Available online at www.sciencedirect.com
SCIENCE DIRECT*® NUCLEAR
PHYSICS

ELSEVIER Nuclear Physics B 727 [PM] (2005) 513-536

Position-dependent noncommutative products:
Classical construction and field theory

V. Gayral*!, J.M. Gracia-Bondig F. Ruiz Rui?’
@ Centre de Physique Théorique, UMR 6207, 13288 Marssille, France
b Departamento de Fisica Tedrica |, Universidad Complutense de Madrid, 28040 Madrid, Spain
Received 8 April 2005; accepted 8 August 2005
Available online 31 August 2005

Abstract

We look in EuclideariR? for associative star products realizing the commutation reldtién x¥] =
iOH*Y(x), where the noncommutativity parametéy$” depend on the position coordinatesWe do this
by adopting Rieffel’s deformation theory (originally formulated for const@nand which includes the
Moyal product as a particular case) and find that, for a topoR@k R?, there is only one class of such
products which are associative. It corresponds to a noncommutativity matrix whose canonical form has
components 12 = —©21 = 0 and®34 = — 043 = 9(x1, x2), with 6 (x1, x2) an arbitrary positive smooth
bounded function. In Minkowski space—time, this describes a position-dependent space-like or magnetic
noncommutativity. We show how to generalize our constructiom 03 arbitrary dimensions and use it
to find traveling noncommutative lumps generalizing noncommutative solitons discussed in the literature.
Next we consider Euclideahp? field theory on such a noncommutative background. Using a zeta-like
regulator, the covariant perturbation method and working in configuration space, we explicitly compute
the UV singularities. We find that, while the two-point UV divergences are nonlocal, the four-point UV
divergences are local, in accordance with recent results for corttant
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1. Introduction

Seiberg and Witten have argugt that the endpoints of open strings in a magnetic field
background live on a Moyal (hyper)plane. The mathematical properties of these spaces were
familiar to physicists since the fifties, especially in connection with the phase-space formulation
of quantum mechanicg]. To this knowledge must be added the recent pf{8pfthat Moyal
planes are spectral triples, that is, virtual spin manifolds in the sense of Cldible¥et, despite
all these good properties, quantum field theory on Moyal planes (NCFT for short) is a difficult
construct.

The problems of NCFT arise with renormalization and are ultimately caused by the nonlocal
nature of the Moyal ‘star’ product. One of these problems is the conciliation of unitarity with the
locality of the counterterms needed to subtract UV divergences. Indeed, whereas on the one hand
it has been provefb] that noncommutativity matrice® = [@*"] with only space—space com-
ponents yield one-loop renormalized Green functions consistent with unitarity, on the other hand
it has been shown that such Green functions do not define an effective Bfti@ee Ref[8]
for an argument in terms of Wick products). This indicates that noncommutativity matrices with
nonvanishing space—time components should be investigated. Some progress along this line is
taking place][9,10]. Another source of trouble is the occurrence of tachyonic instabilitigs
12] already at first order in perturbation theory. Such instabilities, and partly the nonlocality of
the UV counterterms for space—space matri@esre linked to the by now well-known UV/IR
mixing phenomenofil3]. Fortunately enough, there is a cure for this problem, since such insta-
bilities can be eliminated and the UV/IR mixing avoided by introducing supersymifietj4]

So, allin all, progress is being made little by little. In this respect it is worth mentioning the gen-
eral belief that by removing the UV/IR mixing the renormalization program is feasible at higher
orders in perturbation theory.

In this paper we take a different view and investigate almost unexplored territory: NCFT on
nonconstant (i.e. coordinate-dependent) noncommutativity spaces. We have several motivations
for this enterprise. The first one comes from the appearance of nonconstant noncommutativity
in various contexts, in particular from the continued development of string theory; a literature
sample may include Reffl5-20] The second one is that, partly motivated by the former and by
the hope of dealing with gravity, it is natural to look at the noncommutativity parameters as dy-
namical variables. A step in this direction is to make them dependent on coordinates. One could
count, in the third place, the hope of finding a transitional regime between the noncommutative
and the commutative realms. This hope seems to be misplaced, at least for nonsupersymmetric
theories, as the UV/IR phenomenon and the generation of IR singularities when the noncommu-
tativity parameters approach zero are not overcome. Last, but not least, the problem has interest
from the viewpoint of the general theory of noncommutative spaces, for there are not so many
examples of these.

As we will see below, there are ways to realize the commutator

[x*, xV]=i0" (x), (1.1)

where the matrix® (x) = [©@*"(x)] depends on coordinates, by means of star products. Nonasso-
ciative star products have been explicitly usefih]. However, for field theory and also for the

sake of defining noncommutative spaces with a minimum set of bona fide properties, one wants
anassociative product with more or less the same basic properties as Moyal's. So we must first
investigate the question of whether there are admissible associative generalizations of the Moyal
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product with position-dependent noncommutativity. We will do this by using Rieffel's defor-
mation procedur§2?2], a true and tested recipe for generating suitable noncommutative spaces
with constant noncommutativity, and studying under what conditions it can be extended to cover
nonconstant noncommutativity. This by itself is not a trivial issue. In fact, in the literature one
often finds Eq(1.1), but no direct explicit realizations are given. As already declared, we want
to do quantum field theory dR* with nonconstan® (x), so we will be interested in nonperiodic

star products of functions (fields) defined Bf. We will consider Euclideai®* with topology

R? x R? and use coordinates= (¥, ¥2, 1, ¥2) to exploit the canonical form of antisymmet-

ric matrices® (x) in four dimensions and the fact thé(x) can only have rank 4, 2 or 0. The
outcome of this investigation is surprising because of the uniqueness of its result. Namely, the
only noncommutativity matrix® (x) yielding an associative nonconstant star product of the de-

sired type will turn out to have rank 2 and entri@$ = 0 and ®%” = 29 (x), with 6(x) an
arbitrary positive and suitably bounded function, or the other way around. This corresponds in
the Minkowskian framework to am-dependent generalization of space-like or magnetic con-
stant noncommutativity. We will see all this in SectidnWe also give there an example of a
nonconstant star product f&* foliated by 3-spheres.

The construction in Sectiadof a position-dependent star product makes an obvious exercise
to generalize the noncommutative soliton solutions in the literdf 8o traveling noncommu-
tative lumps. This is done in Secti@

Once we have a sensible nonconstant star product, we move on to consider quahfietd
theory for such a product. We will define the quantum theory through the effective action and
study whether the theory is renormalizable at one loop. Because of the presence of the generic
function6(x) we are led to work in position space. To compute one-loop radiative corrections
and examine their UV singularities we will use the covariant perturbation mg¢##jddue to
Barvinsky and Vilkovisky, proposed as an alternative to the Schwinger—DeWitt techi@ifue
and tested in the quantization of fields coupled to gravitational backgrounds. We discuss in Sec-
tion 4 the particulars of the method when applied to our problem.

