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Abstract

We study the general family of nonlinear evolution equations of fractional diffu-
sive type yu—div (|u[™V(=A)"*[Ju|™2"u]) = f. Such type of nonlocal equations
are related to the porous medium equations with a fractional Laplacian pressure.
Our study concerns the case in which the flow takes place in the whole space. We
consider mp, mg > 0, and s € (0,1), and prove existence of weak solutions. More-
over, when f = 0 we obtain the LP-L*° decay estimates of solutions, for p > 1.
Besides, we also investigate the finite time extinction of solution. Our results im-
prove the recent papers in the literature.
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1 Introduction
The main purpose of this paper is to study the following evolution equation of diffusive
type with nonlocal effects

Opu — div (Ju|™ V(=A)*[Ju|™ u]) = f  in RY x (0,7),
1) { u(z,0) = ug(x) in RV,

with my,ms > 0, s € (0, 1), and space dimension N > 2. The sym ol ITA)_S denotes by
the inverse of the fractional Laplacian operator as usual (see, e.g.

Equation (ﬁfrlg%corresponds to the well-known Porous Medium Equation d,u = div(u"™ Vu),
when one consider s = 0, and my = 1. This model arises, for instance, from considering
a compressible fluid, with a density distribution u(x,t) and with a Darcy’s law leading to
the equation

—div(uVp) =0,

where p denotes the pressure. Many other different relations between the density, the

velocity and the pressure arise in the applications. For example, the model, proposed by

Leibenzon and Muskat states a aw uiglthat p = g(u), where g is a nondecreasing scalar

function {sce more exaxpgie | 14 hopgi (IR o0k [ oaIRT ARt SHNE MY, oua, cas,
many authors (see e.g. s, 0,0, { 3,9, 10, 11, 12, 15, 14, 1/, 1%, 19, 21, 20, 29, 52]). There

are many questions, addressed to the equation of this type, which are being the object of

active researches, such as the existence and uniqueness, the regularity, the behaviour of

solution in short time and in large time, the finite and infinite speed of propagation, and

SO on.

Here, we would like to mention s em%lly the recent results, being close to the ones in our
paper. It is known that equation (I.T) with m; = 1 reads as: u; = div(uV(—=A) *u)
was first introduced by Caffarelli and Vazquez, hc'l_]ﬂ In %_Eﬂer et al. studied a particular
case of equation ( Tﬁ)_l'f

dyu — div (Ju| Ve (Ju|"*u)) = 0,
where a = 2(1—3s) € (0,2),m; = 1,m = my+1, and f = 0. The authors constructed non-
negative self-similar solutions, the so called Barenblatt-Pattle-Zeldovich solutions. Fur-
thermore, they proved the existence of weak solutions for uy € LY(RY) N L>(RY), and
the decay estimate L'-L? (see Theorem 6.1) as follows.

N(1-1) N(m—1)/p+a

(1.2) u(t)|| o < Ot~ N7 ||| S0
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Thanks to this decay, they also obtained an existence of solution for vy € L'(RY), under
the assumptions

m>1+52 if o€ (0,1),

m>3-2 ifaell,?2).

1
Equation (lrol ?&zi‘g};& € (0,1),my=1,m; =m—1>0, and f = 0 was investigated by

Stan et al. in : e authors studied the existence of nonnegative weak solutions for
all integrable initial data ug. In addition, they obtained the smoothing effect LP-L°°, for
p =L

2p(1—s)

1.3 w(t)|[ oo < CH NTDH20 || 0 D T2
L>e > Oll p

9

0.6
with C' = C(N, s,m,p) > 0. In particular, by considering the case of p = 1, (h_Z) allows
them to obtain the existence result for initial data with bounded measure. Moreover, the
@Qf}é@ﬁ‘&d inﬁrgﬁ&%qs;ed ‘of propagatign have k?een also studied by the same authors, see
[26] ( see also [4] for a different equation of this type).

It is also interesting to note that the mean field equation
(1.4) uy = div(uV(=A)"u),

could be considered ea%\}eiiglit of (E)%Jg%with mp =mg =1, an@ﬁé =0, as s — 1. In fact,
Serfaty and Vézquez%oved an existence of solution of (II.4) for all integrable initial
data, even for data measure. A uniqueness result w. el@%sa% given in the class of bounded
solutions. Furthermore, the solution, constructed in%‘cisﬁes a universal bound

C

Ju@ll < <

with C'= C(N) > 0. 13 rol
Very recently, Nguyen and Vazquez FZT] proved existence of weak solutions of (II.T) in a
bounded domain 2 C RY, with the homogeneous Dirichlet boundary condition. Besides,
they also obtained a universal bound

Ju(t) || e < CTTFmET,

with my +my > 1 and C' = C(N, s, ||, m; + ma).

ol
The main goal of this paper is to carry out a qualitative study of weak solutions of ( -

We first prove the existence of weak solutions with data ug € L'(RY) N L>*(RY), and
f € LY(Qr) N L=(Qr), where Qr =R x (0,T). Moregyer, when f = 0 we show LP-L*
decay estimates of solutions, for all p > 1, see Theorem 2 below. We also emphasize that

our decay results below holds for m; +mgy > 1 — w. Thus, we improved the previous



0.5 0.6
range of m = my+my > 1, described in (h_Z) and (h_5') For the case my +mg < 1— 220=9)

g : . . . N theextinction
and f = 0, we show that every weak solution vanishes in a finite time, see Theorem b
below. In addition, we also obtain the regularity of

div (|u|m1V(—A)_S[|u|m2_1u]) € I? (0,7, H_l(BR)) ,
for any R > 0, if provided that either s € [3,1), or my > my. And
div (|u|m1V(—A)_S[|u|m2_1u]) € L?(0,T, W_2’p(]RN))

. . . E&S ro9 . ]
if provided s € (0, %), see Propositions B and elow. TheH%nes improves the regularity
div©(u) € L'(0,T, (W:™(Bg))’) of Nguyen and Vézquez EZ‘H

Our proof is self contained, and it is merely based on the Fourier analysis and the funda-
mental estimates of the Riesz potential. This enables us to avoid using the spectral theory
approach, which is useful in study the equatiorfBglfv‘&lailsE)Ey&% ,orétarsl?lcz)wded domain with
the homogeneous boundary condition (see e.g. [6, 21, 27]), or avoid using the character-
ization of Besov and Triebel-Lizorkin space 'nl H%gier to obtain some estimates involving
the fractional Sobolev spaces W*P  see e.g. [3].

Definition and main results

Let us put O(u) = |u|™V(—A)"%[|u|2"1u]. Now, we introduce first the definition of a
weak solution that we are going to use in this paper.

Definition 1. Let vy € L*(RY) N If‘;ol(RN) and f € LYQr) N L=(Qr). We say that
w is a weak solution of problem (i.li if u € LY(Qr) N L>®(Qr) satisfies divO(u) €
L? (OaTaY(BR)); and

T
/ /R (—upy + O(u).Vo — fo)dedt =0, Vo e CZ(Qr),
0 N

where
H_I(BR)a ’Lfs € [%71)5

W=22(Bg), if s € (0, 1),

Note that H='(Bg) (resp. W2F(Bg)) is the dual space of Hj(Bg) (resp. Woz’p(BR)), and
Bpg is the ball in RY, with center at 0 and radius R.

Y (Br) = {

Defl
Remark 1. It follows from the Definition I'that u € C ([0,T);Y(Bg)), for any R > 0.
Thus, u(t) possesses an initial trace uy in this sense. Particularly, if either s € [%, 1) or
my > my, then u € C ([0, T); HY(Bg)) for every R > 0.

Under this framework, our existence result is as follows.
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theextinction‘

Theorem 1. Let my,my > 0 and s € (0,1). Let ug € L' (R )ﬂL‘X’(RN) and f €
LY (Qr) N L>(Qr). Then, there erists a weak solution u of (Fé_ﬁ Moreover, u satisfies
the following properties:

i) Li-estimate: For any 1 < q < oo, we have

(1.5) lu(®)llzs < lluollzs +¢ 7 || fllan, for a.e. t € (0,T).

Here, we denote q;ql =1ifqg=0o0
it) Energy estimates:
If mg > my, then there is a constant C' = C(uyg, f,m1,mg) > 0 such that

1=s e
(1.6) 1(=2)= [Jul™ [l r2@p) < C.
If mg = my, then there is a constant C = C(ug, f,m2) > 0 such that

(1.7) I(=2)"=" [Jul™" " ]|l 2 (or) < C,

. _ N+2(1-s)
with po = N+2(1-25)°

If my < 'my, then there is a constant C' = C(ug, f,m1,mo) > 0 such that
(1.8) (=)= [Jul ™[l 2(gr) < C.

. . rol
Next, we provide a sharper decay result of solution of (II ] for the case f = 0.

Theorem 2. Letp > 1, and s € (0,1). Let my, ms > 0 be such that my+ms > 1—%.
Assume that f = 0 and ug € LP(RY). Then, there exists a constant C = C(N, s, m; +
ma,p) > 0 such that

p(l1—ag)

(1.9) u(t) || oo < O FT=a0750 ||| 200150

with oy = W, and Py =mq +mg — 1.

Remark 2. We emphasize that (h_g) holds foE MG Cosg g A2 > 1 — 27’(11\, ) Thus,
we improve the decay result of the authors in [[3, 27], where the authors assumed m =
my + mg > 1.

Finally, we study the finite time extinction of solution.

Theorem 3. Let s € (0,1), and my,my > 0 be such that my + my < ap. Assume that
f =0 and uy € L*RY) N L>®(RYN). Then, there is a finite time 7o > 0 such that

u(z,t) =0, for (x,t) € RN x (79,00).



Our paper is organized as follows: The next section is devoted to review the fractional
Sobolev spaces, and the approximation of the fractional Laplacian (—A)®. Moreover, we
prove some functional inequalities, which will be useful later. In gggion 3, we would like
to study the existence of solution to a regularized equation to @ and we justify the
passing to the limit in order to obtain existence of solution of (II.T). The last section is
devoted to investigate some decay estimates, and the extinction in a finite time of weak
solutions.

Through this paper, the constant C' may change step by step. Moreover, C' = C(«, 3,7)
means that the constant C' merely depends on the parameters «, 3, .

We denote ||.||x®~yy) = [|.|[x, and [pn f(z)dz = [ f(z)dx for short. Finally, the notation
A < B means that there exists a positive constant ¢ > 0, being independent of data such
that A < ¢B.

