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Abstract

The aim of this paper is analyzing existence, multiplicity, and regularity issues for the positive solutions
of the quasilinear Neumann problem

{—(u// 1+ @)?) =ra@) f@), 0<x<l,
u'(0)=u'(1) =0.

Here, (u/ /i 1+ @)? )/ is the one-dimensional curvature operator, A € R is a parameter, which is generally
taken positive, the weight a(x) changes sign, and, in most occasions, the function f(u) has a sublinear
potential F (u) at co. Our discussion displays the manifold patterns occurring for these solutions, depending
on the behavior of the potential F'(u) at u = 0, and, possibly, at infinity, and of the weight function a(x) at
its nodal points.
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1. Introduction

The main aim of this paper is analyzing the set of positive solutions, regular or singular, of
the quasilinear Neumann problem

u/

_<\/TW> =dax)f(u), O<x<l,
u

W' (0)=u'(1) =0.

(1.1)

Here, (u/ JV1+ @W)? )/ is the one-dimensional curvature operator, A € R is viewed as a param-
eter, which in most cases is positive, and the functions a(x) and f(u) are generally supposed to
satisfy

1
(a1) aeL'(0,1), /a(x) dx <0, and a(x) > 0 on a set of positive measure,

and, respectively,

(f1) feCR), f(0O)=0, f(u) >0 ifu>0, and, for some constants h >0, p > 0 and q €
0, 1),

A T A

u—0t up u—o00 y—4

=h. (1.2)

Obviously, if lim,,_, o+ fu— = ho > 0, then, by replacing f () with g(u) = f(u)/ho and A with
W = hoA, the first condition of (1.2) is always met; in particular, f/(07) =1if p=1.

By a regular solution of (1.1), we mean a function u € w2l (0, 1), which fulfills, for some
A € R, the equation a.e. in (0, 1), as well as the boundary conditions. It is evident that u is a
regular solution of (1.1) if and only if it satisfies

—u" =ra(x)f(w)gw'), O0<x<l,
{u’(O):u’(l):O, (1.3)
where
g) = (1+19)3. (1.4)

In this paper we will also use, as we previously did in [39—-43], the notion of bounded variation
solution of (1.1). A function u € BV (0, 1) is said to be a bounded variation solution of (1.1) if
the next identity holds

1 1
f aD¢a /
1+ (Du
0 0

1
/ raf(u)pdx
0

[39)
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for every ¢ € BV (0, 1) such that | D¢*| is absolutely continuous with respect to | Du®|. Here, for
any v € BV (0, 1), Dv = Dv%dx + Dv* is the Lebesgue—Nikodym decomposition, with respect
to the Lebesgue measure dx in R, of the Radon measure Dv in its absolutely continuous part
Dv?dx, with density function Dv?, and its singular part Dv*. Further, % denotes the density
function of Dv® with respect to its total variation | Dv®|. We refer, e.g., to [3,4,42] for additional
details on these concepts.

It is apparent that any regular solution is a bounded variation solution. When a bounded vari-
ation solution is not regular, it is called singular. Such solutions may exhibit jumps and, in
principle, even more complex behaviors. Throughout this paper, all solutions will be bounded
variation solutions, even if not emphasized explicitly.

A solution u of (1.1) is said to be positive if essinfu > 0 and ess supu > 0, whereas it is
said strictly positive if essinfu > 0. It is also said that a pair (A, u) is a positive, or strictly
positive, solution of (1.1) if u is a positive, or strictly positive, solution of (1.1), respectively, for
some X > 0. As this paper focuses attention on positive solutions, all solutions through it will be
understood to be positive.

Throughout this paper, A9 > O stands for the positive principal eigenvalue of the linear
weighted eigenvalue problem

—¢"=ra(x)p, O0<x<l,

, , (1.5)
@' (0)=¢'(1)=0.

According to a classical result of Brown and Lin [8] (see [38, Ch. 9] for the general theory),
besides A = 0, the problem (1.5) admits under (a;) a unique positive eigenvalue Ao > 0, with a
strictly positive eigenfunction ¢, unique up to a positive multiplicative constant.

Hereafter, we denote by Sj‘ the set of couples (A, u) € [0, 00) x CI[O, 1] such that (A, u) is
a positive regular solution of (1.1), together with (0, 0) and (A9, 0), its two possible bifurcation
points from the trivial line (A, 0), A € R. Similarly, we denote by S,::) the set of couples (A, u) €
[0, 00) x BV (0, 1) such that (A, u) is a positive (bounded variation) solution of (1.1), together
with (0, 0) and (Xg, 0). By definition, the set of singular positive solutions of (1.1), denoted by
S, is givenby S = S;7 \ S

Let us observe that, according to (1.2), the potential of f(u), defined by F(u) = fou f(s)ds
for all u € R, satisfies

. Fw) . S u) 1
lim = lim =
u—0+ uPtl o+ (p+DHu? p+1

>0 (1.6)

and, hence, it is quadratic at zero if p = 1, subquadratic if 0 < p < 1, and superquadratic if
p > 1. Similarly, we have that

. Fa S ) h
lim —— = lim =
u—ooy'=9 u—oo(l—q)u=9q 1—g¢g

>0 (1.7)

and, therefore, F (u) is sublinear at infinity, because 0 <1 — g < 1.

As the main goal of this paper is analyzing the existence and the interplay between the regular
and the singular solutions of (1.1) under (f1), this work can be viewed as a natural continuation
of [39-43] to cover the case where F'(1) is sublinear at infinity. There are strong motivations
for studying this problem: a rather thorough discussion is presented in [39—43], together with a
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wide list of relevant references, also witnessing the relevance of this topic for the applications.
These references include some very classical works dating back to the three decades from the
sixties up to the eighties and dealing with the prescribed mean curvature equation [5,10,34,55,
57], or capillarity-type problems [13,19,24-28,31,32], as well as other more recent papers, often
dedicated to finding positive solutions, either in higher dimensions [12,14,15,33,35,44,45,47,51]
and possibly with radial symmetry [11,46,49,56], or in one dimension [6,7,9,16,48,50].

Note that the condition (1.2) implies that

Jim f(u) =0 (1.8)

and hence || f]lco = max,>o f(u) < oco. For the validity of some of the results found in this paper
we shall however impose a stronger condition than ( f1). Since f € C(R) and f(0) = 0 it follows
from (1.8) that there exists a maximal M > 0 such that f(M) = || f|lco. The next assumption
incorporates into ( f1) the monotonicity of f(u) on each of the intervals (0, M) and (M, 00):

(f2) f(u) satisfies (f1), f € CUM, c0), and it is increasing in (0, M) and decreasing in
(M, 0).

For any given p > 0, g € (0, 1) and M > 0, the function

(1.9)

p+q .
Muq ifu>M

ubf if0<u<M,
fw) =

provides us with a paradigmatic example of function satisfying ( f>). By regularizing it around M
it is very easy to construct a family of functions satisfying ( f2), with the same shape as (1.9) at
u =0 and u = o0, and such that f € C 1 (0, 00). In some cases, when using bifurcation methods,
more regularity will be necessary, as to require that

(f3) f ) satisfies f € CL(R), f(0)=0, f'(0)=1, f(u) >0 ifu >0, and, for some constants
h>0andq e (0,1), limy_ oo —L - = h > 0 holds.

,qu—q—l =

Moreover, in some circumstances we will replace (aj) with the stronger condition

1
(a2) ae€ L>®(0,1), /a(x) dx <0, and there is z € (0, 1) such that a(x) > 0 for a.e. x € (0, 2)
0
and a(x) <0 fora.e. x € (z, 1).
When (az) holds, by [39, Cor. 3.7], any positive singular solution (, u) of (1.1) satisfies

uljo.z) € Wli’coo [0,2) N W10, z) and is concave,

Ul € W2z, 11N Whl(z, 1) and is convex.

loc

Moreover, u'(x) < 0 for every x € (0, z), u’(x) <0 for every x € (z, 1), u’(0) = u’(1) =0 and
u'(z7) =u'(z) = —o0o, where u/(z~) and u’(z") stand for the left and right Dini derivatives of
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u at z. Therefore, in this case, singular solutions can only develop jumps at z, the node of the
function a(x).
Throughout this paper, for any given r < s and V € L®(r, s), we denote by o[—D? +
d2

V(x); B, (r,s)], with D? = ek the lowest eigenvalue of the boundary value problem

—w'+VxIw=tw, r<x<s,

Bw(r) =Bw(s) =0,

where B stands either for the Neumann boundary operator, NV, or the Dirichlet boundary operator,
D. If (f1) holds with p > 1, and u is a strictly positive regular solution of (1.1), i.e., (1.3) holds,
then # must be a principal eigenfunction associated with the eigenvalue

o[-D* = ra(x) L2 g(w'); N, (0, )] =0

and hence, e.g., by [38, Thm. 7.10], minu > 0, i.e., u is strictly positive. Moreover, if f(u)
satisfies f € €10, 00) and (f1) with p > 1, and (ap) holds, then, from [42, Prop. 1.1] (see
also [43, Lem. 2.1]), we find that A > 0 if (1.1) possesses a strictly positive solution. Actually,
the solution is constant in [0, 1] if A = 0. Thus, non-constant positive solutions of (1.1) can
only arise for A > 0. However, the situation is quite different if (f1) holds with 0 < p < 1.
Indeed, as pointed out in [42, Rem. 1.8], in this case there may occur dead core solutions, i.e.,
solutions vanishing on some open interval, thus provoking the possible existence of positive
regular solutions even for A < 0. This can be shown by slightly modifying [42, Ex. 2] as follows.
In this work we anyhow restrict our analysis to the case A > 0.

Example. Let f € C(R) be such that f(u) = 4/u if 0 < u < 1. Then, the function defined by

mG—xh ifosx<i,
u(x) =3z — 3 if 1 <x<32,
0 if2<x<l,
satisfies u € W2°°(0,1) and it is a positive regular solution of (1.1) with A = —1 and a €
L®°(0, 1) defined by
u / 1 i£0 < 2 ” 1
i X <%, xX#x3,
a@) =1\ /1+w)?) Ju®) - :
A if2<x<l,

for every constant A € R. In particular, so that (a;) holds, the constant A can be chosen so that
fol a(x)dx < 0. It is worthy observing that, for this choice of the functions f(u) and a(x), by
[43, Thm. 9.1], the problem (1.1) also admits positive regular solutions for sufficiently small
A>0.

We describe below the main findings of this paper which concern, in the following order, with
non-existence, existence, multiplicity and regularity properties of the positive solutions of (1.1).

5
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Fig. 1. The profile of the solutions for large A > 0.

In Section 2 we establish that (1.1) cannot admit a singular solution for sufficiently small
X > 0 under conditions (f1) and (a1), regardless the size of p > 0. Actually, (1.1) cannot admit
any solution, neither singular nor regular, for sufficiently small A > 0 if p > 1. These conclusions
are optimal, because, due to [43, Thm. 9.1], the problem (1.1) has at least one positive regular
solution (X, u, ), for sufficiently small A > 0, if p € (0, 1).

In Section 3 we show, for quadratic potentials at the origin (p = 1), the existence of two
components of regular solutions of (1.1) bifurcating from the trivial line at A =0 and at A = A¢.

By the bifurcation theorems in [39], these components are subcomponents of some compo-
nents of the set S ;; of the positive bounded variation solutions of (1.1). For superlinear and linear
potentials at infinity it is already known from [40,41] that the regular solutions can develop sin-
gularities along these components. The existence of positive bounded variation solutions of (1.1)
for all A > Ag is guaranteed by Theorem 3.1.

Section 4 deals with subquadratic potentials at the origin (0 < p < 1). In this case the exis-
tence of positive bounded variation solutions of (1.1) for all A > 0 follows from [42, Thm. 1.2].
The main goal of Section 4 is establishing the existence of a component of the set S of positive
regular solutions bifurcating from (0, 0), which is done in Theorem 4.2. This result complements
[43, Thm. 9.1]. As the proof of [43, Thm. 9.1] is based on the direct method of calculus of vari-
ations it does not guarantee such structure information, provided instead by Theorem 4.2 which
relies on the construction of sub- and supersolutions and the use of topological degree methods.

Section 5 focuses on superquadratic potentials at the origin (p > 1). From [42, Thm. 1.5]
and [43, Thm. 10.1] the existence of two positive solutions, one of them regular and small, can
be inferred for sufficiently large A > 0. Theorem 5.2 establishes the existence of a component
of the set S;F of positive regular solutions of (1.1) bifurcating from 0 as A — oo. The proof of
Theorem 5.2 relies on some elementary topological techniques based on the theory of superlinear
indefinite problems developed in [2].

Section 6 ascertains, for every p > 0, the limiting profile of the regular solutions of (1.1) that
are separated away from zero as 1 — o0, should they exist, when f(x) and a(x) satisfy (f2) and
(az). The assumption (a7) entails that any regular solution u of (1.1) is decreasing in [0, 1], and
thus u(0) = [lull L (0,1y. These solutions satisfy u(0) > M (see (f2)) for sufficiently large A > 0
and grow up to infinity on [0, z) at least at the rate C;A!/4, while they decay to zero on (z, 1] at
least as Cz)f]/p, for some constants C; > 0, C, > 0, as sketched in Fig. 1.

