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ABSTRACT: Although classical theories of midlatitude momentum fluxes focus on the wave-mean flow interaction,
wave—wave interactions may be important for generating long waves. It is shown in this study that this nonlinear generation
has implications for eddy momentum fluxes in some regimes. Using a two-layer quasigeostrophic model of a baroclinic jet
on a 3 plane, statistically steady states are explored in which the vertically integrated eddy momentum flux is divergent at the
center of the jet, rather than convergent as in Earthlike climates. One moves toward this less familiar climate from more
Earthlike settings by reducing either 3, frictional drag, or the width of the baroclinic zone, or by increasing the upper bound
of resolvable wavelengths by lengthening the zonal channel. Even in Earthlike settings, long waves diverge momentum from
the jet, but they are too weak to compete with short unstable waves that converge momentum. We argue that long waves are
generated by breaking of short unstable waves near their critical latitudes, where long waves converge momentum while
diverging momentum at the center of the jet. Quasi-linear models with no wave—wave interaction can qualitatively capture
the Earthlike regime but not the regime with momentum flux divergence at the center of the jet, because the nonlinear wave
breaking and long-wave generation processes are missing. Therefore, a more comprehensive theory of atmospheric eddy
momentum fluxes should take into account the nonlinear dynamics of long waves.
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1. Introduction The picture of eddy momentum fluxes as determined by the
characteristics of the decay phase of baroclinically generated
eddies as opposed to the growth stage, discussed originally by
Kuo (1951), is clearly demonstrated in the simulations of the
nonlinear life cycles of unstable baroclinic waves by Simmons
and Hoskins (1978). This decay phase can be controlled by
mechanisms differing from those controlling the heat fluxes
that are more tightly connected to the linear growth stage,
making the development of theories for the momentum fluxes
particularly challenging.

Despite its success in qualitatively explaining Earth’s mean
climate, spectral analyses of the observations (Lutsko et al.
2017) and idealized global models (O’Rourke and Vallis 2016)
suggest that sufficiently long, planetary-scale waves do not
follow this classical, quasi-linear paradigm. These waves di-
verge momentum from the jet, but this divergence typically
exists in the lower troposphere and the flux amplitudes are
relatively insignificant. The work of Lee (1997) on the transi-
tion from one storm track and its associated eddy-driven jet to
two storm tracks also points to the potential importance of
eddy momentum fluxes in baroclinic systems that transport
momentum out of jets. Yet the mechanisms for the generation
of the long, momentum-diverging waves were unclear.

In this study, we explore the parameter dependence of such
momentum-diverging waves in a two-layer quasigeostrophic
(QG) model of a baroclinically unstable jet on a 3 plane and
show the conditions in which they can become dominant. This
model is particularly suitable for our purpose because it allows
explicit control of B independent of the Coriolis parameter
Corresponding author: Tsung-Lin Hsieh, hsiehtl@princeton.edu  f (unlike spherical models), and it is the simplest model that

The convergence of eddy momentum flux toward the jet in
the midlatitude atmosphere is one of the most fundamental
questions in the study of the general circulation. The classical
explanation relies on the midlatitudes being the source of
eddies that then propagate or migrate poleward and especially
equatorward, so that the dissipation of the eddies is displaced
in latitude from their source. From the general perspective of
pseudomomentum (i.e., wave activity) conservation, the mo-
mentum flux convergence is determined by the difference be-
tween the source and sink of pseudomomentum. See Vallis
(2017) for an exposition of this classical framework.

Since baroclinic instability is the eddy source, surface
westerlies are expected in the region of maximal instability.
In the simplest quasi-linear picture, the eddy momentum
fluxes are associated with meridionally propagating Rossby
waves, with the direction of the eddy momentum flux op-
posite to the direction of the group velocity, and with the
sink determined by the location of wave breaking and dis-
sipation as these waves approach their critical latitudes in
the upper troposphere. See Randel and Held (1991) for
observational support for this quasi-linear perspective on
the eddy momentum flux.
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encapsulates baroclinic instability and Rossby wave propaga-
tion. It is also encouraging that the two-layer model generates
baroclinic life cycles that are qualitatively very similar to those
in a multilayer model studied by Simmons and Hoskins (1978),
as long as the linearly unstable mode that provides the initial
condition has an upper-tropospheric critical latitude, as dem-
onstrated by Feldstein and Held (1989).

