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1 Introduction

It is a long established fact that the negative sign of the one-loop beta function of QCD
can be beautifully explained as the result of a competition between the paramagnetic and
diamagnetic contributions to the bare coupling constant obtained from integrating out very
high-energy degrees of freedom. Indeed, the paramagnetic contribution, which anti-screens
the charge, prevails over the diamagnetic contribution, which screens the charge [l [B]. This
dominance can be explicitly computed by evaluating the high-energy quantum fluctuations

around a classical field configuration [B], which in turn can be done in a very elegant way using
the background field method [H].

The vacuum-to-vacuum amplitude in the presence of an SU(N) background field B, is
given by the partition function Z[B], which up to one loop, reads in the Feynman-‘t Hooft
background field gauge

Z[B] = ez‘scl[B}/ DQ Dc Deé exp{% [Sdiam+5param]} ) (1.1)
90

where

gt _ _ / a” Tc { (D,[B] Q) (D[B]Q") — 2D, [B] D¥([B]
(12)
gparam _ o / a% T { P [B] Q" (Syu)ap "}

Here D[B|, =0, —1i[B,, | and F,,[B] denote the covariant derivative and the field strength
for the background field B,,, the SU(N) gauge field @), describes the quantum fluctuations
about the background and (S,,),, are the generators of the Lorentz group in the spin one

representation, i.e.

(S )op = T (MuoMvp = Nuplvo) -

The high-momentum modes contributing to the path integral Z[B] yield a logarithmic UV
divergence. This divergence shows in dimensional regularization as a pole in ¢ = 0, with
D = 4+ 2¢. As a matter of, introducing dimensional regularization and integrating over @, ,
one obtains

r[B] - % In Z[B]
(1.3)
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1 1 adiam gparam I »
7z + - + - d"x Tr (F*[B] F[B]) + Tgnite[B]



wheref]

diam __

1672

3

QP = L[] (1.4)

N [1 N
1672

and Tgnite[B] collects all finite contributions as D — 4. The origin of the coefficients qdiam

param can be explained as follows. The orbital motion of the charged quanta with only

and a
two polarizations (D—2 in D space-time dimensions) of the gluon field @, in the background
B, yields “diamagnetism”. This motion is described by S4#™ above and its contribution to
the r.h.s of eq. ([J) has a singular part coming from high-energy quanta which is given by
a®m /e On the other hand, SP** involves the spin current Q°(S,,),,@Q” and describes the
coupling between the spin of the gluon field @), and the background B, . This coupling gives
rise to “paramagnetism” and the contribution to I'[B] of the high-momentum quanta involved
in it is aP®*™ /e . One next defines the renormalized coupling constant or renormalized charge

g(p) in the MS scheme at one loop as usual:

1 adlam gParam 1

9 £ £ gA(p) p% (1:5)

Hence, the one-loop beta function (3(g?) reads for D = 4

dg? , N 22
2 — -2 —9 2 diam param) __ 4 — =
B0 = 0 = 24) (@ 4 o) = 2 | - %

From this equation for the beta function one can draw the following conclusions. First, the
coefficient a¥®™ being positive implies that its effect is to make the charge ¢?(i = A) decrease
with the momentum scale A. This is the charge screening effect due to the orbital motion of
the two physical polarizations of the quanta (), in the field B,. Secondly, since aP**" is
negative, its effect is to make ¢*(u = A) grow as A decreases. This is called anti-screening
of the charge and it is due to the interaction of the spin with the field B,. And thirdly,

the inequalities |qParam| > gdiam

and aP**™ < (0 explain quantitatively the negative sign of
the beta function of the theory, hence, that the charge goes to zero as A goes to infinity

(asymptotic freedom).

It is already a year since it has been shown [[] [§] that U(1) gauge theory on non-
commutative IR* has an UV divergent behaviour at one loop very similar to that of con-
ventional Yang-Mills theory [see [ for the U(N) case]. In fact, the one-loop beta function is

3In this paper, to emphasize the value of diamagnetic and paramagnetic contributions, we will enclose the

relevant factors in square brackets, as in eq. (E)



also negative [[]], which leads to asymptotic freedom. By contrast, as discovered in ref. [[[],
the IR behaviour of non-commutative U(1) gauge theory presents completely novel features
[T [[2]. Indeed, the renormalization of UV divergences induce IR divergences, thus yielding
a relation between UV and IR divergences which has been interpreted as a sort of UV/IR
duality. This duality seems not to be an artifact of perturbation theory [[J], since it has been
re-obtained by defining the field theory as the infinite tension limit of the appropriate open
bosonic string theory on a magnetic B-field [[4] [[3].

The purpose of this paper is two-fold. First, to investigate if, in analogy with conventional
Yang-Mills theory, the one-loop beta function of U(1) gauge theory on non-commutative
Minkowski space can be understood as a dominance of paramagnetism over diamagnetism.
And secondly, to study through explicit computations UV /IR mixing from the point of view
of paramagnetism versus diamagnetism. The paper is organized as follows. In section 2,
we will explicitly compute the two-point function and show that the one-loop beta function
of U(1) gauge theory on non-commutative Minkowski space has a paramagnetic contribution,
producing anti-screening of the charge, and a diamagnetic contribution, giving rise to screening
of the charge. We will see that the paramagnetic contribution dominates, thus providing a
negative beta function. Furthermore, we will take advantage of the computations in ref.
[[3] to show that these paramagnetic and diamagnetic contributions can be given a stringy
interpretation as tachyon magnification and zero mode contributions, in the same sense as for
conventional Yang-Mills theory [{]. In sections, 3 and 4 we will calculate the UV divergent
terms and the leading non-commutative IR terms of the three and four-point functions. It
will turn out that the UV/IR mixing occurs for paramagnetic and diamagnetic logarithmic
contributions separately. Section 5 collects or conclusions. We will argue there how our results

lead to an IR renormalization of the coupling constant.

2 The vacuum polarization tensor

Non-commutative Minkowski space-time is defined by the algebra generated by the operators

X* (u=0,...,D—1) subject to the commutation relations
[X*#, XY ="
where 6" is an anti-symmetric real matrix and contraction of indices is performed with the

Minkowski metric. We shall take 0" to be “magnetic”, i.e. 6% = 0 for i = 1,2, 3, since

in this case the field theory exists as the zero slope limit of a string theory in a magnetic



background. If 6#” is “electric”, the field theory does not exist as the zero slope limit of a
string theory [[[f] and does not make sense on its own since it does not preserve unitarity [[L7].
Without loss of generality, we will take 6** to vanish for all 4 and v, except for u,v =1,2,

for which we write

0" = -0 =9 .

The classical action of U(1) gauge theory on non-commutative Minkowski space-time is
given by

1
Selass|A] = —4—92 dPr (F"™ x F,, ) (x) , (2.1)

where
Fu(2) = 0,A,(x) — 0,4, () — i[A,, A,)(x)
A A = (A A, — A, % A (@)
is the field strength and the symbol x stands for the Moyal product of functions
(fxg)(@) = fx) 2" 5% g(a).

The classical theory is invariant under non-commutative U(1) gauge transformations, which

in infinitesimal form have the form
duAu(@) = DylA]w = uw(z) — i [Ay, w](z)
the commutator being defined with regard to the Moyal product.

To quantize the theory around a background field configuration, say B,(z), we shall use
the background field method in the Feynman-‘t Hooft gauge. To this end, we write the gauge
field A, as the sum of the the background B, and the quantum fluctuation ), about it,
A,= B,+ @, . The tree-level action S then becomes

S = Sdass[B + Q] + ng + Sgh, (2.2)

where the gauge fixing and ghost terms have the form

St = _% /de D,[B] Q"% D,[B] Q"

Sen = /de ¢x D,[B+Q] D"[B]c .



