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OPTIMAL HARDY-LITTLEWOOD TYPE INEQUALITIES FOR POLYNOMIALS
AND MULTILINEAR OPERATORS

N. ALBUQUERQUE, F. BAYART, D. PELLEGRINO, AND J. B. SEOANE-SEPULVEDA

ABSTRACT. In this paper we obtain quite general and definitive forms for Hardy—Littlewood type
inequalities. Moreover, when restricted to the original particular cases, our approach provides much
simpler and straightforward proofs and we are able to show that in most cases the exponents involved
are optimal. The technique we used is a combination of probabilistic tools and of an interpolative
approach; this former technique is also employed in this paper to improve the constants for vector-
valued Bohnenblust—Hille type inequalities.

1. INTRODUCTION

In 1930 Littlewood [20] has shown the following result on bilinear forms on ¢y X ¢y, now called
Littlewood’s 4/3 inequality: for any bounded bilinear form A : ¢y x ¢y — C,
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and, moreover, the exponent 4/3 is optimal. From now on, m > 1 is a positive integer, p :=
(p1y---spm) € [1,+00]™ and

b1 Pm

For 1 < p < 400, let us set X, := ¢, and let us define X, = cy. As soon as Littlewood’s 4/3 inequality
appeared, it was rapidly extended to more general frameworks. For instance:

e (Bohnenblust and Hille, [7, Theorem I], 1931 (see also [II])) There exists a constant C' =
C(m) > 1 such that
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(1.1) > |Alei s e, < C|A
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for all continuous m-linear forms A : ¢y X - -+ X ¢g — C and the exponent n?L—Tl is optimal.

e (Hardy and Littlewood, [I6], 1934 (see also [I7, page 224])/Praciano-Pereira, [25, Theorems
A and BJ, 1981) Let p € [1, +00]™ with

1 1

~l <z,

p|~ 2
then there exists a constant C' > 0 such that, for every continuous m-linear form A : X, x
e x X, —C,

e
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o (Defant and Sevilla-Peris, [10, Theorem 1], 2009) If 1 < s < g < 2, there exists a constant

C > 0 such that, for every continuous m-linear mapping A : ¢y X - -+ X ¢g — L5, then
mes(i-})
oo 2m —om
m+2 %—l
S eyl < CJjAl.

01, tm=1

Very recently the previous results were generalized by the authors and by Dimant and Sevilla-Peris:

e ([1, Corollary 1.3], 2013) Let 1 < s < ¢ <2 and p € [1,400]™ such that

(1.3) S

Then there exists a constant C' > 0 such that, for every continuous m-linear mapping A :
Xp, X - x X, — X, we have

S R

> 1A, sei)lly,

01, tm=1

< CjlA]

and the exponent is optimal.

e (Dimant and Sevilla-Peris, [I3, Proposition 4.4], 2013) Let p € [1,4+o00]™ and s, ¢ € [1,+o0] be
such that s < ¢. Then there exists a constant C' > 0 such that, for every continuous m-linear
mapping A : X;,, x --- x X, — X, we have

+o0
Z ||A(el'1"-"6im)||§q < CHAH’

01, tm=1

where p is given by
(i) If s < g <2, and

(a) ifog‘%‘<§—%,then%:%+i(l_l_‘%‘>_
1

m \ s q
(b) if%_%ﬁ % <%+%—%,then%:%+%—a—‘%‘
(ii) If s <2 < ¢, and
@ 0|3 <t bothen =4+ 3 (2= 4 - [3])
(b) ifL -1 < % <%,then%:%—‘%‘,
(iii) If2§s§qand0§‘% <%,then%:%—‘%‘,
Moreover, the exponents in the cases (ia),(iib) and (iii) are optimal. Also, the exponent in
(ib) is optimal for 1 — % < %‘ < i

Our main intention, in this paper, is to improve the previous theorems in three directions.

(1) We study in depth the remaining cases of the Dimant and Sevilla-Peris result. Surprisingly, we
show that in case (iia), the exponent given above is optimal whereas it is not optimal in case
(ib) when ‘%‘ > % We give a better exponent in that case and show a necessary condition

on it. These two bounds coincide when s = 1. We can summarize this into the two following
statements.

