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The quantum SearchRank algorithm is a promising tool for a future quantum search engine based on PageRank
quantization. However, this algorithm loses its functionality when the N/M ratio between the network size N and
the number of marked nodes M is sufficiently large. We propose a modification of the algorithm, replacing the
underlying Szegedy quantum walk with a semiclassical walk. To maintain the same time complexity as the
quantum SearchRank algorithm we propose a simplification of the algorithm. This new algorithm is called ran-
domized SearchRank, since it corresponds to a quantum walk over a randomized mixed state. The performance
of the SearchRank algorithms is first analyzed on an example network and then statistically on a set of different
networks of increasing size and different number of marked nodes. On the one hand, to test the search ability
of the algorithms, it is computed how the probability of measuring the marked nodes decreases with N/M for
the quantum SearchRank, but remarkably it remains at a high value around 0.9 for our semiclassical algorithms,
solving the quantum SearchRank problem. The time complexity of the algorithms is also analyzed, obtaining
a quadratic speedup with respect to the classical ones. On the other hand, the ranking functionality of the
algorithms has been investigated, obtaining a good agreement with the classical PageRank distribution. Finally,
the dependence of these algorithms on the intrinsic PageRank damping parameter has been clarified. Our results
suggest that this parameter should be below a threshold so that the execution time does not increase drastically.
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I. INTRODUCTION

The PageRank algorithm was a revolution in the field of
search engines for surfing the internet [1—4]. This algorithm is
able to rank pages objectively, taking into account the struc-
ture of the network formed by them. Moreover, beyond its
importance in the world wide web, it has a multitude of appli-
cations, such as in bibliometrics [5,6], finance [7], metabolic
networks [8], drug discovery [9], protein interaction networks
[10], and social networks [11]. With the advent of quan-
tum networks for a future quantum internet [12,13], a quan-
tum version of PageRank was devised in 2012 [14]. This
algorithm was originally intended to rank information from
quantum networks, as it was expected to give more sensible
results than the classical algorithm. Moreover, it has also
proven to be a valuable technique for classical information,
outperforming the classical PageRank results [15,16]. Since
its development, there has been a great deal of research in-
terest in this algorithm, including experimental realizations
[17-21].

The quantum PageRank algorithm relies on the Szegedy’s
quantum walk [22]. The classical simulation of this quantum
walk belongs to the computational complexity class P [23].
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Thus, the quantum PageRank can be simulated efficiently
in a classical computer, without the need of a fault-tolerant
quantum computer. Despite this, classifying the information
is not the only task that a search engine performs. It also
has to search for the pages of interest, providing them to
the user. Since there exist quantum algorithms for searching
problems that outperforms classical ones, as for example the
Grover algorithm [24], in 2014 a new quantum algorithm that
integrates the quantum search into the quantum PageRank was
devised. It was dubbed quantum SearchRank, and it was the
first quantum algorithm able to search the nodes of interest at
the same time that provides a ranking for them [25]. Moreover,
it was the first algorithm implementing a Szegedy’s quantum
walk with queries to an oracle, with a quadratic speedup.
Later, different formulations of Szegedy’s quantum walk with
queries were analyzed in the field of quantum search [26].
The quantum SearchRank algorithm seems a promising
tool for a future quantum search engine. However, it has some
problems that need to be solved. One of them is that the
search functionality seems to break down when the size of
the network is large enough, so that the nodes of interest are
not found correctly. In this work we propose a semiclassical
approach for the quantum SearchRank, based on the recently
developed semiclassical Szegedy’s walk [27]. In addition, we
provide a simplification to speed up the semiclassical walk,
giving rise to a quantum algorithm that we refer to as random-
ized SearchRank. This algorithm performs a quantum search
from a mixed state, which has been previously studied in
the context of Grover’s algorithm [28, 29]. As we will show
throughout this paper, we are able to measure the nodes of
interest with a high probability regardless of the size of the
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problem, at the same time that the time complexity of the
quantum SearchRank is preserved. Another missing issue in
the quantum SearchRank algorithm is a lack of statistical anal-
ysis about the performance of the ranking functionality, which
we will tackle properly in this work. We will show that the
SearchRank algorithms provide a ranking compatible with the
classical PageRank, and thus our randomized SearchRank is
useful for sampling this distribution with a quadratic speedup.
Finally, we shall also analyze how the damping parameter of
the PageRank algorithms affects to the SearchRank, obtain-
ing a maximum threshold for our semiclassical approach to
be useful.

This paper is organized as follows. In Sec. II we review the
formulation of the PageRank and the quantum SearchRank
algorithms, as well as the semiclassical Szegedy’s walk. In
Sec. Il we introduce the semiclassical SearchRank algorithm.
In Sec. IV we apply the SearchRank algorithms to an example
of scale-free graph. In Sec. V we focus on the searching
feature of the SearchRank algorithms, analyzing the time
complexity and the amplification of the probability. In Sec. VI
we focus on the ranking feature of the SearchRank algo-
rithms. In Sec. VII we study the dependence with the damping
parameter inherent to the PageRank algorithm. Finally, we
summarize and conclude in Sec. VIIIL.

II. BACKGROUND

For completeness and further reference in this work, in
this section we will briefly describe the PageRank [14] and
SearchRank [25] algorithms, as well as the semiclassical
walks [27] recently introduced. Further details can be found
in the original references.

A. Classical and quantum PageRank

The PageRank algorithm provides a method to classify
the pages of the internet by importance. These pages form
a network, where we can define the associated connectivity
N x N matrix H as

H. e 1/outdeg(P;) if P; € B,
b 0 otherwise,

ey

where B, is the set of nodes linking to the node P;, outdeg(P;)
is the outdegree of the node P;, and N is the number of nodes
in the network.