The two-layer QG model has been an important test bed for
studies of eddy fluxes in statistically steady states since the
pioneering work of Phillips (1956). As in all QG models, a
theory for the eddy fluxes can be framed as a theory for the
eddy potential vorticity (PV) fluxes. The sum of the two PV
fluxes (which are typically of opposite sign in the two layers)
provides the vertically integrated momentum flux convergence
and the difference provides the eddy heat flux. But the mo-
mentum flux convergence is generally a small difference be-
tween the PV and heat fluxes, so theories that take the PV
fluxes as a point of departure [e.g., the diffusive approach in
Wiin-Nielsen and Sela (1971) and Pavan and Held (1996)], are
not easily converted into adequate theories for the momentum
flux. Theories that do exist rely on a quasi-linear, wave—mean
flow interaction perspective, such as the stochastic theories of
Farrell and Ioannou (2003). Therefore, a useful starting point
for any attempt at a theory of the momentum fluxes in the two-
layer model is to clarify the parameter regime in which a quasi-
linear approximation is adequate.

In this study, we address the basic question of the existence
of a regime having momentum flux divergence at the latitude
of maximal baroclinic instability, in which regime the long-
wave dynamics are important and the quasi-linear perspective
is insufficient. The model is described in section 2. In section 3,
examples are described of the two regimes, one with momen-
tum flux convergence and another with momentum flux di-
vergence at the center of the jet. A mechanism is proposed and
tested in initial value experiments in section 4. Dependence of
the momentum flux direction is explored in the larger param-
eter space in section 5.

2. A forced-dissipative two-layer QG model

Our two-layer QG model is set up in a zonally periodic
channel with thermal relaxation and surface drag. It is similar
to that used in many other papers, such as Lee and Held (1993),
Pavan and Held (1996), Zurita-Gotor and Lindzen (2006), and
Lutsko et al. (2015). With the small scale diffusive terms not
shown explicitly, the dimensional equations of motion are

aql _ T—

T
W__J(l/qul)_ﬁvl-'_rr )\2E’ (13)
aq T—T

(9_12: _J(l/fz,qz) 7Bv2 - rT /\2 £— rmvzll’z, (1b)

where ¢; = V2; + (—1)'(y; — ,)/A? is the perturbation QG
potential vorticity from the background By, ¢; is the geo-
strophic streamfunction, 7 = ¢y; — i is the baroclinic stream-
function, u; = —d,y; and v; = d.4fs;, A is the deformation radius,
rr is the thermal relaxation rate, and r,, is the mechanical
damping rate. The index i = 1 represents the upper layer and
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i = 2 the lower layer. The mechanical drag occurs only in the
lower layer. The layers have equal depth when at rest.

In this forced-dissipative system, baroclinicity is maintained
by linearly relaxing 7 to an equilibrium profile 7. This equi-
librium profile is purely a function of latitude y and is anti-
symmetric across y = 0, resulting in a symmetric jet:

7.(y) = 7, tanh(y/o), 2)

where o characterizes the meridional scale. The vertical
wind shear in thermal wind balance with this profile aty = 0
is denoted by U = 7y/o. Hereafter, all variables are non-
dimensionalized by U and A.

The equilibrium profile 7 is zonally uniform, so the thermal
relaxation term simultaneously strengthens the zonal-mean jet
and damps the eddy perturbation in 7. The system is continu-
ously forced by baroclinic instability and dissipated by the
linear damping terms, and it eventually reaches a statistically
steady state. A useful relationship in the statistically steady
state is the balance between the vertically integrated conver-
gence of eddy momentum flux (EMF) and surface drag:

Y (—ay@ =7, 1,. 3)
i=12
That is, the direction of surface (lower layer) wind corresponds
to the convergence or divergence of EMF at each latitude. The
convergence of EMF is equivalent to the vorticity flux in either
layer, and the zonal-mean PV flux is the combination of the
vorticity flux and the heat flux:

(42)

vig; = vig; + (=)' (4b)

We utilize the numerical solver for this QG system devel-
oped by Abernathey et al. (2019) that has been used in studies
of QG turbulence including Wang et al. (2016) and Zhang et al.
(2020). The model is implemented in a doubly periodic square
domain with an opposite 7 added aty = L/2, where L = 128 is
the channel length as well as domain width unless specified
otherwise. That is, the jet of interest occurs at y = 0, and a
reversed jet occurs at y = L/2 to be consistent with the periodic
setup. To suppress eddy activity around the reversed jet, a local
damping is applied in the vicinity of y = L/2 with width Ay = 6,
but in practice the jets are far enough apart that the opposite
jet, regardless of local damping, has little influence on the dy-
namics around y = 0. The spectral resolution is 256 modes in
the x and y directions with a fixed time step. Further increase of
resolution makes negligible difference in the solution statistics.
A spectral filter whose strength increases exponentially from
65% of the largest wavenumber is applied to prevent numerical
instability (Abernathey et al. 2019).