Theorem 1.1. Let p € [1,+00|™ and let p > 0. Assume moreover that either ¢ > 2 or q < 2
and ‘%‘ < % Let
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Then there exists C > 0 such that, for every continuous m-linear operator A : X, x -+ x
Xp,, — X5, we have

o=

+oo
o A el | < ClA]
i1yeim=1
if and only if
m—1

1
<4 -
A * max{\,s,2}

m
p

The following table summarizes the optimal value of % following the respective values of
87 q7p17"'7pm:

1
1<s<qg<2, A<2 -+ ——— - —X

2 ms mqg m P
1 1 1 1
1<s5<q<2, A>2, H<l S
SSssq= = p 3 2+S : |p
m—1 1 1 1
1<s<2<¢q, A<2 - L x|=
2m ms m o)
1 1
1<s<2<q, A>2 - =
s P
1 1
2<s5<q Z_|=
s P

We note that (ILI]) and ([L2]) are recovered by Theorem [Tl just by choosing s = 1 and ¢ = 2.
When ¢ < 2 and ‘%‘ > % (observe that this automatically implies A > 2), the situation is

more difficult and we get the following statement.

Theorem 1.2. Let p € [1,+00]™,
following property.
There exists C' > 0 such that, for every continuous m-linear operator A : X, < --- X
Xp,, — X5, we have

%‘ > %, 1<s<q<2andletp>0. Let us consider the

+o0
Yo A, ellr | < ClAlL

11,0y tm=1

(A) The property is satisfied as soon as

(B) If the property is satisfied, then
1 1 1 1
) B Y (e
p p s q
In particular, if s = 1, then the property is satisfied if and only if
()6
p q

p
(2) We give a simpler proof of the sufficient part of the Dimant and Sevilla-Peris theorem. It turns
out that it is easier to prove a more general result.
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Theorem 1.3. Let p € [1,+00]™ and 1 < s < g < oo be such that

1 - 1 n 1 1
p 2 s  min{q,2}
Let
1 1 1 1 1
T =t ——F—=v ||
A 2 s min{qg,2} |p
If A >0 and tq, ...ty € [N\, max{\,s,2}] are such that
1 1 1 m—1
1.4 e <
(1.4) t1+ +tm_)\+max{)\,s,2}’
then there exists C' > 0 satisfying, for every continuous m-linear map A : X, x---x X, ~—
X,
tm—1 % %
+00 +o0 tm
5) ) P B o PICARTEY B I 2
i1=1 im=1

- : 1 1
Moreover, the exponents are optimal except eventually if ¢ < 2 and ‘5‘ > 5.

Remark 1.4. The optimality in the above theorem shall be understood in a strong sense: when
A < 2, we prove that if t1,... ty € [1,400) are so that (I23) holds then (1.4) is valid. When
A > 2, note that A = max {\, s,2} and we prove that if t =t; = -+ = t,, are in [1,+00) and
(Z3) is valid, then we have (I.7) and, as a direct consequence, t > \.

(3) We prove similar results for m-linear mappings with arbitrary codomains which assume their
cotype. For a Banach space X, let ¢x = inf{q > 2; X has cotype ¢}.
The proof that (B) implies (A) in the theorem below appears in [I3], Proposition 4.3].

Theorem 1.5. Let p € [2,+00]|™, let X be an infinite dimensional Banach space with cotype

qx, %‘ < qu’ and let p > 0. The following assertions are equivalent:

(A) Every bounded m-linear operator A : X, x --- x X, — X is such that
“+oo
Z |Aes s or€i)]|” < +o0.
i1 yeyim=1
8) <[]
Finally, in the last section of the paper we obtain better estimates for the constants of vector-valued
Bohnenblust—Hille inequalities.
We conclude this introduction by noting that our theorems can be naturally stated in the context
of homogeneous polynomials. Given an m-homogeneous polynomial P : X — Y, we denote its
coefficients (¢, (P)). In [10, Lemma 5], it is shown that an inequality

1

<Z uca<P>uﬂ>p <o|p|

holds for every m-homogeneous polynomial P : X — Y if and only if a similar inequality
1

P

Z HT(eil?"’?eim)Hp < CIHTH

i1yeim
is satisfied for every m-linear mapping A : X x --- x X — Y, where X is a Banach sequence space.

