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- Study of fluid-solid mixture models combining quasi-stationary and time
dependent equations set in moving domains

- We characterize time derivatives of quasi-stationary mechanical magnitudes as
solutions of additional boundary value problems

- Mechanical submodels are well posed when complemented by such
characterizations of time derivatives

- We give conditions for well posedness of time dependent boundary value
problems set in moving domains for specific geometries

- We establish well posedness of stationary transport submodels under sign
conditions motivated by simulations and experiments
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Abstract

Two phase solid-fluid mixture models are ubiquitous in biological applications.
For instance, models for growth of tissues and biofilms combine time dependent
and quasi-stationary boundary value problems set in domains whose boundary
moves in response to variations in the mechano-chemical variables. For a model
of biofilm spread, we show how to improve its stability properties by character-
izing the time derivatives of relevant quasi-stationary magnitudes in terms of
additional boundary value problems. We also give conditions for well posedness
of time dependent submodels set in moving domains depending on the motion
of the boundary. After constructing solutions for transport, diffusion and el-
liptic submodels for volume fractions, displacements, velocities, pressures and
concentrations with the required regularity, we are able to handle the full model
of biofilm spread in moving domains assuming we know the dynamics of the
boundary. These techniques are general and can be applied in models with a
similar structure arising in biological applications.

Keywords: Fluid-solid mixture models, thin film approximations, evolution
equations in moving domains, quasi-stationary approximations, stationary
transport equations

1. Introduction

Biofilms are bacterial aggregates that adhere to moist surfaces. Bacteria
are encased in a self-produced polymeric matrix [1] which shelters them from
chemical and mechanical aggressions. Biofilms formed on medical equipment,
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such as implants and catheters, are responsible for hospital-acquired infections
[2]. In industrial environments, they cause substantial economical and technical
problems, associated to food poisoning, biofouling, biocorrosion, contaminated
ventilation systems, and so on [3, 4, 5]. Modeling biofilm spread is important
to be able to eradicate them.

A wide variety of models have been proposed to understand different patterns
and behaviors, see [6] for continuous descriptions of basic culture systems and
[7, 8, 9, 10] for individual based, cellular automata and immersed boundary
approaches to microscopic effects on biofilm structure, for instance. Biofilm
behavior is strongly affected by environmental conditions. While biofilms grown
in flows are formed by scattered bacteria immersed in large matrix chunks [11], in
biofilms spreading on surfaces bacteria are glued together by very small volume
fractions of extracellular matrix [12]. Fingers and streamers develop in the first
case, wrinkled patterns are observed in the latter [13]. Two phase fluid flow
models have been successful explaining quantitative observations of fluid-like
behavior, more precisely, accelerated spread on surfaces due to swelling [12].
However, describing the formation of wrinkles requires models able to account
also for solid-like behavior, such as viscoelastic, poroelastic or solid-fluid mixture
descriptions [14, 15, 16]. Both fluid-like and solid like-behavior are also observed
in tissues [17].

Solid-fluid mixture models provide a somewhat unifying point of view since
they behave like monophasic elastic, monophasic viscoelastic, or truly biphasic
mixture/poroelastic [18, 19] depending on the volume fractions of fluid and solid
biomass, their densities, the Lam constants of the solid, the viscosity of the fluid,
the hydraulic permeability of the solid/fluid system, the characteristic times for
solid displacement and the characteristic matrix network length. The situation
we have in mind is the study of Bacillus Subtilis biofilm spread on air/agar
interfaces, for which fluid-like accelerated spread and solid-like wrinkling are
experimentally documented [12, 13]. A solid-fluid mixture model in the line of
those established in [20] for swelling tissues captures both features [14]. We
focus on this type of models, under additional assumptions on the parameters
taken from experimental studies.

We describe here biofilms in terms of solid-fluid mixtures, see Figure 1. At
each point x of the biofilm we have a solid fraction of biomass ¢s(x,t) (cell
biomass; polymeric threads) and a volume fraction of water ¢¢(x,t) containing
dissolved substances (nutrients, autoinducers and so on), in such a way that
¢s(X,t) + ¢¢(x,t) = 1. The solid and fluid volume fractions move with velocities
v and vg, respectively.

We consider a biofilm occupying a time dependent region Q. Figure 2
represents schematic views of two dimensional slices. The upper boundary I',
separates the biofilm from an outer fluid. A lower boundary I' separates the
biofilm from the substratum it attaches to. In our case, the fluid is air and the
substratum is agar, from which nutrients are taken. The main variables satisfy
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Figure 1: (a) Schematic view of biofilm microscopic structure. Cells are embedded in a
network of polymeric threads forming the extracellular matrix (ECM), while a liquid solution
containing nutrients and chemicals flows through the network. (b) Schematic view of a biofilm
spreading on a surface.

(a) (b)
h(x1 ,xz,t) h(x1 ,X2,t)
rt
X5 + X3 F:_
rt rt

Figure 2: Schematic representation of a biofilm slice Q! spreading on a surface (a) occupying
a finite region and ending at triple contact points, (b) spreading over precursor layers. The
upper boundary l"j_ represents the biofilm/air interface. The lower boundary I't represents
the biofilm/agar interface, which provides nutrients and resources necessary for biofilm growth
in our framework.
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a set of quasi-stationary equations

div(veer) = —ks 3% 9

div(ku(6:)V(p —7(0s)) = div(va), )
pAus + (p+ A V(div(us)) = Vp,

—dAc+ div(vee) = —ke 7% Os

constrained by the additional conditions

OJug

o’
in the region occupied by the biofilm Qf, which varies with time. In this quasi-
static framework, the displacement vector us(x, t) and the scalar pressure p(x,t),
volume fraction ¢s(x,t) and concentration ¢(x,t) fields depend on time through
variations of the boundary I'!, which expands due to cell division and swelling.
The positive functions kp(¢s) and m(¢ps) represent the permeability and the
osmotic pressure. Typically, 7(¢s) = Ilps, II > 0, and ky(¢s) = (1 — ¢5)2/¢,
¢ > 0. This system is subject to a set of boundary conditions:

¢fo = _kh(¢s)v(p - 7r(¢s)) + Prvs, Vs = ¢f +¢s =1, (2)

D — T = Pext — Text) on Ft:Fﬂ_UFt_,

R dc
(6(us) = phn = tex, 5o = 0, on T, (3)
us =0, ¢ = co, onT?t

where n is the outer unit normal and

&(u.) = ATr(e(u) T4 2ue(u),  e(w) = ;(g;;; +E8) =L,
n = 2,3, represent elastic stress and strain tensors. Boundary conditions for ¢
would be required only in regions of the border where the characteristic curves of
the associated transport problem enter the domain [21], if any. The displacement
and velocity vectors have components u = (u1,...,u,) and v = (v1,...,0p),
n = 2, 3, respectively. All the parameters appearing in the model, ks, K, k¢, K,
u, A\, dare positive constants. External pressures, tractions and concentrations
are denoted by pext, Text, text and co. For ease of the reader, we have summarized
the modeling in Section 2. The equation for the solid displacements suggests
some kind of poroelastic constitutive law for the mixture [19].

The model is complemented with an equation for the dynamics of I't, ¢ > 0.
If we consider biofilms represented by the scheme in Figure 2(a), the contact
points between biofilm, air and agar require specific additional information to
avoid singularities. Working with the geometry represented in Figure 2(b), we
avoid this difficulty by introducing precursor layers [12, 22]. Then, I't_ is fixed.
The upper boundary I', is parametrized by a height function h (21, z2,t), which
satisfies the equation [14]

oh 0 b
81f+a$1|:/0 (v-%1)dxs

0’ (4)

b h
+(97.’II2 [A (V'Xg)dﬂS3:| =V -X3
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where the composite velocity of the mixture v = ¢¢vy + ¢svs has components
VR = v — k() 282 i =1,2,3.

At present, only perturbation analysis and numerical studies are available for
this type of models [12, 14] in simple geometries. Asymptotic studies yield thin
film type approximations for (1)-(4) assuming circular geometries and radial
symmetry. Non standard lubrication equations for the height h are obtained,
which admit families of self-similar solutions in radial geometries. However, the
construction of reliable numerical solutions of the model in general experimental
configurations faces difficulties due to the lack of well-posedness results.

In this paper, we assume we know the dynamics of the upper boundary
I, given by a smooth curve xg = h(z1,22,t), and develop an existence and
stability theory for the model equations. To simplify the analysis, take constant
kn(¢s) = kn > 0 and kn(¢s)/ds = £oo > 0. In this quasi-stationary framework,
the displacements ug depend on time through the motion of the b{;)undary.

However, we lack equations for the velocities, other than the relation % = vy.

In Section 3 we obtain a system of equations characterizing the velocity:

div(é(vs)) = pAvs + (1 + M) V(div(vi)) = Vp,  in QF,

ve=0, onTI?, (5)
0
o(vi)n = 78 r(g,us), onT%,
ot
with g = —pn = — (Pext — Test )12 and r to be defined later. A similar equation is

obtained for p; from the equation for p. Taking the divergence of the equations
for ug and vy we find additional equations to close the system

% = k}h (QN + )\)Ae - thA¢s, in Qt, (6)

% = kh(2/l + )\)Aet — thA¢s,ta in Qt, (7)
where e = div(us) and e; = div(vy). We will neglect IIA¢, ; in (7) because II
and Agg are small compared to other terms. Notice that (6) and (7) are time
dependent problems set in time dependent domains, while most results in the
literature refer to fixed domains.