According to Theorem 5.2, (1.1) possesses a subcontinuum of the set of regular solutions of
(1.1) consisting of solutions (%, u,) which satisfy

im |u; || 1 =0.
Tim s lleigo,1

6
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||uHL°C(D,1) H”Hm(o,n

0<p<l1 p=1 >1 0<p<l1 p=1 p>1

0 Ao 0 Ao

Fig. 2. Global bifurcation diagrams when F (u) is sublinear at infinity (left), or F () is superlinear at infinity (right), and
a(x) satisfies (ap) and (1.10), according to the nature of F(u) at the origin: subquadratic (blue, 0 < p < 1), quadratic
(black, p = 1), or superquadratic (red, p > 1). (For interpretation of the colors in the figure(s), the reader is referred to
the web version of this article.)

As these solutions are not separated away from zero for sufficiently large A > 0, they must be
left outside the analysis of Section 6 to ensure the validity of all our results therein.

Section 7 carries out a detailed discussion of the existence, and non-existence, of singular
solutions. Precisely, Theorem 7.1 establishes a general criterion that allows to ascertain the local
regularity of the bounded variation solutions of the equation

u' '
—E ) =),
(\/1 + (u’)z) )

where h € L1(0, 1) satisfies 2(x) > 0 a.e. in (z — 81, z) and h(x) <0 a.e. in (z, z + 82) for some
z€(0,1) and 81, 62 > 0, according to the behavior of /(x) near its nodal point z. Based on this
result, Theorem 7.2 shows that, under condition (a), the problem (1.1) cannot admit singular
solutions if

1 |
2 1 Z 2

either / /a(t)dt dx =00, or / /a(t)dt dx = 0. (1.10)
0

X Z X

This condition measures how smooth is the function a(x) on the left, or on the right, of z; it is
easily seen that it holds whenever a(x) is differentiable at z. Surprisingly, Theorem 7.2 holds
true regardless the particular behavior of f(u) at zero and at infinity, just requiring f(u#) to be
continuous and positive. Thus, Theorem 7.1 is a quite general and versatile result, applying to
a large variety of situations. In particular, it completes and sharpens, very substantially, some
of our previous findings in [39-43]. As a direct consequence of this regularity result, the global
bifurcation diagrams of the set of positive solutions of (1.1) look like those superimposed in Fig. 2
according to the decay rate of the potential at the origin, measured by p > 0, and at infinity. In the
global bifurcation diagrams plotted in Fig. 2, as well as in the remaining figures, we are plotting
the value of parameter A versus the L°°-norm of u. Thus, each point on the plotted curves stands
for a particular solution (X, u) of (1.1). In these bifurcation diagrams, continuous lines are filled
in by regular solutions, while dashed lines consist of singular solutions. Thanks to Theorem 7.2,
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“u“L“ﬂ(O,l) ||u||Lw(nA,1)
“

singular discontinuous solutions

classical solutions classical solutions

0 Ao 0 Ao

Fig. 3. Global bifurcation diagrams when F(u) is sublinear at infinity (left), or superlinear at infinity (right), and a(x)
satisfies (a) and (1.11), according to the nature of F'(u) at the origin: subquadratic (blue, 0 < p < 1), quadratic (black,
p = 1), or superquadratic (red, p > 1).

the problem (1.1) cannot admit singular solutions not only for sublinear potentials at infinity but
also for superlinear, or asymptotically linear, potentials at infinity. Thus, these findings complete,
when 0 < p # 1, the regularity result of [41] as well as the main theorem of [40], where the non-
existence of singular solutions was only established for sufficiently small A > 0.

The global bifurcation diagrams of Fig. 2 are in full agreement with the existence and nonex-
istence results of [42] and [43], as well as with the new findings of this paper.

According to Theorem 7.2, the condition

1

1
2 1 Z 2

Z Z
/ /a(t)dt dx <oo and / /a(t)dt dx < o0 (1.11)
0 X b4 X
is necessary for the existence of a singular solution. This condition holds, for example, if
esslima(x) > 0> esslima(x). (1.12)
x—z~ x—zt

According to the results of [43], the small solutions of (1.1) must be regular. So, a further goal
of Section 7 is analyzing the formation of singularities from these small regular solutions as A
varies. By Theorem 7.3, under conditions (a2) and (1.11), there are examples of functions f(u)
satisfying (f1) for which (1.1) possesses singular solutions. Moreover, regardless f(u), when
a(x) satisfies (a2) and (1.12), then, any sufficiently large solution of (1.1) for sufficiently large
A must be singular. Therefore, the solutions of (1.1) whose existence is guaranteed by [42, Thm.
1.4, Rem. 1.9] for sufficiently large A > 0 must be singular. Fig. 3 provides us with six admissible
bifurcation diagrams when the function a(x) satisfies (az) and (1.12), according to the nature of
F (1) at infinity.

In strong contrast with the situations described in Fig. 2, under condition (1.12), the small
solutions of (1.1) are regular, whereas the solutions far away from zero, for sufficiently large A >
0, may become singular. Therefore, the small regular solutions on each of the components plotted
in Fig. 3 develop singularities as they become sufficiently large at the points of the bifurcation
diagrams separating continuous and dashed lines. Although the results of Section 7 guarantee the
existence of singular solutions for sufficiently large A > O for sublinear potential at infinity, we
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were unable to guarantee the formation of singularities from the small regular solutions along
the solution components of (1.1) just assuming the weaker condition (1.11). So, this problem
remains open here.

2. Non-existence of solutions for small A > 0 when p > 1

This section establishes the non-existence of positive solutions (regular or singular) for suf-
ficiently small A > 0 when p > 1. Recall that in this context the positive solutions of (1.1) are
actually strictly positive. Our first result establishes the non-existence of singular solutions of
(1.1) when f(u) is globally bounded in [0, co) and A > 0 is sufficiently small.

Lemma 2.1. Assume (f1) and (ay). Then, the problem (1.1) has no positive singular solution for
sufficiently small A > 0.

Proof. Let u be a positive bounded variation solution of (1.1) for some A > 0. Set h(x) =
a(x) f(u(x)), for a.e. x € [0, 1]. Hence, u is a solution of the problem

u' '
— | ———— ] =M(x), O<x<l,
V14 w)?

u'(0)=u'(1) =0.

Since [|2llp10,1y < 1 f lscllallz1(o, 1, there exists A > 0 such that MAlgoy < 1, for all A €

[0, 1). Thus, by the regularity result [39, Cor. 3.5], u € WZ’I(O, 1) and therefore u is a regular
solution of (1.1). O

The next result provides information on the asymptotic behavior of the positive, necessarily
regular, solutions as A — 0.

Lemma 2.2. Assume ( f1) and (ay). Let {(1,, un)}n>1 be a sequence of positive regular solutions
of (1.1) such that A, > 0 for all n > 1 and

lim A, =0. 2.1
n—>oo
Then, one has that

lim u, =0 in W>'(0,1). (2.2)

n— oo

Proof. Let {(A,, u,)},>1 be any sequence of positive regular solutions of (1.1) such that A, > 0,
for all n > 1, and (2.1) holds. Let us set, for every n,

Yp = ——2— e WH*(0, 1).

V14 u)?

Pick any x € (0, 1]. Integrating the equation of (1.1) in [0, x] yields

9
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X

V() = / a(t) f un(0)) di

0

and hence

IVnllze©,1) < Al flloollall L1 o, 1)-

Consequently, by (2.1), we find that lim,,_, o || ¥ |l L (0,1) = O and therefore

. , _
HILH;O lu, Lo 0,1y = 0.
For each n, let x,, € [0, 1] be such that

up (xn) = |luy ||L°°(0,1)'

Let us write, foralln > 1 and x € [0, 1],

X

Un(x) = up(x,) + / u, (1)dr.

Xn

For a subsequence, still labeled by n, we have that either
lim u,(x,;) =00,
n—o00
or

lim u,(x,) =u, € [0, 00).
n—>oo

In the former case, thanks to (2.3), (2.4) and (2.6), we infer from (2.5) that

Uy (x)

n—00 |luy || Lo (0,1)

By (f1), this implies that

J (un(x)) i LW ) ! (x)

lim — = i = =
0o ”un”LOO((),]) no0 y, t(x) MO ”un”Loc(()’])

On the other hand, integrating the equation of (1.1) in [0, 1] yields, for alln > 1,

1

/a(X)f(un(X))dx =0

0

and, hence,

10

=1 uniformly in [0, 1].

=h uniformly in [0, 1].

2.3)

2.4

(2.5)

(2.6)

Q.7

2.8)
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/ AN fun(x)) dx = 0.

linll %01,

Thus, letting n — oo and using (f1), we obtain that & fol a(x)dx =0. As h > 0, this contradicts
(a1), which requires fol a(x)dx < 0. So, (2.6) cannot occur. Consequently, the condition (2.7)

holds. In this case, we infer from (2.5) and (2.3) that {, },>1 converges to u,, in C'10, 1]. Hence,
letting n — oo in (2.8) yields

f(uw)/a(x) dx =0.

Consequently, since fo] a(x)dx <0, we get f(uy,) =0. By (f1), we necessarily have that u,, =

0. Therefore, we can conclude from (2.5) that {u,},>1 converges to 0 in C 110, 1], and actually,
by (1.3), in W21(0, 1). This ends the proof. O

The next result establishes the non-existence of positive solutions of (1.1) if p > 1 when
A > 0 is small. Whereas in case 0 < p < 1, by [43, Thm. 9.1] and Lemma 2.1, (1.1) possesses
only regular solutions for sufficiently small A > 0.

Theorem 2.1. Assume ( f1), with p > 1, and (ay). Then, the problem (1.1) has no positive solu-
tions for sufficiently small A > 0.

Proof. Suppose by contradiction that there exists a sequence {(A, u,)},>1 of (strictly) positive
solutions of (1.1) with A, > 0 for all » and such that lim;,_,oc A, = 0. By Lemmas 2.1 and 2.2,
we can suppose that all these solutions are regular and (2.2) holds. Let us set, for every n > 1 and
ae.x €[0,1],

3 fun(x))

a,(x) =a(x) [1 + (M;,(x))z] WL )

Then, due to (1.3), each u,, satisfies

—u! =han()ufl, 0<x<l,
{ ; n/n( Juy, 29)
u,(0) =u,(1)=0.
3
By (2.2), we have that lim,,_, o [1 + (u), (x))2]7 = 1 uniformly in [0, 1], and, by (1.2),
f ('fy” ) 1 uniformly in [0, 1]. (2.10)
n—)oo Uy (x)
Thus, from these facts, we infer that
lim a, =a inL'(0,1). (2.11)

n—o0

11
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Subsequently, we define, for every n > 1, v, = m. By (2.9), each v, satisfies
{ =X a,,(x)up 1vn, O<x<l1,
vn(O) =, (1) =0,

and thus

"
v, ||L1(0 1 < An ”an”Ll(O 1)”un”L00(0 1

Hence, from (2.1), (2.11), (2.2) and the assumption p > 1, we find that lim,_ v,’{ =0 in
L! (0, 1). Writing down, for every n > 1 and x € [0, 1],

X X

vl (x) =v,(0) +/v;1’(t)dt and v, (x) = v,(x,) —i—/v;(t)dt,

0 Xn

where x,, € [0, 1] is taken so that v, (x,) = ||va|l L (0,1) = 1, it is easily seen that

lim v, =1 in W20, 1). 2.12)

n—oo

As fol a(x) f(u,(x))dx =0 holds for every n > 1, by (2.10) and (2.12), we get

0= tim f a(x) (it (1)) dx

/ (xX) f (un(x)) dx

m
n—>00 |luy, ”LOO(() 1

1

fun()  uf(x)

= lim [ a(x)

n—>ooo ”rlz](x) [l2en ”lL’oO((),l)
1 1
:/a(x) (n_)oo flil’;ﬂ(i);))) (nli)ngo Ug(x)) dx :/G(X) dx,
0 0

which is impossible, because we are assuming, by (a;), that fol a(x)dx < 0. This contradiction
ends the proof. O

3. Global bifurcation from (A, u) = (0, 0) and (A, u) = (L9, 0) when p=1
Our main goal in this section is to prove, under assumptions (a1) and (f1), with p =1, the
existence of connected components of the set of the positive solutions of (1.1), which are indeed

strictly positive if they are regular, or if condition (a2) holds. Thus, we generally suppose that the

12
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functions a(x) and f (u) satisfy (a1) and (f1), with p = 1, except in the last theorem, where (a>)
and (f3), with p = 1, are assumed. In the subsequent analysis the weighted eigenvalue problem
(1.5) plays a pivotal role.

We start recalling that, thanks to [42, Thm. 1.4, Rem. 1.9], the problem (1.1) admits positive
solutions for sufficiently large A > 0. Some changes in the proof yield the following sharper
result, which seems optimal in the sense that (1.1) might not admit any positive solution for
A < Ag.

Theorem 3.1. Assume (f1), with p = 1, and (ay). Then, for every A > Lg, the problem (1.1) has
at least one positive solution.

Proof. Fix any A > A¢. We will find a positive bounded variation solution « of (1.1) as a global
minimizer of the functional 7 : BV (0, 1) — R defined by

1 1

1
J (u) =/(\/1+(Du“()c))2 — 1)dx+/|Dus| —A/a(x) F(u(x))dx.

0 0 0

It is plain that, without loss of generality, we can suppose that F'(x) is an even function.