The fields ¢ and ¢ are the ghost fields and the commutators in the covariant derivatives
DM[B+Q] :au_i[Bu+Qu> ] DM(B) :au_i[Bu> ]

are defined with regard to the Moyal product. Some straightforward manipulations give for
the partition function Z[B] of the theory up to one loop in the U(1) background field B,

the expression
7B = ez‘scl[B}/ DQ Dc Dé exp [% (St 4 Sparam)] ; (2.3)
Y0
with

Gdiam _ _ / dPx (Du [B] Q,  D"[B] Q" — 2+ D,[B] DB c)
(2.4)
gparam _ 9 / dPr F[B] % Q7 % (Sy)ep Q"

in complete analogy with eq. ([[.1). The term SP**™ involves the spin one non-commutative
current Q7 x (S )sp @° and describes the coupling of the spin to the background field B, .
This term thus gives rise to non-commutative Pauli “paramagnetism”. In turn, the functional
Sdiam g the classical action for the motion in the field B, of the D — 2 physical degrees of
freedom of the field @, . Indeed,

] _ D—2
/ DQ De Dé exp [ﬁ Sdlam] - (det—1/2 D2[B]) . (2.5)
90

We shall then say that S4@™ gives rise to non-commutative Landau “diamagnetism”. From
Sdiam and SParam one readily extracts the Feynman rules needed for one-loop perturbative

computations. We have collected them in fig. 1, where we have used the notation

g p=0"qp, .

Vertices coming from SS9 and SP#*" will be called diamagnetic and paramagnetic respec-

tively.

In this section we compute up to one loop the vacuum polarization tensor II,,(p), defined

as

5°T[B]

il (x,y) = — :/ dPp e @41, (p)
e 0B, ()0 By (y) g ’

(2m)®

B=0



where i['[B] = InZ[B]. According to the nature of their vertices, the one-loop Feynman
diagrams contributing to II,,(p) fall into three categories: diagrams with only diamagnetic
vertices, diagrams with only paramagnetic vertices and diagrams with both diamagnetic and
paramagnetic vertices. The contributions to the vacuum polarization tensor coming from these

: : diam aram mixed :
three categories will be denoted by II2"(p), TP (p) and ILZ*(p), so we write
il (p) = iT,"™ (p) + iTI5™ (p) + IT3Y (p) - (2.6)

It is very easy to see that there is only one diagram contributing to iHElVixed (p), namely that
depicted in fig 2. Upon performing some algebra in the integrand, the corresponding Feynman

integral takes the form

[ d% .9 (qADPY (2q9+Dp),
21/W (= ) sin ( 2 ) Pla+pr

Hence
mixed .
1T, (p)=0. (2.7)

We are thus left with the diamagnetic and paramagnetic contributions.

diam

o (p) is given by the sum of the diagrams in fig. 3, which

The one-loop contribution to <11

using the Feynman rules reads

diam( N (1 d% (AP [(PH20)u (P +20)0 ot
i (p) = [D 2]/(%)17 2 ( . ){ ot o7 2% (2.8)

The D in the factor [D — 2] in front of the integral comes from the diagrams with photons
flowing around the loop, whereas the diagrams with ghost loops yield the contribution —2.
Hence the effective one-loop contribution to iHiijm(p) corresponds to D — 2 scalar fields
(transforming in the adjoint representation of the gauge group) moving in the field B, , in
agreement with the discussion following eqs. (2.3) and (B.4) above. To keep to a minimum
the number of diagrams to draw, we have not considered planar and non-planar diagrams
separately. In fact, each of our diagrams is the sum of a planar and a non-planar contribu-
tion. To disentangle these contributions from one another, it is enough to use the identity
4sin®(q A p/2) = 2 — €9\P/2 — ¢71"P/2  This identity gives, upon substitution in (B-§), a -
independent integral, which defines the planar contribution II4™¥ (p) and a #*“-dependent

integral, which constitutes the non-planar contribution iI1%amNF(p) .

L™ (p) = dlT™ " (p) + 40T (p) (2.9)



After introducing Schwinger parameters, performing the momenta integrals in dimensional
regularization and integrating by parts to factorize out the transverse tensor p*n,,— p.p, , we
obtain

-rrdiam [D_2] ! > — —p?te(l—z
zHiy Pp) = —i W (pznw, — Pubv) i dz (1 — 2x)? i dt t+=P/% gmpte(i=2) (2.10)

and

-rrdiam [D_2] ! - - —p?te(l—z)— p>
Zﬂiu ,NP(p) = (47r)D/2 (szu —Pupu) 0 dr (1— 258)2 0 dt t1=P/2 g—pite(l—z)—p*/4t

1 00
—0—@43,,/ da:/ dt t—1-D/2 e—thm(l—x)_;a?/élt} ’
0 0

(2.11)

where
P =0"p, =000,

It is well known [[§ that when a Feynman amplitude is expressed in terms of Schwinger
parameters (the so-called parametric representation) the contribution to the amplitude coming
from virtual quanta carrying arbitrarily high momenta is given by the contribution to the
corresponding parametric integral coming from regions of the integration domain where all
the Schwinger parameters are arbitrarily small. If we apply this reasoning to z'HiiVam’P(p) , We
conclude that, for D > 4, the non-integrable singularity in eq. (B.10) at ¢ = 0 shows that
virtual quanta (), carrying arbitrarily high momenta yield an UV divergent contribution.
This divergence needs renormalization. On the other hand, if p? # 0, the integrand of any of
the integrals in eq. (BI]) is non-singular at ¢ = 0. Hence the contribution to IT*™ " (p)
coming from arbitrary high momenta quanta (), is curbed by the non-commutativity of space
through the exponential exp(—p?/4t), acting 1/p* as a regulator. Of course, if the regulator
is removed, divergences spring back. This explains the UV origin of the IR divergences that
occur in z'Hii,/am’NP (p) at p? = 0. Furthermore, as it will come up shortly, the fact that the
tree-level vertices vanish as 6" — 0, so that loops formally vanish in this limit, makes the
coefficient of the logarithmic UV divergence in ngiVam’P(p) at D = 4 to be opposite to the
coefficient of its logarithmic IR divergence at p* = 0. All this is the UV /IR mixing at work

[a.

The one-loop paramagnetic contribution iHE?,ram(p) to the vacuum polarization tensor is

given by the contribution involving only two background fields which comes from the diagram



in fig. 4. For the diagram itself the Feynman rules yield

(Fu (=) Fpo (P)) 11 = 4 Muplve — Mpolup) J () (2.12)

where J(p) is the integral

J(p) Z/(;Z:;JD 2 §in2 (qu) e (p1+ el (2.13)

The contribution ilIP2"*™(p) is then given by
A1 (p) = [8 i (p* 1w — Pupv) J () (2.14)
which has a planar and a non-planar part
. aram =z aram,P . aram,NP
ZHEV (p) - ZHEV (p) + ZHEV (p) .
Using the same arguments as for the diamagnetic part, we obtain

1P P (p) = (814 (p° 1w — pupv) J* ()

p 1 1 ST (2.15)
Jp)=—=p5 [ ¢ dt ¢1-P/2e PPt
for the planar part, and
iIaram NP () — [814 (p® Ny — pupw) IV ()
1 1 00 , . (2.16)
JNP(p) — _ m / dl‘/ dt tl—D/2€—p te(l—x)— p2 /4t
T 0 0

for the non-planar part. A similar analysis as for the diamagnetic contributions is in order.
Indeed, the high momenta modes going around the loop of the paramagnetic diagram in fig.
4 give, for D > 4, an UV divergent contribution to J¥(p), hence to IIP3*™F(p), which
corresponds to the non-integrable singularity at ¢ = 0 in eq. (R.13). The contribution of these
modes to JNF(p), hence to z'H,ljf (p) is finite provided p* # 0. We may then say that the
non-commutative character of space makes 1/p? to play the role of an UV regulator for the
high-momentum modes contributing to the non-planar part of II}5™™(p). If we remove the
regulator, i.e. take the limit 1/p* — oo (p? — 0), the divergence is recovered, although this

time under the guise of an IR divergence.

