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Abstract Two phase solid-fluid mixture models are ubiquitous in biological
applications. For instance, models for growth of tissues and biofilms combine
time dependent and quasi-stationary boundary value problems set in domains
whose boundary moves in response to variations in the mechano-chemical vari-
ables. For a model of biofilm spread, we show how to obtain better posed models
by characterizing the time derivatives of relevant quasi-stationary magnitudes
in terms of additional boundary value problems. We also give conditions for well
posedness of time dependent submodels set in moving domains depending on
the motion of the boundary. After constructing solutions for transport, diffusion
and elliptic submodels for volume fractions, displacements, velocities, pressures
and concentrations with the required regularity, we are able to handle the full
model of biofilm spread in moving domains assuming we know the dynamics of
the boundary. These techniques are general and can be applied in models with
a similar structure arising in biological and chemical engineering applications.

Keyword. Fluid-solid mixture models, thin film approximations, evolu-
tion equations in moving domains, quasi-stationary approximations, stationary
transport equations.

1 Introduction

Biofilms are bacterial aggregates that adhere to moist surfaces. Bacteria are en-
cased in a self-produced polymeric matrix [I3] which shelters them from chemi-
cal and mechanical aggressions. Biofilms formed on medical equipment, such as
implants and catheters, are responsible for hospital-acquired infections [2§8]. In
industrial environments, they cause substantial economical and technical prob-
lems, associated to food poisoning, biofouling, biocorrosion, contaminated ven-
tilation systems, and so on [I0} 22, 29]. Modeling biofilm spread is important
to be able to eradicate them.
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Figure 1: (a) Schematic view of biofilm microscopic structure. Cells are embed-
ded in a network of polymeric threads forming the extracellular matrix (ECM),
while a liquid solution containing nutrients and chemicals flows through the
network. (b) Schematic view of a biofilm spreading on a surface.

We describe here biofilms in terms of solid-fluid mixtures, see Figure [1} At
each point x of the biofilm we have a solid fraction of biomass ¢s(x,t) (cell
biomass, polymeric threads) and a volume fraction of water ¢;(x,t) containing
dissolved substances (nutrients, autoinducers and so on), in such a way that
¢s(x,t)+¢f(x,t) = 1. The solid and fluid volume fractions move with velocities
v, and v, respectively.

Biofilm spread on an air/solid interface is governed by the following system
of equations, see [7,[I8]. Assume a biofilm occupies a region !, that varies with
time. Figure [2| represents schematic views of two dimensional slices. The upper
boundary I', separates the biofilm from an outer fluid, that can be a liquid or
air. A lower boundary I'Y. separates the biofilm from the substratum it attaches
to. The main variables satisfy a set of quasi-stationary equations

diV(Vfgbf) = *ksﬁﬁbsa
div(kh((bs)v(p - W(qbs)) = diV(VS), (1)
pAug + (p+ AN)V(div(us)) = Vp,
—dAc+div(vye) = —kegRm s
constrained by the additional conditions
Ouy,
¢fvf = _kh(¢8)v<p - 7T(¢s)) + (bfvsv Vs = ot (bf +¢s =1, (2)

in the region occupied by the biofilm Qf which varies with time. In this
quasi-static framework, the displacement vector u,(x,t) and the scalar pres-



Figure 2: Schematic representation of a biofilm slice Q! spreading on a surface
(a) occupying a finite region and ending at triple contact points, (b) spread-
ing over precursor layers. The upper boundary I‘ﬂ_ represents the biofilm/air
interface. The lower boundary I'* represents the biofilm/agar interface, which
provides nutrients and resources necessary for biofilm growth in our framework.

sure p(x,t), volume fraction ¢s(x,t) and concentration c¢(x, ) fields depend on
time through variations of the boundary I't, which expands due to cell division
and swelling. The positive functions kj(¢s) and 7(¢s) represent the perme-
ability and the osmotic pressure. This system is subject to a set of boundary
conditions:

P — T = Pext — Text, on Ft:F:_UFt_,

N dc

(0 (us) — ph)n = teyt, I 0, on I, (3)
us =0, ¢ = cp, on Tt |

where n is the outer unit normal and
8ui + 8’11,]‘
8$j 31‘1

&(uy) = ATe(e(uy) T+ 2ue(uy), ei;(u) = %( ) id=1....m,
n = 2,3, represent elastic stress and strain tensors. Boundary conditions for
¢¢ are required or not depending on the sign of v¢ - n at the border. The
displacement and velocity vectors have components u = (uq,...,u,) and v =
(v1,...,0,), n = 2,3, respectively. All the parameters appearing in the model,
ks, K, ke, K¢, 1, A, d are positive constants. For ease of the reader, we have
summarized the modeling in Appendix A. In some limits, the system can be
reformulated as a poroelastic model [8, [15].

The model is complemented with an equation for the dynamics of I't, ¢ > 0.
If we consider biofilms represented by the scheme in Figure a), the contact
points between biofilm, air and agar require specific additional information to
avoid singularities. We will work with the geometry represented in Figure b),
that avoids this difficulty by introducing precursor layers [23} [12]. Then, T't is
fixed. The upper boundary T, is parametrized by a height function h(x1, z2,1),
which satisfies the equation [7]

oh 9 b
m+%[/0 (v-%X1)dzs

o |/ . :
+87332 l/o (v~xQ)d:173] :V'X3|07 (4)



where the composite velocity of the mixture v = ¢;v; + ¢,v, has components
Vok; =g — k(gs) 25 i =1,2,3.

At present, only perturbation analyses and numerical studies are available
for this type of models [7], 23] in simple geometries. Asymptotic studies yield
thin film type approximations for — assuming circular geometries and radial
symmetry. Non standard lubrication equations for the height A are obtained,
which admit families of self-similar solutions in radial geometries. However, the
construction of reliable numerical solutions of the model in general experimental
configurations faces difficulties due to the lack of well-posedness results.

