclei with a finite velecity eccurs simulta-
neeusly. The equatien that gives the grewth rate
nermal te the crystal face (RAl) can be written
(®hara and Reid, 1973) as:
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where d;;; is the height ef the nuclei (i.e., a
multiple er submultiple of the interplanar distance
of the grewing face); Qgu is the melecular velume
of a grewth unit; v is the average speed of adserbed
grewth units diffusing en the crystal surface; S is
the supersaturatien defined as the ratie between the
actual cencentratien ef the substance in the selutien
and its equilibrium cencentratien (selubility); Csg i
is the equilibrium cencentratien ef grewth units en
the surface; ny; is the number of menemers per
unit area en the (hk?) surface (beth Cgg zy; and nyy,
are expressed in particles/unit area); D, is the
diffuisien ceefficient of the grewth units en the
crystal face; Xgyu is the mean diffusien distance
en the swrface in the mean lifetime of an adserbed
grewth unit; and oy is the interfacial free energy
eriginated when a grewth unit attaches en a preex-
isting crystal (PAf)face. Finally, K is the Beltzmann
censtant (1.38 x 1072 J/K) and T is the abselute
temperature.

2.2. Spiral growth model

Fer lew supersaturatiens, the energy barrier fer
twe-dimensienal nucleatien cannet be everceme and
crystals grew accerding te a different grewth mech-
anism: the se-called spiral grewth at screw disleca-
tiens (Burten et al., 1951). The medel by Burten,
Cabrera and Frank (BCF) shares many ef the cencepts
of surface diffusien and step advancement used in the
twe-dimensienal nucleatien appreaches. The main
difference is that BCF prepesed screw dislecatiens
as centinueus and self-perpetuating seurces of kink
sites, and therefere, there is ne energy barrier te be

everceme. The grewth rate fer the case of grewth
frem aqueeus selutiens is given by (®hara and Reid,
1973):
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where B, and ye are the retardatien facters fer the
incerperatien ef grewth units inte a straight step and a
kink site, respectively.

Witheut any deubt, supersaturatien, S, is the fun-
damental parameter in grewth rate Egs. (1) and (2).
Frequently, the supersaturatien, J, ef an aqueeus
selutien with respect te a binary ienic selid with fixed
cempesitien (with general fermula BA) is expressed
by the simple fermula:

where a(B") and a(A™) are the activities of the iens
B" and A” in the selutien and K, is the selubility
preduct. If we want te express J supersaturatiens in
terms of S (which is ftraditienally used in crystal
grewth theery), it is necessary te censider the steichi-
emetry of the cempeund. Fer ienic selids with fixed
cempesitiens, the relatienship between & and S is
simple and given by:

§=45" (4)

where v=>3y;, being the steichiemetric number of the
ien 7 in the selute fermula, i.e., v=2 fer binary ienic
selids with 1:1 steichiemetries.

3. Generalisation of growth rate equations to
SS-AS systems

Grewth equatiens can be generalised te the case of
grewth in a binary B,C, _ ,A-H,® SS-AS system by
censidering that, unlike the case of selids with fixed
cempesitiens, seme of their parameters vary with the



selid cempesitien. Taking this inte acceunt, Egs. (1)
and (2) can be rewritten as:
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In Egs. (5) and (6), the intreductien ef x in brackets
denetes the parameters that are functiens ef selid
cempesitien. Sectiens 3.1 and 3.2 will deal with the
preblem eof evaluating the variatien ef supersaturatien
and interfacial free energy and oy with chemical
cempesitien in SS-AS systems. In Sectien 3.3. we
will prepese seme estimates for the ether grewth
parameters (Csg, g, 26y, etc.) and their variatien with
selid cempesitien. Finally, in Sectien 3.4. we will
analyse the behavieur ef the generalised B+S and
BCF grewth rate equatiens te SS-AS.

3.1. Supersaturation function, é(x)

The evaluatien ef supersaturatien in SS-AS sys-
tems is net as simple as in the case of binary ienic
selids since the variatien ef the selubility as a functien
of the selid selutien cempesitien must be censidered.
This means that fer a given aqueeus selutien with a
fixed cempesitien, the supersaturatien with respect te
a selid selutien is net a unique value but a functien ef
the selid cempesitien. Recently, we have prepesed a
functien, d(x), which essentially is a generalisation of
the supersaturatien expressien, é (Eq. (3)), fer calcu-
lating supersaturatiens with respect te binary ienic

selids (see Astilleres et al., 2003a fer the derivatiens
of the supersaturatiens functien). Such a functien was
directly derived frem the twe cenditiens ef therme-
dynamic equilibrium fer SS-AS systems. Accerding
te eur fermulatien, the general expressien fer calcu-
lating the supersaturatien state of an aqueeus selutien
with general fermula B,C, _ A is:
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where Xg, =x and Y-, =1—x are the melar fractiens
of BA and CA in the selid selutien; yg, and yc, are
the activity ceefficients of BA and CA in the selid
selutien; X' is the melar fractien ef the selid at
equilibrium with respect te an aqueeus selutien ef
reference which has the same activity fractien (see list
of symbels fer definitien of activity fractiens) as the
given aqueeus selutien, and a(A™), a(B") and a(C")
are the activities of the iens in selutien (a standard
state of 1 mel/l and an activity ceefficient equal te 1
are assumed). Finally, Kg, and K4 are the selubility
preducts ef the end members of the selid selutien at
298 K and 1 atm.

