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Abstract
We analyze symplectic forms on six dimensional real solvable and non-nilpotent Lie algebras.
More precisely, we obtain all those algebras endowed with a symplectic form that decompose
as the direct sum of two ideals or are indecomposable solvable algebras with a four dimensional
nilradical.

1 Introduction

Symplectic forms on Lie groups and algebras naturally appear in the context of Poisson geometry,
the study of Hamiltonians in Mechanics and various other physical and geometrical problems, like
the cotangent bundle of differentiable manifolds. Symplectic forms are also useful to construct other
geometrical structures, like Kédhler manifolds, in the case of combination of symplectic and compat-
ible complex structures [3]. Many works have been devoted to obtain conditions for constructing
and classifying symplectic structures on manifolds, groups or algebras, and although no universal
characterization has been obtained yet, various general procedures of interest have been obtained
[0, M3]. Models for Lie algebras admitting symplectic forms have been developed in [H], which is
related to the problem of determining the structure of Lie groups having symplectic forms. Various
reductions have been obtained in this sense, which simplify the problem to the analysis of solvable
Lie algebras and algebras with nontrivial Levi decomposition and a solvable non-nilpotent radical
[0, [I1]. For fixed dimensions there only exist complete results up to dimension four, as well as some
special cases in higher dimension [II 2, |8, [0, [T2]. Symplectic structures on four dimensional real
Lie algebras have been classified in different contexts (see e.g. [I3] or [I7] for a recent review),
and interesting applications to the Monge-Ampere equations were developed in [I2]. In dimension
six, only the nilpotent Lie algebras have been systematically analized for symplectic forms [I0], in
combination with additional geometrical structures (see e.g. [8] and references therein). Results for
nilpotent Lie algebras of maximal nilindex have been obtained in [9], while Lie algebras in dimension
n < 8 endowed with exact symplectic forms were determined in [5]. This special case of symplec-
tic forms is closely related to the problem of determining the invariant functions for the coadjoint
representation of Lie groups.
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In this work we begin with the systematic computation of symplectic structures on real solvable
Lie algebras of dimension six. We focus only on solvable non-nilpotent Lie algebras, basing on
the classification obtained by various authors. More precisely, we obtain the possible symplectic
forms on six dimensional solvable Lie algebras that either decompose as the direct sum of two lower
dimensional ideals or are indecomposable with a four dimensional nilradical. This covers all but one
case, corresponding to indecomposable algebras with five dimensional nilradical.

Unless otherwise stated, any Lie algebra g considered in this work is defined over the field R of
real numbers. We convene that nonwritten brackets are either zero or obtained by antisymmetry.
Abelian Lie algebras of dimension n are denoted by nlL;.

2 Symplectic structures on Lie groups

Given a Lie algebra g with structure tensor {Cf]} over a basis { X1, .., X,,}, the identification of the
dual space g* with the left-invariant Pfaffian forms on a Lie group whose algebra is isomorphic to g
allows to define an exterior differential d on g* by

dw (X;, X;) = —Clw (Xy), w € g". (1)
Therefore we can rewrite any Lie algebra g as a closed system of 2-forms
dwy = —Clw; Awj, 1 <i < j<dim(g), (2)

called the Maurer-Cartan equations of g. The closure condition d?w; = 0 for all i is equivalent to
the Jacobi condition. Let £(g) = R{dw;},;<qim, be the linear subspace of A\’ g* generated by
the 2-forms dw;. It follows at once that dim £(g) = dim (g) if and only if dw; # 0 for all i, that is,
if dim (g) = dim[g,g] holds. If w = a'dw; (a’ € R) is an element of £(g), there exists a positive
integer jo (w) such that

Jo(w) Jo(w)+1

/\ w # 0, /\ w = 0. (3)
This equation shows that r (w) = 2jy (w) is the rank of the 2-form w. Define
jo (8) = max {jo (w) [w € L(g)} . (4)

This quantity jo (g) depends only on the structure of g and is a numerical invariant of g [6].

An even dimensional Lie group G is said to carry a left invariant symplectic structure if it possesses
a left invariant closed 2-form w of maximal rank. At the Lie algebra level, this implies the existence
of the form w € A® g* such that

dw =0 (5)

/\w;é(), (6)

where 2n = dim(g). We say that g is endowed with a symplectic structure. For example, any Lie
algebra in dimension 2 has a symplectic structure. For the abelian algebra the assertion is trivial,
while for the affine Lie algebra to = {X1, X2| [X1,X2] = X2} we have w € v A ¢} defined by

w = wi N\ wa. (7)



This form is closed and of maximal rank. In particular, w € L£(t2). Symplectic form of this special
kind are called exact symplectic forms, and they are of interest in the analysis of invariants of Lie
algebras [, [6]. That is, a Lie algebra is exact symplectic if it is symplectic and the form is moreover
exact.

The structure of a Lie algebra plays an essential role in the existence of such forms. We briefly
recall some results which will be used in this work.

Proposition 1 [{] Let g be a Lie algebra. Then following conditions hold:

1. If Tracelad(X)] =0 VX € g) and g is symplectic, then g is solvable.
2. No semisimple Lie algebra carries a symplectic form.

3. Direct sums of semisimple and solvable Lie algebras cannot be symplectic.

This implies that an indecomposable symplectic Lie algebra is either solvable or the semidirect
product of a semisimple Lie algebra and a solvable non-nilpotent Lie algebra. In particular, any
symplectic Lie algebra in dimension four is solvable. We remark that in this dimension any nilpotent
Lie algebra is endowed with a symplectic form [IT].

