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Abstract
We provide a Maupertuis-type principle for the following system of ODE, of interest in
special relativity:

d mx
dr \ 1= [52/c2
where m,c > 0 and V : Q — R is a function of class C!. As an application, we prove the

existence of multiple periodic solutions with prescribed energy for a relativistic N-centre
type problem in the plane.
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1 Introduction

The well-known Maupertuis principle of classical mechanics (see, for instance, [4, p. 247]
or [12, Eq. (8.89)]) states that solutions of the system of ODEs

X =VV(x), x e CRY, (1.1)

lying on a fixed energy level
1
SEOP V&) =heR,

correspond, up to a time-reparameterization, to critical points g of the energy functional

1
/0|q<a)|2<V(q(o))+h)do,

that is, to geodesic curves on the Hill’s region {g € 2 : V(g) + & > 0}, when endowed
with the Riemannian metric g;;(¢) = (V(q) + h)é;; (the so-called Jacobi metrix; here §;; is
the usual Kronecker delta).

Taking advantage of this variational principle, in the last decades several existence and
multiplicity results for solutions with prescribed energy of Eq. (1.1) have been proved by the
use of the methods of critical point theory. In particular, due to its mechanics relevance, cases
when the potential V is singular have been the object of extensive investigations: we refer
the reader to the book [1] for a recap of most of the results obtained until the early nineties,
and to [8, 10, 11] and the references therein for some more recent contributions.

In this paper, we look for a corresponding variational principle for the equation

d mx n
o (W) =VV(x), xeQcCR (1.2)

where m, ¢ are positive constants: here, according to the underlying Lagrange structure (see
the beginning of Sect. 2 for more details), preservation of energy means that

mc? (1 — 1) —V(x()) = h. (1.3)
VI= 1@ /c?

As well known (see, for instance, [12, Chapter 7] or [14, Chapter 33]), Eq. (1.2) finds its

motivation from special relativity, providing an approximate model for the motion of a particle

x of mass m, moving at speed close to that of light, denoted here! by c. Just to mention some

few references in this direction, we refer to the papers [2, 9, 18], dealing with Eq. (1.2) in the

case when V is a Kepler or Coulomb potential.

From a genuinely mathematical point of view, Eq. (1.2) has been widely investigated in
the last decades, even in the more general case when the right-hand side depends explicitly on
time, and possibly does not have a gradient-type structure. Nowadays, an enormous amount
of existence and multiplicity results, obtained with both variational and topological methods,
is available for the associated boundary value problems: we refer to [16] for a ten-year-old
survey on the topic, and to [3, 7] for some recent papers. In spite of this extensive bibliography,
however, to the best of our knowledge there are no general results dealing with solutions of

I Even if in the mathematical literature it is common to use the normalization assumption m = ¢ = 1, as in
[6, 7] we find useful to keep track of both these constants, in order to have a clearer physical interpretation of
the results obtained, as well as to provide some considerations about the non-relativistic limit ¢ — +o0.
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Eq. (1.2) having prescribed energy 7 € R and, in fact, the underlying Maupertuis principle
seems to be missing in the literature.

Our paper aims at filling this gap and is organized as follows. In Sect. 2 we pro-
vide the relativistic Maupertuis-type principle, cf. Proposition 2.1. Roughly, it states the
following: solutions to Eq. (1.2) having prescribed energy (1.3) correspond, up to a time-
reparameterization, to critical points ¢ of the functional

1
Sh(4)=/(; 14(0)1*(Zi(q(0)) + 2hm) do, (1.4)

where 1
Zi(g) =2mV (@) + 7 V(@) + h)?. (1.5)

Thus, solutions of (1.2) are again geodesics on the Hill’s region {g €  : V(gq)+h > 0}, but
relativistic effects result into a perturbation of the usual Jacobi metric of classical mechanics:
indeed, notice that in the non-relativistic limit ¢ — +o0 the relativistic metric g;;(q) =
(Zn(g) + 2hm)3d;; reduces, up to a constant factor, to the usual one. We emphasize that, in
the functional (1.4), no bounds on the modulus of ¢ are needed. At first glance, this might
seem quite surprising, since Eq. (1.2) implicitly requires || < c; however, it is coherent with
the fact that the fixed energy problem is of purely geometrical nature: the kinematic property
|X| < ¢, indeed, will be automatically obtained by the time-reparameterization.

At the end of Sect. 2, an equivalent formulation of the variational principle is given in
Proposition 2.2, using instead of &), the so-called Maupertuis functional

1 1
Mi(g) = fo ()P do /0 (Zn(g(0)) + 2hm) o,

which, as well known, is more manageable when using critical point theory, cf. [1, Remark
4.2].

As an application of the Maupertuis principle, in Sect. 3 we investigate the existence of
periodic solutions, with prescribed energy, for the equation

. N
d mx ki (x — 07) 2
Y=Y L 4 VW(), xeR? (1.6)
dr (,/1 - |5c|2/c2> ; |x — oj[@+?

where o1, ..., oy are distinct points of R2, ki > 0,a > 1 and W is meant as a perturbation
term as |x| — 4o00. Such an equation can be interpreted as a (perturbed) relativistic N-
centre problem, providing the motion of a charge x in the electric field generated by N-fixed
charges o1, ..., oy, cf. [3]. By minimization arguments for the associated energy functional,
and taking advantage of the topology of the punctured plane (see [11] for a somehow related
result in the non-relativistic setting), we prove the existence of multiple periodic solutions
of Eq. (1.6), with prescribed homotopy class and prescribed energy (1.3), for any 2z > 0
arbitrarily fixed, cf. Theorem 3.1 for the precise statement. We point out that, for the whole
argument, the restriction @ > 1 is needed: this has to be interpreted as a relativistic version of
the usual strong-force condition of classical mechanics, see [13]. Notice however that, while
in the classical case one is led to assume o > 2, here a weaker assumption is enough: this
comes from the fact that the potential Z;, given in (1.5) behaves, near the singularity, as the
square of the potential V. There is however a subtle point, since the physically relevant case
o = 1, which would give rise to a potential Zj, of order 2 near the singularity, cannot be treated
within our approach: indeed, as explained in Remark 3.3, a further condition for Z, is needed,
requiring eventually & > 1. At first sight, Theorem 3.1 thus seems to be in sharp contrast
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with the results obtained in [7] for the fixed period problem: as a matter of fact, however, the
difficulty comes from the specific structure of the Maupertuis functional, which, compared
with the action functional, requires an independent control of the kinetic and potential parts,
cf. [1, Remark 5.4]. We stress that this difficulty is not only of technical nature: indeed, as
pointed out in Remark 4.2, in the case « = 1 a different range for the admissible energies is
expected, giving rise to a different geometry for the associated functional. Of course, due to
its mechanical significance, the case « = 1 deserves further investigation in the future.

Finally, in Sect. 4 we use phase-plane analysis [for the model problem (1.6) for N = 1
and W = 0] to investigate the optimality of the condition 2 > 0 appearing in Theorem 3.1,
finally proving that it is sharp when o > 2.

2 A variational principle for prescribed energy relativistic problems

Let us consider the system of ODEs

d mx
a <W) = VV()C), X € Q, (21)

where m,c > 0, 2 C R"isanopensetand V : @ C R" — R is a function of class cl.
This equation can be meant as the Euler-Lagrange equation

d (oL oL
dr \ox /) ox

V12
L(x, %) = —mc* |1 - % + V().