To compute the PageRank, the matrix H is patched so that
each null column is filled with 1/N, giving rise to matrix E.
This is a column-stochastic matrix, where all columns sum
up to one. Next, this matrix E is mixed with another matrix
1 where all entries are equal to 1, obtaining a primitive and
irreducible matrix called the Google matrix G:

(-

G:=oF + 1. 2)
The parameter « corresponding to the previous mixing is
called the damping parameter, and its value lies in [0,1]. It was
found by Brin and Page that the optimal value is o = 0.85.
This is the value that is used to compute both the classical and
quantum PageRank.

The classical PageRank vector I. is defined as the sta-
tionary distribution of the Google matrix, i.e., GI. = I.. This

vector is obtained with a power method, applying repeatedly
the matrix G to an initial probability distribution. Given the
way G is constructed, this method ends up converging to the
PageRank distribution.

The power method of the classical algorithm is equivalent
to a random walk where the transition matrix is the Google
matrix G. Thus, the quantum PageRank algorithm is based
on Szegedy’s quantum walk, which is a general quantization
of a Markov chain. The Hilbert space is the span of all the
vectors representing the N x N directed edges of the dupli-
cated graph, i.e., H = span{|i){|j)2, i,j €N x N} =C" ®
CV, where the states with indexes 1 and 2 refers to the nodes
on two copies of the original graph. In this paper we count the
nodes of the network, and therefore the matrix indexes, from
0to N — 1. We define the vectors:

N-1
¥) =i ® Y VGulk)a, 3)
k=0

which are a superposition of the vectors representing the edges
outgoing from the ith vertex, whose coefficients are given by
the square root of the ith column of the matrix G. From these
vectors we define the projector operator onto the subspace
generated by them:

N—-1
o= 1) (Yal. @)
k=0

The quantum walk operator U is defined as
U := SR, &)

where R is a reflection over the subspace generated by the |y/;)
states,

R:=2I1-1, (6)

and S is the swap operator between the two quantum registers,
ie.,

N—1
S = Z li, )Y, il. (7

i,j=0

The operator U must be applied an even number of times,
since the exchange operator changes the network directions,
so the real-time evolution operator is chosen as W := U?.

The initial state of the quantum system is chosen as the
equal superposition of all the |y;) states,

1N—l
Oy = — i, 8
e W;w (8)

and the information of the quantum PageRank is obtained
measuring the second register, since this one contains the
information of where the directed links point to. Moreover,
due to the unitary character of the evolution, the quantum walk
does not converge to a fixed point. For that reason, the quan-
tum PageRank is defined as the average of the instantaneous
quantum distributions at different times:

1 T
I(P) = 2 Y LW W @) 2, ©)
t=0
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FIG. 1. Semiclassical Szegedy’s walk of class II. Let us denote x,, as the position of the walker at classical time step .. Thus, we start
at node xy. We prepare the proxy state |,,) in Eq. (3) and perform the quantum evolution, parameterized by the quantum time #, being the
number of applications of the quantum walk evolution operator. After measuring the second register the system collapses to a particular node
x1 in the second register. The remaining information in the first register, represented by a question mark, plays no role in the algorithm, so we
do not worry about it. Before proceeding to the next step, the system must be reset. To this end, the first register is erased, so that it is forced
nonunitarily to be in |0);. After that, we use the measured information about the node x; to prepare with a suitable unitary evolution the new
proxy state, |¥,,) in Eq. (3), completing the reset of the system. This constitutes a classical step of the semiclassical walk, and the process is

repeated the number of classical steps 7, as desired.

This quantity ends up converging for a large enough value of
T [15].

B. Quantum SearchRank

At the core of quantum search algorithms there is the oracle
operator Q [24,30,31]. Given a set M of M nodes to search,
this operator marks the corresponding computational basis
states inverting their sign. Thus, the action of the oracle is
defined as follows:

—li) ifie M,

1
|i)  otherwise. (10)

Oli) := {

In the case of the quantum SearchRank algorithm, an oracle

that marks the nodes in the first register of the Hilbert space

is introduced. This will amplify the probability of measuring

only the nodes that we are looking for. Let us define this
oracle as

01:=001y )

and modify the unitary evolution operator U introducing the
oracle operator between the swap S and the reflection R,
obtaining Uy:

Up := SQIR. 12)

Furthermore, for the quantum SearchRank algorithm the
Google matrix used for the |;) states in Eq. (3) is constructed
with a = 0.25 without further ado [25]. In Sec. VII we will
examine further the values of this parameter and its stability
behavior. Finally, as in the quantum PageRank algorithm,
unitary evolution must be applied an even number of times,
so the actual unitary evolution operator is Wy := Uj3.

The initial state of the system is constructed as before,
according to Eq. (8), and the second register is measured again
to obtain the instantaneous SearchRank distributions at each
time step:

Sy(Piy 1) = ||, (WL @) | . (13)

Whereas in the quantum PageRank algorithm the different
time distributions are averaged to obtain the ranking of the
nodes, in this case one is only interested in the distribution

where the probability of measuring the marked nodes is am-
plified. In Ref. [25] it was shown that the optimal time for
measuring is approximately r ~ /N/M. Later on we will
examine this scaling more carefully.

C. Szegedy’s semiclassical walk

Semiclassical walks are a new paradigm that combines
both classical and quantum features. From a functional point
of view in a quantum computer, these walks consist on
repeated measurements of the walker position at regular
intervals of time. There are two parameters to describe a
semiclassical walk:

(1) Quantum time [32] t,, which is the number of times
we apply a unitary evolution U between measurements.

(2) Classical time z., which is the number of times that the
scheme of quantum evolution and measurement is repeated.