The construction of solutions for such systems combines a number of diffi-
culties that we will address in stages. For ease of the reader, we summarize the
derivation of the model in Section 2. Section 3 characterizes the time derivatives
of ug and p, solutions of elliptic problems in time dependent domains, by means
of additional boundary value problems. In this way we improve the stability of
the model, since solving additional partial differential equations in each spatial
domain is more effective than approximating time derivatives by quotients of
differences of solutions calculated in variable spatial domains. Section 4 estab-
lishes well posedness results for linear parabolic problems (7) set in domains with
moving boundaries for specific types of parametrizations. Section 5 considers
the elliptic and stationary transport problems involved in the quasi-stationary
submodels, separately and in fixed domains, under hypotheses motivated by
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asymptotic studies and numerical solutions. Finally, Section 6 considers the
full coupled time dependent problem and Section 7 discusses the validity of the
results under weaker assumptions. Section 8 summarizes our conclusions and
open issues.

2. The model equations

In this section, we summarize the derivation of the model equations (1)-(3).
As said before, we have in mind applications to experiments of biofilm spread
on agar/air interfaces. We model biofilms as solid-fluid mixtures, composed of
a solid biomass phase and a liquid phase formed by water carrying dissolved
chemicals (nutrients, autoinducers, waste), as often done with tissues and cel-
lular media [19, 20]. Additional details and further references can be found in
[12, 14, 19, 20]. Under the equipresence hypothesis of mixtures, the volume
fraction of solid ¢s(x,t) and the volume fraction of fluid ¢¢(x,t) satisfy

We work in isothermal conditions, both in space and time.

2.1. Mass balance

At each location x, the volume fraction of biomass increases as dictated by
its growth rate while the volume fraction of fluid decreases accordingly [12, 20]

(ps¢s)
ot
A(pror)
ot

where vg and vy denote the velocities of the solid and fluid components, respec-
tively, c is the substrate concentration and rg(ps¢s, ¢) stands for the production
of biomass due to nutrient consumption. We describe it by a Monod type law.
The parameters K, (starvation threshold) and ks (intake rate) are positive con-
stants.

When the densities of the constituents are constant, the mass balance laws
for ¢ and ¢¢ become

9¢s
ot

+ diV(ps¢sVs) s Ts(ps¢sv C), Ts(ps¢m C) = ksﬁﬂsﬁésa

+ div(pegrve) = —7s(psts, ),

+ div(evs) = 7s(s; €), % + div(epve) = —%rs(@, c).

The composite density of the mixture is then p(x) = ps¢s(x) + prds(x).

Measured values for densities of phases in cellular systems are very similar
(relative differences of order 1072). The assumption ps = ps = p = py, pw being
the density of water, leads to [12]

aaqus + div(gsvs) = r5(ds, ¢),  75(¢s,¢) = kSTCKSQSS’ (%)
% + div(geve) = —rs(¢s, €). (10)
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The substrate concentration c is then governed by:

C

oc _c
CC—}—KC’

5 (11)

where 7, (¢s, ¢) represents consumption by the biofilm. The parameters d (dif-
fusivity), k. (uptake rate) and K, (half-saturation) are positive constants. We
impose zero-flux boundary conditions on the air—biofilm interface and constant
Dirichlet boundary condition on the agar—biofilm interface. In equations (9),
(10), (11), typical parameter values are such that the time derivatives can be
neglected. In this way we obtain the equations for ¢¢ and c¢ listed in (1). The
solutions depend on time though the motion of the biofilm boundary.

Adding up equations (9) and (10), we obtain a conservation law for the
growing mixture:

+ div(vee) — div(dVe) = —rn(¢s, ),  Ta(ps, c) = g5k

0= diV(QSsVs + ¢fo) = diV(V) = diV(Vs —+ Q)7 (12)
where v = ¢gvs + ¢¢vy is the averaged velocity of the mixture and
q = de(ve — V) (13)

is the filtration flux. The mixture is thus assumed to be incompressible. Equa-
tion (4) follows integrating (12), see [12, 14] for details, though we will not use
it here.

2.2.  Driving forces
We model next the nature of the forces present in the mixture [20].

Stress in the fluid. Under isothermal and isotropic conditions, the fluid partial
stress of an inviscid fluid in the case of infinitesimal deformations is

gf = _¢pra (14)

p being the pore hydrostatic pressure. This assumes large numbers of small
pores in the mixture. In case large regions filled with fluid were present, the
standard stress law for viscous fluids should be considered.

Stress-in the solid biomass. We hypothesize that the partial solid stress has two
components

o5 = 05 — ¢gpl. (15)

The second one describes the mechanical interaction between fluid and solid.
The first one represents stresses arising from the strain of the wet solid and is
related to the solid fibrous structure. Under small infinitesimal deformations,
we can assume a linear isotropic elastic strain-stress relation

1/0u;  Ouj
5. — AT 142 . :7( : J), 16
s r(e(us)) I+ 2pe(us), eij(u) 2\ 0, + 0z, (16)
where ug is the displacement vector of the solid, €(u) the deformation tensor,
and A, u, the Lamé constants. Depending on the fibrous microstructure, other
choices, such as viscoelastic strain-stress relations, are possible.
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Inertial forces. The inertial forces in the fluid and solid phases are psas and pras,
where ag and ag are the corresponding accelerations. In our framework, fluid
and solid velocities vy and vy are very small and inertial forces are negligible.

Interaction forces. Mechanical considerations imply that interaction forces act-
ing on the two phases are equal in magnitude and opposite in direction, so that
they cancel each other at the mixture level.

Filtration forces are due to the interaction between solid and fluid particles,
which is a function of their relative flows, that is, the filtration flux. The forces
per unit volume psfy and pefy satisfy psfs + pefr = 0. Ignoring inertial effects and
assuming that there is no coupling between concentration and viscous effects,
the filtration force for isotropic solids with isotropic permeability is taken to be

ff =—7q, (17)

where ky, (hydraulic permeability) is a positive function of ¢¢ and q is the
filtration flux. In our framework, ki, (¢¢) = ¢?/(, where ( is a friction parameter
often set equal to ¢ = ju/€(¢¢)? > 0 and € is the “miesh size” of the underlying
biomass network.

Interaction forces derived from chemical potentials satisfy ¢psVmg + ¢¢Vme = 0.
Here, we deal with osmotic forces. The concentration of polymeric substances
present in the biofilm causes swelling, that is, water absorption, and leads to the
introduction of an osmotic pressure. In our framework, we assume the osmotic
pressure is a function of the biomass fraction 7 = II(¢s) [12].

Buoyancy forces are interactive forces caused by density gradients of the solid
and the fluid. We assume pr = ps = p = pw, thus, we neglect them here.

2.3. Equations of motion

The theory of mixtures hypothesizes that the motion of each phase obeys
the usual momentum balance equations [20]. In the absence of external body
forces, and using the expressions for the stress tensors (14) and (15)-(16), the
equations become

diveos + ¢s(—Vp + Vrg) + ¢sfs = 0, ¢f(—vp + V) + ¢efe = 0. (18)
Combining (18), (17), and (13) we obtain
q=—knV(p—7) = de(vi — vs). (19)

This is Darcy’s law in the presence of concentration gradients.
Adding up the equations in (18), we find an expression relating solid dis-
placements and pressure

divés(us) — Vp =0. (20)

Equation (20) suggests a constitutive law for the mixture similar to poroelas-
tic constitutive laws already proposed, see [15] and references therein. At the
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biofilm boundary, the jumps in the total stress vector and the chemical potential
vanish:

(6'5 - pI)H =text, P— T = Pext — T f ext

when applicable.
The solid velocity is then vy = %. These equations are complemented by
(9) and (12), which now becomes

div(vy) = —div(q) = div(k,V(p — 7)). (21)

In this way, we find the equations and boundary conditions for us, v and p
listed in (1) and (3). Combining with (13) and (8), we obtain (2).

3. Differentiation of quasi-stationary problems

In the previous section, we have defined the velocity vg as the time deriva-
tive of the displacement ugs. The change in time of ug is due to the motion of
the upper boundary I";, that is, time variations in h. In this section we seek
an equation characterizing vs. We expect vy to solve the same boundary value
problem as ug, but differentiating all sources with respect to time. However,
since the boundary I'* of Q! moves with time, we need to calculate the ade-
quate boundary conditions too. We explain here how to obtain boundary value
problems for time derivatives of relevant magnitudes in moving domains.

In the region Q! occupied by the moving biofilm, the displacements ug of
the solid phase satisfy equations (1) with boundary conditions (3). To simplify
later computations, it is convenient to recast these equations in the general
linear elasticity framework. We use the Einstein summation convention that
implies summation over a set of indexed terms in a formula when repeated in
it. In the next equations, summation over «, 3, m is implied, but not over j.

The components of the displacement u;(t),j = 1,...,n, n being the dimension,
fulfill
0 Ot (t) . .

—% <Cjocmﬂ al‘ﬁ ) :f](t), .7:1’"'7na mn Qt7

u;j(t)=0, j=1,...,n, on I'%, (22)
Oup, (t .
CjamﬂTUna(t) :g](t)7 J= la"'vna on Firfw
L

where n(t) is the outer unit normal vector and ¢;qomp the elastic constants. T
and I, are parts of the boundary I'* where we enforce conditions on the stresses
of the displacements, respectively.

The elastic constants c;amg for isotropic solids like the ones we consider are

CjampB = Aﬁja(smg + u(éjméag + 5jﬁ5am)

10
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where §;,, stands for the Kronecker delta, whereas A and p represent the Lamé
constants. The stress tensor is

Oja = CjamBEmMB = )\(Sjafpp + 2M5ja~

In this framework, the velocity v is the ‘Frechet derivative’ or ‘domain deriva-
tive’ of u with respect to ¢ [23], which is characterized by the solution of a
boundary value problem, as we show next.