3. Opposite signs of EMF with different values of 8

In this section, we demonstrate the existence of a regime
with EMF divergence at the center of the baroclinically un-
stable region, as the B parameter is decreased toward zero. The
anomalous EMF direction occurs in the upper layer as well as
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FIG. 1. Snapshots of potential vorticity for the (a),(b) momentum-converging and (c),(d) momentum-diverging
solutions. The B values are 0.2 and 0.02, respectively. The color scales are consistent across the panels.

in the vertical integral, which is different from Chai et al. (2016)
and Lutsko et al. (2017), who found EMF divergence in the
lower layer but not in the vertical integral. The solutions in this
regime have weak and easterly surface (i.e., lower-level) winds.
Its eddy flux characteristics are compared with a more Earthlike,
surface westerlies solution.

The parameters of the Earthlike control case are g = 0.2,
I = 0.2, rr = 0.03, o = 2, and channel length L = 128. For
these parameters, the upper-level jet is reduced in strength
from its equilibrium value in the absence of eddies by
roughly a factor of 2. The parameter values are adjusted
from the control case of Lutsko et al. (2017), such that the
surface jet is narrower and better defined when B is de-
creased. The adjustment includes tripling of the damping
rates r,, and r, decrease of ¢ from 3.5 to 2, and increase of
L from 46 to 128. The use of a longer channel is important
for solutions to converge in cases with smaller 3, in which
the EMF direction is sensitive to L, discussed in section 5.
With the standard B = 0.2, our adjusted parameters gener-
ate solutions qualitatively similar to the synoptic variability
in midlatitudes on Earth.

Figures 1a and 1b show snapshots of the total PV (which is
g + By) in both layers in the statistically steady state of the

Earthlike control case. The solution captures Earthlike PV
structures including waves, thin filaments, and isolated vortices
in the upper layer. In the lower layer, the zonal-mean PV
gradient as well as the perturbation are much weaker. Between
the upper and lower layers, the zonal-mean PV gradients are
reversed, satisfying the necessary condition for baroclinic
instability.

Figures 1c and 1d show snapshots of the total PV with B =
0.02, an order of magnitude smaller than the control case. The
other parameters remain the same. Compared with the g = 0.2
solution, isolated vortices become more common. A key
qualitative difference is the longer dominant zonal wavelength,
which will be discussed further in the following.

Figure 2 compares the zonal-mean zonal wind for the two
B values in Fig. 1. The upper-layer wind and vertical wind shear
are maximized at y = 0 in both solutions. The upper-layer wind
is broader, and the surface wind is weaker in the small
B solution. Westerly surface winds occur around y = 0 for 8 =
0.2, similar to Earth’s atmosphere. It changes sign with latitude,
as the conservation of momentum requires the domain integral
of r,,it; to be zero. On the other hand, easterly surface winds
occur around y = 0 for 8 = 0.02. While very weak in this case,
the surface easterlies can be larger when o is reduced as will be
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FIG. 2. The zonal-mean zonal winds in the (a) upper and (b) lower layers. The directions of
lower-layer winds at the jet core are opposite between the 8 = 0.2 and B = 0.02 cases.

shown in section 5. Figure 3 compares the eddy momentum
fluxes and eddy heat fluxes between the two solutions. As re-
quired by momentum conservation [i.e., Eq. (3)], the vertically
integrated EMF converges toward the jet in the solution with
surface westerlies, and it diverges from the jet in the solution
with surface easterlies. The vertical integral is dominated by
the upper layer in both cases.

The vertical wind shear and eddy heat flux both peak at the
center of the baroclinic zone, indicating maximal baroclinic
instability. Baroclinic instability is traditionally thought of as
the source of waves, especially in the upper layer with its larger
zonal-mean PV gradients. These waves transport momentum

toward their source at the jet core, a direction of transport that
can be understood from the Rossby wave group velocity, or,
more generally, from the movement of pseudomomentum (i.e.,
wave activity) away from the jet. The divergence of momentum
at the center of the baroclinic zone in the surface easterlies
solution provides a counterexample in which this classical,
quasi-linear picture is insufficient.

Figure 4 shows that the upper-layer EMF convergence de-
creases monotonically with decreasing 8, and eventually changes
sign. It is evaluated at the jet core and is normalized by the eddy
heat flux, which is always positive. Because the vertically inte-
grated EMF convergence is dominated by the upper layer, surface
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F1G. 3. The zonal-mean EMF and eddy heat flux for the (a),(b) 8 = 0.2 and (c),(d) 8 = 0.02
cases. The momentum flux convergence can have either sign at the jet core, where the heat flux
and baroclinic instability is maximized.
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FIG. 4. The upper-layer EMF convergence normalized by the
eddy heat flux at the jet core. The vertical dotted lines indicate the
B values of the experiments shown in Figs. 1-3. The classical theory
of wave-mean flow interactions qualitatively describes the large
B limit but not the small 8 limit.

easterlies are present in the small 8 limit and surface westerlies in
the large B limit, with the transition near 8 = 0.04.