In the case of Szegedy’s semiclassical walk, there are
two classes of algorithms, class I and class II, depending on
whether register 1 or 2 is being measured respectively to ob-
tain the information about the position of the walker. Since in
the quantum PageRank the second register is being measured,
we will deal with the semiclassical walks of class II. Each
classical step of the semiclassical walk consists on a quantum
evolution determined by the quantum time #,, a measurement
of the position and a reset of the system. To reset the system,
the information in the first register is erased, and the result
of the position is used to prepare its corresponding proxy state.
These states represent the classical position of the walker in
the Hilbert space where the quantum walk takes place [27]. A
priori these proxies could be defined arbitrarily. Nevertheless,
in the case of Szegedy’s semiclassical walk a natural choice
for the proxy states is the set formed by the |y;) states in
Eq. (3). The whole scheme of its implementation is shown
in Fig. 1.

Formally, the semiclassical walks can be represented as
classical walks where the transition matrices encode the
quantum evolution. These are called semiclassical transition
matrices, and are defined as

26U = [ (U P, (14)
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FIG. 2. Quantum circuit diagrams of SearchRank algorithms. In
the semiclassical SearchRank (upper panel in green), the first step
consists on the initialization of the mixed state p, the quantum
evolution of #, times the unitary operator Wy, and a measurement
in the second register. After that, each classical step consists on a
reset of the system depending on the previous measurement, the
quantum evolution, and a measurement. In total, ¢ classical steps
are carried out until convergence. The blue dashed box represents
the randomized SearchRank, which is a simplified semiclassical al-
gorithm with only one classical step. In the quantum SearchRank
(bottom left panel in red), the initial state |W©) is prepared, the
quantum evolution is performed and the system is measured. The
right dashed box is a legend explaining the meaning of the different
elements (quantum circuits) from which the SearchRank algorithms
are constructed. In particular, notice that the reset operation is a
combination of a measurement and evolution operation.

where the left subindex indicates that it is a semiclassical walk
of class II. Note that there is a different semiclassical walk
for each value of the quantum time f,. Thus, this quantity
parametrizes a family of semiclassical walks.

III. SEMICLASSICAL SEARCHRANK ALGORITHM

In this work we propose a semiclassical version of the
quantum SearchRank algorithm, replacing the underlying
Szegedy’s quantum walk by a semiclassical walk.

If we substitute the general unitary U by the SearchRank
operator Wy in Eq. (14), we obtain the semiclassical transition
matrices ;G for the semiclassical SearchRank algorithm.
Each of these matrices can be treated as a Google matrix,
so that their stationary distributions give us an instantaneous
semiclassical SearchRank distribution for each value of the
quantum time #,. Let us represent these distributions as col-
umn vectors and denote them as Sy.(#,), so that they satisfy
the following matrix fixed-point equation:

2GS, (ty) = Sse(ty). (15)

From an operational point of view, we have to perform
each of these semiclassical walks over an initial probability
distribution until they converge. An example is shown in
Fig. 2 (upper panel). In this case, the initial distribution is
the uniform one. Since the quantum circuit must be repeated
to sample the final distribution, to initialize the classical

distribution we prepare one of the |y;) states at random each
repetition. Formally, this corresponds to the preparation of the
mixed state

1 N-1
pi= 5 D IVl (16)
i=0

After the initialization, we perform the quantum evolution
for the particular value of the quantum time #,, measure the
second register and reset for the following classical step. The
process is repeated ¢ times, which is defined as the number of
classical steps required for the semiclassical walk to converge.
Finally, the outcome of the last measurement is used to sample
the semiclassical SearchRank distribution.

Since the searching functionality of the algorithm is in
the quantum evolution, there is a value of the quantum time
t, for which the probability of measuring the marked nodes
is maximum. As in the case of the quantum SearchRank,
the time complexity will be close to t, ~ /N/M, as will
be proved in Sec. V B. Thus, this algorithm maintains the
same complexity with respect to the evolution of quantum
time. Nevertheless, the semiclassical walk requires to repeat
the quantum evolution the number of classical steps t re-
quired to converge. Thus, the actual number of times that the
operator Wy is called is #, x t.

In principle, the value of #¥ may depend on the size N
of the graph, as in the classical PageRank algorithm [33],
worsening the time complexity of the semiclassical algorithm
with respect to the quantum one. To overcome this issue, we
propose a simplification fixing the number of classical steps.
In particular, we will analyze the extreme case where only
one classical step is carried out. This simplification is shown
in Fig. 2 as a blue dashed box and we shall refer to it as the
randomized SearchRank algorithm.

As we have mentioned above, the initialization of the semi-
classical walk in a quantum computer is equivalent to the
preparation of the density matrix (16). Thus, in the extreme
case where only one classical step is performed, the algorithm
is equivalent to a quantum walk over the randomized mixed
state instead of the equal superposition (8). A more rigorous
proof can be found in Ref. [23]. Therefore, the quantum circuit
scheme is very similar to that of the quantum SearchRank
shown in Fig. 2 (bottom left panel). In both algorithms
the quantum time corresponds directly to the total time of
the walk.

Although this last algorithm is the one that we are inter-
ested on in this work, we will also analyze the performance of
the full semiclassical algorithm for comparison.

A. Numerical simulations

To study the semiclassical SearchRank algorithm we need
to use a classical simulator, since fault-tolerant quantum com-
puters are not yet available. Until very recently, classical
simulators have needed time and memory resources scaling
as O(N?) for dense transition matrices as the Google matrix.
Moreover, a semiclassical walk requires to simulate the quan-
tum walk over all the N |;) states, so that the time required
was O(N*%).