We first prove that, under (f1) and (a;), J is coercive and bounded from below in BV (0, 1).
Indeed, setting « = %, the condition (1.7) entails that for every ¢ > 0 there exists ¢, > 0 such
that

|F(u) —klul?| <elul?+c, forall ueR. (3.1)

Hence, setting

1
rz/u(x)dx and w=u—r forevery ue BV(0,1),
0

it follows from the Jensen inequality that

1

1 1
J(u) :/(\/1 + (Dw(x))? — 1)dx+/ | Dw?®| —A[a(x) Fu(x))dx
0 0

0
| (3.2)

1
2 K
= T 1Du g =1+ [ 1D = [ ) Fueoya.
0 0

On the other hand, since g € (0, 1), by the Poincaré-Wirtinger inequality, we find that, for a.e.
x €0, 1],

@) = 1r)? < [lw@) +r? = |r7] < lw@x)|? < |wlld < [IDw]9,

where

13
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1 1
||Dw||=f|Dw“<x>|dx+f|DSw|
0 0

is the variation of w. Thus, thanks to (3.1), we find that

1 1

/a(x)F(u(x))dx:/a(x) (F(u(x)) —K|u(x)|q) dx
0 0
1

1
—i—/c/a(x) (|u(x)|q - |r|q) dx+/<|r|q/a(x)dx
0 0
1 1

< / la()| (elu()|? + ce) dx +«llall 1,1l Dwl|? +K|r|q/a(x)dx
0
1

<llall 01y (G + I DwI? + elr| +c8)+x|r|‘1/a(x>dx.
0

Consequently, applying this estimate to (3.2) easily yields
J ) = IDwll = Allalip1 1y (e + ©) | Dw]|?

1

—A K/a(x)dx+8||a||L|(0’1) |r|q—)\.C5”a”Ll(0’1)—1.
0

Thus, as we are assuming that fol a(x)dx <0, we can take ¢ > 0 so small that

1

K/a(x)dx~|—8||a||L1(0’1) <0.
0

Hence, it is plain that we can find two constants A > 0, B > 0 such that
Jw) > A(|Dw| + |r|?) — B. (3.3)
Condition (3.3) implies that

im J ) =400 and inf  J(u) > —o0.
llullBv0,1)—>~+00 ueBV(0,1)

Since the functional .7 is lower semicontinuous with respect to the Ll-convergence in BV (0, 1),
it is a classical fact (see, e.g., [19]) that 7 admits a global minimizer u € BV (0, 1). Moreover,

by [4], any minimizer of 7 is a bounded variation solution of the problem (1.1).

14
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Next, we will prove that, thanks to the choice A > Ag, u is non-trivial. To this end, it suffices
to show that 7 (u) < 0. Condition (1.6), with p = 1, implies that, for every sequence {s,},>1,
with s,, > O for all n > 1, such that

lim s, =0 and  Lim 2o 1
n—00 n—oco g2 2
one has that
% = % uniformly in x € [0, 1].
n—o00 Sy X
Thus, we get
1
. (D“p(x))* F(s,9(x)) 5
1 —A —_—
nin;oo ( 1 +S%(Da(p(_x))2 a(x) rzz 2( ) ¢ (x ))
1 : 1 :
5/ (D“ ()? = ra(x)g? (X) 5/ (D” ()*(x)dx <0.
0 0
We therefore can conclude that
1
2 (D%p(x))? F(Snfﬂ(X)) 2
J(snp) =, / ( 152D () —da(x) —————— 202(6) (x)) dx <0,

for large n. This clearly implies that 7 (#) < 0.
Finally, we show that u can be chosen to be positive. Indeed, since

J(u)) =T @w) forall ue BV(0,1),
we see that if u is a global minimizer of 7, then |u| is a global minimizer too. O

For the reader’s convenience, we recall from Section 1 that S;Z) denotes the set of couples
(A, u) € [0,00) x BV (0, 1) such that (A, u) is a positive (bounded variation) solution of (1.1).
Similarly, Sr+ stands for the set of couples (A, u) € [0, 00) xC 1[0, 1] such that (A, u) is a positive
regular solution of (1.1). Finally, S;" = S;; \ S is the set of the singular positive solutions of
(1.1).

The following result, going back to [43, Thm. 3.1 and 3.2], establishes the existence of two
components of S, bifurcating from (i, 0) at A =0 and at A = Ao. By a component of S;" it
is meant a closed connected subset of S;*, equipped with the topology of R x C'[0, 1], which
is maximal for the inclusion. Note that the regularity requirements on f(u) in the next result
have been slightly relaxed with respect to those imposed in [43]; they anyhow allow to apply
the results in [37], in particular [37, Thm. 6.4.3], to achieve the conclusions. Subsequently, we
denote by P, the A-projection operator, P; (A, u) = A

15
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Theorem 3.2. Assume that f € C(R) N C'(—n, ), for some n >0, f(0) =1, and (ay). Then,
the following assertions hold:

(a) there exists an unbounded component Qtj,_)\o of S} such that
o (h,0)eC], ;
o Pu(E,) €10, 00);
e A=X0if(1,0) € @;;O with A # 0;
e minu >0if (A, u) e Q::xo \ {(0,0), (1o, 0)}.
(b) there exists an unbounded component Qf:fo of S; such that
o {0} x [0,00) S &
o Pi(Cy) C0,00);
o A=A if (1,0) € €5y with 1 #0;
e minu > 0if (A, u) € Qf:fo \ {(0,0), (1o, 0)}.

Moreover, when ( f1) holds, and hence F (u) is sublinear at infinity, we have that

+ +
Q:r, 0 N Q:r, X0

=0,
and, in particular, (0,0) ¢ Qﬁj:)m and (Lo, 0) ¢ Qf:o.

The last assertion of Theorem 3.2 is a direct consequence of Theorem 2.1 and shows that,
much like in the cases when F'(1) is superlinear at infinity, or asymptotically linear at infinity,
which have been previously treated in [43], [39] and [41], also when F (u) is sublinear at infinity
the two components QZ:O and Q:AO are disjoint.

When, in addition, f € Cz(—n, n), then one can invoke [17, Thm. 1.7] in order to complement
Theorem 3.2 with the next result, of a local nature, which basically goes back to [43, Thms. 4.1
and 4.2]. Theorem 3.3 also corrects a wrong assertion made in [43, Thm 4.2] concerning the
bifurcation directions.

Theorem 3.3. Assume that f € C(R) NCY(—n,n), for some n >0 and v > 2, f'(0) =1, and
(a1). Then, in a neighborhood of (A, u) = (0, 0), the component Q:O consists of the curve {(0, x) :
k € [0, ko)} for some ko > 0. Similarly, setting

1
V= veCl[O,l]:/v(x)(p(x)dx=O ,
0

where @ is any positive eigenfunction associated with (1.5), there exist ¢ > 0 and two maps of
class C*~1 A (—e,e) > Randv:(—e, &) = V, such that

(1) A(0) =g and v(0) =0;
@) (A(s), s(@ 4+ v(s))) solves (1.1) forall s € (—¢, ¢);
(iii) in a neighborhood of (A, u) = (1o, 0), QI:AO consists of the smooth arc of curve (A(s), s(¢ +
v(s))), with s € [0, ¢).

16



J. Lopez-Gomez and P. Omari Journal of Differential Equations 372 (2023) 1-54

Moreover, the following holds:

i 9@ () dx

X (0) = —of"(0)
’ X () dx

(3.4)

and, if v>3 and f"(0) =0,

S0) o 9@ )2 dx + [y (¢ () dx
Jo (@' () dx

2'(0) = (3.5)

Thus, the component Q::,_)\o bifurcates subcritically at > = Lo if f”(0) >0, orif f”(0) =0 and

i (o)) dx
[ 92 @) (@' (0))2dx

f/// (0) > —

while it does it supercritically if " (0) <0, or if f”(0) =0 and

J (@) dx

f/// (0) < — .
Ji 9200 (@' ()2 dx

Proof. Since assertions (i)—(iii) follow from [43, Thms. 4.1 and 4.2], we only provide the proof
of formulas (3.4) and (3.5). In the course of this proof, in order to simplify the notation, the
dependence on x is not indicated. Set

u(s) =s(p +v(s)) for all s € (—¢,¢).

Substituting (A, u) = (A(s), u(s)) in (1.3) and dividing by s, we find that

—(@ +svi +0(s5))" = (ho+sri + o(s))a(x) (¢ + svi + 0(s))

1 0 3
. [1 + f 2( )s((p +sv1 +o(s)) + o(s)] [1 + §(<p’)2s2 + o(sz)]

for sufficiently small s, where

, dv

A =4(0), vi=—-(0).
ds

Particularizing at s = 0, we get

—¢" =Xoay, (3.6)

which is true by the definition of Ao and ¢. Identifying terms of order s yields

" (0

—v} = Aoavi + Ao )a<p2+)»1a<p.

17
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Multiplying this equation by ¢ and integrating by parts in (0, 1), we find from (3.6) that

1 1
1 " 3 2 _
Ekof ©) | ap’dx+ A1 | ap~dx =0. 3.7
0 0

On the other hand, multiplying (3.6) by ¢ and ¢?, respectively, and integrating by parts in (0, 1),
we get

AO/awzdx = —/(p”(pdx :/((p/)zdx >0 (3.8)

and

1 1
ko/a<p3dx =—fso”902dx=/¢’(w2)’dx=2/<p(go/)2dx,
0 0

0 0

as ¢ is positive and not constant. Hence, by eliminating A1 in (3.7), thanks to (3.8), we find that

1 3
1 d
2(O) =2y = —Lag pr(0) 1002

1 / 2d
: —hof @R P

1 1 ’
Jo ap?dx Jo (@)?dx
thus proving (3.4).
Subsequently, we suppose v > 3 and f”(0) = 0. Then, by (3.4) we have that A; = 0 and hence
—v} = Apav;. Thus, there exists « € R such that v; = ag. Therefore, since v; € V, we find that

o = 0, which implies v; = 0. Consequently, substituting (A(s), u(s)) in (1.3) and dividing by s
yields

—(p + 5202 + 0(s2)" =(ho + 5742 + 0(sP))a(x) (¢ + 5702 + 0(5%))

[+ L2020 + 570 1067 + oD |[14 35267 +o67))
where

N 1.d%x © 1d%v ©
= —-——_—— R V) —= — —— .
27T 24ds? 27 24ds?

Consequently, identifying terms of order s2, we obtain that

"
(0)
f G Aoag03.

3
—v3 = hoava + Shoag(¢)? + haag + (3.9)
Thus, multiplying (3.9) by ¢ and integrating by parts in (0, 1) gives

18
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1 1

1
3 " 0
EAO/awz(w’)zdx+A2fa¢2dx+ %)\0/0904:0
0 0 0

and hence, as fol a<p2 dx > 0 by (3.8),

6f’/’(0)kof0 ap*dx + )‘Ofo ap*(p )zdx
/0 ag?dx

l)»”(0) =k =
2
On the other hand, multiplying (3.6) by ¢> and ¢(¢’)?, respectively, and integrating by parts in
0, 1), we get

1

1 1
AO/a<p4dx=—f ! 3dx—3/§02(<p/)2dx
0 0

0
and
1 1 1

1
d 1
Ao / ag? (@) dx = / (02" dx = / oo (50)dx =3 / (@) dx > 0,
0

dx
0 0 0

Thus, by using (3.8), we can conclude that

£7(0) i 929" dx + [ ()" dx
Ji (@2 dx

2 (0) - _

and, therefore, (3.5) is proven. The statements concerning the bifurcation directions are obvious
consequences of (3.4) and (3.5). O

The next global bifurcation result holds true for bounded variation solutions of (1.1).

Theorem 3.4. Assume (az) and (f3) with p = 1. Then, there exist two subsets of SZZ), Qf;“v’o and
@;‘U’ o’ such that, for every p > 2,

o & o =1{0} x [0, 00);

i €I;FU,O n e;v,ko = Q"

° Qf;'v’ 2o is maximal in S;; with respect to the inclusion, is connected in R x BV (0, 1), having
endowed BV (0, 1) with the topology of the strict convergence (cf. [3, Def. 3.14]), and is
unbounded in R x L*(0, 1),

e (1,0) ¢ bev 5 fand only if & = ho;

e essinfu>0if (A, u) € Qbﬁ),/\o with u #£ 0;
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e there exists a neighborhood U of (,9,0) in R x L?(0, 1) such that Qf;v " NU consists of
regular solutions of (1.1), i.e.,

+ +
Q:bv,ko nNU=¢

A0

nu. (3.10)

Proof. Condition (f3) implies that, for every p > 2, there exists a constant x > 0 such that

|f/ )] <k (ul2+1) for all u € R.
Therefore, Theorem 3.4 is a direct consequence of [39, Thm.1.1] and of Theorem 2.1. O

Remark 3.1. According to (3.10), the small bounded variation solutions of (1.1) must be regular
solutions, and thus ijo - @Zv o One of the main goals of this paper is ascertaining, whether,
or nqt, (‘::AO is a p.roper S}Jpcomponent of (’:Z“v’ o Note that, whenever QI:TAO G CZFU’ o’ regular
solutions develop singularities along the same component.