We can then pass to an equivalent Hamiltonian formulation defining the dual variable

mx
p=
[ R
02

accordingly, by Legendre transformation, the associated Hamiltonian function turns out to

be
2 |l7|2
H(x, p) =mc™|1 + 55— V(x). 2.3)
mec

As well known, the Hamiltonian A is a constant of motion. The relativistic energy is nothing
but the Hamiltonian H written in terms of x and x; using (2.2), we thus find

mC2
]2
==
C

and, so, for any solution x of (2.1) there exists & € R such that

for the Lagrangian

2.2)

E(x,%) = - V(x)

mcz

TOP —Vx@)) =¢. 2.4)
X

1
2
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Let us notice that (2.4) implies that, in the case of potential V such that V(x) — 0 as
|x| = o0, the particle rest energy is mc?. Thus, it is convenient to write

E=h —|—mc2,

in such a way that 4 is the difference from the relativistic energy and particle rest energy, cf.
with (1.3) of the Introduction. Incidentally, let us notice (see Remark 3.2 for more details)
that the non-relativistic limit of h = € — mc? as ¢ — +oc is the usual classical mechanical
energy.

Let us also observe that solutions x with energy & = h + mc? satisfy

Vix@))+h>0, Vi,
and so are confined in the
Q=xeQ: V&x)+h>0}, (2.5)

which is then the analogous of the Hill’s region in classical mechanics. The aim of this section
is to introduce a Maupertuis-type functional whose critical points are solutions of (2.1) with
prescribed energy: in order to do this, we follow the same ideas of the non-relativistic case,
relating the action, length, energy and Maupertuis functionals.

Motivated by the application of Sect. 3, from now on we focus on the case of periodic
boundary conditions: it will be clear, however, that the whole discussion could be performed
with very minor changes if other boundary value problems (like, for instance, the two-point
one) are taken into account.

2.1 The heuristic derivation: from action to length

Let us begin our discussion with an heuristic approach leading to a length functional starting
from the action functional, without focusing on precise statements and considerations.
First of all, let us fix & € R such that

Q #£ 9, 2.6)

where €2, is defined in (2.5). For a given T > 0, we consider the space W}’Oo ={x €
W0, T]) : x(0) = x(T)} and the set

Ap=1{x e Wy™: x(t) € Q, |£(1) < ¢, Vi €0, T]).

We then define the action functional Ar by

T 2
Ar(x) = / —mc?, |1 — |X£f)| + V@) +h+me? | dt,
0

for every x € Aj. As well known, its critical points (in an appropriate sense, cf. [3, 7]) are
T -periodic solutions of (2.1). Now, for every increasing diffeomorphism ¢ : [0, 1] — [0, T,
let us define

q(0) = x(1(0)),

for every o € [0, 1]. Hence, we plainly deduce that the action functional reads as

1 / 2
/ 2 lq’ (o) 2
/0 t'(o) | —mc™, /1 — 7@/(0))%2 + V(g(o)) +h+mc do .

@ Springer



95 Page 6 0of 29 A.Boscaggin et al.

For every o € [0, 1], let

_ g @
==

f(C)=§(—mc2,/1—;—2+b),

for every ¢ with { > /z. Let us observe that assumption (2.6) implies that b > mc?; hence,
a simple computation shows that f has the unique minimum point

—b z _ V(g(0)) + h + mc? lg"(0)]
o= b2—m2c4_\/ 2

2mV(q(o)) + Ciz (V(g(o)) + h)? +2hm
with

fe) =b | (-m 1= 2 b)) = LD
b* —m*c % ¢

b=V(g(@)+h+m, z 2.7

and

(2.8)
= Iq’(a)l\/ZmV(q(G)) + CLQ (V(g(0)) + h)? + 2hm,
by (2.7). Now, let us define
Zp(x) =2mV (x) + Ciz (V(x)+h)? VYxeQ, (2.9)

and observe that
Zp(x) +2hm >0, VxeQy.

Accordingly, we can define the length functional

1
Eh(‘])=/(; l9"(@)1v/Zn(q(0)) + 2hm do. (2.10)

From (2.8) we conclude that

1
/ (min f(t’(a))) do = Lp(q). 2.11)
0 \()

Relation (2.11) is reminiscent of the well-known connection between action and length in
the non-relativistic case, suggesting that solutions of Eq. (2.1) can be obtained as geodesics
with respect to a suitable Riemannian metric.

2.2 The formal statement: energy and Maupertuis functionals

In this section we provide formal statements and proofs of the variational principle. Since,
as well known, the length functional (2.10) has the drawback of being invariant under time-
reparameterizations and is thus not suited for the calculus of variations and min-max critical
point theory, we first follow the usual strategy of replacing the length functional with the
energy functional: the resulting variational principle is contained in Proposition 2.1. As a
second step, we give an equivalent formulation of this principle, Proposition 2.2: in this

@ Springer



A Maupertuis-type principle in relativistic mechanics and... Page70f29 95

second version, the energy functional is replaced by the so-called Maupertuis functional, an
even more convenient choice for the use of critical point theory.
Let us first fix 4 € R such that €, # ¢ and consider the set

Ay ={q € H'(0.1]) : q(0) = ¢(1), q(0) € s, Yo € [0, 1]}.
The energy functional for problem (2.1) is defined by

1
Enlg) = fo lg"(@)* (Zn(q(0)) + 2hm) do

forevery g € Aj,. Itis well known (see the proof of Lemma 2.1 for more details) that critical
points g € A’ of &, fulfill the geodesic equation

d 1
—(q" (Zn(q) +2hm)) = =19’ 1>V Zi(q) (2.12)
do 2
and, up to a reparameterization, are solutions of the second order equation
" =VZy(2)

satisfying the conservation law
1
E|z’|2 — Zn(z) = 2hm.

Nevertheless, up to a different reparameterization, they also give rise to solutions of fixed
relativistic energy of (2.1). This is the main result of this section and is the content of the
next Proposition.

Proposition 2.1 The following hold true.
Part A. Let g € A}, be a non-constant critical point of &, and define

'o) :/” V(g(€) +h+mc? |q' (&)
o ~Zn(q®)+2hm 2

foreveryo €[0,1]. Let T =t(1) and ¢ : [0, T] — [0, 1] be the inverse of t; define
x(1) = q(s (1)),

dé, (2.13)

foreveryt € [0, T]. Then:

1. x(t) € Qp and |x(t)| < c, foreveryt € [0, T],
2. x is a periodic solution of (2.1),
3. x satisfies

mc‘2

VI=lx@®?/c?
Part B. Let x : [0, T] — Q2 be a non-constant periodic solution of (2.1), satisfying the
energy law (2.14). Define

— V@) =h+me*, Viel0,T]. (2.14)

o) = c? /’ Zp(x(§)) + 2hm it
V2 Jo VxE) +h4me?

foreveryt € [0, T], where X is such that w (T) = 1. Let T : [0, 1] — [0, T] be the inverse
of w and define

q(o) = x(1(0)),

forevery o € [0, 1]. Then q € A}, is a non-constant critical point of &.
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Proof Part A.
1. From the definition of x and the fact that ¢ € A;l we immediately deduce that x (¢) € Qy,
for every ¢ € [0, T]. Moreover, from (2.13) we deduce that

5 ¢'(c(t) Zu(q(c@®)) + 2hm

MO =W O =0 N Vg + i+ me? @13)
for every t € [0, T]. Recalling (2.9), we have
1
VZi(q(s (1)) +2hm \/2mV(q(§(l))) t3 (V(g(s () + h)*> + 2hm
Vig(s(t)) +h+mc? V(g(s(®))) +h +mc?
_1 V(V(g(s()) +h) (V(g(s(t) + h +2mc?) - 1
c V(g(s(1))) + h +mc? ¢’

for every t € [0, T]. As a consequence, from (2.15) we infer
[Xx(t)| <¢c, Vtel0,T].
2. Let us now prove that x is a periodic solution of (2.1). To this aim, let us first observe that
the periodicity of x immediately follows from the periodicity of g.
As already observed, if ¢ € A}, is a critical point of £, then ¢ is a solution of the geodesic

equation (2.12). Moreover, a computation shows that %lq’ 12(Zp (q) +2hm) is a first integral
of (2.12). Then, there exists A > 0 such that