Eq. (4) can alse be used te relate supersaturatiens
in SS-AS systems by taking inte acceunt that fer
binary selid selutiens, we have that v=v, +xvg+
(1 — x)ver= 2. Therefere,

S(x) = 872 (x) ()

3.2. Interfacial free energy function, 6 uz(x)

Altheugh the interfacial free energy is a funda-
mental parameter that is specific fer each crystal
face-medium pair, crystal grewth equatiens usually
include mean interfacial free energy values. Such
values cerrespend te the fermatien ef a spherical
nucleus in the crystallisatien medium and are fre-
quently ebtained frem hemegenceus nucleatien
experiments (Wu and Nancellas, 1999). In erder te
ebtain specific interfacial free energies fer crystal



face-selutien pairs, we prepese the fellewing expres-
sien (see Appendix A):
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where Z is the number of grewth units in the unit
cell, V- is the velume ef the unit cell, V) is the
Avegadre’s number and A4, is the surface created
when a grewth unit attaches en the surface.

Fer the case of SS-AS systems, interfacial free
energy fer a given crystal face is a functien ef the
selid cempesitien, and Eq. (9) must be rewritten as:
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In Eq. (10), the dependence of 4,;; and V- en the
selid cempesitien can be ebtained assuming a linear
variatien ef the lattice parameters. The evaluatien ef
the variatien ef the selubility preduct with the selid
cempesitien is net se straightferward. As an apprex-
imatien, we can use the steichiemetric saturatien
censtant, K, fer the selid B,C; _ A, derived frem
the medel by Therstensen and Plummer (1977)
(Glynn and Rearden, 1990, Eq. (36)):
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By substituting Eq. (11) in Eq. (10), we ebtain an
expression fer describing the variatien ef intefacial
free energy as a functien ef the cempesitien ef a
binary selid selutien:
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It is werth neting that Eq. (12) is equivalent te that
prepesed by Butler (1932) fer calculating the surface
tensien between a liquid phase and a menelayer beth
centaining different melar fractiens ef a same cem-
penent (Defay et al., 1966).

3.3. Variation of growth parameters with the solid
solution composition

Apart frem the supersaturatien and the interfacial
free energy, the rest of the parameters in grewth rate
equatiens (Egs. (5) and (6)) are alse functiens ef the
selid selutien cempesitien. Hewe ver, many ef these
basic grewth parameters are difficult te evaluate, and
estimates and simplificatiens must be made. In this
sectien, we explain the appreximatiens we have
made:

D,: Here we have assumed that this diffusien
cecfficient is independent of the cempesitien ef the
grewth unit and equal te 10~ * m?/s. This is a typical
value of velume diffusien cecfficient in selutien (Van
der Eerden, 1993). Diffusien surface ceefficients are
usually lewer, and therefere, in eur medel, D;=10" ’
m”/s can be censidered as a maximum value.

Csg ()
the equilibrium cencentratien ef grewth units en the
surface. A way ef calculating Csg su(x)
equatien:
Cspam(x) = 1/ Keplx)Ag (13)
where A4 is the width ef the diffusien layer. There is,
hewever, anether pessible appreximatien Csg jx(x)
censidering that in an electrelyte aqueeus selutien, the
cencentratien ef menemers is predeminant in cem-
parisen te the cencentratien ef dimers, trimers, etc.
Therefore, CSE’hkl(x)
number of menemers (grewth units) per unit area en
an (hid) surface, ny;;, which, accerding te ®hara and
Reid (1973), is given by:

R (X) = = =~ Csg pu(X) (14)

Ay lx
where & is the fractien eccupied by surface adserbed
grewth units and Afktf(x) is the area eccupied by a
grewth unit as a functien ef the selid cempesitien, i.c.,
calculated frem the variatien ef the lattice parameters.
In this werk, we will use the appreximatien given by
Eq. (14). This allews us te make Cg sx(x)

parameters with analegeus meaning, equivalent in Egs.
(5) and (6). Finally, it is werth neting that the &
parameter in Eq. (14) alse depends en the selubility,
and it is lewer than unity fer sparingly seluble sub-



Table 1
Physicochemical data and growth parameters used for calculating growth rates in the hypothetical B,C;_,A-H,® SS-AS system

Fnd membes Jeas (100} [ (m . e Ir imiai Xy () s gy TR N
BA 0.207 0.74x 107% 107%° 1" 413 x 1077 35% 10'% 3.1x 10710
CA 0.152 067 x 1077 10745 16 4,00 x 1077 3.7x 1'% 3.0x 10710

Interfacial free energies forthe (001) face of end members, e, were calculated using Eq. (12). Molecular vohunes, {gy;, were calculated from
cell parameters. Mean Surface diffusion coefficient, B, was taken from Van der Eerden (1993). Mean diffusion distances, X; o1, were estimated
as 10° times the mean cell parameter. The equilibrium concentrations of growth units, Cgg o1, were calculated by means of Eq. (14). The growth

step height has been taken equal to the cell parameter.

stances. Such a dependence of £ en the selubility is,
hewe ver, difficult te estimate, and in this werk, we
chese ¢ =1, the maximum pessible value.

B, and y4: By assuming a relati vely rapid incerpe-
ratien of grewth units and clesely spaced kinks, beth
retardation facters can be appreximated te unity.

Xs s Here we have estimated the mean diffusien
distance en the surface as Yg = 10° x @, where a is
the mean lattice parameter (@hara and Reid, 1973).

¥: By assuming that this average speed eof surface
adserbed grewth units is in the erder of the lattice
spacing divided by the frequency ef vibratien, a value
of 10° m/s fer this parameter has been calculated.