2 Functional setting

Let p > 1, and s € (0,1). For a given domain Q C RY, we define the fractional Sobolev

space
u(z) —u(y)[”

|z —y| N

Wer(Q) = {u c LP(Q) : /Q

endowed with the norm

1/p
folbweriey = (el + [ [ =S )

Moreover, we also denote the homogeneous fractional Sobolev space by W”’(Q), endowed

with the seminorm
[u(z) —u(y)P Vv
e = — 2% dxd .
[[wlly, () (/Q o ] — g ray

In particular, we denote W*2(R"Y) by H*(R"), which turns out to be a Hilbert space. It
is well-known that we have the equivalent characterization

dzdy < oo} ,
Q

P (RY) = {u e RY) s [(1+ PR @) P < oo} |

where F denotes the Fourier transform, and that we have

|

He(RN) = (/(1 + Iflzs)\F{u}(ﬁ)\2d€> 1/2-

In addition, for u € H*(RY), the fractional Laplacian is defined by
. u(x) — uly _ .
20 Ay = cspy. [ Ty - g Fw©).
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Then,

lllFys ey = llullZ> + Cll(=2)2ullZ.

e
We emphasize that if s > 0, then (—A)~® = Z,,, the Riesz potential, (see, e.g. ;28’3 iI.l
Moreover, the fractional gradient V*® can be written as VZ;_,. And for any smooth
bounded function v : RY — R, we have

Vv =C(N,s) /RN (v(x) —v(x + 2)) |Z|Nﬁdz,

iTmKa
with a suitable constant C'(IV, s), see % .

Approximation of the fractional Laplacian (—A)?

For fixed s € (0,1), and each € > 0, let us define the operator

flx) = f(y)

o —y[? +e2)5

(2.2) C:f)(x) == C(N,5) / (

for z € RN, and for f € S(RY) (the Schwartz space). It is known that the eratar L2
can be considered as a regularization of the fractional Laplacian (—A)*, see ;
Next, we recall some properties of the operator LZ.

e Square root: By the symmetry, we observe that

o f)?
\Lels // |x—y|2 +a2)N32* ey

Then, we denote L2[f] as a square root of L:[f] in the Fourier transform sense, and

1E2A113 = (L2UL F)us
Lemma 1. Let f € H'(RY), and s € (3,1). Then, there holds
(2.3) sup [|(=2) 72 L[ fllz2 < Cllf
where the constant C' = C(N,s) > 0.

Proof. 1t follows from the Plancherel theorem that

I(=A) 2L ]2 = |F{(=2) 2 L[ F1}I2
= | F{(~A) 2} F{LIF{F}[2.



On the other hand, we have
0 < F{L} < F{(=A)} = CO(N, s)[¢*.

We skip the proof of this inequality, and refer to Lemma 0. Thus, we obtain

(2.4) I(=a)72 217 < C/ [€PED1f(€)Pde.

By Holder’s inequality, we have

2s—1 2—2s
25 [rereforas ([riere)  ([ifore) <1
From (% and (%, we get the result. ]

Lemma 2. Let {f.}.~o be a sequence in L*>(RN) such that f. — f in L*(RY) as e — 0.
Then, for any s € (0,1), there holds

(2.6) I(=A)""L[fe] = fllzz — 0.

Proof. From the triangle inequality, we have

I(=2)"L2[fe] = fllze < I(=2)L2[fe = flllz2 + (=4 )’Sﬁs[ ] — fllee
(2.7) = | F{(=2)7L2lfe = [}l + IF {(=2)L2fT = £} ze-

By applying Lemma T0e%he Appendix, we have
IF{LHE)] < IF{(-A)HE)| = Clel™.
Then, we obtain
IF{(=2) L3 = fIH3e = IF{(=2) Y F{LF{f — FHZ
(2.8) <\|If. = flIz.
Similarly, we also get
F{=0) 7L = £ < U+ [F{=2) 3L 1P < 4l

Moreover, we observe that F {(—=A)7*L:[f] — f}(€) — 0, for every £ € RY. Thanks to
the Dominated Convergence Theorem, we conclude

(2.9) IF (=D)L f] = f} 2 = O,
as e — 0.
2. Lem2
A combination of b‘%} and (}‘2_9) yields the proof of Lemma b?& ]

8



Next, we prove a generalized version of Stroock-Varopoulos’s inequality.

0ok~ Varopoulos‘ Lemma 3 (Generalized Stroock-Varopoulos Inequality for £2). Let s € (0,1), and let
¥, ¢ € CHR) be such that ', ¢ > 0. Then,

2.30] (2.10) [eneionas zo
If we take (f) = f, then we obtain
(2.11) [ sezonias = [1cie)

where ¢ = (®')2.

Proof. We have

[ueziowids =cu. [ / o(s |x S
LO [ [ MU= WA 0) = A,

N+2s
(o — g2 +2)%

Since ', ¢’ > 0, we have

[W(f (@) = o(f )] e(f(x) = o(f ()] = 0.

Hence, we gof (bTU)
tTsVz17
Finally, (b_l_[) is proved in Theorem 3.2, ;27 5 O

To end this part, we point out some well-known fundamental inequalities, used several
times in this paper.

Lemma 4. For any o > 0 and 8 € (0,1), there holds

||a|a,3—1a . |b|aﬁ—1b| < ||a|a—1a . |b|a—1b{/57 Va,b € R.
Lemma 5. Let o, 8 > 0, and § = “2. Then, we have

2.11] (2.12) o)’ a — o8| < [|a|*"a — [B]*~"B] ||a|*'a Va,b € R.




3 A regularized problem

In this section, we study the solutions of the following problem.

3

where s = (1 —2s)4, O.,(u) = H,(u)V(—=A)"1LI¥[G,(u)], and

{ Ou — 61 Au + 6L ], (u)] — divO,,(u) = f, in RN x (0,7T),

u(0) = up, in RY,

[+ Ju| 2ty Moty
) = G0 = e M = e
N -2 4
with mo = § min{my, M} and for every 41,99, €, K, v € (0,1). Note that (}36 7

is a regularization of ( i i We shall prove the existence of solutions of b i ) in a suitable
functional space by using the fixed-point theorem, and derive some energy estimates.

Let us put
X = L'RY)n L®(RY).

The associated norm ||.|[x is ||.|[z1®~) + [|.]| 2o (mr). Then, we have

Theorem 4. Let ug € X and f € Lig )N L>®(Qr). Then, there exists a weak solution
u € C([0,T); X) satisfying problem (B.T) in the weak sense, i.e:

T
/ / (—upr + 6Vu.Vp + L[ J(u)]p — O, (u). Ve — fp)dedt =0,
0

for all ¢ € C*(Qr).

Thed ' '
Proof. To prove Theorem h, we first look for a mild solution u € C([0,7; X) as a fixed
point of the map

t t
T rurs e™Pug + / Vel=%20, , (u)dr + / A (0oL [T (w)] + f(x, 7)) dr,
0 0

where €' is the semigroup corresponding to the heat kernel (4rt)~ £l exp(— l=® | ). Further-
more, w ah ve a fundamental estimate for the heat semigroup e® (see Proposmon 1.2,
Ch. 15,

Proposition 1. For every 1 < g <r < oo, there holds
IVFe S u) < CEF G075 |, WE >0,

where the constant C > 0 depends on the parameters involved.

10



3.3a

Pro0
Proof. The proof of Proposition [T 1s quite easy. It follows from Young’s inequality for
convolution, so we skips the detail and leave it to the reader. [

Next, the following lemma shows that the operator 7 is a local contraction:

Lemma 6. For any T' € (0,1), the operator T maps C([0,T]; X) into itself. Moreover,
there is a real number v € (0,1) such that for all u,v € B(0, R) C C([0,T]; X),

(32) 1T (w) = T (W)lleqorix) < CR)T ||u—vlleqoriix)s

where C(R) depends on R and the parameters involved.

Lemcont
Proof of Lemma 6. Let us drop the dependence on the parameters €, v,k of the terms
O.,,H,,G,, J, for short. Then, we have

(3.3)
N / Vet (©(u) — O(v)) dr + b2 / t lTINA(L0 T (u) — J (v)])dr.

Pro0
By applying Proposition (II i,owe obtain
(3.4 t

Obviously, we will consider r =1 and r = oo alternatlvely ahe following.

We now consider the first term on the right hand side of (34). Let us write

A= 6(u) - O(v) = (H(u) — H(v)) V(=A)" L1*[G(u)
FH(0)V(=A) L [Glu) - G(v)).

Let us fix ¢ > and put ¢’ = q%l, q- = Then,

N 1 N+q

1Al < N[H () = H ()| po | T L2 (G ) zo + I1H ()] o 1T [£27° (G (w) = G0)]] s
S sup {[H'(2)[}Hlu = vl| o 122 [G(@)]l] o + sup {|H'(2) H[v]| oo 1 £27*[G (w) = G(o)]]| o

|z|<2R [z|<R

S sup {H @)l = vl Gz + |j‘u<1?{{|15f’(2)I}IlvlqufIIG(u) = G(v)]| e

l21<2

S sup {|H'(2)G(2)[Hu = vllxlulx + sup {|H'(2)G'(2)[Hv[lx[lu —v]x.
|z|<2R |2|<2R

Thus,

(3.5) J Al < C(R.2)Ju ol

11



3.3d

3.3c

Note that the second inequality is obtained by using the well known property of Riesz
potential Z;, and the fourth inequality follows from the interpolation inequality that

llullr < |lul|lx, forr >1.
Similarly, we also get

1£21 (u) = J ()]l < Cll I (u) = J(0)][ 1
<C Sup {l7'() [ Hlu = vl r

z|<2R
(36) <GB vl
3.3 3.3b |3.3d
By choosing r = ¢ =1 in (%71'%, and by (3.5), (3.6), we obtain
t t
IT(w) = Tl < C(R.) [ (¢ =7 Hlu = ollxdr + Cu(R) [ flu= ol xdr
0 0
(3.7) < Co(R, )VT|lu = vleqoryx),

for any t € (0,T), with Cy(R, ) = max{C1(R),C(R,¢)}.