In this paper, we assume we know the dynamics of the upper boundary
I', , given by a smooth curve x3 = h(x1,x2,t), and develop an existence and
stability theory for the model equations. To simplify the analysis, we take
kn(ds) = kn > 0, kn(ds)/df = € > 0 and m(¢s) = Il > 0. In this quasi-
stationary framework, the displacements ug depend on time through the motion
of the boundary. However, we lack equations for the velocities, other than the
relation 65? = v,. In Section [2| we obtain a system of equations characterizing
the velocity:

div(a(vs)) = pAvg + (p+ A\)V(div(vs)) = Vpe,  in QF

ve=0, onI%, (5)
0
G(von =2 tr(gu), onl},
ot
with ¢ = —pn = —(Pext — Text )11 and r to be defined later. A similar equation is

obtained for p; from the equation for p. Taking the divergence of the equations
for us and vg we find additional equations to close the system

% = kh(2//f + )\)Ae — thA¢S, in Qt, (6)
det . +
g kn(2p + A)Aey — kplIAGs ¢, in QF, (7)
where e = div(us) and e; = div(v,). We will neglect A¢s, in (7)) because IT
and A¢; are small compared to other terms. Notice that @ and are time
dependent problems set in time dependent domains, while most results in the
literature refer to fixed domains.

The construction of solutions for such systems combines a number of difficul-
ties that we will address in stages. Section [2] characterizes the time derivatives
of u, and p, solutions of elliptic problems in time dependent domains, by means
of additional boundary value problems. In this way we improve the stability of
the model, since solving additional partial differential equations in each spatial
domain is more effective than approximating time derivatives by quotients of
differences of solutions calculated in variable spatial domains. Section [3| estab-
lishes well posedness results for linear parabolic problems set in domains with
moving boundaries for specific types of parametrizations. Section [d] considers
the elliptic and stationary transport problems involved in the quasi-stationary
submodels, separately and in fixed domains, under hypotheses motivated by



asymptotic studies and numerical solutions. Finally, section [5| considers the full
coupled time dependent problem and section [6] discusses our conclusions and
open issues. A final appendix summarizes modeling details.

2 Differentiation of quasi-stationary problems

In the previous section, we have defined the velocity v as the time derivative
of the displacement u,. The change in time of u is due to the motion of the
upper boundary I'", that is, time variations in h. In this section we seek an
equation characterizing vs. We expect vs to solve the same boundary value
problem as ug, but differentiating all sources with respect to time. However,
since the boundary I'! of Qf moves with time, we need to calculate the adequate
boundary conditions too.

In the region Q! occupied by the moving biofilm, the displacements u, of
the solid phase satisfy equations with boundary conditions . To simplify
later computations, it is convenient to recast these equations in the general linear
elasticity framework. The components of the displacement u;(t),j = 1,...,n,
n being the dimension, fulfill

0 O (1) ) .
_8.13a (Cjozmﬁaxﬂ) :fj(t)v J :1,...,TL7 m Qtv
uj(t)=0, j=1,...,n, on I', (8)
Ou, (t .
CjamB axé )na(t) =g;t), j=1,...,n, on I't

where n(t) is the outer unit normal vector and ¢jamp the elastic constants. T,
and I') are parts of the boundary I'* where we enforce conditions on the stresses
of the displacements, respectively.

We use the Einstein summation convention that implies summation over a
set of indexed terms in a formula when repeated in it. In the above equations,
summation over «, 3, m is implied, but not over j. The elastic constants c;jqmg
for a isotropic solids like the ones we consider are

CjampB = A0jadmp + p(dimbap + 6j500m)

where ¢, stands for the Kronecker delta, whereas A and p represent the Lamé
constants. The stress tensor is

Tja = CjamBEmB = MjaCpp + 2UEja -

In this framework, the velocity v is the ‘Frechet derivative’ or ‘domain deriva-
tive’ of u with respect to t [25], which is characterized by the solution of a
boundary value problem, as we show next.

Theorem 2.1. We assume that the body f and boundary g forces are dif-
ferentiable in time, with values in [L*(Q)]" and [L*(Tt)]", respectively, with



t >0, n=2,3 being the dimension. Moreover, the C? boundaries I'* are ob-
tained deforming T° along a smooth vector field v. Then, the time derivative

v(t) = aggt) , t >0, of the displacement given by (@) satisfies

5 ( avm(t)> 0] j=1,

T Oz, \Femb ozy )~ ot on,  xeQf
vi(t)=0, j=1,.,n, x€T% (9
Cjamp 31{1;5) ne(t) = ag(;t(t) +7r(g;(t),u(t)), j=1,.,n, x T,
where
1= s 2 D) 4, D) 2010 .
+Cjamaaum(t)%n (t)—g;(tn®)"Ven(t), j=1,...,n.

(03
(9.1‘5 833[)
As a corollary, we get the expressions of interest for our model.

Corollary 2.2. Under the previous hypotheses, the time derivative v4(t),
t > 0, of the solution ug of with boundary conditions (@ satisfies

div(a(vs)) = pAvg + (p+ N\)V(div(vs)) = Vpi, x € QF

ve=0, xel., (11)
5(va)n = 22 = 1,2 I
U(VS)H_E—'_Tj(gjvus)?]_ ) X € +
with g = —pn = —(Pext — Text)D and r is defined by (@) with Cjamp =

Ajadmp + u(0jmbap + 0j80am)-

Corollary 2.3 Under the previous hypotheses, assuming ki(¢s) = kn and

w(¢ps) = s, the derivative py(t) = 61;9(;), t > 0, of the solution p of with

Dirichlet boundary conditions p = peq+(t) satisfies,

khApt = diV(Vs’t) + thAQﬁs’t-’j X € Qt,
Dt = Pl (1), x cI't.

Proof of Theorem 2.1. We will follow a similar variational approach to
that employed in [25] for 2D exterior elasticity problems with zero Dirichlet
boundary conditions on a moving boundary. We are going to calculate the
derivative at ¢ = 0. Similar arguments hold for any ¢ > 0.

