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1. INTRODUCTION

Let ¥ = ¥, be a compact Riemann surface of genus g > 2 and let My, stand for the
moduli space of rank two stable vector bundles on ¥ with odd (and fixed) determinant.
In [5] the author produced a presentation for the quantum cohomology ring QH*(My) in
terms of its natural generators by giving the relations satisfied by them. Here we want to
show that this information yields all the multiple-point Gromov-Witten invariants on the
generators, or which is equivalent, all 3-point Gromov-Witten invariants on the elements
which are quantum products of the generators.

On the other hand consider the (instanton) Floer cohomology HF™*(Y') of the three-
manifold Y = ¥ x S' endowed with the SO(3)-bundle with w, = P.D.[S'] € H*(Y;Z/27Z),
which is determined in [4]. We show that the ring structure of HF*(Y") yields the Donaldson
invariants D' of the algebraic surface S = ¥ x P!, for Kahler metrics whose period point is
close enough to ¥ in the Kéhler cone, U(2)-bundles whose first Chern class ¢, € H*(S,Z)
satisfies ¢; - ¥ =1 (mod 2), and on any collection of homology classes coming from ¥ C S.
Moreover the isomorphism QH*(My) = HF*(X x S') gives an equality between these
Donaldson invariants of .S and the multiple-point Gromov-Witten invariants of My on the
generators.

What the quantum cohomology QH*(Ms) does not give is the 3-point Gromov-Witten
invariants on arbitrary homology classes (i.e. on the elements which are cup products of the
generators). This is equivalent to knowing the quantum product of two arbitrary homology
classes, and hence to knowing all the multiple-point Gromov-Witten invariants on homology
classes. Again another equivalent formulation to this problem is to obtain the (just vector
space) isomorphism

QH"(My) = H*(My).

For the case g = 2 this problem is settled in [1]. Here we deal with the case g = 3. For this
it proves necessary to write down all 3-point Gromov-Witten invariants of degree 1, which
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are computed thanks to the results in [5, section 3] and moreover we need two particular
Gromov-Witten invariants of degree 2, for which we use the results of [2].

This may be viewed as an indication that (a presentation of) the quantum cohomology
ring of a symplectic manifold has less information than the full collection of Gromov-Witten
invariants.

Acknowledgements: The author would like to thank Sharad Agnihotri and Marcos Marino
for asking him to clarify these questions.

2. MULTIPLE-POINT GROMOV-WITTEN INVARIANTS OF My
The general reference for this section is [5].

Generators of the cohomology of M. Consider a symplectic basis {v1,...,72,} of
H,(X;Z). Also x € Hy(X;Z) will stand for the class of the point. The p-map provide
natural generators a = 2u(X) € H*(My), ¢; = p(v:) € H¥*(Mg), 1 < i < 2¢g, and 3 =
—4u(x) € H*(Msy) of the cohomology ring H*(My). We also put

A(Y) = Sym*(Hy(%) @ Hy()) © A Hy(5) & Cla, 8] @ A* (- . , 1),

with grading deg v = 2, degv; = 3 and deg 3 = 4. So a basic element of A(X) is of the form
z2=a*B; -, a,b>0,1<i <---<i. <2g. The cohomology class corresponding
to z under the obvious epimorphism 7y : A(X) - H*(Msy) will be denoted by

Qafpts, U+~ U, =aU @ UaUBU D UgUY, U---U; ,

and leave the notation with exponents for the quantum product (note that we cannot
suppress the subindices a and/or b when they are 1).

The action of the mapping class group of ¥ yields an action of the symplectic group
Sp (29,Z) on {1;} and the invariant part H*(Msx); of H*(Msx) is generated by «,  and
v =—=239_ 9 Ui, . Also we denote a3y, = aU @ Ua U U & ugUAU (9. Uy for a
typical cohomology class in H*(Msy);.

~

Gromov-Witten invariants of My. Let A denote the positive generator of my(Ms) =
Hy(Myx;Z), ie. afA] = 1. Fixd > 0 and r > 3 and let z;, € H?(My), 1 < i < r, be
homogeneous homology classes. The r-point Gromov-Witten invariant W3 (z,,... , z.) is
defined to be zero if p; +- - -+p, # 6g—6+4d, and in the following manner if p; +---+p, =
6g — 6 + 4d. Consider r different points P;,..., P. € P! and represent the Poincaré duals
of z; by generic cycles V., C My. Then