3.3b
Next, we estimate || A/« for every ¢ > N. In a similar way to the proof of (}3.5), we have

1Az < 1H (u) = H()l| < [ZoL27 (G )|z + 1 H () | o | T1L277 (G () = G(0)] ] 1o
S sup {[H'(2)[}Hlw = vl |[G(w) || Lo + sup {[H'(2)[}[v]l 2 |G (u) = G(0) | 1

|z|<2R |z|<R
< sup {|[H'(2)G'(2)[Hu — vl xlullx + sup {|H'(2)G(2)[Hvllxllu = vllx
|z|<2R |z|<2R

(38) < Cy(Re)lu—vlx,
3.3d
By the same argument as in (%_67, we also obtain
(3.9) L[ (u) = J(0)][[Le < Cu(B)[Ju —v] x.
3.3 3. 3.5
Now, let us take r = 0o in (%7[? By (b_gﬁ) and (%_9), we obtain
t
IT(w) = T~ < Co(R2) [ (¢ =) 5 Hu = ol xar
0
t
_N
L Cy(R) / (t— 1) — o] xdr.
0
Thus,

(3.10) IT@)(®) = T@) @)= < C(R, &) T2 % [[u = veqo -

12



3.18

3.19

3.9 3.3 3.1
From (bTO) and (b‘?’f, we get (b‘Z) with v =

Finally, it remains to show that 7 maps B(0, R) into B(0, R), with

R =2C(01) (luollx + I fllz=(@r) + 1fllz1@n) -

3.1
Indeed, let us take v = 0 in (%'Z) Then,

1 _ N
27 2¢°

(3.11) 1T (w)lleqo.ryx) < T 0)lleqorx) + Co(R, )T [[ulleomx),
with

t
TO)E) = eSug + [ 8 r)dr
0

Now, for every, Jlullc(o,r);x) < R, let T' € (0,1) be small enough such that Cg(R, )17 < 3
Therefore, (3.11) implies

R
(3.12) 17 (w)leo,ry;x) < I1T(0)|eqom:x) + 7

On the other hand, it is not difficult to show that

(3.13) I7O)®)[zr < C(61) (luoller + 1 fller@r) -
And
(3.14) IT(0) ()] < C(61) ([uollzee + | fllzoo(@r)) -

18 3.19

3.
A combination of (%‘B) and (3.14) implies

R
1 T(0)leqo,rysx) < C(61) (Jluollx + 1l 2r@r + Tl fll @) < 3

3.18b — —
This inequality and (&3 [2) implies that 7 maps B(0, R) into B(0, R). Thus, we obtain

Lemma %7 ]

. Lemcont . . .
Now, by applying Lemma %, there is a unique mild solution ., , € C ([(}hﬂ, X) (denoted
as u for short) satisfying the equation 7 (u) = w. This yields Theorem K. O

Remark 3. By the standard regqularity, if ug and f are smooth then so is u. Thanks to
this point, in what follows, we can use a smoothing effect to the data by assuming that

ug € C°(RY) and f € C(Qr).

: . . regu4 . .
Next, we derive some estimates for solution u of (%i ). The first estimate is the L9-
estimate.

13



.. . regud
Proposition 2. Let u be a solution of (&3.“ in Qr. Then, for every q € [1,00) we have
g—1
(3.15) ()l gy < Nl + £ [ Flloigo ¥t € (0.7).

In particular, if ¢ = oo then

3.31] (3.16) (@) | ooy < [ fllzoe(@o) + l[uoll oo ey
Moreover, there is a positive constant C', depending only T, ug, f such that

3.30] (3.17) 51”“”%2((0,T);H1(RN)) <C.

9 . regu4
Proof. For every ¢ > 1 and for t € (0,7), we use |u|??u as a test function to (%i ) and
integrate on RY in order to obtain

1% / lu(t)|%dx 4+ (¢ — 1) / lu|"?H,(u)V(=A) L0 [G, (u)]. Vu do
+d1(g—1) / [u|?2|Vu|? dr + 52/£§°[Jﬁ(u)]]u\q_2u dx
(3.18) _ / Fl, D)lulu de.

IStrook- Varopoulos
Thanks to Lemma 3, we get

(3.19) [tz ) do >

with ¥(u) = |ul|?2u, and ¢(u) = J.(u).
On the other hand, we observe that

3.32] (3.20) = / H,(u)L*[G, (u)] dz > 0,

0= [ ls
. |Strook-Varopoulos
Note that the ineq ‘% is s% obtained by applying Lemma 3.
A combination of ]g (37, E% I9§ E3.2II ) implies

1£/\u(t)\qug/f<x,t)\uyq2u da.

with




Using Holder’s inequality yields

1%/Wmmwxs(/Iﬂmw{fm(/mawmﬁw”m.

This leads to
1 (1-q)
q

y' () < [1F @) ze,

with y(t / |u(t)|?dx. By solving the above OD inequality, we obtain

(B < [y(0)] Y + /w )zo(ey

Again, applying Holder’s inequality yields (E :gi
Passing to the limit as ¢ — oo, we deduce (3.16)

Next, we prove L'-estimate for u.
For any n > 0, let us put

_ [ sign(r), if|r|>n,
() = { g i<,

By multiplying (E.g%)%with Xn(u), and integrating on RY, we get

/ (o (1) + 510V 0 (1) + G20 () (1) + O (10).V (1)) it =
(3.21) /fxn(u)d:c
Since x; (u) > 0, it is clear that

/Vu.VXn(u)dx = / V)X, (u)dz > 0,

and

/L’SO[J( )Xy (w)dz, /@(u).VXn(u)dx >0

[Strook-Varopoulos
by using Lemma 3.

.35a
Thus, it follows from (&3.21 | after integrating on (0,¢) that

[ situtenis < [ 8,w)de + 1o,

with .
u
Sn(u):/(] X (r)dr = 277X{W|<n}+(!U\ )X{|u|>n}

15



Note that y 4 is the characteristic function of the set A.
It is not difficult to verify that

hm ))dx = / lu(t)|dx.
3.33
So, (%3 I57 follows with q=1

3.30 3.31a
It remains to prove (&3.1 7). By the same above argument, we obtain from (%3 [8) with

q=2
1 2 ' 2 1 2 '
§Hu(t)|\L2 + 6 |Vul*dzds < §Hu0HL2 + fudxds.
0 0

Applying Holder’s inequality yields

1 t 1
536] (322) gl + 6, / / Vuldrds < 2luols + 1o el a0
3.33
Moreover, we have from (&3 I5ai with ¢ = 2
5.57] (3.23) la®)llzz < luollze + VIl 2o

3.36 3.37 3.30 3.1
A combination of (%‘ZZ) and (}3.23) implies (% [7). Then, we obtain Proposition -

.t . . F%l&%ﬁ;hl :
pro3.2a| Proposition 3. Let u as in Proposition 2. en, there is a constant C = C(mg, ug, f) >
0 such that for every k,e > 0

3.38| (3.24) 52 1£2 [Tl ) < C

Proof, Let us denote u = u. for short. Now, by using J,,(u) as a test function to equation
(bi ) and integrating both sides on )7, we obtain

/jﬁ(u( dac+(51/ / (J(w)|Vu]* + H,(w)V(=A) T LGy (w)] T (). Vu) dudt

(3.25) +52/ /ESO w)dxdt = /J U dx—l—/ /fJ )dxdt,

with

w
w
[00)
[V

By a simple calculation, we have

3.38b| (3.26) 0< Ju(s) <2




Note that J'(s) > 0, so

T
(3.27) / / T ()| Vul2dadt > 0,
0

and
/ /H )L G (w)) T (w) . Vudzdt
(3.28) = / / W (u)L* |G, (u)|dzdt > 0,

with

u

W () = /0 Ho (). (s)ds.

: . [3.38g : :
We observe that W'(s) > oS0 inequality (}3.283 is obtained by using the Stroock-

Varopoulos’s mequaht 5 a5 ﬁ'% %”?s‘sb 3.38¢ 3 38
Thus, it follows from (u 25), (8:26), (3.27) and (3.28] that

(329) Gl L [Tl Mz r <
3.1
Furthermore, thanks to Proposition Bf%ve have

(3.30) ||Jﬂ<u>||Loo<QT < ||u||za(QT) < Cluo, f,mo).
.38d 3.2
Combining ( % 29) and % 30) ylelds . This completes the proof of Proposition E%..m 2

Remark 4. As a consequence of (E‘l%’), the norm |[u(t)|| e ®ny cannot be explosive for
t <T. Furthermore, we get the global ezistence of solution u provided that f € L>®(Qux) N
LY Q). In particular, if f =0 the norm ||[u(t)| aray is nonincreasing with respect to t
for any g > 1.

— [ a4 o (@l

Remark 5. We emphas e that for any ig§%§1>52 > 0 the right hand side of the esti-
mates tn Proposition an Proposztzon are independent of €, v, k. Moreover, the two
perturbation terms —81Au and dy(—A)*0[|u|™ ] are positive and play a role in absorb-
ing div (|u|™V (=A)~*[|u|™ u]). This observation will enable us to pass to the limit as
e, v,k — 0 in the following.

3.1 Limitase—0

Next, we shall pass to the limit as ¢ — 0.

17



[3.39a]

3.39

Simonlemma

4 L. t
Proposition 4. Let u. be the solution of problem (E?f ui, obtained from Lemma B?mcloﬁnen,
there exists a subsequence of {u.}c~o (still denoted as {u.}.~0 ) such that for any R > 0

u. — u, in L* (Br x (0,T)).

Furthermore, u € LY(Qr) N L=(Qr) N L*(0,T; HY(RY)) is a solution of the following
problem

(3.31) up — 61 Au — div (H, (w)V(=A)*[G,(w)]) + G2(—A)* J(u) = f, in Qr.

In addition, there exists a positive constant C' = C(ug, fo, mg) such that

(3.32) Ball(=A) % Tu(w)llFa g, < C-

Proof. The main idea of the proof is to pass to the limit as ¢ — 0 in the equation satisfied
by e

T
(333) / / <_u590t + (5lvus-v90 + 52£20[=]m<u€)]§0 + ®€,V(u€) ) VSO - f@) dzdt = O,
0

for all ¢ € C°(Q7). Here, we denote
Oc(ue) = H,(u:)V(=A)7*[Gy (ue)].

At the beginning, let us fix a test function ¢ € C°(Qr)gguch that Supp(p) C B, for
R > 0. Now, we recall a compactness result of Simon, , used several times in the
following.

Lemma 7. Assume that the spaces Vi C Vo C V3 with compact embedding Vi C Vy . Let
{tn}nz1 e a bounded sequence in LP(0,T; Vi) and let {0yt }n>1 be bounded in L*'(0, T Vs).
Then {un}n>1 1s relatively compact in LP(0,T;V3).