Theorem 3.1. We assume that the body £ and boundary g forces are dif-
ferentiable in time, with values in [L?(Q4)]" and [L*(TY)|", respectively, with
t >0, n =23 being the dimension. Moreover, the C? boundaries I't are ob-
tained deforming TO along a smooth vector field v. Then, the time derivative
v(t) = 8:;(;), t > 0, of the displacement given by (22) satisfies

0 < avm(t)> _0f;(t)

_ 4 _ t
0z0 \ T Dy ot o0 b Leom xe
vi(t) =0, j=1,.,n, x e, (23)
Qv (t) 9g;(t) .
Cjamp Oxg na(t) = ét +7ri(g; (), u())y j=1,...n, x €Tt
where
Oun (t) Ov O (1) (vpna(t))
i P P L TR o
N P 24
Ol (t) OV, .
Hjams aa:; )#”a(t) —g;(hn(t)- Vun(t), j=1,...n.
P

As a corollary, we get the expressions of interest for our model.

Corollary 3.2. Under the previous hypotheses, the time derivative v4(t),
t >0, of the solution us of (1) with boundary conditions (3) satisfies

div(a(vs)) = pAvs + (u+ A\)V(div(vs)) = Vpr, x € QF,

ve=0, xel’, (25)
(A J— % M- i=1.2 Tt
a(vs)n)j - at +rj(gjaus)7 J - X € +
with @ = —pn = —(Pext — Text) and r is defined by (24) with cjamp =

)\(Sja(smﬁ + M(djm(saﬁ + (5j/3(sam).

Corollary 3.3 Under the previous hypotheses, assuming kn(ps) = kn con-

stant and w(¢ps) = I, the derivative p:(t) = ag—g), t > 0, of the solution p of

(1) with Dirichlet boundary conditions p = pext(t) satisfies,

knApy = div(vsy) + knlIAds ¢, x € QF,
Pt = Pyt (1), x eIt

11
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Proof of Theorem 3.1. We will follow a similar variational approach to
that employed in [23] for 2D exterior elasticity problems with zero Dirichlet
boundary conditions on a moving boundary. We are going to calculate the
derivative at t = 0. Similar arguments hold for any ¢ > 0.

Step 1: Variational formulation. First, we write the boundary value problem
for u in variational form [24]. The boundary value problem (22) becomes: Find
u’ e [H%E(Qt)]" such that

b ut, wh) = £ wh), vYwt e [H%E(Qt)]”, (26)
where
Aut, ow': n
bt(Qt;ut,Wt) = /Qt cjamﬁ@a?é dXt, Vut, Wt S [Hllé (Qt)] ; (27)

2wt = / fi(twh dx* —l—/ gj (t)w} dSxe Vw' e [H%Z(Qt)]" (28)
Qo re

Here, H[, (') denotes the usual Sobolev space of H* (') functions vanishing

on I', C 00t H'(Q) is formed by all functions whose square, and the squares
of their derivatives, are integrable in €, that is, belong to L%(Q!). When f(t) €
[L2(QY)]", g € [LA(T")]™ and meas(I';) # 0, this problem admits a unique
solution u’ € [H%Zl (Q1)]™ [24], which in fact belongs to [H?(Q!)]", vanishes on
I, and satisfies a(:lt) n=gounl!l =00 \TY Fort =0, we have u’. Here,
0o (01) = Cjams 5o

Step 2: Change of variables. We now transform all the quantities appear-
ing in (27)-(28) back to the initial configuration QY. The process is similar to
transforming deformed configurations back to a reference configuration in con-
tinuum mechanics [25]. We are assumig that the evolution of the moving part
of the boundary I'' = {x + tv(x) |x € '’} is given by a family of deformations
x! = ¢! (x) = % + tv(x) starting from a smooth surface I’ € C? (twice differ-
entiable) and following a smooth vector field v € C?(Q), Q! € Q, t > 0. The
deformation gradient is the jacobian of the change of variables [26]

ﬂw=w¢w=<?5

(x)> =I+tVr(x), (29)

J

and its inverse (J!)~1 = (gii) is the jacobian of the inverse change of variables.
j

Then, volume and surface elements are related by
dx' = det J'(x) dx, dSx = det J'(x)| (It (x))"Tn||dSx (30)

and the chain rule for derivatives reads Vyu,, (x!(x)) = (J4(x))? Vet (x8(x)),
that is, Vyiu,, = (Jt)_Tqum. For each component we have

Oy, _ Oup,

ot (<) = 2 (e ()i ) (31)

12
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We define u(x) = u’ o ¢'(x) = u(x’(x)), definition that extends to w and
other functions. Changing variables and using (30)-(31) we have:

I)’E(Qt;ut,wt):/Q Cﬂamﬂa : ( ) (xt)dx
L o G GO GO G GO 0 et 31 e = (2.5 (32
& wh) = /Qt [i (x5 wj(x") dx +/F; g5 (X", Hwj(x") dSyxt =
/Q (fj(x, t)1;(x) det J* dx+ /F 95 (¢, )1 (x)det It (3H) " Tn|[dSy = ¢4(Q°;W). (33)

For arbitrary test functions w' € [HL, (QF)]", w € [H[, (Q")]" is a test function
d d

in QY. Therefore, we obtain the equivalent variational formulation: Find @ €
[HE (2°)]™ such that
d

Q% a,w) = 4% w), - Vwe [Hp ()", (34)
with b*(Q0; @1, w) and £(Q°; w) defined in (32)-(33) replacing w by w.

Let us analyze the dependence on t of the terms appearing in the expression
for b* and ¢*. From the definitions of the Jacobian matrices (29) we obtain

[23, 26]
det J'(x) = 1 + tdiv(v(x)) + O(t?), (35)
(I (x) =1-tVr(x)+O(t?), (36)
det J'(x) (T (%)) Tn|| = 1 + tdivp(r(x)) + O(t?), (37)

where divp(v(x)) = div(v(x)) — n- Vv (x)n. Inserting (35)-(36) in (32) we find
the following expansions. When p = 8 and ¢ = a we get
Oy, 811)] Oy, 8wJ
/(Vl CjamB Q7 — a 817& dx +t/ CjamB 7 — a a le(V) dx (38)
| Ot Ovg Ow; | Ol %% 2
t/Qo Cjamp [fhg 0xg 0xq * 0xg 0o 04 dx +O(t),

whose leading term is b°(2°; @, w). When p # 3 and ¢ # o the summands are
O(t?). The remaining terms provide the contribution

i iy | Ovp 0w, Ol Dw; Ovg 2
t/QO Cjamp [8xp 0xg 0xq * O0xg 0xq 04 dx +O(t),

with p # B, ¢ = « in the first one and ¢ # «, p = f in the second one. Adding
up the contributions we get

b0 0, w) = b2(Q0% 4, w) + t[11 (1) + L (@) + I5()] + O(?), (39)

13
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where
L(w) = [o Cjamp2 Bwﬂ (%J div(v) dx,
- Dy, Ovp O
L(0) = = [qo Cjamps P agz dae A%, (40)
~ Dityy, Ow; O Dity \ Ow;
I3(0) = — [qo Cjams 87;,; a:; drl dx = Joo a% (CjamﬁauTZ) 61:] Vg dx

82w Qw;
+ foo Cjamp Do Ban iy Va X — Jro Ciamp Gz By Mgz, Va ASx-

Similarly, from the definition (33) of the linear form /" and the definition of
‘'material derivative’ f

f(x,1) = £(x(x),t) = £(x,0) + t£(x,0) + O(¢?), (41)
we find the expansion

FQ%w) = [oo fi(0)w; dx + 1 foo £ (0)div(w) + f5(0) ]y dx

42
4 frg 950000 S5 11 o g5 (O)ve () & 4000}y 4S5+ 002)

whose leading term is £°(Q%; w).

Step 3. Variational problem for the domain derivative u’. Let us compare
the transformed function @ and the solution u® of ¥°(Q%u® w) = £2(Q% w).
For any w € [Hllé (Q9)]™ we have

Q% —ul w) =02(Q% a,w) — Q% w) =
V(Q0 @, w) — b(Q%; @, w) + £1(Q% w) — £2(Q°% w). (43)
Well posedness of the variational problems (26) with respect to changes in do-
mains ' and sources f(¢);g(¢), implies uniform bounds on the solutions for
€ [0,T): [[u][ i < C(T), |afljm1 oy < C(T). Expansions (39)-(42)
show that the right hand side in (43) tends to zero as t — 0. Well posedness of
the variational problem again implies n — u® in [H}, (Q°)]™ as t — 0.
Dividing by ¢ equation (43) and using (39)-(42), we find
bO(Q0; & = 1p0(Q%a,w) — b'(Q0 1, w)] + £[H(Q0%; w) — £0(Q% w))]
= —[L(8) + L2(8) + L(@)] + ool f5(0)div(w) + £5(0)]w; dx
+ Jrolgi(0)dive(v) + g;(0)]w; dSx + O(1).

