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STRUCTURE THEOREMS FOR LINEAR AND NON-LINEAR
DIFFERENTIAL OPERATORS ADMITTING INVARIANT
POLYNOMIAL SUBSPACES

DAVID GOMEZ-ULLATE, NIKY KAMRAN, AND ROBERT MILSON

ABSTRACT. In this paper we derive structure theorems that characterize the
spaces of linear and non-linear differential operators that preserve finite di-
mensional subspaces generated by polynomials in one or several variables. By
means of the useful concept of deficiency, we can write explicit basis for these
spaces of differential operators. In the case of linear operators, these results
apply to the theory of quasi-exact solvability in quantum mechanics, specially
in the multivariate case where the Lie algebraic approach is harder to apply.
In the case of non-linear operators, the structure theorems in this paper can
be applied to the method of finding special solutions of non-linear evolution
equations by nonlinear separation of variables.
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1. INTRODUCTION

It is a fact that the Schrodinger operators whose point spectrum, or at least
part of it, can be computed algebraically are often related to differential operators
admitting invariant spaces of polynomials. Lie algebras have played a unifying role
in this area, because many of these polynomial spaces turn out to be irreducible
modules for a faithful representation of a finite-dimensional Lie algebra by means of
first-order differential operators. The classical theory of quasi-exactly solvable po-
tentials has thus been built on the assumption that the exactly solvable Schrodinger
operator under study should be expressible as a quadratic element in the universal
enveloping algebra of a finite-dimensional Lie algebra of first-order differential op-
erators, admitting an explicitly computable invariant subspace of square-integrable
functions, or a complete infinite flag thereof [1-4]. Burnside’s Theorem serves as
a strong argument in favor the Lie algebraic approach since it implies that any
endomorphism of an irreducible module for a Lie algebra can be represented as
a polynomial in the generators of the algebra. However, recent results show that
the Lie algebraic approach suffers from various limitations that reduce severely its
applicability:

(1) In the case of polynomial subspaces in one variable, the Lie algebraic ap-
proach can only be applied to find the differential operators that leave the
polynomial space P, = (1, z, 22,..., 2") invariant, but it cannot character-
ize the set of differential operators that map P, into P,,, C P, with m < n.
This simple problem has motivated the important notion of deficiency used
throughout this paper, and applications of it can be found in the construc-
tion of solvable classical many-body problems by considering the motion of
zeros of polynomials whose coefficients evolve in a controlled manner [5].
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(2) Other subspaces generated by polynomials exist which are not isomorphic
to P,. The Lie algebraic approach cannot be applied in these cases, as was
already noted by Post and Turbiner, who characterized the spaces of linear
differential operators which preserve polynomial subspaces in one variable
generated by monomials. In their work [6] they solved this problem with no
reference to Lie algebras. The case of a general space spanned by polynomi-
als — referred to as the generalized Bochner problem in [6]— remains still
open. Somewhat surprisingly this direct approach has not been pursued
until very recently, where it has been shown that the class of quasi-exactly
solvable potentials is larger than the Lie-algebraic class [7], and that even in
Lie-algebraic potentials other non-sly algebraizations exist which allow to
obtain more levels from the energy spectrum of the Hamiltonian, [8]. The
existence of differential operators that preserve a general polynomial space
and cannot be expressed as quadratic combinations of the generators of sly
is not in contradiction with Burnside’s theorem, since a general polynomial
space is not the carrier space for an irreducible representation of sls.

(3) In the case of multi-variable polynomial subspaces, the problem of char-
acterizing the set of linear differential operators that leave these spaces
invariant becomes untractable in the Lie algebraic approach. The reason is
that, contrary to the single variable case where essentially sly is the only
algebra of first order differential operators with finite dimensional repre-
sentations, in more variables many more algebras exist. But moreover, the
characterization of second order operators as quadratic combinations of the
generators of these algebras requires an extensive analysis of the syzygies
corresponding to the primitive ideals associated to the irreducible represen-
tations [9]. These problems are entirely bypassed in the direct approach, as
shown in Section 3 of this paper, where a simple characterization is given
for the set of linear differential operators of any given order r that leave
the simplicial module

P, =span{zl’ ... 2% i1+ +iy <n}

invariant. Our results coincide with the formulas for the special case N = 2
and r = 2 derived in [9] using the Lie algebraic method.

It has now become clear that the connection to Lie algebras is not an essential fea-
ture of exact or partial solvability. Our goal in the first two Sections of this paper is
to present a direct method to characterize linear differential operators with invari-
ant polynomial subspaces which is simpler and more powerful than the Lie algebraic
approach. We restrict in this paper to the simplest case of polynomial subspaces,
namely the simplicial modules P,,, the case of general polynomial subspaces shall
be treated elsewhere. For any number of variables N, we provide an explicit ba-
sis for the space of linear differential operators of any order r that map P, into
Pm C P, with m < n. It should be stressed that although these results allow to
construct many differential operators with invariant finite dimensional polynomial
subspaces, in general it is not known whether a transformations exists that puts
the operator in Schrodinger form. Therefore the results in Sections 2 and 3 are only
a first necessary step in the theory of higher dimensional quasi-exact solvability. A
general theory would need to face the difficulties of the equivalence problem [10].
Despite this fact, it is worth mentioning that a few examples of partially solvable
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multi-dimensional Hamiltonians exist [11-13], which are mostly extensions of the
Calogero-Sutherland class.