Next, we have the following uniform estimates:
Lemma 8. div (O, ,(u.)) and L[] (u.)] are uniformly bounded in L*(0,T; H*(Bg))
with respect to e,k > 0, where H™'(Bg) is the dual space of H}(Bg).

lem3.2
Proof of Lemma 8. In fact, we have

1L Jn(ue)llla-1(Br) = sup

{”d}”H%(BR)Sl}

L[ T (ue)lp(x)d

£

Br

—  sup £50[Jo(u)] () da
{1l g 3y <13 1R

(3.34) — s L2 [To(u)) L2 [¥)(x)da
{1l g 3y <13 1R

18



.. [3.39%, . : N . .
The equality in (b‘@'f is obtained by using the Plancherel theorem. By Holder’s inequality,
we get

s

S0 S0
(3.35) L Te(ue )15y < sup 1L [Ju(ue)] | r2@m) 1L [ 2y
Ul 73 (5 <13

Moreover, applying Holder’s inequality and Young’s inequality yields

1£2 [l gy < ( / \5!250|¢<£>|2d5>2
RN
< 2 d N
N(/RN\s! (&) 5)

(/[ 1)
(3.36) Sl ay (sr)-

o 3.39¢ 3.39d
A combination of (3:35) and (3.36) deduces

/ 1£2° 1T (ue)] 1713 dt</ Vy; ()]s e .

3.38
It follows from the last inequality and (b‘ﬂ) that £:°[J,(u.)] is bounded in L?(0,T; H'(Bg))
by a constant, not depending on ¢, k.

Next, we claim that || div O, (ue)||z2(0,r;5-1(BR)) s bounded by a constant, being inde-
pendent of . Due to some technical reasons, we divide our proof into the two following
cases:

i) If % < s < 1, we apply the Plancherel theorem and Hoélder’s inequality in order to
obtain

| div Oc,, (e, V) || -1 (By) = . sup ; H,,(uE)V(—A)’lﬁi’s[Gy(us)]vw(x)dx
H{(Bg )—
< sup ”Hl/(uE)V(_A)ilﬁiis[GV(UE)]”L‘IS(RN)HVwHLqé(]RN)
{||¢||H1(B )_ }’

< osup | Hy(u) | on IV(=2) T LG (wo)] || o 23 [V 228 | Brl' ™
Ul3 5y <13

(3.37) < |Bg|" %

Lo IV(=2) LGy (ue)] | pas e,

where q; = +— 22(];5 0y A . Note that ¢, > 2.
According to Prop081t10n E uEH Or) is bounded by a constant, not depending on e.
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Thus, it suffices to prove that ||V(—=A)"'LI7*[G, (ue)]|| pes vy is uniformly bounded for
all € > 0. Indeed, it follows from the Riesz potential estimate that

IV (=2)7 LG (o)l o ey = [IV172 (=)7L (G ()| s )
= | Zoe 1 (=A) LGy (u)]| oo mv)
SI(=2)" 0L 1G ()]l 2y
(3.38) S NG (ue) 2 @m).-

Morever, it is clear that
Gy (ue) || L2ryy < _||Um2+2||L2 N).

It follows from Proposition E anﬂ the Interpolation theorem that ||u*2*2|| 12z~ is bounded

by a ¢ nsfant g’ mpelng independent of ¢.
(%.38)

From (3. , and the last inequality, we get the claim for the case s € [ 1).

i) fo<s< %, we then have from the Plancherel theorem and Holder’s inequality that

| div O (ue, v)||m-1(5 H, (ue)V(=A) L7 [G(ue) [V (2)da

sup
[l 73 (5 <13

< swpH() V(=D)L (G (o) e IV e
{WJHH(%(BR)Sl}

(339 < el IV (=) £1(Gh (e 2o

(Br) —

On the other hand, using the Plancherel theorem yields
IV (=2) LGy (ue)llz2@ry = IF {V(=A) LGy ()] } 72w
(3.40) S [I6P0 17 (Gt} ()P

Since 0 < s < %, we can apply Holder’s inequality in order to obtain

Jraewir o pae< ([ el {G”(“e)}'Qdéy_% (f17 {Gy<u€>}|2d£)28

(3.41) < Gy (u) 7 vy

13.40e 13.40f
Combining (\5 40) and (341 ) yields

T T
(3.42) / I9(= )L (G (1) )|yt < / G 11212 v .
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3.40

3.41

Since G, is a Lipschitz function with G,(0) = 0, and by (3.17), there exists a constant
C > 0, being independent of ¢ such that

(3.43) HGV(UE)H%Z(O,T;Hl(RN)) <C.
3.40 3.40
Thus, the claim follows from (’3.42& and (gez_[mgiz
This puts an end to the proof of Lemma 8. [
lem3.2
Now, thanks to Lemma 8, d;u, is bounded in LQW )) by a constant not depend-
a u5 is bounded in L*(0,T; Hi(Bg))-

ing on €. Moreover, it fi %lows from Proposition
Thus, applying Lemma [7 1mp11es $hat there is a subsequence of {u.}.~o (still denoted as
{u5}5>0) such that
(3.44) u. —u, in L*(Bgx (0,T)).
3.1
Thanks to Proposition Bf%ve deduce
us — u, 1in LP(Bgr x (0,7)), for 1 <p < oo,

and
u < LOO<QT)
3.30

By (8.1I7), Vu. converges weakly to Vu in L*(Bg x (0,7)) up to a subsequence. Thus,
we get

T T
(3.45) / / (—uepr + 61 Vu.. Vo) dedt — / / (—upr + 61 Vu.V) dadt.
0 0

Next, we consider the difference between the two integrals as follows
T
[ [ @l - oy e a
T
:/o / FLLEWu(ue)] = (= AV [ ()]} F{p()}(€) dedt

o) = [ [(FUEFUL) - [P FULWY) Fleo)e) dedt
We claim that
(3.47) / A (€)|dedt — 0,

as ¢ — 0, with
A = (FLLEYF{Ju(ue)} — [€P*° F{Tc(u)}) Fp(t)}(6).
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3.42

In fact, it is obvious that A.(§) — 0 a.e in Q7.
Moreover, we have

1491 £ [ IFLLHIF U@} + 6P F UuIF o)} dede
S / |12 (| F{ T (ue) H + | F{ e () }) | F{sp(t) } () de t.
The last inequality is obtain by using the fact |[F{L:}(&)| < |F{(=A)*(&)] = C|£|*, for

every £ € RY, and for s € (0,1).
Furthermore, using the standard property of Fourier transform yields

FUOHO! < Wata)ls < 5 [ fuld)™2de < Clauo, £, x),

3.33
by (}3.15?. Similarly, we also obtain

|*F{‘]l€(u€)}(§)| < C(Uo, fﬁ Mo, K)'
Thus,

[ 101 da < [igpFemy© s

Since p(t) € S(RY), so is F{¢(t)}. This fact implies that |§|250].7:{g0(‘E3)}‘1(i$)\ is integrable

on Q7. Thanks to the Dominated Convergence Theorem, we obtain (3.47).
This leads to
T
(3.48) / / (L[] (1)] — (—A)° [ (w)])  dadt — 0, as & — 0.
0

It remains to prove that

(3.49) /o / (div O, (u.) — div (H,(v)V(=A)"*[G,(u)])) ¢ dzdt — 0,

as € — 0. By technical reasons, we divide our proof into the two following cases:

o If % < s < 1, we rewrite

/0 / (div O, (ue) — div (H, (u)V(=A)°[G,(u)])) pdudt

= [ [ ()9 £ G )] — ) V(=) G ) Ve
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Put
4 :/0 / |H, (ue) = Hy ()| [V(=2) T LG (we)]| [ Vep|dadt,

and
e /0 / H ()] [V (=8)7L7[Gy (e)] = V(=4) 7 [Gulw)]| [ Vpldadt.
43

3.
To obtain (b7[9), it suffices to show that A;, A, — 0, as ¢ — 0.
T
Al = / /|H1/(ua) - Hl,<u)| |v1_28(_A)_(1_8)’C;_8[GV(U;E)]| |Vg&|d[)jdt
0

T
= [ [ 1)~ (@] [Zawms [(-8) 092G )] |Vl
0
By the fundamental estimate for the Riesz potential and the Plancherel theorem, we get

|Z2s-1 [(=2)" LG ()] s S I(=2)" LG ()] e
S G (ue)ll 2,

: _ 2N

Again, we observe that |G, (u.)||z2 is bounded by a constant not depending on e. This
implies that the term Zp,_1 [(—A)"0"9L17%[G, (u.)]] is also bounded in L9%. Moreover,
it is not difficult to prove that H,(u.) — H,(u) in L? (Bg x (0,T)), for any p € [1,c0).
Thus, A; — 0 as e — 0.

Similarly, we also have
|1 Z2s1 [(=2)" LI [Gy (we)]) = Gu(w)] [lpae S (=) LI[G (ue)] = Go(u) |2
Applying Lemma %%elds
I(=2)"0= L7 (G, (ue)] = Gu(u) 2 = 0,
as € — 0. Thus

|Z26-1 [(—=2)" L[y (ue)] = Go(w)] [|2a — 0.

This implies A; — 0.

o If s € (0,3), we write
(3.50) /0 /div(@gﬂ,(us))godxdt:/o /div (H,(u:)V) (—A) ' LI5[G, (u.)]dadt.
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3.48

3.50

3.53

We will show that

/O /div (H,(u:)Vp) (—=A) " L#[G (ue)]dwdt —

/0 / div (H, () V) (=A)*[G, (u)]dxdt

T
(3.51) :/ /div (H,(w)V(=A)"*[G,(u)]) pdzdt.
0
One hand, we see that
(3.52) | div (H,, (ue) Vo) |2 < [ H(ue) Vue Vol 2 + || Hy (ue) Agl| 2.

3.1
It follows from Proposition Brfoﬁaf Hy(u.) and H,(u.) are boynded by a constant, being
independent of . This implies that the right hand side of (&3.'52) is also bounded, so is
|| div (H,(ue) V) || 2. Other hand, it is not difficult to verify that

div (H,(u.)Vy) = div (H,(u)Vy), in D'(Qr).
Then, div (H,(u.)V) converges weakly to div (H,(u)V¢) in L?(Bg) (up to a subse-

quence).
Therefore, it is sufficient to prove that
(3.53) (=A) LI [Gu(ue)] = (=A)[Gu(w)],  in L, (Qr).