U (21,...,2,) = #{f : P — Mg|f is holomorphic, f,[P'] = dA, f(P,) € V.,,1 <i <r}

where # denotes count with signs. This is well-defined in appropriate circumstances [5]. We
also put UM =37 U™ and extend the definition to non-homogeneous z; multi-linearly.
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Quantum cohomology of Myx. The quantum cohomology QH*(Msx) is H*(Ms) as a
vector space (so they are identified by the identity map), but the ring structure of QH*(Ms),
the quantum multiplication, is a deformation of the usual cup product for H*(Ms), and it
is graded only modulo 4. It is defined as follows. Let r > 2 be any integer. For cohomology
classes z; € H*(Msy), 1 <i < r, the quantum product of these classes is z; - - - 2, € H*(My)
defined by

(21 2y 2pg1) = UM (20, 00 20, 2040), for any 2,0 € H*(My).

Obviously, the 3-point Gromov-Witten invariant completely determines the quantum
product. Therefore the 3-point Gromov-Witten invariant determines the multiple-point
Gromov-Witten invariant by the simple formula

\IIME(Zla s JZ’I‘) = \IlME(Zl7 R2y%3 """ 27‘)7
for any zi,...,z. € H*(Msx) homology classes, r > 3.

The ring QH*(Ms) is generated by «, 5 and ;, 1 <1i < 2g. So there is an epimorphism
mon : A(X) » QH*(Msy). The typical quantum product is denoted as

@By, -, = aB . B

Multiple-point Gromov-Witten invariant on generators. We define the multiple-
point Gromov- Witten invariant of Ms on generators in the following way. For any z =

a® i, - ahi, € A(D), put

(PJWE (Z) = WMZ (Oé, (a)’ «, ﬁa (b)a ﬁa ?l)m e aq/)ir)v
then extend by linearity. Another way to say this is for z € A(X), UM=(2) = (7ou 2) i,
where () : H*(Ms) — C is the pairing with the volume class. Note that U= is
invariant under the action of Sp (2¢,7Z), so it is determined by its effect on invariant elements
z € AX);. For g >3, v =-2>7 Y, € QH*(Ms), by [5, lemma 14], so for z =
a?B~¢ € A(X) we have

UM (2) = UM (a0, (9 0, 8, 0, 8,5, (9, 7).
UMs determines the quantum cohomology QH*(Ms). Actually QH*(Ms) = A(X)/1,

for an ideal I C A(X) of relations. Then I = {R € A(X)| UM (Rz) = 0,Vz € A(X)}. The
following result is a converse of this.

Proposition 1. The quantum cohomology of My and the value of (v, 1)ny, = 297 'g!
determines the multiple-point Gromov-Witten invariant on generators W=,

Proof. Let z € A(X). As UM=(2) is invariant under the action of Sp (2¢,Z), we may project
z to the invariant part A(X); C A(X), i.e. we may suppose that z is invariant. A basis
for QH*(Ms); is a®3°4°, a + b+ c < g, by [5, section 5|. This means that z = R +
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S Cape®3Py¢, for some numbers ¢,y € C and a relation R € A(X); for QH*(Ms);. By
a+b+c<g

definition of relation we have that ¥=(R) = 0. Also UM=(a*FP4°) =0, for a+b+c < g
and (a,b,c) # (0,0,g — 1), since in that case deg(a®3*y¢) = 2a + 4b + 6¢ < 6g — 6. Hence
UM (2) = ¢p0.9-1 M2 (4971). Finally the value of WM=(y971) = (v, 1, [Ms]) = (Yg_1)am =
29191 by [7). O

Let z; = a® 3%, 4., ... s Vi, > € I, be a collection of elements of A(X) such that By =
{muzitier is a basis for H*(My). Then By = {momuzi}icr will be a basis for QH*(Msy).
The following statements are equivalent

(1) We have a presentation of QH*(Msy), i.e. we know the ideal I C A(X) such that
QH*(Ms) = A(D)/I.

(2) We know how to compute U=(z), for any z € A(D).

(3) We know the 3-point Gromov-Witten invariant on quantum products of the gener-
ators, i.e. VM (mopzi, mouz;, mouak), for all i, j, k € I.

(4) We know the coefficients c¢;j, such that mopz; Tonz; = Y.\ CijkTom 2k, for i,j € 1.

The equivalence of 1 and 2 is proposition 1. The equivalence of 2 and 3 follows from
UM (mopzi Mo 25, Tonze) = WM (22;2;). The equivalence of 3 and 4 follows from the
definition (using the intersection pairing). The statement 1 is true because of [5], so the
other three follow, meaning at least that we can perform all computations for any fixed
genus g by hand or with a computer.