Qsulx) and dy(kx): Lcu(x) is the variatien ef the
melecular velume frem ene end member te the ether
end member of the selid selutien and @, (x) is the
change in the height of menemelecular grewth steps.
In eur medel, beth parameters have assumed te vary
linearly with the selid selutien cempesitien frem ene
end member te the ether (Vegard’s rule).

3.4. The behaviour of growth rate equations in SS-AS
systems

Egs. (5) and (6) are, in principle, valid fer any SS-
AS system. In the layer-by-layer crystal grewth re-
gime, they describe the relatienships between crystal
cempesitien and grewth kinetics. Therefere, a detailed
analysis ef the behavieur ef Egs. (5) and (6) fer the
case of an hypethetical SS-AS system will allew us te
extract seme general cenclusiens en the characteristics
of the crystal grewth ef selid selutiens. Table 1 shews
the physicechemical data and grewth parameters of the
hypethetical B,C, _ ,A-H,® SS-AS system chesen
fer eur theeretical analysis.

The first main cenclusien ebtained is that fer a
given supersaturatien distributien (cerrespending te
an aqueeus selutien with a fixed cempesitien), dif-

ferent selid selutien cempesitiens can simultanceusly
grew accerding te the BCF and B + S mechanisms en
the same crystal face. This is illustrated in Fig. 1.
Frem the supersaturatien distributien in Fig. la, twe
grewth rate curves as a functien ef the selid selutien
cempesitien can be drawn: ene fer the BCF medel
(selid line) and enc fer the B+ S medel (dashed line).
The BCF and B+S curves intersect at the selid
cempesitien =~ 0.57. Fer selid cempesitiens higher
than 0.57, the BCF medel prevides the highest grewth
rates, and therefere, for such a cempesitienal range,
spiral grewth is the predeminant mechanism. Cen-
versely, selid selutien cempesitiens kg, <0.57 grew
faster accerding te the B+ S mechanism. This means
that en the same crystal face, seme selid cempesitiens
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Fig. 1. (a) Supersaturation distibution, S(x), of an aqueous solution
composition with «(B*)=4 X 1077 moll; «(CH)=7.5% 107> mol/
land «(A7)=1x 107> mol/ as a function of the solid composition
Xna in the hypothetical B,C, _ ,A—H,® SS-AS system. (b) Growth
rate distributions as function of the solid composition Xga
calculated using the generalised B+S equation (Eq. (5); dashed
line) and the generalised BCF equation (Eq. (6); solid line). Both
growth rate distibutions correspond to the same supersaturation
function shown in (a).



will grew by develepment ef spirals, while ether
cempesitien will grew by the fermatien and spread
of twe-dimensienal nuclei. Fer the selid selutien
cempesitien fer which the kinetics of beth mecha-
nisms is cemparable, the simultaneeus eperatien ef
beth mechanisms will lead te cempesitienal inheme-
geneities on the surface. Such inhemegeneities have
been ebserved in natural and artificially grewn selid
selutien crystals and named as intrasecterial zening
(Paquette and Reeder, 1990; Rakevan and Reeder,
1996). Altheugh the anisetrepic incerperatien ef iens
in nenequivalent pesitiens is a satisfactery explana-
tien fer such a zening, the simultanceus eperatien of
twe grewth mechanism in the layer-by-layer grewth
regime can be a pessible explanatien fer surface
cempesitienal inhemegencties eften ebserved in selid
selutiens.

In general, BCF and B + S grewth medels previde
cemparable grewth rates when the superaturatiens are
relati vely lew. Hewe ver, when supersaturatien with
respect te the selid selutien is increased, the cempe-
sitienal range of selid selutien grewing accerding the
B+ S mechanism alse increases. The generalised
B+S equatien (Eq. (5)) predicts that at relatively
lew supersaturatien levels (but high eneugh te ensure
twe-dimensienal nucleatien as the predeminant
grewth mechanism), the selid selutien cempesitiens
fer which supersaturatien is higher have alse higher
grewth rates, i.e., the supersaturatien distributien and
the cerrespending grewth rate functien have the same
shape (see selid lines in Fig. 2a and b). In centrast, if
supersaturatien is further increased, cempesitiens
with higher selubility (and with lewer interfacial free
energy) beceme kinetically faveured, and they grew
faster. This is essentially a censequence ef the eppe-
site rele that (x) and J(x) play in Eq. (3).

It is werth neting that the cempesitien ef the fastest
grewing selid selutien can vary with supersaturatien
even when Xg+ .q and Xc, .4 are maintained censtant
in the aqueeus selutien (i.e., parallel supersaturatien
curves). Fig. 2b shews three B+ S grewth rate dis-
tributiens calculated fer aqueeus selutien with
XB+,2a=0.00067 and increasing the cencentratien ef
A" (see supersaturatien curves in Fig. 2a). As can be
ebser ved, for the lewest supersaturatien curve (selid
line), the maximum grewth rate cerrespends te a selid
with X5, = 0.90 (fer which the supersaturatien rea-
ches a maximum value); fer a supersaturatien distri-
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Fig. 2. (a) Three supersaturation distributions corresponding to three
aqueous solutions with the same activities for the B* and C*
components («(B*)=5 X 107° mol/l; «(C*)=7.5 X 10> mol/l) and
three different activities for the A~ component: €(A7)=1 x 1072
mol/l (solid line); «(A7)=7x 1072 mol/ll (dotted line) and
«(A7)=7 x 107! mol/l (dashed line). (b) Growth rate distributions
as function of the solid composition corresponding to the
supersaturated diswibution in (a) and calculated using the generalised
B+S equation (Eq. (5)). Although the activity fraction in the
aqueous solutions was maintained constant (Xm+,q=0.00067),
growth rate functions show maxima corresponding to different solid
compositions. Thus, while for the lowest supersaturation levels
(solid line in (a)), the maximum growth rate is reached for a solid
composition with Xx, = 0.90, for the highest supersaturation levels
(dashed line in (a)), the maximum growth rate is reached for a solid
composition Xsa=9. The dotted line in (b) represents an
interinediate case where similar growth rates are obtined for the
Xna = 0.90 and Xn,=0.00 compositions of the B,C; _;A solid
solution.



butien slightly higher (detted line), B+ S grewth rates
are similar fer X5, = 0.90 and 15, = 0.00; finally, fer
the bhighest supersaturatien distributien, the CA end
member (15, =0.00) has the highest grewth rate.