%|q’(0)|2(Zh(q(o)) +2hm) =i, Vo el0,1] (2.16)

As a consequence, from (2.13) we obtain

V2h V(q(0)) + h + mc?
2 Zn(g(o)) +2hm

t'(o) = 2.17)

)

for every o € [0, 1]. On the other hand, from (2.9) and (2.15) we deduce that

L_BOPR_ Ze@O) +2mm mec )
c? (V(g(s®)) +h+mc2)? — V(x(t) +h +mc?

for every t € [0, T]. Hence, we obtain

mi(t)  Vgc®) +h+me* :
Thore 2 g (c®) s
_ Vo) +htme & Zuq(s®) +2hm ()
2 V21 V(q(s (1) + h + mc?
1
= q'(s() (Zn(g(s (1)) + 2hm), (2.19)
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for every ¢ € [0, T]. Hence, from (2.12), (2.17) and (2.19) it follows that

E’ e - (2 (¢ @@ + 21 (1
dr \ V1= xR/ ) Jﬁ(da (4@ Zutg (@) + m>)> lo=s0 ()

f2|q (cIPVZi(g(s (1)) (1) (220

¢ Z(q(s(®)) +2hm
T4 V(g(s(1) +h 4+ mc?

for every ¢ € [0, T]. Now, let us observe that (2.9) implies that
2
2

lg' (s ()I* VZi(q(s (1)),

VZyw) = = (V(w) +h+me*) VV(w), Ywe Q.

Taking into account (2.16) and this relation, from (2.20) we deduce that

d mi (1) _ OVZi@m)
dt \T=1x0P/2)  2(V(a(s®))) +h+me?)

= VV(g(s(1)) = VV(x(1)),

forevery t € [0, T1.

3. The energy law (2.14) immediately follows from (2.18).

Part B. Let us first observe that the fact that ¢ € Aj, plainly follows from the definition of
q. We now check that g satisfies the geodesic equation (2.12): for every o € [0, 1] we have

f A V(x(t(0))) +h +mc?
q'(0) = x(t(0)) ' (0) = x(t(0)) 70 0) + 2hm (2.21)
Moreover, from the energy law (2.14) and the definition of Zj, given in (2.9), we deduce that
4 Zp(x(0) +2hm
O (VE®) +h+mc?)?

for every ¢ € [0, T]. As a consequence, we obtain

i (1) [*

1
3 lq'(@)I” (Z1(q(0)) + 2hm) = 4, (2.22)
for every o € [0, 1]. On the other hand, recalling again the energy law (2.14), from (2.21)
we deduce that
V2 1 mc?i(t(0))
2 Zp(x(1(0) +2hm /1= |5(t(0))2/c2

q'(0) =x(t(o)1'(0) =
and

7' (©) (Zn(q(e)) + 2hm) = V2K ——"XE@)
VT RGP

for every o € [0, 1]. Now, from the fact that x is a solution of (2.1) we infer that

d
E(q/(a) (Zn(g(0)) + 2hm)) = V2L VV (x(1(0)) 1 (0)

24 V(q(0)) + h 4+ mc?
T2 Zu(g(0)) 4 2hm

VV(q(9)),
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for every o € [0, 1]. Recalling (2.22) and the fact that
2
VZ,(x) = = V&x)+h+ ch) VV(x), VxeQ,
c
we conclude that g satisfies (2.12). ]

Let us now introduce the Maupertuis functional defined by

1 1
Mh(u):/ Iu/(S)IzdS/ (Zn(u(s)) + 2hm) ds, (2.23)
0 0

for every u € Aj; we point out that this is the functional that will be used in our application
of Sect. 3. The relation between critical points of &, and M, is well known: we recall it in
the next lemma, whose proof is given for the reader’s convenience at the end of this section.

Lemma2.1 Let g € A} be a non-constant critical point of E,. Then, there exists a change
of variable x : [0, 1] — [0, 1] such that the function

u(s) =q(x(s)), sel0,1],

is a non-constant critical point of My,. Conversely, ifu € A}, is a non-constant critical point
of My, then there exists a change of variable o : [0, 1] — [0, 1] such that the function

q(0) =u(e(0)), o €l0,1],

is a non-constant critical point of &y.

From Proposition 2.1 and Lemma 2.1 we can thus obtain the following equivalent for-
mulation of the variational principle, relating critical points of (2.23) and solutions with
prescribed relativistic energy of (2.1).

Proposition 2.2 Letu € A;l be a non-constant critical point of My,. Then, there exist T > 0
and a change of variable v : [0, T] — [0, 1] such that the function x : [0, T] — R" defined
by

x(@) =u(@), te€[0,T]

is a non-constant periodic solution of (2.1), satisfying the energy law (2.14). Conversely,
let x : [0, T] — 2 be a non-constant periodic solution of (2.1), satisfying the energy law
(2.14). Then, there exists a change of variable ¢ : [0, 1] — [0, T] such that the function
u : [0, 1] = R” defined by

u@s) =x(p(s)), sel0,1],
is a non-constant critical point of My, in A,.

Proofof Lemma 2.1 In order to prove the result, it is sufficient to show that non-constant crit-
ical points of the two functionals &, and M}, correspond, up to suitable reparameterizations,
to solutions z of the differential equation

' =VZy(2) (2.24)
satisfying
1
3 1Z1? — Zn(2) = 2hm. (2.25)
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In the case of the Maupertuis functional, this follows from a well-known elementary compu-
tation: indeed, non-constant critical points u € A;l of M), and solutions z of (2.24)—(2.25)
are related by

W =u(2). voel.wl

where @ > 0 is given by

NGRS
®= I
2 [ (Zu(u(o)) +2hm) do

The relation bewteen non-constant critical points g € A;l of &, and solutions z of (2.24)—
(2.25) is less obvious. We write here the expressions of the change of variables relating g
and z and we refer to [5] for the details of the proof.

Given ¢ € A}, define

g(s):i ' lg"(6)] Vs elo. 11,

V2 Jo VZi(q®) +2hm’
and let ¢ be the inverse of o. Then, the function z : [0, o(1)] — R” defined by

z2(p) = q(s(p)), Y p€l0,o(D],

satisfies (2.24) and (2.25).
Conversely, for every function z satisfying (2.24) and (2.25) in some interval [0, T], let us
define

t
s(t):%/O(Zh(Z(é))-i-th)df, Viel0.T].

where & > 0 is taken in such a way that s(T) = 1, and let  be the inverse of s. Then, the
function ¢ : [0, 1] — R”" defined by
q(o) = z(z(s)), Yo €[0,1],

is a non-constant critical point of &,. O

3 Prescribed energy periodic solutions for a relativistic problem with
singular potential

In this section, we present an application of the Maupertuis principle developed in Sect. 2
to the existence of fixed energy periodic solutions for a relativistic problem with singular
potential (for the case of smooth potentials, see Remark 3.5).

More precisely, we deal with the equation

. N
d [ mi ix — 01) ,

=T etV R 3.1
dt( 1—|56|2/62> ;|x—m|“+2+ W@,  xeRA\on....onh G

where, as usual, m, ¢ > 0, oy, ..., oy are distinct points of R2,k; >0fori =1,...,N,
and W : R? — R is a function of class C' satisfying the following assumptions:

(W1) there exists M > 0 such that 0 < W(x) < M for every x € R?
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(W2) VW (x) — 0O for |x| —> +o0.
Finally, we assume the “relativistic strong force condition”
a > 1,

see Remark 3.3 for some comments. Of course, Eq. (3.1) is of the type (2.1) with

N
K
Vix) = —+ W 32
(x) ;mx g U) (3.2)
and Q@ = R%\ {071, ..., on}, so that the theory developed in Sect. 2 can be applied.