Indeed, we have

I(=2)"" L0 [Go(ue)] = (=A)” [GV(U>”|L‘15(RN
= 1(=2)7 ((=A) LGy (ue)] = G () || oz ey
= ||Z2s ((=2)" LG (ue)] = Go(w)) || ot e

(3.54) S =2 "L (G ()] = Go(u) | 2y,

with ¢ =

Since G, (u ) —> G, ( ) strongly in L?(Q7), then a modification of Lemma Eel_nglplies
(3.55) [(=2)" LG (ue)] = Gu(w) | 2, — O-

3.53
By applying Holder’s inequality and by (}3_55), we obtain
T
/0 (=) LG ()] = (=) G ()]
T 2
< / (=) LG ue)] = (=) [Gu(wI2 s 5,0 | BRI 7t

T
_2 —(1—5) pl—s 2
< |Bg*" >/0 [(—A)~ (=] [G,,(ug)]—Gl,(u)HLQ(RN)dt%O.
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3.49
This implies (&3 H3). 3 47b
As a consequence, %7 8bt {i37I9 ) alternatively. rorud
A combination of ( &3 1) and % 49) ensures that u is a weak solution of (£3i ).

3.39%a 3.41
Next, we prove (}3.32 ). Indeed, we can mimic the proof of (}B.ZH) to obtain

30

LE [T (us)] — (—A)STO[JH(U)], in the sense of distribution D'(Qr),

3.38
as € — 0. Furthermore, it follows from (%_22[) that

30

L [Jo(ue)] = (=4)

[
vl

[J.(u)], weakly in L*(Qr).

Then,
50 s
liminf || £ [Je(ue)]lz2@r) > 1(=2) % ()] 20r),

3.39
which implies (&3.32?.

To complete the proof of Proposition Eﬁf remains to show that u € C([0,T]; LP(RY)),
for all p > 1. By (%TT) we observe that u. is bounded in L?(0,T; H}(Bg)) by a constant,
not depending on e. Moreover, dyu j5 also bounded in LYQr) + L*(0,T; H'(Bg)), for
any R > 0. Thanks to Theorem 1.1, E‘Zﬁ%obtam

u € C([0,T]; Lj,.(RY)) .
nhDiaz
From this fact, we can mimic the argument, given in page 21 of in order to get
u € C([0,T]; LY(RY)).

By the boundedness of u, in Qr, we ha}’&“ eC ([0, T}, LP(]RN)), for every p € [1, 00).

This ends to the proof of Proposition m

Remark 6. It is not difficult to v r%_fé% t?at the solution u, obtained by passing to the limit
as € — 0 also satisfies Proposition 5 Moreover, the estimates in this part are independent

of k. This observation will allow us to pass to the limit as k — 0 in the following.
3.2 Limit as Kk — 0

In this part, we shall pass to the limit as Kk — 0.

5 3.1
Proposition 5. Let u, be the solution of problem (%ﬁsul ], obtained in Proposition %1.60 T'hen,
there holds for any R > 0
Uy — u, in L? (Bgr x (0,T))
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up to a subsequence.
Furthermore, u € L*(Qr) N L=(Qr) N L*(0,T; H'(RY)) is a solution of the following
problem

(3.56) uy — 01 Au — div O, (u) + do(—=A)* (ju|™  u) = f, in Qr,
where we use the notation ©,(u) = H,(u)V(—A)"*[G,(u)].

In addition, we have

3.51] (3.57) 0l (=A)F (u™ ") |72 < C.

where C > 0 depends only on mg, ug, f.

Proof. We first note that div ©, (u,) and (—=A)*[.] (w.)] are bounded in L*(0, T; H~'(Bg))
by a co tant, not, depending on x, see Remark 6. Thanks to the compactness result in
Lemma ;, there 15 a subsequence of {uy}.~o such that

u, — u, in L*(Bg x (0,7)),
3.1
as k — 0. It follows from Proposition Erfoﬁaf
ug, —>u, in LP(Bgrx(0,7)), for 1 <p < oo,

and
u < LOO<QT)

. . . regub .
Now, it suffices to show that u satisfies equation (}3565 in the weak sense.
Indeed, it is not difficult to verify that

T
/ / (—uppr + 01 Vu, Vo — 0, (uy) - Vo) dedt —
0

(3.58) T
/ / (—upr + 01Vu.Vyp — 0, (u) - Vo) dadt.
0

Thus, it remains to demonstrate that

3.47] (3.59) /0 / ((=A)°[Ja(un)] — (=A)®[[u|™ u]) pdxdt — 0.

Indeed, we have from the Plancherel’s theorem
T
[ [ (i - Capar) g
0
T
[ ] ) = i) (- aypoat
0
T
S/ /|J,§(u,{) — [u] ™ u] [(—A)*p|dzdt.
0
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pro6

3.52

3.31
By (B.16), we have

| (Je(w) = [l ) (2, )] < [i(we) (@, )] + [u(z, )™
(2, O™ + |ulz, )™

2 (Jluoll + Tl fllzeenm) " V(z,t) € Qr.

Moreover, it is clear that Ji(u,.) — [u|™ 1u as k — 0, for a.e (x,t) € Qp.
Thus, applying the Dominated Convergence Theorem yields

T
/ / | i (u) — Ju ™ u] [(—A)*pldedt — 0,
0
3.47

when x — 0. This implies (}3.59). erub
In concl §i%q, u is a weak so utgign of problem (3.56). 33
Finally, (8:57) follows from (@é:BZai, and we obtain the proof of Proposition ETO ' O

3.3 Limitasv —0

ro3.3
Proposition 6. Let u, be the solution, obtained in Proposition 15. en, there exists a

subsequence of {u,},~o converging to a function u in L* (Bg x (0,T)) for any R > 0.
Moreover, u € LY(Qr) N L*>®(Qr) N L*(0,T; HY(RY)) is a solution of the equation

(3.60) uy — 61 Au — div O(u) + So(—=A)*(lu|™u) = f, in Qr.

Recall here that ©(u) = H(u)V(—=A)"*[G(u)].
3.51 lem3.2
Proof. By (13.5 7) and the same argument as in Lemma %(,emwe obtain do(—A)% (|u,|™01u,,)
is bounded in L?(0,T; H~'(Bg)) by a constant not depending on v.
Now, we show that

(3.61) | div (H, (u,)V(=A) (G, (w)]) 20,01 () < C,

with C' > 0 is independent g)f .

.52 lem3.2
The idea of the proof of (}S.GI) is most likely to the one of Lemma %, but we need to
derive the estimates, not depending on the parameter . To do that, we have to use some
properties of the term (—A)% (Ju,|™ u,). We divide our proof into the two following

cases:

13.40b 13.40
i) If s € [3,1), we mimic the proof of (3.37) and (b.dté)c to obtain

(3.62) |l div (H, (u,) V(=) *[Go(w)]) I8y < luwll7% g 1 Z2s-1[Go ()]l 2.
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3.55

3.56

3.58

3.59

and

(3.63) 1 Zoes [ () lme S 1Go () 12 < ( / |uy<x>|2’"2dx)7

From the Sobolev embedding, we have

(=22 (Juy ™0 )| 2,

o ™ e || oz, <

3.51
with ¢ = 25— It follows from (&3.5?) that there exists a constant C' > 0 (not depending
S0

on v) such that

(3.64) / |, ()| %0 dz < C.
3.56
Since mg < %, then we have from (%_62[)
(3.65) / |u,, ()22 dx < ||u,,||in(g;;)q;0 / |u,, ()™ %0 da < C,

We also remind heﬁg that qugg Loo(QT)BisE)l?ounded by a constant C' = C(uq, f).
A combination of (3.62), (3.63) and (8.65) deduces

| div (H, (0,) V(=) (G (w,)]) 1118y < C-
Or, we obtain (E‘g%)

ii) If s € (0, 3) then

|| div (HZ,(UV)V(—A)_S[GV(uV)]) le-1(Br) = sup

”d)“H(%(BR

/RN div(H, (u,) V) (=A) Gy (u,)]de

O(uy,) - Vipdx

Br

y=1

== sup
”w”Hé(BR):l

= sup
Hw”H(l)(BR):l

(366) < sup (AR Gy(un) | paemy | (—A) 2 div(H, (1,) V) || g2z,

1

/R () div(H, () V) (- A) (G )

N ”d}”H%(BR):
Thanks to Plancherel’s theorem, there is a constant C' = C'(N) > 0 such that

(3.67) 1(=2)72 div(H, () V) | 2@n) < ClIH,(w) Ve 2@y < ClEH -
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3.60

3.61

3.62

By (E‘gg) and (E%?), we obtain
(3.68)

T T
/0 | div (H, () ¥ (~ A) (G, (w)]) |41yt < C / N(—AYEG (1) 22 v .
On the other hand, we have
G, (a) = G, (b)| < C |la]™ " a — [b™7'b| (|a| + b)), Va,be R,

with C' = C(mg, ms), for all v € (0,1). Thus,

- |Gy (u Gy (uy (y))I*
-2 Culu gy = [ [ [1EAAD I
ma—m [y ()"0 ey () — e ()™ o ()
< Cllw |72, Q;f)/ // 7 — |V 2029 dxdydt

(3.69) < Ollu |z gm (= (™ ) [ Z2(0p)-

3.51 3.1
Note that sy = 1 — 2s in this case. Thanks to (}3.57) and Proposition Bfofﬁe right

hand 81de of the last inequality is bounded by a constant, being independent of v, so is
I(=A w)|l72(0

3.60
Thus g follows from %_68) and the boundedness of ||(=A)2 =G, (u,)||? 12(Qp)- Lhanks

monlemma
to Lemma 7lfﬁere 1S a subsequence of {u,},~0, converging to v in L?(Bg x (0,T)) when
v—0.
By Proposition E deduce

u, = u, in LP(Br x (0,7)), for 1 <p < oo,

and
u € LOO<QT)
regu’
Now, we shall show that w is a weak solution of problem (}3.&)).
We claim that
(3.70) (—A) "2 div(H, (u,) V) = (—A) "2 div(|u|™ V),

strongly in L*(Qr).
It follows from Plancherel’s theorem that

(=) aiv () = ™) V|| S I w) = ™) Vel g,

L2(RN)

Thus,

| (=) aiv ((H () = ™)

< ||[(Hy(u,) — |u|™)V .
L(QT)NH( (un) = [u[™) Vol 12,
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Since H,(u,(z,t)) — |u(z,t)|™ for a.e. (x,t) € Qr (up to a subsequence if necessary),
then we have
(H,(uy) — |u|™) Ve — 0, for ae. (z,t) € Qr.

ro3.1
Furthermore, by Proposition B we have

|(H (uy (2, 1)) — |u(z, )™ )V < Clug, [, TV, V(x,t) € Qr.