Then, the limit 1 = lim;_,¢ ﬁ_“o satisfies

Q0% a,w) = [o0f;(0)div(v) + f;(0)]wsdx — [I; (0°)+ Iz (u) +I5(u®)] )
+ fl‘g [g;(0)divr(v) + §,(0)]w; dSx.
As before, the function u is the so called ‘material derivative’, that is, u =

%‘t‘ + Vu®v. The domain derivative becomes w’ = i — Vu® v. Then,

Q0% ', w) = b2(Q0% u, w) — b°(Q% Vul v, w), (45)

14
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where

0 ou? ow
0 O,v 0 m J
bR Vu V,W)_,/S;O Ozg (JamBG >8xad

Notice that u’ vanishes on I'j; whenever 11 and v do so.
Step 4. Differential equation for the domain derivative u’. We evaluate the
different terms in the right hand side of (44) to calculate the right hand side in

(45). First, notice that — <c]am5 Bm(:;) = £;(0) in Q° and cjamg%na =
g;(0) on I'?, uj =0onTY, j =1,...,n, imply:

I3(u%) = fQO (ajazc(()) vq + £(0) auq) w; dx — fro fi(0)wjngvy dx

auo aw

- fr\% g](o) dz, Vq dSx + fQO CjamB gz, Bzg 02,014 81& Vq dx.

U (91/1, ) Bu?n Bzugn t
Slng 67: dxg — Ozg \ Ozp Vp) — Oz,0x3 Vp, We ge

f s o Ovp Qw;
o CjamB g az,; oz, aza

L% =-(Q%Vulv,w) - dx
aul, 9%w; U, dw;
= Joo Cjamp Dy VP unoe] A% oo Cjamﬂ azﬁ Vpp g AX-
As a result of the two previous identities

uo wj
—[L(u°) + I(u°) 4 I3(u®)] = b°(Q% Vul v, w) — [r cjamgaaT’;ypnpgw—J dx

— o (861;;(0) Ve + ;0 ) )w] dx + [0 f(0)wingry dx+frg gj(O) i Ly dSx

and (45) becomes
Q% ', w) = = [ro Cjams %zﬁ Uiy G gt dx+ [ro fi(0)wingvg dx+
Joo Fi(0)w; dx + fl“% [9;(0)divr(v) + ¢;(0)]w; dSx + fFO gJ(O l/q dSy.

Integrating by parts in (% u’,w) and choosing w with compact support
inside Q°, this identity yields the following equation for u’ in Q°

0 oul, )
—o <cjamgaxﬁ(x)> = f;(x, 0), j=1,...,n (46)

However, to obtain a pointwise boundary condition for u’ we need to rewrite
the integral on I'V in such a way that no derivatives of the test function w are
involved.

Step 5: Boundary condition for the domain derivative u’. We integrate by
parts the original expressions of I;(u°), i = 1,2,3 to get

dud, 1. dud, 1.
L = —[psZ (cjamgﬁ’g dlv(u)) w; dX + [ro Cjams 5 div(v)naw; dSx,

15
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_ o Buo ow; ) 6u?n
Iy = = [0 Cjams 9z (azp v ) s dX = g0 Cioms 5 9z, (azB vp | wjdx
) o [oul, v, 3%l
+ fQO Cijamp CE ( Dz Twp 'U)de + fFO CiomBHs D s 6%89@5 pr]nadx
— o 0 ) OUpy . 9 (¢, )
I = Joo B4 Dxg (Cﬂamﬂ agf; Vq) wjdx + fQO dxg (£5(0)vg) wjdx
2

Jro Ciamp aa;; Bz MqW;jdSx

Adding up to compute —[I; + I + I3], integrating by parts v°(Q%;u’, w),
inserting (46) in (45) and setting v = 0 on I'y we find

frg Croms Sty S = foo Crams 2 Sy dS,
920, ol0 . .
— Jro Cjam@[iaxpaxﬁ Vpha + 5,2 div(v)na]w; dSx
+ Jro 95 (0)dive () + g;(0)]w; dSx.
. . ?ud ouy, (vpna
Now, using identifies —cjams 5,52 Vpla = —a%p(gj (0)vp) + cjams 55 (g%),
and g;(0)divr(v) + ¢;(0) = %(gj(())yp) —g;(0)n-Vvn+ g;(O), we obtain

ou’ _ oul, 3l/q 8(Vpna)
CjampB gz, e = CjamB oy o, ta T Cjams 3 Ty

o o) (47)

oul
tCiamp Han 9ay Oz, v — 9j (O)n-Vvn+ 9;‘ (0)
onI'Y. O

4. Study of diffusion problems in time dependent domains

As discussed in the introduction, the practical use of the equations for time
derivatives of velocities and pressures obtained in Section 3 leads to solving
diffusion problems set in moving domains. We study here parabolic problems
of the form

e — kAe = f(x,t), xeQf t>0,
e(x,t) = g(t), xelt, t>0, (48)
e(x,0) = ep(x), x € Qb

As in Section 3 we assume that the evolution of the moving part of the
boundary is given by a family of deformations [26]

:{x—i—tl/(x)\xel“o},

starting from a smooth surface I'° € C? (twice differentiable) and following a
smooth vector field v € C(Q9) U C%(2°). We can assume e(t) = 0 by making
the change e = é+g. Then é solves (48) with zero Dirichlet boundary condition,
initial datum eg(x) — g(0) and right hand side f(x,t) — ¢'(¢). Therefore, we will
work with zero Dirichlet boundary conditions in the sequel. To solve (48) we
will first refer it to a fixed domain and then construct converging Faedo-Galerkin
approximations.

16
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4.1. Variational formulation in the undeformed configuration

As usual, we denote as Hj(Q!) the subspace of H!(Q!) formed by functions
whose trace vanishes on I'* with the induced norm. Multiplying (48) by w® €
H} () and integrating, we find

/ e (x!, t)w' (x*) dxt—l—n/ Vyee(x!,t) - Vyeew! (x') dx'= [ f(x', )w'(x") dx’
ot o Qt

for each t. We use (29), (30), (31) to refer these integrals to a fixed domain.
We define w(x) = w! o ¢! (x) = wl(x!(x)), ¢! as in (29). Notice that

et (0. 1) = L [e(x! (), )] ~ Vel () 1) )
= L, t) = [(3) T Velx, )] 5 (),

dt

where 7' denotes transpose. After changing variables; problem (48) reads: Find
e € C([0,T], L3(Q2°) N L2(0, T; H}(QY)) such that e(x,0) = eo(x) and

/ € (x, 1) (x) det J*(x) dx —/ V(3 0) (I (%) o (x)i(x) det I (x) dx
Qo folt
+K /QO Vie(x, )T (I(x)TI(x)) Vi (x) det I (x) dx (50)

= f(x, t)w(x) det It (x) dx.
0o
Since w' € H}(Q), we have @ € H(Q°). In fact, we can take the same
arbitrary function w € Hg(2°) for all ¢.

Let us set A(x,t) = r((J1(x))TTt(x)) " tdet Jt(x), c(x,t) = detJ*(x) and
b(x,t) = —(J(x)) " '&(x) det J*(x). The matrix J(x) is defined in (29). It ad-
mits two non zero derivatives with respect to ¢, higher order derivatives vanish.
It has C* regularity in space for a C**1 field v. These coefficients are smooth
and bounded up to the boundary, provided x > 0 remains constant. Approxi-
mate expressions for (J¥(x))~! and det J!(x) are given in (35) and (36). They
imply that c¢(x,t) > 0 and A(x,t) is definite positive for ¢ < 7 small enough
depending on v. Existence of solutions for (50) in [0,7] is a consequence of

the results in the next section, applied in a sequence of small intervals covering
[0,T7.

4.2. Construction of stable solutions

Consider a basis {¢1, ¢2,..., ¢ ...} of the Hilbert space L?(£2). We choose
the normalized eigenfunctions ¢; € H*(Q) N HY(Q), j € N, of —A in H}(Q),
see [27].

Theorem 4.1 Let  C R™ be an open and bounded C? domain. Given a
function f € C1([0,T]; L?(Q2)) there exists a unique solutionu € C([0,T]; H*(2))N
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HI(0,T: HY(Q) of
/ ur(x, t)w(x) e(x,t) dx + / Vu(x,t) - b(x,t)w(x) dx+
Q Q
/ Vau(x, )T A(x, 1) Vw(x) dx = / f(x, Hw(x) dx,
Q Q

for allw € HY(Q), t € [0,T), provided

o A(x,t) € CY(Q x [0,7)), b(x,t) € CHQ x [0,T]) and c(x,t) € C*(Q x
[0,T]),

e the matrices CM (t) with elements [, c(t)pmordx, mik = 1,..., M, are
invertible for t € [0,T7,

o the matrices A(x,t) are uniformly coercive, that is. £€* A(x,t)€ > ag|€|?,
ap > 0, for all & € R™, and the scalar field ¢(x,t) is bounded from below,
c(x,t) > ¢ >0, for allx e R™ and t > 0,

o ug € L2(Q) and wo = div(A(x,0)Vug(x)) + b(x,0) - Vug(x) € L?(Q).

Moreover, the solution depends continuously on parameters and data.
We obtain a solution for the original time dependent problem set in a moving
domain undoing the change of variables.