A full knowledge of the Gromov-Witten invariants requires to know the 3-point Gromov-
Witten invariants on homology classes mpz; = aq, By, %15, U+ U, , @ € I. The following
statements are equivalent

(1) We know the 3-point Gromov-Witten invariant on arbitrary homology classes, i.e.
UM (g2, w2y, Trz), for any i, j,k € I.

(2) We know the coefficients d;;;, such that myz; m7gz; = >, dijpmH2y, for any i,j € I.

(3) We know the isomorphism H*(Ms) = QH*(Ms) in terms of the basis By and By,
respectively.

The equivalence of 1 and 2 is obvious using the intersection pairing. If we have 3 then 2
follows by translating the point 4 above (which we already have) through the isomorphism.
Conversely, if we have 2 we may quantum multiply the generators «, 6 and v;, 1 < i < 2g,
repeteadly until we get any mop2; in terms of the basis By. All this information is stronger
than a presentation of the quantum cohomology ring, as we shall see in the example of
section 4.

3. DONALDSON INVARIANTS OF § =X x P!

The general reference for this section is [4].
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Donaldson invariants of S. Consider the algebraic surface S = ¥ x P!. In particular S
is a smooth 4-manifold with b; = 2g and bt = 1. The Donaldson invariants of S depend
on a metric as explained in [3]. The Kéhler cone of S is K = {aX + bP*|a,b > 0} C H*(S).
We set A(S) = Sym*(Hy(S) ® Ho(S)) ® A*H,(S), which is graded giving degree 4 — i to
the classes in H;(S). The class of the point will be denoted by = € Hy(S). The Donaldson
invariants are linear functionals

D¢y - A(S) — C,

depending on the first Chern class ¢; € H?(S;Z) of the U(2)-bundles involved, and on a
(generic) polarisation H € K.

We shall consider only polarisations close to ¥, i.e. H = X + ¢P!, with € > 0 small (how
small depending on the degree of the element on which we are computing the Donaldson
invariants). So Dg' shall stand for Dg';; with such polarisation H. Also we only consider
the cases with ¢; - X odd. As DgT2 = (=1)" D% = D¢, for o € H?(S;7Z), we may suppose
that ¢; = P! or ¢ = P' + 3. If ¢; = P! then DZ is non-zero only on elements of degree
6g — 6+ 4d, d > 0 even. If ¢; = P! + ¥ then Dg is non-zero only on elements of degree
6g — 6 +4d, d > 0 odd. We collect all these invariants together by putting w = P! and
DY) = DY 4+ DEE,

A basic element z € A(S) is of the form z = X%by; -, (P')°. We restrict to classes
coming from ¥ C S, i.e. z € A(X) C A(S). Therefore e = 0 and z = X%by;, --- v, . Asin
section 2 we identify A(X) = Cla, 5] @ A*(¢1,... ,¢q,) by a = 2%, B = —4x and ¢; = ;,
1 <i<2g. Also we let v = —2> 91,1,

Floer cohomology of ¥ x S'. Consider the three-manifold Y = 3 x S' and let HF*(Y')
stand for its (instanton) Floer cohomology endowed with the SO(3)-bundle with wy, =
P.D.[S']. By the analysis in [4], HF*(Y) is generated by «, 8, ¥;, 1 <i < 2g, coming from
the relative Donaldson invariants for ¥ x D? of 2%, —4x, 7;, 1 <1 < 2g, respectively.

There is an evaluation map [4, corollary 19] (), : HF*(Y) — C with the property that
for any z = a8, -+ -4, € A(X), we have

DE(z) = DY ((28) (~40) s, -+ ,) = (0B, ),

The Donaldson invariants D§"” determine the Floer homology since HF*(Y) = A(X)/.J
and J = {R € A(X)|DS"® (Rz) = 0,Vz € A(X)}. The following result is a converse of this.

Proposition 2. The Floer cohomology of Y = % x S' and the value D¥(y9~ ') = —2971¢!

determine the Donaldson invariants D™ (2), for any z € A().