3.62
Thanks to the Domina‘j Qonvergence Theorem, we obtain (3.70).

Next, we deduce from

1

(—A)77Gy (w,) — (—A)7(Jul™ ),

weakly in L?(Qr) as v — 0.
Thus,

/div (Hy(u,)V(=A)"*[Gy(w)]) pdz — /div O(u)pdz.

On the other hand, it is not difficult to show that

I [uypedzdt — [ [u wdxdt,
fo ¥ 0 2
[ [ 6V, Vedrdt — [ [ 6,Vu.Vdzdt,
fo J 2 (—=A)[|u, ™0~ 1u,,]g0d:r;dt—>f0 [ G2 (=A) o Ju|™ tu]pdadt,

. . regu’
as v — 0. Therefore, u is a weak solution of problem (%_EOT
Or, we complete the proof of Proposition % n

3.4 Limit as (51, d9 — 0

In this subsection, we will pass to the limit as ds,; — 0 alternatively. Then, we have
the following result.

7
Proposition 7. Let us, be a solution of (%%617 above. Then, there exists a subsequence
of {us, }s,50, converging to a function u in L? (Bg x (0,T)) for any R > 0.
Moreover, u € L'(Q7) N L>(Q7) is a weak solution of the following problem

regus| (3.71) ur — 01 Au —divO(u) = f, in Qr,

. . reguy ) .
Proof. We rewrite equation (%_507, satisfied by us, in the weak sense as follows

T
/ / (_Uég% — d1us, Ap + H(us, ) V(—A) 7 [G(us,)] - Vi
0 RN
(3.72) +02(=A)* [Jus, ™ us ) — fio) drdt =0, Vo € CX(Qr).
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. . . [3.104 )
Our purpose is to pass to the limit as o — 0 in (ES (2) in order to obtain

(3.73)
[ [ (e o s BT -2)16) - Vi - S dodt =0, v € G (@r),

. . . . regu8
which says that u is a weak solution of equation (%? [).
First, we claim that

(3.74) 5o~ A flus, ™ us,] = 0, in D(RY),

as 09 — 0. . ) . . 351
Indeed, for any ¢ € D(R"Y x (0,7")), we apply Hélder’s inequality and (£3.57) in order to
obtain
) [lus, ™ s, wdl"dt‘ % [Jug, ™0 s, ) (— ) % pdaet
RN RN
m 50
< 52” A)F [|U62| gl 2@ l(=2) = ¢ll 20
< CVoll(—=A) F @l 2.

This yields the claim.
Next, we prove that there is a subsequence of {us, }s,~0, (still denoted as {us, }s,~0) such
that

(3.75) us, — u, in LY (Bp x (0,T)),

for any R > 0, and for any ¢ € [1,00). Thus, up to a subsequence, we have

(3.76) us,(7,t) — u(z,t), forae (x,t) € RY x (0,T),
S0
u < LOO(QT)
7 3.31
In fact, using |u|?"2u as a test function to equation (}erélu)i, we obtain as in (13 [3)

(3.77)
/ / / G (us, (z G(Uaz(y)))(Iu62|m1+q’2U6z(f”)—|“52|m1+q72“52(y))d:cdydt<C
RN JRN N |

o — Y207

3.101 funi 2
b, s fixg>1in (lB.??i such that v = %ﬁq*l > 1. It follows from Lemma %ugﬁnae
(E%f? 7)

that

sy (2) [~ 5, () — s, () [~y ()|
(3.78) / /RN /RN g dadydt < C,

where C' > 0 is independent of s, d;.
This implies that vs, = |us,|? tus, is uniformly bounded in L2(0,T; H'~%(RY)) for all
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52 > 0.
Moreover, since v > 1, it follows then from Proposition B ana the Interpolation theorem

that
lim // |vs, (2, 1) |*dzdt = 0,
|E|—0,EC(0,T) 52>0 RN

and ||vs, || L2~ «(0,r)) is bounded by a constant, being independent of 61, ;. Thus, there
is a subsequence of {vs, }s,~0 (still denoted as {vs, }s,~0) such that

vs, — v, weakly in L? (]RN x (0, T)) )
Thanks to a result of Rakotoson and Temam, %, we obtain for any R > 0
(3.79) vs, — v, in L* (Bg x (0,T)).
Now, applying Lemma El%g%li'older s inequality yields

/ / lug, — u|dxdt < / / s, | s, — |u|7_1uﬁ dxdt
0 BR 0 BR
T , ot
< (/ / }|U52|7_IU52 — |u|7_1u’ dxdt) (T|BR|)1_
0 JBg

1—L :
= (T|Bgl)" " llvs, = vll 2 (Byx(01)):

bination of the last inequality, (3795, and the uniform boundedness of ws, impli
A(As.cl%rgl ination of the last inequality, (3:79), and the uniform boundedness of us, implies
It remains to show the convergence of V(—A)"*|G(us,)] — V(—=A)7*|G(u)] in D'(Qr).
We divide our proof into the two following cases.

i) The case s € (0,%). We show that
(330) V(=) [Glus)] = V(=A)[G)], i L7 (0,T;W#(RY))

up to a subsequence, for p > 1 such that mgp’ > 1, %+I% =1, and W~1P(RY) is the dual
space of WHP(RY),

We emphasize that it is enough to consider the case 0 < my < 1 in the following because
the case m9 > 1 is much easier.

By using Holder’s inequality and Plancherel’s theorem, we get

V(=2)7°G(us,)|ipdx

RN

IV(=A)7°G (us)]lw-1o@y) = sup

||1/)||W1,p(RN):1

= sup G(us,) V(=A) " pda
1llyy1,p vy =1 |/ RY

< sup HG(Uéz)HLP’(RN)HVk%wHLP(RN)'
||7/’||W1,p(]RN):
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lemGag-Nil
Now, we apply Lemma [TT in order to obtain

V72l oy < CIVEI Lm0 @y)-

Combining the two last inequalities yields

(3.81) IV (=2)7*[G s )lllw-ro@yy S NG ()l vy = s 7m0 gy

3.104b
Thanks to Proposition B ana the fact mop’ > 1, it follows from (3. hat
(3.82) IV (=A)7*[G (us)ll| oo, msw—10@yy) < Cluo, f,p,ma, T).

Thus, V(—A)"*[G(us,)] is uniformly bounded in L? (0,T; W~1#(RY)) for all &, > 0.

Then, there exists a function w such that
V(=A)7*[G(ug,)] = w, in LP (0, T; WHP(RY))

up to a subsequence.
On the other hands, we also have

Glus,) = Glu), in I (Qr)

3.105
This implies (%‘807

ii) The case s € (%, 1). We prove that for any R > 0

(3.83) V(-A)[Glus,)] = V(=A)*[G(w)], in L (Bg x (0,T)).

To do that, we first show that

T
(3.8 IV Gt < C

where C' > 0 is indep glc}(arllt of 6y, ds. 3 10
Let us fix ¢ > 1 in (E?:??i such that v > 1 in (%.‘78;. For any (8 € (s,%), we apply
Holder’s inequality and the Plancherel theorem to get

IV(=A)7*[Gus)llr@vy = sup

||¢||L7J(RN):1

< osup [[(=A)77 G (usy) )l ey 1 T2 () | ooy
||¢||Lr/ (IRN):l

S sup o [[(=A) G (usy)]l e 1]

”dJHLr/ (IRN):l

[ AP G )V (-8) Puds

N+Mﬂ31NRN)
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if provided that

Np
N+ p(26—-1)

(3.85) >1e g > (26 —1).

Now, we take ' = # in the last inequality in order to get

(3.86) IV (=) 1G (us)l ey S I(=2)77[G(us, )]l ovy-

Next, let us put —m(;:? € £0 1), and let 8 be such that 5 — s < 40(1 — s).
Applying Lemma }2 o= |u(;2]73@gn(u<;2) and I'(v) = |v|sign(v) yields

1(=2)"=*1G (us Ml 1o vy < Cllluag, "™ sy | sy,

with

(3.87)

Since N > 2,7 € (0,1), and g € ( HS then itig pot difficult to verify that there exists

a real number p’ € (2, 2[?7 o) so that and hold.

Combining the last inequalities and % 865 ylelds
IV (=) (G (us )Ml or@yy < Clllus, ™ s, [l s -

Here, we note that » > 2 since 3 is close enough to s. Then, for any ball B in RY, it
follows from Holder’s inequality that

T T
/O V(= 2) (Gt |2 gyt < | B0 / IV(=2) G s, )] 2 st

T
_2 _
(3.88) <[B! /O ([N e [ 2

3.10 3.113 3.109
y (}3.785 and (%‘887, we obtain (%_8717
This implies that V(—A)7*[G(us,)] converges weakly to a function w in L? (Bg x (0,T))
as 0o — 0, up to a subsequence. 3 114

Moreover, since G(us,) — G(u) for a.e (z,t) € RY x (0,T), then we obtain (3.

iii) The case s = % This case is quite simple.
Indeed, since V° = V(—A)~"/2 = VZ,u (the Riesz transform of u), then we have

IV (=2) " 21G (us M| a0y S HG(%)HLq(Q
for any ¢ > 1 such that moq > 1. Thanks to Proposition 2] - obtam

HG(u@)H%q(QT) < Ca
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where C' > 0 is independent of 1, §,. As aresult, there is a subsequence of {V(—A)"Y2[G (us,)] } 5,50
such that

(3.89) V(=2)"2G(us,)] = V(=2)"2G(w)], in L* (Qr) .
3.61a \3 100 [3.105 [3.114 3.115

Thanks t 55044) B.75), (8-80), (3-83), and J;T%);T, we can pass to the limit as do — 0 in
eql,lr‘geioulg3 (E% 72) in order to obtain equation (3.73). In other words, u is a weak solution
of (Ef ).

L ro7
Hence, we get the proof of Proposition ? [

ro7
Remark 7. We emphasize that the estimates in the proof of Proposition § are also inde-
pendent of ;.