Step 1: Variational formulation. First, we write the boundary value problem
for u in variational form [2I]. The boundary value problem becomes: Find
ut € [H%é (Q24)]™ such that

b QY uf wh) = 0H(QF wh), Vw' e [H%E(Qt)]", (12)



where

out, 0w
bt(Qt;ut,wt):/m cjamﬁa%gﬁgdxt, vul, w' e [HL ()], (13)

O wh) = / fj(t)w;i dx? +/ gj(t)'w; dSxt, Ywt e [H%t QH™. (14)
Qt T, 4

Here, H}, (Q") denotes the usual Sobolev space of H* (") functions vanishing
d

on I'l, € 00, HY(QY) if formed by all functions whose square, and the squares
of their derivatives, are integrable in QF, that is, belong to L?(Q¢). When f(t) €
[L2(QD)]", g € [L*(TY)]™ and meas(I'}) # 0, this problem admits a unique
solution u’ € [H%é (QH)]™ [21], which in fact belongs to [H?(Q!)]", vanishes on
', and satisfies o(u’)n = g on I'f, = 90 \ I'). For ¢ = 0, we have u°. Here,
00 (1) = Cjamg .

Step 2: Change of variables. We now transform all the quantities appear-
ing in - back to the initial configuration Q°. The process is similar to
transforming deformed configurations back to a reference configuration in con-
tinuum mechanics [I4]. We are assumig that the evolution of the moving part
of the boundary I'* = {x +tv(x)|x € FO} is given by a family of deformations
x! = ¢'(x) = x + tv(x) starting from a smooth surface '’ € C? (twice differ-
entiable) and following a smooth vector field v € C?(2), Qf € Q, t > 0. The
deformation gradient is the jacobian of the change of variables [24]

¢
ox;

8Ij

Ji(x) = Vxo'(x) = ( (x)) =1+tVr(x), (15)

and its inverse (J*)~! = (git) is the jacobian of the inverse change of variables.
J

Then, volume and surface elements are related by
dx! = det J¥(x) dx, dSx = detJ'(x)|| (J*(x)) " "n|dSy (16)

and the chain rule for derivatives reads Vi, (x!(x)) = (J*(x))? Vit (x4 (x)),
that is, Vit = (J*)~TVxt,,. For each component we have

Oou, _ Oup,

@(Xt(X)) = Tm(xt(X))(Jt);é(X)- (17)

We define u(x) = u’ o ¢*(x) = u(x'(x)), definition that extends to w and



other functions. Changing variables and using - we have:

Oul ow'
treyt. ot ooty m ot G oty gt
b*(Q%u’, wh) —/Qt cjamlg—axtﬁ (x )Txg(x )dx' =

Oty t— 8“~jj ty—1 t 7t ~
/Q | Ciom g ((T) 3 () o2 () () () det 3" (30) dox = B (625, W) (1)

2wt = A fj(xt,t)w§(xt)dxt+/ gj(xt,t)W§-(Xt)det =
t r

t
n

/Q ij(x, 1), (x) det It dx+ /F 3;(x, 1), (x)det J|| (J) " Tn||dSy = ££(Q%; w). (19)

For arbitrary test functions w' € [HL, ()]", w € [H[, (Q°)]™ is a test function
d d

in Q°. Therefore, we obtain the equivalent variational formulation: Find @ €
[HL (Q°)]™ such that
d

0%, w) = Q% w),  Vw e [Hp (Q0)]", (20)

with b (Q%; @, w) and £*(Q°; w) defined in — replacing w by w.

Let us analyze the dependence on ¢ of the terms appearing in the expression
for b* and £!. From the definitions of the Jacobian matrices we obtain
[24 25]

det J'(x) = 1 + tdiv(v(x)) + O(t?), (21)
(I Hx) =1 -t Vr(x) + O(t?), (22)
det J'(x) [|(J¥(x)) T = 1 + tdivp(v(x)) + O(t?), (23)

where divr(v(x)) = div(v(x)) — n? Vv (x)n. Inserting — in we find

the following expansions. When p = § and ¢ = a we get

/ Ot O 4o 14 / Ot 01 v () i (24)
Q

o Olm o
a0 2™ 014 Oxg o 1 Day O

Ol Ovg Ow; Oy, Ow; O,

[y [ D D030 o
QO

Oxg 0x3 0xo  Oxg OTo 0Tq

whose leading term is v°(2°; @, w). When p # 3 and ¢ # a the summands are
O(t?). The remaining terms provide the contribution

| Ol Ovp Ow; Oy Dw; Ovg 2
t/ﬂo Ciomp {&rp Oxg Oz, * Oxg Oxg Ozq dx +O(t"),

with p # 5, ¢ = « in the first one and ¢ # «, p = 3 in the second one. Adding
up the contributions we get

V% @, w) = b0(Q°% @, w) + t[1 () + () + Is(a)] + O(t?), (25)



. d

Il(u) = fQo Cijamp %(Eﬁ Wi le( )dX
11 Oty d o

L(@) = — Joo Cjams al;,, &ZZ az}i dx, (26)
N iy, Ow; D _ ) ow,

I3(0) = — [0 Cjams 81;,3 aqf: azi x = Jo % (CﬂamB 31;5 ) a:; vy dx

82

o I
+ Joo Ciamp Ge2 Grnpi Va X = [oqo Cjamp 2 D o

w;
oz Va dSx.

Similarly, from the definition of the linear form ¢* and the definition of
‘material derivative’ f

F(x, 1) = £(x!(x), 1) = £(x,0) + 1£(x,0) + O(£2), (27)
we find the expansion

gt(QO;W) = fQO fj 0 wj dx + thO fj 0 le(V) + f](O)]U}j dx

. (28)
+ fr% gj (0) wj dSx +1 fpo 9] 0)divp(v) + gj (0)]wj dSx + O(tz)

whose leading term is ¢°(Q%; w).

Step 3. Variational problem for the domain derivative u’. Let us compare
the transformed function @ and the solution u® of 6°(Q%u® w) = 9(Q% w).
For any w € [H%fi (29)]™ we have

p2(Q%a —u’,w) =b2(Q%a,w) — Q% w) =
b2(Q% @, w) — bH(Q a, w) + (% w) — £2(Q% w). (29)

Well posedness of the variational problems with respect to changes in do-
mains Q' and sources f(t),g(t), implies uniform bounds on the solutions for

€ [O,T} ||u ||[H1 Q)] < C( ) HﬁH[Hl(QU)]n < C(T) Expansions ""
show that the right hand side in ([29)) tends to zero as t — 0. Well posedness of
the variational problem again implies @ — u® in [H}, (Q°)]" as t — 0.
d

Dividing by t equation and using —, we find
Q05 W) = Q% w) — 5(Q ﬁ,w>] + 3 10(Q% W) — £0(Q% w)]
= —[L(8) + L2(8) + L@)] + oo £5(0)div(v) + £5(0)]w; dx
+ Jrolg;(0)dive (v) + g;(0)]w; dSx + O(t).

a—u’

Then, the limit a = lim;_,g satisfies

Q% 0, W) = foolf5(0)div(w) + f5(0)]wjdx — I (u®)+I2(u) +I3(u’)] (30)
+ Jro l9;(0)dive (v) + ;(0)]w; dSx.