4. Bifurcation from (A, u) = (0,0) when 0 < p <1

Throughout this section, we assume that the functions a(x) and f(u) satisfy (az) and (f1)
with 0 < p < 1, respectively. The main goal of this section is establishing the existence of a
component of the set S;F of positive regular solutions bifurcating from (0, 0). Our starting point
is the next result which is a consequence of [43, Thm. 9.1].

Theorem 4.1. Assume (f1), with p € (0, 1), and (az). Then, there exists n > 0 such that, for
every A € (0, n), the problem (1.1) has at least one positive regular solution, u,. Moreover, one
has that

lim i, 1y = 0. (@.1)
regardless each particular choice of u;.

As the proof of [43, Thm. 9.1] is based on the direct method of calculus of variations, Theo-
rem 4.1 does not guarantee the existence of a component of ;' containing these solution pairs
(X, uy). By relying instead on the construction of sub- and supersolutions and on the use of the
topological degree, we can complement Theorem 4.1 as follows.

Theorem 4.2. Assume ( f1), with p € (0, 1), and (az). Then, there is a component QI:O of Sr+
such that [0, L) C P)L(Cfo), for some Ly > 0, and (4.1) holds, for every (A, u;) € foo.

Proof. Without loss of generality, we can suppose in the course of this proof that f € C(R) is an
odd function. By performing the change of variable

1

U==¢ev, g=APT, “4.2)
the problem (1.1), or (1.3), can be equivalently written in the form
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—v" =a(x)|v|? sgn(v) g(ev) h(sv), 0<x<l, “3)
v(0)=v'(1) =0, '
where g is defined in (1.4) and
S if 0
h(u) = [u|?sgn(u) 1 u#0, 4.4)
1 if u=0.

According to (1.2), the problem (4.3) perturbs, as ¢ > 0 separates away from 0, from the semi-
linear problem

{ —v" =a(x)|v[Psgn(v), O<x<l, 4.5)

v'(0) =v'(1) =0.

We claim that the problem (4.5) admits a subsolution « and a supersolution 8, with «(x) < B(x)
for all x € [0, 1], such that every possible solution v of (4.5), with v > « in [0, 1], satisfies v(x) >
a(x) for all x € [0, 1] and, similarly, every possible solution v of (4.5), with v < g in [0, 1],
satisfies v(x) < B(x) for all x € [0, 1]. This means that « and § are strict sub- and supersolutions
according to, e.g., [18, Ch. III].

Construction of a subsolution. Let w1 be the unique positive eigenvalue, with an associated
positive eigenfunction ¢, of the weighted problem

—¢"=pax)p, 0<x<gz,
®(0) = p(z) =0.

Then, pick ¢ > 0 so small that

pilepr(x)]'™? <1 forall x €0, 2] (4.6)
and define
coilx if0<x<g,
aw=1"" w . “.7)
cpi@(x—z) ifz<x<L

It is clear that « € W2°°(0, 1) and, since p € (0, 1), by (4.6) and (4.7), it satisfies

—a" (x) = —co](x) =ax) ui cr(x) = ax) u [c 1)1 Plegr ()17
<a@)[co1(x)]? =a(x)a?(x) forae. x €(0,z) 4.8)

and
—a”"(x) =0<a(x)|ax)|? sgn(a(x)) forae. x €(z,1).
Further, we have that

21



J. Lopez-Gomez and P. Omari Journal of Differential Equations 372 (2023) 1-54

o' (0) = C(pi 0)>0, o'(1)= cgai (z) <O.
Now, we will show that any solution v of (4.5) such that v > « in [0, 1] also satisfies v(x) >
a(x) for all x € [0, 1]. Indeed, set w = v — « and suppose, by contradiction, that minw = 0. Let
xo € [0, 1] be such that w(xg) = 0. Since w > 0 in [0, 1] and

w'(0)=—a'(0) <0 < —a'(1) =w'(1),

it follows that xq € (0, 1). Hence, w'(xp) = 0.
Suppose that xg € (0, z]. Then, as v > « > 0 in [0, z] and p > 0, we can infer from (4.8) that

—w'(x)==v"(x)+a"(x) >alx) W (x)—aP(x))>0 forae. xe(0,z).
Thus, w is concave in [0, z] and hence
w(x) < w(xg) +w'(x)(x —x9) =0 forall x €0, z].

This implies that w = 0 in [0, z], contradicting w’(0) < 0. Therefore, xo € (z, 1). Since w(xg) =
0, we have that

v(x0) = ar(x0) = gy (2)(x0 — 2) <O.
Thus, there exists an interval J C (z, 1), with xo € J, such that v(x) <0 if x € J and
—w’(x)=—v"(x) =a) |[v(x)|”sgn(v(x)) >0 forae. xeJ. 4.9)

Hence, w is concave in J. Arguing as above, we find that w = 0 in J, thus contradicting the strict
inequality in (4.9). Thus, we have proved that v(x) > «a(x) for all x € [0, 1].

Construction of a supersolution. For every k > 0, let ¢, denote the unique solution of the linear
problem

1
a(x) /a(t)dt O0<x<l1,
0

1
£'(0) = £'(1) =0, /{(t)dt:O.
0

The Poincaré—Wirtinger inequality yields

I18kllzooc0,1) < ||§/£||L1(0,1) < gl < ||§1£/||L1(0,1) <2|lallL1.1) k" (4.10)

Consequently, since p € (0, 1), the function B defined by 8 = ¢ + k satisfies, for sufficiently
large k > 0, min 8 > max« > 0. Moreover, for a.e. x € [0, 1], we have that
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1

—B'(x)=-¢ =a(x)k? — kp/a(t) dt

0

1
Za(x)ﬂp(x)-l—a(x)[kp—ﬂp(x)]—kp/a(t)dt
0
and hence
1
—B"(x) = a(x)BP (x) + kP a(x)( (1+w>) /a(t)dt . @.11)
0

Using (4.10) and the assumption p € (0, 1), it is easily seen that

kli)ngo |:a(x) <1 — (1 + {1;({)6))1’)} =0 uniformly a.e. in [0, 1].

Thus, since fol a(t)dt <0, we can conclude from (4.11) that, for sufficiently large k > 0,

1
1
—B"(x) > a(x)B"(x) — Ekp/a(t) dt forae.x €][0,1], (4.12)
0

and hence —B”(x) > a(x)BP(x) for a.e. x € [0, 1]. Thus, the function 8 is a supersolution of

(4.5) satisfying the boundary conditions.
Now, we will show that any solution v of (4.5) such that v < 8 in [0, 1] satisfies v(x) < B(x)
for all x € [0, 1]. Indeed, consider the function w = 8 — v and suppose, by contradiction, that

minw = 0. Let xg € [0, 1] be such that w(xg) = 0. Then, there exists an interval J C [0, 1], with
xo € J, such that fora.e. x € J

1
la(x)(B? (x) — [v(x)|"sgn(v(x)))| < —Ekp/a(t)dt (4.13)

0
and hence, by (4.12), (4.5) and (4.13),
—w"(x) = =g"(x) +v"(x)

1

>a(x)BP(x) —a(x) |lv(x)|? sgn(v(x)) — %kp/a(t) dt > 0. (4.14)
0

Thus, w is concave in J. Arguing similarly, we find that w =0 in J. So, contradicting the strict
inequality in (4.14). Therefore, we have shown that v(x) < B(x) for all x € [0, 1].
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Degree computation. Note that any solution v of (4.5) such that @ < v < § also satisfies

10/l < llall1(q, 1) max{| mine|?, (max 8)”).
Pick a constant
C > ||a||L1(0’1)max{|mina|p, (max B)7}
and consider the open bounded subset of C'[0, 1] defined by
Q={v eCl[O, 1]:a(x) <v(x) < B(x) forall x € [0, 1], ||v/||Loc(o,1) < C}L

Since a(x) < B(x) forall x € [0, 1], Qis non-empty. Let 7 : [0, 0o) x C'[0, 1] — C'[0, 1] denote
the operator which sends any (¢, v) € [0, 00) x C 110, 1] to the unique solution w € W20, 1)
of the linear problem

—w” 4+ w=a(x) [v|” sgn(v) g(ev') h(ev) + v, O<x<l,
w'(0) =w'(1) =0.

It is plain that 7 is completely continuous and its fixed points are precisely the solutions of the
problem (4.3). As « and S are, respectively, a strict subsolution and a strict supersolution of (4.5),
by our choice of the constant C, it follows that 7(0, -) has no fixed points on 9€2. A standard
argument (see [ 18, Ch. III]) also shows that

deg; (T —T(0,),Q,0)=1.

Existence of continua. The boundedness of 92 and the complete continuity of the operator T
guarantee the existence of some £* > 0 such that 7 (e, -) has no fixed point on 9<2 for all ¢ €
[0, e*]. Consequently, the Leray-Schauder continuation theorem [36, p. 63] yields the existence
of a continuum of solutions (¢, v) of the problem (4.3), where ¢ € [0, ¢*] and v € €2, and hence
of solutions (A, u) of the problem (1.1), where A = &' =7 € [0, A*], with A* = (¢*)! 77, and u =
A ™ v.

Let us verify that, for each ¢ € [0, *], v is positive and, therefore, for every A € (0, A*], u
is positive. Indeed, otherwise, owing to the definition of «, there should exist xg € (z, 1] such
that v(xp) = minv < 0 and v'(xg) = 0. Then, one would infer from (4.3) the existence of an
interval J C (z, 1], with xg € J, such that v”(x) < O for a.e. x € J. This is clearly impossible at
a minimum point which is also a critical point.

As in [53,54], by the Zorn lemma, this continuum of positive solutions can be eventually con-
tinued to a component Qf:o of the set of positive regular solutions of (1.1). Finally, by Lemma 2.2,
(4.1) holds for sufficiently small A > 0. O

5. Bifurcation from (A, ) = (00, 0) when p > 1
Throughout this section, we assume that the functions a(x) and f(u) satisfy (az) and (f1)
with p > 1, respectively. In this case, by Theorem 2.1, the problem (1.1) cannot have any solution

for sufficiently small A > 0. The main goal of this section is establishing the existence of a
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component of positive regular solutions of (1.1) bifurcating from 0 as A — oco. From [42, Thm.
1.5] and [43, Thm. 10.1] the following result can be deduced.

Theorem 5.1. Assume ( f1), with p € (1, 00), and (az). Then, the problem (1.1) has at least two
positive solution u;,, vy, for sufficiently large A > 0. Moreover, u;, is regular and can be chosen
so that llm)h_>oo ”u)»”C][()’]] =0.

The next result complements Theorem 5.1 by establishing the existence of a component of
the set S;" containing small solutions for sufficiently large A > 0.

Theorem 5.2. Assume ( f1), with p € (1,00), and (a>). Then, there is a component Ql;foo of Sr+
such that (\*, 00) C P)L(ijoo),for some \* > 0, and

lim min{||uzllcijo.17: (A, up) € €F )} =0. (5.1)
A—>00

Theorems 5.1 and 5.2 confirm that the global bifurcation diagram of (1.1) looks like the right
(red) plots of Figs. 2 and 3 show, according to the regularity properties of the function a(x) at z.

Theorem 5.2 can also be deduced from some conclusions established in the proof of Theo-
rem 10.1 in [43], which relies on Mawhin’s coincidence degree theory and on some estimates
developed in [20] for an auxiliary problem. Indeed, from [43] we know that there exist a
completely continuous operator 7 : [0, c0) x C 110,11 —» ¢'[o, 1] (canonically defined in the
frame of the coincidence degree theory), whose fixed points are the positive regular solu-
tions of (4.3), and an open bounded set Q2 in C 10, 1] (basically a spherical shell) such that
deg; (Z — 7(0,-),2,0) = —1. Consequently, like in the proof of Theorem 4.2, the Leray-
Schauder continuation theorem [36, p. 63] yields the existence of a continuum of solutions (g, v)
of (4.3), where ¢ € (0, ¢*) for some ¢* > 0 and v € 2, and hence of solutions (A, u) of (1.1),
where A = ¢!7P € (A*, 00), with A* = (¢*)!~7, and u = )\ﬁv.

An alternative argument is provided in the proof given below which instead combines bifurca-
tion methods and topological techniques based on the theory of superlinear indefinite problems
developed by Amann and Lépez-Gomez in [2]. Since the arguments that we will exploit are
by now quite standard, the most straightforward details will be omitted, however making, when
necessary, precise references to the literature.

Proof. Like in the proof of Theorem 4.2 we suppose that f € C(R) is an odd function and we
make the change of variable (4.2). Then, the problem (1.1), or (1.3), can be equivalently written as
(4.3), where g and h are defined by (1.4) and (4.4), respectively. By (1.2), this problem perturbs,
as ¢ — 0, from the semilinear boundary value problem (4.5). In the following proof we confine
ourselves to treat the case where p > 2.

A related problem. Let us embed (4.5) into the following problem, depending on an auxiliary
parameter 1 € R,

—v" = pv + a(x)|v|Psgn(v), O0<x<l,

52
v (0) =v/(1) =0. (52)
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It is apparent that (4.5) can be obtained from (5.2) by freezing the value of the parameter p at
n = 0. Note that (5.2) is a simple one-dimensional prototype of the multidimensional model
introduced in [2].

