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ABSTRACT

The classical Whitney approximation theorem states that a smooth function
f :R™ = R can be approximated by analytic functions. We prove that these
analytic functions approximating f can be taken as real holomorphic functions
on the whole space C".
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1. Introduction

In 1934 H. Whitney proved that a smooth function f : R™ — R can be approximated
by analytic functions, cf. [7]. This result is known as Whitney approximation theorem
and is of fundamental importance in the study of differentiable and analytic manifolds.
We refer to [1] or the survey [6] and the many references therein for applications and
generalizations of it.

The aim of this paper is to extend Whitney approximation theorem proving that
the analytic functions approximating f can be taken as real holomorphic functions on
cn.

In other words, the classical Whitney approximation theorem asserts that the ring
O(R™) of analytic functions on R™ is a dense subset of the space C™(R™) of real-valued
functions on R™ with respect to the so called Whitney topology. In this paper, we
found a strictly smaller ring which is also a dense subset of C™(R™). This is the ring
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of real holomorphic functions, denoted as Og(C™), whose elements are holomorphic
functions on C™ which are invariant under conjugation or, alternatively, real analytic
functions on R™ which can be extended analytically to C™.

Real holomorphic functions are of interest in the study of real analytic sets, that
is, subsets of R™ defined as the zero set of some real analytic functions. For example,
the full normalization of some real analytic sets can have complex parts, see [4], and
then real analytic functions which can be extended analytically to these complex parts
arise. Real holomorphic functions also appear in the solution of Hilbert 17th problem
for non-coherent analytic surfaces, cf. [2].

2. Preliminaries

We consider in R™ the usual topology. Given a compact subset K C R”, an integer
p € N and a function f € C™(R"), the seminorm || f || of f € C™(R") is defined
as:

1
1F =2 —supser [D*f(2)],

la|<p

where we use the standard notations

lex|
Daf:a 0 f

g g @ = (1) €N ol = on 4o

and we suppose |a] < m < co.
A fundamental system of neighborhoods of f € C™(R") in the weak topology is
the collection:

{geC™"®RY) | [ f-gly<e},

where K is a compact subset of R, p € N (of course, p < m) and ¢ is a positive real
number. Intuitively, we can say that in the weak topology two functions are close if
in a compact subset K the values of both functions and of their p first derivatives are
close.

As R™ is not compact, the closeness of functions at infinity is not controlled by
the weak topology. For that reason, we introduce the Whitney topology as a limit
of the weak topology. In this topology, a fundamental system of neighborhoods of
f € C™(R") is given by the sets:

{geC™"®") | | f-glmi<en—l f-glni<e-},

where {m;} is a sequence of positive integers (m; < m,Vi), {&;} is an arbitrary
sequence of positive real numbers and the K; are compact subsets of R" verifying
K; C V; for some locally finite covering {V;} of R” (that is, | JV; = R™ and every point
of R™ has a neighborhood which intersects only finitely many sets in the covering).
Now, we can state the

Theorem 2.1. (Classical Whitney aproximation theorem) Consider the sequences
{K;}, {mi} and {&;} as above, and let f € C™(R™). Then there exists an analytic
function g € O(R™) such that
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| f—gllXi<e, foreachi> 1.

The proof can be found in the paper of H. Whitney, cf. [7], or in the book by R.
Narasimhan [5]. A similar theorem is proved in [3] for analytic submanifolds of R™.
An immediate corollary of this theorem is the following:

Corollary 2.2. The ring O(R™) of analytic functions on R™ is a dense subset of the
space C™(R™) with respect to the Whitney topology.

3. Extended Whitney approximation theorem

First we are going to see how to approximate in the weak topology a smooth function
f having compact support (that is, a function f € C™(R"™) such that the closure of
{z € R™| f(z) # 0} is a compact set) by an analytic function. This can be achieved
by convolution with a suitable exponential function. For the proof of this key lemma
we will closely follow the proof of lemma 1.6.1 in [5]. A similar result can be also
found in [1].