2.1 Six dimensional Lie algebras

Real Lie algebras of dimension six have been fully classified by Morozov (nilpotent real Lie algebras),
Mubarakzyanov (decomposition conditions and solvable algebras with five dimensional nilradical)
and Turkowski (solvable algebras with four dimensional nilradical and algebras with nontrivial Levi
subalgebra) (see e.g. [I4 [TH, 8] and references therein). According to the list in [T9], there are four
indecomposable Lie algebras with nonzero Levi subalgebra, corresponding to the semidirect product
of the abelian Lie algebra 3L; with s[(2,R) and so(3), the semidirect product of s[(2,R) and the

Heisenberg algebra in dimension 3 and the Lie algebra 5[(2,R)é> D1 @Dy As,3, which is the only to
2

possess a (exact) symplectic form. The decomposable case follows from [7]. It remains to analyze

the solvable case. Nilpotent algebras endowed with symplectic forms can be found in [§], for which

reason we do not reproduce them here. As known, the maximal nilpotent ideal (nilradical) NR of

a solvable Lie algebra t satisfies the inequality

dim(NR) < =. (8)

N

Therefore a solvable algebra in dimension six has a nilradical of dimensions four or five if it is
indecomposable, or it is the direct sum of ideals.

3 Decomposable solvable Lie algebras

In this section we analize the symplectic solvable Lie algebras v that decompose as the direct sum
t = 11Dty of lower dimensional ideals. Since any solvable Lie algebra is supposed to be non-nilpotent,
at least one of the ideals r; must be non-nilpotent.



Let v; and t; be solvable Lie algebras of odd dimension and let {w1, ..,wan41} and {w}, .., wh,, 11}
be bases of tf, respectively t5. Solvability implies that v; # [r;,t;] for ¢ = 1,2, so that without loss
of generality we can suppose that

dw; = dw| = 0. 9)

In these conditions, we give a sufficiency criterion for the existence of symplectic forms on the direct
sum algebra t; @ to:

Proposition 2 Suppose that there exist 2-forms 0 = 37, _ a¥w;Aw; € N > et BHwp A
w) € N’ ¢ satisfying

1Y =g =0, j1>2

2. do—do’ =0,

3. N"0#0 and N0 # 0.
Then t1 @ ta is endowed with a sympletic form n =04+ 0"+ w1 A wj

Proof. Since o'/ = 0 for any j, the 2-form 6 can be written as
0= Z aw; Awj. (10)
2<i<j<2n+1

By assumption, the n*?-exterior product A" @ is not zero, so that reordering the basis if necessary,
we can suppose that

H a2k,2k+1 # 0. (11)

k=1

In consequence we obtain
;\6‘ = (n! ﬁ a2k’2k+1> Wo AWz A oo A wap A wWapt1. (12)
k=1
A similar expression holds for §’. Clearly the 2-form
n=0+0+w Aw} (13)
belongs to (t1 @ t2)". Further
dn=df +df" + dwy Aw] — w1 Adw) =0 (14)

by condition 2, showing that 7 is closed. Finally,

n+m-+1 m

/\ n= ((n—l—m—l—l)!Han’QkJrl H) w1 /\.../\w2n+1 /\wi /\.../\wgm+1 #O, (15)

k=1 =1

showing that 7 is of maximal rank. m



The result has an interesting consequence concerning odd-dimensional solvable Lie algebras. A
1-form w € v* is called a linear contact form if

wA (dwy,)"™ # 0. (16)

In particular, the left invariant Pfaff form induced by w over the Lie group having v as Lie algebra
is a contact form in the classical sense.

Corollary 1 Let ¢ be solvable Lie algebra and {w1, ..,wan+1} be a basis of t*. Suppose that dwi = 0.
and that there exists a 2-form 6 =3, _. aw; Aw; € /\2 t* such that

1<j
1. oY =0, j>2.

2. df =0,

3. N"0#£0

If0 € L (), then v is endowed with a linear contact form.

Proof. By assumption the 2-form 6 can be written as

0= Z aw; A wj. (17)

2<i<j<2n+1
Without loss of generality we can suppose that
n n
/\9 = (n' H Oé2k’2k+l> wo2 Aws A ... Awap A wap41.- (18)
k=1
If 6 € L (v), then there exist scalars a;, , .., a;, such that
0= aildwl-l —+ ..+ aikdwl-k. (19)
Further i; # 1 for j € {1, .., k} since dwy = 0. Define the linear form
N =w1+ a;,wi, + ..+ a;wi, (20)

Then

nA </\d7’]> = (wl +a;,wi, + .. —I—aikwik)/\ (/\9) =

n
<n! H a2k’2k+1> W1 Awa Awz A oo Awap A waptq # 0, (21)
k=1

thus 7 is a contact form. m



Table 1: Decomposable algebras

Algebra exact Symplectic form Condition
A3)1 &) ABT,éll no a1wi N\ we + aswi N\ ws + aswae A w3 + aqws N\ ws+

aswsz N wg + agws A ws + arwy A wg + agws A wg a1 (asa7 — asag) £ 0
A311 D Ag,5 no aj1wi A wo + agw1 A w3 + azwsa A w3 + aqWws A w5+

asws N\ wg + aswy A ws + arwy A wg + agws A wg a1 (asa7 — asag) £ 0
A?:}l P A?:}l no ar1w1 A wo + aswi A ws + azws A wz + agwsz A wg+