This paper also addresses the study of nonlinear differential operators with poly-
nomial nonlinearities which possess invariant polynomial subspaces. The motiva-
tion for this study is twofold:

(1) In [14], the important concept of operator duals is introduced. Given a
finite dimensional space of functions F,, = span{fi,..., fn} which are re-
quired to satisfy certain regularity conditions, the operator duals are linear
differential operators defined by the relations

D;[fi] = 5;

These operators are used in the reduction of non-linear evolution equations
to dynamical systems by a method of non-linear separation of variables.
In [14] the existence of these differential operators is proved together with
results on the regularity of the coefficients. The proof is constructive and
therefore given any space JF, whose basis elements satisfy the required
regularity conditions, non-linear evolution equations can be written which
have solutions in the space F,, i.e. special solutions exist of the form
u(t,z) = Yo ¢i(t)fi(x) where the coefficients ¢;(t) satisfy a system of
coupled non-linear ODEs. However, the order of the operator duals is
precisely the dimension of the space F,,. The price to pay in order to have
invariant spaces of high dimension is that the order of the resulting evolution
equations grows with the dimension of the space. For dimensions n larger
than six this reduces the applicative interest of the resulting equations.
The motivation coming from [14] is to construct operators that generalize
the operator duals, so that the order of the resulting equation and the
dimension of the invariant subspace can be independently chosen. In the
case of polynomial subspaces P, , the generalization of the operator duals
to arbitrary order » < n are the so called mazimal deficiency operators
introduced in Section 2.

(2) The second motivation comes also from the results on non-linear separa-
tion of variables by King, Galaktionov and Svirshchevskii [15-19]. In these
papers special interest is given to translation-invariant evolution equations
with quadratic non-linearities which admit solutions via non-linear separa-
tion of variables. From a physical context, applications are found in nonlin-
ear diffusion and thin film equations. In this paper we extend these results
by providing a comprehensive structure theory for autonomous nonlinear
operators that preserve a polynomial space P,,.

Our paper is organized as follows. In Section 2, we present our direct approach
in the case of linear differential operators in one variable. Besides the order of a
differential operator, we introduce two key invariants which can be freely specified,
which are the degree and the deficiency of the operator relative to a polynomial
space P,. The order, degree and deficiency are shown to specify the operator
uniquely up to scaling by a constant. The operators of maximal deficiency generalize
the operator duals of [14] to any order lower than n. We give an explicit basis for the
space of operators of given order and deficiency. Section 3 is concerned with linear
differential operators in N variables, where all the results of Section 2 are shown to
extend to the case of simplicial modules, that is multivariate polynomials of total
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degree bounded by a given integer. Section 4 is concerned with non-linear operators
preserving polynomial modules, where we give an explicit decomposition theorem
for the most general non-linear operator with polynomial coeflicients preserving a
simplicial module. Section 5 studies the deficiency concept for non-linear operators
with polynomial nonlinearities. Section 6 concentrates on non-linear operators that
are translation invariant (autonomous) deriving also structure theorems for this
class. On Section 7 the application of these results to non-linear separation of
variables is discussed while some explicit formulas are given for quadratically non-
linear autonomous operators in Appendix A.

2. LINEAR OPERATORS IN ONE VARIABLE

In this section, we consider the class of scalar linear differential operators on
the real line, with polynomial coefficients. We are interested in the subclass of

operators which have a definite order, degree and deficiency. These quantities are
defined as follows. The order of

(1) L=> ai(x)D', D:=—
=0

is as usual the largest r for which the coefficient a,(z) is not identically zero. We
say that L is of degree d € Z if for all j € N, there exists ¢; # 0 € R not all zero
such that

(2) L{z7] = ¢j 27+,
In order to define the deficiency, we fix n € N and consider the vector space
(3) Pn =span{l,z,...,a"}

of polynomials in x of degree less than or equal to n. We say that L has deficiency
m € Z relative to P, if

(4) LPy C Prm, but LPp & Prm1.

Let ES"% denote the set of linear differential operators with polynomial coefficients,
of order less than or equal to r and of deficiency greater than or equal to m relative
to P,. Again, we emphasize that the notion of operator deficiency only makes
sense relative to a particular n. Most of our discussion will be carried out with the
assumption that the n in P, has been fixed. As such, we will often omit the n in
our terminology and notation, simply speak of the deficiency of an operator, and

write L, ,, instead of nglm.

Proposition 1. The set L, ,, is a subspace of the vector space of all linear differ-
ential operators, i.e., it is closed under linear combinations.

Proof Given linear operators L, L' € L, ,,,, the order of any linear combination of
L and L' is less than or equal to . Similarly, the deficiency of a linear combination
is greater than or equal to m. O

Proposition 2. The deficiency of a non-zero linear operator cannot exceed its
order.

Proof Suppose that L € L, ,, is a linear operator such that m > r. The operator
D"~™m+1[, annihilates P,,, but has order less than n + 1. This is impossible. O
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Trivial examples of operators with given order, degree and deficiency are given
by the operator D?, which has order i, degree —i and deficiency i, and the multipli-
cation operator x7 has order zero, degree j and deficiency —j. These operators do
not depend on the degree n of the polynomial space P,. A more significant exam-
ple, which depends explicitly on n,r,m,d with0 < m <r <nand —-m<d<r—-m
is the operator

(5) Lyma:=a'(n—j—aD)D?, i=r—m,j=r—d—m, k=d+m
where we have introduced the Pochhammer operator

6) (n—xaD):=(-1)*aD-n)(zD-(n—1))---(zD - (n—k+1)).
A basic result is the following:

Proposition 3. The operator L,,q has order r, degree d and deficiency m.

Proof Since the k-fold composition appearing in the right-hand-side of (@) anni-
hilates the monomials z™, ..., 2" **+1 the operator in (@) has order k, degree zero
and deficiency k. It follows that the operator (n—j —xD ), D’ has order r = k+ j,
deficiency m = k + j and degree d = —j. By left-multiplying by a monomial of z
we raise the degree and lower the deficiency, so that L,,,q has order r, deficiency
m, and degree d. ([

Following Proposition B it is helpful to refer to an operator whose deficiency
equals its order, as a maximal deficiency operator. To this end, we will use the
symbol

1
7 K ;= 7_[/ i =
e [ ]
to denote the operators of maximal deficiency. The normalization constant of ﬁ
will be useful in later formulas. These operators have a number of interesting
properties, and play a key role in our theory.