The reversed EMF direction corresponds to a reversed di-
rection of the barotropic conversion in the energy cycle. The
barotropic conversion is u'v/d,u, which represents conversion
from the eddy kinetic energy (EKE) to the zonal kinetic energy
(ZKE) when positive. When integrated over the domain, it can
be expressed as the zonal wind multiplied by EMF conver-
gence. Since the integral is dominated by its value at the jet
core in the upper layer, the barotropic conversion has the same
qualitative dependence on B as the EMF convergence. In
particular, in the momentum-diverging small 8 limit, eddies on
average remove energy as well as momentum from the jet.

Spectral analysis shows that the small ratio between EMF
convergence and eddy heat flux is a result of cancellation
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between small and large wavenumbers. Figure 5a shows the
EMF convergence decomposed by zonal wavenumbers (k). It
is evaluated at y = 0 in the upper layer, which is much larger
than in the lower layer for all wavenumbers in all experiments.
The EMF convergence for each wavenumber is normalized by
the total heat flux, such that the sum over all wavenumbers
equals the total upper-layer EMF convergence divided by the
total heat flux. The line style convention in this paper is that
solutions with total upper-layer EMF convergence are repre-
sented by solid lines, and those with total upper-layer EMF
divergence are represented by dashed lines.

For B = 0.2, the spectrum peaks at the deformation wave-
number, indicating the importance of baroclinic instability.
These wavenumbers converge momentum toward the jet,
consistent with the most unstable waves in the classical quasi-
linear paradigm. As B decreases, contributions from these
momentum-converging large wavenumbers are reduced, as
they transfer energy to small wavenumbers rather than the
zonal flow. Contributions from smaller wavenumbers then
become more important in setting the total EMF direction. In
contrast to the most unstable wavenumbers, wavenumbers
smaller than 0.5 diverge momentum regardless of 3. The acti-
vation of these small wavenumbers reverses the direction of total
EMF with sufficiently small 8. Therefore, the B dependence
of total EMF direction can be understood as a competition
between the momentum-converging large wavenumbers and
momentum-diverging small wavenumbers. When S is larger,
the former dominates, leading to the momentum-converging
(surface westerlies) regime. When B is smaller, the oppo-
site occurs, leading to the momentum-diverging (surface
easterlies) regime. This regime transition cannot be explained
by quasi-linear arguments that ignore nonlinear wave-wave
interactions.

To demonstrate the importance of nonlinear wave—wave
interactions in causing the gradual transition from the
momentum-converging to momentum-diverging regime with
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FI1G. 5. Convergence of momentum by each zonal wavenumber (k) at the jet core in the upper layer across a range
of B for (a) the fully nonlinear model and (b) the quasi-linear model. Solid curves represent convergence and
dashed curves represent divergence when summed over all wavenumbers. The values are normalized by the eddy
heat flux summed over all wavenumbers v/7’. The characteristics of small wavenumbers are distinct between the

fully nonlinear and quasi-linear models.
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decreasing 8, we perform quasi-linear simulations and compare
them with the fully nonlinear simulations. The quasi-linear so-
lutions are obtained by running a separate set of experiments
with modified equations. In the quasi-linear model, any prod-
uct between two different wavenumbers is replaced with zero,
but the product between the same wavenumbers is retained.
Physically, this modification allows every wavenumber to in-
teract with the zonal-mean flow but not with other wave-
numbers directly. That is, decomposing the flows into the
zonal-mean (denoted by the overbar) and the eddy (denoted
by the prime) components, Eq. (1) is modified as

o _
= JWaD) I d) I a,) — oy %
(5)
o
% = —J (W q3) — I (. ) — I (%5, G,) — B,
—Ir % N rmvz‘llz > (Sb)

where the eddy components of J(¢/], q}) and J(,, g,) are
removed. The quasi-linear model can be thought of as in-
termediate between linear and fully nonlinear, isolating the
wave—mean flow interaction from the nonlinear processes.
It has served as a useful test bed for theoretical research
and is easily implemented in pseudospectral models (e.g.,
O’Gorman and Schneider 2007). See Cehelsky and Tung
(1991) for an example of quasi-linear simulations of this
type in a two-layer QG model.

Figure 5b shows the EMF convergence by each wavenumber
normalized by the total heat flux for the quasi-linear solutions,
using the same parameters as Fig. 5a. Comparison between
the fully nonlinear and quasi-linear solutions indicates that
the quasi-linear approximation becomes more inadequate
as B decreases. As described above, the removal of nonlin-
ear wave—wave interactions prohibits energy transfer across
wavenumbers directly, so the dominant wavenumbers re-
main close to 1, which predominately converge momentum
into the jet and transfer energy to the zonal flow. Even
though the quasi-linear model does indicate a slight de-
crease of dominant wavenumbers with decreasing B (cf.
Cehelsky and Tung 1991), the smaller wavenumbers that
diverge momentum are never active, implying that linear in-
stability is insufficient in generating these wavenumbers. Due
to the absence of the small wavenumbers, the momentum-
diverging (surface easterlies) regime never occurs. The com-
parison suggests that wave—wave interactions are critical for
generating the small wavenumbers and the associated EMF
divergence.