+aswy N\ ws + agwq N\ we + arws N\ wg aragas £ 0
Ag)}l P Ag)5 no a1w1 A wo + aswi A ws + azws A wz + agwsz A wg+

+aswy N\ ws + agwq N\ we + arws N\ wg aragas £ 0
A%5 &) A%5 no ai1wi A wg + aswi A ws + asws A wz + agws A wg+

+asws N\ ws + agwg N\ wg + arws N\ weg ar1aqas # 0

3.1 dimt1 = dimtg =3

There are five isomorphism classes (two of them depending on parameters) of indecomposable solv-
able Lie algebras in dimension 3, whose Maurer-Cartan equations are given in Table 4 of the ap-
pendix. From these algebras, only one is nilpotent (the Heisenberg algebra). We have therefore 14
solvable non-nilpotent algebras t which decompose as the direct sum of two three dimensional ideals.
To determine the possible symplectic forms on these algebras, we use proposition 2. The resulting
algebras admitting such structures are given in table 1.

3.2 dimt4 = dimtg =2

The case of direct sums t = t1 @ty with dimry = dimty = 2 follows at once from the classification of
symplectic structures on four dimensional real Lie algebras carried out in [I7]. Indeed, since any two
dimensional Lie algebra has a symplectic form, the sum with any four dimensional algebra having
also a symplectic form gives a six dimensional algebra. On the other hand, it is immediate that no
direct sum of a four dimensional Lie algebra with no symplectic form and a two dimensional algebra
can result in a six dimensional symplectic Lie algebra. Therefore the result is obtained combining
the results of [I7] with those of dimension two.

3.3 dimt5 = dimt2 =1

The Maurer-Cartan equations of the indecomposable real solvable Lie algebras in dimension five are
given in tables 5 and 6 of the appendix. There are 33 cases to be analyzed. By (@), the nilradical
of such algebras t have dimension three or four. It is not difficult to see that a direct sum v ® Ly
endowed with a symplectic form must satisfy the requirements of proposition 2 (otherwise the closure
of the 2-form would be violated). In particular we have 6’ = 0, since dim L; = 1. The algebras
admitting a symplectic form are listed in table 2.



Table 2: dimts = dimty =1

Algebra Symplectic form Conditions
g?ﬁ";o"fl @& Ly Z?Zl a;dw; + aswi A wy + agws A w3 + azws A wg asagay # 0
gé:;l’fl @ L, Z?:l a;dw; + aswi A wyg + agwa A w3 + arws A wg+
+agwi N\ ws + agwa A wy ay (a5a6 — agag) #0
95)513 @ L E?:l a;dw; + aswi A wa + agwi A ws + arws A wg+
+agwsz A wy + agws A wg as (asag — agay) £ 0
gg&éo’s @ L E?:l a;dw; + aswi A wa + agws A wg + azws A weg asagar # 0
957%5 ® L1 Z?:l a;dw; + as (wl Nwyg —wa N\ LU3) —+ arwo N\ wa+
+asws N\ we asag #0
Elgﬂp’il Sl iw; Aws + asws A wet
+ag (sw1 A ws +wae Awy) + a7 (swy A wg — wa Aws) as (a3 +a?) # 0
gg:?’; E?:l aidw; + aswi A wa + agws A wg + azws N\ weg
+ag (sw1 Aws + w2 Awy) + ag (w1 A wg — Swa Aws) ar (a5a6 —s (a% + ag)) #0
g5 18 D L1 E?:l a;W; A ws + asWs A Wwe —+ Qg (wl A w3 —+ wo A w4) —+
+arws A wy asag # 0
95)2—;;—1 & L Z?:l a;dw; + aswi A ws + agwa A wg + azws A weg asagar # 0
ggjg & Ly Z?:l a;dw; + aswy N wo + agws A wg + arws A wg asagay # 0
gg)30 ® L1 E?:l a;dw; + asws A ws + agws A wg + azws A weg a1ag 75 0
g;ééo & Ly Z?:l a;dw; + agwi N\ w3 + aswy A ws + agwy A wg + arws Awg  asagag 7# 0
ggggl & Ly E?:l a;dw; + agwa N w3 + aswy A ws + agwy A wg + arws Awg  ajagar # 0
95,36 D Ly Z?:l aidw; + agws N\ ws + aswyg A\ wg + agws A\ we ajag £ 0
95,37 D L1 Ei:l aidwi + aqwy A ws + a5Wyq A We + aeWs A Wwe a1Qe 7§ 0

4 Solvable Lie algebras with four dimensional nilradical

As follows from the classification in [I8], there are 33 indecomposable solvable non-nilpotent real
Lie algebras in dimension six with a four dimensional nilradical. The corresponding Maurer-Cartan
equations for these algebras are listed in tables 7 and 8 of the appendix. The search for symplectic
structures in this case must be developed case by case, since the algebras are indecomposable.

Proposition 3 Let v be an indecomposable solvable non-nilpotent real Lie algebra of dimension siz.
Then t is endowed with a symplectic form w if and only if it is isomorphic to one of the Lie algebras
in table 3.