Nevertheless, recently a new algorithm that saves both time
and memory resources has been devised. This algorithm is
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FIG. 3. Scale-free network with 32 nodes. The inner (green)
nodes correspond to the main nodes. The middle (orange) nodes
correspond to secondary nodes. The outer (blue) nodes correspond
to residual nodes without links pointing to them.

implemented in the python library SQUWALS [23]. It only
requires time and memory resources scaling as O(N?) for a
single Szegedy’s quantum walk, so that the total time required
to simulate the semiclassical SearchRank algorithm scales
as O(N?). We have used this library in all the simulations
performed in this work.

IV. EXAMPLE ON A SCALE-FREE GRAPH

In this section we will look at one example of the
SearchRank algorithms using a scale-free graph. This type of
graphs are not only good models for the world wide web [34]
but also have a wide range of applications such as in neural
networks [35], metabolomics [36,37], and finance [38].

We have created a random scale-free network using the
python library NetworkX [39] with the default parameters.
This graph, shown in Fig. 3, was previously studied in
Ref. [16] in the context of quantum PageRank. Due to the way
the network is constructed [40], the first nodes (inner green)
have the most links pointing to them. Therefore, they are
expected to be the most important in the classical PageRank.
The middle orange nodes are secondary nodes that have few
internal links. Finally, the outer blue nodes are residual nodes,
which lack links pointing to them, and will have minimal de-
generate classical PageRank. As for the quantum PageRank,
this algorithm breaks the degeneracy of the residual nodes,
so that some of them may receive higher importance than the
secondary nodes [15,16]. The classical and quantum PageR-
ank distributions are shown in Fig. 4.

For the SearchRank algorithms we have marked four
nodes, namely, node 2, which is one of the most important,
the secondary node 13 and the residual nodes 7 and 21. The
probability of finding one of these nodes at each value of the
quantum time is shown in Fig. 5 for the three SearchRank
algorithms we have considered in this work. In this case it
is maximum at f, = 3 for the randomized SearchRank, while
it is maximum at f, = 2 for the quantum and semiclassical
algorithms. In all three cases the probability is greater than
0.7, so there are many possibilities to measure them. However,

__ Il Classical PageRank
Il Quantum PageRank
I Quantum SearchRank
[ semiclassical SearchRank
[ ] Randomized SearchRank

FIG. 4. PageRank and SearchRank distributions of the network
with 32 nodes of Fig. 3. The marked nodes (2, 7, 13, and 21) have
a highlighted color. In the three SearchRank algorithms the marked
nodes have an amplified importance.

this is only one example. In a later section we will analyze the
probability achieved by the SearchRank algorithms for graphs
of increasing size and different number of marked nodes, as
well as the quantum time complexity of the algorithms.

As we can see in Fig. 4, the four marked nodes have
the greatest ranking in the three SearchRank distributions,
so that their probability has been effectively amplified. To
compare the ranking of the marked nodes with respect to the
PageRank distributions, we have isolated their distributions
in Fig. 6. Since the probability of the marked nodes has
been amplified in the SearchRank algorithms, we represent
the SearchRank distributions on a different scale than the
PageRank distributions. The most important of the marked
nodes, both in the classical and quantum PageRank, is node 2,
and this one has been properly detected as the most important

o 1.01 i —— Quantum
8 08 —— Semiclassical
C .0 .

- —— Randomized
2 -
< 0.6

©

o

> 0.4 1

= I U N \ I SRS |\ = S W W / S

'_6 ___________

© 0.2 1 H

o] 1

e 1

T 0.0 :

0 5 10 15 20 25
Quantum time ¢,

FIG. 5. Probability of measuring one of the marked nodes versus
the quantum time for the three SearchRank algorithms applied in the
scale-free graph with 32 nodes of Fig. 3. The first maximum of each
curve is marked with a dot, and they are surrounded by a circle.
The vertical dashed line represents the reference time /N/M. The
horizontal dashed lines represent the probability of the marked nodes
in the classical (black) and quantum (blue) PageRank distributions.
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FIG. 6. Comparison of the SearchRank distributions of the marked nodes with the PageRank distributions. (a)—(c) Comparison with the
classical PageRank. (d)—(f) Comparison with the quantum PageRank. The PageRank (right axis) is represented on a different scale than the

SearchRank (left axis).

node by the three SearchRank algorithms. The second node
in importance is node 13, which is a secondary node of the
network. Again, the three SearchRank algorithms detect it
properly as the second most important node. So far the order
of importance is maintained. However, at nodes 7 and 21 there
is a violation of the order. In all three SearchRank algorithms,
node 7 is more important than node 21, while in the classical
PageRank they are degenerate. Nevertheless, in the case of the
randomized SearchRank they are almost degenerate, as can be
seen in Fig. 6(c). In the quantum PageRank, node 21 is more
important than node 7, so the order is reversed.

In Ref. [16] it was shown that the quantum PageRank can
introduce fluctuations in the classically degenerate node order
that can be misleading. Thus, the SearchRank algorithms are
expected to introduce fluctuations that may be different, and
it is not uncommon for the residual node order to be reversed
with respect to the quantum PageRank. Therefore, in general it
seems that all three SearchRank algorithms correctly rank the
nodes. In a later section we will study statistically the agree-
ment between the PageRank and SearchRank distributions for
a large set of different scale-free networks and marked nodes.

A. Visualizing the semiclassical search

As mentioned above, a semiclassical walk is like a classical
walk but with a semiclassical transition matrix encoding the
quantum evolution. Thus, we can use the semiclassical transi-
tion matrix to represent the semiclassical walk as a weighted
graph. This will allow us to visualize how the probability of
the marked nodes in the search process is amplified.