(n—j—aD),_;D’, 0<j<r<n,

Proposition 4. Up to multiplication by a non-zero real constant, the operator K, ;
is the unique ™ order maximal deficiency operator with polynomial coefficients
having degree d = —j, where 0 < 5 <.

Proof Let L be an r*" order maximal deficiency operator with polynomial coeffi-
cients and having degree d. Since L has polynomial coefficients, d > —r. As well,
L maps z* to a multiple of zF*?. Hence,

Llz" =0, n—r—d<k<n.

However, a non-zero r*"-order operator can annihilate at most r monomials. Thus,
we have established that 0 < j <r, where j = —d.

The leading order term of both L and K,; is a multiple of 2"~7D". Hence,
there exists an a € R such that the order of L — aK,; is less than r. However, the
deficiency of L — aK,; is greater than, or equal to r. Therefore, by Proposition
we have L = aK, ;. 0

Proposition 5. For every 0 < j <r < n, we have

(8) (r=)!Ky; = (n—j—aD),_; D) = Di(n—aD),_,.
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Proof The operators (n—j — D ),_; DI and D/(n — D ),_; both have order r,
deficiency r and degree —j. By Proposition H they differ by a scalar multiple. By
comparing the coefficients of the leading order, we see that these two operators are
actually equal. (I

Proposition 6. For a fized r, the operators K.,; are recursively defined by
(9) [D7 Krj] = _KT,j+17 Krr =D".

Proof Setting k = r — j, we have, by Proposition B

[D, Krj] = (T_lj)| (Dj+l(’n —azD)—(n—j— .CL'D)ij+1)
— (7‘ _1])' Dj+1((n — ID)k — (n—|— 1— I‘D)k)
= - - fj)! D”l(n —aD)—1
=—Krjy1. U

We can also expand the maximal deficiency operators into an operator sum.

Proposition 7. We have

3

J Nk
n—k—j\z .
10 Kyj=) (-1)* — Dkt
(10) =X ()R
Proof Let K,; denote the right hand side of (). A direct calculation shows that

[Dykrj] - - Ar,jJrlv K’I"T =D".

Hence, by Propositionll K,; and KTj have the same recursive definition. Therefore,
the two operators are equal. (I

Proposition 8. We have dimL,, = r 4+ 1. Indeed, the operators K,;, j =
0,1,...,7 form a basis for the vector space L, .

Proof Let L € L, , be given. Decomposing L into operator monomials of homo-
geneous degree, we have by Proposition Bl and the fact that P,, is generated by
monomials,

L= i aj Krj.
j=0

Since the K,; are linearly independent, we conclude that dim £, , = r + 1. [l
The following corollary follows immediately.

Proposition 9. We have
(11) Er,m — Fr—m X Er,ry IUZth dnn Er,m = (T —+ 1)(7‘ —m + 1)

In particular, the set of operators of order r or less that map Py to itself is of
dimension given by (r +1)? = dimgl(r + 1,R).

We conclude this section with a simple example:
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Example 1. A basis for the vector space L2 of operators of order two and
deficiency two is given by

Ky = D?
Koy = (2D—n+1)D=2D*+(1-n)D,
Koy = (2D —n)(xD—-n+1)=2*D*+2(1 —n)xD +n(n—1).

3. LINEAR OPERATORS IN SEVERAL VARIABLES

The results of the preceding section extend readily to the case of linear operators
in N variables (z1,...,zn). We consider the vector space

(12) PN = {2 i+ iy <nb,

of polynomials of degree n in N variables, of dimension (N :") We shall use the

standard multi-index notation whereby given a multi-index I = (i1 ...ix) € NV,
we let

(13) oli=al 2y, Dri=m— o ——.
Oz} oz

The notions of order, degree and deficiency are defined similarly to the single-

variable case. Thus, an operator

T

(14) L= Z a](,Tl,...,{,CN)D],
|I]=0

will be of degree d € Z if for almost all I € NV there exists c;; # 0 € (RV)? such
that

(15) Lz'l= Y ca’.
|J|=|1|+d

In order to define the deficiency, we fix again n € N, and say that L has deficiency
m € Z relative to P if

(16) LPY c PN but LPY ¢ PN ..

As in the single variable case, it is easy to see that the deficiency of an operator can-
not exceed its order. For example, the operator Dy has order |I|, degree —|I|, and
deficiency |I|, and the operator o/ has order zero, degree |I|, and deficiency —|I|.
Again, a more significant example is obtained by introducing the Euler operator

" 0
(17) E:= ;x(??
the Pochhammer operator
(18)  (n=E):=(~)"E-n)(E-(n—1))...(E—(n—k+1)),
and considering the operator
(19) al(n—|J| = E)xDy.

This operator has order |J| + k, degree |I| —|J| and deficiency |J| + k — |I|. Again,
if we let £, ,, denote the vector space of linear differential operators in N variables
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(z1,...,2N), with polynomial coefficients, of order r and deficiency m, then we
have
N — N
(20) dim Ly = < +r m) < + T),
r—m r

or equivalently
(21) Er,m =Pr-m® Er,r-

This formula is in agreement with the result obtained in [9] for operators in two
variables, in which it was proved that

2
(22) dim £,.0 = <2 + T) .

r

The proof given in [9] was less direct and required an analysis of the syzygies defined
by the primitive ideals associated to the irreducible representations of sl(3, R).