Proof. We give the detailed proof for Ngf f WS, all the remaining cases are treated in a similar
way.
The brackets over the basis {Ny, .., Ny, X1, X2} are given by

(X1, V1]
[X2, V1]

=aNy, [X1,No| =~vNs, [X1, N4 =Ny (22)
= BN1, [X2, Nao] = 6Na, [X2, N3] = N3, (23)



where o, 3,7,8 € R satisfy the restrictions a8 # 0 and 72 + 62 # 0. Taking the dual basis
{n, .., N1, w1, wa}, the Maurer-Cartan equations of the algebra are

dnr = awi An1 + Bwz A,

dnz = wa A 13,
dwl = 0,

dne = yw1 Ang + dwa A 12,
dng = w1 A na,
dWQ =0.

Now define an element w € A” (Ngf f W) in general position by

w=a"n; A 15 + b*n; A wi + 2w A wa, (24)

where 1 <i < j <4, k=1,2 and a”,b"* ¢'? € R. If we impose the closure

dw = adn; Anj + b*dn; Aw, — ain; Adnj =0 (25)

and take into account the relations satisfied by the parameters, then the following coefficients vanish

independently of their value «, 3, and ¢ :

al® = g1 = g3 = B — 2 — ), (26)
and since a3 # 0,
b2 = 6b11. (27)
We further obtain the following expression for the differential:
dw = a**éwa Ao Ans+a®* (1 +8)wa Anma Ans +a'? (a+y)wi A Az +
(”yb22 - 5b21) w1 Ang Awsy + a® (14 y)wi A Ang + a®yw1 Ang Anz +
+a'? (B +0)wa Ay A = 0. (28)

At this stage, the analysis must be divided into several steps, according to the different possibil-

ities depending on the four parameters:
1. Let v # 0. Then the closure ([28) implies

a® =0
§a?* =0,

a**(1+7)=0,

and we obtain the wedge product

3

7) =0, (29)

/\w = 6b32 (a12b41 + b11a24) MA AN AW Aws (30)

(a) If § = 0, then a'? = 0 since § is nonzero, and the wedge product A\®w is nonzero if and

only if

1+y=0. (31)



Therefore only the Lie algebra Ngf ’16 19 has a symplectic form, given by

w = b117’]1 A w1 “+ gbllnl A wo —+ a24772 A T4 + b217’]2 A w1 —+ b32’l73 A wo + b417’]4 A w1 +

11

+c20 Awy = dn — bzldng - b32d773 - b41d774 + a24772 Ang + w1 A ws. (32)

Ca
(b) If § # 0, then by ([28) we have a?* = 0. We obtain that

3
N\ w =66 (a"b" )y A Ama Awr Aws #0. (33)

This product is different from zero if and only if
at+y=06+6=0. (34)
In this case the Lie algebra Ng' ’16 =P has the symplectic form
w = a137’]1 AN 2 + bll (7]1 A w1 + g?’]l A LUQ) + b21 (7]2 A w1 + g’lh A LUQ) —+ b32’l73 A (.«)2—|—
bll b21

—|—b41774 Awi + 2wy Awy = a12771 Ang — de — ;d?’]z — b32d773 — b41d774 + 2wy A we.

2. Let v =0: then § # 0 and the closure implies

a?=0
a*t = 0,
a®® (1+40) = 0.
In addition
A 3
/\w = 65b11a23b41771 A AnLAwr Aws. (35)

It is nonzero if and only if 1 + = 0, and in this case the Lie algebra Ngf’lﬁ’o’_l has the
symplectic form

w = bllm Awi + gbllm A weg + a23772 Ans + b22772 A wag + b32773 A wa + b41774 Awi + 2wy A wsy

bll
= —de — b22d772 — b32d773 — b41d774 + a23772 Ans + w1 A ws.

Resuming, the Lie algebras Ngf ’16 79 admit symplectic (and non-exact) forms if

(77 5) € {(07 I 1)a (_L 0)7 (—Ot, _6)}

The parametrs o and § are not subjected to further constraints. m



Table 3: Indecomposable algebras with four dimensional nilradical.

Algebra Parameters exact Symplectic form Conditions
Ngf’lﬁ’fa’fﬁ no E?:l aidn; + asnz A nz + agwi A wa azagas # 0
NgffﬁLO no E?Zl a;dn; + asm A nz + agwi A wa asagas # 0
Ngf*fpﬁl no Z?Zl a;dn; + asnz A nz + agwi A wa aiagas # 0
Ng;;l"y no E?:l a;dn; + asnz A nz + agwi A wa aiasas # 0
Ngf’o’é no E?Zl a;dn; + asm A nz + agwi A wa agas #0
Ngffg(; a+~v=0, no 2?21 a;dn; + asn A g + agwy A wa
B+6=0 a5(a§+ai)§£0

Ngfﬁ’o no E?Zl a;dn; + asnz A ng + agwi A wa arasas # 0
Ng,’fémo no Sy aidn; + a1y Aws + asng A nat aras # 0,

+agwi N\ wa a1ag 75 0
Ng,'{)ﬁ no E?:l a;dn; + asnz A ng + agwi A wa aras #0
Ng717 no E?:l a;dn; + asm A ng + agn A wa+ asas # 0,