Proof. The argument is similar to that of proposition 1. We may take z € A(X) invariant
under Sp (29,Z). A vector basis of HF*(Y); is a®3°v°, a +b+c < g, by [4]. Then z =
R+ Y caea®By°, for some cqp. € C and R € A(X); which is a relation for HF*(Y);.

a+b+c<g
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Then DY (R) = 0 and DS (a3%4¢) = 0, for a + b+ ¢ < g and (a,b,¢) # (0,0,9 — 1),
since in that case deg(a®(’y¢) = 2a + 4b + 6¢ < 6g — 6 and there is no moduli space of
ASD connections of dimension smaller than 6g — 6. Hence D™ (z) = Co0.g-1DE(y971) =

—C0,0,9-1(Yg-1, [Mx]). O

Theorem 3. Suppose that g > 3. Then for any z = a®3%);, - -1; € A(X) with degz =
6g — 6+ 4d, d > 0, we have

UM (o, @ o, B, O B, i) = (=19 DR (28) (—4z) Py, -, ).

Proof. By [5, corollary 21], for any g > 3 there is an isomorphism QH*(Ms) = HF*(Y),
(a, B,1;) — (e¥a,e%93,£394);), where € is a primitive eighth root of unity. As D¥(97!) =
— M= (~971) the result follows easily. [

Corollary 4. Suppose that g > 4. Then for any z = a®%);, ---1;, € A(X) with degz =
6(9g—1)—6+4d, d >0, we have

My,

Ms_ _, a
qIdAg(/}/)Oéa .((.l).,Oé,ﬁ, '(l'))'vﬁad}il)' . aq/)ir) = (_1)(129@(1/}29 (Oé, '(')wa)ﬁa -({7)-,5,11%1,- . aq/)ir)-

Proof. By [4, corollary 19] it is Dg;fg,l (vz2) = ZQD(ZZ’E)XW(z), for any z € A(X). Then the
result follows from theorem 3. O

Generating function. Proposition 2 can be used for a given genus g to effectively compute
the Donaldson invariants D(SW’E) on homology classes coming from 3 C S. For this, we
collect the Donaldson invariants into a generating function as follows (we only need the
invariant part)

w,% sa T sa T
1) DY (AT = (AT

Every relation R(w, 8,7) for HF*(Y); gives a differential equation R(Z, 2, &) satisfied
by (1). Actually (1) is the only solution F'(s, A, r) to all these differential equations satisfying

the initial conditions

a+b+c
{ 82‘16)\*’650 s=A=r=0 = 0’ a+ b tec< 9, ((1, ba C) 7é (07 079 - 1)

7'k _ _o9g-1,
Or9—1 ls=x=r=0 2 g:

g—1
The decomposition HF*(Y); = 6(9 )RW in [4, section 7] may be useful for finding
r=—(g—1
F(s,\,r). The map (), : HF*(Y); — C yields maps (-),, : R,, — C such that (-), =
g—1
> )y Now let @, = (e** ) Then the relations for R, give the differential
r=—(9-1)

equations satisfied by every ®, and DS (eet2+m) =5~ .
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Ezample 5. Let the genus g = 2. By [4, example 22]

Cla, ,7] o Cla, ,7] & Cla, 8,7]

HF*(Y);=Ry 1®R Ryq = .
W= B S0 e = (e g 3 02 58,7+ 160) @+ 4.0 +8.7)

Associated to R, _; we have the differential equatlons —4, 88/\ + 8 and , whose solution
is a multiple of e**~®*. For R, we have the dlfferentlal equatlons 5e71 m 8 and 8 -+ 16 665,
whose solutions are linear combinations of ¥ and (16r — s)e*. Finally for Rz 1 we get
e~45=82  Then D(Sw’z)(esa“ﬁ*”) is a linear combination of e**=8* €8 (16r — s)e®* and

e~4578% Putting the initial conditions one gets that

1 1
Dgw,E)(esaJr)\ﬁJrT’Y) =1 sinh4se 3 — 1(167" — 5)e

Ezample 6. In the case of genus g = 3 we use the decomposition in [4, example 23] to obtain
that

1 3
ngw’z)(esa“ﬁ*”) = 5018 cos 8s e + 158 cosh 4s e~
—i(s sinh 4s — 4\ cosh 4s + 127 sinh 4s)e™* — (ﬂ 1L + 3(167* —5)° + )\2> e
32 2048 4 64
This agrees with [6, formula (5.16)].
Examples 5 and 6 agree with the fact that %Dg};’fﬁl(em“ﬁ””) = (yesot Yy =
2g(esa ATy ) = 2gD ! E) 1 (€50TAF7) Note also that by theorem 3,
g+l w, isa—AB—ir
@M; (esa-i-)\B-i—ry) _ (_1) 2 Dé‘ E)(e AB ’Y) g odd
—D(SW’E)(eS‘”’W”’Y) g even