It is easy to see that in contrast with the single variable case, the order, degree
and deficiency are not sufficient to characterize an operator uniquely up to a non-
zero factor. We have:

Proposition 10. A basis for the vector space of linear differential operators with
polynomial coefficients, of order r, degree d and deficiency m, in N wvariables is
given by

(23) wf(n —|J| = E)wDy, |Il=r—m,|J|=r—d—m,k=d+m.

This vector space is thus of dimension

(24) (N—I—T—m—l)(N—l—r—m—d—l).

r—m r—m-—d

4. NON-LINEAR OPERATORS

Our objective in this section is to show that the results of the two preceding
sections can be applied to prove a structure theorem for a class of non-linear differ-
ential operators admitting invariant polynomial subspaces. We shall see that these
results complement the structure theorems for operators preserving simplicial mod-
ules which were proved in [14].

In dealing with non-linear operators it is convenient to identify differential op-
erators with functions on jet space. To that end, let

J"(R) =R x R"!

denote the bundle of r-jets of smooth maps from R to R. The r-th prolongation of
a smooth, real-valued function f(z) is a section of J", namely

pr’l"(f):(f5 Df7 D2f7"'7DTf)

Thus, the action of an operator on a function of z is the same thing as the compo-
sition of a function of the jet variables with the prolongation:

T[f]=Topr.(f).
We introduce the standard jet coordinates x,uyp = u,u; = Uy, U2 = Ugg, ..., Uy OO
J" so that

D?[f] = uj o pr.(f).
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Henceforth, we fix n. By Propositions B and [, all linear operators of order r
are expressed uniquely as polynomial linear combinations of the maximal deficiency
operators K, ;. Thus, a linear operator K,; maps P, to P,_,; a quadratically non-
linear K;;K,; maps P, to Py(,_r), a cubically nonlinear K,;K, ;K maps P, to
P3(n—r), etc. This implies:

Proposition 11. Every operator ( linear or non-linear ) of order r can be uniquely
expressed as

(25) T := p(x>+Zpi($)Kri+Zpij($)KriKrj+ Z Pijk () Kri K j K+ -+
i i<j i<j<k

The operator in question will map Py, to Py if and only if

(26) PEPn, pi€Pr, pPij €Por—n, Dijk € Psr_2n, ...

The above proposition has the following obvious consequence:

Corollary 1. An operator of order r < 5, mapping Py, to P, is necessarily linear.

Ifr < %", then the operator will have at most quadratic non-linearities.

Conversely, the above proposition can be used to bound the degree of any poly-
nomial space which can be left invariant by a non-linear operator. We have, for
example:

Corollary 2. A second-order operator will preserve a polynomial space of degree
at most four.

The extension of these results to multivariate differential operators acting on
simplicial polynomial modules is straightforward. We are interested in writing
down all non-linear differential operators of order r that preserve
(27) Py o= {2t .2 i+ +in < n}

We recall that for fixed order r the maximum deficiency that an operator can attain
is r, which is achieved by any of the following mazimum deficiency operators:
(28) Kj€Ly,, = K;=(n—|J|—E),_; D’
(29) J={ N la+ v <rh
The extension of Proposition [l to the case of multivariate differential operators

and polynomial modules is straightforward by just substituting the simple indices

1,7 into multi-indices I, J, each of which can assume dim £, , = (N;LT) different

values. Similarly, the two Corollaries hold verbatim in the multivariate case.
Example 2. Write down all second order operators with quadratic non-linearities
that map Py into itself. A direct application of Proposition [[1] allows to write:

(30) Tlu] = Z Dij Koi Koj
0<i<j<2
where p;; = pj; are constants, and where
K20 = 6u0 - 3$U1 + %.IQUQ,
Koy = 3u1 — zug,

Koo = us
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The resulting quadratic combination is the following six parameter family of oper-
ators:

T = poous + por (—xus + 3uius) + poz (r2ud — 6zuius + 12usug)
+p11 (2%l + 9u? — 6zusuy)
+ p1a (—23ud + 922 urus — 62(2uaug + 3u?) + 36u1ug))
+p22 (2 2%ud — 33uius + 32% (2uauo + 3ui) — 36zuiug + 36uf)

If we are interested in finding only autonomous non-linear equations we need to
consider the translation-invariant subfamily of the above operators, i.e. operators
where the variable z does not appear in the coefficients. Imposing this condition
leads to

Pro =pi12 =p22 =0; pi1+p2 =0,
so that the only autonomous second order non-linear operators which preserve the
space P, are:

(31) {u2,, 4ugeu — 3ul}.

xrx

The first of these two operators is easily seen to map P, into itself. The second
operator is more interesting. Each of the non-linear terms ui and ug,u transform
a 4*M-degree polynomial into a 6*P-degree polynomial. However, the linear combi-
nation 4uz,u — 3u§ cancels the coeflicients of degree 6 and 5, and hence defines a
map from P to itself (see also [15] and [19]).

We investigate further in the analysis of autonomous non-linear operators with
invariant polynomial subspaces in the following section.

5. THE ALGEBRA OF POLYNOMIALLY NON-LINEAR OPERATORS

In this section we continue the study non-linear operators that are polynomial
in the function and its first n derivatives. First, let us fix some notation. Let

T =Rz, ug,. .., up]

denote the commutative algebra of non-linear operators that can be expressed as
polynomials over R in x and the derivatives u;. Multiplication in this algebra is by
pointwise multiplication, rather than operator composition. We grade this algebra
by total degree in the u; variables:

T-D7.
=0

where
Ty = span{z? ug, ui, ---u;, | 0 < j < 0o}

We will refer to the integer ¢ as an operator’s degree of non-linearity. Thus, 7;
is the vector space of linear operators, 75 the vector space of quadratically non-
linear operators, etc. The vector space 7y is the space of constant operators. For
example, the operator x maps all of P, to z. Thus, 7y is a subalgebra of 7, which
is isomorphic to the polynomial algebra in the variable x. All the other 7,, ¢ > 1
are merely subspaces of 7, not subalgebras.