+arme A ws + agwy A ws agas # 0
Ngy’lﬁg’o no E?:l a;dn; + asnz A ng + agwi A wa as (a% + a%) #0
N@‘_,zléo no 2?21 a;dn; + asnz Ana + agwi A+ arwa A azasae # 0
Ng,’z?)l Zle aidn; + asn2 Anz + agwi A+ azwe A asasar # 0
Ng,é% no E?:l a;dn; + asnz A na + agnz A wat

arng A wy + aswi A wo ajazag 7# 0
Ngf’zo3 no aydny + azdns + aznz A wy + agnz A wa+

asns Ama + ag (M Awi + amy Awa) + azwi Aws a5 (af +a3) #0
N¢'26 no STy awdn; + asns A+ agwi A+ azwa Ay azasag # 0
N o7 no Sy aidn; + asmy At + aginy A wat

azw1 A 12 + agwy A wa as (a% + ai) #0
N6,28 yes E?:l CleT]Z + asw1 N\ wo aq (CL% + CL%) 7§ 0
Ngf’zﬁg a#0 yes E?:l a;dn; + aswy A ws + agne A 14 aias #0
Ngfzﬁg yes 2?21 aidn; + aswi A wa + agnz A na ajas # 0
N§'30 yes Z?Zl a;dn; + aswy A wa aias #0
Ng'so yes E?:l a;dn; + aswy A\ wa + agwa A 1y a1 #0
N6733 yes Z?:l a;dn; + aswi A\ ws ajaqg # 0
N§'ay yes E?:l a;dn; + aswy A wa arag #0
Ngf% a#0 yes E?:l a;dn; + aswy A\ wa arag #0
Né)j?)? yes Z?:l a;dn; + aswi A wa a1 #0
N6,38 no E?:l a;dn; + aswi A1y + agwa A My a1 (CL5 — ag) # 0
Ns .39 no Z?:l a;dn; + aswi ANy + agws A1y ajas # 0

10



Acknowledgment

The author expresses his gratitude to M. Goze and A. Medina for useful comments. During the
preparation of this work, the author was supported by a research project PR1/05-13283 of the

U.C.M..
References
[1] J. M. Ancochea, R. Campoamor-Stursberg. On the cohomology of frobeniusian model Lie al-
gebras, Forum Math. 16 (2004), 249-262.
[2] J. M. Ancochea, R. Campoamor-Stursberg. Symplectic forms and products by generators,
Comm. Algebra 30 (2002), 4235-4249.
[3] A. Andrada, M. L. Barberis, I. G. Dotti and G. P. Ovando. Product structures on four dimen-
sional solvable Lie algebras, Homology Homotopy Appl. 7 (2005), 9-37.
[4] N. Boyom. Models for solvable symplectic Lie groups, Indiana Univ. Math. J. 42 (1993), 1149-
1168.
[5] R. Campoamor-Stursberg. Contractions of Lie algebras and generalized Casimir invariants, Acta
Phys. Polon. B 34 (2003), 3901-3920.
[6] R. Campoamor-Stursberg. An alternative interpretation of the Beltrametti-Blasi formula by
means of differential forms, Phys. Lett. A 327 (2004), 138-145.
[7] B.-Y. Chu. Symplectic homogeneous spaces, Trans. Amer. Math. Soc. 197 (1974), 145-159.
[8] L. A. Cordero, M. Ferndndez and L. Ugarte. Abelian complex structures on 6-dimensional
compact nilmanifolds, Comment. Math. Univ. Carolinae 43 (2002), 215-229.
[9] Y. Khakimdjanov, M. Goze, A. Medina. Symplectic or contact structures on Lie groups, Dif-
ferential Geom. Appl. 21 (2004), 41-54.
[10] M. Goze, A. Bouyakoub. Sur les algebres de Lie munies d’une forme symplectique, Rend. Sem.
Fac. Sci. Univ. Cagliari 57 (1987), 85-97.
[11] J. Hano. On Ké&hlerian homogeneous spaces of unimodular Lie groups, Amer. J. Math. 79
(1957), 885-900.
[12] B. S. Kruglikov. Symplectic and contact Lie algebras with application to Monge-Ampeére equa-
tions, Proc. of Steklov Mathematical Inst. 221 (1998), 232-246.
[13] A. Medina, P. Revoy. Groupes de Lie * structure symplectique invariante, Math. Sci. Res. Inst.
Publ., 20 (1989), 247-266,
[14] G. M. Mubarakzyanov. Classification of solvable Lie algebras of sixth order with a non-nilpotent
basis element, Izv. Vyss. Uc¢ebn. Zaved. Matematika 35 (1963), 104-116.
[15] G. M. Mubarakzyanov. On solvable Lie algebras, Izv. Vyss. Uéehn. Zaved. Matematika 32

(1963), 114-123.

11



[16] G. M. Mubarakzyanov. The classification of the real structure of five dimensional Lie algebras,
Izv. Vyss. Uéehn. Zaved. Matematika 34 (1963), 99-106.

[17] G. P. Ovando. Four dimensional symplectic Lie algebras, available at arXiv:math.DG /0407501,
2004.

[18] P. Turkowski. Solvable Lie algebras of dimension six. J. Math. Phys. 31 (1990), 1344-1350.
[19] P. Turkowski. Low-dimensional real Lie algebras, J. Math. Phys. 29 (1988), 2139-2144.

Appendix.

In this appendix we give the Maurer-Cartan equations of the indecomposable solvable non-nilpotent
Lie algebras in dimensions three and five, and those of dimension six having a four dimensional
nilradical.

