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ABSTRACT

In this atticle we analyze a model of a retrial queueing system where
customers in the orbit join a quene with FCFS discipline. We adopt a
nostationary regime. We derive some probabilities using the theory of
semiregenetative processes. We obtain an integral estimator for the blocking
probability. We also find lower and upper bounds for the /! distance between
the probability distributions in an M/G/1/ce retrial model and the M/G/1/
queue at stationary regime,

RESUMEN

En este articulo analizamos un modelo con reintentos en el cual los clientes en
6rbita pasan a formar parte de una cola con disciplina FIFO, Adoptaremos
régimen no estacionario. Obtendremos algunas probabilidades usando Ia
Teoria de procesos Semiregenerativos y un estimador integral para la
probabilidad de blogueo. Por iltimo, mostramos una cota inferior y otra
superior para Ja distancia I entre la distribucién del ndmero de individuos en
el sistema en el caso M/G/1 con reintentos y el sistema clisico M/G/1/ en
estado estacionario,
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1. INTRODUCTEON

Consider a single channel system with arrivals generated by a
Poissen process at the rate A. These arrivals are called primary
customers. If the service area is free when a customer arrives, the
service starts immediately., If the customer finds the channel busy he
will reapply for service after a random period assumed to be
exponentially distributed with parameter up. Customers standing by te
reapply are said to be in orbit. When a customer arrives into the orbit
he must join a queue with FCFS discipline, i.e. only the first customer

!
|
|

in the queue can repeat an attempt. We wiil assume that the flow of
primary customers and the flow of repeated attempis are mutually
independent. The service time distribution S{(x), with Laplace transform
g(s), is assumed to be the same for both type of customers. Fayolle {4}
studied this type of retrial system in the M/M/1 ocase, An extensive
analysis for retrial systems can be found in Falin {2] and Young and
Templeton [61].

Farahmand [3] analyzes this model in the steady state. He obtains a
generating function for the number of customers in orbit when the channel
is busy and when the channel is free. We study the behavior of the system
in a nonstatiopary regime. To do this we first introduce some results

that we will use in the analysis that follows.

Let Nn denote the number of customers in the orbit immedlately after
the nth departure and n the time of the nth departure. We assume that
Pr(no=0)=1. It is easy to see that I\ln satisfies

NnH=K , if N“=0
Nn+K-1, Nn>0 and a retried call occupies the channel
: N o=
: n N K, N >0 and a primary call occupies the channel

where K represents the nurber of arrivals during the nth service time.
Note that the variable K is independent of n.

- NTE18306520289
N 8-23061-5

It is casy to prove that in this wmodel the pair (N " nml) is a
R,
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markovian renewal process wWith transition matrix

Bﬂ(x) Bl(x) ......

Qlx) = Ao(x) Al(x) ......

1] Ao(x) Ax(X)

where
A (x) = are“”‘*“]tkm(x-t)dtmr MY Getjar, o ()
[+] [}

A (x) = ure'“““)tko(x—t)dt; B, (x)uhre"htki(x—t)dt ¥n=z0; )

o Q

i
K, (x) = Prik=1,5m) = r oM _[i‘—:" stdt)

[

Given the structural form of the transition matrix Q(x) our model belongs
to the group called “of the M/G/1 type". An extensive analysis of these
systems can be found in Neuts [5].

One of the most important characteristices of a warkovian renewal
process iz the fundamenial period, i.e, the time 1}t takes the process to
go the first time from state i to state i-1. Let T denote the length of a
fundamental period and V the number of customers served during T. The

5

transform Glz,s)= Ele” Tzvl. |zl<i, Re(s)»0 satisfies the equation

G(z,5) = 2A(G(z,8),s)

where

0 X0
Alz,s) = [J' e™z'aa (x), Iz)<, Re(s)>0.
1=0°0

See [5]. In our case we obtain the following lemmma for the variables T
and V:

femma 1

The joint generating functlon for T and V is

+AG([z,s)

Gz, s) = z"h—mw—ﬂ(sﬂwm(z,s)) (3)

and the First order momenis are

o Mup - M
B = e ¢ BV T Tiew

Praaf

Using formulas (1) and (2) we have

SOHD b e aat =5 Alzys) = — 2B g(a-azts) (4)

00
Alx,z) = [AZ+M}I e Atars
o

where
Klx,z) = fre'“(is—mf)idslt) - re‘m’“)tds(t)
150" 0 o
is the generating function for the number of arrivals during a service
time not longer than x. Taking derivatives in (3) with respect to s and
z, at the point s=1 and z=0, we obiain E(T} and E(V).l

Observe that when p tends to infinity the Joint Laplace transforn
and generatlng function given in the previous lemma coincides with
Tackéds' formula for the joint tramsform of the busy period and the number

of customers served in it for a classical M/G/1/w queue.