We further grade each 7y according to the following monomial weighting scheme:

(32) wt(u;) =n — i, wt(z) = 1.
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Thus,
(33) T =P T,
k=0
where
‘ ‘
(34) Ton = span{ad sy - i, | j+nl =3 iy = b}
s=1

is the subspace generated by monomials having weight k. We will refer to the
integer n — k as the monomial deficiency. If M = x7u;, u;, ... u;, is an operator
monomial with

£

4
(35) k=wt(M)=j+nl— i,
s=1

then, in accord with the above-introduced meaning of deficiency, M maps P,, into
Pk, but not into Py_1.
In other words, every operator T' € 7 admits the unique decomposition

(36) T=Y T,
N

(37) Tg7k = E Cjiliz,,,ilx]uiluiz e uie,
0<iy <io<---<ip<n
k:j+n27(11+12++1@)

and where the sum is taken over finitely many values of £ and k. For generic values
of the coeflicients Cj;, . ;,, the operator T, ; has deficiency n — k. However, for
certain very specific values of the coefficients, the actual deficiency is greater than
the monomial deficiency. This is so because in the linear combination [B1) there
might occur some cancellations in the terms of highest degree. We see for instance
in Example 2 that relative to Py, the operator

dugpu — 3ui = 4dusug — 3u%

has monomial deficiency 4 — k = 4 — 8 + 2 = —2. However, the actual deficiency of
this operator is zero.

Next, we describe generators for 7 that will allow us to precisely determine the
deficiency of an operator. Following Proposition [, let us re-introduce the linear,
nth-order operators of maximal deficiency:

n—j _ xi
(38) v; :Knj=2(—1)zﬁui+j j=0,...,n.
i=0
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Thus,
(39) Up = Up,
(40) Vpe1 = Up—1 — TUn,
Up—92 = Up—2 — TUp—1 + %xzun,g,

1,2 1,3
Un—3 = Up—3 — TUp—2 + 5L Un—3 — & Un—4,

These operators transform all elements of P, into a constant. In other words, the
v; are the operator duals [14] to the monomial basis of Py,:

vj[ajk/k!] = 5jk, k=0,1,...,n.

More, generally let us write

n—j
_ .
(41) ;(t) = E Uipj— F=0,...,n.
i=0

7!
In this way,
’Uj = ’ELJ(—I)

Proposition 12. We have
(42) Uj(s+1) =) it;(s) -

Proof We have
ﬁj/(t):ﬁj_;,_l(t), 7=0,1,...,n—1,
ay(t) =0,
1;(0) = uj.
Hence, u; — @;(t) defines a 1-parameter transformation group of 7. The desired

result follows immediately. O
Now, we can invert the relations (B8), and express the u; in terms of the v;.

Proposition 13. For j =0,...,n, we have
n—j i
(43) uj =Y viry ot
i=0
Proof We apply [2) with s = —x and t = z. O

Proposition [[3 shows that x, vy, ..., v, freely generate the algebra 7. The rela-
tions BY) and (E3]) are homogeneous relative to the weights ([B2). Hence, setting

(44) wt(v;) = n—J,

we recover the grading by monomial deficiency relative to this basis. We now deepen
the grading by defining

¢
m .
Tt k,m = span{z™ v, viy -+ v;, | M+ Nl — g is =k},

s=1
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so that
k
Tor = @ To kom.-
m=0

Proposition 14. The elements of Ty j, m have monomial deficiency n—k and actual
deficiency n — m. Consequently, every operator T € Rz, ug, ..., u,] has deficiency
n —m, where m is the x-degree of the polynomial

T = Q(xvaa' e ,Un)
that expresses T' relative to the x,v; basis.

Proof Since the relations [B8) 3] are homogeneous relative to the weighting
scheme ([B2) (@), the elements of 7y, have weight k, and hence have monomial
deficiency n—k. Since the operators v; map all polynomial to constants, an operator
Q(z,vg,...,v,) € T, having m as its a-degree, maps P,, to P,,, but not to Py,_1.
Therefore such an operator has deficiency n — m. O

The key application of the above grading has to do with the decomposition
of an operator according to monomial deficiency. Our analysis would be greatly
simplified if we could be certain that the decomposition of a non-linear operator
T according to monomial deficiency respects the actual deficiency. In other words,
when considering operators of a fixed deficiency, no generality is lost by considering
operators that are homogeneous in degree of non-linearity and monomial deficiency.

Corollary 3. Let T be a non-linear operator whose deficiency is n —m or more,
t.e., T maps Py, into Pp,. Let Ty be the summands of the decomposition of T
according to degree of non-linearity and monomial defiency as per [B8l) B2). Then,
each Ty also maps Py, into Pp,.

6. AUTONOMOUS, NON-LINEAR OPERATORS
Our main focus in this section is the subalgebra
(45) A=Rlug, - ,un] CT

of translation-invariant non-linear opearators. The subalgebra inherits the bi-
grading relative to degree of non-linearity and monomial deficiency, with

oo nl
(46) A= DDA
=0 k=0
where
¢
(47) Ap e = AN Ty = span{ug, ug, -+ ug, | nl — Zis =k}
s=1

Our key result in this section is the characterization of the deficiency of autonomous
operators. In other words, we describe A N 7y, .-

The obvious approach to construct non-linear operators of deficiency m would
be to write a generic polynomial p(x) € P,, with indeterminate coefficients, act on
it by (B6l) where the degree of the possible non-linearities is bounded by Proposition
[T and impose that the coefficients of all the terms in 27 for j > n — m vanish.
However, based on the useful concept of deficiency we choose here to adopt a
somewhat different approach.
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We seek operators that are both translation-invariant and that have maximum
deficiency. To this end, we define

Un—1
48 = ;
(48) £=
n—j i
i=0 ’
and note that
(50) IQ = Unp, Il =0.