The notation and indices for the three dimensional Lie algebras correspond to those given in [T5].
In particular, the nilpotent Heisenberg Lie algebra As; has been included (see section 3.1). The
notation for the five dimensional solvable Lie algebras has been taken from [16], while the list of six
dimensional solvable Lie algebras with four dimensional nilradical has been adapted from [I8].

1. For the three and five dimensional Lie algebras {w1, w2, w3}, respectively {w1, ..,ws} denote the
dual bases of the algebra. In particular As; is nilpotent, and has been included for technical
purposes.

2. For the six dimensional Lie algebras with four dimensional nilradical, {1, ..,74} denotes the
dual basis of the nilradical, while {w1,w2} is a dual basis of the space of nil-independent
elements (i.e., linearly independent non-nilpotent derivations of the nilradical). For all these
Lie algebras dw; = 0.

3. The restrictions on the parameters of the Lie algebras have been indicated after the Maurer-
Cartan equations. We remark that some authors alter the numbering of the isomorphism
classes in references [15] [T6] for special values of the parameters.

Table 4: Indecomposable solvable Lie algebras of dimension 3

Name Maurer-Cartan equations
Az 1 dwi = ws A ws, dws = dws = 0, (nilpotent)
Ag_]g dwl = w1 /\u}g —I—LUQ/\u}g, dWQ :u}g/\w:;, dw:; =0
A3)3 dwy = w1 A ws, dws = wo A wsg, dwz =0
54 dwi = w1 A ws, dws = aws A ws, dws = 0, —1<a<l,a#0

A§5 dwi = pwi ANws +ws Aws, dws = —wy Aws + pwa Awsg  dws =0, p>0
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Table 5: Indecomposable solvable Lie algebras of dimension 5

Name Maurer-Cartan equations

ggﬁﬂy dwi = wy A ws, dws = aws Aws, dwz = Bwz Aws, dws = yws A ws
dws = 0, (-1<a,8,7v<1, ayB #0)

9’5{8 dwi = wo A ws, dws =0, dws = w3 A ws dwy = ywyg A ws
dws =0 0< v <)

ggg dwy = w1 Aws + wa A ws, dwo = wo A ws, dws = Pws N ws,
dwy = yws A ws, dws =0 0£~v<p)

95,10 dwl = wa A\ Ws, dWQ = w3 N Wws, d(.U3 = 0, dW4 =wy N\ Wws,
dUJ5 =0.

gg,ll dwy = w1 Aws + wa A ws, dwy = wo A ws + w3 A ws,
dws = w3 A ws, dwy = ywg ANws, dws =0 (v #£0)

95,12 dwlzwl N ws + w2 A ws, d(.UQ:u)Q/\LU5—|—LU3 N ws,
dws = w3 Aws + wy A ws, dws = wq A ws, dws = 0.

gg:fés dwi = wy A ws, dws = Ywy Aws, dws = pwz A ws + swy A ws,
dwy = —sw3 A\ ws + pwa A ws, dws =0 (v <1, vs #£0)

9?,14 dw; = wo A ws, dws =0, dws = pws N\ ws + wq A ws,
dws = —w3 N\ ws + pwy N ws, dws = 0.

ggylf) dwy = w1 Aws + wa A ws, dws = wo A\ ws, dws = yws A ws + wy A ws,
dwy = ywg A ws, dws =0 (-1<y<1)

ggﬁﬁ dwi = w1 Aws + wa A ws, dwi = wo A ws, dws = pws N\ ws + swa A ws,
dwy = —sw3 A ws + pws A ws, dws =0 (s #0)

g??ﬁ dwi = pwi A ws + wa A ws, dws = —w1 A ws + pwa A ws,
dws = qws N\ ws + swa A ws, dwy = —sws A\ ws + qwy N ws,
dws =0 (s #0)

9?,18 dwi = pwi N\ ws + wa A ws + w3 A ws, dws = —w1 A\ ws + pwa A ws + wq A ws,
dws = pw3 N ws + wq A ws, dws = —w3 N ws — pwy N ws,
dws =0 (p=0)

gg‘gg dwi = wa Aws + (1 + @) w1 A ws, dws = wao A ws, dws = aws A ws,
dwy = Pws A ws, (B#0)

95 20 dwi =wa Aws + (1 + @) wr Aws + wa A ws, dws = wa A ws, dws = aws A ws,
dwy = (14 o) wg A ws, dws =0

g5,21 dwi = we Aws + 2w1 A ws, dwy = wo A ws,
dws = ws A ws + w3 A ws, dwy = w3 A ws + wy A ws,
dw5 =0.

95,22 dwy = wo A ws, dwy =0, dws = wo A\ ws, dwy = wg A ws,
dw5 =0.

9?,23 dwy = wo ANwz + 2w ANws, dwa = we A ws, dws = w3 A ws + wa A ws,
dwy = Pwy N ws, dws =0 (8 #£0)

95,24 dwy = wo Aws + 2wy A ws + ewg A ws, dwo = wo A\ ws, (E = :|:1)
dws = wo A ws + w3z A ws, dwy = 2wy Nws, dws = 0.

ggy’gf) dwi = wy Aws + 2pwy A ws, dwy = pws A ws — w3 A ws,
dws = wo A ws + pwsz A ws, dwy = Pwy ANws, dws =0 (8 #0)
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Table 6: Indecomposable solvable Lie algebras of dimension 5 (cont.)