Bifurcation analysis. Since u = 0 is a simple algebraic eigenvalue of —D? under Neumann
boundary conditions with associated eigenfunction 1, the local index of zero changes as u crosses
zero (see, e.g., [37, Thm. 5.6.2]). In other words, the associated (local) topological degree of the
solution (u, 0) changes as w crosses the critical value p = 0. Thus, thanks to [37, Thm. 7.1.3],
there is a component QZ,O of the set of positive solutions of (5.2) in R x C![0, 1] such that

(1, v) =(0,0) € € .

Actually, the fact that a global bifurcation phenomenon should occur at any critical value of the
parameter where the degree changes is folklore since, at least, the pioneering work by P. H. Ra-
binowitz in [53]. Note that, thanks to the local bifurcation theorem of Crandall and Rabinowitz,
[17], which applies as p > 2, Q;O is a curve of (at least) class C lina neighborhood of (0, 0).

Let {(4n, vu)}n>1 be a sequence of solutions of @:10, with v,, # 0, such that

lim (iy, v,) =(0,0) in R x c'o, 11. (5.3)
n—>oo
This sequence exists because, by construction, the component Q::,o emanates from (u,v) =
(0, 0). Then, as it will become apparent below, we have that

1

= —/a(x) dx >0 (5.4

0

. Mn
lim =
"7 vnlloo

and hence u, > 0 for sufficiently large n. In particular, Q::,o bifurcates supercritically from
(n,u) = (0,0), i.e., there is neighborhood U of (0,0) such that u > 0 if (u,v) € Q::O NnU.
To prove (5.4) one can argue as follows. Since

—V) = pavy Fax)vy,  n>1, (5.5)
we have that

Un

llvn lloo llvn lloo llvn lloo llvn lloo

v v v _
=(—D2+1)—1[ "ty —— +a(x) ——uvf 1]

where (—D? + 1)~! stands for the resolvent operator of —D? 4 1 under homogeneous Neumann
boundary conditions. As (—D? 4+ 1)~ is compact, there exists a subsequence of ¢, := ”U:ﬁ,
n > 1, relabeled by #n, such that

lim ¢, =¢ €C?[0,1] in C'[0,1].
n—o0

By (5.3), letting n — oo it is easily seen that necessarily ¢ = 1 and, since this argument can be
repeated along any subsequence, it becomes apparent that
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lim ¢, =1 in C'[0, 1]. (5.6)
n—00

On the other hand, integrating (5.5) in [0, 1] and dividing by ||v, ||% yields

1 1
Mn,l Uy (X) dx=—/a(x)< Uy (X) >”
lvall& ) lvnlloo J lvnlloo

Consequently, letting n — oo in this identity, (5.4) follows readily from (5.6). This shows that
€+ bifurcates towards the interval pu > 0.

Suppose that (5.2) admits a positive solution, (¢, v). Then, since p > 1, v is strictly positive
and hence (—D? — pw)v = a(x)v?(x) > 0 for all x € [0, z]. Moreover, v(0) > 0 and v(z) > 0.
Thus, v provides us with a positive strict supersolution of —D? — y in (0, z) under homogeneous
Dirichlet boundary conditions and, due to [38, Thm. 7.10], this is equivalent to the positivity of
the associated principal eigenvalue, i.e.,

o[-D*— D EAN
H” ’ (07 Z)] - z /vL > 0

2
So, 1< sy = (%) . Therefore, (5.2) cannot admit any positive solution if u > p,. In par-

ticular, Pﬂ(Qﬁ:’O) C (—o00, x). Moreover, by the generalized a priori bounds of Amann and
Loépez-Goémez [2, Sect. 4], as we are working with a one-dimensional problem, for every com-
pact interval K C R, there is a constant C = C(K) > 0 such that ||v|[¢i[o ;; < C for any positive
solution (u, v) of (5.2) with u € K. Therefore, setting

Me'= max u,
(/L,U)EQ:I‘O

we have that u. € (0, u4] and that Pﬂ(Qﬁ:’o) = (—o00, i¢], as illustrated in Fig. 4, where we
are plotting u, in abscissas, versus ||v||¢cijg, 1; in ordinates. Thus, each solution (u, v) of (5.1) is
represented by a single point on some of the components plotted in the figure. Naturally, (5.1)
might have other components of positive solutions, like D .

Stability analysis. As the main technical device to get the uniqueness of the stable solution in [29,
30] is the Picone identity [52], which due to [22, Lem. 9.3] remains true for Neumann boundary
conditions, the theory of Gémez-Refiasco and Lépez-Gémez in [29,30] can be adapted to our
present setting to show that the unique stable positive solutions of (5.2) are the minimal solutions
of (5.2) for u > 0 (see [23]), i.e., those on the branch of C:,o plotted with a continuous line in
Fig. 4. In particular, they are linearly asymptotically stable for all u € (0, 1t.) and neutrally stable
for u = .. Whereas, by [29,30], the remaining solutions, plotted with a dashed line in Fig. 4,
must be linearly unstable.

Fixed point index calculations. Subsequently, the positive solutions of (5.2) are regarded as pos-
itive fixed points of the compact operator X : R x C[0, 1] — C[0, 1] defined by

K@, v) = (=D* + D7+ v + a(x) v sgn(v)]. (5.7)
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C =C(K)

~~
S

.

Fig. 4. The components G;r 0 and ©F of S;L ; QI 0 bifurcates supercritically from (u, 0) at 4 = 0 and goes backwards
at some turning point jic > 0.

Let B denote any bounded open subset of C'[0, 1] containing all non-negative fixed points (u, v)
of (5.7), with p € [—1, wu]. It exists by the uniform a priori bounds on compact subintervals of
© and the non-existence for u > u, already discussed before. Next, we will invoke the theory
of fixed point index in cones as developed by H. Amann in his celebrated review [1], which we
refer to for all properties of the fixed point index that will be used in the rest of this proof. Since
B contains all non-negative fixed points of K(u, -) for all u € [—1, ], the fixed point index
of KC(u, -) on B with respect to the cone P of nonnegative functions in c! [0, 1] is well defined.
Moreover,

ip(K(w,-),B)=0  forall u€l0,u]. (5.8)
Indeed, by the invariance by homotopy of the index, for every u € [0, 1«], we have that
iP(IC(Mv ')’ B) = iP(IC(M*v ')’ B) = iP(IC(M*v ')’ O)’
because 0 is the unique fixed point of (s, -) in P. For ascertaining the spectral radius of the

linearized operator DIC(, 0), suppose o € R is an eigenvalue of DIC(uy, 0) associated with a
positive eigenfunction ¢. Then,

(=D + D7 (s + Dol = 00,

which can be equivalently expressed as

—¢" =" =Dy, @O =¢/(1)=0.

Integrating in [0, 1] yields

1
0=(“*T+‘ - l)fgo(x)dx
0

and hence,
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because ¢(x) > 01in (0, 1). Consequently, Lemma 13.1 in [1], which provides us the local indices
through the spectral radius of the underlying linearized operators, guarantees that

ip(K(px, ), 0)=0.

Therefore, (5.8) holds.

Now, let v, denote the minimal positive solution of (5.2) for u € (0, u¢). Since it is linearly
asymptotically stable for all u € (0, i) and neutrally stable for © = ., combining the Schauder
formula [1, Thm. 11.4] with the analysis of Amann and Lépez-Gémez [2, Sect. 7], it is easily
seen that

lP(IC(M’ ')9 vu.) =1

Therefore, by (5.8) and the additivity-excision property, taking into account that v, is non-
degenerate, we find that there exists n > 0 such that

ip(K(u,-), B\ By(vy)) =—1 forall u € (0, uc/2],

where B, (v,) denotes the ball of radius 7 centered at v, in C 170, 1]. The fact that n > 0 can be
chosen uniform in u € (0, /2] follows from the local uniqueness of v;, at u = 0 obtained as
a consequence of the local bifurcation theorem of Crandall and Rabinowitz [17]. Consequently,
since lim,_.o v, = 0, by homotopy invariance, it is apparent that, setting 2 = B \ B;(0), for
sufficiently small n > 0,

ip(K(0,), Q) =—1. (5.9)

Next, note that the positive solutions of (4.3) are the positive fixed points of the compact operator
M :R xC'[0,1]— C'[0, 1] defined by

M(e,v) = (—=D* + 1)~ [a(x)|v]” sgn(v) g(ev') h(ev)].

Since (0, -) = M(0, -), it follows from (5.9) that

ip(M(,), Q) =—1.

Moreover, for sufficiently small ¢ > 0, (4.3) cannot admit a solution on d€2. On the contrary,
suppose that there exists a sequence {(¢,,, v)}»>1 of solutions of (4.3) such that lim, oo &, =0
and v, € 0L2 for all n > 1. Then, v, = M (g, v,) for all n > 1 and, by compactness, there exists
a subsequence of v, relabeled by n, such that lim,,—, o v, = vg € 9. Since (g, v) = (0, vp) must
be a positive solution of (5.2), this contradicts the fact that (5.2) cannot admit positive solutions
on d€2. Therefore, by the homotopy invariance of the fixed point index, i p(M(g, ), 2) = —1 for
sufficiently small & > 0.

Conclusion of the proof. As in the last part of the proof Theorem 4.2, the Leray-Schauder con-
tinuation theorem [36, p. 63] guarantees the existence of a component ij:oo of S such that
(A*, 00) S Pi(€},,), for some A* > 0, and for which (5.1) holds. O
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Remark 5.1. In this section we confined ourselves to considering the case where the function
a(x) satisfies condition (ap). However, similar conclusions could be established even when the
function a(x) changes sign finitely many times. Actually, the existence of multiple continua of
solutions could be shown in this case. Indeed, as observed in [29] and then rigorously proven in
[20], the problem

—v" =a(x)?, 0<x <1,

v'(0)=2'(1)=0

might possess a high number of positive solutions according to the number of changes of sign of
the weight function a(x). The conjecture of [29] has been recently proven in [21] for symmetric
weight functions a(x).

6. Pointwise behavior of the regular solutions as A — oo

In this section we ascertain the limiting profile of the regular positive solutions of (1.1) as
X — 00, should they exist, when f (u) satisfies ( f») with p € (0, 1] and a(x) satisfies (az). This
analysis also provides us with the pointwise behavior of the regular positive solutions separated
away from zero when p > 1. So, through this section we suppose that (1.1) possesses a sequence
of regular positive solutions, {(A,, u»)},>1, such that

lim A, = oo. 6.1)

n—oo

We recall that the assumption (a») on the function a(x) entails that any regular positive solution
u of (1.1) is decreasing in [0, 1], as a result of its concavity in [0, z) and its convexity in (z, 1],
and, in particular,

lullLoo 0,1y =u(0) and |lu'l|L(0,1) = —u'(2). (6.2)

We stress that ¥ might not be strictly positive if p € (0, 1), as already pointed out in Section 1.
However, should u vanish, this would happen in the interval (z, 1], i.e., necessarily u(x) > 0 for
each x € [0, z].

The next result characterizes the pointwise limit of {u,(x)},>1, as n — oo, for every x €
[0, 1].

Lemma 6.1. Assume (f1) and (az). Let {(A,, un)}n>1 be a sequence of regular positive solutions
of (1.1) such that (6.1) holds. Then, for a.e. x € [0, 1] there exists

1im u, (x) € {0, 00). (6.3)

Proof. Integrating the equation of (1.1) on [0, z] yields

Z

— i —M;l(Z) i
O/a(x)f(un (x))dx = o —1 n (u;l(z))z < o for all n,
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and thus, letting n — oo, we find that lim,_, foz a(x) f(un(x))dx = 0. The convergence in
L1(0, 7) entails that there is a subsequence {u,, }p>1 of {u;},>1 such that

hlim a(x) f(uy,(x))=0 ae.in [0,z].

Consequently, as a(x) > 0 a.e. in [0, z], we find that limj,_, o f (#,,(x)) =0 a.e. in [0, z]. Simi-
larly, as fol a(x) f(u,(x))dx =0 for all n, we also have that

1
lim / a () £ (un (x)) dx = 0

and therefore there is a subsequence {u,, }x>1 of {u,},>1 such that limy_, o f (1, (x)) =0 a.e.
in [1, z]. Since this argument can be repeated for any possible subsequence of {u,},>1, we infer
that lim,,, oo f(u,(x)) =0a.e.in [0, 1]. As f(u) > O forall u > 0, (6.3) holds. O

Note that Lemma 6.1 holds regardless the nature of the growth of f(u) at u = 0, i.e., without
any restriction on the size of p > 0.

Lemma 6.2. Assume ( f1) and (az). Let {(A,, un)}n>1 be a sequence of regular positive solutions

of (1.1) such that (6.1) holds. Then, the cluster points of the sequence {u,(0)},>1 are either 0 or
0. Moreover, using (6.2), as soon as p € (0, 1], one has that

lim ||un ||L°°(0,1) = lim u,,(O) = 0oQ. (64)
n—oo n—00

Proof. Suppose that there are a constant K > 0 and a subsequence, relabeled by n, of
{(Xn, up)}n>1 such that

un(0) = lupllpeo,ny < K for all n. (6.5)

We will show that this is impossible if p € (0, 1], while it implies
lim u,(0)=0 (6.6)
n—o0

if p>1.
We first consider the case where p € (0, 1]. Let us define the auxiliary function

f () if u <K,
#u if u>K.

fu) = {

By copstruction, f € C(R) and, since f(u) satisfies (f1) with p € (0, 1], there exists ¢ > 0 such
that f(u) > cu for all u > 0. Then, for every n, (A,, u,) solves the auxiliary boundary value
problem
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- (ﬁ) =ra(@)f), O0<x<l,
u

u'(0)=u'(1)=0.