8
Next, we will pass to the limit as 6; — 0 in (%e? T ).
Proposition 8. Let us, be a solution of ( }3 ?H Then, there exists a subsequence of
{us, }s,>0, converging to a function u in L? (Bg x (0,T)) for any R > 0.

1
Furthermore, uw € LY(Qr) N L>(Qr), which is a weak solution of equation (i%«ol ).
In addition, we obtain the regularity of div (©(u)) as follows:

o Ifs€l3,1) then
(3.90) div (©(u)) € L* (0,T; H'(Br)) -
e Otherwise, if s € (0,3) then
(3.91) div (©(u)) € L? (0,T; W*P(RY)) ,
for p > 1 such that 2% > 1, and W=2P(RY) is the dual space of W*P(RY).

rem4
Proof. Thanks to Remark [7] % bserve that the proof of Proposition E can be done by
repeatin tl%%one 0 Pf?é)osmlon hus, it remains to prove d;Aus, — 0 in D'(Qr), a
o — 0, (%‘907 and (3-

We first show that

(3.92) 61 Aus, — 0, in L* (0,T; HH(RY))

as 01 — 0, . 3 30
Indeed, for any ¢ € L? (0,7 H'(R")) we have from (13 [7) and Holder’s inequality

T
Aungdsit] < VRV i@l Vel
R

< \/5_10HV80HL2(QT)-
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3.116
Hence, (}3.92) follows as §; — 0.

3.117 . , ,
Next, we prove (%.9” ). It follows from Holder’s inequality that

| div (©(w)) |20,mm-1(Br)) =  Sup / div (©(u)) ¢ dz
||w||Hé(BR):1 Br
= sup O(u)Vi dx
”wHHé(BR>:1 Br

< sup Ol IVl

”¢|IH%(BR):
< Ol r2(5r)-

Then,
T

T
| div (©(w)) ||% OT.H,l(BR) dt < / 1©(w)l[72(, dt-

13.109 13.11
Since the estimates (3.84) and (3. 89) are still true for u that

T
/0 10(u) 12235t < C.

o B.117
then we obtain (3.

Next, for any p > 1 such that mop’ > 1, we have

v (O) sy = swp | [ div(©() v ds
HwHWZp(RN):l RN
= sup / O(u) V) dz
HwHWQ,P(]RN):l RN
< sup ||@(U)||W*1m(RN)||V¢HWLP(RN)
||¢||W2,p(1RN):1
S sSup H@(U)Hw—l»p(RN)WHW?m(RN)

||1/)||W27P(JRN):1
< 1O |lw-10@y)-

o . . 3.106 .
A combination of the last inequality and (%_SUT implies that

T T
|1 @) [y st 5 [ 1O oyt < €.
3.118
Thus, %TQT)follows

Then, we complete the proof of Lemma @
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3.117
In the case my > my, we prove that (%_907 holds for any s € (0,1).

1
Proposition 9. Let s € (0,1), and let u be a weak solution of (E?IOS. Assume that
mg > my. Then, for any ball Br there holds

(3.93) div (©(u)) € L* (0,T; H '(Bg)) -
3.101
Proof. By the same argument as in (%3 [7), we also obtain

3.121
for ¢ > 1. Let us take ¢ = 1 + mg — my. It follows from (8.94) that

0</ /G TG (u)]dxdt < C = C(ug, f, m1,ma).
Thus,
(3.95) I(=2)F (G [32gp) < C.

Now, we have from the Plancherel theorem that

|divOW) sy = sup /Bdiv(@(u))wdx

||¢||H3(BR):1

= sup /RN div (H(u)V) (=A)°[G(u)]dx

”w”Hé(BR):l

(3.96) = s | [ () (V) (-8) T (Gluds|.

Hw“H(l)(BR):l

Apply Hélder’s inequality, we obtain
[ 87 @i (@) (-4)'F (Gl
(3.97) < (=2A)F [div(H (w) V)] [ 2@ [ (—A) =[G (w)]] 12 )

On the other hand, it follows from the Plancherel theorem that
(3.98) (=) [iv(H@)VE)] |y < CO(=A) 3 Hw)Ve] ||,

Moreover, we apply the Riesz potential estimate and Holder’s inequality to get

1(=2)2 [H(w) VY] | 2@y = 1T [H(w) VY] || 2@
|

1-s

5

(H@) VP e oy < Mol @m VO ot oy
(3.99) s||uo\|’£;(RN)||W||L2<BR>|BR!N“S-
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Note t atig]g%]rvzs > ] sipce s € (0,1) and N > 2.
From (3.99) and (%‘987, we obtain
(3.100) [(=2)"" [div(H(u) V)] | o) S [Br| ™%

3.123 3.124 3.127
A combination of (}3.965, (E3.97 ), and (%3 [00) yields

El

1 div O ()|l g-1(8x) < CN(=2) = [G(w)][| L2 @),
where C'= C(R, ug, N, s,my) > 0. Then,

T T
/0 | div O[3+ 5t < C /0 =[G ()] gt

. . . 3.12
Thus, the conclusion follows from the last inequality and (&3.95% ) n

U0| Loo(RN)||V77Z)”L2(BR)'

4 Decay estimates and the finite time extinction of
solution

In this part, we study some decay estimates and t ﬁe@relci:ge time extinction of solution w.
We start with the case f = 0 by proving Theorem
thedeca

Proof gfs%“georem . By technical reasons, we consider first the case p > 1. It follows
from (£3fl85 and after passing to the limit as €, k, v, d9 — 0 that

1%/|u(m,1&)|pdac—i-
) o [ [ G = GO i) — )

|z — y[N+20-9)
funineqg2
Thanks to Lemma %, we obtain

Bo—1, fo—1 2
/|u z, t)|Pdx + (p // Hu\ —lul (y)| dxdydt < C,

‘N+2 (1—s)

with 6y = m1+m2+p 1 50+p
2

By Sobolev embeddmg, we have
()Nl 2+ < Clllu®)]® ]2,

with C' = C(N,s,2), and 2* = gﬁ s):al

In order to use an iteration method, let us put ¢o = p. A combination of the two last
inequalities leads to

(4.2) IIU( )T + Caolgo — Dlu@)|ze" <0,
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4.3
with ¢; = 2*0y. Integrating both sides of (h‘Z) on (s,t) CC (0,7) yields

t
(4.3) [u()][ 750 + Cgolqo — 1)/ [[u(r) [z dr < {Ju(s)]| o -

4. 4.
It follows from (h_lg) that ||u(t)|| L« is nonincreasing with respect to t. Then, (h‘é} deduces

(4.4) lu(@)]za" < ﬁ(t = 5) " u(s) [ oo,

4.5
for every 0 < s <t < T. It is important to note that the constant C' in (h) will not
change step by step, since we are going to use an iteration method starting from here.
Now, let us set

60"’(]71,

t,=t1-27"), @1 =20,, 0,= 5

n>0

Y

and 0y, gy are as above. Here, we note that the condition m;+ms > 1— M is equivalent
to q1 > qo. Thus, by induction, we observe that the gqélence {qn}n>0 18 1ncreasmg

Let us take t = t,,1,s = t,, and replace gy by ¢, in (£.4). Then, we obtain

aggn+1 1

tn dn+1 <—tn _tn ! an *
[u(tns) | ans _an(qn_l)( w1 = ta) " [Ju(ta) [

By induction, we get

laltnsn)llonss < { L } { 1 } { | }
u(t, i1 < | ———— i | ————
A Cqn(gn — 1) Cgn-1(gn-1 — 1) Cqo(qo — 1)

1
X (t_12”+1) aoqihq ( 12”) 0!11n+1 (t—12) o M apga
an+({(¢)1 1
(4.5) X Jluoll i -

It is not difficult to verify that

. Bo
4.6 1 g = .
(4.6) S Qg G = Go T 1 o

4.6
Next, by using (&FG% we obtain

lim (¢1) et (¢1) Aot (471) e = lim ¢ F ool

n—oo n—oo
—(n+1)
1 lmeg 7
: A0In4+1  1-a] !
= lim ¢ nt «0
n—oo

(47) = t_qo(l—olto)+ﬁ0 }
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4.10

4.

4.

11

12

.13

Similarly, we also have

1 1

1 1
(4.8) lim Ce0tni1 Codanst | Co6" a1 = C'a(i-ag)+ho
n—oo
And also
1 1 +11 1
(4.9) lim (271)%0sn+1 (27) eGan+1 | 200" an+1 = 2T=ag)@(1-ag)+ho)
n—oo

After that, let us put

1 1 7_“1
—_— n
Z _ a0qn+1 agqn+1 g dn+1
n — {n n—1 . .qo .

Let us show that Z,, is convergent as n — oo. Indeed, we consider the power series
(4.10) Sp(s)=s"Ing, +s" 'Ing,_ 1+ .. +s'Ing +Ing.

Obviously, the radius of convergence of S, (s) is 1. Thus, S, (ap) converges absolutely to
a real number \y as n — oo.
On the other hand, we note that

a1 In Z, = S(ag).

4.6
It follows then from (h_b_? that

lim In 2, = —20 S

n—00 Qo + 1_(;0
Then,

1 Ao
4.11 lim — =exp{ ——— .
( ) n—oo Zn { q0+1f&0}
Similarly, there is a real positive number (, such that
. 1

(4.12) lim - - = (-

n—o0

1 S S —
(qn _ 1)a0qn+1 (Qn—l _ 1)a%qn+1 (qo _ 1)a0+1qn+1

4.6 |A.6a 4.7 4.8 4.9 4.11 4.12
A combination of (h_S), (h‘ﬁi (h‘?), (h_g), (h_g), (A.11), and (&F[Z) implies that there is a

constant C' = C(N, s, qo, m1, m2) > 0 such that

q0(1—p)

(4.13) ()| e < O W07 ||ug || 1500770

thed
This puts an end to the proof of Theorem b whon p> 1

Next, we prove L' decay estimate. To do that, we first prove an estimate of the decay
L'-L9 in the following lemma.
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Lemma 9. Let s € (0,1), and my,my > 0 be such that my + my > «g. Assume that
ug € LY(RYN). Then, for any q > 1 there holds

N(1—l) N(mj+mo—1)+2(1—s)g

4.17 (4,14) ||u( )||Lq < Ct tnitma= DNF31=5) U || [N(mitma—1)+2(1-s)lq

with C' = C(N, s,my, ma,q) > 0.