Sectionss and 6contain the analysis of the two and four-point parts of the effective action.
Despite the nonlocalities of the theory, we succeed in completely characterizing the UV diver-
gences in the model. While the four-point divergences are completely local and can be subtracted
by local counterterms, the two-point divergences are nonlocal and cannot be removed by local
counterterms. This poses an obstacle to traditional perturbative renormalization and shows that
the A¢* model can only be viewed at this stage as an effective theory. This is in complete ac-
cordance with thé@-constant case. Sectidrcontains our conclusion. We include at the end two
mathematicahppendices A and B-which the not mathematically inclined reader may omit—to
put our discussion on a rigorous footing.

We want to emphasize at the outset that we are not claiming ours is the only method to
construct associative star products compatible with position-dependent commutation relations.
Other methods are found in the literature, for instance in relation with Kontsevich’s formality for
Poisson structurg®6], or as deformations of the commutation relatjtri ) for constan®® [27].

Those methods have in common that the noncommutativity matrix is regarded as a perturbation,
and the expansions i are analytically uncontrolled. For the noncommutative products obtained

in Ref.[15] as symplectic reductions of Moyal algebras to function groups, this is also true in
practice, although not in principle. Our approach, however, is not perturbatieAs we intend

here to do field theory, well-definiteness of the various objects involved in our analysis becomes
crucial, so our preferences go to deformations with good analytical properties, and in that respect
Rieffel's approach singles itself.
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2. Construction of star productswith nonconstant @ (x)

We start by recalling the construction of the original Moyal product. For any finite dimension
k > 2, we denote by a real nondegenerate skew-symmetric k matrix. The nondegeneracy
condition implies even dimension, so that 2N with N > 1. Given now two suitable functions
f andg onR?V | their Moyal product is a function of the same type defined as

(f %0 &)(x) = ANy d® 7 f(x + y)g(x + 2)e 2O, (2.1)

@ |
72N det®
Sincey andz are points in space—time, the entries@fhave the dimensions of an area. The
Moyal product clearly satisfies the trace property, for

/ A x (f %6 )(x) = / i f (g ).

This property allows to extend definitigR.1)to (huge) appropriately chosen function and distri-
bution multiplier spacef30]. In particular, the Moyal product of periodic functions is periodic,
and thus noncommutative tori are subsumed in Moyal theory.

The crucial remark by Rieffel is that E(R.1) may be rewritten as

(f %o &)(x) =

1 1 .
20k /dky d*z f(x — E@y)g(x +2)e %, (2.2)

This formula is the starting point for a far-reaching deformation theory of algebras, in which
the ®-parameters carry actions of continuous Abelian grdRips< T/~ and no longer nonde-
generacy/even dimension are issues. For instance, a generalization(®fZta terms of such
actions, by isometries on suitable Riemannian manifolds, has been analyzed ifi3R&f2],
with most properties of the Moyal product being kept.

To begin our study, we recall the well-known fact that any antisymmetric constant matrix
can be written in the form

s 0 0 1
o—a(* A with§= ,
0 68 -1 0

where A is orthogonal A’ = A~1, and¢ andé are constants. Note that, beidgorthogonal,
the previous transformation is both a congruence and a similarity. Let us assume now that two
antisymmetric matrice® and®’ are related by such a transformation,

O =A'0A = AlO],
and let us define local transformations
Af(x) = f(A ™).

As is well known, it then follows that the corresponding star produgte&ndxe: are covariant
under A, meaning that there exists an algebra isomorphism such that, with a slight abuse of
notation,

A(f *41018)(x) = Af (x) xo Ag(X). (2.3)
In particular, if® and A commute, there is equivariance, i.e.

A(f *o &)(x) = Af(x) o Ag(x).
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For instance, if

(5 o)

O = ,

0 08

the star product is equivariant under transformations of the g8oup; R) x SO(2; R)—actually
under the bigger groufL(2; R) x S.(2; R) of symplectic transformations.

For x-dependent? we adopt Rieffel's formulg2.2) as our starting point. In this case it is
natural to consider a large ‘gauge’ grofgR*, O (4; R)) of transformations

A f@x) = f(A T (x)x)
for suitably well-behaved orthogonal-matrix valued functiai(s). Then it is not difficult to see
that, instead of Eq2.3), with A’ (x)® (y)A(x) =: A(x)[®(y)], the covariance property reads:
A)(f *Am[eAxn] & X) =AX) f(x) *ox) A(x)g(x).

Thus the produck 4(x)[ea(x)x)] IS @ssociative if and only gy is. This observation allows us
to reduce the study of associativity &) to the case in which the matri® (x) is brought into
the canonical form

@(x):<§(x)S 0 ) WithS:(o 1),
0 0(x)S 10

Z(x) andé(x) being functions ofc. Henceforth we suppose that this reduction has taken place.
Recalling that for a point € R* we are writingry = (X, ¥) = (¥, ¥%), with i, a = 1, 2, the latter
defines the star product of two functiofisandg on R* as

(f %o &)(x) =

L[ atyats p(5 = 2eoss, i — 200085 ) oG +2.5 + 3
(2n)4/ yd'z f x—éé(x) yxX—3 x)Sy Jgx+2z,x+72)

x e IOTHD), (2.4)

For this definition to be pertinent, we need two conditions. First, it must realize the commutation
relations

[¥', %/ ]=i0Y (x) =i ¢ (x), [#9, %] =i (x) = ie®P0 (x), [+, %] =0,
(2.5)

whereg12 = 1. Secondly, it must satisfy the basic properties of the ordigamgonstant Moyal
product, associativity among them. In this regard it is worth emphasizing that the entanglement
caused by a nonconstafitin (2.4) threatens associativity.

In this section we study whether the commutation relations are realized and find the con-
straints that associativity imposes on the functiots) andé (x). Clearly the matrix® (x) will
have rank 4, 2 or 0. For analytical reasons discussed later, we take the furggtiorado (x)
either zero or positive everywhere. This implies that we restrict ourselves to constant rank. Rank
4 corresponds to both functioggx) andd(x) being different from zero for alt, rank 2 cor-
responds to the produ¢ix)0(x) vanishing for allx and rank O to both being zero. We do not
consider the rank 0 case since it corresponds to the ordinary commutative product. Let us con-
sider the rank 4 and rank 2 cases separately.
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2.1. Casel:rank®) =4

Using Eq.(2.4)for the productc’ o %/ we have
. ) 1 ' o
xt *© 3 = (27-[)4 /dZdey d22d2 [X _ C(X)Slk ki| [)E/ + z/]e—z(yz+yz).