Thus, each u,, satisfies

—u)(x) = Apa(x) f (ua )1 + (u;,(x))z]% > Apa(x) cu,(x) ae.in (0, z)

and hence, u,, is a strictly positive supersolution of the problem
—w' ' =cipax)w, O<x<z,

7
{w(O):w(Z)=O. ©.7)

Let 1 denote the unique positive eigenvalue, with a corresponding positive eigenfunction ¢, of
the weighted eigenvalue problem

{—(p”:ua(x)(p, 0<x<gz,
®(0) =¢(z) =0.

If we pick a sufficiently large n so that c A,, > 1, then a suitable multiple of ¢ provides us with
a positive subsolution of (6.7) smaller than u,,, thus yielding the existence of a positive solution
of (6.7). This solution would be a principal eigenfunction associated to cA, > 1, contradicting
the uniqueness of 1. So, (6.4) holds in case p € (0, 1].

Now, consider the case where p > 1. Then, setting

c o [fw  fusK,
f(u)_{f(K) if u> K,

A

(6.5) entails that f(u,) = f(uy), for all n, and thus (A, u,) solves

, /
Y :Aa(x)f(u), O<x <1,
V14 W)?
u'(0)=u'(1)=0.
Integrating the equation above in (0, z) yields

Z

N 1 —u),(2) 1
n(X)dx=——F——=—< —
O/a(x)f(u (%)) dx WY e < o

and consequently, by (6.1),

lim / a(x) f (un(x)) dx = 0.
0
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This implies that, for a subsequence, still labeled by n, lim,,— (a (x) f (uy, (x))) =0a.e.in [0, z]

and hence lim,,_, oo f(u,,(x)) =0a.e. in [0, z]. The definition of f(u) yields lim,,—, oo uy (x) =0
a.e. in [0, z]. Therefore, since u, is decreasing, it becomes apparent that

lim u,(x)=0 forall x € (0, 1]. (6.8)
n—oo

Suppose, by contradiction, that (6.6) does not hold. Then, due to (6.5), there exists a subsequence,
again labeled by n, such that

ll)rgo u,(0) =L e (0,K]. (6.9)

By the concavity of u,, in [0, z), for any given y € (0, z), we have that

i (y) < “n) = 0)

Hence, by (6.8) and (6.9), we find that, for a further subsequence, still labeled by n,

() —un () _ L

Jim ) (y) < lim_ S > (6.10)

By the concavity, we also have that
Un(x) <un(y) +u,(y)(x —y) forall x € (y,2). (6.11)
Note that the right hand side of (6.11) vanishes at x, = y — Zzgg . Thanks to (6.8) and (6.10), we

get lim,_, -, X, = ¥ < z and hence, for sufficiently large n, x, < z. This forces u, to vanish in
(0, z). As this is impossible, we conclude that L =0, i.e., (6.6) holds. O

Under assumption (f1) there exists M > 0, not necessarily unique, such that (M) = || f|lco-
Throughout the rest of this section, M is chosen so that f(u) < f(M) for all u > M. Under
assumption (f>), M is uniquely determined.

Lemma 6.3. Assume ( f2) and (az). Let {(1,, un)}n>1 be a sequence of regular positive solutions
of (1.1) such that (6.1) holds. Then,

u,(1) <M for sufficiently large n. (6.12)
Proof. On the contrary, assume that there is a subsequence, labeled again by n, such that

u, (1) > M for all n. Then, since each u,, is decreasing, we have that u, (x) > M for all x € [0, 1].
Accordingly, since f € C'[M, o0), the next identity holds for every x € [0, 1]

Ana(x) = ! () +( : >/ ty () (6.13)
T\ f () T+ ) (0))? fa ) ) T+ @, (x))2 '
Integrating (6.13) in [0, 1] yields
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1 1

A /a(x)dx—/( ! )/ () dx
”O _O Fun@) ) ST+ ) (x))2

F () (), (x))?
f (un () /T4 (], (X))2

As u,(x) > M and f(u) is decreasing in [M, c0), we have that f’(u, (x)) <0 for all x € [0, 1]

and n. Hence, we obtain a contradiction with (ay), which requires fol a(x)dx < 0. Therefore,
(6.12) holds. 0O

Throughout the remainder of this section we will assume that, in the case where p > 1, the
sequence {(A,, Un)}n>1, in addition to (6.1), satisfies

liminfu, (0) > 0. (6.14)
n—oo

Under this assumption, according to Lemma 6.2, the condition (6.4) must hold, regardless the
size of p > 0. Naturally, this property fails to be true in case p > 1 for the small regular positive
solutions of (1.1) whose existence is guaranteed by Theorem 5.1.

Lemma 6.4. Assume (f2) and (az). Let {1y, un)}n>1 be a sequence of regular positive solu-
tions of (1.1) satisfying (6.1) and (6.14). Let x,, be the unique point in the interval (z, 1) where
fox”’ a(x)dx = 0. Then, for sufficiently large n, there exists a unique x, € (0, x,) such that

Un(xXn) = M. (6.15)

Proof. Under the condition (6.14), Lemma 6.2 and Lemma 6.3 imply that u,(0) > M and
u, (1) < M for sufficiently large n. Thus, since u,, is decreasing in [0, 1], there exists a unique
xp € (0, 1) for which (6.15) holds. Necessarily, we have u,(x) > M for all x € [0, x,,]. Thus,
integrating (6.13) in [0, x,,] we find that

Xn

/ a(x)dx = — 1y () [ f ) G )? o
FD) T+, P () T+ G o

because f'(u) < 0 if u > M. Hence, we conclude that f(f "a(x)dx > 0 for sufficiently large n,
and therefore x,, < x,,. This ends the proof. O

Lemma 6.5. Assume ( f2) and (az). Let {(A,, un)}n>1 be a sequence of regular positive solutions
of (1.1) satisfying (6.1) and (6.14). Then, for every n € (0, ), there exists ngo € N such that
Xn € (2 — 1, Xp) for all n > ny.

Proof. On the contrary, suppose that there exists 1 € (0, z) such that [0, z — 1] contains a sub-
sequence of {x,},>1, still labeled by n. Then, without loss of generality, we can further assume
that lim,,_, o X, = x4 € [0, z — n]. Since u,, is decreasing, it follows from (6.15) and Lemma 6.1
that
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lim u,(x) =0 uniformly in [z — g, 1]. (6.16)
n— oo
Hence, by the concavity of u, in [0, z), we see that, for sufficiently large n,

’ n Mn(Z_%)_Mn(xn) Mn(Z_%)_M 1 M
u,(z—3) < 7 = 7 <—= 5 .
Z— 75— X Z— 75— Xn 27— 75— X«

In view of (6.16), this forces u, to vanish, by its concavity, somewhere in [0, z], for large n. This
contradiction ends the proof. O

Lemma 6.6. Assume ( f2) and (az). Let {(Ay, un)}n>1 be a sequence of regular positive solutions
of (1.1) satisfying (6.1) and (6.14). Suppose, in addition, that, for some y € [0, 1), ¢ > 0 and
ng € N, one has that y + ¢ < x,, for all n > ng. Then, there holds

lim u,(x) =00 uniformlyin [0, y].
n—>oo

Proof. Since u, is decreasing for all n > 1, it suffices to show that lim,,_, o #,,(y) = 0o. This is
an easy consequence of Lemma 6.1, because u, (y) > M foralln >ng. O

As a byproduct of Lemmas 6.5 and 6.6, the next result holds.

Corollary 6.1. Assume ( f2) and (a2). Let {(An, un)}n>1 be a sequence of regular positive solu-
tions of (1.1) satisfying (6.1) and (6.14). Then, for every n € (0, 2),

lim u,(x) =00 uniformlyin [0,z — n].
n— o0

The next result does estimate the grow-up rate of u,, to infinity in [0, z) as n — oo.

Theorem 6.1. Assume (f2) and (az). Let {(rn, uy)}n>1 be a sequence of regular positive solu-
tions of (1.1) satisfying (6.1) and (6.14). Then, for every n € (0, z), there exists a constant C > 0
and an integer no > 1 such that

1

uy(x) > C)»,? forall x €[0,z —n] and n > ny. (6.17)

Proof. Indeed, by Lemma 6.5, there exists ng € N such that x,, > z — % for all n > ng. Thus,
fixing n > ng and x € [0, z — 5], and integrating in [x, x,] the identity (6.13) we find that

Xn
ul, (x) 1 —u,, (xp)

An/a(s)ds=
J fun(x)) /14 W, (x)? [f(M) /1+ (ul, (x))?

Xn

1 " ul(s)
n d
+/<f(un(S))) V14 ()2 '

X
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1 d 1 Ll (s)
— n d
) / (f(un(S))> NiERTAT AN

Since u; (s) > M for each s € (x, x,,), u, is decreasing and f is decreasing in (M, oo), we find
that

>0 in (x,x,).

_< 1 >/= ' () uy,(5)
S (un(s)) (f (un(s)))?

Thus, the previous estimate implies that

A,,/a(s)ds< ! _/< ! )dszé
J f(M) J fun(s)) Sfun(x))

for all x < x, and n > ng. Consequently, since for every n > ng,one hasthat x <z—n <z —
X, we find that, for all x € [0, z — 1],

[(S]AS

_n
1 Xn )
m > kn/a(s)ds > An / a(s)ds
X —n
and then
-}
S un(x)) U (x)
— a(s)ds < .
Uy (x) n
=1
By Corollary 6.1, it follows from (1.2) that lim,,_, o f(f’g—zxi) = h uniformly in [0, z — n]. There-
Uy (x

fore, we conclude that

[N

—

N 1169) . .

liminf >h a(s)ds uniformly in [0, z — 7].
=1

n—oo A,

Hence the estimate (6.17) follows. O
Lemma 6.7. Assume ( f>) and (a>). Suppose further that

esssupa <0 forall small e > 0. (6.18)

[z4&,x0]

Let {(Ay, un)}n>1 be a sequence of regular positive solutions of (1.1) satisfying (6.1) and (6.14).
Then, there exists

lim x, = z. (6.19)

n—oo
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Proof. On the contrary, assume that (6.19) is not true. Then, owing to Lemma 6.5, there exist
n > 0 and a subsequence, still labeled by n, such that z + n < x,, for all n» > 1. Then, since for
everyn > 1and x €[z, 1],

1 I
(W) = Ana(x) f (un ()t (x) 2 0,

integrating in [z, x, ], we obtain

Xn

: : A / a(x) (it oL, () dx

1> — =
TV ,a))? T+ u,(2)?

Xn Xn
> An / a(x) f (un (X)), (x) dx > =y esssup a / (i (X)), (x) dx
o+ [z4+75.x0] e
un(z4+3)
> —Ap, €sssup a f(s)ds.
[z+73.x0] o

n
Therefore, by (6.1), we obtain limneoof;;"(ﬁz) f(s)ds = 0, which implies lim,_, o u,(z +

%) = M, while, according to Lemma 6.6, lim,_, oo 4, (z + %) = 00. This contradiction ends the
proof. O

Remark 6.1. Under (ay), the condition (6.18) holds if, for instance, the function a(x) is contin-
uous in (z, xXy].

As a direct consequence of Lemma 6.7, the next result holds.

Corollary 6.2. Assume ( f2), (a2) and (6.18). Let {(Ay, un)}n>1 be a sequence of regular positive
solutions of (1.1) satisfying (6.1) and (6.14). Then, for every n € (0, 1 — z),

lim u,(x) =0 uniformlyin [z + n, 1].
n—o0

Proof. According to Lemma 6.7, for every n € (0, 1 — z), there exists ng such that, for all n > ng,
Xp <z+ g and hence u, (z+n) < u,(x,) = M. Then, Lemma 6.1 yields lim,,_, 5 u,(z+1n) = 0.
Since u,, is decreasing, the conclusion follows. O

Finally, the next result estimates the decay rate of u, in the interval (z, 1].