In Fig. 7(a) we have represented the weighted network
whose weights are given by the Google matrix (2) using o =
0.25. As expected, we can observe a large flow of information

to the main nodes of the graph, and some flow to the secondary
nodes. Thus, this classical walk gives a higher rank to these
nodes in the limiting distribution, as shown in Fig. 7(c), where
the probability of each node at each classical step is plotted.
When we perform the semiclassical walk from this graph with
t; =2, it is equivalent to a classical walk whose weighted
graph is shown in Fig. 7(b). We can now observe that the
flow of information is mainly directed to the marked nodes
(red) and, therefore, there will be a high probability of mea-
suring them in the limiting distribution. As shown in Fig. 7(d),
the probability of the marked nodes converges rapidly to an
amplified value, while the rest of the nodes adopt a residual
classification. Therefore, the semiclassical algorithm modifies
the classical network to search for the marked nodes.

V. SEARCHING POWER
OF THE SEARCHRANK ALGORITHMS

One of the two virtues of the SearchRank algorithms
is their ability to amplify the probability of measuring the
marked nodes. In this section we will analyze what is the pro-
bability that each algorithm can achieve, and what is the time
complexity to reach the maximum probability.

A. Probability at the maximum

In the previous example, all SearchRank algorithms were
able to extend the probability of the marked nodes above 0.7.
However, in this section we will show that the probability at
the maximum drops with N/M for the quantum algorithm,
while it remains at a high value for the semiclassical and
randomized SearchRank algorithms. Although here we will
deal with the actual maximum of the probability curves, in a
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FIG. 7. (a) Weighted graph representing the Google matrix with o = 0.25 for the network with 32 nodes of Fig. 3. The strongest links
point to the main nodes in green. (b) Weighted graph representing the semiclassical matrix of the semiclassical SearchRank for 7, = 2. In
this case the strongest links point to the marked nodes in red. (c) Probability of each node versus the classical time for the classical walk
represented in panel (a). The probability attains a higher value for the main nodes. (d) Probability of each node versus the classical time for
the semiclassical walk represented in panel (b). The probability of the marked nodes is amplified whereas the other nodes obtain a residual

SearchRank.

later section we will show that it also remains at a high value
for the reference measurement time ¢, = «/N/M.

On the one hand, to show that the quantum probability
drops with the network size N, we simulated the SearchRank
algorithms for scale-free random graphs with N = 64, 128
and 256 nodes, all three with M = 6 randomly chosen marked
nodes. The probability curves with respect to quantum time
are shown in Figs. 8(a)-8(c). We can observe how indeed the
maximum point of the curve corresponding to the quantum
algorithm reaches a lower value as the size of the graph N in-
creases. On the other hand, to analyze the effect of the number
of marked nodes, we have simulated the algorithms for three
scale-free random graphs with N = 512 nodes, and M = 24,
12, and 1 marked nodes. The corresponding probability curves
are shown in Figs. 8(d)-8(f). In this case, the probability of
measuring a marked node in the quantum SearchRank de-
creases as the number M of nodes decreases.

Now that we have demonstrated the qualitative relationship
between the quantum probability and the N and M parameters
of the problem, let us obtain a quantitative relationship. To do
so, we have simulated the SearchRank algorithms for different
scale-free random networks with sizes ranging from N = 64
to N = 1024. For all networks we have chosen M =1, 3,
6, 12, 24, and 48 nodes at random. Since some results of
quantum search problems, such as Grover’s algorithm, depend
directly on the N/M ratio [30], we have plotted the maximum
likelihoods with respect to N/M in Fig. 9.

In the case of the quantum SearchRank, in Fig. 9(a) we
can observe that the probability drops rapidly with N/M as
expected. To obtain a mathematical expression, we intend to
fit the data to the following scaling law:

N n
f(N/M):A(M> . an

We have plotted the same data in logarithmic scale in
Fig. 9(b). Although there is an initial region where the proba-
bility remains very high, from N/M = 20 there is a clear linear
relationship. A linear fit in this asymptotic region yields an
exponent n = —1.046, so that the quantum probability falls
asymptotically as approximately O(M/N). The parameters of
the fit are summarized in Table I.

For the semiclassical SearchRank algorithm, in Fig. 9(c)
we can see that in the asymptotic region the maximum prob-
ability is close to 1. Finally, in Fig. 9(d) the maximum
probability for the randomized SearchRank is represented.
In this case the probability is a little lower, but also close
to 1. Table II shows the average probability achieved in the
asymptotic region. It seems that the results do not depend
on the number of marked nodes M, as expected, and the
probability remains around 0.9. We can conclude, therefore,
that the semiclassical approach solves the problem with the
probability of the quantum SearchRank algorithm, even after
simplification.
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FIG. 8. Probability of measuring one of the marked nodes versus the quantum time for the three SearchRank algorithms in different
scale-free graphs. (a) In a graph with N = 64 nodes and M = 6 marked nodes. (b) In a graph with N = 128 nodes and M = 6 marked nodes.
(c) In a graph with N = 256 nodes and M = 6 marked nodes. (d) In a graph with N = 512 nodes and M = 24 marked nodes. (e) In a graph
with N = 512 nodes and M = 12 marked nodes. (f) In a graph with N = 512 nodes and M = 1 marked node. The first maximum of each curve
is marked with a dot. The vertical dashed line represents the reference time /N/M. The horizontal dashed lines represent the probability of
the marked nodes in the classical (black) and quantum (blue) PageRank distributions.