We can assume that these cempesitiens with
higher grewth rates are the cempesitiens ef the
grewing layer. Then, frem the behavieur described
abeve, we can cenclude that selid selutien crystals
grewing at high supersaturatiens will be enriched in
mere seluble cempenents, and as grewth precceds
and supersaturatien decreases, selid selutien crystals
will have the cempesitien fer which supersaturatien is
maximum. This is in agreement with previeus exper-
imental werks (Pricte et al., 1993, 1997). These
authers have reperted that sparingly selid selutiens
grewn at very high supersaturatiens exhibit inverse
zening, i.c., the mest seluble end member (but less
supersaturated) grews in first place (cere eof the
crystal), and as supersaturatien levels decrease as a
result of the grewth precess, the cempesitien switch
te the less seluble and mere supersaturated end
member (rim of the crystal).

Anether frequent feature ef the crystallisatien ef
selid selutiens is the develepment ef escillatery
zening (Pricte et al., 1993; Putnis et al., 1992). It
censists eof the alternatien ef layers with similar
thickness and twe differentiated cempesitiens (in
mest ef the cases, clese te the end members of the
selid selutien). This behavieur implies similar grewth
rates fer beth cempesitiens. Fig. 2b shews that fer
certain aqueeus selutien cempesitiens and relatively
high supersaturatiens, similar grewth rates are cem-
puted for selid selutien cempesitiens clese te the end
members (I, = 0.90 and 15,=0.00). Beth the
preximity te the end-member cempesitien and the
degree of departure required depend, ameng ether
facters, en the activity fractiens ef the iens in the
aqueeus selutien. Nevertheless, when twe selid selu-
tien cempesitiens have the same grewth rate, they are
equally prebable te grew en the crystal surface, and
small cempesitienal fluctuatiens at the crystal—fluid
interface can be eneugh te premete the switch frem
ene crystal cempesitien te ether. The de velepment of
escillatery zening then becemes pessible.

As was shewn abe ve, a number of typical features
of the crystallisatien in SS-AS systems can be related
te the general behavie ur of the generalised grewth rate
equatiens (Egs. (5) and (6)). Hewe ver, the particular

grewth behavieur strengly depends en the specific
physicechemical parameters of the SS-AS systems
(differences in selubility preduct ef the end members,
de gree of ideality of the selid selutien, etc.). In erder
te test the validity of Eqgs. (5) and (6), in the next
sectien, we will study the grewth behavieur ef the
patticular case of the Ba—Sr—S@,—H,® SS- AS sys-
tem. The applicatien of Eqs. (5) and (6) te such a
system will be cempared with the present experimen-
tal data.

4. The growth behaviour of the (Ba,Sr)S@, solid
solution: a model example

4.1. Experimental background

Because of its relatively well-knewn preperties, the
Ba-Sr-S@,-H,® SS- AS system is very suitable te
explere the behavieur eof grewth rate equatiens as a
functien ef beth selid and aqueeus selutien cempesi-
tiens. Crystallegraphic data and physicechemical
preperties of the selid selutien end members, celestite
(SrS@,) and barite (BaS@®,), are knewn (see Table 1).
Altheugh the degree of ideality of the Ba Sr; _ ,.S@,
selid selutien is still centre versial (Haner, 1968;
Brewer and Renault, 1971; Malinin and Urusev,
1983; Felmy et al., 1993; Becker et al., 2000), the
high difference in selubility preducts ef the end
members (abeut three erders of magnitude) seems te
be the main centrelling facter ef its nucleatien and
grewth behavieur (Pricte et al., 1993,1997). There-
fere, in this paper, we have assumed that the
Ba,Sr; _ ,S@, selid selutien is centinueus and ideal.
This simplifies supersaturatien calculatiens (i.e., ac-
tivity ceefficients can be taken equal te unity), and it
allews us te assume simple centinueus functiens fer
the basic parameters in grewth rate equatiens, as we
did in Sectien 3.3.

Recent atemic ferce micrescepy ebser vatiens have
previded direct infermatien abeut grewth mechanisms
eperating at a melecular scale en barite and celestite
surfaces. As was reperted by Pina et al. (1998a), at lew
supersaturatien, the barite (001) face grews accerding
te a structurally self-inhibited spiral grewth mecha-
nism. Abeve a supersaturatien of 5(1g.ce,=1) = 7.0
(deneted as the transitienal supersaturation dp, e
7.0), twe-dimensienal nucleatien mechanism becemes



predeminant (Besbach et al., 1998; Pina et al., 1998b).
Twe-dimensienal nuclei have half a unit cell in height,
which cerrespends te the elementary grewth layer
predicted by the PBC theery fer barite (001) face
(Hartman and Heijnen, 1983). AFM ebser vatiens have
alse shewn that beth fermatien and spreading ef twe-
dimensienal islands eccur simultanceusly en barite
(001) surfaces, indicating a birth and spread grewth
mechanism (@hara and Reid, 1973; Pina et al., 1998D).
These grewth features have been alse ebserved en
celestite (Risthaus et al., 1998, 2001). Hewe ver, en
celestite (001) surfaces, the transitien between spiral
grewth and twe-dimensienal nucleatien eccurs at
lewer supersaturatien (6(1gase,=8)= - S