Name Maurer-Cartan equations
0506  dwi = wa Aws + 2pwi Aws + ews Aws,  dwa = pwp A ws — w3 Aws,
dws = wa A ws + pw3 A ws, dwy = 2pwy Nws, dws =0 (e =+1)
95,27 dwy = wo Aw3 + wy Aws + wa A ws, dwy =0, dws = w3 A\ ws,
dwy = w3 A ws + wy A ws, dws = 0.
95 28 dwi = wa ANws + (1 + @) w1 A ws, dws = aws ANws,  dws = w3 A ws,
dws = w3 Aws + wy A ws, dws = 0.
95,29 dwi = wa A w3 + w1 A ws, dws = wo A Ws, dL(J3 = 0,
dwy = w3z A\ ws, dws = 0.
a5 30 dwr = wa ANwy + (2+ @) wi A ws, dwy = w3 Aws + (1 + @) wa A ws,
dws = waz Nws, dwy = wq A ws, dws = 0.
95,31 dwi = wa A wyg + 3wi A ws, dwi = w3 A wy + 2ws A ws,
dW3:LU3/\W5 +(.¢)4/\W5, dW4ZW4/\(,¢J5, dUJ5:0.
95 32 dwy = wo Awy + wy Aws + aws A ws, dws = w3 A wy + wo A ws,
dws = w3z A ws, dwy = 0, dws = 0.
gg733 dwy = w1 A wy, dws = wo A ws, dws = Pws A\ wyg + yw3 A ws,
dwy =0, dws =0 (B2 ++2) #0.
95 34 dwy = awi A wg + w1 Aws, dws = wo A wy + w3 A ws,
dws = w3 A wy, dws =0, dws = 0.
g;’g,ﬁf) dwy = Bwi A\ wy + awr A ws, dwy = wo N wy + w3 A ws,
dws = w3 Awg — wo A ws, dws = dws =0, (0424—52750)
95,36 dwl :(.UQ/\LA}g + w1 /\w4, dWQ :WQ/\U)4—2U)2/\W5,
dws = w3 A ws, dws = dws = 0.
95,37 dwy = wo A w3 + 2w1 A wy, dws = wo A wy + w3 A ws,
dws = w3 A wyg — wa A ws, dwy = dws = 0.
95,38 dwy = w1 A wy, dwy = wo A ws, dws = wg A ws, dwy = dws = 0.
95,39 dwlzwl /\w4+w2/\w5, dwgzwg/\w4—w1 /\(.«)57
dws = wq A ws, dws = dws = 0.
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Table 7: Indecomposable solvable Lie algebras of dimension 6 with dim(NR) = 4.

Name Maurer-Cartan equations
Ngff'yé dm = awy Ay + Bws A, dna = yw1 A2 + dwa A 12, V245240
(ap #0) dnz = wa A 13, dng = w1 A1, dwy = dwy =0
NgS dm = aws Am + Bwa A1, dnz = w1 A2 + yw2 A 12,
o?+ 32 £0  dns =ws Ans, dny = w1 Amz +wa A, dwy = dwy =0
Ng's dn = w1 A+ aws A, dng = wa A1 + w1 A2 + aws A 1,

dns = wq A 13, dng = wa Ay + w1 A 73, dwi = dwy =0
Ngjf d’l]l—wl/\nl—(.UQ/\UQ, d772:w2/\771+W1/\772,
a#0 dnz = awz A3, dny = Bwa Ans+awa Ans+wi Ang,  dw =dws =0
Ng? dm = aw; Am + Bwa A1, dna = wa A 12,
aB #0 dnz = w1 A 13, dny = w1 Amz + w1 A, dwy = dwy =0
Ngfg dm = awi Am +w2 A1, dno = wa A+ awr A + wa A,
a?+ 3240  dnz =w Ans, dng = w1 A3 + w1 Ang — Pwa Ans, dwy = dws =0
Ngf?’y dm = i A —wa A +ywa Anr,  dng = awy Ang + wa An + ywa Ang,
?+ 2 #£0  dns=wi Ans, dng = w1 A mg 4+ w1 Ang + Pwa A 13, dwy = dwy =0
Ne.g dm = w1 Am, dng = wa A 1o,

dns = wq A 13, dng = wa A3 + wa A1y, dwi = dwy =0
Ngfg d774:w1/\771, d’I]Q:u}Q/\UQ,

dns = wa A2 + wa A 13, dng = w1 A2 + aws ANs + wa A 14, dwi = dwy =0
Ngffo dm = awy Ay + w1 A + wa A1, dns =0,

dnz = w1 Am3 + wa A, dng = Bun Ang + w1 Ang + wa Ans, dwi =dws =0
Ng11 dm = w2 A, dne = w1 Am + w2 Ang,

dns = w1 A3 + aws A 13, dng = w1 A3 + w1 ANy + awg A 1y, dwi = dwa =0
Ng,% dm = w1 A —wa A3, dns = w1 Am3 +w2 A,

dne = w1 Am + w1 Anz + awz A+ Bwz Ang — wa A,

dng = w1 Am3 +wi Ang — Bwa Amy + wa Az + aws A3, dw; = dws =0
Né‘ﬁ’f dm = awi Am + Bw2 A1, dnz = yw1 Az +yw2 A, Y2+62#£0
?+ 2 #£0  dns = —wi Ang+wa Ans, dny = w1 Am3z +wa A, dwy = dwy =0
NéffZ dm = awi Am + Bw2 A, dna = wa A 12,
af #£0 dns = ywi Anz — w1 A 14, dng = w1 A3 + yw1 A g, dwy = dwy =0
Ngfg(; dm = w1 An1 +ywa Anp — wa A na, dno = w1 A g + wa An1 + ywa Ang,
B#0 dnz = awy Anz — Bwi Ang +dws A3,  dng = Bwi Anz +awy Ang +dwe Ay, dwy =dws =0
Néffa dny = wa A1, dne = w1 A+ wa A,