In the above setting, we are going to prove the existence of (non-collision) periodic solu-
tions of Eq. (3.1) with prescribed energy [in the sense of (2.4)] and prescribed homotopy
class in the punctured plane R?\ {071, . .., on} (see Remark 3.1). More precisely, we establish
the following result.

Theorem 3.1 In the above setting, let us fix h > 0 and a non-trivial homotopy class [y] €
71 (R? \ {o1,...,0N}). Then, there exists a non-collision periodic solution of Eq. (3.1),
having energy € = h + mc? and belonging to the homotopy class [y ].

Remark 3.1 Since we deal with solutions with prescribed energy (and unprescribed period),
the expression “belonging to the homotopy class [y]” used in the statement of Theorem 3.1
requires some clarification. In fact, the periodic solution x provided by Theorem 3.1 arises
as a reparameterization of a critical point « : [0, 1] — R2\ {o1, ..., on} of the Maupertuis
functional. The condition that we impose is that the path u belongs to the homotopy class [y ];
in terms of the solution x, this just means that, on some period 7 > 0 (unknown a-priori, and
not necessarily the minimal one ), the path x|[9 7] belong (after a linear reparameterization
of time) to the class [y]. As a consequence, it is not possible to ensure that all the solutions
provided by Theorem 3.1, in spite of coming from different homotopy classes, are distinct
the one from the other.

To understand this delicate issue, it can be useful to first focus on the case N = 1. In this
situation, as well known, the fundamental group 7 (R? \ {o1}) is isomorphic to Z and the
homotopy class of a closed path is completely determined by its winding number around the
point o7. Thus, in principle we could apply Theorem 3.1 to get the existence of a periodic
solution x; with winding number %, for any k € Z, with k # 0. If k = =1, of course we can
be sure that the winding number is evaluated on the minimal period, say 7, of the solution xj.
On the other hand, a solution x; having winding number k with |k| > 1 could, in principle,
just correspond to the solution xsgn(x), when regarded on the period |k| 7. Thus, summing up,
in the case N = 1 Theorem 3.1 just ensures the existence of two solutions, a first one winding
around the origin in the clockwise sense and the second one in the counter-clockwise sense.
Since, moreover, the problem is time-reversible, these two solutions could correspond to the
same orbit, just covered in different directions: summing, just one periodic solution can be
provided by Theorem 3.1 in this case.

In the case N > 2, the situation is similar, but more involved. Indeed, now the funda-
mental group 77 (R? \ {071, ..., on}) is homeomorphic to the free group with n generators
{ai, ..., a,},thatis, an homotopy class is described by a finite word formed with the symbols
a; and their inverses a; ' (cf. 110, 15]). Taking into account that the group product corre-
sponds to the concatenation of paths, we deduce that homotopy classes described by words
which are formed by a repetition of a same sub-word (like, for instance, aja, 1a1a2_ ! which
consists of two repetitions of the sub-word aja, 1) must not be considered, since they could
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give rise to the same periodic solutions provided by the homotopy class described by the
sub-word. Moreover, again by the time-reversibility of the problem, a word and its inverse
must be identified, since they could provide the same periodic solution, up to time-inversion.
Clearly enough, however, still an infinite number of distinct periodic solutions (with the same
energy) can be provided by Theorem 3.1 for any N > 2.

‘We now give the proof of Theorem 3.1. Before going into the details, however, let us state
and prove the following preliminary lemma.

Lemma 3.1 Letu € H'([0, 1]) be such that u(0) = u(1) and u(s) # o; for every s € [0, 1]
andi =1, ..., N.If, moreover, u is not null-homotopic as a loop in R2 \{o1, ..., 0N}, then

lullLe < R+ |lu'll 2, (3.3)

where R = max; |o;|.

Proof Let us assume that ||u]|p~ > R (otherwise there is nothing to prove) and take s* €
[0, 1] such that |u(s*)| = |u| L. Now, let us consider the open ball B C R? centered at
u(s*) and with radius r = |u(s*)| — R: clearly, such a ball does not contain any of the centers
{o1, ..., on}. Accordingly, the image of the path u cannot be entirely contained in B, since
otherwise u would be a null-homotopic loop in R2 \ {o1, ..., on}. We thus infer that there
exists § € [0, 1] such that

[u(3) —u(s™)| = lu@s™)| - R.

Then
5
el = [u(sH)] < R+ () — u(s™)| < R + / '] ds
S*
H 1/2
<R+ |s*—5'? / W'\>ds| < R+ ||l
S*
thus proving (3.3). O
Proof of Theorem 3.1 Letus first observe that, since V (1) > Oforeveryu € R?\{oy, ..., on}
and 1 > 0, with the notation of Sect. 2 we have Q;, = Q = R? \ {o1,...,0n} and

Ay =f{ue H'[0,1]) : u(0) =u(l), u(s) #0;Vse[0.1],i=1,... N}

Accordingly, we can consider the Maupertuis functional M, as defined in (2.23), that is,

1 1
Mp(u) = / |u’|2ds / (Zp(u) +2hm) ds, u e A;,, 3.4
0 0

where, as in (2.9),

Znw) = 2mV (u) + ;7 (V@) + h)?, (3.5)

for u € Q. By standard arguments (cf. [17, Theorem 1.4]), the functional My, is of class C I

with

1 1 1 1

W', 'y ds / (Zn(u) + 2hm) ds + / lu'|> ds / (VZy(u), v)ds.
0 0 0

(3.6)

dMp(u)[v] = 2/
0
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For further convenience, we now claim that Z satisfies the following crucial properties:
foreveryi =1,..., N, there exist §; > 0 and r; > 0 such that

Bi

Zh(M)Zm, if0<|u—(7,'|<}’,', (3.7)
— 0Oj

and, moreover,

lim <Zh(u) + %(VZh(u), u— a,»>> = —o0. (3.8)

Indeed, (3.7) is an easy consequence of the fact that « > 1. As far as (3.8) is concerned,
recalling (3.5), we immediately deduce that

1 1 5 2h h?
Zy) + = (VZyw)ou — 01) = — (V@)> + (2m + 5 ) V@) + =
2 c c c
3.9)
V(u) h
+|\—Ftm+ 5 ) (VV@),u—oi),
c c
forevery u € Qandi = 1,..., N. Now, let us observe that (3.2) implies that for every
i =1,..., N there exists a neighbourhood X; of o; such that
V) = ———— + Ww), YueX, uto,

o |u — oj|
with W and VW bounded in Y;. Hence, from (3.9) we infer that there exist a constant K € R
and a function W* bounded in ¥; such that

I P
Zn@) + 5 (VZu().u — o) = —5 (1~ 1)

+ + W*(u),
lu —oi|®  |u—oil* w

for every u € ¥;, u # o;. From this relation, recalling that « > 1 we plainly obtain (3.8).
Let us now notice that from (3.8) we immediately infer that there exists ¢ € (0, 1) such
that, foreveryi =1,..., N,

dMpw)[u —o;] <0, if lu—o;]| <2e, wunon-constant. (3.10)

Indeed, by (3.6) we have
1 1 1
dMyu)u —o;] = 2/ |,,,/|2 ds/ <Zh(u) +2hm + E(Vzh(u), u— (7,')) ds,
0 0

so that the conclusion follows from (3.8), in view of the continuous embedding H L0, 1)) c
L°°([0, 1]). Of course, such a & can be chosen so small that

lu —oill <26 = llu—ojll >2e, Vj #1i, (3.11)

that is, the balls { By, (cr,-)}fv= | are disjoint. From now on, we assume that this condition is
satisfied.