NoOTATIONS. For two positive integers n, k, we set
M(k,n) = {i=(i1,...,ik); i1,-...0k € {1,...,n}}.
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For q € [1,+0o0], ¢* will denote its conjugate exponent.

2. PROOF OF THEOREM [[L3] (SUFFICIENCY )

Let 1 < g < 400. We recall that a Banach space X has cotype ¢ if there is a constant x > 0 such
that, no matter how we select finitely many vectors x1,...,z, € X,

xqqgka nrtw
(;H m) /I;km

where I = [0, 1] and r; denotes the k-th Rademacher function. To cover the case ¢ = +o0, the left
hand side should be replaced by maxj<g<y ||zg||. The smallest of all these constants is denoted by
Cy(X) and named the cotype ¢ constant of X.

An operator between Banach spaces v : X — Y is (7, s)-summing (with s < r < 400) if there exists
C' > 0 such that, for all n > 1 and for all vectors z1,...,z, € X,

Z |lvzg]|” ] < C sup le*(xp)]® ] .
k=1 l‘*eBX* k=1

The smallest constant in this inequality is denoted by m, s(v).
We need a cotype ¢ version of [Il, Proposition 4.1], whose proof can be found in [13, Proposition
3.1]:

1
2 2
dt

Lemma 2.1. Let X be a Banach space, let Y be a cotype q space, let r € [1,q] and let p € [1,+o0]™
with

‘1‘ 1 1
—|<===.
p roq
Define
11 1
Ao pl

Then, for every continuous m-linear map A : X, x---x X, — X and every (r,1)-summing operator
v:X =Y, we have

Aa /A
(21) S S IoAer, - sean) Iy < (vae,)" w4l
O\ i
forallk=1,...,m.
The symbol sz means that we are fixing the k-th index and that we are summing over all the

remaining indices.
We shall deduce from this lemma the following theorem, which extends results of [1] and [13]:

Theorem 2.2. Let p € [1,+00]™, X be a Banach space, Y be a cotype q space and 1 < r < q, with
1 1
‘5‘ < 5. Define

11 1
-
Ifty,... tm € [\,max {\,q}] are such that
Lol 1, me
t tm — A max{\q}’

then, for every continuous m-linear map A : X,, x---x X, — X and every (r,1)-summing operator
v:X =Y, we have

L
LN\ %

+o00 +o0 m—1
(2.2) > ...(Z|vA(ei1,...,eim)|§}"> g(ﬁcmax{k,q}(m) 1 (v) || A] .

i1=1 G =1



6 ALBUQUERQUE, BAYART, PELLEGRINO, AND SEOANE

Proof. If A < ¢, from Lemma 2] we have (2.2]) for

(t1y ey tm) = (N, ¢ -, Q) -

Since A < ¢, the mixed (¢, ¢,) — norm inequality (see [I, Proposition 3.1]), we also have (2.2)) for the
exponents

(tl’ ERES) 751%) = (q’ -4, )" q5 - Q)
with A in the k-th position, for all £k = 1,...,m. Now, using a general version of Holder’s inequality
(see [14, Theorem 2.1]), or interpolating
(>\’ Q’ ey q) ) (q? >\’ Q’ b q) P (Q’ b q’ >\)
in the sense of [I], we get (22 for all (¢1,...,tm) € [\, ¢J™ such that

i, .ttt m-1 1, m-1
th tm A q A max{\, ¢}
If A >¢q, for any € > 0, let ¢ = A+ . So A < ¢ and this automatically implies that
1 1 1
fl<-a

Since Y has cotype ¢. > ¢, we may apply Lemma 2.1] to get

N N e 1
S X Ao e < (V20rieM)" ma)llA|

i1=1 \da,...,im=1

for all positive integer N. Making ¢ — 0, we get

N A

m—1
S lvAten et < (V2AM))T ma@)lAlL
T1yeeytm=1

for all N and the proof is done. O

Remark 2.3. If we take ty = - -+ = t,,,, then, upon polarization, we recover exactly [13, Theorem 1.2]
with a much simpler proof due to the fact that the inequality is simpler to prove for the extremal values

Of (tl"" ’tm)

We are now ready for the proof of the sufficient part of Theorem We split the proof into three
cases, and we combine Theorem with the Bennett-Carl inequalities ([3}§]): for 1 < s < ¢ < +o0,
the inclusion map fg < ¢, is (r,1)-summing, where the optimal r is given by