Expanding the product in the integrand and integrating ¢wendz we have

. . 9
X xp x) = 272 /dZde [xtx/ +x Z/ — _é-(x)glk Shxl — C(x)s’k k8 ji| —iyz
Integrating now ovef andz we obtain the ordinary produgt i/ for the first term, zero for the

second and third terms arﬂ(x)s"f for the fourth term. Hence
Fovo ¥ = F i+ %{(x)eij.

It then follows that the generalized Rieffel formyfa4) realizes the first commutation relation
in Eq. (2.5). Analogous arguments show that the other two commutation relatiofZ&s5Ghare
also implemented by definitiof2.4).

We next discuss associativity,

(f %o 8) %o h = f xo (g *o h). (2.6)
As is well known, a necessary condition, though not sufficient, for associativity is the Jacobi
identity

[[f7g]*@1h]*@+[[hv f]*@v ] +[[gvh]*@’ f] :O7 (27)

where we have writtefif, gl., = f *O g—g*o f. Let us study whether it is fulfilled, prior to
moving on to associativity. Fof = x?, g = x/ andh = x*, since the indices j, k may only take
values in the range 1, 2, two of them must be equal;&’;ly. Then the identity2.7) becomes

k =i =i =i -k =i
[[x X ]*H’x ]*(.) + [[x ’x ]*(.)’x ]*(..) = 0’
which is trivially satisfied. The same argument shows that the Jacobi identity also holds for
f=3% g=xbandh =% Now, for f = x/, g =%/ andh = ¥, the commutation relations
(2.5)give for Eq.(2.7)
[¢(x), %], =0.

*O

*O

As we are assuming(x) # 0, this requires the function(x) not to depend orx. Analogous
arguments show that the Jacobi identity foe= ¢, ¢ = ¥* andh = X' demands the function
6 (x) not to depend orx. We then have (x) = ¢ (x) andé(x) = 6(%). In other, words the non-
commutativity matrix is the direct sum of twox22 matrices that do not speak to each other.

Let us now consider associativity itself. Usi(®@)4) and similar arguments as for the study of
the commutation relations, it is easy to see that

3 N
(¥ %o ¥/) xo I — ¥ %o (¥ %o X )———;“(X)[ a;r +€jk€”a—§f}'

Associativity fori = j =1,k =2 and fori = 1, j = k = 2 require¢ /052 =0 anddz /951 =0
Hencez (x) must be constant. The same arguments appliéd t&” andx¢ show tha® (¥) must
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also be constant. Therefore

rank4: ¢(x)=const 0(x) = const

This brings us back to the ordinay-constant Moyal 4-dimensional star product. We thus
conclude that for rank 4, Rieffel's deformation framework does not provide generalizations to
nonconstant star products in terms of associative algebras of functions. From our arguments it
trivially follows that there is no 2-dimensional generalization in the sense of Rieffel of the Moyal
product to nonconstar (x), either.

2.2. Case2: rank®@) =2
Constant rank 2 corresponds to one of the two functign$ andé (x) being identically zero.

So let us take (x) = 0; if 8(x) = 0 one proceeds similarly. In this case integration gvandz
in Eq. (2.4)is trivial and thus we are left with

(f %0 &)(x) =

(2;1)2 /dzﬁ d®v f(x, i— %0(x)SlZ>g(i, X+ D)e”iY, (2.8)

Here we have changed the notationoto make explicit that we are in the case of rank 2. The
same arguments as for the rank 4 case show tha{Z8) realizes the commutation relations
(2.5). The Jacobi identity can also be analyzed in the same manner as for rank 4. The difference
is that now it does not restrict the dependence(@h on x. Associativity, however, does, for we

now arrive at

1 20 a0
~a ~b ~c ~a ~b ~c ab .cd bc .ad
— ——2p _ _
(x *gx)*gx x *e(x *9)() (x)|:£ £ 8~d+€ £ 8~d:|

and for the right-hand side to vanish for allb, ¢ = 1, 2 we need6 /951 = 0 anddg /92 = 0.
Henced (x) may only depend o#,

rank2: 0(x) =6(x).

Once we have this, we prove associativity for arbitrary functigng andz on R*. For the
left-hand side in Eq(2.6) we have

[(f %0 ) %o h](x) =

1 o
(27_[)4/dzﬁldzﬁldzﬂzdzf)ze*l(ulv1+u2v2)
T R
< f X, X = 50(x) S+ i)
. 1r o
X g(x,x — E@(x)Sug—i— Ul>h(X,x + 7).

Making the change$; — 01 + %O(X)Sﬁg andii; — up — i1, we obtain after a plane wave
integration

Gy /dzﬁ d25f<i, i- %G(X)Sﬁ)g(i,i + 5)h<x,x +0+ %e(x)sa)e—””. (2.9)

For the other side we have



520 V. Gayral et al. / Nuclear Physics B 727 [PM] (2005) 513-536

o 1
[f %0 (g %0 W)](x) = / d?ii1 d?vy d%iip d? v e~ 101 F2D2) f()'c,i — 59@51;2)

1
(2m)4
_. 1 - .. -

X g(x,x — EQ(x)Sul—i— v2>h(x,x + v1 + v2).

Performing the change® — v, — v1 andv1 — 11 — %Q(X)Sﬁl in this order, and integrating
overiz1 andvq, we obtain

d%id®s f 55— o si)el5.5 45— 0@ VhE. 5 + 5e—iT
’ > glx,x+v 5 (xX)Su |h(x,x +v)e Y.

(27)?

Changing nows — v + %Q(X)Sﬁ we reproducé2.9), which proves associativity.
Appendix Acontains a discussion of other basic properties of this star product. Among them,
it is convenient to mention here the trace property and the Leibniz rule. The trace property

/d%zd%z (f %9 g)(%, %) :/d%zd%z (%, %)g(x, %)

follows from Eq.(2.8) and some simple changes of variables. As concerns the Leibniz rule,
differentials with respect t& coordinates satisfy it, for

0g

(2.10)

whereas derivatives with respecti@oordinates do not. Indeed, acting witfox; on Eq.(2.8),
recalling that only depends ol and integrating by parts, we have

Bf 8g i 30 f of ag
— —5 &4 2.11
(f *08)= o5 8+ fxg o+ oore (aia 0 55b (2.11)

As a consequence, the star product constructed here is not an isospectral deformation in the sense
of Connes and Land83,34], since commutators of the ordinary Dirac operatoRGwith left or
right star multiplication contain derivatives. In particular, the commutators are no longer bounded
operators. The formulation of nonconstant noncommutativity spaces as Connes’ spectral triples
is likely to involve techniques of the noncommutative geometry of foliat[856%.