10(f). The results of those fits are summarized in Table I.
The linear fits give an exponent of n = 0.455 for the quan-
tum SearchRank, n = 0.523 for the semiclassical SearchRank
and n = 0.473 for the randomized SearchRank. As for the
prefactor A, we obtain A = 1.19 for the quantum SearchRank,
A = 0.91 for the semiclassical SearchRank and A = 1.05 for
the randomized SearchRank. Thus, we have found that the
optimal measurement point in the semiclassical algorithm and
its simplification is close to 7, = «/N/M. In the case of the
quantum SearchRank, it seems to be slightly faster than the
others. Nonetheless, it should be noted that the data fluctuates
a lot. This is mainly due to the difficulty of identifying the
maximum when the probability is very small. Therefore, we
can conclude that the semiclassical approach does not worsen

B. Time complexity

Despite the fact that we have shown how the semiclassi-
cal SearchRank is able to amplify effectively the probability
of measuring the marked nodes, the question that arises is
whether the time complexity is similar to that of the quantum
algorithm. In this section we will examine the quantum time
scaling for which the maximum probability occurs.

Again, we expect the time value of the maximum to depend
on the N/M ratio. Thus, we have plotted these time values with
respect to N/M in Figs. 10(a)-10(c) for the three SearchRank
algorithms. As expected, there is a clear relationship with the
N/M quantity. To fit the data to the scaling (17), we have
plotted the same data in logarithmic scale in Figs. 10(d)—

TABLE 1. Parameters of the scaling law (17) for the fits to the measurement probability data of the marked nodes and quantum time
complexity.

Function Parameter Quantum Semiclassical Randomized
Optimal time n 0.455£0.016 0.523 £0.009 0.473 £0.008

A 1.19+£0.08 0.91£0.03 1.05+0.03
Optimal probability n —1.046 +0.035 — —

A 11.45+1.90 — —
Probability reference time n —1.109 +£0.078 — —

A 6.20+£2.29 — —
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FIG. 9. Probability at the maximum versus the relation N/M for (a) the quantum SearchRank, (b) the quantum SearchRank in logarithmic
scale, (c) the semiclassical SearchRank, and (d) the randomized SearchRank. The vertical dashed line in panel (b) indicates the region from

which the linear fit has been done.

the time complexity of the quantum algorithm, being rela-
tively the same.

C. Reference time of measurement

So far, we have observed that the semiclassical and ran-
domized SearchRank algorithms are able to find the marked
nodes with a high probability at maxima. However, to mea-
sure with this probability, we would need to know a priori
how many quantum steps are needed to reach the maximum.
Although we have seen that the optimal value of the quantum

TABLE II. Average probability of measuring one of the marked
nodes in the asymptotic region for the semiclassical and randomized
SearchRank algorithms and different number M of marked nodes.
Both measuring at the optimal time and at the reference time, show-
ing that a high probability around 0.9 is obtained.

Optimal Reference time
M Semiclassical Randomized Semiclassical Randomized
1 0.99 £0.00 0.89+£0.01 0.97£0.01 0.85+0.02
3 0.97£0.01 0.94+0.01 0.94+£0.05 0.91£0.01
6 0.97 £0.01 0.95+£0.02 0.95+0.03 0.94+£0.02
12 0.94+0.07 0.94+0.05 0.93+0.07 0.93+0.05
24 0.95+0.03 0.96 £0.02 0.95+0.03 0.96£0.02
48 0.92+0.04 0.93+£0.04 0.92+0.04 0.93+£0.04

time is close to /N/M, we cannot be sure where the maxi-
mum is since it depends on the particular network.

As a reference, we can always measure to the nearest
integer t, = |/N/M, expecting to be close to the optimal
point. Therefore, we need to analyze what is the real proba-
bility when measuring at this reference time. For this purpose,
we have plotted in Fig. 11 the probability of measuring the
marked nodes at the reference time. The probability in the
quantum algorithm falls as expected, with a relationship with
N/M similar to the previous one. The parameters of the fit are
summarized in Table I. For the semiclassical and randomized
algorithms the probability is very similar to the maximum.
Therefore, we still measure the marked nodes with a very high
probability. The average probability achieved by the semiclas-
sical and randomized SearchRank algorithms is summarized
in Table II.

We have shown that the semiclassical SearchRank is an
algorithm capable of performing effective quantum search on
scale-free networks that the quantum algorithm does not per-
form. With simplification as a randomized quantum walk, we
do not have to worry about the classical time to convergence,
thereby the time complexity is similar to that of the quantum
algorithm. Thus, we have devised an algorithm that can be
useful for searching problems with a quadratic speedup with
respect to classical algorithms, regardless of their ability to
classify nodes.
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VI. RANKING POWER
OF THE SEARCHRANK ALGORITHMS

The second feature of the SearchRank algorithms is their
ability to rank the marked nodes according to their im-
portance. Since the randomized SearchRank is a type of
semiclassical SearchRank, the natural question arises as to
which algorithm it resembles the most in terms of ranking, the
classical or the quantum PageRank. In other words, whether
it is more classical or more quantum with respect to this
property. In this section we are going to compare the ranking
provided by the three SearchRank algorithms with the ranking
given by both the classical and quantum PageRank. For this
purpose we are going to use Kendall’s coefficient [41]. It is
used to measure the similarity between two ordered lists of
items. Kendall’s coefficient will be 1 if both lists are equal, —1
if the order is totally reversed, O if there is a total absence of
correlation and intermediate values depending on the partial
correlation.

First, let us look at the value of Kendall’s coefficient when
M = 48 nodes are marked. We have plotted this metric for
all graphs of different size N in Fig. 12(a) for comparison
with the classical PageRank and in Fig. 12(b) for the quantum
PageRank. The first thing we notice is that the results do
not depend on the size of the network N. Compared to the
classical PageRank, the three SearchRank algorithms have a
Kendall coefficient of around 0.6. Since this coefficient is in
the interval [—1, 1], it means that there is a good agreement
in the ranking of the marked nodes compared to the ranking
of the classical PageRank. However, when compared with the

quantum PageRank, this coefficient has a small value, around
0.15. Therefore, the correlation with the quantum PageRank,
although positive, is very weak. As for the best matching
SearchRank algorithm, in both cases it seems to be the ran-
domized SearchRank. Nevertheless, the differences between
the three algorithms are practically negligible.