4. Mechanisms for the divergence of EMF

In this section, we argue that the momentum-diverging small
wavenumbers are generated by breaking of the most unstable
wavenumbers near their critical latitudes. These latitudes are
the pseudomomentum source for the small wavenumbers,
where they converge momentum. The compensating diver-
gence of momentum occurs at the center of the jet. An initial
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value experiment is set up to examine this process, followed by
analyses of the phase speed-latitude spectra and the pseudo-
momentum budget in the statistically steady state of the fully
nonlinear solutions to examine the behavior of different
wavenumbers across latitudes.

To understand the nonlinear generation of small wave-
numbers and its relation with the reversed EMF, we investigate
an initial value problem perturbed around the time-mean,
zonal-mean profiles of the fully nonlinear solutions. The linear
damping terms are removed by setting r,, = rr = 0, similar to
the configuration of Simmons and Hoskins (1978) for a mul-
tilayer baroclinic life cycle simulation. Initially, wavenumbers
between 0.75 and 1.25 are perturbed. The range of perturbed
wavenumbers is chosen such that all wavenumbers smaller
than 0.5 would be excited in the model. An ensemble of 50
realizations with randomized initial amplitudes are performed
and averaged over.

Figure 6 shows the evolution of kinetic energy and EMF
convergence for the large and small wavenumbers for both
B values. Initially, a wave packet composed of the unstable
wavenumbers grows exponentially. The wave packet develops
from the center of the jet, where the vertical wind shear is
maximized, and converges momentum toward the jet. Around
t=15for B = 0.2 and ¢t = 25 for B = 0.02, wave breaking occurs
on the flanks of the jet. Around the same time and latitudes,
small wavenumbers start to develop and converge momentum.
The difference between the two B values is that the small
wavenumbers are much weaker than the large wavenumbers for
B = 0.2; while they have comparable magnitudes for 8 = 0.02.
The unforced initial value problem suggests that for both 3, the
breaking of unstable wavenumbers on the jet flanks generates
smaller wavenumbers. They converge momentum on the flanks
in both cases and diverge momentum at the jet core with small 3.

To investigate the dynamics around the critical latitudes in
the statistically steady state of the fully nonlinear solutions,
Fig. 7 shows the phase speed-latitude spectra (Randel and
Held 1991) of EMF convergence, along with the zonal-mean
wind. It is generated by a similar procedure to Fig. 5, with an
additional Fourier transform performed along ¢. In Fig. 7, the
spectra are evaluated at a single zonal wavenumber k, and the
w axis is replaced with the zonal phase speed w/k. The upper-
layer EMF convergence is normalized by the total heat flux at
the jet core.

Figure 7a shows results for the deformation wavenumber
with 8 = 0.2, which is the peak of the EMF convergence
spectrum in Fig. 5. The signal is concentrated within a narrow
range of phase speeds, or equivalently a narrow range of fre-
quencies given a constant wavenumber. This frequency range
matches well the Rossby dispersion relation with meridional
wavenumber 1 (not shown).

The meridional distribution of EMF convergence at this
wavenumber is consistent with the classical quasi-linear para-
digm. This wave is generated through baroclinic instability at
the jet core, where the momentum is converged. It propagates
away from the jet until approaching the critical latitudes, where
the phase speed equals the zonal-mean wind speed. Rossby
wave critical layer theory suggests wave breaking at those
latitudes, where the momentum flux diverges.
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FIG. 6. Evolution of the upper-layer EKE (contour lines) and EMF convergence (color shading) as functions of
time and latitude for (a) 0.75 < k < 1.25 and (b) k < 0.5, where k is the zonal wavenumber. The mean profile is taken
from a fully nonlinear simulation with 8 = 0.2. (c),(d) As in (a) and (b), but with 8 = 0.02.

On the other hand, Fig. 7b shows a representative small
wavenumber near the negative peak of the EMF convergence
spectrum in Fig. 5. In contrast to the previous case, this
wavenumber is forced over a broad range of phase speeds,
rather than the phase speed of the breaking wave. The mo-
mentum flux is convergent near the critical latitudes of the
breaking wave at the deformation wavenumber, and the
compensating momentum flux divergence occurs at the jet
core. Although this is seen for a range of phase speeds, west-
ward phase speeds are dominant.