Lemma 3.1. Let f € C™(R"™) be a function with compact support, 0 < m < oco. For
A >0, set:

gn(z) = I(f)(z) := cAE . f(y)e*AHI*yIde

where ¢ = w1~ %, so that c\? fRn e Mzl 4y = 1. Then
gy € OR™) and lim | gr—f % =o0.
A— o0

Proof. By a change of variables, we can write g (z) in the form:

g (x) = A2 flx— y)e_)‘”ynzdy
R‘VL

and so, for any o € N such that |a| < m, we have

Do) = et [ (D)= ye M dy = ext [ (D)o ay

n n

Therefore,

D% (z) — D*f(x) = CA%/ (Df(y) — D*f(x))e M==vI’ gy,

Now, since f has compact support and |a| < m < oo there is M > 0 such that
|[DYf(y)| < M for all y.
Also, given € > 0 there exists § > 0 such that

[D*f(y) = D*f(z)] < e/2 for [[z—yll<é.
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Thus

[N

|D%gr(x) — DYf(z)| = cA? ‘/l ) H<5(Daf(y) _ Daf(x))eﬂ\\lzfylfdy

+[ ) - DNy
lz—yl[>0

n

< ecAz/ e**“f*-’f”Zdy+2McA%/ e M=l gy
" lz—yl|>d

1
2

As cA® [o, e M=yl gy = 1 and

CA%/ e M=yl g — c)\%/ N R N
lz—yl[>5 la—yl|>6

< e 3N oNE / e_%’\”g”_y”zdy = e_%’\622%7
we have
1 n
|D*ga() = D* f(a)| < 5e+ 2Me~22 2%
We can choose )\ as large as needed, so
Sup,epn |[DYga(z) — DYf(z)] =0 as A — oo.

Finally, as f has compact support and x appears only in the analytic function
e_/\‘lx_y”z, then

oa(@) = Al / Fly)e M=ol gy
supp f

is an analytic function on R™, that is, g» € O(R™). Even more, as the function
e Mlz=yll* jg holomorphic on C", gy(z) is also holomorphic on C™. O

We recall that a complex-valued function f : C* — C is holomorphic on C™ if
each point w = (wy,...,w,) € C" has an open neighborhood U, w € U, such that
the function f has a power series expansion

oo
f(Z) = Z Auy...vp, (Zl - wl)yl . (Zn - wn)yna Ay, .. .v, € C
V1,..0,0n =0
which converges for all z = (21,...,2,) € U. The set of all functions holomorphic on

C" is called the ring of holomorphic functions and is denoted by O(C™).

We say that a holomorphic function f € O(C™) is real if it is invariant under
complex conjugation, that is, if f(Z) = f(z) for every z € C™. The set of all real
holomorphic functions is denoted as Og(C™).
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Remark 3.2. The ring Or(C™) is contained in the ring of analytic functions on R",
O(R™). In fact, real holomorphic functions can be identified with real analytic func-
tions on R™ which can be extended analytically to C". It can be checked that real
holomorphic functions can be also characterized as holomorphic functions on C™ which
take real values on R™.

It is easy to see that the ring Og(C") is strictly smaller than O(R™). For example,
the real analytic function xflT is not real holomorphic.
Before proving the approximation theorem we need the following technical lemma.

Lemma 3.3. Let Uy, p > 1, be the open (complex) subset of C™:

- 1
Re|:Z(Zk $k)2] > 5 Vo € R™ such that ||z ||> p+ 1}’

Up =Int {z eCn
k=1

where z = (21,...,2n) € C*, z = (x1,...,2,) € R", Re(() denotes the real part of
the complex number ¢ and Int denotes the interior with respect to the usual topology

i C™. Then
Juv,=c
p>1

Proof. To have an idea of how the U, are, in figure 1 we can see the shape that they
have in dimension 1.

Im
A
N V2 +2p+ 3
************* Re
-(p+1) L. p+1
Figure 1
Take z € C™ and we will prove that z € U, for some p. We write z = (z1,...,2,) =

(a1 4+ ib1, ... ,an +1iby), a;,b; € R. Thus we have

n n

Re[zn:(zk—xk)ﬂ = Re[Z(ak—&-ibk—xk)?} = Re[z ((ak—xk)Q—bﬁ—l—Q(ak—xk)bki)}

k=1 k=1
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> (o= =) = Yol -2 - 30k
= k=1

k=1 k=1

We search for p € N such that for every x = (x1,...,2,) € R" verifying || z ||> p+ 1:

Z(ak —(Ek)2 - Zbi > % .
k=1 k=1

If we consider points a = (a1,...,a,) and b = (by,...,b,) of R™, the previous in-
equality can be rewritten as:

1
la—zl*> S+ lo]* . (1)

Take p such that
p+1l>al+|b]+1.

If||z||>p+1then||a—z||>p+1— | a]>1+4] b] and inequality (1) is satisfied.
Hence for this p the point z is in U, so that the lemma is proved. O

Now we can prove our main theorem. Without loss of generality, in the definition
of the Whitney topology we take the sequence of compact sets K; = {z € R" | i—1 <||
z ||<i}. Our proof follows the classical one of [5], but our particular election of the
sequence {K;} allow us to prove that the approximating function is, in fact, a real
holomorphic function.