The variable TD representing the length of time elapsed in between
two consecutive vislts to state =zero is closely connected to the
fundamental perliod. Let Ib(s} be the Laplace transform of this varlable.
It can be proved [S} that To(s] satisfies the relation

w0
T (s) = } B (s)6'(1,5)=B(G(1,5),5)
[ Lt
where
) m_.
B{z,s) = z I esxz‘dB‘(x), lzi<1, Re(s)>0
10’ o

We now find the corresponding expressions for 15(5) and B(z,=) in our

system.




Zemma 2
The Laplace transform Tb(s) is

T (s) = _Xi.‘s_sm-;mu,sns) (s)

Praaf
The transform B(z,s) can be written as
00 -t
Bl(z,s) = SI Esxjxhemhtjx e_aueauzds(u)dtdx
o ] ]
Thus

B(z,8) = h—is BlA-Az+s) (6)

from which (5) is easily derived.
=

Let C(t} represent the number of busy channels and N{t) the number
of customers in the orbit at time t. In the next section we obtain a
formula for the Jjoint generating function of the procese (C{t}, N(t)) in a

nonstaticnary regime.

2. THE RONSTATIONARY REGIME
We assume that initially i customers oaccupy the orbit. Let
00

* _ ~gt
Plo(z.s) = fue Plo‘t'Z) dt

* ® gt
P (z,8) = Ioe P (4 z)dt

be the Laplacé transforms of the partial generating functions

P (2) = Z Pr(C(t) =0,N{t)=n/N =1)z"

n=0

o
- = n
P, (2) = guPr(C(t)-l,N(tJ-n/No 1)z

- »
We now cobtain explicit formulas for Pio(Z'S) and P’I(z.s) in terms of the

Laplace transforms of the fundamental period and of the service time.

THEOREM 1
* »
In our M/G/1/w retrial model the Laplace transforms Plo(z,s). Pll(z.s)

are given by

* ue' (1, 5) (e-B(A-azts))
P o(2:8) = AprTAG (L, s)ea)t8) (Cipta)z- (AzsiIA (A-Az+5))

i+l
z
(A+p+s)z- (Az+p)B(A-Az+s)

" _ uG' (1, 8){Az~A-s)
Pu(z’s) = [ A—AB(A-AG(T, s)+s)+s] ((A+pra)z- (Azsp}B{A-Az+s])

21 gz 1) gl 1-B{A-azts)
t Ztinrs)~(Az+) (B(A-Az¥s) ) A-AZIS

Praof
The process X(t)=(C(t),N(f)) is semiregenerative with respect to the

markovian process (Nn,nn}. Hence (see [1]),

t
PriX(t)/N=1) = [J R(1, J.ds)Pr(X(t-8), T >t-s/N =) (7
1€e'0

where T =n, represents the time of the first instant of departure after
1
t=0 and R(i,j,x) is the markovian renewal function of the process

(Nn. nn).

The conditional probabilities are given by




a} When C{t-g}=0,

t. Pr(C(t-s)=0,N(t-5)=0,T,>t-s/N(0)=0) = ¢ Ait-s)
2. Pr(C(t-s)=0,N(t-s)=n, T >t-s/N(0}=n) = (=)
3. Pr(C(t—s)=D,N(t—S]=n.Tl)t—S/N(U)=j) =0, n*j.
b) When C{t-s)=1
1, Pr(C(t—s]=1,N(t»s)=n.T1>t—s/N(0)=0} =
t-5 - - n
=J' A e A(tms) ”‘—%‘-) {(1-Sx)) dx
o I
2z, Pr(C(tH5]=1,N(t“S}=n,T!>t—s/N(0)=j)=
t-5 - -
- - O (t-s-x)_Ax), (o)™ (ax)"
ID e e jA =31 +p T+l (1-5(x)) dx
when nzj-1.
3. Zero otherwise,
Let
00 &0 00
R (z,8) = f e % Y 2" aR(Ln, 1), R _(s) =f e Btan(1,0, 1)
1 o n=0 Lo o

be the Laplace transforms of the partial generating functions assoclated
to the renewal function, We now obtain the generating functions and
Laplace transforms assocliated to (7) which, together with the conditional

probabilitles stated above, give:

g * “Ri o(s) R (z,8)
& P (z,8) = : + ! (&)
10 {A+sT(Atrs) (A+s])