As before, the function u is the so called ‘material derivative’, that is, 1 =
% + Vu®v. The domain derivative becomes u’ = i — Vu’ v. Then,

b2(Q%u’,w) = 0°(Q%a, w) — °(Q% Vu' v, w), (31)



where

0 oul ow,
bO QO, 0 :/ o m ') dx.
Q% Vu'v,w) " —axﬁ C; ﬂ—axp Vp

Notice that this function vanishes on I'y whenever 1 and v do so.
Step 4. Differential equation for the domain derivative u’. We evaluate the
different terms in the right hand side of to calculate the right hand side in

0
1} First, notice that — oo (cjamﬁ axﬁ = f;(0) in 09 and cjamg%na =
g;(0) on T, uj =0onTY, j=1,..,n, imply:

of;
13(‘10) :fQO( gg;(O) vg + f;(0 ) )w] dx — fano fi(0)wjnqvy dx

oul 32w7

Bw] Ou,,
Vg dSx + [0 Cjams 0 Bagou Va dx.

fro g;(0

Bup 3 u? 20
USlng 8I 81?[; 81,5 ( 517: Vp - 8{1?;,82/3 VP’ we get

dud vy, dw;
L) =-0(Q%Vulv,w) — [ Cjamﬁa%? a;lz dac 0%

au?n 8% w; 8u?n ow;
= Jao Cjamps 90 Vp Broos, AX T Joao Ciams o Vol o A%
As a result of the two previous identities
0 0 0\] — ,0((O0. 0 o, ow;
—[I(0°) + L(u°) + I3(u®)] =8°(Q% Vul v, w) — fBQO CiampB G2 VpNp g dx

- fQO (8&(0) ve + £5(0 )ayq) w; dx + faﬂo fi(0)winqvy dx + frg gj(o)g%:l’q dSx

and becomes

b (Q% ', w) = — [0 Cjoum g 8rﬂ myn, M’ dx + [500 [5(0 )wjnqz/q dx+
fQO fj/»(O)wj dXJrng g;(0)divr () + ¢;(0)]w; dSx + fFO g;(0 l/q dSx.

Integrating by parts in »°(2%;u’,w) and choosing w with compact support
inside QV, this identity yields the following equation for u’ in Q°

0 oul, .
*% <cjamﬁamﬁ(x)) = f]/-(X, 0)7 J= 17 w0 (32)

However, to obtain a pointwise boundary condition for u’ we need to rewrite
the integral on 9 in such a way that no derivatives of the test function w are
involved.

Step 5: Boundary condition for the domain derivative u’. We integrate by
parts the original expressions of I;(u), i = 1,2,3 to get

8u9n .
L = fQO oo Cgamﬁ aw d1v( )) wjdx+ [0 Cjamp gz div(v)nqw; dSx,

10



o ) o Buor dw; ) 9 9 8“0, .
I = = Joo Cjoms oz ( Dy VP) do2 0% = [o0 Camp 5, Doy \ wsVp ) Widx
, o (Ouh Oy, _ 0%uy, _
+ fQO Ciamp Iz ( dxp Oy wj dx + faQo Cijamp Dapdrs pr]nadx
— o 0 Ouy, )
L = Joo o, 50 (Cﬁamﬁ’ 924 ’/Q> widX + [oo 5, (f5(0)vg) w;dx

fa m Oq nqw;dSx

Qo CJ@Mﬁ a;cg D

Adding up to compute —[I; + Iy + I3], integrating by parts b°(Q%;u’, w),
inserting in and setting v = 0 on Fd we find

Oy, duy, dvg
fF?L CamB g NaW; dSx = = [oq0 Ciamp 5= TP axan wj dSx

5240
- faQo Cjam,@[az 82?[; VpNe + azm le( )na}wj de

+fpo gj lel"( )+gj( )}w] dSx.

.. . 8%u® oud 9 o
Now, using identifies —cjamﬂﬁ VpNa = _%(gj(o)yp) + Cjamp 37;7; (gpf:)’
and g;(0)divp(v) + ¢;(0) = (gj (0)vp) — g;(0)n" Vrn + g}(0), we obtain
o o’ 9 o’ O(vpna
Ciamp %na = Cjamp 61;[3 a;lz Ng + Cjamp BZ;; (g];: ) (33)

)
Jrcmmg 3965 21, —g;(0)nTVrn + g;(0)

oy

onI'%. O

3 Study of diffusion problems in time dependent
domains

We study here parabolic problems of the form

er — kAe = f(x,1), xe€Q' t>0,
e=g(t), xelt, t>0, (34)
e(x,0) = ey, x € Q.

As in Section [2| we assume that the evolution of the moving part of the
boundary is given by a family of deformations [24]

={x+tv(x)|xel’},

starting from a smooth surface I'® € C? (twice differentiable) and following a
smooth vector field v € C(Q9) U C%(02°). We can assume e(t) = 0 by making
the change e = é+¢g. Then é solves with zero Dirichlet boundary condition,
initial datum eg(x) — ¢(0) and right hand side f(x,t) — ¢’(t). Therefore, we will
work with zero Dirichlet boundary conditions in the sequel. To solve we
will first refer it to a fixed domain and then construct converging Faedo-Galerkin
approximations.