1 1 1 1

r '_§+g_min{2,q}'

(1) s < g < 2: The Bennet-Carl-inequalities ensure that the inclusion map ¢; < £, is (7, 1)-summing

with % = % + % — %, so the results follow from Theorem 22] with t1, ..., t,, satisfying
1 n n 1 1 n 1 1 1 m—1
t tm 2 s q |p| max{)\2}

(ii) s < 2 < q: Also by using Bennet-Carl inequalities, ¢5 < ¢ is (s, 1)-summing, thus we get (LX)
applying Theorem 2.2] with t1,...,t,, satisfying
L, 1, me
t tm s |p| max{)\2}
(11i) 2 < s < q: Since {5 — {4 is (s,1)-summing, the result follows from Theorem 22 with t; = --- =
t,, = A and \ > s, since 7 = s and
1 1 ‘ 1 ‘
Bl I g
p

VI
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Remark 2.4. Let us set
q, ifs<q<2,
Cqs:: 2, ZfSSQSq,
s, if2<s<q.

With the above notations, a careful look at the proof shows that the constant C which appears in
Theorem [1.3 is dominated by

m—1
<\/§Cmax{)\,s,2}(£cqs)) 7Tr,l(gs — Ecqs)

3. PROOF OF THEOREM (OPTIMALITY)

In this section we show that the exponents in Theorem are optimal except when ¢ < 2 and

%‘ > % More precisely, if (t1,...,tn) € [1,+00)™ are such that there exists C' > 1 satisfying, for any
continuous multilinear map X, x --- x X, = — X,
tm—1 % H
+o00 +o0 tm
tm

(3.1) S| (Z HA(eil,...,eim)qu> < C||A],

i1=1 im=1
then we prove that (IL.4]) holds. When A > 2, we will always assume that t; = --- = t,,, = ¢, since

A =max {\, s,2} and our inequality holds true when all the exponents are equal. We split the proof
into several cases. Most of the cases are a consequence of a random construction. The main tool is
the following lemma, from [I, Lemma 6.2].

Lemma 3.1. Let d,n > 1, q1,...,q441 € [1,+00]T! and let, for ¢ > 1,

11
_J 273 if g >2
o(4) { 0 otherwise.
Then there exists a d-linear mapping A : €y X -+ x L7 — Kgdﬂ which may be written
n
1 d
A(x(l),...,x(d)) = Z ixz(l)---xz(d)eidﬂ

ily"'7id+1:1

such that
14| < Cdn%+a(p1)+...+04(pd)+oz(p;l+l).

3.1. Case 1: 1 <s<¢q<2and )\ < 2. This case has already been solved in [I, Section 6.2], using
Lemma Bl with d = m and (¢1,...,¢m+1) = (P15 - s Pm, S)-

32 Case2: 1<s<qg<2,A>2and ‘%‘ < % This case has already been solved in [13] Proposition
4.4(ib)] using a Fourier matrix. We shall give an alternative probabilistic proof. Let p € [2,400] be
such that % = ‘% . By Lemma [3.1] there exists a linear map T' : £ — (¢ which may be written

T(zx) =), cijwie; with €;; = £1 and such that

Let A: 07 x---x ) — {7 defined by
A(:c(l), e ,x(m)) = Zei7jx§1) . --x‘m)ej.
0]

141 |1
By Holder’s inequality, it is plain that ||A|| < ||T']| < Cn2"s ’P’ On the other hand, since A(e;,, ..., e€;, ) #

0 if and only if iy = ... = i,,, and
HA(ei’ s ’ei)qu = nl/q’

we have

o+ =

1,1
S A, el | =net

ieM(m,n)
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This clearly implies

<

1 1

3.3. Case 3: 1 <s<2<gand \<2. Let p € |0, +00] be defined by
1

+ *
P DPm S
Since A < 2, it is easy to check that p > 2 and that p; > 2 for any ¢ = 1,...,m. We then apply
Lemma B with d = m — 1 and (¢1,...,9m) = (P1,--,Pm—1,P"). We get an (m — 1)-linear form
Ty x--- x4ty — {5 which can be written