&

* . (™ h) Ap—(h+s)pz‘l (1-B(A-Az+s)
Pl1(z.s) * |Txegrsy R (z,5) + TarsTCiepea) Rllo(s) “Oizis) (9)

We next find an expression for both R:o(s) and thz,s). The first of
these two functions represents the Laplace transform of the mean number
of visits to the state zero given that at t=0 there are i customers in

the orbit. Hence,

i
_ &6 (0,s)
Ry ol8) = Ty -

where G(1,s} and Tu(s) are given in formulas (3) and (5) respectively. On

the other hand R(t), with elements R(i,j,t}, satisfles the renewal

equation

R(t) = U(t) + R(. QL)

where U(t} is the identity matrix. Using this equation the generating

function and Laplace transform of R(t) is
N
R (z,8) = [z—A(z,s)] {z R, (5 zB(z.s)—A(z.s)]} (10}
L]

Taking (4) and (6) and the expression for R‘O(s) into account we obtain
Rl(z,s) from (10) and, given (8) and (9), we are done.
]

*
The Laplace transform of the number of customers in orbit P1 (z,8) can

* *
be found by adding Piu(z,s) to Ptl(z,s) for each 1. We then obtain

P' (z,8) = pGl(l,s)(z—l)
1 128 T O (A-AG(T, 8)+s)+s) ((a+prsz- (Az+p ) B (A-Az+s))

' z 1, A4z (18 O-Azes)
(Mavprs)yz-(Az+ B (A-Az+s])) A-AZES

(11}

3. INTEGRAL ESTIMATOR FOR THE BLOCKING FROBABILITY
Assume now that 1=0 almost everywhere, After some algebra {11) can




be written as:

-
* Pofe sl 1-B(A-Az+s)
P (z,5) = (1-2) BlA-Az+s)-z + A-azts) (z-B(A-Az+s])

*
Taking derivatives of P (z,s) with respect to z at the point 2z=l we
cbtain the Laplace transform for the mean number of customers in orbit in

a nonstatiohary regime, This is

L .
ot ~ PO(S) -2 1 2 Pi{s]
Ie EONedt = <o) * A~ SrrgEn <A TG

]

» .
where P;(s)=P00(1,s)=s 1—P:“(Sl. P;its) represents the Laplace transform
for the blocking probability P1(t} given that the system 1is initially
empty.

For a stationary regime (i.e. when p=h(l+u)ﬂin4<l] it is known [3]
that

Lin E(N(t)) = {thu_lﬁl+hp(31+o'zﬂ;1]}/2(1-—p) (12)

where ﬁl and u? are the mean and variance of the service time

respectively. The blocking probability in steady atate is given by
- - L —
Pr(Ct—l) = %{ngl(t) %{305P01(s] = Aﬁl

These results emable us to obtain an integral estimator for the blocking
probabllity. To do this we use Abel’s Theorem to get

*
591(5)]

. . ® .5t 14 -1 .
Lip EM()) = Igl_mmj se " E(N(t))di = Lin, ["E T TB(s)

>3

1; 0

oLt S pLip }(a(1-8(s)))s 2P (s)
= &% 18(s7 s Blal))s 1 '8

= a;‘lsi_rgo[uu-ﬂ(s))ls'z—m:‘s“‘] + ﬁ;'gi_rgo[mls“—rz{s)]

4,
.

PRy

or
= -, 287" + [ Oe,p, (010,
kel

and, glven (12), we obtain

00
I (38,-p,(L))dt = AB/2 + {zﬁ;“+a;>(1+w23f)}/z(1~p) =
0

)

{fmmz(zsf)“‘}/u-p) (13
This formula provides an estimator for the 11 distance between the
blocking probabilities in stationary and nonstationary regimes. A similar
result can be found in Falin [2] for a different retrial queueing model

As an application of this result consider the integral estimator of
the traffic intensity RBi
_1T
ET =T I citldt
o
where (0,T] is the observation Interval. The expectation of this

estimator is

E( ]

T T
-1 . -1 .
T Iopl(t}dt—mﬁi+1‘ j;{hﬁl pl(t))dt

[

D0 (1]
-1 1
B - T fﬂ(hﬁl—pl(t))dt - T JT(ABlapi(tJ)dt

[}

Aﬂl—'l'_i{?\zm-hﬁ 2(zgaf)“}{l-.o)"w(‘r‘l)

given (13). Therefore the ilntegral estimator is shown to be bhoth blased
and asymptotically unblased.