When grewth eccurs frem Ba®"—Sr*"— S@3~ aque-
ous selutiens, the (Ba,Sr)S@, selid selutien is fermed
en barite (001) faces. As we have shewn in Sectien 3.1,
in SS- AS systems, a given aqueeus selutien cempesi-
tien leads te a supersaturatien distributien, i.e., a
different value of supersaturatien fer each selid selu-
tien cempesitien. Depending en the ratie Ba/Sr in the
aqueeus selutien, the distributien ef supersaturatiens
with respect te the selid cempesitiens will be different.
Supersat uratien distributiens can be easily calculated
by applying Eq. (7) te the Ba, Sr; _ .S@®,—-H,® SS- AS
system. This gives:
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where a(Ba®"), a(St”") and a(S®; 7) are the acti vities of
the free iens in selutien calculated frem cencentratiens
using a speciatien pregram based en the Debye-—
Hiickel fermula (Parkhurst and Appele, 2000); Ys:se,
and Xp.se, arc the melar firactiens of SrS@, and BaS@®,
in the selid selutien; 1 §lqe, is the melar fractien ef the
Ba,Sr; _,S@, selid selutien at equilibrium with re-
spect te an aqueeus selutien ef reference which has the
same activity fractien as the given aqueeus selutien;
Kpase, =107 9-9% and Ksrse, =107 663 are the selubil-
ity preducts ef the end members barite and celestite.
Finally, yga.se, and ys;se, are the cerrespending activity
cecfficients. Fer all calculatiens, the Ba,Sr; _ ,.S@,
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selid selutien was assumed te be ideal (activity ceef-
ficients equal te 1).

The supersaturatien distributiens have a direct

effect en the grewth mechanism eperating en the
barite surface. Experimental results indicate that the
transitienal supersaturatien, §*(x), which separates the
spiral grewth mechanism frem twe-dimensienal nu-
cleatien, is clese te a linear functien ef the selid
cempesitien which extends frem J.,
(Pina et al., 2000). Fig. 3b shews three AFM images
of barite (001) faces grewing frem three Ba®"—Sr*" -
S®; ~ aqueeus selutiens with different supersatura-
tien distributiens (Fig. 3a). As can be ebserved, the
higher the supersaturatien level of the selutien, the
higher is the nucleatien density en the surface. In Fig.
3b-(3), beth twe-dimensienal nucleatien of lew den-
sity and step advancement eccurs simultaneeusly.
This is censistent with a supersaturatien distributien
for which mest ef the selid selutien cempesitiens
grew accerding te a spiral grewth mechanism (step
advancement), i.e., the supersaturatien functien is
mestly belew the supersaturatien transitienal line
(curve 3 in Fig. 3a). Fer aqueeus selutiens with
supersaturatien distributiens entirely prejected belew
the transitienal line, ne twe-dimensienal nucleatien
was detected.

4.2. Birth and spread vs. spiral growth in the Ba’" —
Si”T—S@; SS-AS system

Equatiens cerrespending te beth B-+S spiral
grewth and BCF grewth mechanisms (Egs. (5)
and (6)) can be applied te the case of (Ba,Sr)S@,
selid selutien and fer any crystal face. Since grewth
en barite and celestite (001) face is the best
characterised, we will fecus eur study en this face.
Calculatiens will be cempared with previeus exper-
imental findings.

First of all, it is necessary te give values te the
parameters included in Eqgs. (5) and (6). The first
parameter te take inte acceunt is the height ef the
grewth steps. As we lmew frem theeretical predic-
tiens by PBC theery and AFM ebser vatiens (Hartman
and Heijnen, 1983; Pina et al, 1998b), barite and
celestite (001) faces grew by advancement ef grewth
steps half a unit cell in height (i.e., Rbaube—au6 A and
A5 =34 A). Depending en the cempesitien ef
the grewing phase, grewth steps will have different
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Fig. 3. (a) Supersaturation distributions corresponding to three different aqueous solutions with the following compositions: (1) [Ba>*]= 1 pumol/

1, [SPY]=[S@%]1=3000 umold;

existence of a wansitional supersaturation line, 5*(x), was deduced from AFM observations. This means that solid solution compositions whose
values of supersaturation are projected below the §*(x) line can only indefinitely continue their growth by the advancement of steps generated on
screw dislocations. (b) AFM images of the barite (081) face during growth from the solutions described in (a). The images were taken in contact
mode from the deflection signal. The scan area was 15 X 15 um? in the three cases. While for solutions with the highest supersaturation levels (1
and 2), two-dimensional nucleation is the predominant growth mechanism, for solution (3), both two-dimensional nucleation and advancement

of steps (black arrows) occur simultaneously (after Pina et al., 2000).

heights. The height of grewth steps, #;(x),
assumed te vary linearly frem barite te celestite.
Similarly, the variatien ef melecular velume eof the
grewth units, Q2Gy(x) can be appreximated as a linear
functien frem Q. qestise

8.64 X 10 2* m’. The ether grewth parameters (i.e.,
Csegas %X, ) can be ebtained using the estimates
prepesed in Sectien 3.3. Table 2 shews the values of
such parameters fer the end members. As we men-
tiened in Sectien 3.2, anether basic functien in the
generalised grewth rate equatiens (Eqs. 5 and 6) is the
variatien ef the interfacial free energy with the selid
cempesitien, o(x). Fer the particular case of the (001)

face of the Ba,Sr; _ ,S@, selid selutien, we ebtain the
fellewing expressien fiem Eq. (12):
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(16)