We are now in a position to start with the proof. Fixed a non-trivial homotopy class
[y] € m (R? \ {01, ...,0n}), and with ¢ > 0 as above, let us consider the set

AZ%E = {u € A}, : u lies in the homotopy class [y] and |u — ;|| > &, Vi=1,..., N} .
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Observe that, by the non-triviality of y, any u € A} Ve is non-constant. Moreover, recalling
that Zj, is always positive, we plainly deduce the estimate

1
My (u) > thfo W/ [Pds >0, YueAj,,. (3.12)
With this in mind, let us consider the minimization problem
inf My,
ueA’

h,y.e

We split our next arguments into some steps.
Step 1: convergence of minimizing sequences. Let us consider an arbitrary minimizing

sequence {u,} C A} Ve for the minimization problem

inf My,

"
ueAh.M

By the estimate (3.12), the sequence ||it,||;2 is bounded; using (3.3), it thus follows that
[ty || oo is bounded as well. Since |[u,||;2 < |lun| L, the sequence {u,} is thus bounded
in the H'-norm. Hence, there exists & € H'([0, 1]), with i#(0) = (1), such that (up to
subsequences, which we do not relabel) u,, converges to i weakly in H' and, by compactness,
strongly in L°.

We now claim that & does not have collisions, that is, i(s) # o; for every s € [0, 1] and
ie€{l,..., N} (and, hence, u € A;l). Indeed, let us assume by contradiction that this is not
true. Then, since (3.7) holds true, the same argument used in [1, Lemma 5.3] implies that

1
/ Zn(uy)ds — +o00.
0

Hence, a contradiction with the fact that {u,} is a minimizing sequence is obtained as long
as we prove that
1
lim inf/ lu,|>ds > 0.
n—>+o00 Jo
To see that this is true, we argue again by contradiction, assuming that (up to subsequences)
fol litn|?> ds — 0. Then, for any s1, 52 € [0, 1], passing to the limit in the inequality

5 1 5
’ /
/ lu, | ds 5/ lu, |~ ds
51 0

we see that u is constant and, thus, u = o;+ for some fixed center o;+. Moreover, since the

derivative of a constant function is identically zero and ||it,| ;2 — 0, we obtain that the

convergence of u, to oj« is strong in H 1 a contradiction with the fact that lup, — oi<|| > e.
Let us notice that, from the just proved fact that u# does not have collisions, and since

homotopy classes are open w.r.t. the L°°-topology, the L°°-convergence of u,, to i implies

that u lies in the homotopy class [y], as well.

Step 2: construction of a minimizing sequence {it,} away from the boundary |, —oi|| > &.

IA

[ttn (52) — up(s1)|

Precisely, in this step we show that there exists a minimizing sequence {ii,} C AZ’ y.e Such
that, for some A € (1, 2], the inequality
|d, —oill = re, Viell,...,N} (3.13)

is satisfied for n large enough.
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To prove this, let us consider an arbitrary minimizing sequence {u,} C AZ’ ,.e- By Step
1, we can assume that u,, converges, weakly in H' and strongly in L, to a limit function i
which lies in the homotopy class [y ]. Since homotopy classes are open w.r.t. the L°°-topology,

we can fix p > 0 such that
lu —ullpo < p = u lies in the homotopy class [y]. (3.14)

Of course, with such a choice of p there exists a corresponding integer 1, > 0 such that

CIRS

lup —dtllpe < =, Vn=np. (3.15)

As a consequence, we deduce that
_ _ P _
luy — oillLee < lup — ttllLee + llt — oillLe < 5 + i = oill L=,
implying that

sup max ||u, — o;llpe < +o0.
n>n, 1

Hence, we can set

M = max { sup max ||u, — ojl|L, L
n>n, i 2

and
P
A=14—.
2M
We are now ready to construct the sequence {if, } (defined for n > n,).
So, let us assume that, for some n > n,, the set

Lo={ie{l,....N}: lun — o] < re}

is non-empty (otherwise, we can simply take i, = uy,). Since A < 2, by (3.11) we have that
there exists exactly one i (n) € {1, ..., N} such that

luy —oiwyll < Ae  while |lu, — ol > Le, ¥V j #i(n).

Let us set
A
kn = : 5
lun — oimll
since ||u, — i) |l = € by the definition of AZ’N, we have
O<hy—1<i—1=L" (3.16)
" 2M° '
Finally, let us define
U, = Oi(n) + kn (uy — Ui(n))~ (3.17)
Of course
ity — oiw) |l = Ae (3.18)
and so, since A < 2 and using again by (3.11),
ld, —ojll >2¢e, Y j#in). (3.19)
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Moreover, using (3.15) and (3.16)
Ny — il oo = llun — it + (1 — kn)(0i(n) — tn)|l L0

_ pp
< lup —ullpe + (ky — Dlluy — oimylle < 5 + mM =p.

By (3.14), we thus have that u,, has the homotopy class [y ]; recalling (3.18) and (3.19), we
conclude that u,, € AZ’ v It thus remains to show that {if,,} is still a minimizing sequence:
to this end, we are going to prove that

My () < My (up). (3.20)

So, let us assume that, for some n, i, is defined as in (3.17) (otherwise #, = u, and there is
nothing to prove). Accordingly, we define, for every t € [1, k,], Uy = t(up, — 0in)) + Oi(n)
in such a way that U; = u,, and Uy, = i,. Then, we have
d
dt
with ¢t € [1, k,]. From (3.18) we deduce that

1
My (Up) = dMy(U)[un — 0ign] = ?th(Ut)[t(un —oim)], (3.21)

WU — oill < knlltty — oimyl = ity — iyl = Ae < 2e,
where the last inequality follows from the fact that A < 2. Since
dMp(Uy) [Uz - Ui(n)] =dMy(U;) [I(Mn - Gi(n))] ,
from (3.10) and (3.21) we obtain

d
EMh(Ut) <0, Vkell k]

This implies that M}y (Uy,) < My, (Ur) and thus (3.20).

Step 3: construction of a minimizing sequence {it,} away from the boundary | i, — oi|| >
€ and such that d My (li,) — 0. Precisely, in this step we show that there exists a minimizing
sequence {u,,} C AZ’ Ve such that, for some A* > 1, the inequality

[, — oill = A*e, Viell,...,N}. (3.22)

is satisfied for n large enough and d M, () — O.

To this end, we consider a minimizing sequence {it,,} C AZ’ Ve constructed as in Step 2,
and thus satisfying (3.13). By Step 1, we can assume that {ii, } converges, weakly in ' and
strongly in L, to a limit function u* without collisions and lying in the homotopy class [y ].
Hence, we can fix p* > 0 so small that the inequality

|tn(s) —oil = p*, Vs el[0,1],ie{l,....,N}, (3.23)

is satisfied if # is large enough. Moreover, up to some relabeling of the sequence we can also
assume that

My () < inf M) + (3.24)

1
SV \/ﬁ,

for n large enough.
With this in mind, let us consider the set

A ={ued],, i) —ol=p"/2, Vsel0,1].ie(l,....N}}
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In view of the continuous embedding H! ¢ L (and recalling the fact that homotopy classes
are open with respect to the L>°-topology), M is (strongly) closed in H'; moreover, by (3.23),
the sequence {i,} belongs to A* for n large enough (and it is thus a minimizing sequence
also for inf o+ M, since A* C A}/ hoye .- Taking into account (3.24), by Ekeland variational
principle (as stated, for instance, [17. Theorem 4.1 and Remark 4.1]) we can find a further
sequence {i,,} C A* such that

My () < Mp(dy), iy — Uyl < f (3.25)
and 1
Mp(w) = My (y) = ——=Illw —u,ll, YweA™ (3.26)
N

By the first condition (3.25), we deduce that the sequence {u,,} is still minimizing. Moreover,
taking into account (3.13), the second condition in (3.25) yields

I+

@, —oill = e, Viell,...,N} (3.27)
for n large enough, and thus (3.22) for A* = (1 4+ 1)/2 > 1. Finally, again from the second
condition (3.25) together with the fact that u,, — u* strongly in L°°, we infer that u,, — u*
strongly in L as well: from (3.23), we thus get

*

3
[@n(s) —oil = 20" > %, Vsel0, 1, ie(l,..., N}, (3.28)

for n large enough.