The star product associated6r) = 6 (x) and¢ (x) = 0 that we have just constructed can be
viewed as follows. Suppose we take infinitely many copie&®#nd that on each copy we define
an ordinaryg-constant Moyal product, with being different for different copies. To account for
this difference, we make to depend on two real arbitrary parameté?‘sandiz, external tdR?.
Now we form the product of the deforméP?, which we denoteRQ(X), with the range of the

external parameters, which is nothing m,% This gives a follatloer X Rg(}) of R4, i.e. the
structure we have. From this viewpoint, it is natural that this construction define a nonconstant
©® (x) star product. This is the only one that happens to be associative within the framework
provided by Rieffel's deformation quantization method. The construction generalizes to other
dimensions in different forms. Indeed, far> 3 odd or even ana — 2m > 1, we can write

R" ~ R"2" 5 R2" gandx = (¥1,...,%"2" 1, ..., ¥2"). We can even substitute a manifold

for R"~2"_ The arguments presented here all go through, thus ensuring associativity.

2.3. Adifferent rank 2 construction: foliation of R* by radius-dependent generalized
Connes-Landi spheres

Thus far we have implicitly supposed that the transformations required to @rinyinto the
canonical form do not change the topologyRf, in regard to foliations. Star products induced
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by periodic actions within the Rieffel's recipe partially escape this situation. To illustrate this
point, let us give an example of a nonconstant star product based on a different decomposition of
R#, namely the foliation oR* by radius-dependent generalized Connes—Landi spf&8Eg his
construction also has rank 2 and, although lying outside the main line of this paper, we include it
because of its novelty. On ordinary spa& define double cylindrical coordinatég®, «, p, ¢)

by
x1 = R COSk COS¢, X2 = RCOSp Sing,
x3= Rsinpsing, x4 = R sink cosep,
where 0< R < +00,0< «, p < 27 and 0< ¢ < w/2. Then consider a foliatiolR™ x Sf) of
R* by spheres of the Connes—Landi type (a continuous field of unital algebras) with a variable

noncommutativity parametes = w(R), a smooth and strictly positive function. Define finally
the star product through

(f *g h)(R, eik,eip,(b) /dZM dzt e—iutf(R,eiK—ia)(R)uz/z’ ei'o+iw(R)M1/2,¢))

~ (2n)?
X h(R,eiK+it1,eip+it2,¢),

whereu = (u1, u2) andt = (11, 12). If functions onR* are isotypically decomposed,

f=2 e [ (R, )

rezs

the star product takes the form

(f %o )Rk, p,¢) = Y e 1 HDremilotsan do®St g (R g)hg(R, ).

r,seZp

The same analytical properties as for tRé x Rg foliation discussed in Sectio.2 and
Appendix Aare easily seen to also hold for this product.

3. Traveling noncommutative lumps
The nonconstant produg} defined in Sectio@ makes possible to extend the construction by

Gopakumar et a[23] of noncommutative solitons to include propagating lumps. Let us recall in
this regard that Ref23] considers the extrema problem for the functional

v L a0 b
V[¢>1—fd x<2m¢> +§S¢*),

whereg; is a short-hand for the noncommutatité power

Py =¢xPpx---x¢
constructed with the constant noncommutativity matrix
018
628
@ =

OnS
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There it is shown that the corresponding field equation

m?p+ Y bygi t=0 (3.1)

s=3
has solutions of the form

N oo

po ((x1,x2), ..., Cov—1,x0)) = [ [ D_ ans for ke (v, xi). (3.2)

i=1k;=0

In this expression the coefficienig take values in the set of solutions of the equation

m?z+ Y bz 1=0, (3.3)
s=3
and thefy, ;, are given by

2 202
for ke (i, xip1) = (=D)ki 2¢ p"/e'Lk,»<0—_l>, (3.4)
l

with p; defined in terms of the Cartesian coordinates ..., xoy) as

p2y =x?+xf,, i=13..,2N-1,

2
andL,(x) denoting the ordinary Laguerre polynomial of ordeirhese solutions can be written
in many different fashions, for it is enoudlfy, «, } to be a family of real orthogonal projectors
of the two-dimensional Moyal algebra with parametgrThe choice in Eq(3.4) corresponds
to taking for such projectors the Wigner eigenfunctions of the harmonic oscil28e80] It is
also possible to construct radial solutionsge= - - - = 6y = 6 of the form

_ 2 (202
qbg(,o):ZaM(—l)MZNe PO 1(%), M=0,12,..., (3.5)
M

wherep is the radial coordinate iRV and the coefficient,, takes values in the set of solutions
of Eq.(3.3).

We now conside2N + 2)-dimensional Minkowski space—time, with coordinatesx, x1,
..., x2n). From our analysis in Sectidhit is clear thate in Eq.(3.2)is still a solution in such a
space—time of the field equati¢®.1) when the noncommutative parametérbecome functions
of + andx. Furthermore, if each; only depends on either the sum- x or the difference — x,
the field configuratioye solves the equation

(92— 09 +m?p+ Y _bypi t=0. (3.6)
s=3

Such solutions describe lumps traveling in the negative or positive directionwittfi velocity 1.

It is also obvious thatpy (o) in (3.5) describes a spherical traveling lump #ra function of

t + x. However, the solutions to E¢B.6) discussed here are not solutions of the field equation
that results from adding to the functionid[¢] the fully-fledged kinetic term%(8¢>)2.
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4. Field theory for noncommutative A¢* with variable 8. The effective action at one loop:
generalities

Let us next consider quantization of a classical field theory for the noncortstanttar
product constructed in Secti@ Our starting point for this is a real fiell with classical action
(free energy) in Euclidean space given by

S[¢] =/d4x|:%¢(A+m2)¢+ %¢*¢*¢*¢].

Here A is the Laplacianm? is the mass squared of the field,is the coupling constant and

we have writtenx instead ofxy to lighten the notation. In our conventions the Laplacian is
positive: A = —3#9,,. This action defines the classical theory. We assume the quantum theory to
be defined by its generating path inted8]

ZLj1= N / [do] exp<—5[¢>1+ f d“qus), (4.1)

wherej (x) is the source with respect to which functional differentiatio@f] generates Green
functions, andV is a normalization factor such that0] = 1. The path integral foZ[j] is to

be understood as the formal perturbative series that results from expanding about the classical
solutionsy reducing to the trivial one whep= 0 of the equation

Ol
3 (x) d=¢ )

We may suppose is of Schwartz class. Now, shifting in the vicinity of a solutigrihe integra-
tion variablep — ¢ + ¢ and substituting irZ[j], we have

Z1j] = Ne~lolgJ] f[d¢]e‘(’2[‘/“”]+0[¢3]),
where

Iole, 1= Sl — f d*x jo.