Aggregated over all wavenumbers, Fig. 8a shows that the
latitude of EMF divergence follows the critical latitude for the
eastward-propagating fast and large wavenumbers. The slow
and small wavenumbers converge momentum around the same
latitudes, and they diverge momentum at the jet core. Figure 8b
shows the same plot for the case with 8 = 0.02. The fast eastward
wavenumbers that converge momentum toward the jet resemble
those in the B = 0.2 case. They diverge momentum near the

critical latitudes, but the signal is much weaker. The total EMF is
dominated by the momentum-diverging small wavenumbers
with more westward phase speeds.

To provide further evidence for the nonlinear generation of
small wavenumbers on the jet flanks, Fig. 9 shows the pseudo-
momentum budget in the statistically steady state of the fully
nonlinear solutions. The zonal-mean pseudomomentum equa-
tion for each zonal wavenumber k in the upper layer is

672
L —

q,J (. q) q,7
aty AP k k+erk’ (6)

Y Y

where y =B + 9,4, is the zonal-mean PV gradient. Under the
assumption that vy is constant in time, the left-land side is zero
in the time mean. Expanding the PV flux into the vorticity flux
and the heat flux, Eq. (6) is rewritten as

_ WDy G
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FIG. 7. The phase speed-latitude spectra of upper-layer EMF convergence for the fully nonlinear, 8 = 0.2 so-
lution. (a) The most unstable wavenumber that converges momentum at the jet core and diverges momentum close

to the critical latitudes where w/k ~%; (solid blue line).

(b) A representative small wavenumber that diverges

momentum at the jet core. The values have been normalized by the total heat flux.

The first term on the right-hand side, which is the heat flux, is
the linear source of pseudomomentum. The second term,
which is a third-order statistic, is the nonlinear source due to
wave—wave interactions. This term is not present in the quasi-
linear model. The third term is dissipation due to thermal
damping.

The terms in Eq. (7) are diagnosed in Fig. 9 for the wave-
number that causes the most EMF divergence at the jet core
for each B. As in the phase speed-latitude analysis, the small
wavenumbers converge EMF (i.e., positive vorticity flux) on
the jet flanks, and these latitudes correspond to the peaks of the
nonlinear pseudomomentum source. The heat flux term cannot
explain the generation of small wavenumbers on the jet flanks.
Due to the temporal variability, there is a small residual in the
diagnostics indicated by the dashed curve in Fig. 9, which has
little latitudinal structure and does not influence the corre-
spondence of peaks of EMF convergence and nonlinear
pseudomomentum source on the jet flanks.
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The physical picture emerging from Figs. 6-9 is the follow-
ing. Consistent across B, the small wavenumbers (k < 0.5) are
generated by breaking of large wavenumbers (k ~ 1) near
their critical latitudes. Around these latitudes, the small
wavenumbers converge EMF as their pseudomomentum is
generated, mainly by nonlinear wave-wave interactions.
The small-wavenumber EMF diverges at the jet core due to
the conservation of momentum. The B parameter deter-
mines the relative contributions of small and large wave-
numbers to the total EMF.

5. Dependence of EMF on the surface drag, width of
baroclinic zone, and channel length

The fact that smaller wavenumbers tend to diverge momen-
tum holds in a larger parameter space, across a range of surface
drag r,,, meridional scale of thermal forcing o, and channel
length L investigated in this section. Previous sections suggest

(b)
B=0.02 ,
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FI1G. 8. The phase speed-latitude spectra of upper-layer momentum flux convergence aggregated over all
wavenumbers for (a) 8 = 0.2 and (b) B = 0.02. The values have been normalized by their respective total heat fluxes,

which are the same as in Fig. 7.
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FIG. 9. The upper-layer pseudomomentum budget of wavenumbers that diverge the most momentum from the jet, for each term in
Eq. (6). The residual in the time mean is represented by the dashed curve. The wavenumbers displayed are k = 0.5 for 8 = 0.2 and k = 0.25
for B = 0.02. The budget suggests that the EMF convergence (equivalent to the vorticity flux) on the jet flanks corresponds to the nonlinear

source of pseudomomentum due to wave—-wave interactions.

that the regime transition from EMF convergence to diver-
gence is caused by a competition between the momentum-
diverging small wavenumbers and the momentum-converging
large wavenumbers. As B decreases, relatively more small
wavenumbers are generated by breaking of large wavenumbers.
Besides decreasing 3, decreasing the frictional strength is known
to halt the upscale energy transfer (e.g., Thompson and Young
2007), which we confirm in the following as another path that
leads to the EMF divergence regime. In addition, the width of
thermal forcing and the length of the zonal channel are per-
turbed to alter the relative strengths of small and large
wavenumbers.