T(x(l), e ,x(m_l)) = Z Eil,...,imwg) e xz(:?__ll)eim
i1yeeesim
and such that
l_‘_m_‘i‘_% m_—l_‘i‘Jr;
T <Cn?" 2 IPl " =Cn 2 Irl s,
We then define A : 7 x - x £} ~— 3 by

A(Cﬂ(l), . ,x(m)) = Z 6i17,,,7imx§11) o™,

i Clm
B1,eeeylm
Then, for any 1), ... 2™ ¢ By % -+ % B,
1
||A($(1),,$(m))” = Sllp Z 6i17---7imx§1) xi:)yzm
yEBZ?* ilv"'vim

1 -1
< sup Z Eil,...,imxz(l).”x('m 2.,

tm—1
z€Bmn | . .
ZP 115--5tm

7.

IN

Moreover, given any i € M(m,n), ||A(ei,,..., €, )|l = €i.llq =1, so that

1

t1 1
tm—1 E 1

o
+ tm 1 1

+00
- B e
> ...(Z||A(ei1,...,eim)\|2q> — ottt
i1=1 im=1
Hence, provided (B1)) is satisfied, (¢1,...,%,) has to satisfy
1 1 m—1 1 ‘ 1 ‘

t1+ +tm_ 2 S

p

3.4. Case 4 and Case 5: 1 <s<2<gand XA > 2, 2 <s < gq. These cases have a deterministic
proof, as noted in [I3, Proposition 4.4 (iib), (iii)], considering A : £7, x --- x {3 ~— (¢ given by

A, atm) = 3D g,
i=1

3.5. The proof of Theorem .1l From Theorem 1.3, by choosing t; = ... = t,, we conclude that
provided
1

- 1 n 1 1
2 s min{q,2}’
the best exponent p in Theorem [[T] satisfies

m 1 m—1

-4y -
p A max{)\s,2}
To conclude the proof, it remains to prove that, whenever

1 >1+1 1
p| 2 s min{q2}’
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we cannot find an exponent p > 0 such that ([L1)) is satisfied for all m-linear operators A : X;,) X -+ x
Xp,, = X. In fact, everything has already been done before: if ¢ < 2, then we have just to follow the
lines of Case 2 and if ¢ > 2, then we may consider the m-linear mapping of Cases 4 and 5.

4. THECASElSSSgﬁQ,)\ZQAND‘%‘>%

4.1. A reformulation of the Hardy-Littlewood type inequalities. We shall improve in this sec-
tion the bound given by Theorem [[L.Tl We shall proceed by interpolation. To do this, we need a refor-
mulation of the result of this theorem, as Villanueva and Perez-Garcia reformulated the Bohnenblust-

Hille inequality in [24]. The proof is a combination of [24] Corollary 3.20] and Proposition 2.2 and
will be omitted.

Theorem 4.1. Let 1 < pi,....,ppm < 400, 1 < s < qg< o0 and let p > 0. The following assertions are
equivalent.

(A) There exists C > 0 such that, for every continuous m-linear mapping A : X, x---x X, = — Xg,

we have
1/p

Z ‘|A(6il?"’?6im)”§q < CHAH
B1yeeeylm
(B) There exists C > 0 such that, for any n > 1, for any Banach spaces Yi,...,Yyn, for any
continuous m-linear mapping S : Y1 X -+ X Y, = X, the induced operator
T:lpe (Y1) X oo x b (V) = 0" (X,)

(20, a™) o (@)

satisfies | T < C||S]|.
We recall that, for any p € [1, +oc] and any Banach space Y,

1/p

n
() =14 (2521 C Y5 l@)llwp = sup | > le(@)l" | < +oo
@GBY* ]71

with the appropriate modifications for p = co.

4.2. Proof of the sufficient condition. We now prove our better upper bound in the case 1 < s <
q <2, ‘%‘ > % (namely we prove the first part of Theorem [[L2]). Let n > 1, let Y3,...,Y,, be Banach

spaces and let S : Y] x --- x Y, = X be bounded. Let n > 1 and let T" be the operator induced by
Son Y =1L (Y1) X - X Ly w(Ym), defined by

T(x(l),...,x(m)) = (S(x(l) x(m))).