4. GROMOV-WITTEN INVARIANTS IN THE CASE g = 3

In this section we shall compute all the Gromov-Witten invariants for the moduli space
Ms, of rank 2 odd degree (and fixed determinant) stable bundles over the Riemann surface
of genus g = 3. The dimension of My is dim My = 6g — 6 = 12 and its cohomology ring is
written in [5, proposition 1] to be

* C[aaﬂafy] 3 C[aaﬂafy] 2173 Caaﬂa’}/
H*(Mys) = ———~ H —_— ANH’ ®
) ) = e o (e ol ) @ (M e o).
where H® = (¢1,... ,¢g) = H\(X), AJH? = (; U;|1 <i < j<6,j #i+3)® (Y1 Uty —
Yy U s, 1Py Uthy — 13 Udg) and

q = q, g =+ 0, g3 = as + bay B + 4,
qi =0, g = f +7, G5 = aafh + fr + 3710,
4 =, 45 = may, a5 =+
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The quantum cohomology is [5, theorem 20]

(C[a,ﬂ,’y] 3 C[aaﬂafy] 2 3 C[aaﬂafy]
—_— H L S AH —
IR ( ® (Q%,Q%,Q%)) @ ( e %,Qi”)>’
where AZH? = (0|1 < i< j<6,j #i+3) D (P19)y — oths, 1104 — 31)6) and

(3)  QH"(Ms) =

Qi = «a, Qy=0o*+[+38, Q3 = o + 5af + 4y — 24a,
Q3 =p+38, Q2 = af + v — 8a, Q3 = 0+ 5% + 3ya +8a® + 160 + 64,
Qi =, Q5 = o, Q5 =0® + 78 + 8.

We shall determine the isomorphism H*(My) = QH*(Msyx), which is equivalent to the
Gromov-Witten invariants by the discussion at the end of section 2. We remark that the
three pieces of the decompositions (2) and (3) correspond by the proof of [5, proposition
16].

The invariant part. A basis for H*(Myx); is By = {1, a, 8, aa, v, a1 51, P, c1y1, B171, Ve }
and a basis for QH*(Msx)r is Bon = {1,,8,a%,7v,a0, 5%, a7, 3v,7*}. The isomorphism
H*(Ms)r = QH"(Ms); is given by

o2 = s + A
aff = o + A
g = + Asf+ Ay + B
ay = oy + A;f+ Agan + B
By = Bm + Ay + Az + Bsa
Y= 7 + Agmon +AfB; + Bijay+ BB + C
for constants A,,..., Aig, Bi,...,Bs and C, determined by the Gromov-Witten invariants

of degree 1, 2 and 3, respectively. Now we shall compute these constants. To start with we
write the top-products from [7] (alternatively we may use (y2),, = 24 and the relations for
H*(Ms)1)

<a6>M>3 =T7-32, <Oé4ﬁ1>ME = —064, (04252>MZ =32, <ﬁ3>M>3 =0,
<043’Yl>Mg =24, <0415171>ME =-24 and (’Y2>ME = 24.

The Gromov-Witten invariants of degree one. Let us recall the space N given in [5,
section 3], which parametrises non-split extensions on ¥ of the form

0—-L—-F—-A®L*'—0,

where L is a line bundle of degree zero. Let J be the Jacobian variety parametrising
line bundles of degree zero on X. The natural isomorphism H,;(X) = H'(J) associates
to {v;} a symplectic basis {¢;} of H'(J). Put w = 30 | ¢; A ¢h3;. Then N sits as a
fibration P2 — N = P(£Y) — J, where £ is a rank-3 bundle over N with Chern classes
¢; = ¢;(€) = (4'/i!)w'. The cohomology ring of N is generated by the classes ¢; € H'(N),
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1 <i < 6 and the class of the hyperplane h € H*(N). Actually H*(N) is freely generated
(in a graded sense) subject to the only relation

h3 +c1h? + coh 4¢3 = 0.

(We only use cup-products in H*(N), so we write ¢;, --- ¢; b/ = ¢;, U---Ug; UhU . Uh.)
There is an action of the mapping class group of ¥ on N, which gives an action of Sp (2¢g,Z)
on {¢;} and the invariant part is generated by w and h.

There is a natural map i : N — My. We need to write down how our basis for H*(Msx);
restrict to H*(N). By [5, equation (12)] o« = 4w + h, 8 = h?, ¢; = —h¢;, 1 < i < 6, and

v = —2wh? in N (we omit i* as there is no danger of confussion). Therefore
a=4w+h
B =n
vy = 16w? + 8wh + h?
v = —2wh?

o fy = 4wh? + h? = —8w?h — 23
B, = h' = 8w?h? + Suih

a1y, = —8w?h? — 2wh? = 16wh
Biy1 = —2wh? = —16w3h?