11



3.1 Variational formulation in the undeformed configura-
tion
As usual, we denote as H}(Q!) the subspace of H!(Q!) formed by functions

whose trace vanishes on I'* with the induced norm. Multiplying by w! €
H(Q!) and integrating, we find

[ et ut oy ix'+ [ Fuel )Tt () it = [ plot )
Qt Ot

Ot

for each t. We use , 7 to refer these integrals to a fixed domain.
We define w(x) = w' o ¢*(x) = w!(x!(x)), ¢' as in (15). Notice that

d

_4 rdx
dt

e (x'(x),t)
(x () x -

le(x"(x), )] = Vxee(x'(x), 1)

d_ e ~
= &S(X, t) - (J ) Tvxe(xa t)TV(X)

After changing variables, problem reads: Find e € C([0,7],L*(Q%) N
L?(0,T; H}(Q°)) such that e(x,0) = eo(x) and

/QO & (x,t)w(x) det J*(x) dx — " Ve (x, )T (I (x)) " o (x)w(x) det I (x) dx

+ " Vie(x, )T (J1(x)T I (x)) " Vie(x, t)i(x) det I (x) dx (36)

= f(x, ) (x) det It (x) dx.
0o

Since w' € HE(Q), we have w € H}(QY). In fact, we can take the same
arbitrary function w € HE(Q°) for all ¢.

3.2 Construction of stable solutions
Consider a basis {¢1, ¢2,...,énr ...} of the Hilbert space L?(€2). We choose the
normalized eigenfunctions ¢; € H*(Q)NH(Q), j € N, of —A in HJ (), see [5].

Theorem 3.1 Let Q C R™ be an open and bounded C? domain. Given a
function f € C*([0,T); L*(Q2)) there exists a unique solution u € C([0,T]; H2(Q))N
HY(0,T; BY(Q)) of

/ ur(x, t)w(x) e(x, t) dx+/ Vu(x, t)Tb(x, t)w(x) dx+
Q Q (37)

/Vu(x,t)TA(x,t)Vw(x)dx:/f(x,t)w(x) dx,
Q Q

for allw € HE(), t € [0,T], provided

o A(x,t) € CHQ x [0,T]), b(x,t) € CL(Q x [0,T]) and c(x,t) € C*(Q x
[0,T7),
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o the matrices CM (t) with elements [, c(t)pmdrdx, m,k = 1,..., M, are
invertible for ¢t € [0,T],

o the matrices A(x,t) are uniformly coercive, that is, £* A(x, )€ > ag|€|?,
ag > 0, for all € € R™, and the scalar field c¢(x,t) is bounded from below,
c(x,t) > ¢o >0, for allx e R™ and t > 0,

e ug € L3(Q) and wy = div(A(x,0)Vug(x)) + b(x,0)T Vug(x) € L2(1).

Moreover, the solution depends continuously on parameters and data.
We obtain a solution for the original time dependent problem set in a moving
domain undoing the change of variables.

Proof. FEzxistence. We use the Faedo-Galerkin method [19, 20]. First, we
change variables u(x,t) = eMv(x,t), us(x,t) = e vi(x,t) + Av(x,t)], with
A > 0 to be selected large enough. We obtain similar variational equations for
v with an additional term Acv and g and f multiplied by e~**. Then we seek
approximate solutions v™ (x,t) = 2%21 () (x) such that

X UM X a X X X X
[t oo [ 3 auen st
M L X w(xX X
+/Q)\c(x,t)v (X,t)w(x,t)dx—l—/ﬂpz_‘:bp(x,t) 3xp( ,Hw(x) d
:/e*’\tf(x,t)w(x) dx,
Q
M
0= an(0)ém(x), am(0) = / 20 (%) (%)l

for all w € VM = span{ey, da,...,¢r}. We find a system of M differential
equations for the coefficient functions o, (t) setting w = ¢, k=1,..., M,

Za ) [ lmnx = - Zam /Zb () b

M n
> ) / [Z (1) G G+ Aelt) 10

m=1 p,q=1

(38)

(39)

dx + / e Mf(t) oy dx.
Q

This can be written as a linear system with continuous and bounded coefficients
in [0, 7]

LM = M) AM (1 + OV (1) M (1) + CM ) ()
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with initial datum @ (0), which admits a unique solution a™(t), t € [0,7]
[11]. Multiplying identity by ay and adding over k, we obtain

c(x, t)[vM(x t)|2dx+/ i apq(x t)ﬂ(x t)M(x t) dx
9 9 o Dq 9 amp ) al‘q )

p,q=1

—lc x,t)|oM (x,t)|? dx . X
+ [0 = G (x, d */Q;bp( 0
:/e_’\tf(x,t)vM(x,t)dx.

Q

Ld
24t Jg
oM

—(x,t)vM(x,t) dx (40)
Oz

Integrating in [0, 7] and using coercivity, lower bounds for A and ¢, L> bounds,
as well as Young’s inequality [5], we find

t t
%0/ |UM(x,t)|2dx—|—%/ /|WM(x,t)|2dxds+%/ /|UM(x,t)|2dxds
Q 0 Q 0 Q

lellnes 1
< Tﬂ ||UM(0)||L2(Q) + B Ilfll20,7,22(02))

for A large enough depending on ao, |ctl[zss, co, ||bllzsg, n. Gronwall in-
equality, and the fact that v™(0) — wug in L?, imply that ™ is bounded in
L>(0,T, L2(Q)) and L2(0,T, HL(Q)). We extract a subsequence v™" converg-
ing a limit v weakly star in L>°(0,T, L?(2)) and weakly in L%*(0,T, H}(Q)).
Moreover, 4 [o c(t) o™ (t) ¢y, dx tends to 4 [, c(t)v(t)y, dx in the sense of dis-
tributions in D’(0,T) for any k. Similar convegences hold for u™" and u = e .
We undo the change in (38)), multiply by a function ¢ € C2°([0,T)), integrate

over t and pass to the limit as M’ — oo to find

- /Q e(x,0) u(x,0)w(x)w(0) dx — ce(x, Hu(x, t)w(x)(t) dxds+

t - v w " M
/0 /Q lz apq(x,t);%)(x,t)(;l(x)+;bp(x,t)%xp(x,t)w(x)] U(t) dxds

p,q=1

= / e M f(x, t)w(x)y(t) dxds,
0 Jo

for any w € H}(2), so that the limiting solution satisfies the condition on the
initial data and the equation

cuy — div(AVu) + b ' Vu = f (41)

in the sense of distributions [20, 21].
Uniqueness. To prove uniqueness, we assume there are two solutions u; and
ug, and set u = u; — uy. We subtract the equations satisfied by both, multiply
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At

by u, set u = e*v and integrate over ) to get

1d ov

t t d t t)— t)d
T Rk x+/pq21apqx (1) (.1

v 1 2
—&—/sz_:lbp(X,t)axp(x,t)v(x,t)dx—l—/ﬂ(/\c—2ct)(x,t)|v(x,t)| dx = 0,

Using uniform coercivity, the L> bounds, and taking A large enough, we see that
Jo c(x, ) o(x, )2 < [, ¢(x,0)|v(x,0)|*> = 0. Therefore, the solution is unique.
Regularity. Next, we differentiate with respect to t to get

i ut(x tw(x) e(x,t) dx+/ YV (x,t)Tb(x, t)w(x) dx
Q

/Vut (x, )T A(x, 1) Vw(x )dx—i—/ﬂut(x,t)w(x) cr(x,t) dx
(42)