. [1 ) A
Iz[<p,¢]=/d x[§¢(A+m )¢+1—2(2<p*<p*¢*¢+<p*¢*<p*¢)]

At first order in perturbation theory only the quadratic p&rin the exponential contributes to
the path integral.
In what follows we will use the notation

Ho= A +m?, H=Ho+ M,
A
M = E(Lw*tp + Rpxp + RyLy),

with Ly and Ry denoting left and right star multiplication by. The operatord.  and R ¢
commute with each other. Furthermore, becapse real, and thanks to the trace propeity,
andR, are selfadjoint. Hence

1 1
Losp+ Ryrg + RyLy = 5 (Ly+ Ry)*(Lg + Ry) + S(Ly Ly + Ry Ry).
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which shows strict positivity off . Integrating then ovelid¢] we obtain for the one-loop correc-
tion to the effective actioh

[e¢]

1 [dt
Iilp] = —E/TTr(e”” — ¢ M), (4.2)
0

where the exponential~'#o comes from the normalization factdf. We want to study the UV
divergences of'1[¢] and see whether they can be subtracted by local counterterms. It is well
known that UV singularities arise from the smalkéxpansion of the integrand in E(4.2). To
regulate this expansion we therefore introduce a zeta function-like regularization and consider
instead

o

2¢

T1fp] = —% / “t 1_2” Tr(e™"" — ') (4.3)
0

We must find a suitable method to compute the singularities that oceusad when expanding

in powers oft the integrand in this expression. Because of the presence of the ‘background field’

6 (x) we work in configuration space.

In position space two methods have been proposed to compute the UV divergences for
constanty. The first one, employed in Reff81,37] computese~'# using Campbell-Baker—
Hausdorff (CBH) or Zassenhaus-type formulae. However, this does not work well for noncon-
stantd(x). Instead we use the method that in the physics literature goes under the name of
covariant perturbation theof24], whereas to mathematicians is known as the Duhamel or “ex-
pansional” serief38]. For the sake of completeness,we sketch a two-line derivation for it. Since
the standard power series for the exponentidl0tM) is of little use asHp and M do not
commute, it is better to think af ! (Ho+M) as the solution of the differential equation

dyY(t)
dt

with initial condition ¥ (0) = 1. Writing Y (r) = X (1)e "0, we obtain forX the new differential
equation

dXx (1) _
T —XM®M(1),

with M (1) = e~ "HopgetHo  |Its iterative solution reads

o
e M ="K,
n=0

whereKo(t) = e~"H0 and

=-Y(@)(Ho+ M),

t On 02
Kn(t)=(—)" / doy / doy_1--- / doy e tHopfe= 0270V o . ppe=(i=on)Ho
0 0 0

2 Recalling from Sectior8 that L, and R, for ¢ of Schwartz class are bounded, so thatis bounded, one can
generalize the arguments in REF1] to prove a priori that the differenae*# — ¢~1Ho is trace-class for all > 0.
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for n > 1. Simple changes of variabl§¥4] yield for the traces of the operatoks, (1)

o
—)"
TrK, (1) = =0 / doe1~--doz,,8<l— Za,») Tr(Me"*1Hoppe=tozto . . ppe=tontlo)
n
0

(4.4)
so that onlyrn — 1 integrals need be performed to compute&jtz). Furthermore, since/ is
positive and bounded from above, it follows that

TrK,(t)~t""? ast]O0. (4.5)
Hence, only
TrK1=—1TrMe "o (4.6)
and
L
TrKy= Etzfdo Tr[Me ™" Hoppe 1m0 Ho] 4.7)

0

will contribute to the divergent part of the regularized effective actior as 0. These two
contributions correspond precisely to the two and four-point 1Pl Green functions.

Because the procedure seems not as well known as perhaps it should be, we summarize the
advantages of the covariant perturbation method:

e CBH-like series only converge for small] whereas the convergence properties of the
Duhamel perturbation expansion are so good that it not only adds up Mhsra bounded
perturbation of an unboundetl (the case here), but also for unbounded perturbations under
appropriate circumstances.

e Smallz expansions by definition contain no information abotitco. In fact, to study 1 oo,
one should regard Schwinger—-DeWitt formulae as asymptotic expansions in the inverse mass
squared, as it is the—m” dampening factor that protects the integil3) from infrared
problems. The question has been tackled in the context of covariant perturbation[##gory
for ordinary quantum field theory and it has been proved that in four dimensions, irrespec-
tively of mass, each term %, (for n > 1) of the expansion goes agrllike ¢t 1+ co. Then
the effective action always exists. To our knowledge, this question is open for NCFT.

e The Duhamel series has a cohomological meaning. Each of its terms is a cocycle in the en-
tire cyclic cohomology of the Connes bicomplex, namely the Jaffe—Lesniewski—Osterwalder
cocycle[5,39]

e Because the Duhamel expansion is essentially an expansion in powgfsansfd M is of
order two ing, each term gives directly asZpoint 1P| function. From this point of view, the
a;-parameters are essentially Schwinger parameters for the propagators.

There is a price to pay for all these benefits, and that is nonlocality, making it more difficult to
extract the singularities at— 0. We are bound to meet here two different types of nonlocality.
The first one concerns the nonlocality of the Duhamel development itself. This comes from the
entanglement of the heat kernel semigroups with the effective potentials. In the NCFT case with
constant noncommutativity, it is well known that there are nonlocal contributions from both the
planar and nonplanar sectors of the theory. We expect nonlocalities of this type to also occur
here, may be worsened now by variabilityaafr).