Proof. Ezistence. We use the Faedo-Galerkin method [28, 29]. First, we
change variables u(x,t) = eMo(x,t), us(x,t) = e Mvi(x,t) + Mv(x,t)], with
A > 0 to be selected large enough. We obtain similar variational equations for
v with an additional term Acv and g and f multiplied by e~**. Then we seek
approximate solutions v (x,t) = ZZZI  (£) P (%) such that

/ e(x,t) v (%, t)w(x)dx+/ Z apg(x,t % (x t)gg;(x)dx

M v
—I—/Q)\c(x,t)v (x, t)w(x,t) dx+/$);bp(x,t)%(x,t)w(x) dx

(52)
:/e*)‘tf(x,t)w(x)dx
Q
M
0) = Y an0)0m (), an0) = [ walx)on(x)ix.

for all w € VM = span{¢y, ¢2,...,¢n}. We find a system of M differential
equations for the coefficient functions o, (t) setting w = ¢, k=1,..., M,

Zam(t / () dx = — Zam(t)/ pr(t) Om ¢kdx—

M 8 6 9 (53)
Z t)/ |: al’q :Em a 5 + Ac (t)¢m¢k
m=1 p.q=1 P

dx + / e M f(t) by dx.
Q

18
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This can be written as a linear system with continuous and bounded coefficients
in (0,7

DM = O 1) AM (e + O (1) g (1) + O 1) ()

with initial datum o™ (0), which admits a unique solution a (), t € [0,7]
[30]. Multiplying identity (53) by aj and adding over k, we obtain

oM
%% c(x, t)[oM (x,1)] dx+/ Z apq(X, t) (X’t)aQTq(X’ t) dx

Qpg=1

+/Q(>\c— 20t)(x,t)|vM(x,t)|2dx+/ﬂpz_:lbp(x,t)(,;;p(x,t)vM(x,t) dx  (54)
:/e_)‘tf(x,t)vM(x,t)dx
Q

Integrating in [0, 7] and using coercivity, lower bounds for A and ¢, L> bounds,
as well as Young’s inequality [27], we find

o M 2 a [ M 2 Aco M
—/ o™ (x,t)]°dx + —/ / Vo (x,t)|“dxds + — / / [oM (x,t)[2dxds
2 Ja 2 Jo Ja

llellegy
S o™ ()]l L2 + ||fHL2(OTL2(Q))

for A large enough dependlng on ag, ||ct||Lm, co, |[bllLzs, n. Gronwall in-
equality, and the fact that v (O) — wp in L?, imply that ™ is bounded in
L>=(0,T, L%(2)) and L2(0,T, Hi(Q)). We extract a subsequence v converg-
ing a limit v Weakly starin L*>(0,T, LZ(Q)) and weakly in L2(0,T, H}(9)).
Moreover, 4 [, e(t)o™ (£)¢y, dx tends to L [, c(t)v(t)¢x dx in the sense of dis-

tributions in D'(0, T) for any k. Similar convegences hold for u™ and u = eMv.

We undo the change in (52), multiply by a function ¢ € C¢°([0,T)), integrate
over t and pass to the limit as M’ — oo to find

\ /Q ¢(x, 0) u(x, 0)w(x)th(0) dx — / / 0 (5, B)u(x, D) w(x)p(t) dxds+
' v
/0 /Q [Z apq (X, t)é) (x, t) )+Zb X t) (x t)w(x)] W (t) dxds

- /0 /ﬂ e*”f(x,t)w(x)w(t) dxds,

for any w € H{(£2), so that the limiting solution satisfies the condition on the
initial data and the equation

cuy —div(AVu) +b-Vu=f (55)

in the sense of distributions [24, 29].
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Uniqueness. To prove uniqueness, we assume there are two solutions u; and
ug, and set u = u; — ug. We subtract the equations satisfied by both, multiply

by u, set u = e*v and integrate over Q to get
1d n v v
Sd Qc(x,t)h/(x, t)|2dx—|—/Q Z apq(x,t)a—wp(x’ t)T%(X’ t) dx

p,q=1

+/91;bp(x, t)aa;(x,t)v(x, t) dx+/Q(Ac—%ct)(x,t)w(x,t)ﬁdx —0.

Using uniform coercivity, the L> bounds, and taking A large enough, we see that
Jocx, t)o(x,t)|* < [ e(x,0)|v(x,0)[* = 0. Therefore, the solution is unique.
Regularity. Next, we differentiate with respect to ¢ to get

% A up(x, t)w(x) e(x,t) dx + /Q Vug(x,1) - b(x, t)w(x) dx

+ | Vu(x, )T A(x, ) Vw(x) dx 4+ [ we(x, ) w(x) e (x,t) dx

A A

= / fe(x, t)w(x) dx — / u(x, t)w(x) e (x, t) dx
Q Q

T
—|—/QVu(x, t) - be(x, t)w(x) dx—f—/QVu(x7 1)" A(x,t)Vw(x) dx,

with u¢(x,0) = wo(x). The functions Vu - by, Vu? Ay, ucy; define linear forms
in H1(Q2). Arguing as in Theoremn 4.1, we see that the function u, is the unique
solution in C([0, T); L%(Q))NL?(0, T; H}(2)) of this problem. Then, (55) implies
that —div(AVu)+b-Vu = —cu;+ f € C([0,T]; L?(Q2)) zero Dirichlet boundary
condition. Elliptic regularity theory ensures that u € C([0,T]; H(f2)).

Stability. The limiting solution inherits all the bounds established on the
approximating sequence. Therefore its L>([0,T]; H2(Q)) and H'(0,T, Hi(Q))
norms are bounded from above in terms of constants depending on the param-
eters of the problem and the norms of the data. [

Theorem 4.2 Under the hypotheses of Theorem 4.1, if f € L1(Q2 x [0,T])
and ug € Li(QY), then u, its first and second order spatial derivatives, and u;
belong to L1(2 x [0,T7), 1 < g < oo.

Proof. We set v/c = u. Then Vu = Vov/c —v/c?Ve and cuy = v, — ¢¢/cv.
Therefore, v is a solution of

A b
v —div(2v0) + AV s+ 2 ot [div (AYE) 4b YE ]y g
c c? c? c? c

c
The result is a consequence of the regularity result stated in Theorem 9.1 in
[31]. O
5. Well posedness results for the quasi-stationary submodels

In this section we establish the pertinent existence and regularity results for
the elliptic submodels and the stationary transport problem in fixed domains.
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Constructing solutions for the stationary transport problems considered here is
a non trivial issue. We are able to obtain them by a regularization procedure
under sign hypotheses on the velocity fields motivated by asymptotic studies
in specific experimental set-ups [12, 14], which will have to be preserved by
any implemented scheme. Besides the standard constitutive law 7(¢s) = Tlgs,
IT > 0, we will use the simplifying assumptions ky(¢s) = kn > 0, kn(ds)/dr =
€ >0, ¢/(c+ Ks) = gs > 0 and ¢/(c+ K.) = g > 0. Setting these functions
equal to a constant is motivated by the fact that ¢s and ¢ are expected to depart
slightly from background values ¢, and co. We will comment in Section 7 on
how to relieve these assumptions.

5.1. Elliptic problems for displacements, velocities and concentrations

For ease of calculations, we make a change of notation in the model: p — 7
becomes p while p becomes p + m. We will keep this notation in the sequel.
Consider the first the submodel for mechanical fields:

pAug + (1 + A\ Vdiv(ug) — Vp = IV ¢y, on Q,

pAVs + (1 + N Vdiv(vs) = V', on Q,

knAp — div(vs) =0, on €2,

Ap' = (2pu+ M)A, on (2, (57)
P=DPexts D = Pext onT,

u=0, v=0, onI'_,

(&(us) - (p + H¢S)I)n =8 (&(Vs) - p'I)n = gI7 onI'y.

We denote by Hj () the Sobolev space of H'(£2) functions vanishing on I'_.

Theorem 5.1. Let ) C R™, n = 2,3, be an open bounded domain with C*
boundary 0. Let us assume that ¢, € HY(Q) and e’ € H?(Y). Given positive
constants p, X, ky, 11, there exists a unique solution us € [H?*(Q)]" x [Hj _()]",
vy € [H2(Q)]" x [Hy _(Q)]", p € HY(Q), p' € H*(Q) of (57) for any pext, Pex; €
R and g, g € R".

Moreover, if ¢ps € WH9(Q) and ¢’ € WH4(Q), n < q < oo, then p' € WH(Q),
vs € W24(Q), p € W39(Q) and us € W29(Q).

Proof. The equation for p’ uncouples from the rest and provides a solution
p' € H?(Q) by classical theory for Laplace equations [27]. Next, the equation
for v is a classical Navier elasticity system which admits a unique solution
Vs € [H?(Q)]" x [Hy _()]" [24]. Since the source Vp' € [H'(Q)]", elliptic
regularity theory implies vy € [H3(Q)]". Now, div(vs) € H?(Q) implies that
the unique solution p of the corresponding Poisson problem has H*(2) regularity
thanks to the C* regularity of 9 [27]. Finally, the equation for ug is again a
classical Navier elasticity system with L? right hand side which admits a unique
solution uy € [H?()]" N [Hg _(Q)]™.

When ¢ € W4(Q) and e’ € W14(Q), we obtain the increased regularity [32].
Notice that since the boundary values are constant, we can construct extensions
to H*(Q) and W*4 for the necessary k, q [24, 27]. O
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Now, the equation for the concentrations is:

—dAc + diV(VfC) = —keges, x€Q,
c = ¢ xel_, (58)
@ = 0 xel
on *

given positive constants d, ¢, k¢, g. and known functions v¢ and ¢s.

Theorem 5.2. Let Q C R™, n = 2,3, be an open bounded domain with
C? boundary 0. Given positive constants ke, ge,d, co, a vector function v €
[HY(Q)]" N C(Q), and a positive function ¢s € L*(Q) there exists a unique
nonnegative solution ¢ € H*(Q) of (58) provided d is sufficiently large.

Proof. Set ¢ = ¢+ ¢g. The resulting problem admits the variational formu-
lation: Find ¢ € Hj () such that

d/ VE~dex—/vf'Edex—|—/ cwvye - ndSx
Q Q .