/ft x, Hw dxf/ u(x, t)w(x) e (x,t) dx
T
—|—/QVu(x,t) by (x, t)w(x) dx—l—/QVu(x,t) A (x, 1) Vw(x) dx,

with us(x,0) = wo(x). The functions Vu'b;, VuT Ay, ucy; define linear forms
in H'(Q2). Arguing as in Theorem 3.1, we see that the function w; is the unique
solution in C ([0, T; L?(Q2))NL3(0, T; H}(Q2)) of this problem. Then, implies
that —div(AVu)+b'Vu = —cu; + f € C([0,T]; L*()) zero Dirichlet boundary
condition. Elliptic regularity theory ensures that u € C([0,7]; H?(£2)).

Stability. The limiting solution inherits all the bounds established on the
approximating sequence. Therefore its L>([0,T]; H2(2)) and H'(0,T, H}(2))
norms are bounded from above in terms of constants depending on the param-
eters of the problem and the norms of the data. [J

Theorem 3.2 Under the hypotheses of Theorem 3.1, if f € L1(Q x [0,T])
and ug € L1(Q), then u, its first and second order spatial derivatives, and uy
belong to L1(Q x [0,T]), 1 < ¢ < 0.

Proof. We set v/c = u. Then Vu = Vv/c — v/c®*Ve and cuy = vy — ¢y/cv.
Therefore, v is a solution of

—diV(AVv)+AVCVv+Vv—i—[dw(Avc) bTvc—ct} = f.
c c? c2 c

The result is a consequence of the regularity result stated in Theorem 9.1 in
[17. O

4 Well posedness results for the quasi-stationary
submodels

In this section we establish the pertinent existence and regularity results for
the elliptic submodels and the stationary transport problem in fixed domains.
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Constructing solutions for the stationary transport problems considered here is
a non trivial issue. We are able to obtain them by a regularization procedure
under sign hypotheses on the velocity fields motivated by asymptotic studies,
which will have to be preserved by any implemented scheme.

4.1 Elliptic problems for displacements, velocities and con-
centrations

Consider the first the submodel for mechanical fields:

pAug + (4 A)Vdiv(us) — Vp =1V, on €,

pAVs + (u+ N Vdiv(vs) = Vp/, on ),

knAp — div(vy) =0, on €,

Ap' = (2u+ N)A€, on 2, (43)
P =DPextr P = Doxt onT,

u=0, v=0, onl'_,

(6(us) — (p+Tps)n=g, (6(vs)—pIn=g', onl,.
We denote by Hg _(£2) the Sobolev space of H'(£2) functions vanishing on I'_.

Theorem 4.1. Let Q C R”, n = 2,3, be an open bounded domain with C*
boundary 0. Let us assume that ¢ € H () and ¢’ € H*(Q). Given positive
constants p, A, kn, IL, there exists a unique solution u, € [H?*(Q)]" x [Hj _(Q)]",
v € [H Q)" x [Hy _()]", p € HY(Q), p' € H*(Q) of (43) for any pext, Pesx €
R and g, g’ € R™.

Moreover, if ¢, € WH9(Q) and ¢ € WH9(Q), n < q < oo, then p’ € WH4(Q),
v, € W24(Q), p € W34(Q) and u, € W24(Q).

Proof. The equation for p’ uncouples from the rest and provides a solution
p' € H?(Q) by classical theory for Laplace equations [5]. Next, the equation
for v is a classical Navier elasticity system which admits a unique solution
ve € [H*(Q)]" x [Hy _(Q)]™ [21]. Since the source Vp' € [H'(Q)]", elliptic
regularity theory implies v, € [H3(Q)]". Now, div(v,) € H?(Q) implies that the
unique solution p of the corresponding Poisson problem has H*(Q) regularity.
Finally, the equation for u, is again a classical Navier elasticity system with L2
right hand side which admits a unique solution u, € [H?(Q)]" N [Hg _(Q)]".
When ¢, € WH4(Q) and ¢’ € WH4(Q), we obtain the increased regularity [16].
Notice that since the boundary values are constant, we can construct extensions
to H*(Q2) and W*4 for the necessary k, q [5, 21]. O

Now, the equation for the concentrations is:

—dAc+ diV(VfC) = —kcgehs, xX €L,
c = ¢ xel_, (44)
Oc
871'1 = 0 X € F+,

given positive constants d, cg, k., g. and known functions v and ¢,.
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Theorem 4.2. Let Q@ C R™, n = 2,3, be an open bounded domain with
C? boundary 0. Given positive constants ke, g, d, co, a vector function v; €
[HY(Q)]" N C(Q), and a positive function ¢, € L?(Q) there exists a unique
nonnegative solution ¢ € H*(Q) of provided d is sufficiently large.

Proof. Set ¢ = ¢+ ¢g. The resulting problem admits the variational formu-
lation: Find ¢ € Hj _ () such that

d/ VETdex—/V}FEdeX—i—/ 5wvlTnde
Q Q I,

z—kcgc/ ¢Swdx+co/ V?dex7
Q Q

for all w € Hj _(€2). The continuous bilinear form is coercive provided d is large
enough compared to ||V f||oo. Thus, we have a unique solution ¢ € Hj _ () with
H?(Q) regularity.

The function ¢~ € Hy () satisfies

d/ \ch\de—/v?07ch dx—|—/ \cf|2v?nde: —kcgc/ psc” dx <0.
Q Q o+ Q

Coercivity implies ¢~ = 0 and ¢ > 0 provided d is large enough compared to
Vill.