21 ? Y Y im
Then T is bounded as an operator from ) into £°(X,) (this is trivial). 7" is also bounded as an
operator from ) into E;Lm (Xs) with % =1_ ‘%‘ (this is Theorem [Tl for 1 < s <2 and ¢ > 2). We can
interpolate between these two extreme situations. Hence, let ¢ € [s,2] and let 6 € [0, 1] be such that

oo (2)CBD)

= — + —_ =
e T
1_1)(1_|1
Remark 4.2. It is easy to check that, for 1 <s < q <2 and ‘%‘ > %, then the bound ( ngi L )
s 2
is always better (namely larger) than the bound % + % — % - ‘%‘ obtained in Theorem [l
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4.3. The necessary condition. We now prove the second part of Theorem It also uses a
probabilistic device for linear maps when the two spaces do not need to have the same dimension.
The forthcoming lemma can be found in [3, Proposition 3.2].

Lemma 4.3. Let n,d > 1,1 <p,s <2. There exists T : (£ — (2, T(x) = > jtxje; such that

1T < Cp s max (dl/s,nk%d%*%) )

Coming back to the proof of Theorem [[.2] we first observe that we may always assume that ‘%‘ < 1.
Otherwise, we can consider the m-linear map A : X, x--- x X, — X, defined by
A(x(l), . ,x(m)) = ngl) . ..xgm)eo
i>1
and observe that it is bounded whereas it has infinitely many coefficients equal to 1. We then define
p € [1,2] by % = ‘l‘ and we consider T : (4 — (2, T(z) = Y

P €ijr;e; the map given by Lemma B3]
We then define

i7j

. pd d n
Ay XXty = L

(x(l), o ,x(m)) — Z emxg»l) e x§m)ei
0,]

and we observe that, by Holder’s inequality, ||A|| < ||T'||. Furthermore,
1/t
S lAlen, el | =nttdle

i1seerim

1
Taking d'/2? = n'Tr (this is the optimal relation between d and n), we get that if
1/t

Y A el | < ClAlL

i1,050m

a2 -2

Remark 4.4. This last condition is optimal when s = 1 or when

then it is necessary that

1

= % (with, in fact, the same
proof as in Case 2 above). When 1 < s < 2, another necessary condition is
1 1 1
<
p

(see Case 4 or Case 5 above).

5. OPTIMAL ESTIMATES UNDER COTYPE ASSUMPTIONS

For a Banach space X, let gx := inf{q > 2; X has cotype ¢}. For scalar-valued multilinear opera-
tors it is easy to observe that summability in multiple indexes behaves in a quite different way than
summability in just one index. For instance, for any bounded bilinear form A : ¢y x ¢g — C,

3

4

<V2||4]

ol

+oo
> Al e5))]

1,j=1

and the exponent 4/3 is optimal. But, if we sum diagonally (i = j) the exponent 4/3 can be reduced
to 1 since

+o0
> lAlen e <[4
i=1

for any bounded bilinear form A : ¢y X ¢g — C. Now we prove Theorem which shows that when
replacing the scalar field by infinite-dimensional spaces the situation is quite different.
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Proof. (A) = (B). From a deep result of Maurey and Pisier ([22] and [12] Section 14]), ¢, is finitely

) Yax
representable in X, which means that, for any n > 1, one may find unit vectors z1,...,z, € X such

that, for any aq,...,a, € C,

n n 1/(]X
> llaizllx <2 <Z \ai!qx> :
i=1

i=1

We then consider the m-linear map A : £ x --- x £} ~— X defined by

A2, am) = Zn:%m R

i=1

Then, for any (zV), ..., 2(™)) belonging to Bg;zl X+ X By

n 1/‘1X
W) . gm Wyax .1 m)
HA(x g >H§2<;|“’”z 95 |qx>
SQnii‘%‘

where the last inequality follows from Hélder’s inequality applied to the exponents

—1
b1 Pm 1
Ty T 1- qx | = .
ax ax p

n 1/0 L
(Z 1A (i, e) ||p> =y
=1

On the other hand,

and we obtain (3).
(B) = (A). This implication is proved in [I3 Proposition 4.3]. O

If X does not have cotype ¢x, the condition remains necessary. But now we just have the following
sufficient condition:
m 1 ‘ 1 ‘
— < ——|=.
P ax

Of course, it would be nice to determine what happens in this case. A look at [12] page 304] shows
that the situation does not look simple.