Theorem 3.4. (Extended Whitney approzimation theorem) Let f € C™(R™), 0 <
m < oo, and let K; = {x € R" | i — 1 <|| x ||[<i}. Let {m;} be an arbitrary sequence
of positive integers (m; < m) and {¢;} any sequence of strictly positive real numbers.
Then there exists a real holomorphic function g € Or(C™) verifying that

If—glmi<e
for each i > 1.

Proof. Since for any subset S C R™ and any pair of integers k < k' we have the
inequality || f [|Z <| f |7, for the proof of the theorem we can suppose myi1 > my,
for every p > 1.
The following property of seminorms will be used: if p,¢ € C™(R™) and S C R",
then we have that:

Lo IE<I @ IS 15 -

We take a sequence of functions ¢, € C*(R"), p > 1, with compact support, such
that pp(z) = 1if 2 € Ky and pp(z) =0ifa ¢ {y e R" | p—3 <[y [<p+ i}
Corollary 1.2.6 of [5] assures that such functions ¢, exist.
Let .

My =1+l ¢p Im, -
Note that 1 < M, < oo, because ¢, has compact support.
Take a sequence {0,} of positive numbers such that §,+1 < J,/2 and

1
> My < J6 for p>1.

qzp
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l €1...€p . .
19700, 3, & We can suppose that ¢; <1, Vi > 1.

We define B, := {z € R"| || z ||< p}, so that B, = |J’_, K;. By lemma 3.1, there
exists Ay > 0 such that if g1 := I\, (¢1f), then

For example, we can take 6, =

| g1 —@1f |15 < 61
Also, by lemma 3.1, there exists A2 > 0 such that if g2 := Iy, (02(f — g1)), then
I g2 = w2(f = g1) Iz < .

By induction, we define A, > 0 and g, such that if g, := I (¢p(f —91 —- .. —gp-1)),
then

| 9p —op(f =91 — .. — gp-1) ||ﬁ§',< Op - (2)

As ¢, = 0 in a neighbourhood of B,_s, (2) implies that

I 9p Nl < G- (3)

The function we are looking for is g := Z;i1 gq- First, we are going to prove that
g € C™»(R™) for every p.
As ¢,(z) = 1 in a neighbourhood of K, from (2) we have that

| f=g1— - —gp Hﬁi < Op. (4)

Substituting p by p+ 1 in (2), using (4) and that m, < my,41, we have:

P P
| gp+1 Hﬁz < epta(f - qu) ||ran, + 1 gp+1 — op41(f — qu) ||£f,

g=1 g=1
p P
<l eprr I I F =D ga K2 + 1 gpr1 — epr (F = D 9q) 1524 < Mypi18p + 6pin

qg=1 q=1

and
| gp+1 HELI; <| gp+1 ||7§11;71 + [l gp+1 ||£f, < Opt1 + (Mp110p + 0pt1)
= Mp410p + 20p11 < Mp110p + 0p < 20, M1
Therefore )
[ qu ||Ef; < dethHl < 5> (5)
q>p q>p

which implies that, for every p,

9= g € C™(R).

q=1
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Now, using (4) and (5) we see that g approximates f as desired:

If=glme<If- qull 11D g4 52 <5+ 5 < -

q>p

Finally, we will see that, with an adequate choice of the ),, the function g is analytic
over C", that is, g is a real holomorphic function.

As seen in lemma 3.1 the function g,(z) is analytic on R™ and, moreover, it can be
extended holomorphically to C™ by the same formula

r—1
9r(2) = CA?/Z/ r(v) (f(y) - qu(y)) e A Rl By gy,
supp ¢ —1

We take open (complex) subsets U, of C™ as in lemma 3.3. If y € supp ¢,, with
r>p+2,then | y ||> p+1 and for z € U, we have that

n

Re{Z(zj —yj)ﬂ >3,

j=1

SO

90(2)] < eAT/Ze A2 /

supp @

(s - zgq@)) ‘dy <oe N H, ()

where H, depends only of Ay, ..., \._1, because g, depends only on the A\; with j <gq.
Thus, we can choose inductively, the A, large enough to assure that

Z )\;‘/26_)“’/2 H, < oo.
g1

With this choice of the {\,}, we have from (6) that the series

= qu(z)

converges uniformly over each U, for every p. In fact, for any z € U, we have

p+2 0o
z)| < Z sup |gq(2)] + Z ,\g/Qe—Aq/zH
g=17€Ur a=p+3

From this it can be deduced, by the Weierstrass convergence theorem and lemma
(3.3), that g is holomorphic over C" = |J U,,.
O

Corollary 3.5. The ring Or(C") is dense in C™(R™), 0 < m < oo, with respect to
the Whitney topology.
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