We are now ready to compute the contributions to the one-loop beta function of the theory

at D = 4 coming from the diamagnetic and paramagnetic parts of the vacuum polarization



tensor. Recall that the mixed part vanishes. If we set D =4 + 2¢ in eqs. (B.I0) and (B.I3)
and make a Laurent expansion around ¢ = 0, we obtain

iniam,P( ) — ( 2 i ) adiem 4 adiam In _p_2 _ 5 + 0(5)
po - D)= 0P = Pubu) | 0 Aw )  T2m?

(2.17)
'Hparam,P i (2 aPerem param | p2 1 10
il (p) =1 (p Ny — pupu) +a n —E + ﬁ + (E) ,
where
; 1 2 1
diam __ = param __ . ) 21
¢ 1672 [3] ¢ T672 (2.18)

Note that the coefficients ¥ and aP**™ can be obtained from the corresponding coefficients
in eq. ([.4) by replacing in the latter N with 2. To subtract UV divergences, we work in the

MS renormalization scheme and add to the classical action Sgass[B] the counterterm

§S[B] = 4_15 (a®™ 4 gPrem) / d’x F*"|B] % F,[B], (2.19)

since its term quadratic in the background field B, cancels the UV divergences in eqgs. (R.17).
In sections 3 and 4 we will see that the UV divergences in the three and four-point function
are also subtracted by the counterterm (R.I9). Taking now into account that the tree-level

part of the vacuum polarization tensor in terms of the bare coupling constant g7 reads

7
- (pzn,uu - p,upu)
90

and using eqgs. (B.I7), we conclude that up to one loop the renormalized vacuum polarization
tensor in the MS scheme takes the form

.rren . 1 iama, aram p2 67
e e L e Al G >ln<_47w2>+727f2} (2.20)

AP (p) ISP )

where the non-planar contributions IIG*™N"(p) and 12 NP(p) are obtained by setting
D =4 in egs. (BI])) and (2:I0) respectively. The letter ¢ in eq. (B-20) is the renormalized
coupling constant in the MS scheme, given by eq. ([T5) for a®®™ and aP®*™ as in eq. (P-1§).
The beta function of the theory then reads

1

2 g%(p) (a®™™ + aP ) = — (1) {— E} : (2.21)

dg?
2y _ _
B(g”) = 2 3

R

10



We see that the negative sign of the beta function comes about because the high-momentum
paramagnetic contributions, which yield the coefficient aP®*" | overcome the high-momentum
diamagnetic contributions, which originate the coefficient a¥®®. The analogy with SU(N)

theory on commutative Minkowski space-time is clear.

Let us next show that the dominance at high energies of paramagnetic contributions over
diamagnetic ones has, due to the UV/IR mixing, a cut effect on the IR behaviourf] of the theory
at p = 0. We start by noting that the divergent IR behaviour at p = 0 of the renormalized
vacuum polarization tensor in eq. (2:20) is only caused by ilISe™ NP (p) and ™™ NP (p) .
The p =0 divergent terms of the latter are easily computed from eqs. (E-I1]) and (2:1). For
them we obtain

. s R 21 pup
AN (p) & —ia®™ In(=p® 7)) (DN — Pubv) + =5 v
p p p 72 ()2 (2.92)
ML (p) & —i @™ In(—p® B%) (PN — Dupy)

where ~ means that we have dropped any term which is finite at D =4 as p — 0. It is plain
that the IR divergent logarithmic contributions in eqgs. (B:29) are dual to the UV divergent

logarithmic terms in egs. (B.I7), in the sense that in the momenta region
1P| ~ AR (2.23)

the former can be obtained from the latter by using the replacements

1 ) 1
g — lIlAUV AUV — HAIR . (224)

By contrast, the quadratic IR divergent term p,p,/(p?)? in eq. (E-23) has no dual counterpart
as a singular UV contribution in eq. (B.17). This is due to the fact that, if gauge invariance is
preserved, no local and quadratic UV divergent contribution occurs in the vacuum polarization
tensor. Yet, as can be seen from eq. (2.I)), the origin of both logarithmic and quadratic
divergences at p = 0 is the same: the curbing by the non-commutative character of the
space, through the exponential exp(—p?/4t), of the non-planar contribution coming from the
high-momentum quanta flowing along the loop of the diagrams in fig. 3. Note that both the

diamagnetic and paramagnetic functionals S48 and SP¥™ in eq. (2.4) contribute to the

4The IR divergences that occur when certain linear combinations [;(p) of the external momenta p; satisfy
l; = 0, with I; # 0, will be called non-commutative IR divergences throughout this paper. The behaviour of
the Green functions in the neibourhood of those momentum configurations will be called non-commutative IR

behaviour.

11



non-commutative IR logarithmic divergence of the vacuum polarization tensor, whereas the
quadratic divergence only receives contributions from the diamagnetic functional, describing
the orbital motion of D — 2 scalar quanta in the field B, . We shall see in the next section
that the non-logarithmic IR divergences at p = 0 of the one-loop three-point function also
have a purely diamagnetic origin. Finally, adding the contributions in eq. (R.29), we conclude
that

. i [22 % Py
i (p) ~ [ 2

2 ~2 2 — -7IR
62 g} In(—p* p°) (0" M — Pubv) + ol ill,, (p) - (2.25)

We have thus shown that the phenomenon of paramagnetic dominance at high energies,
|aParam| > gdiam - wwhich explains the sign of the one-loop beta function, also renders, via
UV/IR mixing, the coefficient of the logarithmic divergence In(—p?p?) in the vacuum polar-
ization tensor equal to 22/3. This coefficient and the coefficient of In(—p?/47pu?) in eq. (2:20)

have the same absolute value but opposite sign, yet another manifestation of the mixing.

We shall close this section by showing that the right hand side of eqs. (B.10), (B-11), (B-19)
and (2.14) also arise in the infinite tension limit of open string theory in a constant magnetic
field. We will follow ref. [[J] and obtain the non-commutative U(1) theory as the infinite

tension limit of an open bosonic string theory on a D3-brane stuck at an IR*?/Z, orbifold

singularity with a constant magnetic field along the worldvolume directions of the brane. The
reader is referred to ref. [[J] for a comprehensive discussion. Let us first compute the one-

loop non-planar contribution to the string amplitude with two photon vertex insertions of

polarizations ef}) and e . This is given by

Y

NP ) oodt 27t 27t
all =49 % dy: dys Z (t)
0 0 0 (2.26)

ANP ‘38) JTINP v 61(12)

where

Z(t) is the open string partition function of an open bosonic string ending on a D p-brane
glued at an orbifold singularity in the presence of a constant magnetic field along the directions

of the brane, and G is related to the string propagator and reads

iy (GO m
2o/t (2mal)? 2t

G = —o {G“V NP (y|t) + (2.27)

12



Here G" is the inverse of the effective open string metric G,, [[d, y = y1 — y2 and I'"P
has the form

2 2

- = 2.28
2mt ( )

Uiy /2m, it)

I (ylt) =1
WD =1 1275 0.t

2T

From eqgs. (P-27) and (2:20), one readily has
. 00 dt 27t 27t 2
AP — g2/0 ﬂ/o dy1/0 dys Z(t) o' {(sz‘“’ —p"'p”) [8yFNP(y|t)]

i (PP —prp¥ = p'p¥) 1 /73 A I APy

Y

(2.29)

with p? = Gup'p”, p, = G,up* and p* = 6"p,. To obtain from this expression the
corresponding field theory result, one needs the large ¢t expansion of the functions in the
integrand upon performing the change of variables y = 27wxt. The relevant terms of these

expansions are

VYd 2mt
Z(t) ~ Bt (e’ +d—2) (2.30)
NP (2nat|t) ~ 27tz (1 — 2) (2.31)
0,TNF (y|t) ~ 1 =20 42 (e PP — 72T (2.32)

y=2mxt

where we have taken a D(d — 1)-brane to compute Z(t). Substituting these expansions in
eq. (2:29) and making the changes of scale t — t/a/ and y — y/a’, one obtains after some
calculationsf] the non-planar contribution to the vacuum polarization tensor as the sum