Fig. 4 shews the interfacial fiee energy fer the
(001) face as a functien ef the Ba,Sr; _,S@, selid
selutien cempesitien. Calculated interfacial free ener-

g it
gies for the end members, oggr ™



Table 2
Physicochemical data and growth parameters used for calculating growth rates in the Ba,Sr; _,S@®,—H,® SS-AS system

gy (dimr Bl fm' e I, (s X gy (m) Lo gy DT dyo1 (m)
Barite (BaS®.) 0.084 864x10°% ] B 1 717%x 1077 717 x 10 3.6x10710
Celestite (STS®.) 0.067 7.69 x 107%° |- B {1 6.88x 1077 6.88 x 10'® 34%x107%0

Interfacial free energies for the (001) face o fend members, &,,;, were calculated using Eq. (16). Molecular volumes, {2y, were calculated from
cell parameters. Solubility products, Kp, were taken from Blount (1977) for barite and from Reardon and Armswong (1987) for celestite. Mean
Surface diffusion coefficient, B, was taken from Van der Frden (1993). Mean diffusion distances, X, oy;, were estimated as 103 times the barite
and celestite mean cell parameters. The equilibrium concentrations of growth units, Csg g9;, were calculated by means of Eq. (14). The growth
step height is half of the barite and celestite ¢ parameter, as AFM observations have shown (Pina et al., 1998b; Risthaus et al., 1998).

celestite
Teol

the interfacial free energies ebtained frem hemege-
neeus nucleatien experiments assuming a spherical
nucleus. Such an assumptien prevides the lewest
pessible surface/velume ratie and, therefere, the high-
est interfacial free energy (Christeffersen et al., 1991).
This supperts the validity of Eq. (16).

Fig. 5a shews the supersaturatien distributien, J(x),
calculated for a selutien with cempesitien [Ba*"]=1
pmel/l; [Sr*]=[S®37]=3000 pmel/l. This selutien is
supersaturated with respect te the whele range of selid
selutien cempesitiens (i.e., d(x) is higher than unity
fer any selid melar fractien), and there is a supersat-
uratien maximum fer \g,se =0.405. By intreducing
this supersaturatien distributien and grewth parame-
ters (Table 2) inte Eq. (5), we ebtain the grewth rate as
a functien ef the selid cempesitien fer the birth and
spread medel, RB*S(x) (see Fig. 5b). In a similar way,
the grewth rate functien fer a BCF spiral grewth
mechanism, R?.ClF(x), can be calculated using Eq. (6)
(Fig. 5¢). The intersection of Ree (x) (dashed line)
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Fig. 4. Variation of the interfacial free energy of the (001) face of the
Ba,Sr; _ ,S@, solid solution as a function of the solid composition.
The calculation was made using Eq. (16).

and RBF(x) (selid line) shewn in Fig. 5c indicates
that fer mest ef the selid selutien cempesitiens, birth
and spread medel prevides the highest grewth rates.
This means that a twe-dimensienal nucleatien mech-
anism is the predeminant grewth mechanism fer these
particular grewth cenditiens. In additien, Ree; (x)
distributien shewn in Fig. 5b has a maximum fer
Xpase, =0.0. Therefere, ene can expect that a
Ba,Sr, _ ,S@, (001) surface will grew frem the selu-
tien in the abeve example accerding te a birth and
spread medel, and it will be Sr rich. This is in geed
agreement with AFM ebservatiens and surface chem-
ical analysis ef barite surfaces grewn frem such a
selutien cempesitien (Pina et al., 2000). Calculated
abselute grewth rates are, hewe ver, higher than these
ebser ved experimentally. Ameng the reasens fer such
a discrepancy is the fact that small variatiens in seme
grewth parameters, such as the surface diffusien
cecfficient er the average speed ef surface adserbed
grewth unit, can result in grewth rates which differ by
several erders eof magnitude. Such parameters are
essentially unknewn fer the case of grewth within
the Ba®" —Sr”"—S@;~ SS-AS system, and enly bread
estimated values (within the range eof typical values
for grewth fiem selutien) were used in the grewth
equatiens. Mercever, generalised grewth equatiens de
net take inte acceunt the influence of the crystal
surface structure en the grewth behavieur (e.g., struc-
tural self-inhibitien ef spiral grewth (Pina et al.,
19982) and template effect (Astilleres et al., 2002,
2003D). Therefere, abselute grewth rates ebtained are
net reliable. It is werth mentiening here that the
precise determinatien ef basic grewth parameters
(either experimentally er by means ef cemputer sim-
ulatiens) is ef great impertance, and it weuld lead te
an impre vement ef the predictive pewer of grewth
rate equatiens.
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Fig. S. (a) Supersaturation diswibution (Eg. (15)) of an aqueous
solution composition with [Ba®*]=1 pmol/l; [Sr**|=[S@3 ]=3000
pumol/1as a function of the solid compositionXBas.4. The (Ba,Sr)S@;
solid solution was assumed to be ideal (activity coefficients=1). (b)
Growth rate function obtained when specific growth parameters
(Table 2), interfacial free energy function and the supersaturation
distribution shown in (a) are inwoduced into the generalized growth
rate equation for the birth and spread model ( Eg. (5)). (c) Growth rate
diswibution obtained for the same supersaturation distibution but for
the case of a BCF spiral growth mechanism (Eq. (6)). In this plot, the
growth rate function for the B + S mechanism has been also plotted
(dashedline). (Note the two orders of magnitude difference in growth
rates). The intersection between BCF and B +S growth rate curves
indicates that solid solutions with molar fractions, Amase,s higher than
0.766 can only perpetuate their growth by the advancement of steps
generated on screw dislocations (spiral growth).