Y2 =0

Let [ € Hy(N;Z) be the class of the line in a fibre P> C N. Then i, = A. The Gromov-
Witten invariants of degree 1 of N and My, satisfy ®¥ = & by [5, lemma 8]. Moreover the
Gromov-Witten invariants of N are computed as in [5, lemma 10]. Let z; = w*h* € H*(N),
1<:<3,0<a;<3,0<0b; <2. Puta=a, +ay+as and b = b; + by + b3 and suppose
2a + 2b = 6g — 2 = 16. Then

8)(775

(b—5)! - 7 (b5 b e

(weX®, [J]) = Gt wd = 6L
0, b<b

\I’IN(2’172’2723) = {

where X271 = X5+ = ((=8)"/il)w’ as in [5, lemma 10]. With this we may find the
coefficients A,, ..., A;. For instance we have

\IJ%E(OZ,OZ,VQ = <Oé27/72> = <A17/72> = 24A1 } — Al = 07

WY (o, 0,72) = Y (@ + hyw + 5, 0) = 0

Ui (o, B, Bim) = (aB, Bim1) = (Ao, Bimn) = —244, } = A, =4

UM (e, B, Biv1) = U (4w + h, h?, —16w3h?) = —16 - 6

Analogously we get A3 = —12, Ay = -8, A5 = -3, A = —3, A, = —20, Ag = —12, Ay =8
and AlO = —0.
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More constants from pairings. Once we know the coefficients A4,... , Aig, we may get
some relations between the coefficients By, ... , By and C by working out the pairings of the
elements of the basis By written in terms of those of By. The only pairings in which the
coefficients By, ... , Bs and C' are going to appear are those between elements whose degrees
add up to 6g — 6+ 4d, d > 2, i.e. (Bv,37), (+*, %), (v, ya) and (y*,+?). The relations in
QH*(Ms); imply that v* = 0 and 7*(8 — 64) = 0, so (37, 87) = (8°7*) s = (647*) s =
64 - 24, (v*,0%) =64 -24, (v*,va) =0 and (v*,4?) = 0. So we get

64 - 24 = <ﬁ’7, ﬁ’7> == </31’71 - 20’}/ - 120[1ﬁ1 + BgOé, ﬁl/}/l - 20’7 - 120[1ﬁ1 + BgOé> =

= 2B3(a1 B171) M + (=207 — 1204 8y, =207 — 1201, 31) = —24 - 2B3 + 24 - 112,

and hence B; = 24. From the other pairings we obtain the equations B, + B, — By = —24,
B, + %B4 = —32 and C = 8B;, respectively. No more information can be extracted from
the intersection pairing.

To finish we only need to find

24B, = Uy (8, B, pt)
24B, = U)¥ (v, 7, pt)

This correspond to the computation of two particular Gromov-Witten invariants of degree
two, task that will be carried out in section 5. The answer is given in equations (7) and (8).
We get B; =0, B, = —1 and then B; = —1, By = —24 and C' = 8.

Non-invariant part. We recall that the decompositions (2) and (3) correspond since every
piece is the isogeneous piece corresponding to an irreducible representation of Sp (2g,7Z).
First we shall deal with the piece corresponding to H®. A vector basis given by the usual
cohomology is By = {¢;, ¥iaq,¥:01,¢71|1 < i < 6} and the basis given by the quantum
cohomology is Bon = {q:, Vi, :3,9:y|1 <i < 6}. We must have

Vi =

i =P

Vi3 =i + Ar
Yy =i + Aoy

for 1 < ¢ < 6 and constants A;, A,. We may compute these constants as above. First we
need the intersection pairings

(V1 Usas) i, = —4, (V1 Uthgan Br) ny, = 4, (V1 Uam) iy = —4
The restriction of the cohomology classes involved to N are as follows

¢i = —¢ih

iy = —4o;wh — <Z5ih2

Vi = —p;h* = dp,wh® + 8¢;w’h
Vi = 2¢,wh® = —8¢;w?h?
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And the Gromov-Witten invariants of N that we need are

N Car 1Pow? = 28 ° b>5
\I/l (¢1217¢422723) = O(7b75)! (b—5)! ) ; -

fOI'Zl':waihbi GH*(N),1§i§3,0§ai§3,0§bi§2,a:a1—|—a2—|—a3,b:b1—|—b2+b3
and a+b=7. Then we get

WA= (1, By tham) = (18, ¥am) = (Arhr, ) = —44A, = A =—4
Ui (=¢rh, h?, —8p4w?h?) = 16 1
Analogously 4, = —4.