The jet space function £ is only defined on open neighborhood w, # 0 of J™.
Thus, the operators I; are defined only for elements of P = P,, \ Pp_1, the set
of polynomials of degree exactly equal to n. We can still speak of the deficiency of
such operator, but this has to be understand in terms of P rather than P,.

Proposition 15. The non-linear operators I, I ..., I, are translation-invariant,
and have mazximum deficiency n. In other words, these autonomous, nonlinear
operators transform every nth degree polynomial into a constant.

Proof By definition,

As well,
(51) E=x+

Un—1

Un,
Hence, Proposition [[2 implies that in addition to @) we also have

n—j ] o\

- —_1)kF= B it}

(52) ey = (-1 o (2]

k=0
Hence, the operators I; are polynomials of the v; divided by a certain power of
vUp = Up. Therefore, these operators are both translation invariant and of maximal
deficiency. O
We can also invert the relations (), and express the u; in terms of the I;.

Proposition 16. For j =0,...,n, we have

n—j :

51

(53) uj = > In_ij i

i=0

é-n Jj—1

54 =) Ii———,
(54) ; (n—j—1)!

=0
Proof We apply ) with s = —¢ and t = £. O

Thus, relations @3 B3J) tell us that the operators Iy, &, I> . . ., I,, also generate the
algebra of autonomous operators. These relations are homogeneous with respect to
the monomial weights defined in ([B2). Hence, setting

(55) wh(l;) =j,  wh(€) =1

we recover the grading by monomial deficiency relative to this basis.
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Unfortunately, the operators I;,{ are not polynomials in the u;, and hence are
not elements of A. Let us therefore consider the larger algebra

(56) A=R[Iy,&, Ir, I3, ..., 1,]
generated by & and the autonomous operators of maximal deficiency. Thanks to

E3) we know that A C A, but this inclusion is strict.
We now deepen the grading of A by defining

Avjm = span{€™ Ly - L, | m+iy + - +ig = k},
so that

oo nl

A= DD D A

£=0 k=0 m=0

Proposition 17. We have Agykym =An Do km, i.e., the elements of Agykym have
monomial deficiency n — k and actual deficiency n — m.

Proof This follows from (1) &2), and the fact that the operators v; have maximal
deficiency. O
In other words, the deficiency of an autonomous operator is n minus the £-degree of
the polynomial that expresses that operator relative to the &, I; basis. We are left
with the question of the nature of the inclusion of A in A. In other words, which
polynomials in &, I; define true polynomial operators.

Theorem 1. Let T = P(x,ug,...,u,) € T be a non-linear operator, and let T =
Q(z,vg,...,v,) be the expression of this operator relative to the non-autonomous
generators x,v;. Then T is autonomous, i.e. P is independent of the variable x if
and only if

T=QE&1I,...,12,0I).
In this case, the deficiency of T is equal to n minus the £-degree of the polynomial
Q& L, ..., Ip).

Proof By Propositions [[3 and M6, we have

n—j PR G g
Uj = E Ui-i—jF: E In—i—j ﬂu 320717"'7/”7
=0 ’ =0 ’

where, as we noted before, Iy = 0, and Iy = v,, = Uy, O
Example 3. Let us recast the analysis began in Example 2 in terms of the above
operator bases. Relations HE3) and (B3)) take the form

Uy = Vg = Io;

U3 = V3 + TU4 = {lo,

Uy = v + 2v3 + 5 27vy =L+ 11

up = v1 + xve + %:v2v3+ %$3U4 =I3+§Iz+é§3[0;

ug = vg + xv1 + %I21}2 + %IB’Ug + i zhoy =1+ &+ %{212 + i{‘lfo.

Our goal is to write down all autonomous operators with quadratic non-linearity
and zero deficiency, i.e., operators that map P, into itself. By Proposition [
and the above relations, we are obliged to consider polynomials that are quadratic
in Iy, Iy, I5, I, and that have degree 4 or less in the ¢ variable. The question
is: which operators of such form are quadratic in wug, w1, us, us, us? By Corollary
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B, no generality is lost by considering operators of a fixed monomial deficiency.
Evidently, if the monomial deficiency is 0 or more, the operator will preserve Py.
Hence, we must consider operators having monomial deficiency —4,—3,—-2,—1,
which corresponds to k = 8,7, 6, 5, respectively. The most general operator having
k = 8 is a multiple of the monomial (ug)?. Such an operator will have actual
deficiency of —4 as well. Similarly reasoning holds for operators with k = 7; these
are multiples of ugu;. Let us consider the case k = 6. The ansatz is now

Co2 ugus + C11 U% (3002 =+ 4011) 1)4 I + (3002 =+ 4011) V34 I + l.o.t.

144

144(3002+4011)10 I +0§5+10t

Hence, such an operator preserves Py if and only if is a multiple of 4ugus — 3u?, as
has already been proven by other methods.
Finally, let us consider the case k = 5. Now, the ansatz is

1
003 Uous + 012 Uiy = ﬂ(cog + 2012) 1)4 {E + —(003 + 2012) 1)31)4$ + l.o.t.

1
= ﬂ(OOS +2C12) IZ €5 +0¢* +1o.t.

Hence, such an operator preserves P if and only if is a multiple of 2ugus —ujus. In-
deed, because I; = 0, the above calculation shows that this operator has deficiency
1, i.e. it maps P4 into Ps.

Autonomous operators with quadratic non-linearities. We restrict from
here on to 73, the vector space of operators with homogeneously quadratic non-
linearity. We present a complete characterization of such operators in terms of de-
ficiency, thereby extending the results of Svirshchevskii [19] and Galaktionov [15].
Our analysis can be extended to operators with higher non-linearities, but this shall
be treated elsewhere.