:—kcgc/ qbswdx—i-co/vf-dex,
Q Q

for all w € Hy (). The continuous bilinear form is coercive provided d is large
enough compared to [|ve||oo. Thus, we have a unique solution ¢ € Hj _(Q) with
H?(Q) regularity.

Let is denote by ¢~ > 0 the negative part of ¢, that is, ¢ = 0 when ¢ > 0

and ¢~ = —c when ¢ < 0. The function ¢~ € Hg _ () satisfies

d/ |Vem |? dx —/ ve-c Ve~ dx+/ lc™ [Pve -ndSy = —kcgc/ dsc” dx < 0.
Q Q ry Q

Coercivity implies ¢~ = 0 and ¢ > 0 provided d is large enough compared to

[[vellso-

For uniqueness, assume we have two positive solutions ¢; and c; in H'(Q)
and set ¢ = ¢; — ¢y € Hy _(Q). Then u is a solution of

—dAc+div(vee) = 0, x€Q,
c = 0, xel'_,
Oc
ain = 07 X € F+.

The variational equation with test function ¢ and coercivity imply ¢ = 0, that
is, cp = ¢o. O

5.2. Conservation law for volume fractions

Consider the equation

div(—vids) + ksgsdr = ksgs, X € Q, (59)
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where kg and gs are positive constants and v¢ a known function.

Theorem 5.3. Let & C R", n = 2,3, be a thin open, bounded subset,
with C3 boundary 0. Let vi € [H2(Q) N C(Q)]"™ such that div(ve) <0 in Q,
div(ve) € L*(Q) and vi-n <0 a.e. on 9Q. We assume that Vvg € [LC"’(Q)]”2
with ||va||[ poepn2 sSmall enough compared to ksgs. Then, given positive constants

ks and gs, there exists a solution ¢y € L?(Q) of (59) in the sense of distributions.
Moreover,

e 0 < ¢r <1 onQand ¢ does not vanish in sets of positive measure.

o ¢ € HY(Q) is the unique solution of the variational formulation in H*(£2)

and
1

Sksgsl Vo2 < [[Vdiv(ve)llzzy:

o If we assume that Q is a thin domain for which n ~ e, and div(v¢) €
Whi(Q), n < g < oo, then Ve € LI(Q) and
1

kgl VollLa < (Vv (ve)llfpay-

Proof. Ezistence. For each ¢ > 0, we follow [33] and let ¢. € H'(Q2) be the
solution of the variational formulation

b(ge, w) = a/ V. - Vwdx —1—/ vi - ¢ Vwdx — ¢-w Vi - nd Sy
Q Q oQ

+/ksgs¢5wdx=/ksgswdx:L(w), vw € H'(Q)
Q Q

of

99e
on
The bilinear form (¢, w) is continuous on H'() [24], while the linear form L

is continuous on L2(2). Since div(v¢) < 0 and v¢ - n < 0, the bilinear form b is
also coercive in H'(Q). Indeed,

—eA¢e — div(vipe) + kegste = ksgs inQ, = 0 onof. (60)

1 1 1 .
/Vf “PeVoedx = 5 /Vf : V|¢s|2dx = 7/ |¢s|2vf ‘ndx — 5 /dlv(vf)|¢s|2dx'
Q 2 Ja 2 Joa 2 Ja
The positive term — [, div(v)|¢c|*dx is finite because |pc|* € L?(Q) thanks
to Sobolev embeedings [27, 34]. Since the bilinear form ¢ [, V¢ - Vwdx +
Jo ksgspw dx is coercive in H*(€2), we have a unique solution ¢. € H'(2) by

Lax Milgram’s theorem [27]. We set w = ¢. and apply Young’s inequality [27]
to obtain the uniform bound [|¢||z2 < meas(Q)'/? from

1 1
0< E‘/ |v¢a|2dx - 7/ |¢5|2Vf ' nde +/ |:_diV(Vf) + ksgs:| |¢a|2dx
Q 2 Jaa ol 2

1/2
= / ksgspe dx < ||ksgs||L2 (/ |¢5|2> .
Q Q
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Each of the positive terms in the left hand side of the above inequality are
uniformly bounded too. Thus, we can extract a subsequence ¢./ such that ¢,
tends weakly in L2(€2) to a limit ¢, and eV ¢, tends strongly to zero. Setting w €
C2(Q) in the variational formulation, and taking limits [29, 35], ¢ is a solution
of (59) in the sense of distributions. The variational equation holds with € = 0,
replacing the boundary integral by the duality g-1/2(90) < ¢ Vi D, W >pg1/290)
for w € H'(2) [36].
L estimates. Setting 1. = ¢. — 1 and w = T we get

1 1
5/ |Vz/1:|2dx—f/ |¢j|2vf.ndsx+/ [—div(vf)—l—ksgs} [t |? dx
Q o0 Q 2

2
= / div(ve)tdx < 0.
Q

Thus, 7 = 0 and ¢. < 1. Similarly, we set ). = —¢e to find
1 1
5/ |Vt |2 dx — §/ |¢j|2vf.ndsx+/ [—2div(Vf)+ksgs} [t |? dx
Q a0 Q
— - [ hgwtix <o,
Q

Thus, ¥} = 0 and ¢. > 0. Weak limits ¢ in L? inherit these properties. More-
over, (59) implies that ¢ cannot vanish in sets of positive measure.

H' Regularity. Elliptic regularity for system (60) implies that ¢. € H2(£2)
[27, 37]. We multiply (60) by A¢. and integrate over Q) to get

—5/ |A¢E|2dx—/vf~V¢5A¢de+/[—div(vf)—I—ksgs] b Apodx
Q Q Q
= / ksgsAp.dx.
Q
Integrating by parts, and using the boundary condition, we find
1 1
—6/ | A |*dx +/ [div(vf) - ksgs} Voo |?dx + f/ |V |*ve - ndSy =
O o l2 2 Jaq
/ V[—diV(Vf) + ksgs] c P Vodx — / Uf,j,xk¢s,mj¢s,xkdx-
Q Q
We know that 0 < ¢. < 1. Therefore,
1 .. .
/Q [—2d1V(Vf) + ksgs} |V, |2dx < Vdiv(ve)|lp2)n [ Ve 2
"‘/Q|Uf,j,wk¢e,:cj¢e,zk|dx-

If ||va||[ 2 is small enough compared to ksgs

Loo]n

1 .
iksgsHvQS”L? < ||Vd1V(Vf)||[L2]n.
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We extract a subsequence ¢, converging weakly in H'(Q) to a limit ¢, strongly
in L2(92), and pointwise in 2. The traces of ¢ on 9 belong to L?(9S2), and are
weak limits of traces of ¢./. Passing to the limit in the variational formulation
for (60), » € H(Q) is a solution with € = 0 which inherits these bounds.
Uniqueness. Given two solutions ¢1,¢o € HY(), we set ¥ = ¢ — ¢o.
Subtracting the variational equations we get for the test function ¢ € H*(£2)

1 1
—= / (ve - n)|1/)|2 dSy + / |:—diV(Vf) + ksgs |1/)|2 dx =0,
2 Jaa ol 2

that is, ¢1 = ¢o in view of the signs. [J

W4 regularity. By elliptic regularity, ¢. € W34(Q), since the source in
(60) belongs to W14(Q) and Q is a C® domain. Following [33], we differentiate
(60) with respect to y, multiply by h(¢.)bs, for h(p:) = (IVoe|? + 6)a=2)/2,
add k and integrate over {2 to get

e / A(Ve.) - h($e) Ve dx + / hegsh(6) V6|2 dx
Q Q
_/vf,i¢s,xixkh(¢s)¢s,xkdx_/ vf,i,mk¢s,zih(¢s)¢s,zkdx
Q Q
—/Qdiv(vf)h(qﬁs)|v¢g|2dx—/QV(div(Vf))-h(qﬁs)qﬁEV(]ﬁE dx = 0.

Sum over repeated indices is intended. Notice that Lemma 3.1 from [33] holds
in our framework for our thin domains, so that the first term is nonnegative.
Notice that ((|[Vee|?> +8)72),, = qh(¢e)Pe .z, Ge,v:,0,,- Integrating by parts, the
third term becomes

1/ div(ve) (V|2 + 6)7%dx — 1/ (IVoe|? +6)7?v¢ - ndSy.
q.Jq q Joq
Putting all together we get
1
/ kegsh(¢:)|Ve|? dx < —= / div(ve)(|Vee|? + 6)92dx
Q q.Jq
L / Ot .0 Be.s e ) dx + / div(ve)h(6e) Ve[ dx
Q Q
+ [ Vidiv(v) - h(6.)6.V6 dx
Q

We let 6 — 0 and use that ||va||[Loo]n2 is small enough to find

1

gl | [90c[1dx < [V (ivve) Lol Vol 157

which yields the bound we seek letting ¢ — 0. [J
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6. Well posedness results for the full model with a known boundary
dynamics

Once we have analyzed the different submodels, we consider the whole sys-
tem when the boundary of the domains 2 moves with time according to a given
dynamics.

pAug + (p+ A)Vdiv(ug) — Vp = IV, in QF,

pAVs + (1 + N Vdiv(vs) = Vp/, in QF,
knAp = div(vs), in O,
Ap' = (2u+ N)Aé, in Qf,
/ , (61)
P = DPext; p= pext on F )
Us = Oa Vs = 07 on Ft_,
((us) — (p+ Ugs))n = g, on I,
(6(vs) — p'Iin = g'(Vuy), onT7,
div(_vf¢f) + ksgs¢f = ksgsa in Qt, (62)
vi=—8cVPp+ Vs, ¢rtos=1, in QF,
/
e’ _ kn(2p + N)Ae, in QF,
dt
€ = eoxt, on I't, (63)
6/(0) = €o, on QO,
—dAc + div(vic) = —kcgeds, in QF,
= t
Caz Co on I | (64)
on =0 on Fﬂ_.