dnz = awi Az —wi Ang+ Bwa Anz,  dng =wi Az +owy Ang + Pwr Ang,  dwy = dwy =0
Ng'17 dm = awr A, dng = w1 A+ awy A ng,

dns = —w1 Ang + w2 Ans, dny = w1 Am3 + wa A, dwy = dws =0
Ngfg dm = —w1 Ang + w2 A, dng = w1 A+ wa A a2,
B#0 dns = awi Anz — Bwr Ang +ywe Anz,  dng = Bwr Anz + aws Ang +ywa Ang,  dwr = dws =0
Neg,19 dn = —w1 Amz +ws A, dne = w1 Am +wa A,

dns = wi A1 — w1 Ang + wa A1z, dng = w1 A2 + w1 Ans + wa A1y, dwi = dwy =0
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Table 8: Indecomposable solvable Lie algebras of dimension 6 with dim(NR) =4 (cont.)

Name Maurer-Cartan equations
Ng'5o dm = w1 A wa, dng = awr A n2 + Pwa A2,
a?+ 3240 dns = wy Ans, dng = w1 A1y, dwi = dwy =0
N§'a1 dn = wy A wa, dng = wy A2 + aws A ng,

dnz = wa A 13, dny = w1 Amz +wa A, dwy = dws =0
Ng'59 dim = w1 A+ aws A, dne = wa A 12, e=0,1
a?+e2#0  dng = cwi Aws, dng = w1 A 13, dwi = dwy =0
N&;B dn = wy Ay — w2 A1, dng = w1 A2+ w2 A,
e=0,1 dns = ewy A\ wa, dng = wy A3 + aws A 13, dwy = dwy =0
Ne .24 dm = w1 A wa, dnz = w2 A2,

dnz = w1 A 13, dny = w1 Amz + w1 A, dwy = dws =0
Néf§5 dn; = w1 A wa, dne = awy A + Bwa A ni,
a®+32#0 dng = —wi Ang+ws A3, dny = w1 Am3 + wa A1, dwy = dws =0
Né)f26 dn = wy A wa, dng = wa A 12,

dns = awy A N3 — wy AN, dng = w1 A3 + awy A g, dwy = dwy =0
N§ o7 dny = ewy A wa, dny = w1 A,
e=0,1 dns = wa A M3 — w1 A 14, dngy = w1 Az + wa A 14, dwi = dwy =0
Ne o8 dm =mn2 Ana+ w1 A, dnz = n3 A na + w2 A g,

dns = —w1 An3 + 2wa A 13, dng = w1 Ay — wa A Mg, dwy = dwy =0
Ngjgg d771:772/\773+wl/\771+WQ/\771, d772:wl/\772,
a?+ 3240 dns = wy Ans, dny = awy Ang + Pwa A 1y, dwi = dwy =0
Ng'30 di = n2 A3 + 2w A, dna = w1 A 12,

dns = w1 Ans + w2 A, dny = awy Ay + wa A na, dwy = dws =0
Ne 31 dm =n2 Ans +wa A1+ wa A, dny = w1 A g,

dns = wa A M3 — w1 A 13, dng = wa A 1y, dwi = dws =0
Ng'so dnm =n2 Ans + w1 Ang + wa Any, dng = wy A n2 + aws A 12,

dns = —wi Anz + (1 — a) wa Ans, dns = wa A 14, dwy = dws =0
N 33 dm =n2 Ans +wi Am +wa A, dm = w1 A g,

dnz = wa A 13, dng = wa A3+ wa A, dwy = dws =0
N§'aa dm =mAns+wi Am+ 1+ a)ws A,  dne =wi A+ aws A1,

dnz = w2 A 73, dny = w1 Am3 + wa A, dwy = dws =0
N§f§5 dm = n2 Anz + 2wz Am, dna = wa Ang — wi A 13,
o?+ 32 £0  dns =wi Ang 4 wa A, dng = awr Ay + Bwa A na, dwy = dwo
N 36 dm = n2 Ans 4+ 2wa A1 + wa A N4, dnz = w2 A2 — w1 Az,

dns = w1 Ama + w2 A s, dng = 2wz A 14, dwy = dwo
Ng37 dm =n2 Anz + w1 Ana + 2wz A, dnz = —w1 Ang + w2 Anz — awz Ans,

dns = w1 A2 + aws A1z + wa A 13, dng = 2ws A 14, dwy, = dwo
N 33 dm =n2 Ans +wi Am+wa A, dny = w1 A g,

dnz = w2 A 13, dns = w1 A wa, dwy = dwo
N 39 dni = m2 An3 + 2wa A, dnz = w2 A1m2 — w1 Az,

dns = w1 A2 + wa A 13, dng = wy A\ wa, dwy = dwo
Ne 40 dm = n2 An3 + w1 Awa, dna = —w1 A 13,

dns = w1 A 12, dng = wa A 1y, dwy, = dwo
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