Y

Proof. Thanks to the Int rg(?latlon Inequality and the monotonicity of ||u(t)||z: for ¢ > 0,
it sufﬁces o prove that ( ) is true for any ¢ > 1 large enough. We mimic the proof of
Theorem b_am\[by con&dermg ¢ = qo. Let us recall here ¢, = 2 °+q° Note that ¢; > qq
since qq is large enough.

Then, we apply the Interpolation Inequality to obtain

lu(®)llzo < ulZ w5z

1 1

with 6 = ?_;E Since ||u(t)]|1 is nonincreasing for ¢ > 0, we then get
q1

lu(®)llzeo < [luoll 7 flu(t) 1)
& -
It follows from (#.2) and the last inequality that

fapqy

4.19] (4.15) y(t) + Clluell . = y(t)T0m <0,

with C' = C(N,s,q) > 0, and y(t) = ||u(t)||%%-
Note that 1 — (0‘0‘1)1 < 0 since qq is large enough. Then, solving the OD inequality yields

Oapqy

y(8)' T > Cllugll 7 ¢,
with C' = C(N, s, qo, m1, ma) > 0.

Thus,
fapqy (1—-0) N(l—l) N(mi+mg—1)+2(1—s)q
||U( )HL‘IO < C’||u Hgorn (1- G)qot aga—(1-0)ag = ('t (mi+tma— 1)N+2(1 ) O||[L]\17(m1+m2_1)+2(1_s)]q-
1 b d

This completes the proof of Lemma b.emum = m

ithed 4.13
Now, let us prove Theorem b feore%a: 1. In fact, we have from (4.13)

_aq(l—a)
4.20] (4.16) lu(®)llz < C(t — ) wr=a ||u(r) | fy 0,
for any 7 € 21011‘7), and for any ¢y large enough.
Thanks to (&FM), we obtain
NQ 7L) N(mj+mo—1)+2(1—s)qq

4.21] (4.17) |lw(T)||Le0 < C7 TraFma= TNFZI=)
4.20 4.21
Lhen, the conclusion follows from (hTG) and (bT?) with 7 = £. And the proof of Theorem

thedeta 2
b 1S complete. [
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. theextinction
Finally, let us prove Theorem }3.
theextinction edeca
Proof of Theorem 3. We reE%ml here gq,q1 as in the pl fgof Theorem b [hen, we can

mimic the proof of Lemma 9 1n order to obtain as in (4.15)

Oapqy

4.23] (4.18) Y (t) + Clluol . 7" y(£)T 0% < 0,

with y(t) = [[u(t)]| 7w -

Now, we shall show that there exists a time 7y > 0 such th gTo) = 0. If this is done, then
the conclusion follows from the monotonicity of y(t) by (1178) Assume by contradiction
that y(t) > 0, for any ¢ > 0. Then, we solve the indicated ODE to obtain

@041 900'11

y(t)l—u—e)qo _ y(O)l (1 G)QO -+ ClHUOHLl t <O0.

Therefore,

9a0q1

4.24] (4.19) y(0)' 7095 > Cyllug| " t.

By the fact 1 — 72— > 0, (&[ [9) leadiﬂtlo 2. contradiction as ¢ — oo.

Thus, we obtain the proof of Theorem [

4.24 . . . . . .
Remark 8. By (h [9), we can estimate the extinction time of u, denoted as 1y satisfying

fapqy —apq1+(1-0)qg
70 < Cilluoll 27° Jwoll oo

Remark 9. Some of the results of this paper remain wvalid for the case of a bounded
domain and homogeneous Dirichlet boundary conditions. Moreover function f may be
given through a po ngigl as in the case of nonlocal Schrodinger equatiop., such as f(x,t)
—V(x)u(x,t), see . To end this paper, we would like to refer to Wfor the study of
the energy method in proving the complete quenching of solutions and the free boundary
of solutions of nonlinear evolution equations.

Now we shall consider the case of f # 0. In fact, the finite time extinction phenomenon
also appears in problem (1.1) when f # 0 and f extincts in a finite time Ty > 0 (i.e:
f(z,t) =0 for t > T}, and x € RY). By assuming, for simplicity, that

f € LYQ7r)NL>®(Qr), for any T > 0,

it is easy to adapt the proof of Theorem B o conclude that

non homogenODE| (4.20) Y (t) + Kiy(t) =0 < Kag(t),

42



with y(t) = [lu(t)[|7% and

:/|f(w,t)||U($,t)|q‘1d%

for some positive constants K; and K,. Thus, we get the existence of a finite extinction
time 79 > T for the solution u of problem (1.1) by repeating the arguments of Theorem
4 starting with the initial datum u(z, Ty).

A less intuitive fact is that for certains source functions f(t) # 0, with a finite extinction

time Ty > 0, the resulting extinction time 7y of the so u‘gcion u let such that 7o = 7. Such
type of behaviors was considered in the monograph (see Theorem 2.1 of Chapter 2)
for the case of local problems. As many other free boundary problems, this phenomenon
requires a suitable balance between the domain (here the interval (0,7y)) and the datum
||wo|| Lo, With a suitable decay of the right hand side (here given by the decay of g(t)
around (t — T%)4).

N—2(1—s)

Proposition 10. Let s € (0,1), and let my, mg > 0 be such that mi+my < ag = —;

Assume that ||ug|| 1wy + [[tol| oo mvy is small enough. Let vy satisfy
max{ap, 1 — (g —my —ma)} <1y < L.

Suppose that f € L'(Qr) N L>®(Qr) and there exists a finite time Ty > 0 such that

14

t 1—v
(4.21) 1)l < € {1 - —} " Jort>0,
),

and for some € > 0 small enough. Then the finite extinction time of the solution u
coincides with the extinction time of the source term f, i.e. 79 = T}.

Proof. Let us set

1 — v+ (g — my — mo)
qo = .
]_—VQ

Note that ¢y > 2 since vy > 1 4+ m; + mo — . By a simple calculation, we have

- Qoq1
0= T
(1—0)q
L1
with ¢; = 2 °+q° ,and 6 = t We also emphasize that ¢; > qo since vy > «p.
4.23 decay f
In a similar way to the proof of (h_l'g), and thanks to the assumption (4.21); we observe

that y(t) = ||u(t)||%4 satisfies the following ordinary differential inequality:

v
fapqy T—vg

_ " t 0 _
(4.22) o' (t) + Clluoll " y(t)* <€ {1 - ?f] luoll%ots,  y(0) = yo = lluol|
_l’_
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dition on size|

for some positive constant K. But, it is easy to see that the function

t

(t) o
Ty,

ODE
is a supersolution of problem (h‘Z‘Z) once we assume the following condition on the data:

foadl Yo

4.23 C Iy — ——
( ) ||U’O||L1 y() (1 . VO)Tf

qo—1

> &|luol| -1

lcondition on size . . .
We note that (H.23) occurs since ug is small and € > 0 is also small enough, and it depends

on ug. Then, ?@{Dﬁpplying the comparison principle for nonnegative solutions of the ODE
associated to (4.22), we get

0 <y(t) <Y(t) for any ¢t > 0,
which implies that the extinction time of y() coincides with T7. ]
) theextinction rol
Remark 10. Notice that Theorgin I3 extends To the case of the nonlocal problem (lI ) the

result by Bénilan and Crandall [[2] when we take s =0 and m := my + ma.

5 Appendix

Lemma 10. Let s € (0,1). For any € > 0, there holds
0 < F{L} < F{(-4)}.

Proof. 1t is known that for any u € S(RY) (the Schwartz space), F{(—A)*} can be
considered as a multiplier of F{(—A)*u}, i.e:

FL(=A)u} (&) = F{(—=A) }F{u}(©).
We have

(—A)u) = %/RN u(z + h) +’Z’<§+;h> — 2u(x) .

Taking the Fourier transform yields

pibh | pith _
FAA O = 5 [ S Fud(©

B 1 —cos(§ - h) "
_/RN ‘h‘N+25 dhf{ }(6)
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lemGag-Nil

2.21

2.22

This implies that

6.1 FU-a1Y©) = [ i

Similarly, we also have
1 ei&h 4 emikh _ 9
Fﬁjuﬁz—/ ~——dh F{u}(&
O =3 [y e

= [ i @)

(|2 + &2

Therefore,
—cos(¢ - h)

5.2 FALI} (&) = / 5
(52) o= [ oo

1 1 7.1 7.
Then, the conclusion of Lemma [0 Tollows from (h) and (ET%)

Next, we have the following embedding results.

Lemma 11. Let a € (0,1), N > 1, and p > 1. Then, we have
VY| oy < CHVUHLP(RN)“UHLP ®vy  VUE WP (RN,

Proof. We have

IV0ll o) < C(N, @) (/RN (/RN v Jlrh}|LN+_av ) )
< C(N,a,p) [( /R ) ( /hlSA v Thfle;v ) )
o (L ]

Now, we consider I;. Applying Young’s inequality and Holder’s inequality yields

h\<A < dx) v dh
/ o\ < ( Vol +h) + (1= t)x)ldt)pdx) " ||~ (Nt g,
(

1/p
/ // \Vo(t(z +h) + (1 —t)z )|pdmdt> |h|~WNre=Dap
|h|<A RY
(5.4) < C(N, )N ™Vl ogan)-

=C(I; + I).

lv(x + h) — v(z)]
|h|N+a

IN
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Next, we apply Young’s inequality to get

1/p
I, < / (/ lv(x + h) — v(:v)|pdm) |h|~ W F)dp
[h[>A \JRN
2.23] (5.5) < 2||v| Lo may /h . |h|~ N+ dh = C(N, a) A" v]| Lr (.
>

2.22 2.23
A combination of (5.255 and (b.5) implies

I + 1, < C(N,a) (N7 Voll o@ry + A0l r@r)) -

The last inequality holds for any A > 0, then we obtain

2.24| (5.6) I +I, < C(N, a)HleL;(O]‘RN)HVUH%I,(RN).
2.21 2.24 lemGag-Nil
By (}bg) and (}b.b), we complete the proof of Lemma S O

Lemma 12. Let 0 € (0,1), and N > 1. Let aj,as € (0,1) be such that a; < asf.

Assume that T is a 0-Holder continuous function on R. Then, we have

[V (0) | r @y < C||U||Ha2(RN)7

where
(5.7) G
Remark 11. Note that it follows from (%%%hat r> 2.
Proof. The proof of Lemma %%found in %%ﬁ%nma 6.6] . O
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