Regarding to the piece corresponding to the representation A2Hjz, we know from the
proof of [5, lemma 14] that 1;¢; = ¢; U1;, for any 1 < 4,57 < 6. We have thus proven the
following

Theorem 7. For the Riemann surface ¥ of genus g = 3, the isomorphism H*(Ms) =
QH*(Ms) is given by

2

@ = Qs
af = a4+ 4o

3 = B + 168 — 8ay

ay = aryy — 38 —3ay -1

By = i — 20y — 12480 + 24«

2 = Yo + 8viaq — 65 — 2405 -3 — 8

i = i, 1<:1<6

Vi3 = i — A, 1<i<6
Uiy = Vi — Ao, 1<i<6
Vb =i Uy, 1<4,7<6

5. SOME COMPUTATIONS OF GROMOV-WITTEN INVARIANTS OF DEGREE TWO

To finish it only remains to compute the following Gromov-Witten invariants of degree
two: W (B, 3, pt) and A% (a, v, pt). Fix three points Py, P, P, € P'. Then ¥ (a, v, pt)
equals

#{f : P! — Ms|f is holomorphic, f.[P'] = 24, f(P,) = pt, f(P.) € V., f(I%) € V,},

and analogously for the other. Fix a generic point pt € My, corresponding to a bundle F
on X. We recall the following result from [2, section 6] (here we suppose that the degree of
the determinant A = det F is one).

Proposition 8. Let Y — X x My be the universal bundle. For any holomorphic map
f : PY — My such that f.[P'] = 2A put E = (1 x f)*U — ¥ x P'. Denote by p and q the
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projections of ¥ x P! onto ¥ and P! respectively. Then one and only one of the following
two cases hold

e There is a stable bundle V on ¥ of rank 2 and degree zero and some x € ¥ such
that 0 — p*V ® ¢*O(1) — E — p*C(x) — 0.

e There is a line bundle L on ¥ of degree zero such that 0 — p*L ® ¢*O(2) - E —
pL'@A— 0.

Proposition 9. Let
R ={f :P' — My|f is holomorphic, f,[P'] = 2A, pt € f(P')}.

endowed with the action of PGL(2,C) given by reparametrization of P'. Then R is a
principal fibre bundle PGL(2,C) — R — P(E). SoR is smooth, it has dimension dim¢ R =
5 and P(E) parametrizes “non-parametrized” P! — My, representing the homology class 2A
and passing through pt.

Proof. The second case of proposition 8 corresponds to the maps f : P! — My, whose image
lies in the subspace of bundles defined by N described in section 4, which is of dimension
5. Therefore for a generic point, pt € N and hence any f € R is in the first case of
proposition 8.

Now let f € R and put E = (1 x f)*U. There exists a stable bundle V' on ¥ of rank 2
and degree zero and some = € X such that

(4) 0—-pV®q¢goOld) —E—pCz)—0.

Let P € P! with f(P) = pt, then restricting to ¥ x {P} we get that 0 - V — E —
C(x) — 0. So the possible V' appearing for f € R are given by quotients of E onto a
skyscraper sheaf supported on a single point of ¥. This corresponds to the 2-dimensional
space parametrized by P(E).

Moreover the exact sequence (4) is an elementary transformation which can be reversed
as

() 0—=E—p(Veo()®qO(1) —p(Cx)®O(x) ¢ 02) — 0.

So the possible bundles E over X x P! appearing in an exact sequence (4) are parametrized
by epimorphisms p*(V ® O(z)) ® ¢*O(1) — p*(C(z) @ O(z)) @ ¢*O(2), i.e. (restricting to
{z} x P* C ¥ x P') by maps O(1) & O(1) - O(2), or equivalently, by two linear forms in
H°(P',O(1)) with no common zero. Now note that PGL(2,C) acts freely and transitively
on these elements, so the possible diagrams (5) with V fixed are parametrized by PGL(2, C).
The statement now follows easily. [J

The image of R in My, {f(P)|f € R,P € P'}, is described as follows. Put R =
R XpaLe.c) P!, so there is a fibration P! — R — P(E) and a natural map R — My, whose
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image is {f(P)|f € R,P € P'}. Now R is smooth, compact and of dimension 3. Let us
denote a g, Br and ~yg for the pull-back of «, 6 and + from My to R, respectively. We have
the following

Lemma 10. Let f € H?(P(E)) denote the class of the fibre of P(E) — 3. Then (v, [R]) =
—12 and Bz /[P'] = —f, where P' is the fibre of R — P(E).