We keep the simplifying assumptions made in Section 5, kn(¢s) = kn > 0,
En(¢ds)/dr = €oo > 0, ¢/(c+ Ks) = gs > 0 andc/(c+ K.) = gc > 0. As in Section
5.1, we change notation in system (1) and conditions (3): p— 7 becomes p while
p becomes p + 7 in the equations for ug and p. The equations for v, and p’
follow from Section 3. Equations for ¢f, ¢, v¢, ¢s correspond to (1), (2) and
(3). Equation (63) comes from (7) neglecting a small order term, as explained
before. We have the following result.

Theorem 6.1. Let Q' ¢ Q C R*, n = 2,3, t € [0,T)], be a family of
open bounded C* thin domains, for which n ~ e,. The lower boundary T'_ is
fixed, while the upper boundary I‘ﬂ_ is obtained deforming Fg_ along a vector field
v(x) € C(Q) N CYQ). Assume that

. ;ext(t), 8(t), &' (1), Pext (1), Pexs (1), co(t) € C([0,T1), e € L*(Q°)NLI(Q),
orq>n,
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o coxt, &, II and peyy are small enough.

Given positive constants p, A, I, ky, ks, kc, gs, gc; €0o, and d large enough, sys-
tem (61)-(64) admits a unique solution ¢’ € H*(Q)NW24(QY), us € [H?(Q)]"N
W24(QY), ve,ve € [H3(QY]", p € HYQY), p' € H*(QY), ¢r,¢s € HY(QY) N
Wha(Ql), c € H2(Q), for g > n, satisfying ¢ > 0 and 0 < ¢¢, 05 < 1, t € [0,T).
Moreover, the norms of the solutions are bounded in terms of the parameters
and data of the problem.

Proof. Assume first that g'(Vus) does not depend on us. Then, the result is
a consequence of Corollary 4.3, Theorems 5.1-5.3 and Sobolev embeddings [34]
(neither L? regularity nor conditions on the domain geometry nor smallness
assumptions are needed). We calculate the unknowns according to the sequence
€', ', Vs, by Vi, bt s, Us, and c.

When g'(Vug) does depend on ug, we construct e’ thanks to Corollary
4.3. For each fixed t > 0, ¢ € H?*(Q') N W?29(Q!) and we can construct
p' € H2(Q) N W?2(0QF). Next, we solve the quasi-stationary system by means

of an iterative scheme. At each step ¢, we freeze HV(bgfl) in the equation

for u{” and g’ (Vui~!) in the boundary condition for vi¥. Tnitially, we set

0 = oo € (0,1) constant and (bgo) =1— ¢s. We set ul® = 0. Theorem 5.1,

), v, gD

Theorem 5.2, Theorem 5.3 guarantee the existence of vél), pM, OIS

oV, and ¢, with the stated regularity.

In a similar way, given all the fields at step £ — 1, we can construct the
solutions for step £. Notice that vi* ™" € W24 implies v € W1>(Q) and

Vy*l) € C(Q). To apply Theorem 5.3 we also need to satisfy smallness and

sign assumptions that we will consider later. Assuming they hold, we get for

the elliptic system involving vg), ugl), p® and for the transport equation for

(0)

os
12 a2ty + IV 20y + 1089 r2ey < CHITIVOL ™V || 2y

+ (199 [ 2y + lIpexcll vz ) + 18" (Vo™ gaaeey + gl ),
HP(Z)HW?»q(Qt) + ||V§Z)||W2vq(nt) + ||U§[)||W2yq(m) < Cé[H|\V¢§Z_1)|\Lq(Qt) +

NP llzary + llpexcl 1-1 , F g’ (Vul~") )+ el B

whTa ”Wl_%'q(r‘f'_ wTa )

12 lwaa 0y < CHIVED lwragary + IPext lws-1/a.a(po)]

¢
IV lwagan) < Eocllp®llwsa + IV lwagan
1 ¢ . ¢

5ks0sIVo e < [Viv(vi?) o).
Notice that v¢§"> = —Vqﬁge). Combining the above inequalities, and pro-
vided IT and g’ are small enough, we obtain an upper bound for ||v§e) llw2.a(qty,

||V§£)||W2,q(ﬂt)7 ||p(e)||W2,q(Qt)7 | fsllw.a(qt), in terms of constants depending on
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the problem data and parameters, and also on time, but remain bounded in
time for ¢ € [0, 7.

We guarantee by induction the smallness of ||V§Z)||[W1,oo] and div(vg)) <0,
VEZ) -n < 0. Initially, éO) is constant and V¢§0) = 0. We construct vgl) and p(!)
in such a way that ||v§1)||[Wz,q]n, ||p(1)||[W3,q]n and ||v§1) [|{w2.0)» are bounded in
terms of the problem parameters and data. By Sobolev injections for n < ¢ <
00, ||v§1) (w100} satisfies a similar bound, and can be made as small as required
by making g’ and pext small. Then, ||V¢E1)||Lq is bounded by ||V§1)||[W2,q]n and
is equally small. Furthermore, div(vgl)) El) —I—vgl)ngSEl) = —ksgsqbgl) < 0. Since
v§1) and Vqﬁgl) are small compared to —ksgsgbgl) < 0 which is almost constant.
Thus, div(v!") < 0. Finally, [, div(vi?)dx = [, , v{" ndSy < 0forall A ¢ Q
so that vgl) -n <0 on 0.

By induction, if ||v§£71) [[w1.0)n is small and vglfl)

satisfies the sign condi-
tions, we can repeat the argument to show that this holds for VEZ) too and that

it also satisfies the sign conditions. We need to estimate ||Vdiv(v££71))||[Lq]n7
which is possible since II is small.

These estimates allow us to extract subsequences converging weakly to limits
Vs, Us, D, ¢s satisfying variational formulations of the equations. Problem (64)
is already studied in Theorem 5.2. [

7. Extensions

The results obtained in sections 5 and 6 are derived under a few assumptions.
We discuss here modifications to deal with the original functions gs(c), gc(c)
and ky(¢¢). For completeness, we also discuss the implications of dropping the
modeling assumption py = ps = p and removing the technical sign assumptions
on vg.

7.1. Variable sources g.(c) and gs(c)

When g.(c) = o7&+ We need to ensure that ¢ has a lower positive bound to
proceed. A simple argument works for thin enough films, the case under study
here.

Theorem 7.1. Under the hypotheses of Theorem 5.2. there exists a unique
nonnegative solution ¢ € H*(Q) of

—dAc+div(vie) = —ke 7% %s, X EQ,
c = ¢ xel_|
& =0 xel o
on - +>

provided d is sufficiently large, for K. > 0. Moreover, |c|gz and |c|L~ are
bounded from above by constants depending on d, ke, K¢, Q, co, ||[velljL2p» and
lpsllL2. If div(ve) < 0, then c is stricly positive in Q and, provided that 0 <
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¢s < 1 and M = max{z, |(1,...,Zn_1,2,) € Q} < ,f‘iKc

02—1“5;7}“(?M—|—co>0 in Q.
Proof. We consider the iterative scheme: Find é™m+1) = (m+l) _ o) ¢
H{ () such that

co, we also have

b (6D ) :=d / Vet T dx — / vt .V dx + /E(m+1)wVf-nde
Q Q r,

+/ am ™Dy dx = co/ vi - Vwdx — co/ AW dX := Ly, (w),
Q Q Q

for all w € Hy (), where a,, = kcc(m‘f’iiKc. Setting ¢(©) = ¢y > 0, we argue as
in Theorem 5.2 and construct ¢ = &1 4+ ¢5 > 0. Then 0 < a; < kel sl oo/ K-
Let us assume we have ¢(™) € H&_(Q), m = gm Lo >0and 0 < a,, <
kcl|bslloo/Ke. We argue as in Theorem 5.2 and construct a unique solution
&mt) e H} (). Setting w = &™+1) we get, thanks to Sobolev and trace
inequalities, [24, 27],

~(m ke
@D < o (el & ol

for d large enough and v¢ small enough compared to d, v(d, ) > 0 not depend-
ing on m. Morover, the function ¢!t = &m+1) 4 ¢y satisfies

d/ |VemH =2 gx — / R R VS ULl / M= 2y . ndSy
Q Q T

+/ a2 dx = 0.
0

Coercivity for d large enough implies ™+~ = 0, ¢(™+1 > 0. By induction,
the estimates on a,, and ||¢™) || g1 are valid for all m. When Q is a C? domain,
elliptic regularity theory implies &™) € H?(Q). Sobolev embeddings in dimen-
sion n = 2,3 imply &™) € L>(Q) [24]. All norms are bounded in terms of the
L? norms of v¢ and ¢5. We can extract a subsequence &™) tending to a limit
¢ weakly in H?, weakly star in L2, strongly in H' and pointwise. This allows
us to pass to the limit in the variational equations for &) obtaining a solution
c={+co >0 for (65). The limit ¢ inherits the H? and L* bounds.
In case we had two such solutions c¢; and cs, setting ¢ = ¢; — co we get

c
(1 + Ke)(ea + Ke)’

—dAc + div(vie) = —ke K¢ x €,

with ¢ = 0 on I'_ and % = 0 on I'y. Writing the variational form with test
function ¢, we find ¢ = 0 for d large as before.