Now, let us observe that property (3.27) and (3.28) together imply that the sequence {u;, }
belongs (at least for n large enough) to the interior of the set M. From this observation, taking
into account (3.26), it easily follows that

dMy (i) — 0. (3.29)

Indeed, let us fix an arbitrary v € H! ([0, 17) with v(0) = v(1) and ||v|| = 1. Then, &, +tv €
A* if |z] is small enough, and thus, using (3.26),

~ . Mp (U, + tv) — My (i) 1
dMy (uy)v] = t1_1>I(I)1+ ; = T
and
~ My (i + tv) — /Vlh(un) 1
dMp(uy)lv] = —=
" —lt] =
This implies

ldMy @)l = sup |dMy @)Vl <
! et f

and thus (3.29), as desired.
Step 4: strong convergence of the sequence {ui, } and conclusion. Let us consider the minimiz-
ing sequence {i,} C A* C A/ hy.e constructed in Step 3; as already observed, u,, converges

weakly in H! and strongly in L to a limit function «* without collisions and lying in the
homotopy class [y]. We now claim that

1 1
/|(ﬁn)/|2ds—>/ [w*)|? ds. (3.30)
0 0
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From this, the conclusion follows easily. Indeed, (3.30) implies (by a well-known property of
Hilbert spaces) that u,, — u* strongly in H 1 Asa consequence, M, (i) — M (u*) and
thus u* is a minimum point for M, on A} e Moreover, again by the strong H '-convergence
together with (3.27), it holds

A
lu* — ol > e>e¢, Vie{l,...,N},

so that u™* belongs to the interior of the set AZ% - Hence, u* is a critical point (in fact, a
local minimum) for M), and, of course, it is non-constant since the homotopy class [y] is
non-trivial. Thus, the conclusion follows from Proposition 2.2.

So, let us prove (3.30). Since {u,} is bounded in H 1 by (3.29) we have

dMy @), —u*1— 0. (3.31)

On the other hand, recalling formula (3.6) we have

1 1
d My (@) [in] = 2/ I(ﬁn)’lzde (Zn (i) + 2hm) ds
0 0

1
0

1
+/ |<ﬁn>’|2ds/ (VZi (@), ) ds
0

1 1
=2Mh(ﬁn)+/ |(ﬁn)’|2ds/ (VZp, (), ) ds
0 0
and
1 1
d My, () [u*] 22/ (), (u*)/)dS/ (Zp (n) 4 2hm) ds
0 0
1 1
+/ |(ﬁn)/|2d5/ (VZ (i), u™) ds,
0 0
so that

1 1
dMy @) [, — u™] = 2M;, () + / |(’M\n)/|2 ds/ (VZy (@), Uy — u™*) ds
o -~ (3.32)
2 [ (@ wyds [ @@+ 2hm) d.
0 0
Now, by the facts that {i,,} is bounded in H'! and converges to u* strongly in L, we have
1 1
[ 1@y Pas [ (924G 2~ utyds o,
0 0
while from the weak convergence in H' we obtain
1
0
= M, u").

1 1 1
2/ (@), w*)') ds/ (Zp () + 2hm) ds — 2/ I(M*)/Izds/ (Zn(w*) + 2hm) ds
0 0 0

Therefore, (3.31) and (3.32) yields

My (i) — My (u™)
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and thus, again by the convergence %, — u* in L™,

1 1 -1
/ |@a)' 1> ds = My (iin) (/ (Zy, () + 2hm) dS)
0 0

71 1
=/ |u*) > ds
0

finally proving (3.30). O

1
— My (u*) (f (Zn(u*) + 2hm) ds)
0

Remark 3.2 Let us recall, as already observed at the beginning of Sect. 2, that the difference
h between the relativistic energy & and the rest energy converges to the classical mechanical
energy in the non-relativistic limit (i.e. when ¢ — +00). Indeed, a simple computation shows
that

2 1
lim [ —2C 2 =—ml|y|?>, VyeR"
e>+oo \ /T — [y2/c2 2 ’
From this point of view, the classical system
mx = VV(x) (3.33)

can formally be seen as the non-relativistic limit of (1.2). A natural problem is then to study
the asympotic behaviour of the solutions given by Theorem 3.1 in the non-relativistic limit,
in order to investigate whether they converge to solutions of (3.33). This is a very delicate
question and it seems to be difficult to give a general answer. We refer to the study of the
model problem of Sect. 4 (see Remark 3.2) for a partial result in this direction when N = 1
and W = 0.

Remark 3.3 As well known since the pioneering paper by Gordon [13], a condition on the
strength of the singularity is typically needed when applying variational methods to problems
with singular potentials. In the classic (i.e., non-relativistic) case, for potentials of the type
(3.2) the usual “strong force” condition reads as & > 2; in our relativistic setting, instead, it
is enough to assume the weaker condition & > 1. This is a consequence of the fact that the
expression Zjy, defined in (3.5) and appearing in the Maupertuis functional (3.4), behaves
near the singularity as the square of the potential V: as a consequence, the potential Z,
satisfies the property (3.7) in the proof of Theorem 3.1. Notice, however, that for (3.7) to be
true @ > 1 would be enough, while Theorem 3.1 does not cover the (physically relevant)
Newtonian case o = 1. The reason for this is that the further property (3.8), required as well
in the proof of Theorem 3.1, is valid only when o > 1.

Remark 3.4 As observed in Remark 3.1, Theorem 3.1 in the case N = 1 just provides the
existence of one periodic solution of energy &, for any ¢ > mc?. Actually, this conclusion is
a direct consequence of [1, Theorem 15.1] (based on the result in [19]). Indeed, as recalled
in the proof of Proposition 2.2, critical points of the Maupertuis functional give rise (via a
linear reparameterization of time) to periodic solutions of the usual second order system

" =VZ(z)

with energy 2hm > 0. Since, as observed in the proof of Theorem 3.1, the potential Zj,
satisfies assumptions (3.7)—(3.8), and, moreover, Z; () > 0 and VZ; (1) — 0 for |u| —
+00, all the assumptions required in [1, Theorem 15.1] are satisfied (by a translation, we can
assume in this case o1 = 0), and thus the conclusion follows. It is worth noticing that the
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arguments used in the proof of [1, Theorem 15.1], relying on min-max critical point theory,
are suitable also to treat the analogous problem in arbitrary space dimension.

Remark 3.5 Let us observe that by means of a direct application of standard results it is
possible to prove the existence of periodic solutions with fixed energy for the Eq. (2.1)
when V is a globally defined smooth potential. Indeed, from [5, Theorem 1.4] applied to the
energy functional &, (see also Theorem 1.1 in [1]) we immediately deduce the validity of the
following result:

Theorem 1. Ler V : R" — R, V € CY(R"), h € Rand Zj, as in (2.9). Assume that at
least one connected component of the set

{x eR": Zy(x) +2hm > 0}
is non-empty and compact and
VZi(x) #0, VxeZ, ' (=2hm).
Then, there exists a periodic solution q : [0, 1] — R”" of the geodesic equation (2.12).