Proof. The cohomology ring of P(F) is H*(P(E)) = H*(X)[h]/(h* — Ah), where h is the
hyperplane class of P(F), since ¢;(E) = A. Now we construct the universal bundle V
parametrizing the bundles V' which are quotients of £ onto a skyscraper sheaf supported
at one point of ¥. We have an exact sequence

0=V —=7E®Opp(—1) = Oar —0

on ¥ x P(E), where 7, : ¥ x P(E) — X is the projection and A C ¥ x ¥ is the diagonal
divisor (we omit some pull-backs when there is no danger of confussion). The total Chern
class of V is

c(V)= (1= A)1+mA—2h) =1+ (xiA —2h — A) + (2h — I A)A

Let us construct the space R. The fibre of R — P(E) over V is given by the isomorphism
Hom(V ® O(z),C(x) ® O(z)) = H°(P',O(1)). The action of PGL(2,C) is trivial on the
first space and standard on the second. So fibre of R — P(E) over V is P(Hom(V,C(z))") =
P(V,.), where V, is the fibre of V' at z. Thus

(6) R =P(m.(V[,)),
for 7 : 3 x P(E) — P(E). The Chern character of m, (V| ) is by Riemann-Roch
ch (m.(V[,)) = ch (W!(V]A)) =T, (ch V], ToddTE) =
S <(2A b (mrA — 2h — 2A)A — %(wm —om)A)(1 — %K)) _
= 24+A+K-2h

on P(E), where K is the canonical class of ¥ and using that 7,A? = —K. We deduce
that the cohomology ring of R is H*(R) = H*(P(E))[k]/(k* = ¢1k — ¢3), where k is the
hyperplane class of (6) and

Cq = A + K — 2h
Cy = —2hK

The universal bundle over ¥ x R is given by

0—-E—=VRO(A)Or(-1) - 0a®0O(A) — 0,
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from where we get that ¢;(£) = mfA —2h — 2k and () = (2h — 7j A+ k)A + 2hK + kK.
Let ge be the associated SO(3)-bundle to £. We have
p1(ge) = 4ey(E) — 1 (E)? = 4A(2h + k — 7} A).
Then pp : H.(X) — H**(R) is pr(z) = —1p1(ge)/%, so that
ar =2up(¥) =2A —4h — 2k

Br = —4pur(x) =
—(Bh + k) fyr = =230, pr(v)ur(ysyi) = —6(2h + k)* f = —12hkf
where f € H?(R) is the class of the fibre of R — Y. Therefore {vg,[R]) = —12 and

Br/[P'] = —f where f € H*(P(E)) is the class of the fibre of P(E) — . O

Now we may finish our computation. We have

(7) Ui (@, 7, pt) = a24](vg, [R]) = —24,

since any line in R cuts V,, in a[2A] points. Also Br/[P'] € H*(P(E)) is cohomology class
dual to the subset of “non-parametrized” P* — My, (representing 2A and passing through
pt) which lie in (a cycle Poincaré-dual to) Bg. Therefore

(8) 057 (8, 8,pt) = ((Br/[P']) U (Br/[P']), [P(E)]) = 0

REFERENCES

1. S. K. Donaldson, Floer homology and algebraic geometry, Vector bundles in algebraic geometry,
London Math. Soc. Lecture Notes Series, 208 Cambridge University Press, Cambridge, 1995,
119-138.

2. S. Kilaru, Rational curves on moduli spaces of vector bundles, Preprint, 1998.

3. V. Munoz, Wall-crossing formulae for algebraic surfaces with positive irregularity, To appear in
Jour. London Math. Soc.

4. V. Mufoz, Ring structure of the Floer cohomology of ¥ x St, Topology, 38 1999, 517-528.

5. V. Munoz, Quantum cohomology of the moduli space of stable bundles over a Riemann surface,
Duke Math. Jour., 98 1999, 525-540.

6. C. Lozano and M. Marino, Donaldson invariants of product ruled surfaces and two-dimensional
gauge theories, hep-th/9907165.

7. M. Thaddeus, Conformal field theory and the cohomology of the moduli space of stable bundles,
Jour. Diff. Geom., 35 1992, 131-150.

DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS, UNIVERSIDAD AUTONOMA DE
MADRID, 28049 MADRID, SPAIN

E-mail address: vicente.munoz@uam.es