ML) (p) = alL) M (p) + dLL 070 (p)

of two terms:

. —mode . [d_2] ! > - —p?tx(l—z)—p?
L) = 08 (i | 0°C = pupy) | de (L= 20)" | dt ¢ e

1 00
+ Dubv / dx / dt t~1-4/2 e—pztx(l—w—ﬁ/u}
0 0

(2.33)

5This includes dropping divergent contributions as t — oo for arbitrary .
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and

NP tac S, [-8 I
i, M (p) = —igg (Z[lﬂ)d% (P°Guw — Pupy) / dx / dt ¢ ePPte(mn) =P/t (9 3
0 0

The same arguments as those used in ref. [fJ] for Yang-Mills theory on commutative Minkowski
space-time show that I} 07™°%(p) originates from the product of the one-loop photon con-
tribution to the partition function and the zero-mode contribution to the string Green function.
In turn, II37>%"(p) arises from the combination of the tachyonic contribution to the parti-
tion function and the exponentially vanishing part of the string Green function, an effect called

tachyon magnification in ref. [f]. This can be understood as follows.

Indeed, the contribution proportional to p*G,, —p.p, in i p) arises from com-

HNP,O—modo(
uv

bining the term d — 2 in eq. (R.3(), carrying the one-loop photon contribution to Z(t),
with the square of the zero-mode term 1 — 2z in eq. (R.33). And the term proportional to
Puby in I, 07m0d(p) note that it comes with the extra zero-mode factor 1/t*. As con-
cerns I **"(p) , we note that it originates from the term in eq. (B:29) proportional to

p*GL — pup, that goes with the product
o2t s 4 (6—27rt p2mzt 6—2m)2 '

The first factor in this product, e?™ | is supplied by the large-¢ expansion of Z(t) and is due to

(6—27rt e27rmt _ —27rwt)

the open string tachyon. The second factor arises from squaring the term 2 e
in eq. (2.39) and has its origin in the open string propagator. It is precisely —8e?™ | the evanes-
cent large-t and x-independent contribution to this second factor, which is magnified when
combined with the ¢-divergent tachyon contribution to Z(t), all in all yielding a finite non-
zero result. Note that eqs. (B.33) and (R.34) agree with eqs. (R.11)) and (B.1G), if we identify
G, with 7, and d with D. Hence we have identified the diamagnetic and paramagnetic
non-planar contributions in field theory with the zero-mode and tachyon magnification con-
tributions in string theory, an observation first made for Yang-Mills theory in commutative

Minkowski space time in ref. [f].

A similar analysis can be performed for the planar contribution to the string amplitude
with two photon vertex insertions. It is this contribution that develops an UV divergence when
the field theory limit is taken. Furthermore, in this limit, this contribution can be decomposed
in the sum of a zero-mode part and a tachyon magnification part, whose expressions agree with
the r.h.s. of eqs. (B.10) and (2.17) respectively. Thus, the charge screening contribution to the
beta function —given by the coefficient a{i™— is concocted by the diamagnetic contributions in
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the field theory setting and has a zero mode origin in string theory framework. On the other
hand, the charge anti-screening contribution —provided by a}**"— has a paramagnetic origin

in field theory and is the result of tachyon magnification in string theory.

3 The three-point function

In this section we study, in the light of high-energy paramagnetic dominance, the UV and non-
commutative IR divergences of the three-point function and their mixing. The 1PI three-point

function Iy, s (%1, T2, 23) is defined as

5T B]
(SBM1 ([L’l) (SBM2 (1'2) (SBM(3 (1'3) B=0 ’

iFMIMZMB (1’1, T2, I3) =

where iI'[B] = In Z[B] and Z[B] is given in eq. (£3). In momentum space we will write
il popis (P15 D2, P3) » with p1 + po + p3 = 0. The three-point function can be expressed as the
sum of a diamagnetic contribution, which sums over diagrams with all vertices of diamagnetic
type, a paramagnetic contribution, given by diagrams with only paramagnetic vertices, and a
mixed contribution, made of diagrams with at least one vertex of each type:

10y popis (D1, D2, P3) = iFﬁﬁﬁug (p1,p2,p3) + s (p1,p2,p3) + ifﬁiﬁﬁg (p1,p2,p3) -

diam
12 3

function. The one-loop diamagnetic Feynman diagrams that contribute to this function are

We start computing the diamagnetic contribution I" (p1,p2,p3) to the three-point

shown in fig. 5. The Feynman diagrams in the first row will be called triangle diagrams, while

the remaining diagrams will be referred to as swordfish diagrams. The sum il“fflizgig (p1, D2, P3)

of the triangle diagrams is formally given in D dimensions by the integral

(a) + (b) + (c) = iT} 2% (py, pa, p3)
_8i[D—2] /(qu (29 + 1) (29 + 2p1 + P2)o (20 + 1 + P2)

2m)P ¢*(q +p1)*(q + p1 + p2)? (3.1)
X sin [—q A p1] sin —(q +p) AP sin qA Pt p2) (p1 + 1)
2 2
The sum iIfﬁZ .5 (D1, P2, p3) of the swordfish diagrams (d) and (g), also in D dimensions, is
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given by

(d) + (g) = ZIZ%SMhQ;B (plapZap?))

. d"q (2 + p1 + p2) {q A (p1 +pz)}
4i[D — 2 1 i
11D = 2 Dy /(%)D P ES A CET S S 2 (3.2)

x {sin {W} sin[%] + sin {W} sin[%}} ,

and the total swordfish contribution I" fﬁiﬁ?ug (p1, P2, p3) reads

iy (01, D2, p3) = (d) + (2) + (e) + (h) + (f) + (i)

= B (D1, P2, p3) A (D3, P2, 1) + i L, (D1, D3, D2) -

As in the vacuum polarization tensor case, the overall factors [ D — 2] in egs. (B-]]) and (B-2)
account for the fact that the one-loop diamagnetic contribution is due to the orbital motion
of D — 2 real scalar quanta in the background field B,. The D comes from the diagrams
with fields @, (u = 1,...,D) going around the loop, while the —2 is provided by the
corresponding diagrams with ghost loops. Each diagram in fig. 5 can be expressed as the sum of
its planar part and its non-planar part by repeated use of the identity 27 sin(%q A p) = el/\P/2
e~ P/2  The planar part is the contribution whose #*“-dependent complex exponential factors
do not depend on the loop momenta, while the non-planar part collects all terms whose 6#*-
dependent complex exponentials depend on the loop momenta. At D = 4, the planar parts of
the diagrams in fig. 5 are UV divergent by power counting. This UV divergence is logarithmic
and shows in dimensional regularization as a simple pole at D = 4. By contrast, the non-
planar parts are finite since the UV divergence is tamed by the the exponentials e/*Pi | provided
pi # 0. In other words, the contribution to the integrals in eqs. (B-J]) and (B.g) of the quantum
modes flowing along the loop with arbitrarily high momenta is UV divergent when one considers
their planar part, and it is turned into an IR divergence by the non-commutativity of space
when one looks at their non-planar parts. This IR divergence occurs whenever any of the

conditions
p1=0 p2 =10 p3 =10 (3.3)

is met. This provides a qualitative explanation of the UV/IR for the diamagnetic part of the
three-point function. To make it quantitative, we need to compute the UV divergent terms
in the planar contribution and the non-commutative IR divergent parts of the non-planar
contribution.