Recalling Proposition 2.1, Theorem 1 implies the existence of a periodic solution of (2.1)
with relativistic energy € = i + mc?.

The assumptions of Theorem 1 can be written in term of the original potential V: indeed,
recalling (2.9), it is easy to see that

xeR": Z(x)+2hm >0} ={x e R": V(x)+h >0}
Ulx eR": V(x)+h < —2mc?}

and that
2 2 n
VZp(x) = - (V(x) +h+mc?)VV(x), VYxeR"
c

Now, let us recall that solutions x of (2.1) with relativistic energy /& + mc? are confined in
the Hill’s region €2, defined in (2.5). Hence, if there exists 4 € R are such that the set

{xeR": V(x) +h >0}
is non-empty and compact and
VV(x)#0, VxeVl(=h),
then the assumptions of Theorem 1 are satisfied and the existence of a periodic solution of
(2.1) with energy & = h + mc? is proved.

Let us notice that when 8 > 1 and & > O this result applies in particular to the pure power
potential V : R” — R defined by

V) = -
==

for every x € R".
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4 Remarks on the optimality of the condition ¢ > mc?

With the aim of establishing the sharpness of the assumption & > mc? (equivalently, & > 0)
in Theorem 3.1, in this section we focus on the model equation

d i s e R\ {0) (@.1)
)=, , .
de \ /1= x2/c2 |x|e+2

with ¥ > 0 and & > 1, which corresponds to (3.1) with a single centre at the origin (that is,
N = 1and o1 = 0) and W = 0. Let us recall that the energy of solutions x of (4.1) in this
case is given by

I’I’lC2 K

V1= %2/c2 alx|e’
Obviously, equation (4.1) can have two different types of periodic solutions: the circular ones
and the non-circular ones. The following result holds true.

E(x,x) =

4.2)

Proposition 4.1 Let o > 1. Then:

1. Equation (4.1) has circular periodic solutions of energy € if and only if

¢ > n(a), 4.3)
where 1 : (1, +00) — R is defined by
Ja—1
2me? Y ifa e (1,2),
() = «
mc2 ifO[ > 2.

2. Equation (4.1) does not admit non-circular periodic solutions if & > 2.

Remark 4.1 Proposition 4.1 immediately implies that the condition & > mc* assumed in

Sect. 3 is optimal when o > 2. Let us also observe that, in this case, the arguments used
along the proof allow us to conclude that for every > mc? there exists a unique (up to time-
translation and time-inversion) periodic solution of energy &, which, thus, is necessarily the
solution provided by Theorem 3.1 (recall also Remark 3.1). As a consequence, we can infer
that circular solutions are local minimizers for the Maupertuis functional whenever o > 2.
Notice that for & € (1, 2), instead, we cannot obtain the same conclusion since non-circular
solutions could exist.

Moreover, again for ¢ € (1,2), we do not know if the existence of periodic solutions
when 2mc2/1T — « Ja < €< mc? can be ensured also for the more general problem (3.1).

Proof of Proposition 4.1 1. The study of the existence of circular solutions of (4.1) can be
carried out by passing to polar coordinates, writing

x(t) =re®®, VieR,

where r > 0. It is possible to see that @ is constant. Indeed, for solutions x of (4.1) the
relativistic angular momentum

mx

V1= %2/c2

XN
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[see also (4.10) and the discussion at the beginning of the proof of the second statement] is
conserved. Hence

mrie

V1= |o]?r2/c?
is constant, thus implying that @ is constant. We can then assume that
x() =re, ViteR,

for some w € R. We immediately deduce that

d mx cma’r ot
d(W) BT
for every t € R. Hence, x is a solution of (4.1) if and only if
cma’r
2

. K .
iot _ iwt
st = proasy e, 4.4)

2 — w?r

i.e. if and only if » and w are related by

5 —k2+ kK2 + 4ctmire
0 = .

dm2c2rat?

From this condition we deduce that the energy given in (4.2) can be rewritten as

2 2 2 .4 .« 1
EGi)= X % _ mer —— ) =k ). (45)
ret2e?  are —k2 4+ kK2 + dm2cH2e ar®

where

2m?ctt 1
12+ kKt ami at
We now study the admissible values of this energy, depending on the radius r > 0. It is
immediate so see that

f@) = Vi>O0.

) X mc?
lim f(t)=—. (4.6)
t—-4o00 K
On the other hand, from the Taylor expansion
2 4 4.8
Vi + dm2ch? = (1 2 2%#) +o(Y), 10,
K K

we deduce

2 4
f() = 2mct —i—<1—1>1+o<1>, i — 0.

4.8 -
dm2ct2 — 24 o(hy  at
K

Therefore, since @« > 1, we obtain
lim f(t) = +oo. 4.7
t—0t
As far as the monotonicity of f is concerned, we have
2m2ct (—Kz + kK2 + 4m2c412) — 8m*Bk k2 + 4m2c4i2
2
(—K2 + kK2 + 4m264t2)

+ (4.8)

@) =

at?’

@ Springer



95 Page 24 0of 29 A.Boscaggin et al.

for every t > 0. Now, let us define

g(t) = VK% 4+ dm?2c*t2,

for every t > 0. From (4.8) we infer that

2m2cH (=2 + kg()g(t) — 4m>c*er?] 1

/
) = __
S g(1)(—k? + g(1))? ar?
_ 2m2ctic? n I —2at?m?c? + g(®)(g(t) — k)
gn)(gt) —k)  ar? ar?g(1)(g(r) — «) '
for every t > 0. A simple computation shows that

(>0 < kg < K>+ 22— oz)m2¢34t2 — «kg()— K2 < 22 — (x)m2c412.
4.9)

Now, if @ > 2, observing that k g(1) — k2 > 0, for every r > 0, we deduce that f'(¢) < 0,
for every ¢t > 0; taking into account (4.5), (4.6) and (4.7), we can conclude that in this case
the range of the energy is (mc?, +00). As a consequence, for every ¢ € (mc?, +-00) there
exists r¢ > 0 such that

E(x,x) = ¢,

where x (1) = ree®¢!, with we as in (4.4). This proves the validity of (4.3) for o > 2.
On the other hand, if @ € (1, 2), from (4.9) we deduce that

(1) =0 & 12 1) < (K2 422 — aym*c*?)?
— 2 — a)2m264t2 + (- Ol)K2 > 0.

Hence, we have

Ja—1
F) 201> —— 207 g
me2 (2 —a)

As a consequence, f has the unique mininum point fp;, With corresponding minimum

f (tmin) = =

—Kk2+ i 8 (tmin) Olmin I'min

2m2c* tmin 1 1 1 1 2me? Jo — 1
2—o o K o

Recalling (4.5), we conclude that the minimum value of the energy is

s Vo —1
met ———.

o

2

Arguing as above, taking into account (4.7), we conclude that there exists a circular solution
with energy € if and only if & > 2mc?/1 — a/a.