As a consequence of the previous result we conclude that under certain circumstances the concepts
of absolutely summing multilinear operator and multiple summing multilinear operator (see [6], 21, 23])
are precisely the same.

Corollary 5.1. Let p € [2,40], let X be an infinite dimensional Banach space with cotype qx < %
and let p > 0. The following assertions are equivalent:

(A) Every bounded m-linear operator A : X, x --- x X, = X is absolutely (p; p*)-summing.

(B) Every bounded m-linear operator A : X, x --- x X, — X is multiple (p; p*)-summing.

(c)i< L _m

p—aqx p

We stress the equivalence between (A) and (B) is not true, in general. For instance, every bounded
bilinear operator A : £y x {5 — {5 is absolutely (1;1)-summing but this is no longer true for multiple
summability.
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6. CONSTANTS OF VECTOR-VALUED BOHNENBLUST-HILLE INEQUALITIES

A particular case of our main result is the following vector-valued Bohnenblust—Hille inequality (see

[10, Lemma 3] and also [26], Section 2.2]):

Theorem 6.1. Let X be a Banach space, Y a cotype q space and v : X — Y an (r,1)-summing
operator with 1 < r < q. Then, for all m-linear operators T :cy X -+ X ¢g — X,

g+(m—1)r
+00 grm qrm

SO 0T (e oy in) [ FT < Oy (0)[T)|
U1y im=1

with Cy,m = (V2C, (V)" .

In this section, in Theorem [6.2], we improve the above estimate for Cy,,,. The proof of Theorem
follows almost word by word the proof of [2, Proposition 3.1 using [9, Lemma 2.2] and Kahane’s
inequality instead of the Khinchine inequality. We present the proof for the sake of completeness. We
need the following inequality due to Kahane:

Kahane’s Inequality. Let 0 < p,q < 4+00. Then there is a constant K, ; > 0 for which

(/Hzm xkdth> <K, (/\\Zrk(t)xkdt|]p>p,
I' k=1

regardless of the choice of a Banach space X and of finitely many vectors x1,...,x, € X.

Theorem 6.2. For all m and all 1 < k <m,

q+(k—1)r’

m—k
CY,m S <Cq(Y)K qrk 2> CY,]{I

Proof. Let p := % and to simplify notation let us write

vTey =vT (€yy- .56, ) -

Let us make use of [2, Remark 2.2] with m >2, 1<k<m—1and s= %. So we have
o\ —i o
a\ =(%)

(6.1) (ZuvTeiH@) < X ST (eisnen, ) I ,

SEPk is

where Pi(m) denotes the set of all subsets of {1,...,m} with cardinality k. For sake of clarity, we
shall assume that S = {1,...,k}. By the multilinear cotype inequality (see [9 Lemma 2.2]) and the
Kahane inequality, we have

(Z HUT (eis’eig) H%)
ig

< (C(YV) K, 5) ") /

S

Zrls vT 615,613) dtg
Y

= (CQ(Y)KS,2)S(m7k) /[Wk T (eisa Zrig (tS)eis) dtg

ié v

m—k

s(m—k
— (Cq(Y)KS72) ( ) /Im,k v (T (eiu ce s g Z Tk+1(tk+1)€k+1, ey Z rm(tm)em) ) dtpy1 ... .dty,

k41 v
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But for a fixed choice of (ty41,...,tm) € I™* =1[0,1]""*, we know, by Theorem [6.1} that

S
S T {ens e Y rerilties)ecrs, - Y rm(tm)em < (Cypmra ()| T])*
Ulyeesll let1 im

Thus,

Y

q

1s

ST (eigrerg ) I3
ig

IN

(Co)K2)* ™ S o [T [ ernnsei, D mera(topn)enits oo D rm(tm)em

ULyl U1 im

Y
(6.2) < ((C0N K™ mra ()CyalI 1)
namely
1
2\ s
S ST (e ) 15 ] | < (K™ ma )OIl
is \ ig
From (6.1) we conclude that
% k
S oTell§ | < (Co(Y)Ke2)™ " Cypmea (v)||T).
O

When m is even, the case k = % recovers the constants from [26].

Corollary 6.3. For all m,
m—1
CY,m S Cq(Y)mil H K qrk

o1 arG—Dr?