Figures 10a and 10b show the spectra of EMF convergence,
similar to Fig. 5a except with varying the mechanical
damping r,, and fixed B. Recall that the control r,, = 0.2,
with which B = 0.2 gives EMF convergence and 8 = 0.02

gives EMF divergence at the center of the jet. Regardless
of decreasing B8 or decreasing r,,, the qualitative changes
are the same: large wavenumbers converge momentum and
small wavenumbers diverge momentum. With sufficiently
small B8 and r,,, the small wavenumbers become dominant,
and the total vorticity flux direction is reversed.

Figure 10c shows how the ratio between the upper-layer
EMF convergence and heat flux depends jointly on 7,, and S.
Because the dimensional 8 and drag coefficient have different
units, the axes are converted to wavenumber scales by a simple
combination with the velocity scale of the thermal equilibrium
wind shear. That is, in the dimensional form, the wavenumber
scales are r,/U and /B/U respectively. Given our non-
dimensionalization, U is set to unity in these expressions.
Figure 10c shows that these two wavenumber scales play sim-
ilar roles in determining the EMF direction: it is convergent
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0.2
| | 01
= i~ B
5 5 S
l; N 00 |2
5 5 o
< < !
| I -0.1
0 1 2 3 0 1 2 3 0.1 0.2 0.3 —0.2
k k VB

FIG. 10. Spectra of upper-layer EMF convergence normalized by the total heat flux, as in Fig. 5 except for varying r,,, with (a) 8 = 0.2 and
(b) B = 0.02. (c) Ratio between the total upper-layer EMF convergence and heat flux for solutions with a range of r,, and 8. The black
contour indicates zero EMF convergence. The blue circle indicates parameter values for the standard 8 = 0.02 experiment. The standard
B = 0.2 experiment is outside the range shown here, as it is chosen to focus on the regime transition. The axes are converted to wave-
number scales by combining with the thermal equilibrium wind shear. EMF divergence solutions tend to occur with weak surface drag and
small B.
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FIG. 11. As in Fig. 10, but for varying o with (a) 8 = 0.2 and (b) B8 = 0.02. (c) Ratio between the total EMF convergence and heat flux as
functions of wavenumber scales 1/o and /B. EMF divergence solutions tend to occur with narrow jets and small 3.

when the wavenumber scales are large, and it is divergent when
the wavenumber scales are small.

The similar effects of 8 and r,, are likely related to the
halting of upscale energy transfer. The halting wavenumber has
been found to increase with 8 and r,, in numerical simulations of
two-layer QG turbulence (e.g., Thompson and Young 2007). The
best way of thinking about the halting scales in the two-layer
context remains a topic of current research (Chang and Held
2019; Gallet and Ferrari 2020), but nevertheless the simplest
barotropic halting scales appear to be useful here.

Figure 11 is similar to Fig. 10 except with varying o, the
meridional scale of thermal forcing, which sets the width of the
radiative-equilibrium jet. Over the parameter range examined,
the PV gradients never change sign in the horizontal direction,
either in the equilibrated jets or in the forced jets in the absence
of eddies. For either 8 = 0.2 or 0.02, the momentum-diverging
small wavenumbers are more active with smaller o. The solu-
tion becomes homogeneous in the limit of infinite o, in which
the EMF convergence is zero.

The joint dependence of upper-layer EMF convergence with
o and B is shown in Fig. 11c. Similar to Fig. 10c, the ratio be-
tween EMF convergence and heat flux is plotted as a function
of wavenumber scales 1/ and /B. The EMF direction is rel-
atively insensitive to o for larger B, and it transitions from
positive to negative with decreasing o for smaller 8. The en-
hanced small wavenumbers transport momentum out of the jet
core, which counters the sharpening effect by thermal forcing
on the jet due to decreasing o.

Finally, the zonal length of the channel, L, directly controls
the smallest resolvable wavenumber. For 8 = 0.2 (Fig. 12a), the
EMF spectra have qualitatively converged with L: the EMF
convergence is dominated by wavenumber 1. On the other
hand, the spectra are qualitatively different across L for B =
0.02 (Fig. 12b). The small wavenumbers are dominant when
they are allowed in long channels and result in net EMF di-
vergence. When they are eliminated in the L = 16 short
channel, the net EMF converges toward the jet.

In Earthlike settings, the channel length is often set ap-
proximately to 6 times the most unstable wavelength (e.g.,
Phillips 1956). For our Earthlike solutions with g8 = 0.2, in-
creasing the channel length beyond this value would not alter
the mean climate qualitatively. However, when the parameters

are perturbed such that smaller wavenumbers are active, for
instance with 8 = 0.02, the channel length may change the
mean climate, including the EMF and surface wind directions.