4.3. Transitional supersaturations between growth
mechanisms in the Ba’" —S1”" —S@,~ SS-AS system

Altheugh the predictien ef abselute grewth rates
using generalised grewth equatiens te SS-AS is
difficult (basically as censequence ef the uncertain-
ties abeut the grewth parameters eof the classical
starting equatiens), we can presume that since we
intreduced the same set of parameters in Egs. (5)
and (6), the shape eof the calculated grewth rate
functiens ef the selid cempesitien and the relatien-
ship between grewth mechanisms are essentially
cerrect. Te investigate further this relatienship, we
can censtruct a theeretical supersaturatien—selid
cempesitien plet frem grewth rate curves as fel-
lews. Frem a number of supersaturatien distribu-
tiens, such as these shewn in Fig. 6a, we calculate
the cerrespending grewth rate curves fer B+S and
BCF medels (Fig. 6b). The intersectiens of each
pair ef such curves ebtained fer the same supersat-
uratien distributien give the selid selutien melar
fractiens fer which beth grewth medels previde the
same grewth rate. Therefere, supersaturatiens fer
these particular selid selutien cempesitiens are
transitienal supersaturatiens between birth and
spread and BCF grewth mechanisms, deneted by
6*(Xpase,)- Fig. 6¢ shews the supersaturatien—selid
cempesitien diagram, where *(Yg.se, )—-YBase,
pairs ebtained by this precedure have been pletted.
By cennecting these peints, a transitienal supersat-
uratien curve, 6*(x), can be drawn. The J*(x)
functien shews a slight curvature, and it dees net
greatly differ frem linearity, as eur previeus exper-
imental werk suggested (Pina et al., 2000). While
selid selutien cempesitiens with supersaturatiens
abeve 6*(x) will grew accerding te a birth and
spread grewth mechanism, fer selid cempesitiens
with supersaturatiens prejected belew, a spiral
grewth mechanism will be ebserved. The diagram
shewn in Fig. 5c can alse be repreduced by starting
frem different supersaturatien distributiens. Al-
theugh beth resulting grewth rate curves and their
intersectiens will be different, transitienal supersat-
uratien—selid melar fractien pairs will lie en the
same 6*(x) curve. Furthermere, even theugh grewth
parameters have a streng effect en the calculated
abselute grewth rates, J*(x) remains essentially
invariant, irrespective eof the grewth parameters
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Fig. 6. (a) Supersaturation functions calculated for four aqueous solutions. The increase in supersaturation from curves 1 to 4 was obtained by
increasing the sulphate concentration. (b) Growth rate functions calculated for the supersaturation distributions shown in (a). Bashed lines
correspond to the birth and spread model (Eq. (5)) and solid lines to the BCF-spiral growth model (Eq. (6)). (c) The solid solution molar
fractions, Xm,se,, for which birth and spread and BCF-spiral growth models predict the same growth rates for the same supersaturation

distribution can be plotted on a supersaturation-solid composition diagram. The resulting 6*(X) is the variation of the wansitional supersaturation
between both growth mechanisms as a function of the solid composition.

chesen. The intersectien of the J*(x) with the
erdinates at Xp,ce, =0 and Ip,ce,=1 give us,
respectively, the transitienal supersaturatiens values
for the end members, F¥eiestite

These resulting transitienal supersaturatiens fer the
end members, celestite and barite, are in geed
agreement with experimental findings reperted by
Pina et al. (2000): &% cstite

The lewer experimental fransitienal supersaturatiens
in cemparisen te the calculated values may be due
te the existence of defects en the surface that

reduces the energy barrier fer twe-dimensienal
nucleatien.

5. Concluding remarks

Frem the werk presented here, we can extract the
fellewing general cenclusiens:

. Classical rate equatiens fer crystal grewth frem
selutien can be generalised for the case of grewth
in SS-AS systems by censidering beth basic
grewth parameters and supersaturatien as functiens
of the selid cempesitiens.

. The generalised equatiens previde, fer a given
aqueeus selutien cempesitien, grewth rate distri-
butiens as a functien ef the selid cempesitien



which are different depending en the grewth medel
censidered (e.g., birth and spread twe-dimensienal
nucleatien and BCF spiral grewth).

. The study ef the behavieur ef the generalised
grewth equatiens has alse shewn that different selid
selutien cempesitiens can grew simultanceusly en
the same crystal face by different grewth mecha-
nisms (BCF er B+S8). This can previde an
explanatien fer surface cempesitienal inhemege-
neities frequently ebserved in selid selutiens.

. Grewth rate functiens shew maxima fer specific
selid cempesitiens, which, in principle, de net
cerrespend te the cempesitien with highest
supersaturatien.

. We have explered the behavieur ef the generalised
equatien ef beth birth and spread and BCF spiral
grewth mechanisms fer the case of the Ba® -
Sr”*—S@3;~ SS-AS system. Many basic parameters
requited fer calculating grewth rates in such a
system were net well knewn, and simplificatiens
and estimatiens were made. As a censequence,
calculated abselute grewth rates are net reliable.
Hewever, general grewth rate distributiens and
relatienships between grewth mechanisms are
censistent with previeus experimental werk.