For uniqueness, assume we have two positive solutions ¢; and ¢y in H(Q)
andset c=c; —cy € H&_(Q). Then w is a solution of

—dAc+div(vie) = 0, x€Q,
c = 0, xed,
Jc
— =0 o0+,
In , XE€

The variational equation with test function ¢ and coercivity imply ¢ = 0, that
is, ¢y = co. O

4.2 Conservation law for volume fractions

Consider the equation
div(—vyoy) + ksgstr = ksgs, xX€Q, (45)

where k, and g, are positive constants and vy a known function.

Theorem 4.3. Let Q2 C R™, n = 2,3, be a thin open, bounded subset,
with C* boundary 0Q. Let vy € [H?(2) N C(Q)|™ such that div(vy) < 0 in Q,
div(vy) € L*(Q) and V?n <0 a.e. on 0. We assume that Vv € [L"O(Q)]”2
with ||va||[Loo},,Lz small enough compared to ksgs. Then, given positive con-

stants ks and gs, there exists a solution ¢y € L*(Q) of in the sense of
distributions. Moreover,
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e 0< ¢y <1 onQ and ¢ does not vanish in sets of positive measure.

o ¢y € H'(Q) is the unique solution of the variational formulation in H'(Q)
and

1 .
ks [Vellre < [IVAiv(vy) ey

o If we assume that Q is a thin domain for which n ~ e, and div(vy) €
Wha(Q), n < g < oo, then Vy € LI(Q) and

1 .
2ks9slIVollza < [IVAiv(v) o

Proof. Eristence. For each & > 0, we follow [4] and let ¢. € H'(Q) be the
solution of the variational formulation

b(¢e,w) :5/ VQSETdeer/V?qSEdex—/ p-w v ndSy
Q Q o0
+/ ksgs ¢5w dx = / stSWdX = L(w), Yw € Hl(Q)
Q Q
of

—eA¢. — div(vide) + ksgsde = ksgs inQ, 88?16 = 0 onof. (46)

The bilinear form b(p,w) is continuous on H'(Q2) [21], while the linear form L
is continuous on L?(§). Since div(vy) < 0 and v?n < 0, the bilinear form b is

also coercive in H1(£2). Indeed,

1 1 L[
/V}FgﬁEngde b /vawgﬁdx = 5/ <>V} ndx — 5 /le(Vf)|¢5|2dx.
Q Q o Q

The positive term — [, div(vy)|¢.|?dx is finite because |¢.|* € L?(2) thanks to
Sobolev embeedings [T, [5]. Since the bilinear form fQ VoIV dx—i—fﬂ ksgsow dx
is coercive in H'(f2), we have a unique solution ¢. € H'(Q) by Lax Milgram’s
theorem [B]. We set w = ¢. and apply Young’s inequality [5] to obtain the
uniform bound [|¢. |72 < meas(€2)*/2 from

1 1
0<e [ |Voe|?dx — 7/ |¢)E\2v?nd5x+/ {—div(vf)—kksgs] |pe|? dx
) 2 Joq ol 2

1/2
= / ksgspe dx < Hksgs”L2 (/ ¢52) .
Q Q

Each of the positive terms in the left hand side of the above inequality are
uniformly bounded too. Thus, we can extract a subsequence ¢.. such that ¢,
tends weakly in L2(£2) to a limit ¢, and eV ¢, tends strongly to zero. Setting w €
C2°(9) in the variational formulation, and taking limits [9, [20], ¢ is a solution
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of in the sense of distributions. The variational equation holds with € = 0,
replacing the boundary integral by the duality z-1/2(90) < qbv?’;n, W > pi/2(9Q)
for w € HY(Q) [3].

L*> estimates. Setting 1. = ¢. — 1 and w = T we get

e [1vutPax- [ edPvindser | [_1diV(Vf) " ksgs] | dx
Q 2 Jaa ol 2
= / div(vy)yFdx <0.
Q
Thus, T = 0 and ¢. < 1. Similarly, we set 1. = —¢. to find
1 1
 [wurPax— g [ hwizasc [ |-gditvg) + b 1o Pax
Q 2 Joq ol 2
= —/ ksgspT dx < 0.
Q

Thus, 7 = 0 and ¢. > 0. Weak limits ¢ in L? inherit these properties. More-
over, implies that ¢ cannot vanish in sets of positive measure.

H' Regularity. Elliptic regularity for system implies that ¢. € H?(Q)
[2, B5]. We multiply by A¢. and integrate over 2 to get

—5/ |Ag.[Pdx — /vbTV¢EA¢de+ /[—div(vb) + ksgs] de Agpodx
Q Q Q
= / ksgsAp-dx.
Q
Integrating by parts, and using the boundary condition, we find
1 1
—g/ | A [*dx +/ ~div(vy) — ksgs | |Ve|?dx + 7/ V¢ [*vindSy =
Q al2 2 Joq
/ V[*diV(Vf) + ksgs}T d)evd)sdx - / vl,j,ackﬁbs,xj (bs,ackdx-
Q Q
We know that 0 < ¢. < 1. Therefore,
1. .
L[5 + | 96k < 9w o 19011
¢
b [ Vot B,
Q

If [Vvil[{pec)n2 is small enough compared to ksgs

1 .
§ksgs HV¢E HL2 S Hvle(Vf)”[L?]n :

We extract a subsequence ¢, converging weakly in H!(Q) to a limit ¢, strongly
in L2(Q), and pointwise in 2. The traces of ¢ on 9Q belong to L?(df2), and are
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weak limits of traces of ¢... Passing to the limit in the variational formulation

for (46), ¢ € H*(9) is a solution with e = 0 which inherits these bounds.
Uniqueness. Given two solutions ¢, € H'(Q), we set ¥ = ¢1 — ¢o.