2. In order to study non-circular periodic solutions, we follow the approach of [6, Sect. 2.2]
(which deals with the Kepler/Coulomb case ¢ = 1). Let us first observe that, according to
the discussion of Sect. 2, Eq. (4.1) has a Hamiltonian structure. The Hamiltonian given in

(2.3) in this case is
[ Ipl? «
H(x, p) = mc?, [ 1 — )
(. p) + m2c?  olx|®
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where p is defined in (2.2). We introduce the angular momentum

L= (x,Jp), where J= (_01 (1)> (4.10)

Now, let us define
T:(O,—i—oo)x']I‘l x R?

and the symplectic diffeomorphism
WY > (R2\{0) xR%,  (r, 0,1, B) — (x, p).
given by
x=re?, p:lem +Eiem.
r
In the new variables the Hamiltonian and the angular momentum, which are first integrals,

can be written as

Lo(r,d,1,E) =E

12 EZ 2
Ho(r 0.1, 8) = me2 |1+ LT &/ @
m2c2 ,

Hence, every solution (r, [, 9, E) = (r(t),(t), ¥(t), E(t)) of the Hamiltonian system sat-
isfies

and

2 2 2
mcz\/Hl(r) N

_ =¢,
m2c? ar(t)
for some &, L € R. This relation can be written as
1 K2 2L? K
2 _ _ 2 2 4
= 07 <m 7’”2 + 2670”’0[ + @ m-c ) . (411)

Let us now fix L > 0 and a value & € R of the energy and define
1 K2 c2L? K > 2 4
QG’L(r):§<W_7+2@W+€ —mc),

for every r > 0. According to (4.11), non-constant trajectories in the phase-plane (r, £) are
confined in the region {(r, £) : ®¢ (r) > 0}. Moreover, closed orbits exist if and only if
® ¢ 1 has two consecutive zeros and it is striclty positive between them. This cannot occur
when o > 2, as it is clear by studying the behaviour of the function ®¢ 1.

Indeed, assume first that oo = 2. In this case the function ®¢ ; can be written has

1
Qg (r) = > PZ(VZ), r>0,
c?r
where P, is the second order polynomial defined by
x> 272 Kk 2 2 4y .2
Pz(x):—2—<c L +2€f)x+(€ —m“cT)x°,
o o

for every x > 0. Since P»(0) > 0, the polynomial P, (and then ®¢ ;) cannot have two
consecutive positive zeros, being positive between them. Hence, no bounded non-constant
orbits exist.
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Now, let us consider the case @ > 2. We first observe that

2 — m2c*
lim &g (r)=+00, lim g (r)= ——5—. 4.12)
r—0+ ’ r—+00 ’ c2
and
/ 2,2 200 K o 2 =
er(r) = gl L-r Y 2€kr® | = 2,2at ] Dg (r), (4.13)

where 5@,1‘ : (0, 4+00) — R is defined by

2
D (r) = L2 < 2Ckr®,

o
for every r > 0. It is immediate to see that
~ K2 ~
lim ®¢ 1 (r) =—— and lim Pg¢ (r) = +o00. (4.14)
r—0t o r—+00

Moreover, we have
Py, () =2r"7 (@ — DPL? — aCkr®™®),
for every r > 0. As a consequence, we obtain

Dy, (1) >0, Vr>0 if¢ <0,
a—1e22\/C™® (4.15)
G ) if & > 0.
o K

5’€,L(r)>0 — r><

Therefore, from (4.14) and (4.15) we deduce that, in both cases, 5@7 1 has exactly one zero.
Taking into account (4.12) and (4.13), we conclude that ® ¢ ; has exactly one critical point,
which is a global minimum point. This proves that ® ¢ ;, cannot have two consecutive zeros
being strictly positive between them. Hence, no bounded non-constant orbits exist. O

Remark 4.2 We point out that in the Keplerian/Coulombian case o = 1 periodic solutions of
energy € exist if and only if 0 < & < mc?. Indeed, in [6] it is proved that this condition is
necessary and sufficient for the existence of non-circular periodic solutions. On the other hand,
using the notation in the proof of the first statement of Proposition 4.1, it can be checked that
the function f is increasing, with lim,_, g+ f(t) = O and lim;_, y o f(?) = mc? /i therefore,
the existence of circular periodic solutions is guaranteed if and only if 0 < & < mc?. The
value o = 1 is then in some sense a threshold for the range of admissible energies.

Remark 4.3 We conclude this section with the asymptotic study for ¢ — +o0 of the circular
solutions of energy & > mc? (i.e. h > 0) whose existence has been proved in Proposition
4.1. We refer to Remark 3.2 for the motivation and the general discussion. In the case of the
model problem studied in this section, the limit problem when ¢ — 400 is

KX

mx = xjet?”

It is well known that circular solutions of energy & > 0 of this problem exist if and only if

o > 2 and that in this case their radius R, is given by
K o—2
R} = — ——. 4.16
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On the other hand, we recall from the proof of Proposition 4.1 that the radius r = rj(c) of
these circular solutions satisfies the relation

o(r,c) = h+mc?, (4.17)

where ¢ : (0, +00) x (0, 4+00) — R is defined by

P 2C > 4.0 o ’ ( ’ ) ( ’ ) ( ’ )
- VICE()-H)OX()-I—()O
—K +KVK +4IIlCI ol

[cf. (4.5)]. More precisely, the discussion in the proof of Proposition 4.1 shows that for every
h > 0 Eq. (4.17) can be uniquely solved for r as a function of ¢, and

o(r,c) :K<

arp(r,c) <0, forevery (r,c) such that o(r,c) = h + me?. (4.19)

Let us notice, from a different point of view, that the function r; can be seen as implicitely
defined by Eq. (4.17). The implicit function theorem implies then that ry, is differentiable. A
simple computation proves that

dmc 1
VK2 4+ 4m2c*r2® (—k 4+ VK2 + dm2c*r2e)?
. (\/K2 + 4m2cty2e (2mzc4r2"‘ + 2kemctr® + K2)

—4m3c8r3 — amPctier®™ — 2mckPre — K3>,

Ocp(r,c) =

for every (r, ¢) € (0, +00) x (0, +00). It is then easy to see that
dcp(r,c) <0, V(r,c)e (0,400) x (0, +00). (4.20)

Hence, differentiating (4.17) with respect to ¢ and taking into account (4.19) and (4.20), we

deduce that

me — 9:¢(rp(c), )
3r<ﬂ(”h (0)7 C)

As a consequence, rj, decreases and there exists

2
rp(c) = <0, Yc>0.

Iim rp(c) = rp(o0) > 0.
c—>+00

We now show that rj, (00) = Ry, with R, asin (4.16), when o > 2 and that rj, (c0) = 0 when
a € (1, 2], thus proving that for 2 > O there is convergence to the non-relativistic circular
solutions when o > 2, while relativistic circular solutions disappear in the non-relativistic
limit when o € (1, 2]. To this end, let us observe that, using (4.18), Eq. (4.17) can be written
as

2m2ctr2e K
—mc*r® = hr® 4+ =,

—K + VK2 + dm2 e a

ie.
Y (mc*r®) = (), 421

where ¥, © : (0, +00) — R are defined by

2x2

L Y s A

X, OK) =hx+ <,
o
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for every x > 0, respectively. It is easy to prove that i is a decreasing function with range
(1c/2, ).
Now, from (4.21) we deduce that

Y (me*r(c)) = O (c)), (4.22)

for every ¢ > 1. Let us notice that if 7, (c0) > 0 then me2r, (¢) — +oo for ¢ — 400; as a
consequence, passing to the limit in (4.22) and recalling the definition of ®, we obtain

L ¥ (c0) + =
2 a’

ie.

K <% — é) = hrj (00), (4.23)

which is impossible if # > 0 and o € (1,2]. This shows that in the case @ € (1, 2] the
limiting radius is 0. On the other hand, if « > 2 and r,(c0) = 0, then

lim ©@¢%(c) =~ <X
c—+00 nie T 2

Hence, there exists c¢g > 0 such that
K
O () < 5 Y > cp.

Thus, for every ¢ > cp, the value (H)(rfl‘ (c)) does not belong to the range of ¥, contradicting
(4.22). We then conclude that if « > 2 necessarily r,(c0) > 0 and, as a consequence, (4.23)
holds true. This implies that 7, (c0) = Ry, and the circular relativistic solutions converge to
the circular classical solution of energy & > 0.
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