Theorem 6.2. Assume ( f2), (a2) and (6.18). Let {(A,, un)}n>1 be a sequence of regular strictly
positive solutions of (1.1) satisfying (6.1) and (6.14). Then, for every n € (0,1 — z), there exist
C > 0 and ng € N such that

un(x)SC)»,:F forall x € [z+n,1] and n > ny. (6.20)

37



J. Lopez-Gomez and P. Omari Journal of Differential Equations 372 (2023) 1-54

Proof. Pick x € [z + n, 1]. By (6.19), there exists ng € N such that

z—g<xn<z+g<z+n§x for all n > nyg. (6.21)

Note that 0 < u,(¢) < M for all n > np and ¢ € [x,, x]. Thus, for any n > ng, since u,(¢) is
decreasing, the composition f(u,(t)) is decreasing in [x,, x] and hence

0< 1 - 1 - 1
S n(xn)) = flun@) ~ fun(x))

Suppose z < x,,. Then, from the differential equation in (1.1), we get, for all € [x,, x],

forall ¢ € [x,, x].

u, (1) 1 u, (1) :
0<—Ay = = - N
< a(r) ( T+ (u;(t))z) fu, (1)) = ( 1+ (uh(f))2> S un ()

and hence integrating in [x,, x]

r 17 W' (t)
—An dt < L d
fao t<f(un(x)))C/(,/_l—i-—(u;I(t))z) t

Xn

. 1 ul, (x) B u), (xn) - 1
T ) \ T+ @, ST+ @, )2 )]~ fuax)

By (6.21), we have that, for all n > ny,

X z+n
/(—a(l))dl‘ > / (—a(t))dt >0,
Xn =+7
and hence
z+n 1
An /(—a(s))ds§ W
+3

for all x € [z + n, 1]. Then, the estimate (6.20) follows readily from the fact that lim,—, o fu(ﬁ—'zf;)
=1, which is a consequence of (1.2) by Corollary 6.2.
Now, assume that x,, < z. Then, as above, from the differential equation in (1.1) we get, for

all r € [z, x],

(1) T
0 _An =
= @) = (,/1+(u;,(t))2> S un(x))

and hence integrating in [z, x]
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—A /xa(t)dt< ! ty () - () < 1
" T ) \VTH @002 T+ @, @)?) ~ flunx)

Z

Thus, thanks again to (6.21), we find, for all n > ny,

z+n ;
. / (—a(0)dt <y f (-a@)dr < W

and the argument of the previous case allows to complete the proof. O
The next result establishes that, in addition, the solutions u,, are rather flat on
I, =10,z—n]U[z+n,1]
for sufficiently small n > 0 and large n.
Lemma 6.8. Assume ( f2), (a2) and (6.18). Let {(A,, un)}n>1 be a sequence of regular strictly

positive solutions of (1.1) satisfying (6.1) and (6.14). Then, for every n > 0 small enough, there
exist C > 0 and ng € N such that

|u;l(x)| <C forall x €l and n > ng (6.22)

and, actually,
lim u, (x) =0 uniformly in [z +n, 1].
n—o0

Proof. Fixn € (0,z) and x € [0, z — %]. By (6.19), there exists ng € N such that z — % < x,, for
all n > ng. Hence, it follows that u, (t) > M foralln > ng and all ¢t € [0, z — %]. Thus, since u,,
is decreasing, the composition f (u, (¢)) is increasing in [0, z — %]. Consequently, integrating the
differential equation in (1.1) in [0, x], we find that

X

X
—u, (x)
An f (un (x)) / a(t)dr = / M fun®)a®)dt = ———. (6.23)
VI (), (x))?
0 0
Suppose that (6.22) is false. Then, for a subsequence, still labeled by n, we have that
lim ), (z —n) = —o0,
n—oo
which implies lim,,_, o ], (x) = —00 uniformly in [z — 7, z] and hence
!
lim Wy uniformly in [z — 1. 2], (6.24)

n—oo /1 4 (u;l(x))2

On the other hand, integrating the differential equation in [z — 1,z — %] yields
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z—

NS

/ _ / _n
wem G / A f (un (x))a(x) dx
\/1+(u;,(2—77))2 \/1+(u (Z——))2
z=1)
and then, owing to (6.23) and (6.24),
u, (z—1) up(z—1%) s —u (x) a(x)

>

- = < dx
V1+ W,z —n)? \/1 +ap-? V1 Wl (x)? [y a(t)dt

Therefore, letting n — oo in this inequality, we find that

I8

%
/ a(x) x>0,
a(t)dt

which is impossible. This contradiction provides us with the uniform bound for u), on [0, z — n].

Next, we prove (6.22), which obviously yields a uniform bound for u), on [z+ 7, 1]. According
to Lemma 6.1 and Lemma 6.7, we have that lim,,_, o, #,, (x) = 0 uniformly in [z + 1, z]. Since, for
everyx € [z+mn, 1]and n > 1, u, (1) = u, (x) —i—fxl u,, (t) dt, we infer that lim,,— fxl u,(t)dr =
0. Consequently, as u, is convex on (z, 1], also (6.22) is proven. O

5

As a byproduct of Lemma 6.8 the next result holds.

Corollary 6.3. Assume (f2), (a2) and (6.18). Let {(Ay, Un)}n>1 be a sequence of regular strictly
positive solutions of (1.1) satisfying (6.1) and (6.14). Then, the following holds:

u

@A) for every n € (0, z), lim,— o u:’lg’ég = 1 uniformly in [0, z — n];
(ii) forevery n € (0,1 — z), limy,— o0 , (x) = limy,— o0 u}, (x) = O uniformly in [z + n, 1].

Proof. Forevery x € [0,z — n] and n > 1, we have that u, (x) = u, (0) + f(f u,, (t)dt and hence

u,,(x)_l o un(0)dt
un(0) up(0)

(6.25)

Since, by Lemma 6.8,

)

’fé‘ u;mdt‘ _Ck-m
11 (0) 11 (0)

conclusion (i) follows from Corollary 6.1 by letting n — oo in (6.25). As for the proof of (ii), the
conclusion follows from Lemma 6.1, Lemma 6.7 and Lemma 6.8. O

At the light of these results, for sufficiently large X, the regular positive solutions of (1.1)
bounded away from zero have the profile already shown in Fig. 1.
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Although, due to Lemma 6.7, lim,,_, », X, = z, in general it is unknown whether or not x, = z.
According to Corollaries 6.1 and 6.2, the solutions grow-up to infinity in the interval (0, z),
whereas decay to zero on (z, 1). Theorems 6.1 and 6.2 provide us with some sharp estimates for
the growth and decay rates of u, in (0, z) and (z, 1), respectively. According to Corollary 6.3,
the larger is A the flatter are the solutions on (0, z) and (z, 1).

7. Regularity versus singularity

Our aim in this section is to discuss the existence and the non-existence of singular solutions
of problem (1.1).

7.1. A general regularity criterion

Based on some ideas from our previous papers [39—41], we establish here a criterion for
ascertaining the local regularity of the bounded variation solutions of the equation

_<+(,)2> =h(x), O<x<l, (7.1)
RV u

under the assumption

(h1) h e LY(0,1) and there exist 7 € (0,1), 8; > 0 and 83 > 0 such that h(x) > 0 a.e. in (z —
81,2) and h(x) <0a.e. in (z,z + 62).

A bounded variation solution of (7.1) is a function u € BV (0, 1) such that

1
/h¢dx
0

for every ¢ € BV (0, 1) such that ¢(07) =0 = ¢(17) and |D¢*| is absolutely continuous with
respect to |Du®|.

From the proof of [39, Prop. 3.6] we infer that, under (&), every bounded variation solution
u of (7.1) satisfies the following conditions:

1 Dus D 1
/ 1+ (Du”

0 0

e u is concave in (z — 81, z) and convex in (z, z + 87),

2,1

Ue—8,.2) € Wioh (z = 81,20 N Wz — 81, 2),
2

Ui(eotsr) € WaL (2 24+ 8 N W (2, 2 4 82),

and

u’ '
—| —— ) =hk) ae.in (z — 61,2+ 87); (7.2)
(\/1+u’2) : ?
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e citheru € Wli’cl (z —681,z+ 87), orelse

u(z)>u(zt) and u'(z7)=-oc0=u'(z"),
where u’(z7) and u’(z") stand for the left and right Dini derivatives of u at z.

The following theorem determines whether u is regular or not, depending on the behav-
ior of A near its nodal point z; more precisely, on the integrability properties of the function

( fxz h(t)dt)’%, as expressed by conditions (7.5) and (7.6) below. Note that, under assumption

(h1), the continuous function |’ XZ h(t)dt is non-increasing in (z — 81, z) and non-decreasing in
(z, 2 + 82); thus, either

Z

/h(t)dt>0 forall x € (z — &1,z 4+ 82) \ {z}, (7.3)

X
or there is xg € (z — 81, z) such that

Z

/h(t)dt =0 forall x € [xp, z],

X

or there is xg € (z, z + 82) such that

Z
/h(t) dt =0 forall x €[z, xg].

X

Hence, (7.3) is complementary of

Z

/h(t) dt =0 forsome xg € (z—381,2+ )\ {z}. (7.4)

X0

Theorem 7.1. Assume (h1) and let u be a bounded variation solution of (7.1). Then, the following
assertions are true:

@ ueWilz—381,2+8)if

1

b4 Z -3 +8 /2 _%
either / /h(t)dt dx =00, or / /h(t)dt dx = o0; (7.5)
z—81 \X b4 X
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(b) u(z™) > u(z") if (7.3) holds and there are x| € (z — 81, 2), X2 € (2,7 + 82) such that

1

Z Z 2 X2 Z 2
f /h(t) dt dx < o0, / /h(t) dt dx < o0,
X1 X | z X (7.6)
X2 Z -2
/ /h(t) dt dx <u(xy) —u(xy).

It is understood that condition (7.5) is satisfied whenever (7.4) holds.

Proof. By (h1), either (7.3), or (7.4), holds. Let us prove Part (a). Assume (7.4) with xg € (z —
81, 2), the argument being similar in case xo € (z, z 4 82). Then, integrating the equation (7.2) on
(x0, z) yields

(7.7)

—u’ (xp) _ —u'(z7) /() W@
V4@ x0)? V14 @' (z))? VI+W(@))?

(z 81, z), and hence _ WGl 1, it follows from (7.7) that u'(z ™) is finite.

V14 (x0))?
Therefore, u € Wli’cl (z — 61,2+ 82). Now suppose (7.3). Then, for every ¢ € (z — 61, z), integrat-
ing (7.2) in (¢, z), we obtain that

Asu' e W)

loc

2
—u'(t -
u'(t) _ u'(z7) —/h(s) s %)
VI+@®)? 1+ @ @))?
and thus
') gz h d
() = @) Jih)ds 1 79
__wWe&DH oz u'(z7) z
\/1 oo i@ 1+ s 4 [T his)ds
Assume (7.5). Without loss of generality we can suppose that
_1
Z Z 2
/ fh(t) dt dx = 00, (7.10)
2—51 X

_1
because the proof is similar if f;”z ([Zh(r)dt)”? dx = co. As the function [ h(s)ds is con-
tinuous and positive for ¢ € (z — &1, z), the condition (7.10) can be expressed as
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1
2

Z Z
/ /h(s)ds dt =00 forallx € (z—461,2). (7.11)

X t

To prove that u € Wli’cl (z — 81,z + 82), suppose, on the contrary, that u'(z~) = —oo, that is,
—u'(z7)

Tow e 1. Hence, (7.9) implies that, for every x € (z — 41, 2),
u(z

1— [*h@t)dt 1

\/2 — [Fh)dr \/fjh(t) dr

As there exists n € (0, §1) such that fxz h(t)dt < % for all x € (z —n, 2), (7.12) implies

—u'(x) = (7.12)

_1
2

—u'(x) > % /h(z)dt

X

Therefore, by (7.11), integrating this inequality in (z — 7, z) yields

1
b4 2

M(z—n)—u(z)zz%/?/ /h(t)dt dx = oo,
—n

X

which is a contradiction, because u € L°(z — 81, z + 82). This ends the proof of Part (a).
In order to prove Part (b), observe that the first two inequalities in (7.6) are equivalent to

1
48 / =z -2

/h(t)dt dx < o0.

z—81 X

Moreover, without loss of generality we can suppose that u/(x;) < 0 and u'(x2) < 0. Indeed,
otherwise there is X1 € (x1,z) such that u(x;) > u(x;) and u/(x1) <0, or x; € (z,x2) with
u(x2) < u(xy) and u’(xy) < 0. Replacing x| by X1, or x; by x», we are done.

We claim that, under condition (7.3),

0=

0<—u'@t) < /h(s) ds for all ¢ € [x1, x2] \ {z}. (7.13)

t

Pick t € [x1, z). Since ' (x1) < 0 and u(x) is concave in [x], z), we have that

—u'(t)
0< ————
V4 W (1))?

<1 forallte([x,2)

and
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—uy'(>—
0< &)

T V1+ W) T
Hence, by (7.3), it follows from (7.8) that

—u'@)
VW (z7))?

t

h(s)ds <1 forallte[x],2).

u'(z7)
V1@ (z7))?
from (7.9). As the proof of (7.13) for ¢ € (z, x2] proceeds similarly, the technical details are
omitted here.

Next, pick x € (z — 81, z+ 82) \ {z}. Integrating (7.13) we obtain the estimates

Consequently, since 1 + > 0, the validity of (7.13) for all ¢ € [x1, z) follows easily

1

Z Z 2
u(x) —u(z™) </ /h(s)ds dt forall x € (z — 61, 2), (7.14)
x \1
_1
X Z 2
u(z+)—u(x)</ /h(s)ds dt forall x € (z,z+ 82). (7.15)
7 \1

Taking x = x1 in (7.14) and x = x7 in (7.15) and adding up the two inequalities yields

1
2

uxr) —uz") +u") —ulx) </ /h(t)dt dx.

X2

X1 X
Thus, thanks to (7.6), we find
_1 _1
X2 Z 2 X2 2 2
/ /h(s)ds dt > —u(z_)+u(z+)+/ /h(s)ds dt
X1 t X1 t

and therefore, u(z~) > u(z™), which ends the proof. O

Remark 7.1. It is straightforward to see that similar conclusions hold by imposing in (/1), alter-
natively, that 2(x) <0 a.e. in (z — 61, 2) and h(x) > 0 a.e. in (z, Z + §2).