526 V. Gayral et al. / Nuclear Physics B 727 [PM] (2005) 513-536

5. Thetwo-point sector of the effective action

We have already mentioned in the last section that &nl) and K»(z) generate singularities
ate — 0, so that for the regularized effective acti@n3)we can write

Tilel = TP[p] + T[]+ O(e),

where

1 [ p2de
F?%m=—§/tbeﬂKAm n=12
0

We computel"i’(z) [¢] in this section and postpoﬂ?a_‘l’(“) [¢] to Section6. Using for TrK1(¢) the
expression ir{4.6), we have

oo
() )‘MZG € —tm? —tA
Iy lpl=—5 [ dite Tr[(Lgup + Rpup + RyLy)e "2 ]. (5.1)
0
We first calculate the traces of the three terms in the integrand and then integrade. Gves
L. andR., terms in Eq(5.1)yield the same contribution to the trace, since for any function

f one has

Tr(Rpe ") =Tr(Le ') =Tr(Mse '?) = (4;)2 /d4x [, %), (5.2)

whereM ; denotes the operator of ordinary multiplication yTo prove this, we note that from
the definition of star product in E¢2.8)it follows, in obvious notation, that

1 1
(x|Lsly) = oy /dzﬂ d?v e’””f(f,i - 59(2)5&)5@)(% — 982G +0— ),
(5.3)
(x|R¢|y) = 1 /dzﬁ d?oe M Fx, F+0)8Px —3)8@ (k- EQ(E)Sﬁ -3
T 22 e 2 '
(5.4)
Taking e.g.L ; and noting
_ v vl2
(x|e 1A|y) — We [x—y] /4!7
we write

Tr(Lye ') = /d4x d*y (x| L ¢]y)(yle "2 |x)

-2
_ 1 4 0 o i e = L, N\e U
= (271)2/d x/d ud<ve f x,x—EQ(x)Su W

Making now the changé — x + %H(X)Sﬁ and integrating oved andv, we obtain

1
Tr(Lse'%) = G /d4x f(x.5).



V. Gayral et al. / Nuclear Physics B 727 [PM] (2005) 513-536 527

The proof forR; goes along the same lines. Next we move on to the third term ir(5h).
Using similar arguments, it is straightforward to show that

1 d*x o—1#2/6%(%)
Tr(RfL e / 20 f(X, ) f(X, X +i1) ———. :
"(RLre™®) =G | o | CHFEDFEF+HiD— (5.5)
Substituting the result%.2) and(5.5)in Eq. (5.1) and integrating over we have
2
() am” 4
' lel = 96712< ) I'(— 1+€)/d x ¢2(x)
A M 2~ ﬁz €
+ 192713( ) I'(e )/92( )/d X, X)e(x, x+u)[1+ 292(x):| .
(5.6)

The first term gives a local contribution. Hence the divergence that occurs in itavkef can

be subtracted by a local counterterm. By contrast, the second teBr6iris nonlocal and, as a
result, the singularity that it develops @s> 0 cannot be subtracted by a local counterterm, thus
spoiling renormalizability. Although this is not the by now traditional UV/IR mixing of NCFT, it
reveals a connection between the UV and IR sectors, since the UV singulasity & in ' (¢)

gets mixed with the long distance correlation contained in the integraliovdote also that in
Eq.(5.6)we observe the traditional splitting 6fconstant NCFT in a planar part (first term) with
the same dependence @&¢x) as in the classical action, and a nonplanar part (second term) with
a more complicated dependence.

Except for the fact that no@(x) depends or, this nonlocality of UV divergences also occurs
for 6-constant NCFT. Just takix) = 6 constant and the result of R¢T] is recovered. There it
is also explained how the corresponding result in momentum space—spg-gconceals the
singularity of thee — 0 limit. For constan® one may think of avoiding the problem by consid-
ering noncommutativity matrices of ran@,10] or by supersymmetrizing the thedi2,14] In
the nonconstar® (x) case, as seen in SectiBnassociativity excludes rank 4 noncommutativity
matrices. Supersymmetry remains unexplored.

When several vertices come into play, in the trace computations one has to deal with (sums and
differences of) the noncommutativity functierix) evaluated at different points. This will mix
further the UV and IR sectors of the theory. To better understand this mixing, and because we do
not yet want to exclude nonlocal UV renormalizations in a theory with a nonlockdpendent
background (x), which most likely is to be understood as an effective theory, we forge ahead,
and undertake the calculation of the four-point part of the effective action. This will also allow
us to discuss methods to deal with the apparent nonlocality of the Duhamel expansion.

6. Thefour-point sector of the effective action

In what follows we study“(4) Using(4.7)we have

00 1
ri® :—MT/dttl+€/dU Tr[Me"oHoppe! A=) Ho],

0

Recalling the expression @ in terms of left and right multiplication operators, using the in-
variance of the integral under— 1 — o, cyclicity of the trace and the property

(xIRfly) = (x|Lp=[y)* = (y|L flx),
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we obtain forI‘f) the sum of four terms

32,2
Fgfl)z—ﬁ/dttlJ“E/doXl(t,o), 1=1,....4 (6.1)
0
with

X1=2TH{Lyuge 70 Ly e~ A=) H0],

X2 =2TH[Lyape ""HOR ype A= H0],

X3=4THLgupe ""HOR, L e 1) H0],

Xg= Tr[R(/,L(,;e_mHOR(,;Lw_t(l_U)HO].

We shall see below thaitgf'l) becomes singular at— 0, Whereasrgl) is finite for7 =2, 3, 4.

6.1. UV divergences

Let us first conS|der( ). Using the expressions for the matrix elementg.gfand Ry in
Egs.(5.3) and (5.4)itis stralghtforward to see that; can be recast as

I e 1
/ d*x d*; f d?ii d?0 d%i’ d?0 e T (g ) <x - 59(2)&2)

X1= 208

1
X (¢ *9) (z - 59@5&’) (x + Ble™7MoIz)(z + e I o)),

We now make the changes

. .1 - _ 1 _ . o o1

x—>x+§9(x)Su, v—>v—§9(x)Su, vV —> 0 +§9(x)Su,
integrate oveiz andv and in the result perform

~ ~ 1 =\ or/ ~/ ~/ 1 =\ o/

Z—>z+ EG(Z)Su, V=1 —EQ(Z)Su.

Proceeding in this way we obtain

X1 = L /d“xd“z/d%dzﬁe*"“’(ww)(x)(co*cp)(z)

x fx + 3[0) —6@)]Sile™ )z + Bl o). (6.2)

Doing now the Gaussian integrations ovieandv and substituting in the expression ﬂbfl), we
arrive at

fe'e] 1

/d4xd4z/dtt_l+ee_tm2fdo (p*@)(x)(@*0) (K (x,z;t,0),
0

0

)\2 2¢
@ _

X1 72027)4
(6.3)
where the kerneK (x, z; ¢, o) is given by
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K(x,z:t,0) = ex [— (& —2)? } =
) = g1 N T do(l—0) | Ho(l—0) 1 2. 2))10
(F—2)?2
— 4
XEXP[ 4;0(1—a)+03(x,z>/t}’ (6-4)

and by definition

B -
0+(X,2) = 5[e)(x) +6(2)].