4. THE NUMBER OF CUSTOMERS IN THE SYSTEM IN STEADY STATE
The goal of this sectien is to study the behaviour of the system in
steady state, when the parameter of retrial tends to infinity, by using a

stochastic decomposition. More preclisely, we wish to obtain a lower and
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an upper bound for the 1' distance between the probabllity distribution
in steady state of the number of customers in the system in our M/G/1
retrial model and the probabillty distribution of the number of customers
in the system in the context of the classical W/G/l/® queue, In the
following theorem we find the generating function Q{z) for the number of

customers in the system in the retrial model.
THEOREM 2

If our M/G/1 retrial model is in steady state the generating function
Q(z} is given by

e 1) pO-Azdp(l-2)
Qz) = UAOW ) G B Gma) (AH)Z
Praaf

Let ;\(hﬂt]ﬁ'ip'ld. It is easlly proved that

*
= 2 =0, N =0)=2" =
Pn(z] = Pr[Ct ,]\It 0}z lé.igost(z.s)

and

P1(Z) nEl;r(C =1, N—O)z = i_rgn 1(2.5)

and, given [3], Pu(z) and Pl(zl are

ul1-pY{1-B(A-Az))
(AzepdBA-22Y-(A+p)z

Bi-p) (BAz)-2) o5 p (g =

Po(2) # B (AAZI- () Z

Taking into account that Q(z) can be expressed in terms of Poiz) and

P1(2) as Q(z) = Po[z) + zPl(z). the theorem is proved.
3

He denote by Pr(Q=n) and Q {w) the steady state probabilities that
there are n; fcustomers in the system for the M/G/1 retrial model and the
classical M?G/i/w queue respectively. We denote by Q the steady state
probablility that n customers are in the orbit given l:hat the charmel is

free,

The generating function Q{z) can be rewritten as follows

.

11

(z) = (1'-?‘61) (hgiij;}ii(\ﬂ;)ézi?)wﬁgz ?éaﬁig(iiz?) (1-}\31)
where the flrst term is the generating function of an and the second term
is the Pollaczek-Khinchin formula assoclated to the number of customers
in the system in the classical M/G/1l/® queue. Hence the probabllity
Pr(Q—n) can be written as a convolution between the probabilities Q {m)
and Q Taking this stochastic decomposition into account we get the

following theorem:

THEOREM 3

The 1' distance between Pr{Q=n) and Qn(m) tends to =zero as p e,

Furthermore, such distance satisfies
2

2A
2a%g n = z |Pr(Q‘n)-—Q (w}] = _17\_5_) u

n=g0

-1

Praof
Observe that

n -
[Pr(@=n)-q (w)}| = |k§ﬂak(m)am-qn(w)| fo, (m)[J, -Q (w)+ ): q}((w)q o
So

|Pr(Q=n)—inw)| = Qn(w)(l—Qo] + Pr(Q=n]—Qn(WJaO = Qn(m}(l—zao) + Pr(Q=n}
Hence

[|Prm—n)—q (@}] = 1-20,41 = 2(1-Q,)

Moreover

w(i-p} (B{A-Az)-2) _ (3-p)
(hz+p)B(7\—hz)-(h+u§leu - (1—}\51)

= (1—7@1)"

and, given that p = h(}\+p]81pf1,
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@ 2%,
nZ;!Pr(Q=n)—Qn{m)| = ) #

On the other hand
o w
}:D|Pr(Q=n)-Qn(m)| = |Pr(Q=0)-q (=}| + EllFr(Q=nl—Q“(m)|
s

ne
Thus
“i |Pr(@=n)-@Q (=)} = |Prig=0)-q (=}] - Pr(Q=0) + Q {w} = 2(Q, (»)-Pri{Q=0))
n=0

where Qu(w)=1—hﬁi and Pr(Q=0)=1-p. .

Observe that the rate of convergence when i tends to infinity is
independent of the specific service time distribution. It only depends on

its first moment.
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