7. OTHER EXPONENTS
From now on 1 <r < gqand (q1,...,q9m) € [r,¢q]"™ so that
1 1 + (m—1)r 1 m-1
L gt m=Dr

@ Gm gr g
are called vector-valued Bohnenblust—Hille exponents. From Theorem we have:

Theorem 7.1 (Multiple exponent vector-valued Bohnenblust-Hille inequality). Let X be a Banach
space and Y a cotype q space with 1 < r < q. If (q1,...,qm) € [r,q]"™ are vector-valued Bohnenblust—
Hille exponents, then there exists Cy.q, ... ¢, = 1 such that, for all m-linear operators T : cox---Xcy —
X and every (r,1)-summing operator v : X — Y, we have

dm—1

+o0 400 am a
) S (z uweiuam) ) < A @I,
11=1 im=1

. -1
Our final result gives better estimates for the constants Cy4, . 4, :

Theorem 7.2. If (q1,...,qm) is a vector-valued Bohnenblust—Hille exponent, then

m m—Fk Ok
Cyigrngm < H ((Cq(Y)KL 2> CY,k)

k—D)r’
el q+( )T
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with
1 1\'/1 1
et (2
roq dm 4
and
1 1\ '/1 1
(7.3) Hk:k<———> <———>, fork=1,...,m—1.
roq Ak qk+1
Proof. It suffices to consider ¢; < ¢; whenever ¢ < j. For each k = 1,...,m, define
kqr
Sp = ———.
gt (k=1

From the proof of Theorem [6:2] we have (1)) for each exponent (sk, ktimes o, ..., q) . More precisely,
from (6.2)) we have

oy L
T
> > el < (Co(V)K2)™ " Cypmea (0)T.
Uyeenslle \Tht1se5tm
Consequently, for each k =1,...,m we have
CY,Sk,k t.i.r.nes7sk7qm7q S (Cq(Y)KSk,Z)m_k CY,]C'

Since every vector-valued Bohnenblust—Hille exponent (qi, ..., ¢m) with ¢; < -+ < g, is obtained by
interpolation of aq, ..., o, with ap = (sk,kFi.".‘es, sk,q...,q), and 01, ...,0,, as in (Z2) and (Z3]), we
conclude that

m 0, m L 0,
CY,ql,...,qm S H <CY,Sk,k t_i_r_nes78k7q7___7q> S H <(CQ(Y)KSk72)m CY,k)

k=1 k=1
]

A particular case of Kahane’s inequality is Khintchine’s inequality: if (¢;) is a sequence of indepen-
dent Rademacher variables, then, for any p € [1,2], there exists a constant Ag, such that, for any
Z a;e(w)

n>1and any a;...,a, € R,
n % n p %
(Z |ai|2> < Agy ( dw) .
i=1 Qli=1

It has a complex counterpart: for any p € [1,2], there exists a constant Ac , such that, for any n > 1

and any aj ...,a, € C,
1 1
n 2 n p P
Z |ai|2 <Acy / Z a;z;| dz | .
i=1 T Ji=1

The best constants Ag , and Ac, are known (see [I5] and [18]):

1 1
2072, 0 <p < pp 1847

® ARy = (122)
T f ) ) lfp > Po;
1
e Ac, =T (42) "if1<p<2
Taking X = Y = K and r = 1 we obtain estimates for the constants of the scalar-valued

Bohnenblust—Hille inequality with multiple exponents:
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Corollary 7.3. If (q1,...,qm) € [1,2]™ are so that

1 1 m+1
— e — =
q1 dm 2

then

1
+o0 +oo am a1 om (L 1 m—1 2]{)(%7 1 )
[ S 4 _ k 9k+1
S D T ey e, < cKmf‘fm :) 11 (AH’QQCK,O leall
im=1

i1=1

k=1 T k+1

for all m-linear operators T : cg X -+ X cg — K. In particular, for complex scalars, the left hand side
of the above inequality can be replaced by

11
(@ 2) (o

) 2 . k
m _J k=1 _ k _J A Agt1
1\ 2=25 1 (557H) (m—k) 1\ 2=
||r<2--4> ’ [ r(Z’ZIQ ||r<2--4> ’ |-
X J J
7=1 1

k=1 j=
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