To analyze this expression we consider first the case in whick 0. Eq.(6.3) then takes the
form

52,2 [

4 M 4. 4 €

FX1,6_=OZ_72(4n)2/d xd z(goﬂp)(x)/dt e
0

R e e

d 6.5

x/ e eI} (65)
0

This integral can be written as

00 > 1
@ )LZMZG 4 e~ tm o)A
FX1,0,=O=_W/‘1 x/dt e fdG((p*(p)(X)[@ ((p*(p)](x).
0 0

Integrating over, expanding in powers af and integrating oves, we obtain

re ——L/d‘lx( v oy —n m*+ A/6 +0() |(@* @) (x)
X1,0_=0—" 72(471)2 Q*xQ c 14 MZ Q*xQ .
This gives a local UV divergence, which in our regularization scheme is characterized by a
pole ine. It is worth mentioning the nonlocal aspect @ 3). Note that even i = 0, which
corresponds to the ordinary commutathg® model, formula(6.5) looks nonlocal. The reason
for that is the intrinsic nonlocality of the Duhamel method. This is the apparent nonlocality to
which we referred at the end of Secti8n
If 6_ £ 0, we divide the domain of integration forinto two parts: from 0 tax and froma

to oo, with « > 0. The contribution fronw to oo is finite fore — 0. That from 0 tox becomes
singular ate — 0. To find the singularity we recall the distributional identity

: —x2/a _ ok k

!)!5%—(710[)]{/26 =6"(x) forxeRR",
wheres* denotes theé-dimensional delta function. This gives for the kerié{x, z; ¢, o) the
following behavior for smalt:

I|mK(x z;t, G)—|I

82 —2) o [_ G —2)? }
110 4to (1— o) +02(x,2)/t 4to(1—0)+02%(x,2)/t
=5 —2).

Taking into consideration the fact®r1+fe‘f’"2, we obtain for the singular part OT(41), after
integration over ando,
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52
F?J,sing:_m/‘ﬁx [(@x9)(9*@)] ). (6.6)

We thus recover the same singularity (pole part) as fopthe- O case, which can be subtracted
by adding a local counterterm to the classical action. Note in this regar&kthat:; ¢, o) has
the same behavior for smalbs that of the kernel

o—lx—2?/4i0 (1-0)
[Arto (1 —o0)]?
corresponding té_ = 0. Let us, nevertheless, remark thatin NCFT at congtéimé contribution

of X1 is purely planar, whereas for nonconstérit is not. In fact, in Eq(6.3) the finite planar
and nonplanar contributions to the effective action thoroughly mix. With this we complete the

analysis oﬂ“gfl) in Eq.(6.1). Let us now move to that dfgfl) for 1 =2,3, 4.
6.2. Finite contributions

Using the expressions for the matrix elementd.gfandR ¢, and proceeding similarly as for
X1, itis not difficult to obtain forX»

Xp= Gy /d“xd“zfdzﬁdzﬁe*i“(goﬂp)(x)((p*(p)(z)(x+9+(x,2)sa|e*f””°|z>

x (z + O]e "= Ho|xy (6.7)

This is the same expression as #1 in Eqg. (6.2), with the only difference that instead of the
half-differenced_ (x, z) we have the half-surf; (x, 7). Slightly more complicated expressions
involving 64 (x, z) can be obtained fok3 and X4. Sincef (x) is strictly positive, the half-sum
will also be strictly positive and will act in E¢6.7) as a cut-off. This hints that the contribution
from X> to the effective action has no singularitiescat 0. In fact in Appendix Bit is shown

that X», X3 and X4 are bounded from above by a constant time@z/t,

—tm?

X1 <Ci——. =234 6.8)

Then, upon integration overando, they give finite contributions to the effective action, since
e’} N
|F§§‘I) < Cpa2u? / dit€e™m* = c})\2<%) T(e +1) = Cja%+ O(e).

All'in all we conclude that the only divergence in the four-point part of the effective action is due
to X1, has the forn{6.6)and, as already stated, can be subtracted by a local counterterm, posing
no problem to renormalizability.

Note that having a nonconstahtc) does not solve the traditional UV/IR mixing. This is obvi-
ous from Eq{6.7), for if we maked approach zerd); also approaches zero and the divergences
due to short distances— z reappear.

7. Conclusion
In this paper we have considered the generalization within Rieffel's formalism of the Moyal

product inR* to noncommutative products with position-dependent noncommutativity parame-
ters, and the formulation of quantum field theory for such generalized noncommutative products.
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In constructing such nonconstant noncommutative products, the requirement of associativ-
ity proves very restrictive and only allows a rank 2 matfXx) with entries®’/ (x) = 0 and
0% (x) = £%0(x). Herex = (x1, ¥2, ¥1, ¥2) andd (¥) is an arbitrary positive sufficiently smooth
bounded function. Perhaps more interesting is to regard this noncommutative product as a foli-
ation R2 x Rg(i) of R*. This point of view makes possible to generalize this construction to

n > 3 dimensions by writingR” ~ R"~2" » R2", The existence of these ‘nonconstant’ star
products in dimension, where noncommutativity is constrained t@ 2imensions and depends
on the othen — 2m coordinates allows to generalize the existing noncommutative solitons in the
literature[23] to traveling noncommutative lumps. In this regard, it would be interesting to in-
vestigate its usefulness in the search for other time-varying noncommutative classical solutions.
It also suggests to consider them in connection with extra dimensions. Another interesting ques-
tion concerns the interpretation of variable noncommutativity in relation with the quantum group
approach to the Moyal produftl].

To do quantum field theory on our noncommutativdependent background, we have worked
in position space and used the covariant perturbation m¢##ddwe have been able to perform
explicit calculations at one loop for they* model. Our computations for the two and four-point
1PI functions reveal that quantum field theory for nonconstéi} essentially suffers from the
same problems as for constantin this regard, the arbitrariness in the choice¢f) has not
been of much use and the situation is essentially not better nor worse than for cénstant

We close by mentioning that the construction of star products with noncon®tantin
Minkowski space—time is more involved, as the orbit®ofinder the action of the Lorentz group
have a more complicated structure than under orthogonal similarity. The construction found here
provides anc-dependent generalization of a space-like or magnetic constant noncommutativity
in Minkowski space—time, for which the effective action can be obtained by analytic continua-
tion.
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Appendix A. Algebra property and boundedness of left and right multiplication
We collect in this appendix other basic properties of the star progudfined in Sectio2.2

(1) Involutivity. From the definition given in Eq2.8)it is obvious that

(f*08)" =g" %o [".
(2) Equivariance. For arbitraryii € R? and M (x) € SL(2, R), the following can be seen to
hold:

(f %9 )(x, X +1t) = f(X,X +u)xg g(x, X + 1),
(f %0 @) (F, M(x)X) = £ (T, M(0)F) %g g(T, M(x)F).
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(3) Algebra property. We have implicitly assumed that the functiofisg, ... for which the
star producty is defined and the functiofi(x) satisfy good enough properties for the different
objects that we have considered to be well defined. Let us now be more precise about this point.
By S(R*) we denote the space of Schwartz (smooth, rapidly decreasing together with all deriv-
atives) functions oiR*. We recall that the standard Fréchet topologySoR*) is given by the
family of semi-norms

pri(f)= sup  sup|x
ler| <k, IBI<I xeR4

or alternatively by

qri(f) = sup SUP{/dzi |xa3ﬂf(x)|}-

| <k, BIS xeR?