Now we want to ensure that these results holds for any
number M of marked nodes. We have averaged the Kendall’s
coefficient for all networks of different size N and plotted it
for each value of M, in Fig. 13(a) for the comparison with the
classical PageRank and in Fig. 13(b) for the quantum PageR-
ank. As expected, in all cases the Kendall’s coefficient is larger
in the comparison with the classical PageRank, and there is
little correlation with the quantum PageRank for all numbers
of marked nodes. This may be due to the fluctuations intro-
duced by the quantum PageRank and SearchRank algorithms,
so that nodes with similar importance easily change their
ranking between the different algorithms. Let us now look at
the results for different values of M. For M = 12, 24, and 48
there is little difference between the three SearchRank algo-
rithms in the comparison with the classical PageRank, and the
results are similar for all three values of M. Nonetheless, for
M = 3 and M = 6 larger differences are observed, with higher
values of the coefficient for the randomized SearchRank. In
the comparison with the quantum PageRank all results are
almost similar.

It turns out that Kendall’s coefficient is quite unstable for
small lists. For example, for M = 3 it is easy to get perfect
agreement, since there are only three nodes. However, it is
also easy to have perfect disagreement. Thus, due to the
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(b) indicates the region from which the linear fit has been done.

fluctuations introduced by quantum evolution in the
SearchRank algorithms, we have very different values
for each network. This explains the large error bars for small
values of M.

In summary, although our semiclassical SearchRank algo-
rithm is not able to sample the quantum PageRank distribution
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—0.251

of the marked nodes, it has a good agreement with the classi-
cal PageRank. Therefore, this algorithm can be used to sample
the marked nodes in a network from a probability distribution
that is related to the classical PageRank, taking advantage of
quadratic quantum acceleration.
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FIG. 12. Kendall coefficient versus graph size N for a ranking of M = 48 marked nodes by the three SearchRank algorithms compared to
(a) the classical PageRank and (b) the quantum PageRank.
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VII. DEPENDENCE OF THE SEARCHRANK
ALGORITHMS WITH THE DAMPING PARAMETER

In Sec. II B we stated that the quantum SearchRank used
a = 0.25. However, the question arises as to what happens if
we use another value of «. In this section we briefly show
some simulation results of the SearchRank algorithms for
different values of «. We have used a scale-free network with
N = 512 nodes and M = 6 marked nodes.

In Fig. 14(a) we have plotted the probability of measuring
the marked nodes versus the quantum time for different values
of the parameter « from 0 to 1. Let us first analyze the prob-
ability at the first maximum, shown in Fig. 14(b). For « = 0,
when the network is actually the fully connected uniform net-
work given by matrix 1 in Eq. (2), the probability at maximum
reaches 1 for all three SearchRank algorithms. Nevertheless,
as soon as « takes a nonzero value, the probability in the quan-
tum SearchRank starts to drop dramatically. There is a subtle
recovery from o = 0.5, but the probability remains below 0.2
and eventually drops to 0.03. In the semiclassical SearchRank
the probability at the maximum remains close to 1 for all
o except o = 1, when the network is just the scale-free
network previous to the mixing made in Eq. (2). The random-
ized SearchRank also maintains a high probability, but drops
slowly to 0.8 in the worst case. Finally, for « = 1 the probabil-
ity is almost zero for the quantum SearchRank, and around 0.1
for the semiclassical and randomized SearchRank algorithms.

It might seem that there could be better values than o =
0.25 for the semiclassical algorithms, since a large o value
means a closer resemblance of the Google G matrix to
the original network. However, let us look at the quantum
time required to reach the maximum, shown in Fig. 14(c).
For the quantum SearchRank, the maximum is reached at
approximately the same time, which is compatible with the
reference time 7, = /N/M. Nonetheless, for the semiclassical
and randomized SearchRank, the optimal time increases dra-
matically from o = 0.6. Thus, we cannot increase the value
of o much for these algorithms even though the probability
remains high. We have found similar results for different
examples. Nevertheless, more rigorous analysis is needed in
the future.

Interestingly, when o =1, or has a value close to it,
the probability of the semiclassical SearchRank drops so

drastically. This suggests that mixing with the fully connected
graph to form the Google matrix in Eq. (2) is essential for
search. This is therefore a valuable technique not only for
the PageRank algorithm, but also for search algorithms with
quantum computers. This could lead to new quantum search
algorithms inspired by PageRank.

VIII. CONCLUSIONS

We have introduced a new quantum algorithm dubbed
randomized SearchRank and compared its performance with
other SearchRank algorithms. The quantum SearchRank algo-
rithm is able to expand the probability of measuring a given
set of marked nodes, while providing a ranking of these nodes
by importance. However, the probability of measuring the
marked nodes decreases as the size of the graph increases, so
the algorithm loses its utility.

To resolve this issue, we have revised Szegedy’s semi-
classical walk [27] formulation and introduced it into the
quantum SearchRank. This has resulted in the semiclassi-
cal SearchRank algorithm. Although this algorithm solves
the probability problem, it has a longer run time than the
quantum SearchRank due to a combination of quantum and
classical steps until it converges. Thus, we have proposed a
simplification with a single classical step, called randomized
SearchRank, since the underlying walk is equivalent to the
quantum walk but with a mixed initial state. Therefore, this
new algorithm maintains a similar run time to the original
quantum SearchRank.