16



To calculate the UV divergence of the planar contribution, we make a Laurent expansion
about D = 4 of the corresponding dimensionally regularized integrals and retain singular
contributions. Proceeding in this way and defining D = 4 + 2¢, we obtain for non-exceptional

external momenta

-trian, P - 2. . y4 /\p2
Zrzluzug (p17p27p3) = m § 21 sm<7)

X [77#1#2 (p2 — pl)us + Ny ps (p1 — p3)u2 t Nuops (ps — P2)u1] + 0(50) )

for the sum of the triangle diagrams, and

-sfish, P . 0
for the sum of the swordfish diagrams. From this we conclude that the UV divergent con-
tribution I’ iﬁg;};v (p1,p2,p3) of the diamagnetic part to the three-point function is given in
dimensional regularization by

; ~diam
;Tdi —1a .. 1N\ P2
Zri;a;g}gv(plap%p?)) = Tl 21 sm(T)

(3.4)
X Ny pa (p2 - pl)ua + Nuaps (pl - p3)u2 + Nuops (p3 - p2)u1] )

diam

where a{™™ is as in eq. (B-I§). To compute the IR divergences that appear in the non-planar
contribution when one or more of the p; vanish, we set D = 4 and use the following basic

/ (d4q et BNy (3.5)

oMt @ (q+6)? 1672

results for k — 0:

dy Gpua Qs € i1 -,
- ~ ~Ink ,
/(277)4 @ (q+1€1)? (g +{)? 1672 4 A Tl iz (36)
/ d4q Q1 Qua9us elank ~ 7
(2m)* ¢®(¢+101)% (g +62)* 1672
. {2—/;‘2 ez kus T Muzps kl‘l + Npaps km -2 %] (3'7)

1 ~
+ E In k2 [77#1!12 (ﬁl + €2)M3 + Npops (fl + €2)u1 + N1 ps (fl + €2)u2 ] } )

where ¢; and /5 never vanish and &~ indicates that we have dropped any contribution which

remains finite as k& — 0. These expressions, together with some algebra, lead to the following
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divergences for the non-planar parts of the diagrams in fig. 5 when one or more p; approach

Zero:
Ftrlang NP ¢ 2 %2 s DP1 A\ P2 ] ~9 1 ~2 1 ~2
7 1 2 3 (p1>p27p3) 167 D) 9 ) 5 (np1_|_ np2+ npg)

X [77#1;@ (p2 — pl)us + N s (p1 — p3)u2 t Nuops (ps — pz)m}

3 ~ ~ ~ ~ ~ ~

1 P1A D2 { 2 (Pi) 1y (Di) (D) s (Di) s (Pi) s (D) o

P L s (02) R P 1 R ) P 119
72 2 ; (52)? 111 12 2 L2 i3 2 p1ps 2

and

: ) (5) (5)
>Z l My pio Z~‘M3 “'”uwa% +77mu3%}

i=1 3 t

1
sfish,NP ~
ZPH1H2MS (p17p2>p3) ~ p COS (

Adding these two expressions we obtain for the non-commutative IR divergent part of the

diamagnetic contribution to the three-point function

3\ = .
2 P1 A P2 (P2) 1 (Pi) 1z (P2)
diam,IR _ I w W
zrmuzua (P1, P2, p3) = 2 cos ( 9 ) Z 1 (132)22 -
A
+ % atem 24 s1n<p1 5 pz) (Inp; + Inps + In3) (3.8)
X [nmm (p2 - pl)m + s (pl - p3)u2 + Nuops (p3 - p2)u1} )
where a{®™ is given in eq. (B.I§). Notice that the logarithmic term in this expression is dual

to the the UV divergent contribution given in eq. (B.4), in the sense that in the momenta

region
1| ~ [P2| ~ |Ps| ~ OAmr — O (3.9)

the former can be obtained from the latter by using the definitions (B.24)). Note also that the
factor sm( (p1 A pg) together with momentum conservation p; + ps + p3 = 0, renders the
second term in eq. (B-§) finite when p; — 0 (i = 1,2,3). This is so in spite of the logarithmic
non-commutative IR divergences of the integrals (B.3)-(B.7) that enter the computation of the
non-planar part of the diamagnetic contribution, and can be thought of as a consequence of
gauge invariance —~which determines the momentum structure of the UV divergent part of the
three-point function in eq. (B.4)— and the UV /IR mixing mechanism. Indeed, UV/IR mixing in
the form of eq. (B-24)) allows to retrieve from the UV divergent contribution iI™UV(p; 5y pa)

H1p2 43

the terms in i@ NP (py, py, ps) which involve Inp7, with p; verifying eq. (B).

18



param
H1p2 i3

tion. This is given by the contribution involving only three background fields that comes from
the diagram in fig. 4, which in turn is given by eqs. (BI3) and (BI3). Extracting from eq.
(B-12) the contribution cubic in the background fields and using the results of section 2 for the

integral J(p), we obtain, after some calculations,

Let us compute now the paramagnetic part I’ (p1,p2,p3) of the the three-point func-

— g gParam A
TR (01, p) =~ 2i sin (5
(3.10)
X [nuun (p2 — pl)us + N ps (p1 — p3)u2 t Nuops (ps — P2)u1}
for the UV divergent part, and
-param,IR o Z aram o _: p1 A P2 ~2 ~2 ~2
i (p1,p2,p3) = 3 a® 24 sm( 5 ) (lnp1 +Inp; + lnpg) (3.11)

X [77#1#2 (p2 — pl)us + Nuaps (p1 — p3)u2 t Nuops (ps — P2)u1]

param

for the IR divergences that appear as p;, — 0. Here aj is defined in eq. (B.I§). As

in the case of the diamagnetic contribution, the IR part I’ E?f;ﬂ’gm(pl, pe,p3) is dual to the
UV part iFE?LfE;UV (p1, P2, p3) , in the sense that one can go from one to another by using the

identifications (R.24)) in the momentum region (B.9).

We finally look at the mixed part I’ Efﬁ‘;% (p1,p2,p3) . It receives contributions from the
diagrams in figs. 2 and 6. As explained in section 2, the diagram of fig. 2 vanishes. The
very same arguments as for the diagram in fig. 2 show that the diagram in fig. 6(a) also
vanishes. By contrast, the diagrams in figs, 6(b) and 6(c) are different from zero; yet their
planar parts are finite by power counting and their non-planar parts are IR finite for vanishing

p; . Altogether, we conclude

F;Tlizgifv(plap%p?)) = F;I/I,lli;)jz(;ijjglR(plap%p?)) =0. (312)

The UV divergent part I}V, . (p1,p2,ps) of the three-point function will be the sum of

the diamagnetic, paramagnetic and mixed UV divergent parts. Using the results obtained, we

have

Z:[ M1 2 (3 (2617 pz, p3) — 7 (adlanl - (lI ) 27/ Sin( >

X [nmm (p2 - pl)m + N (pl - p3)u2 + Nuops (p3 - p2)u1 )
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with a¥®™ and aP¥®™ as in eq. (2.18). It is clear that the counterterm in eq. (P-19) subtracts
the UV divergences in the three-point function and that the beta function computed from the
three-point function is also given by eq. (E:2]]), all this in accordance with gauge invariance.
We again see that the negative sign of the one-loop beta function is due to the dominance of the
paramagnetic high-momentum contributions over the diamagnetic ones. We close this section
displaying the leading non-commutative IR behaviour of the three-point function, obtained by
summing the contributions in eqs. (B.§) and (B.I1)):

. 2
ZFLPIHWS (p1,p2,p3) = —5 cos

(pl /2\]72) 23: (D) 1 (i) 1o (D) s

2 p (57)?
' . A
+ % (adlam 4 aparam) 2% sin(pl 5 p2) (ll’lﬁ% + hlﬁ% + 111]5;2)) (314>

X |:77H1,u2 (p2 - pl)us + N s (p1 - p3)u2 t Nuops (p3 - pz)m]-

Notice that the non-logarithmic non-commutative IR contributions to the three-point are only
supplied by its diamagnetic part [see eqs. (B.§) and (B-IT])]; an effect that was met for the first

time when we studied the vacuum polarization tensor.