Sinced (x) > 0, we can rewrite the star product as

- - 1 < 2n G- PSG-D)/0F) fr= (= =
(f *o g)(x’x)=_n292(i)/d2yd2Z€ 2G-HSE-D/OD f(F. §)g(F. ).
Thus, if

C1
1+ XDk =
with kg a positive integer and'1, C2 > 0 constants, we get

1
Po,o(f %9 8) < XSEL%D{Q( )/d VIf@&, y)!}xset%p{e( )/d Z|g(x, z)]}

2ko 2ko
< —Cinz{Z( ; )qz,o(n][_} ( l. )qz,-,o(g>}.

]:0 i=0

<O(F) < Cy, (A.1)

For other values of and!, we obtain similar estimates, provided all the derivatives of the func-
tion 6(x) are polynomially bounded. Indeed, noting

(9 §) (X, X) = (X' f) %9 g(¥, %) = f % (¥'g) (%, %),
a o N A Ay |
F(f %0 O)F, X) = 0 (F'8) (. 5) + 50(De (

agb * 8)()?,)7)

j 0
= (Rf) %0 g(F, %) — ’Ee(az)e“”( a;,,)(i,i),
and using2.10)and(2.11) we obtain by induction

pri(f*0 ) < Y K(Crko k. Kaw, k(a1 (8):
iel,jeJ

for some finite setd, J. This shows that the star produgt is separately continuous, indeed
jointly continuous, sinceS(R%) is a Fréchet space. Hence the sp&¢&*) endowed with the
star producky is an associative and involutive Fréchet algebra with jointly continuous product.
Under the same conditions the operators of leftand rightR ; star multiplication byf are
bounded on the Hilbert spade(R%). For L y this means thafL s/ || = || f *e ¥l < oo for all

fin S(R% and ally in L2(R*). To prove it, we make in Eq2.8)the changé — 2ii/6(x), use
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the identity
—2iuv/6(x) 1 1+ 192(_)A g —2iuv/6(x) (A 2)
e = - X 5 e .
(L + a2y 4 °

for some integek > 1, and integrate by parts. For all € L2(R*) we then have, after further

changingi — ¥ — $~ 1,
1o\ - W) E D)
|:(1+ 29 (X)Au> fi|(xﬂl) AL R

1
Ly 5| < %/dzﬁdzﬁ

with Uj the unitary operator of translation lpy Finally, we obtain

1 k
[(1+ Zez()z)Aﬁ> f} (%, i)

¥ 112

IL 2 < ! su { 1 /d2~
X 5 — u
Y2 nzieRg 62(x)

1
X d2f)7~,
/ 1+ 10[2)*

which is finite fork > 1 sincef € S(R*) andd(x) satisfies conditiofA.1).

In our arguments in Sectichwe used coordinate functions not belongingi@®?). That is a
trivial rigor point, however, as they do belong to its multiplier algebra. The reader is referred in
this regard td30], as everything here works the same as in those references.

Appendix B. Proof of Eq. (6.8)

In this appendix we prove E@6.8). We present a detailed discussion of the more involved
case, namely¥ 4. The proofs forX,> and X3 go along the same lines and can be easily retrieved
from the one presented here.

Using the expressions for the matrix elementg gfandR ¢ in Eqgs.(5.3) and (5.4)we obtain
after some simple changes of variables and two plane wave integrations that

Xa / d*xd*z / d?i d%0 d%i’ d?0 e TV (x4 f))(p(x = 508 — 5)

T @
1
X p(z+ ﬁ’)(p(z —50@)SE ~ ﬁ/)(x — 30(0)Sile™"|z)
X (z — 30(2)Sit' e~ 1) Ho| ),
We now make the changés— 2ii/6(x) andi’ — 2ii’/6(Z), use the identityA.2) and integrate

by parts, noting that the action ¢1 + 36%(¥)A;1¢ on the producip(x + 9)g(x — Sii — 1)
generates a sum of the type

3 [ﬂ(%e@)é)q)}u+a>[m<%e@5)¢}u _Si—9),
=0,...,2k
with P;(-) and P, (-) polynomials of orded and.J. This yields

1 d4 d4 d2~d2~
|X4|<—4 Z / 2)_C 2% u~2vkd2ﬂ/d2f)/
Lo o d 090 0°(2) (L +1i)%)
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PI(%Q()E)é)w(x +7)

x o+ 0)||o(z — Si’ — )| (x — Sile™"7|z)(z — Sit'|e™ = o).

Pj<%9()2)5>(p(x —Si—17)

Making the changé — v — x and recalling that the norip- || oOf a function f defined ornR”
IS || flloo = sup|f(x)], we have

xeR?
d*z  d%
X —K 0 k 4 7d2~/d2~/ , ~/
Xl < KO k) [tz T T o+ )|
x |o(z — S’ — )| (x — Sit|le ™7 H0|z) (z — Sii' e 17V o), (B.1)

The constank (0, k, ¢) is given

koko= 3 sl |e(Gomi)e] [l

[+7=0.,... k ¥€R?

|

and is a finite, sinc@(x) is finite and nonrapidly decreasing by conditih 1), and¢ is of
Schwartz class.
The semigroup property

19 53 -~
<§ (x) )(p(x,v)

/ d%y (x|e”10y) (yle™120|z) = (x|~ 1+ M0z
now allows us to perform the integral ovein Eq. (B.1), with the result(z — Si’|e~"0|z 4 Sit).
Using this and making the changés> Z — ¢/ andv’ — o' — Zu/ we recast Eg(B.1) as
d?ii
02(z) (14 ||
Integration overi andi’ is now possible,

1
|Xal < 75K 0.k, 9) f d%i’ d®0 |@(2) || (z — 20") [(—Si'|e 7 Ho|S@).

—tm?

d*3 S and
A+ a>* k-1

d2~/ _S~/ —tHp S~ :e .
/ u' (—Su'le N o

As concerns integration overandv’, we observe that, performing the charige- %(Z -1,

d4Z 2 1 _
—d“V |p(2)||e(z — 20| < ll¢ll1 Sup{—_/dzf/ @z, ) }
/ 0(2) | H | ZcR? 462(2) | |
All'in all we have thatj X4| < constx e_”"z/t, as we wanted to prove.
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