6. Conclusions

This paper describes nonlinear mechanisms that determine
the direction of the eddy momentum flux (EMF) in a forced-
dissipative two-layer quasigeostrophic model. Classical theo-
ries for the EMF often involve the quasi-linear assumption and
emphasize the wave-mean flow interactions (e.g., Held 1975),
whereas the roles of wave—wave interactions have been largely
unexplored. In this study, we show that the classical quasi-
linear picture is insufficient for understanding the EMF di-
rection in regimes with small B, small surface drag, narrow
width of the baroclinic zone, or large zonal channel length.

As B decreases, a flow regime with upper-layer EMF di-
vergence from the jet emerges, despite having otherwise sim-
ilar qualitative features to the Earthlike flows. Spectral analysis
shows that the sign of EMF convergence is opposite between
the most unstable and the smaller wavenumbers. The classical
theories of wave-mean flow interactions explain the EMF
convergence toward the jet at the most unstable wavenumbers.
However, a range of smaller wavenumbers is found to diverge
EMF, which results in a net EMF divergence when the
B parameter is small. Comparison between fully nonlinear and
quasi-linear simulations indicates that the smaller wavenumbers
do not exist without wave—wave interactions.

The most unstable wavenumbers and the smaller wave-
numbers are generated at different latitudes, resulting in dif-
ferent EMF directions. Initial value experiments in the fully
nonlinear model suggest that breaking of the most unstable
wavenumbers generates smaller wavenumbers. In the statisti-
cally steady state, the most unstable wavenumbers diverge
momentum near their critical latitudes, indicated by the phase
speed-latitude spectra. Around these latitudes, the small
wavenumbers converge momentum as the pseudomomentum
is generated by the nonlinear wave—wave interaction term. The
compensating EMF divergence for small wavenumbers occurs
at the jet core. The dynamics are summarized in Fig. 13.

While the analysis and numerical results are kept in a fairly
idealized context in this paper, we believe that our findings may
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FIG. 12. Asin Fig. 10, but for varying channel length L with (a) 8 = 0.2 and (b) 8 = 0.02. (c) Ratio between the total EMF convergence and
heat flux as functions of wavenumber scales 27r/L and /B. EMF divergence solutions tend to occur with long channel lengths and small 3.

be relevant in more realistic settings. In particular, the non-
linear generation of long waves by breaking unstable waves in
our model is not restricted to small-B regimes but is also found
with Earthlike parameters. This is consistent with the obser-
vational study of Birner et al. (2013), who found that the
downgradient PV flux associated with synoptic wave breaking
is followed by an upgradient PV flux (equivalent to a pseudo-
momentum source) for the planetary waves on Earth. Because
the breaking and nonlinear generation are not collocated
spatially, this gives rise to a locally upgradient PV flux on the
poleward side of the subtropical jet in the time mean. This is in
some contrast with our two-layer results, for which only the
longwave vorticity flux becomes upgradient on the jet flanks
due to the much stronger baroclinic PV flux over the region.
This difference is likely due to the idealizations in our simple
model, especially the constant deformation radius and extreme
vertical truncation, both of which may overemphasize the

Unstable wavenumbers

coupling between upper and lower levels as compared to the
decoupling on the subtropical side of the storm track. Zurita-
Gotor and Vallis (2013) also found upgradient PV fluxes in an
idealized primitive equation model with fine vertical structure
and noted that this was possible due to the smallness of the
baroclinic PV flux over the jet region, which they attributed to
mixing barrier effects.

We highlight the implication of our results for the mainte-
nance of midlatitude EMF convergence and surface westerlies.
We show the limitation of the classical quasi-linear paradigm in
explaining the emergence of upper-layer EMF divergence and
surface easterlies in parameter regimes that allows significant
wave-wave interactions. This in turn emphasizes the impor-
tance of the combination of Earthlike parameters, including
the modest planetary radius as well as the coincidence of the
Rhines scale and the Rossby radius of deformation, in limiting
the inverse energy cascade in the atmosphere, which justifies

Small wavenumbers

Wave
breaking

Wave
breaking

Phase speed

Phase speed

Baroclinic
instability
Critical Critical F
latitude latitude Dissipation
Latitude Latitude

FI1G. 13. A schematic diagram summarizing the dynamics of the most unstable wavenumbers and the small
wavenumbers. The most unstable wavenumbers are generated by baroclinic instability at the jet core and break
near the critical latitudes, where the zonal phase speed equals the mean zonal wind speed. Near the latitudes of
wave breaking, the small wavenumbers are forced over a range of phase speeds and converge momentum (red
shading). The compensating momentum flux divergence (blue shading) occurs at the jet core as the small wave-
numbers dissipate. The blue curve represents the mean zonal wind speed in the upper layer. The arrows represent
the direction of the pseudomomentum flux, which is opposite to the momentum flux.
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the qualitative adequacy of quasi-linear models in capturing
the Earthlike climate.
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