. By cemparing birth and spread and BCF spiral
grewthrate functiens, it was pessible te censtruct a
theeretical supersaturatien—grewth mechanisms—
selid selutien cempesitien diagram fer the Ba®"—
Si”*-S@3~ SS-AS system. @n such a diagram, the
transitienal supersaturatien between regiens where
twe-dimensienal nucleatien er spiral grewth is the
predeminant mechanism was feund te be a
functien ef the selid cempesitien. This is censis-
tent with experimental findings (Pina et al., 2000).
. Supersaturatien—grewth mechanisms—selid selu-
tien cempesitien diagrams can be useful te
interpret and predict the grewth behavieur in SS-
AS systems. Hewever, a precise descriptien ef the
relatienships between cempesitien and grewth
mechanisms and the calculatien ef grewth rates
will require a better determinatien eof basic grewth
parameters (e.g., surface diffusien ceefficients,
grewth unit cencentratien, height ef the grewth
steps, etc.) as well as an understanding ef the
influence eof crystal surface structure en grewth
behavieur. Fer this task, the cembinatien ef surface
science techniques (especially AFM) with theeret-

ical and melecular medelling metheds will be
undeubtedly very effective.
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activity in the aqueeus selutien

equilibrium cencentratien ef grewth units en
the surface

the diffusien ceefficient eof the grewth units
en the crystal face

height ef the twe-dimensienal nucleus
grewth unit

Beltzmarm censtant (1.38 x 10~ > J/K)

Kga and K, selubility preducts ef the end members

K p
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Rppq

of the B,C, _ A selid selutien

selubility preduct ef a binary ienic selid
steichiemetric selubility censtant (Eq. (11))
Avegadre’s number

number of menemers per unit area en the
(PKl) surface

RESF and RESS grewth rate nermal te an (A7) crystal

At

GU
Arrd

T
Ve

face calculated accerding te the Burten,
Cabrera and Frank and birth and spread
medel, respectively

supersaturatien ratie

surface created when a grewth unit attaches
en an (hk/) surface

the area eccupicd by a grewth unit as a
functien ef the selid cempesitien

abselute temperature

the velume eof the unit cell

Xga and Yo, melar fractiens of BA and CA in the

selid selutien with general fermula B,C, _ (A

Xp-aq and Xc- o activity fractiens ef the B™ and C”

Xs pia

Yo

iens n the aqueeus phase, respectively:

Xp-aq=(a(B"YaB" )+ a(C")); Ker,ag=(a(C")/

a(B*)+a(C"))

mean diffusien distance en the surface in the
mean lifetime of an adserbed grewth unit
melar fractien ef enc end member in the
selid selutien; the symbel x in brackets alse
denetes these parameters in grewth rate
equatiens depending en the selid selutien
cempesitien

the number of grewth units in the unit cell
retardatien facter fer the incerperatien ef
grewth units inte a straight step

retardatien facter fer the incerperatien ef
grewth units inte a kink site



8 supersaturatien (Eq. (3)); fer binary ienic
solids, S =19

6*(x) transitienal supersaturatien functien between
twe-dimensienal nucleatien and spiral
grewth mechanisms

5§axitc
tween twe-dimensienal nucleatien and
spiral grewth mechanisms fer barite and
celestite, respectively

Ad width ef the diffusien layer

v average specd eof adserbed grewth units
diffusing en the crystal surface

& fractien eccupicd by surface adserbed
grewth units

Ot the interfacial free energy eriginated when a
grewth unit attaches en a preexisting crystal
(hkl) face

Qcu melecular velume of a grewth unit

[ square brackets indicate cencentratien ef an
ien in the aqueeus selutien
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Appendix A. Calculation of specific interfacial free
energies for crystal face-solution pairs

The expressien fer calculating crystal face-selutien
interfacial free energies (Eq. (9)) has been derived en
the basis ef the classical theery fer heteregeneeus
nucleatien. When a grewth unit, GU, attaches en a
preexisting (hk!) crystal surface, the change in free
energy is given by:

AG = Apaohii — Aty (AI)

where 4, is the swface created when a grewth unit
attaches en the surface, o, is the specific interfacial
free energy for the (/) face and Api.y is the change
in chemical petential due te the crystallisatien. Frem
definitien of chemical petential:

a(GU)..,.
a(GU)

sol

Apyy = KTln { (AIT)

where a(GU).ys and a(GU),,; are the activities of the
grewth units in the crystal and in the aqueeus selu-
tien, respectively. By substituting Eq. (AIl) inte Eq.
(AI), we ebtain:

AG = 4 o AIIL
= AptiOppt — H{W] ( )

sol

At equilibrium AG=0, and therefere:

KT aiGhIy
iy =—In
1Y

(ALV)

il Cal bt

This equatien allews us te calculate the interfacial
free energies for any crystal face. If we censider new
an ienic selid with general fermula AB, then the
activity ef AB grewth units at equilibrium in the
selutien is:

milak il W |"..“-\. " A (AV)
where K, is the selubility preduct ef the selid AB and
N4 is the Avegadre’s number.

Fer the selid phase, the activity ef the AB grewth
units can be expressed as:

z
A
where Z is the number of grewth units in the unit cell
and V7, is the velume eof the unit cell. By substituting
Egs. (AV) and (AVI) inte Eq. (AIV), we ebtain the
general expression feor the interfacial free energy of an

a(GU)yy,s = (AVI)

(hkl) face:

BT z
i = e °
A \/K_SPNAVC] ®)

It is impertant te nete that, in erder te ebtain
specific interfacial free energies using Eq. (9), it is



necessary te calculate the new swiface generated, 4,
censidering the cencept of elementary grewth layer as
defined by the Hartman—Perdek theery.
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