4 The four-point function

In this section we compute the UV divergent and the leading non-commutative IR part of
the four-point function and exhibit how UV/IR connects them. The four-point function
L o sy (21, T2, 3, 24) is defined by

5T [B]

iru1p2u3p4(x17x2ax3ax4) = (41)

B 5B,u1 (xl)éBuQ(x2)5BM3(x3>5BM4(I4) B=0 7

where i['[B] = InZ[B] and Z[B] is as in eq. (B.J). In momentum space we will write
Ly o puspus (P15 D25 D3, Da) » With p1 + pa + ps + py = 0, and will be the sum of a diamagnetic, a
paramagnetic and a mixed contribution:
iru1u2u3u4(plap2up3ap4) = iriﬁaﬁgugu4(p1,p2,p3,p4)
+ arperen (D1, D2, p3, pa) + AT (D1, D2, D3, Pa) -

Let us consider each one of these contributions separately.

The diamagnetic contribution is given by the sum of the diagrams in fig. 7. The diagrams

in the first, second and third row of the figure have different topologies and will be called box,

20



lynx and bubble diagrams respectively. Each one of these diagrams is a sum of a planar part
and a non-planar part. The same arguments as in sections 2 and 3 show that the planar parts
are UV divergent by power counting at D = 4, the divergence being logarithmic and being
characterized as a pole in dimensional regularization. As regards the non-planar parts, these

are finite for p; # 0 and develop divergences for any of the configurations

P1=0 p=0 p3=0 pa=0 p1+p2=0 p1+p3=0 pa+p3=0. (4.2)
To calculate the UV divergences, we make a Laurent expansion about D = 4 of the dimension-
ally regularized integrals defining the planar parts and obtain, for non-exceptional momenta:

box,P -1 8
Zru(l),ungm (p17p27p37p4> 167‘(25 3 (77#1;1277#3#4 + My pus Mz pra + 77#1#4”#2#3)

N pos+p1 Aps+p2 A A Do+ D1 AD3 — Do A
< | co P1/APpP2 T P1/AP3 T P2 /ADP3 Te P1 /NP2 T PpP1/AP3 — P2 /AP3 (4'3)
2 2
(pl ANp2 —p1 Ap3s— D2 /\p3) }
+ cos
2
for the sums of the of the box diagrams, and
nx 1 u
Fﬁugﬁgm(pl,pz,pg,m) = - B ZF3122ZSH4(p1,p2,p3,p4) + 0(50)
__ ' g p1 Ap2+p1 Aps+ p2 Aps
= T6m%e (s Mhassa + Mys s sz ) €O8 5
p1 A\ P2+ p1 A p3 — p2 A Pps3
+ (nﬂlﬂ.‘inuzlhl + 77”1“477N2M3) COS( 5 )
P1 A P2 —p1 Ap3—p2 A Dps3
+ (nmuz%am + 77u1u377u2u4) COS( 5 ) } + 0(£Y) .

(4.4)

for the sum of the lynx and bubble diagrams. Here, as in previous sections, D = 4 + 2¢.
Summing these three contributions and doing some simple trigonometry, we arrive at the

following UV divergences for the diamagnetic part of the four-point function:

. (P1AD2\ . (P3N DPa
(nuw:s Nyopa — Uumﬂluwg) sin 5 sin 5

. (D1 ADPs\ . (P3AD2
+ (nﬂlﬂ3nﬂ2ﬂ4 — Nuipe nugm) S 5 s

. (Pa/\p2\ . (D3A\D1
+ (nﬂlﬂ.‘inl&lhl — Nuips 77#3#4) S1I1 5 sin ,

2
(4.5)

iadiam
diam,UV .
Fu1u2u3u4(p17p27p37p4) -

DO
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diam o

with a given in eq. (B.I§). Let us stress that, unlike for the three-point function, the
trigonometric and tensor structure of the box, lynx and bubble contributions is different from
that in the classical action Seas[B] for the quartic vertex B*, and that it is precisely the
sum over diagrams with different topologies what produces the correct structure, thus making
non-trivial the answer given by eq. (f.5). Of course, this is so because gauge invariance is at

work and brings the necessary simplifications.

We next compute the leading non-commutative IR behaviour of the non-planar parts of
the diagrams in fig. 7. To do this, we use eqs. (B.7) and (B.6) and the result

/ d'y iy Qo Gz pa etank ~
(2m)* ¢ (q+ €)% (g + €2)* (q + €3)?
—3 1

~
~

1671'2 ﬂ In k2 (nuluznugm + 77u1u377uzu4 + nu1u477u2u3)

for k — 0, where ¢;, ¢, and (3 never vanish and = indicates that we have dropped con-
tributions which remain finite as k& — 0. After some algebra, we obtain for the three sets of
diagrams under consideration:

—1

-box,NP
1 R —
1672

UL 2 143 [ (plap2ap3ap4) ~ (77u1u277u3u4 + s ps Mpapa 77u1u477u2u3)

4

Ap2+p1 Aps+p2 A .. L 2

><4{cos<p1 P2 p12p3 P2 ps) {ln(p1+pg)2+ln(p2+p3)2—§Zln-
i=1

2

253]
4
ANps+pr Aps—p2 A - - - - 2 ~
+Cos(p1 P2 mP1/AP3 — P2 pg) {ln(pg+p3)2+ln(p1+p3)2—§Zlnpf}
i=1
~2
2 pl}

(

4
ANps+pr Aps—p2 A - - - - 2
—l—cos(p1 Pa D Ps P2 pg) {ln(pl + P2)” + In(py —|—p3)2—§ E In }
i=1
4.

6)
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and

nx 1 u
ngluzlljiu(pl’p%p?”p‘l) ~ 9 Zrzlzzlifuz;(pl’p?’p?”p‘l)

~ g ( n ) cos PiADp2+pi Aps+p2 Aps
1672 N p2 Mz pa T Mpa pa s 5
P1 AP2—p1 Ap3—p2 ADp3
+ (nHIHZ nﬂ3#4 + n,u1,u,37],u2y,4) COS( 5 )

4
P1/Ap2+p1/Aps—p2 AD3 o
+ (nmusnmm + 77#1#477;12#3) COS( 5 )] Z lnpf

p1 A\ P2+ p1 A p3+ p2 A ps3
- (77u1u277u3u4 +2 77#1#4%2%) cos 2
p1 A p2 — Pl/\ps P2 A\ D3 -
}mm+mf

+ (nmuz Nusps + 2 77u1u377u2u4 COS(
(2 Ny po Mz pea T Mo pua Mz e COS(

P1 Ap2+p1 Aps—p2ADps
+ (277u1u277uw4 + Ny pa Mpzpss COS(

2

ANp3—p2 ADp3
2

s + 5oy

P1 /A P2+ p1 /\P3 + P2 /\Pg)

P1ADP2—p1
(2 Nyapo M s 77u1u377u2u4) COS(

P1ADP2—p1 Aps — P2 ADps o
+ (nulusnmm + 277#1#4”#2#3) COS( ):| hl(pl +p3)2} :

2
(4.7)

Summing these three results we obtain for the leading non-commutative IR diamagnetic con-

tribution to the four-point function

Fdlam IR diam

1 2 43 14 (P1,D2,P3,04) = —4ia

r 4
. (P1AD2\ . [(P3/\ D4 - L
X {(nmusnmmx - 77#1#4“#2#3) Sln( 2 ) Slﬂ( 9 ) Z lnp? -3 ln(pl +p2)2
L ;=1 .