Let us prove now strict positivity. If div(ve) < 0 and 0 < ¢5 < 1, then
—dAc+vi-Ve = —ke 5% ¢s —div(ve)e > —I]“{—Ccc > —I%HCHLM. By elliptic com-

parison principles [31], ¢ > ¢+ ¢p where —dAc+ v¢-Ve = —%c inQwithe=0

29



Journal Pre-proof

onT_ and 2¢ = 0on T . For v € C(Q), c € C}(Q)NC(Q) and dAc = £¢ > 0
at any strlct minimum in Q. A uniform lower bound is obtained observing that

the problem —dAw = —%HcHLm in ©Q with boundary conditions w =0 on I'_
and 8—“’ = 0 on 'y admits subsolutions w(x) = %xn(“ — M), where x,,

is the component in the normal direction to I'_. Taking m( Tn— M) <0,
that is, M larger than the longest vertical diameter in €2, we have g—% < 0 on
I'y. Then,c>c+co>w+co>w+co > — k°”C”L°°M—|—co > 01in Q, where ¢

solves —dAc+ vt - Ve = ——||c||L<x> with zero boundary conditions. [

We now revisit Theorem 5.3 replacing constant g5 with gs(c) = ﬁ

Theorem 7.2. Under the hypotheses of Theorem 5.3, assume that ¢ €
Wha(Q) N C(Q), ¢ > n, is a strictly positive function, bounded from below by
a positive constant Cumin, that is, ¢ > cpin > 0 in Q and Vvg € [L‘X’(Q)]"2 with
||va\|[Loo]nz small enough compared to cmin. Then, there is a unique solution
¢r € H'(Q) of

. c c
div(—v¢(x)o¢) + kSC+ X ¢r = kSC+ K X €q, (66)
such that

1 cmll’l S
”VQZS”LQ < ||leV(Vf)||[L2]n + 2k K ||VC||[L2]7L

2 le]| e

1 cmmk

2”CH7||V¢||LQ < IVdiv(ve)llipapn + 2k K[| Vellpajn.

Moreoever, 0 < ¢¢ <1 on §2, and ¢ does not vanish in sets of positive measure.
Proof. We follow exactly the same steps as in the proof of Theorem 5.3

with gs = gs(c) = 5% =1— —;( using the fact that s < gs(c) <1
and including the terms that involve Vgs = Vgs(c) = G J:IY c)2 d

Thanks to Theorems 7.1 and 7.2, Theorem 6.1 still holds replacing constant
gs and ge by variable gs(c) and g.(c) under the geometrical assumptions on €2
stated in Theorem 7.1, with standard modifications in the proof.

7.2. Variable permeability

Establishing similar results when we allow for slightly varying smooth co-
efficients ky(¢¢) = % and £(¢r) = % requires surmounting a number of
difficulties.

First, in equations (6) and (7), kn = kn(¢s(x,t)) and new source terms
appear, of the form k{ V¢V (p — m(¢s)). These additional terms are expected
to be smaller than the rest and discarded. Thus, we could keep the same set of
equations except that ky now depends on ¢g. Also, the term &k, Ap; in Corollary
2.3 is replaced by div(ky(¢s)Vp;). Other additional terms are expected to be
smaller and could be discarded.
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We need to revisit Section 4 with variable coefficients k(x,t) = kn(¢s(x,1))
in the time dependent problem (48). This coefficient is bounded, but not C*,
since the functions ¢s we construct lack that regularity. We should regularize
kn(¢s(x,t)), apply the results in Section 4 to the regularized problems and seek
the solutions we need in some weak limit, which is a non trivial issue.

In Section 5.1, Theorem 5.1 still holds if we replace kyAp, ky, constant, by
div(thp), kn € L*°.

To construct solutions of the full final model, one could consider a more
refined iterative scheme and proceed as in the proof of Theorem 6.1 making use
of the updated auxiliary results.

pAuY) + (u+ N Vdiv(u?) — Vp = Ivel =Y - in QF,

pAVE + (14 N Vdiv(v) = vp @, in Qf

div(kh(ng_l))p/(Z)) = div(vgé)), in QF,

Ap'® = (2 + M)A, in O, o)

p(l) = Pext» P(e) = pé}xt on Ft,

ul =0, v{¥=o, onT?,

(6 (ul) = (p + 1l ") = g, on I,

(6(v{) —p OT)n = g/(VulTh), onT%
div(—vy)q&y)) + ksgs(c(z_l))qﬁgz) = kygs (7)), in QF, (68)
Vi) = £ (@O)WpD +v O, ol 40 =1, in O,
de’© ,

—— = k(@ )2+ )Ac O, in 0,
6/(2) = Cext; on Ft, (69)
e O(0) =eo, on 90,
—dAcY + div(vge)c(e)) = —kcgc(c(z))gbge), in QF,
e = e onTL,  (70)
9clO

on 0 on Ff,_.

The main difficulty consists in constructing pressures and volume fraction fields
with high enough regularity.

7.3. Sign and size assumptions on v

We have obtained our results under the technical conditions div(vy) < 0,
ve-n < 0 and v¢ small compared to other parameters. These conditions allow
us to construct solutions with a minimum regularity for the stationary transport
equation with velocity fields v¢ and source terms. Existing abstract theories for
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this type of problems require the assumption v¢ - n = 0, which avoids the need
of boundary conditions since characteristics do not touch the boundary. Here,
we have somehow relaxed these assumptions, still avoiding boundary conditions.
Establishing rigorous existence results of smooth enough solutions for stationary
transport problems dropping these hypotheses is an open question and a difficult
issue in transport theory. In our framework, existing asymptotic constructions
of approximate solutions by perturbation techniques [12], end up approximating
¢r by a constant plus the solution of an elliptic problem. On one hand, this
allows to consider general boundary conditions. On the other hand, it ensures
regularity of the volume fractions and pressures. Under which conditions we
can justify this procedure is unclear.

7.4. Variable density

If we consider for ps # pr, then the composite density of the mixture p(x) =
Ps®s(X) + prpe(x) varies in space. In our previous analysis is we need to multiply
7s(¢s, ¢) in equation (10) for ¢¢ and 7, (s, ¢) in equation (11) for ¢ by a constant
factor p—i. In the equations of motion, all terms in the equation for the solid
phase are multiplied by ps and all terms in the equation for the fluid phase
are multiplied by pr. Being constant, both seale out. Al the results we have
established persist replacing k. and kg by kcﬁ and kcﬁ.

A more relevant change arises in (12). The conservation law obtained when
adding the balance equations for ¢ and ¢¢ becomes

div(v) = (1 — ps/ps)7s(9s, ©),

incompressibility of the mixture is lost. The equation for p in (57) becomes
div(kyVp) = div(vs) — (1 = ps/pt)rs(ds, c).

The function 7y is bounded, however, its derivatives involve derivatives of ¢s,
solutions of the stationary conservation law, whose regularity is limited. The
regularity of the volume fraction fields is a major technical problem in the
analysis of these models.

8. Discussion and conclusions

The study of biological aggregates and tissues often leads to complex mixture
models, combining transport equations for volume fractions of different phases,
with continuum models for mechanical behavior of the mixture and chemical
species [19, 38, 39]. These models are set in domains that change with time,
because cells grow, die and move and because of fluid transport within the
biological network. Here, we have considered a fluid-solid mixture description of
the spread of cellular systems called biofilms, which could be adapted to general
tissues. These models involve different time scales, so that part of the equations
are considered quasi-stationary, that is, they are stationary problems solved at
different times in different domains and with some time dependent coefficients.
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Such equations are coupled to time dependent problems set in moving domains
and to variables not directly characterized by means of equations.

In this paper, we have developed mathematical frameworks to tackle some
of the difficulties involved in the construction of solutions for these multiphysics
systems and the study of their behavior. First, we have shown how to improve
these models by characterizing time derivatives of solutions of stationary bound-
ary value problems with varying coefficients set in moving domains in terms of
complementary boundary value problems derived for them. In this way we ob-
tain a quasi-stationary elliptic system for the mechanical variables of the solid
phase, not only displacements and pressure, but also velocity, that can be solved
at each time coupled to the other submodels. This option is more stable than
evaluating velocities as quotients of differences of displacements calculated in
meshes of different spatial domains. On one side, the error committed is easier
to control. On the other side, the computational is cost smaller, since we use a
single mesh at each time. Once we know the velocity of the solid phase and the
pressure, the velocity of the fluid phase follows by a Darcy type law. Next, we
have devised an strategy to construct solutions of an auxiliary class of time de-
pendent linear diffusion problems set in moving domains with parametrizations
satisfying a number of conditions. We are able to refer the model to a fixed
domain and then solve by Galerkin type schemes. The complete model involves
a quasi-stationary transport problem. We show that we can construct smooth
enough solutions by a regularization procedure, under sign hypothesis on the
fluid velocity field suggested by asymptotic solutions constructed in simple ge-
ometries. Once we know how to construct stable solutions of each submodel
satisfying adequate regularity properties, an iterative scheme allows us to solve
the full problem when the time evolution of the boundary of the spatial region
occupied by the biological film is known.

In applications one must couple these models with additional lubrication
type equations for the motion of the film boundary, see equation (4). Pertur-
bation analysis [14] provides approximate solutions with selfsimilar dynamics
for h. Establishing existence and regularity results for such complex models
that can guide construction of reliable numerical solutions is a completely open
problem. The techniques we have developed are general and can be applied in
models with a similar structure arising in other biological applications.
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