Following [B3), we let

n
2= P %
k=—n
be the linear space of quadratic autnomous non-linear operators up to order n,
graded according to monomial deficiency. Thus,

(57) Q = Ay = span{u;u; | 0 <i < j <n},

(58) mm@:(”;ﬁ,

(59) Qr = Agp_p =span{uu; |i+j=n+k, 0<i,j<n},
(60) dim Qy = V_TWJ +1,

where and |-] denotes the floor function.
Each of the elements of the above basis of Q. has a different order r, the minimum
and maximum orders for each k being:

(61) r® = [_n i k—‘ , T(k)x = min(n,n + k)

mln 2 ma.
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All of the above basis elements have the same deficiency k, i.e. they map P, into
Prn—r. However, Example 2 and Example 3 show that within each Qj there can be
elements whose deficiency is greater than k.

Remarkably, each Qy, possesses an adapted basis that further grades it according
to operator order and deficiency. In this regard, for TI(I];)D <r< rﬁ,’fgx, let us
introduce the operators

T

li—k+1 -
= BTG e

i=k+n—r
We are now ready to state the main result of this Section:

Theorem 2. The operator Q, has monomial deficiency k, order r, and deficiency

min

(63) m(k,r) =k + 2 (r ) ) .

Furthermore, {Qp.r | k) <r< TE,%I} forms a basis of Q.

man

This result is similar to that proved in Proposition H for linear operators: up
to a scalar multiple there is only one quadratic autonomous operator with a given
order r, monomial deficiency k, and deficiency m(k,r). In Appendix A we show
the explicit form of these operators for n = 4,5 and 6.

We will prove the theorem by finding a generating function for the operators
Qk,r- This requires some new notation. For a bivariate formal series,

p(z,w) = Z pij 2w,

i,5>0
let us define

(64) G{p(z,w)} = Zp“zZ

i>0

to be the series formed from terms where the two variables have equal exponents.
We will also adopt the convention that

o ()T

Proof| Proof of Theorem Pl] We extend the definition ([B2) of Q. to all0 <r <n
by setting

min(n,n+k)

@ S () e

i=max(0,k)
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We can now form a generating function for @y , as follows:

(67)
Q(Z,t) — Z Z Qk:,r' LT tnfkr
k=—nr=0
= Z Z(_l)z n—1 n-—7J +1 i an'rthfi*j
Fpmtesrd n—r n—r+1
— Z (_1)1271g{z(1 +Z)7L7i(1 +w)n7j+1}uiuj t2n7i7j
i,j=0
) =3 > (n_l_p)zlg{d B2 b ) T S
,j=0 p,q=0

where s = 2n — i — j — p — ¢, and where we used relation @4) to replace the u;
with the I;, the autonomous generators of maximal deficiency defined by E3). Let
us extend the definition of I; to all j > 0 by setting

j .
) 51
(69) I = Z(_nzunﬂ-,jﬁ,
i=0
and agreeing that u; = 0 for j < 0. However, we must note that the newly

defined autonomous operators I;, j > n are no longer maximal deficiency operators.
Interchanging the summation order in (B8) and re-indexing with

i—on—p—i, jon—qg-—j
we obtain
n mn—pn—q E]
Qlzt)= Y (—1)° (n B y B ) 20 {z(142) (1 + w)"*j“}zpzqf—, g2
p,q=0 i=0 j=0 p— s
zn: n—pn—q

(—1>i(f>zlg{z<1 R D VA

with s = ¢ + j henceforth. Relation (4] holds for j < 0, thanks to the extended
definition (B9) of I;, j > n. Hence,

2n 2n—p—q2n—p—q—1i

Z Z Z (_1)i<l) 7lg{z(1+z)p+l(1—&—w)q““}]] tp+q+s

p,q=0 =0
2n 2n—p—q s

= Z Z n p—i <Z> 7lg{z(1+z)P+l(1+w)q+1+s Z}I I § tp+q+‘5

p,q=0 s=0 =0
2n 2n—

(10 =) Z )P G {21+ 2)P (1 + ) (w — 2)* Y, t””“

p,q=0 s=0

For every positive integer s, let us introduce the generating function

(71) (. g, 5:2) = G{(1 + 2)P (1 + w)!(w — 2)°} = Z(bp,q,pys z°

(72) Pp.g.p.s = g(_l)pi <z;) <2p —qs - z) (p . z>
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Thus,
(73) Pp.a.p,s = 0, $>2p,

2
(bp,q,p,?p = (—1)p< ;),

2p—1
Op,a,p2p—1 = (q —p)( 0 )7

travarms=((3) - () (%, ) -ra(;2)

Before continuing, let us note the following properties of this function:

(74) o(p.q,52) = (—1)°¢(q, p, 5; 2)

(75) o(p.q,s +1,2) = d(p,q+1,572) — d(p+ 1.q,5;2)

This function is relevant to our proof, because

(76)  G{z(1+2)P (1 +w)T™ (w = 2)°} = (p + 1,q + 1, 5:2) — ¢(p, g + 1, 5; 2).

Hence,

n n 2n

(77) Q)= 3 3D Qe e

k=—n r=0 s=0
where
(78) Qk,r,s = Qk,nfp,s = Z (—1)n7p(¢p+1,q+1,p+l,s - ¢p,q+1,p+1,8) 11,

ptg=n—k—s

(79) > Qursz" "= D (=D)"PzN oo+ L g+ 1,52) = d(p,q+ 1,5 2)) L.
r=0 p+g=n—k—s

Let m(k,r) denote the deficiency of Q. By Proposition [l m(k,r) is equal to n

minus the largest value of s for which Qs # 0. By (@) and ([¥), we know that

Qkn—p,s =0 for s > 2p+ 2. For s = 2p+ 2, we have

2p+2 2p+2

1

Pp+1,q+1,04+1,2p42 — Ppg+1,0+1,2p+2 = (—1)P* (( p+1 ) - (P +1 )> =0
and hence, Q,n—p,s = 0 for s = 2p+ 2.