4
> Inp} — 3In(pa + ps)?

L ;=1 J

_(D1AD1\ . (P3sAD2 [
+ (nﬂlusnuzm - mlmmgm) sm 5 Sin 2

-4 -
. (Da D2\ . (P31 _ L
+ (77#1M377u2u4 - 77/11#277/13%) Sln( 9 ) sm( B ) Z hlpz? - 31n(pl + p3)2 } )
L i=1 _
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ad®™ heing given in eq. (E-1§). Two comments are now in order. First, eqs. (ff) and ([7)
show that the non-planar parts of the four-point diamagnetic diagrams exhibit IR divergences
for configurations ([F). Yet, the full diamagnetic contribution, given by eq. (fJ), is free
of such singularities. There is, therefore, a cancellation mechanism at work among the non-
commutative IR divergent contributions coming from the box, lynx and bubble diagrams.
This mechanism is a consequence of gauge invariance being preserved at one-loop. Let us
substantiate this statement. As we shall see in the next section, gauge invariance leads to the

following Ward identity involving the three and four-point functions:

P1 A\ Pa

le«zl F,u1,u2,u3,u,(p17p27p37p4) = 28111( ) F,u,l,uz,u,g(_p2 _p37p27p3)

D2 A\ P4

—|—28in< ) Ly popis (—P1— D3, P3, 1) (4.9)

P3 A\ Py

—|—28in< ) Fu1“2u3(_p1_p27p17p2) .

Now, the r.h.s of this equation is finite for any of the configurations ([L.7), as can be readily
shown by substituting eq. (B.I4) in it. Thus, if T\, s (P1, P2, P3, p4) had an IR diamagnetic
divergence for momenta ([.9), it would have to be transverse with respect to pj*. However,
there is no tensor transverse to p}* that can be built with the tensors and functions that occur
in eqs. (E4) and (7). Secondly, the contribution to T4 amNP (5 ) pa py) coming from the

f11 p2 3 ia
momentum region

D1| ~ [P2| ~ P3| ~ |Pa] ~ |P1 + Da| ~ |P1 + D3| ~ |D2 + D3| ~ OAr — 0 (4.10)
1S
DI ND (1 Do, p3, pa) A~ —4i a In(0AR)?

. (PLAD2\ . (DP3/A\DP4
X (nﬂlﬂ3nﬂ2ﬂ4 - 77#1#4”#2#3) sin Sin 9

<p3/\p2) (4.11)
2

. (PaAD2\ . (P3/\D1
+ (nu1u377u2u4 - 77/11#277/13#4) S 5 sin 5 .

As happened for the two-point and three-point functions, this logarithmic IR contribution can

be retrieved from the UV divergent contribution iFjﬁEgL (p1, P2, p3, p4) by performing the

. (P
+ (77#1M377M2u4 - 77“1M277M3u4) Sln( 9

identifications (2.24). This provides an explicit realization for the four-point function of the
UV/IR mixing characteristic of quantum field theories on non-commutative Minkowski space-

time. This UV/IR mixing works for each single Feynman diagram: note that one can apply
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the identifications (.29) to eqs. (f3) and (f.4) to obtain egs. (F.§) and (f.7]) for momenta
verifying the conditions ({.I0).

We now come to the paramagnetic part of the four-point function. It is given by the
contribution quartic in the background field that comes from the diagram in fig. 4, the latter
being given by egs. (B.12) and (B.13). As already explained, the planar part of the diagram con-
tains all UV divergences, while the non-planar part collects all integrals with non-commutative
IR singularities. Projecting out from eq. (R.IJ) the contribution quartic in B, and using
the results of section 2 for J(p), we obtain the following UV divergences and leading non-

commutative IR terms in the paramagnetic contribution to the four-point function:

- param,UV 1 @Parem
ZFM1N2M;3N4 (p17p27p37p4) = -
. (P1AD2\ . (P3N P4
x (Wmaﬁuzm - mwmuwg,) sm 5 s 3
. (P1ADPs\ . (P3N D2 (4.12)
+ (nﬂlu:’,nuzm - 77“1“27]%“4) Sin 5 s 5
. (Pa NP2\ . [(P3ADP1
+ (77u1u377u2u4 ~ N1 po 77u3u4) S 5 sin 5
and
irﬁiﬁéﬁi (p1, P2, P3, pa) = — 4i aP*™™
. (D1 AD2\ . (P3N D4 L
X (nuluanuzm - 77u1u477u2u3) Sm( ) Sm( ) ln(pl + p2)2
(4.13)

2
. . (D3 A\ D2 < 2
+ (nmusnuzm - 77#1#2”#3#4) Sl 9 n ln(p2 + p3)

. (Pa/A\p2\ . (D3 A\ D1 R
+ (77mu377u2u4 - 77#1#277;13#4) Sm( 5 ) Sln( B ) In(py +p3)2} )

aP™™ heing as in eq. (R.18). Note that, despite the fact that the paramagnetic contribution to
the four-point function is made of integrals J(p), with p = p1+p2, pa+p3, p1+ps, whose non-

planar parts become singular for p =0, iFE?LZTL;ﬁ (p1, P2, P3, pa) is finite for any configuration

(F.2). This finiteness can be explained as a consequence of gauge invariance following the
same lines as for the diamagnetic contribution: see paragraph below eq. (f.§). Also note

that in the momentum region (f.I(]) the value of ifi?ﬁ%ﬁ (p1, P2, P3, p4) can be obtained from

the UV divergent contribution T2 UV (py, py, ps,ps) by using the identifications (E23), in

accordance with UV/IR mixing.
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It remains to study the mixed contribution to the four-point function. There are quite a
few diagrams producing contributions quartic in the background field with both diamagnetic
and paramagnetic vertices. It is straightforward to see, however, that their planar parts are
all UV finite by power counting and that their non-planar parts are free of singularities for
momenta (f.2), so we conclude that

e (D1, D2, 3, pa) = DIl (1, pa, p3, pa) = 0 (4.14)

We are now ready to give the complete UV divergent contribution iFEXQ s (p1, P2, P3, 1)

to the four-point function. It is the sum of the UV divergent diamagnetic and paramagnetic

contributions and takes the form

diam param
(a®™™  gPrrem)

M.

UV
Zru1“2u3“4 (plap2>p3>p4) =

. (P1ADp2\ . (P3/A\DP4
X (77u1u377u2u4 - 77M1M477u2u3) S 5 sin 5

(4.15)

D1 /\p4> . (ps /\pz)
S1n 2

. (PaADP2\ . (D3 /AD1
+ (nﬂlﬂ3nﬂ2ﬂ4 - 77#1#2”#3#4) Sin 9 sin 2

It follows that the MS counterterm (P:I9) subtracts the UV divergences in the four-point

function and that the beta function computed from the resulting renormalized four-point is

+ (nﬂl pauzpa = T po 77u3u4) sin (

as in eq. (B.21)). As concerns the leading non-commutative IR contribution to the four-point

function, it is finite after summing over diagrams and is given by the sum of eqs. (fg) and

(F13):
. il—wdiam,IR

T s isps (D1 D2, D3, p2) = A0SR (D1, pa, p3, pa) + iTE2 TR (b1, D2, p3, pa) - (4.16)

5 (Gauge invariance

In this section we shall prove that gauge invariance for the one-loop renormalized theory as

mathematically expressed by the equation
OT'[B]
d”: D,[B = 1
[ wle) DBl s =0 (5.1
holds, where iI'[B] = In Z[B] and Z|[B] is given in eq. (B.3). In this regard it is worth noting

that, to the best of our knowledge, it remains an open question [PJ] whether non-logarithmic
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non-commutative IR divergences are compatible with gauge invariance and finiteness. Here

we see that non-logarithmic IR divergences preserve gauge invariance.