Remark 7.2. The conditions (7.5) and (7.6) measure the smoothness of the function %4 (x) at the
nodal point z. Indeed, (7.5) holds true, in particular, when h(z™) = esslim,_, .- 2(x) =0 and
h(x) has a bounded slope on the left of z, or when h(z") = ess lim,_, .+ A(x) = 0 and h(x) has
a bounded slope on the right of z, while (7.5) fails if, for instance, both 2(z7) and h(z") exist,
are finite and #(z7) > 0 > h(z"). This way a classical regularity result, requiring the function
h(x) to be globally Lipschitz on (0, 1) (see, e.g., [28]), is significantly improved in the frame of
equation (7.1).
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7.2. Non-existence of singular solutions

A direct consequence of Theorem 7.1 is the following result, which guarantees the regularity
of all possible solutions of the problem (1.1) if the function a(x) satisfies (az) and

1 1
2 1 b4 2

(aq) either / /a(t)dt dx =00, or / /a(t)dt dx = oo.
0

X z X

Theorem 7.2. Assume (ay), (as), A > 0, and

(fa) f €C(R) satisfies f(u) >0ifu>0.
Then, any positive solution (A, u) of (1.1) is regular.

Proof. Let (A, u), with A > 0, be a positive solution of (1.1), and set

h(x) =Aa(x)f(u(x)) fora.e.x € (0,1).

The composite function f(u(x)) lies in L°°(0, 1) and, by (f1), satisfies f(u(x)) > 0 for a.e.
x € (0, 1). Thus, by (a2), h satisfies (h1), with §; = z and §, = 1 — z, and either (7.4) holds for
some xg € [0, 1]\ {z}, or (7.3) and (7.5) hold. By Theorem 7.1 (a), u is regular. O

Theorem 7.2 holds true regardless the particular behavior of f(u) at zero and at infinity: it
only requires the continuity and positivity of f(u). Thus, it is a quite general and versatile result
that applies to a large variety of situations and allows to complete and sharpen several previous
statements, such as the ones obtained in [39,40,42,43]. Indeed, assuming further (az) and (a4),
the results in [42, Thms. 1.1-1.6], in [39, Thms. 5.13 and 5.14] and in [40, Thms. 1.1 and 6.1],
combined with Theorem 7.2, provide the existence and the multiplicity of regular solutions. In
particular, thanks to [40, Thms. 1.1 and 6.1] and Theorem 7.2 a wrong assertion in [43, Thm. 7.1]
can be corrected and the situation completely clarified. Theorem 7.2 also guarantees that, in the
frame of Theorem 3.4, one has, under (a») and (a4), SIQLU = S;" and G;;U’ o= C;"’)LO, as illustrated
in Fig. 2.

7.3. Existence of singular solutions

In this section we assume that (a4) fails, i.e.,

1 1

-2 1 b4 2

(as) / /a(t)dt dx < oo and / /a(t)dt dx < o0.
0

X Z X

The next result shows that (1.1) can admit singular solutions under (as).

Theorem 7.3. Assume (a>) and (as). Then, the following assertions are true:
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(i) for every p > 1 and q € (0, 1), there exists a function f(u) satisfying (f1) for which (1.1)
admits a singular solution (Ag, us) for some rg > 0;

(ii) for every q € (0,1) and % > 0, there exist € > 0 and a function f(u) satisfying (f1) with
p = 1 such that (1.1) admits a singular solution (Ag, uy) for some As > 0 with |Ag — A <e.

Proof. For any given p > 1 and ¢ € (0, 1), let f € C'(R) be such that f(x) > 0 and f'(u) >0
for all u > 0 and

fim L% — 1 and tim L%

u—0+ up u—oo yd

1.

Then, thanks to [40, Thm. 1.1], the auxiliary problem

u’ / ~
_ (\/TW) =ra(x)fm), O<x<l, (7.16)

u'(0)=u'(1)=0.
possesses a singular solution (A, ugs) for some Ay > 0. Let M > 0 be such that
M > us(0) = |luslloo (7.17)

and consider any function f € C'(R) such that

fw) ifu<M,
= 7.18
S gw) ifu>M, ¢ )

where g € C[M, 00) is any function such that

Lim 8 _
m =

u—o0 y—49

h, (7.19)

for some constant 4 > 0. Then, by construction, f(u) satisfies (f1) and (As, us) is a singular
solution of (1.1), thus proving Part (i).

To prove Part (ii) one can proceed as follows. For any given A > 0, let f € C'(R) be any
function satisfying

1
Xfoza(x) dx’

im 2% 21 and  lim f) =
u—0t U u— 00
As due to [41, Thm. 1.1] the singular solutions of (7.16) bifurcate from infinity at Ao, = A, there
exist ¢ > 0 and a singular solution (A, us) of (7.16) for some A = Ay > 0 with |A; — A <e.

Let M > 0O be satisfying (7.17) and consider any function f(u) of the form (7.18) with
g € C[M, oo) satisfying (7.19). Then, f(u) satisfies (f1) and (Ag, ug) is a singular solution of
(1.1). O
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When a(x) has a jump discontinuity at z, that is,

esslima(x) > 0> esslima(x),
xX—7~ x—zt

our next result shows that the problem (1.1) cannot admit regular solutions separated away from
zero for sufficiently large A > 0.

Theorem 7.4. Assume ( f3), (a2),

(ag) there exist constants A > 0, B > 0 and n > 0 such that

a(x)> A fora.e.xe(z—n,z) and a(x)<-—B forae xec(z,z+n),

and (6.18). Then, the problem (1.1) cannot admit regular solutions separated away from zero for
sufficiently large X > 0.

By Remark 7.2, (ae) implies (as). We conjecture that, more generally, Theorem 7.4 remains
true if a(x) satisfies (as) instead of (ag).

Proof. Assume, by contradiction, that (1.1) possesses a sequence of positive regular solutions,
{(An, un)}n>1, such that

lim A, =00 and liminfu,(0) > 0. (7.20)
n—o0

n—o0

By Lemma 6.4, for sufficiently large n there exists a unique x, € (0, 1) such that u,(x,) = M.
From Lemma 6.7, we know that lim,,_, o, X, = z. Without loss of generality, we can suppose that,
for every n > 1, x, € (z — n, z + n). We claim that, in addition,

lim u,(z) =M. (7.21)
n—o0

To prove this, we will distinguish, for each n, between two different cases: either x, > z, or
X < z. Suppose that x,, > z. Then, integrating in [z, x,] the identity

] /
(m> = Ana(x) f(un(x))u, (x) (7.22)

yields

T’ 1 1 1 1
(O () dx = — - L
/ A= <¢1+<u;<xn»2 ¢1+(u;(z))2> =

Z

Thus, we infer from the first limit in (7.20) that
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’1lingo/a(X)f(un(X))u;(X)dx =0.

Moreover, we have that

Xn

/a(x)f(un(X))u;(X)dx =/(—a(X))f(un(x))(—uﬁ,(X))dx

Z

Xn un(z)
> B / J(un (X)) (—up (x))dx = B / f(s)ds.
z M

Consequently, the following inequalities hold

un(z) Xn
0<B / fs)ds =< -/a(x)f(u,,(x))u;(x)dx.

M 4
Similarly, if x,, <z, we can obtain that

Z

M
0<A / f(s)ds < —/a(x)f(un(x»u:,(x)dx.

un (2) Xn

(7.23)

Since A > 0 and B > 0, from (7.23) we can conclude that lim,,_, o fnlfl" @ f(s)ds = 0. Therefore,

(7.21) holds. Next, integrating (7.22) in [z — 1, z + 1] yields

z+n
/ a(x) f ()l (x)dx = O(A, 1) as n— oo,

2=
or, equivalently,

b4 z+n

/ (2 f (1 (¥)) (i, (x)) dx = — / () f (1t (0)) (i, (¥)) dx + 00,

z—n b4

Thus, arguing as above, we get

un(z—n) 1y (z)
A / f(s)ds < llallLe,1 / f()ds+00h).
un(2) un(z+n)

Therefore, letting n — oo in this estimate, (7.21) and Corollaries 6.1 and 6.2 imply
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00 M
A/f(S)ds = IIalle(o,n/f(S)ds < 00. (7.24)
M 0

Since A > 0, (7.24) entails f;lo f(s)ds < oo, which is impossible, as the assumption g € (0, 1),
made in (f]), implies that f ;IO f(s)ds = oo. This contradiction shows that (1.1) cannot admit,
for large A > 0, positive regular solutions separated away from 0. O

Under conditions ( f1) and (a3), the existence of solutions separated away from zero for suf-
ficiently large A > 0 is guaranteed, thanks to Lemma 6.2, when p € (0, 1) by [42, Thm. 1.2], or
when p =1 by [42, Thm. 1.4, Rem. 1.9]. Whereas in case p > 1, thanks to [42, Thm. 1.5], it is
known that (1.1) admits, at least, two positive solutions for sufficiently large A > 0. According
to Theorem 7.4, under conditions (f2), (a2) and (ae), all the solutions of (1.1) for sufficiently
large A > 0 are singular, except the ones perturbing from zero, whose existence was discussed in
Section 5.

Remark 7.3. The proof of Theorem 7.4 actually provides us with singular solutions as A — oo
for a much wider family of functions f (x) than those satisfying ( f1). Indeed, to fix ideas suppose
that

in [0, 2),

in (z1]. (7.25)

a(x):{éB

for two positive constants, A, B > 0, such that

1
/a(x)dx:Az—B(l—z)<0=(A+B)z—B<0.
0

Let {(An, un)}n>1 be a sequence of positive regular solutions of (1.1) satisfying (7.20). Then,
integrating in [0, 1] the identity (7.22) yields fol a(x) f (uy(x))u),(x)dx =0 for all n > 1. Thus,

b4 1

/ a(x)  (ttn ()it () dx = — / a () f (un GOV, (x) dx

0 z

and hence, by (7.25), we find that, for every n > 1,

uy (0) un(2)
A / f(s)ds=B / f(s)ds. (7.26)

un (2) up (1)

Consequently, letting n — oo, from the analysis done in Section 6, we infer that

[e'¢] M
A/f(s)ds:B/f(s)ds. (7.27)
M 0
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Therefore, (7.27) is necessary in order that (1.1) can admit a regular solution for sufficiently large
A > 0. Obviously, it fails to be true when f () satisfies (f1) with g € (0, 1). Yet, even when f(u)
has a sufficiently fast decay at infinity so that f ch]o f(s)ds < oo, the identity (7.27) will never be
satisfied, unless

Bz—fﬁfwf(s)dsA.
f() f(s)ds

In all these cases, it is possible to show that (1.1) cannot admit a regular solution for sufficiently
large A > 0, regardless the decay rate of f () at infinity. This result sharpens Theorem 7.4 in the
special case when a(x) satisfies (7.25).

Note that if f(u) and a(x) satisfy (f1) and (az), then the identity (7.26) restricts the size
of u,,(0) = [lupllz(,1y so that (A,,u,) can be a regular solution of (1.1). Thus, under these
assumptions, any sufficiently large solution must be singular.

More generally, when a(x) satisfies (as), instead of (ag), the next result holds.
Proposition 7.1. Assume ( f1), (a2), (as) and (6.18). Let {(Ay, un)}n>1 be a sequence of positive

solutions of (1.1) satisfying (7.20). Suppose, in addition, that there exist constants n > 0 and
C > 0 such that

Anflun(x)) = C if 0 <lx —z| <n. (7.28)
Then, for sufficiently large n, (A,, uy) is a singular solution of (1.1) with u,(z7) > u, (z™).
Proof. Let us set, for every n > 1,
hy(x) = a(x) f(u,(x)) forae. x €[0,1].
For each n, the function A, (x) satisfies assumption (41) and

Z Z
/hn(t)dtzC/a(t)dt>O if 0<|x—zl<n.

X X

In addition, fxz h,(t)dt > 0 for all x € [0, 1]\ {z}, and hence

1

z+n z *% 1 z+n z -2

h,(t)dt dx < — fa(t)dt dx < oo.
e v
z—n X —n X

Moreover, by Corollaries 6.1 and 6.2, we already know that lim,_, u,(z — n) = oo and
lim,,_, o u, (z + 1) = 0, which implies that, for sufficiently large n,

1
+n/ z -2

un<z—n>—un(z+n>z/ /hnmdr dx.

z—n \x
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Therefore, the conclusion can be inferred from Theorem 7.1 (b). O

Remark 7.4. By the definition of x,, we have that
lim (A f(un(x4))) = lim (A, f(M)) =00
n—o0 n—oo

and, due to Lemma 6.7, lim,, _, oo X, = z. Thus, the condition (7.28) seems rather natural to hold.
Unfortunately, we were not able to exclude the existence of some sequence {y,, }x>1 such that
limg— oy, =z and limg— o (Any f (i, (¥n,))) = O in the general case when a(x) satisfies (as).
So, it remains an open problem to characterize the existence of positive singular solutions of
(1.1) when F(u) is sublinear at infinity, unlike what we were able to do in [40,41] for potentials
which are linear or superlinear at infinity.
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