The analysis now breaks up into two cases. Suppose that n — k is even. For
s =2p+1 we again use (@) and (&) to obtain

2 1
Qk,n—p,2p+1 = Z (—1)n_p+p+l< p: ) Ipl; =0,

p+qg=n—k—2p—1
because of p, g symmetry. For s = 2p, we have
nep—p 2r+p+qg+2) (2
Quas= 3 e Bt (W) 0
pra=n—k—2p P p

Therefore, if n — k is even, we have m(k,r) = n — 2p = 2r — n. This agrees with

@

Next, suppose that n — k is odd. Now for s = 2p + 1 we have
n— 2p+1
Qk,n—p,2p+l = Z (_1) p+p+1( pp ) IPIQ 7é 0,

p+g=n—k—2p—1
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because now p and ¢ have the same parity. Therefore, if n—k is odd, then m(k, r) =

n—2p—1=2r—n—1. Again, this agrees with (G3]). O
7. SEPARATION OF VARIABLES IN NON-LINEAR EVOLUTION EQUATIONS

One of the main applications of the results of this paper lies in the method of
separation of variables in non-linear evolution equations. Let u € P, and T be a
non-linear differential operator with deficiency m > 0. This means that TP, C P,
or more explicitly

(80) T

n n
zpm] =S )
i=0 i=0
The non-linear evolution equation
(81) ut:T[u]:p(Iauvulv"'vun)

admits separable solutions of the form
(82) u(a,t) =3 pilt) ',
i=0

where the functions (t) satisfy the following system of first order ordinary differ-
ential equations:

(83) gbizfi((pl,...,(pn), iZO,...,n.

These results extend immediately to the multivariate case. This technique has been
used by King to find new exact multidimensional solutions of non-linear diffusion
equations [16, 18] and exact solutions of high order thin film equations [17]. In a
more mathematical context, Galaktionov [15] and Svirshchevskii [19] have analyzed
non-linear operators that preserve low dimensional spaces spanned by polynomials
and trigonometric functions.

Example 4 Consider the following non-linear evolution equation for u = u(t, x):

45

5
(84) up =17 (u T 3 Uy Uppe + %% um>

This equation has solutions in Pg of the form

8
(85) u(w, t) =Y ¢ilt)a’,
1=0

where the functions ¢;(t) satisfy the following first order system:

o = 4593 — 105013 + 168 o4

01 = 60203 — 2520104 + 840 pos

G2 = 905 — 132404 — 2101005 + 2520 e

Pz = 108 p3ps — 360 P25 + 420 w196 + 5880 Yo7

1 = 10893 — 135 p305 — 330 a6 + 2205 @17 + 11760 pops
05 = 10845 — 360 w306 + 420 w27 + 5880 Y108

Gs = 90¢8 — 132406 — 210 o307 + 2520 P20

o7 = 60506 — 252 pap7 + 840 p3¢08

¢s = 45¢¢ — 105 57 + 168 paps
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APPENDIX A

In this Appendix we list the specialized autonomous operator basis Q. , de-
scribed in Theorem 1. Recall that each ()i, has monomial deficiency k, order
r, and deficiency m = m(k,r). The following tables for n = 4,5,6 display the
non-linear operators with {k,r, m} in the ranges

n+k
2
Recall that an operator with deficiency m maps P, to Pn_m, but not P,_,,_1.

Hence all operators with m > 0 map P, to P, and can be used to construct an
evolution equation solvable by non-linear separation of variables.

—n< k <n,

-‘grgmin(n,n—i—k), m=k+2(r — rmin) -

TABLE 1. Quadratic autonomous operators acting on Py

k Qk,r m

-4 ug -4

-3 UouU1 -3

-2 u?  3u? — dugus -2 0

-1 Uiz ULU — 2UQU3 -1 01

0 u% 2u§ — 3uqus u% — 2uius + 2uguy 0 2 4
1 U2Uu3  UU3 — 3U1U4 1 3

2 u% u% — 2uoUy 2 4

3 uzUuUg 3

4 u? 4

TABLE 2. Quadratic autonomous operators acting on Ps

k Qk,r m

-5 ud -5

-4 Uo U1 -4

-3 u? 4u? — bugus -3 -1

-2 U1U 3U1UQ — 5UQU3 -2 0

-1 u% 3u§ — 4duqus 9u§ — 16uqus + 10upuy | -1 1 3
0 u2Us3 uU3 — 2U1U4 U2U3 — 3U1U4 + 5’&011,5 0 2 4
1 u% 2u§ — 3usuy u% —2uoug +2uqus | 1 3 5
2 uzuUg usuUg — 3UQU5 2 4

3 u3 u3 — 2uzus 3 5

4 | uqus 4

) u? )
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TABLE 3. Quadratic autonomous operators acting on Pg
k Qk,r m
-6 ug -6
-5 | wo u1 -5
-4 uf 5uf — Guous -4 -2
-3 uULU2 2u1uz — BUOU3 -3 -1
-2 u? 4u? — bujuz  6ud — 10usuz + Suoua 2 0 2
-1 | usus 3Bususz — duiug 2usuz — duiug + duous -1 1 3
0 u% 3u§ — 4duoug 9u§ — 16usus + 10w us u% — 2uousq + 2uius — 2uoug | 0 2 4
1 U3U4 UU4L — 2U2Us U3U4L — U2U5 + DUIUE 1 3 5
2 ui 2u421 — 3usus ui — 2usus + 2usue 2 4 6
3 U4Us5 UqauUs — BU3US 3 5
4 u? u? — 2uaue 4 6
5 UsU6 5
6 ul 6
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