We have shown in sections 2, 3 and 4 that, to subtract the UV divergences in the two,

three and four-point functions, it is enough to add the counterterm (2.19)

1 .

551B] = - (a4 ar) / d F"(B] « F,y[B] . (5.2)
£

This counterterm satisfies eq. (b.d]) and does not change the non-commutative IR behaviour

of the Green functions. Hence, the renormalized two, three and four-point functions have the

same non-commutative IR behaviour as the regularized ones, given in egs. (.29), (B-14) and

(E1d). We must check that these expressions are consistent with the Ward identity (B.1]). To

this end, we note that eq. (p-J]) implies

Py (p) = 0 (5-3)

P2 (M) = T (2)] (5.4)

together with eq. ([.9). It is apparent that the non-commutative IR divergent contribution

P5° Lty iapss (D1, D2, P3) = 2i Sin<

I%(p) to the vacuum polarization tensor in eq. (2:27) verifies the identity (F-3). It is also

clear that, neglecting terms which remain finite for some ¢ (i = 1,2,3) in the limit p; — 0,

we have
2 (P1) s (P1) (P2) (P2)
Py T e (D1, D2, p3) & — = (p1 A\ p2) [ ’%2 B2 ”;52 He
1 5

. (DLAD
%27,8111( 12 2) [Hfm(pl)—ﬂﬂfw(pz)] )

in agreement with the Ward identity (p.4) above. As concerns the leading non-commutative
IR behaviour of the four-point function, its consistency with gauge invariance has already been
thoroughly checked in section 4.

We end this section writing the effective action which reproduces the logarithmic contri-
butions in the non-commutative IR momentum regions (B.23), (B.9) and (f.I0) to the vacuum
polarization tensor, three-point function and four-point function. From the results derived in
sections 2, 3 and 4 it is clear that it has the form

1

1 (a®™™ + aP™™™) In(OAR)? / d'w (F"[B] * F,,[B] (5.5)

with the already known result (B.1§) for a¥®™ and aP**™ . In accordance with ref. [[0], it is
dual to the UV counterterm (p-2)) under the identifications (£:27).
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6 Conclusions and suggestions

In this paper we have computed the complete UV and non-commutative IR divergent contri-
butions to the one-loop effective action of U(1) gauge theory on non-commutative Minkowski
space-time in a background field. The UV divergences arise from the planar parts of the one-
loop diagrams, and come from virtual quanta with arbitrarily high momenta moving around
the loop of the diagrams. The non-commutative IR divergent contributions are also produced
by high-momentum virtual quanta, but occur in the non-planar parts of the diagrams. The vac-
uum polarization has quadratic and logarithmic non-commutative IR divergent contributions,
while the three-point function has linear and logarithmic contributions, and the four-point
function only has logarithmic contributions [[1]] [[Z]. Logarithmic contributions add to an
overall IR finite contribution for the three and four-point functions, while this is not so for
the vacuum polarization tensor. The overall logarithmic non-commutative IR behaviour of
the three Green functions is dual to the overall UV divergent behaviour in the sense that the

identifications (B.24) transform one into another.

The main result presented in this article is the following. We have shown that the paramag-
netic contributions to the effective action dominate over the diamagnetic contributions at very
high momentum. Here we say that we are in the high-momentum or high-energy region if the

|=Y/2 . Tt turns

momentum is large as measured against the non-commutative energy scale |6
out that, in the high-momentum regime, paramagnetic contributions give rise to anti-screening
of the coupling constant, whereas diamagnetic contributions produce screening. The combined
effect explains the negative sign of the beta function and its actual value. We recall that, while
for a Lorentz invariant theory paramagnetism always comes with charge anti-screening and
diamagnetism with charge screening [|f], this is not necessarily so if the theory lacks Lorentz
invariance, a circumstance that occurs if space is non-commutative. Yet the net result is analo-
gous to that for Yang-Mills theory on commutative Minkowski space-time. The reason for this
is that the beta function can be computed from the UV divergences in the vacuum polarization
tensor, provided gauge invariance holds. These divergences occurring only in the non-planar

part implies that they are independent of 6 and do not break Lorentz invariance.

We have also shown that the quadratic and linear non-commutative IR divergences that
exhibit the vacuum polarization tensor and three-point function have a purely diamagnetic
origin. By contrast, the leading non-commutative IR logarithmic contributions to the vacuum
polarization tensor, the three-point and the four-point functions receive both paramagnetic

an diamagnetic contributions. The duality of logarithmic contributions to UV divergences
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discussed above does not need to sum over diamagnetic and paramagnetic contributions but

holds for each of them separately.

Let us now look at the renormalized theory and consider the non-commutative IR regime
(FI0). As shown in section 5, the leading non-commutative IR logarithmic contribution to the
effective action in this region has the form (5.§). This contribution prevails over logarithmic
contributions In(p?/u?), if p? is of the same order of magnitude as the squared renormalization
scale p?. This leads us to claim that, in this regime, eq. (f.5) can be thought of as giving rise
to an effective IR renormalization of the renormalized coupling constant of the theory ¢*(u),

thus introducing an IR effective coupling g7 given by
1 1

_ . adiam+aparam In(OA L 27
912R 9%(1) ( ) (PAmp)

with a¥®™ and aP¥¥™ as in eq. (2-18). In other words, in the non-commutative IR domain
(E10), the dominant logarithmic contribution to the 1PI one-loop Green functions of the theory
are given by their tree-level expressions at finite § but with ¢%(u) replaced with g7 . Note also
that, in this non-commutative IR region, the paramagnetic contributions produce a screening
of the charge, whereas the diamagnetic contributions anti-screen the charge. This does not
come as a surprise since we know that when Lorentz invariance is lost there are media where
paramagnetism comes with screening and diamagnetism with anti-screening [21)], the dpeed of
light being not equal to 1. This is precisely what happens in the case at hand. As pointed out
in ref. [[J], the quadratic non-commutative IR divergent behaviour of the vacuum polarization
tensor gives rise to a modification of the dispersion relation for photon polarizations parallel
to p*. Indeed, let p* = (E,p), with p = (p',p? p?), and take a photon polarized along the
direction defined by p*. We then have

B2 = (p*)? + P~ (1 - zg—i) , (6.1)
2 62| P|*
where P = (p',p? 0). This equation leads to a photon speed v, = %E , with modulus
greater than 1 in the region 2¢% < 7262 P|* where perturbation theory is valid. Whether this
signals a true instability of the theory or is an artifact of perturbation theory remains an open
question 27 23

One may wonder if the results presented here for U(1) gauge theory generalize to the
U(N) case. In this regard we note that, although in the non-commutative IR domain no

new divergent dependence on the external momenta appears, the colour structures of the UV
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and the non-commutative IR divergent parts are different [f] [[J]. This indicates that UV /IR
duality in this case is more involved and deserves further investigation. Finally, it will be worth
exploring whether there exists a connection between the results presented here and the dipole

structures that occur in non-commutative quantum field theories [B4].
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Figure 1: Feynman rules of U(1) gauge theory on non-commutative Minkowski
space-time in the Feynman background gauge. The last vertex is the only one
of paramagnetic type.
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Figure 2: One-loop Feynman diagram mixing diamagnetic and paramagnetic

vertices contributing to the vacuum polarization tensor.
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Figure 3: One-loop diamagnetic Feynman diagrams contributing to the vacuum

polarization tensor. The diagrams include planar and non-planar terms.
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Figure 4: One-loop paramagnetic diagram contributing to the 1PI Green func-

tion (F,,(—p)F\,(p)). The diagram includes planar and non-planar terms.
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Figure 5: One-loop 1PI diamagnetic diagrams contributing to the three-point

function.
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Figure 6: One-loop mixed diagrams contributing to the three-point function.
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Figure 7: One-loop 1PI diamagnetic diagrams contributing to the four-point
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