We have analyzed the performance of the three SearchRank
algorithms on a relatively small scale-free network, since such
graphs are good models of the world wide web. We found that
the SearchRank algorithms are able to amplify the probability
of the marked nodes, so that there is a high probability of
measuring one of these nodes each time the algorithm is run.
Since the graph is small enough, the quantum SearchRank
does not suffer from probability depletion. Furthermore,
the probability of each of the marked nodes produces a
ranking with good agreement with the classical and quan-
tum PageRank distributions. However, there is a violation
in the ranking of the residual nodes due to the fluctuations
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FIG. 14. (a) Probability curves of measuring one of the marked nodes versus the quantum time for different values of the parameter o
for the three SearchRank algorithms applied over a graph with N = 512 nodes and M = 6 marked nodes. The first maximum of each curve
is marked with a dot. The vertical dashed line represents the reference time /N/M. The horizontal dashed lines represent the probability of
the marked nodes in the classical (black) and quantum (blue) PageRank distributions. (b) Probability achieved at the maximum versus the
parameter «. The vertical dashed line represents the value o = 0.25. (c) Optimal quantum time for the measurement versus the parameter .

The horizontal dashed line represents the reference time /N/M.

introduced by the quantumness of the algorithm, which dras-
tically affect the ranking of nodes with a very small difference
in importance.

From this example network, we have been able to visualize
how the semiclassical SearchRank works. In this case, the
underlying semiclassical walk behaves like a classical walk
on a graph in which the information flow is redirected to
the marked nodes, so that the probability of these nodes is
amplified in the asymptotic distribution.

To obtain statistical results on the SearchRank algorithms,
we have simulated them on a large set of graphs of increasing
sizes and different sets of randomly marked nodes. On the

one hand, we have checked how the probability of measuring
marked nodes in the quantum SearchRank collapses as the
size of the graph N increases and/or the number of marked
nodes M decreases, with an asymptotic scaling of approx-
imately O(M/N). This depletion means that the quantum
SearchRank loses the ability to amplify the amplitude of the
marked nodes, so it is not a successful search algorithm.
Nevertheless, we have also shown that in the semiclassical
SearchRank and the randomized SearchRank this problem is
solved, so that the probability does not decrease, remaining at
a high value above 0.9. On the other hand, we have studied
the time complexity of the SearchRank algorithms in terms
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of the quantum time #,. In all cases we have obtained a
scaling law approximately compatible with O(\/N/M). Since
we cannot know a priori what the exact value of the optimal
quantum time is, we have decided to take t, = [/N/M] as as
a reference value for the measurement, having shown that the
probability in the semiclassical and randomized SearchRank
remains at a high value around 0.9 despite not being optimal.

Regarding the ranking capability of the SearchRank al-
gorithms, we used Kendall’s coefficient to measure the
similarity between the rankings provided by the PageRank
and SearchRank distributions. We have observed that the three
SearchRank algorithms yield similar results, obtaining a fairly
good agreement with the classical PageRank. Nonetheless, the
agreement with the quantum PageRank is very low, so there
seems to be a large lack of correlation. This may be due to the
fluctuations introduced by the quantum PageRank, and also
by the SearchRank algorithms, so that nodes that are similar
in importance can easily have their order changed, and thus
the correlation is lost.

Finally, we have studied the dependence of the SearchRank
algorithms on the damping parameter «. In the case of
the quantum SearchRank, the probability of measuring the
marked nodes collapses rapidly as soon as « takes a nonzero
value. This explains why in the quantum SearchRank a value
of @ = 0.25 was taken [25] instead of the value of @ = 0.85
used in the PageRank algorithms [14]. In the case of the
semiclassical SearchRank, the probability remains close to 1
except for o values close to 1. The same is true for the ran-
domized SearchRank, although the probability drops a little
while maintaining a value above 0.8. Although the probability
is high in these last two algorithms, the maximum probability
shifts to the right as « increases, so the execution time be-
comes much higher. Therefore, we cannot increase the value
of « arbitrarily. Therefore, « = 0.25 seems to be a good value
for the new SearchRank algorithms.

Taking all the results together, the randomized SearchRank
solves the probability problem of the quantum SearchRank
while maintaining the same time complexity. This algorithm
is able to provide one of the marked nodes with a quadratic
speedup and a probability that is directly related to the classi-
cal PageRank. Thus, it can be used to sample this distribution
without the need to calculate it exactly. Moreover, like the
quantum SearchRank, it is not necessary to average the results
at different time steps of the walk, so it is much faster to
implement than the quantum PageRank. It therefore consti-
tutes a further step towards a quantum search engine. Even

though the novel randomized SearchRank stems from the
semiclassical SearchRank, formally the only difference with
the quantum SearchRank is that the initial state is a mixed
state rather than a quantum superposition of all the |1;) states.
It is interesting to see how the introduction of this mixedness
at the beginning of the algorithm allows the probability to be
amplified appropriately. Furthermore, blending with the com-
plete graph seems to be crucial for the search functionality.
These two intriguing features need further research, and could
be used as a base tool for future quantum search algorithms on
arbitrary graphs.

In the future, it would be interesting to study other formu-
lations of the unitary Szegedy quantum walk operator with
oracles [26] in the context of quantum SearchRank, or ex-
tensions with arbitrary phase rotations [16]. In addition, there
are some issues that deserve further research. One of them
is the fact that we are assuming that we know the number
M of marked nodes to search, so that we can estimate the
optimal time for the measurement. However, in a real scenario
we would not know how many nodes satisfy the search con-
ditions. A possible solution could be to introduce a quantum
counting algorithm [42,43] to estimate the number of marked
nodes. Another issue is that we would like to be able to sample
from the quantum PageRank distribution as well, since that
algorithm is expected to provide better results in quantum
networks. In all, our randomized SearchRank algorithm is al-
ready a valuable technique to quantum speed up fundamental
properties of classical networks.

A tutorial for using the python library SQUWALS [23]
to simulate the SearchRank algorithms is available on
GitHub [44].
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