Subtracting the variational equations we get for the test function v € H'(Q)

1

1
—f/ (V?H)W\de}—k/ {—div(vf)—i-k‘sgs [9|? dx = 0,
2 Jaq ol 2

that is, ¢1 = @2 in view of the signs. O

W regularity. By elliptic regularity, ¢. € W39(€2), since the source in
belongs to W4(Q). Following [4], we differentiate with respect to xy,
multiply by h(¢.)¢s, for h(d.) = (|Voe|? +0)@=2/2 add k and integrate over
Q to get

—5/ A(Vo )T h(pe) Ve dx+/ ksgsh(¢e)|Voe|? dx
Q Q
_/Ul,i(be}zizkh(qﬁi)(be,zkdx_/Ul,i,mk(be,zih(d)s)(be,zkdx
Q Q
—/Qdiv(vf)h((ba)W@de—/QV(div(vf))Th(qﬁE)(bEV(éde:0.

Sum over repeated indices is intended. Notice that Lemma 3.1 from [4] holds in

our framework for our thin domains, so that the first term is nonnegative. The
fourth term becomes

1/div(vf)(|V¢5|2+5)q/2dx—1/ (V6. |2 +8)/>vn dS,.
qJo q Jon
Putting all together we get
1
/ ksgsh(¢:)|Voe|* dx < —= / div(vy)(|Vee|? + 8)72dx
Q q.Jo
4 / Ot Doy Bemn Rl he) dx + / div(v)h(62) Ve dx
Q Q
+ / V(div(vy))Th(6:)d: Ve dx.
Q

We let 6 — 0 and use that [|Vv [,z is small enough to find

1 . -
§ksgs/ﬂ|V¢s|qu < IV(div(ve))lles [ Veellga',

which yields the bound we seek letting ¢ — 0. OJ

5 Well posedness results for the full model with
a known boundary dynamics

Once we have analyzed the different submodels, we consider the whole system
when the boundary of the domains 2! moves with time according to a given
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dynamics

MAUS + (:u + )\)Vdiv(us) —Vp=1IIVgs, in Qt7
PAVs + (u+ N Vdiv(vs) = Vp/, in QF,
knAp = div(vs), in QF,
Ap' = (2u+ N A€, in QF,
( ) / t un
D = DPexty; P = Poxt onT ’
uS:07 VS:07 OHP&,
(6(us) — (p+ 1) =g, on T,
(6(vs) —p'In =g'(Vu,), on T,
div(_vf¢f) + ksgs¢f = ks9s, in Qt, (48)
vV :7500vp+vsv ¢f+¢s = 17 in Qt,
!
Cfi% = kh(zﬂ + /\)Ael, in Qt’
e/ = eoxt, on I't, (49)
e'(0) = eo, on Q°,
—dAc+ diV(VfC) = —kcgchs, in QF,
o ot (50)
n 0 onT?.

Theorem 5.1. Let Q' C Q C R", n = 2,3, t € [0,T], be a family of open
bounded C* domains. The lower boundary T _ is fized, while the upper boundary
I is obtained deforming I'Y. along a vector field v(x) € C(Q)NC*(Q). Assume
that

. ;cxt(t), g(t), &'(t), Pext(t), Dot (1), co(t) € C([0,T]), eo € L*(Q0)NLI(Q°),
orq>n,

o eoxi, &, II and peyy are small enough.

Given positive constants p, A, I, kp, ks, ke, gs, ge, Eco, and d large enough,
system [ 7)-(50) admits a unique solution ¢’ € H?(Q) N W24(Q), uy €
QO] A WP(Q1), vy, vy € [HYQ)]", p e HYQY), p € HA(Q), 67,0, €
HY(QH)NWha(QY), c € H2(QY), for g > n, satisfying ¢ >0 and 0 < ¢, s < 1,
t € [0,T). Moreover, the norms of the solutions are bounded in terms of the
parameters and data of the problem.

Proof. Assume first that g'(Vu,) does not depend on u,. Then, the result
is a consequence of Corollary 3.3, Theorems 4.1-4.3 and Sobolev embeddings
1] (neither LY regularity nor conditions on the domain geometry nor smallness
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assumptions are needed). We calculate the unknowns according to the sequence
e, v, p, V§, O, b5, U, and c.

When g'(Vu,) does depend on ug, we construct ¢ thanks to Corollary
3.3. For each fixed t > 0, ¢ € H?*(Q!) N W24(Q!) and we can construct
p' € H?(QY) N W?24(QF). Next, we solve the quasi-stationary system by means
of an iterative scheme. At each step ¢, we freeze HV¢££_1) in the equation
for uS and g’(Vu 1) in the boundary condition for v, Initially, we set

= ¢oo € (0,1) constant and qbgco) =1 — ¢oo. We set u(® = 0. Theorem 4.1,

Theorem 4.2, Theorem 4.3 guarantee the existence of Vgl), p), u(l) V;l), (;5(1)

(1) , and ¢V, with the stated regularity.
In a sumlar way, given all the fields at step ¢ — 1, we can construct the
solutions for step ¢. Notice that ng_l) € W24 implies ng_l) € Wh>(Q) and

V}Zil) € C(Q). To apply Theorem 4.3 we also need to satisfy smallness and

sign assumptions that we will consider later. Assuming they hold, we get for

the elliptic system involving vg ), ugé) p© and for the transport equation for

g
12 20ty + IV 20y + 10 | 200y < CLHIVOL [ L2 (0t
+HIVP 2oy + IPextllzrsrzre y + ||g'(Vu§£71))||H1/2<r )+ llgllerrz e ),

1P w2 + 1V lwza ey + [0l w2y < CHITIVEE D Lary +

VP llLogey + I pextll,, - +g' (Val™ ) e el -1 )

@Iy a9y (r)

129 lws.a gy < CHIIVE lwraary + [Pextllws—1/a.a o)

¢
IV w2y < Eoollp®llwaagary + IV w2

1 ¢ . ¢
5Fs0s IV} llza < Vi (vl

Notice that VQS;Z) = —v¢§‘5). Combining the above inequalities, and pro-
vided IT and g’ are small enough, we obtain an upper bound for ||V§f)||Wz,q(Qt),

||v§é) lw2.ac0t), [|pt®) w2ty [|@s]lwraary, in terms of constants depending on
the problem data and parameters, and also on time, but remain bounded in
time for ¢ € [0, T7.
e guarantee by induction the smallness of ||V}~ |11 and div(v
W by induction the smallness of [v!”|yy1.<) and di §f)<0
Sf) n < 0. Initially, ¢(0) is constant and V¢( = 0. We construct vg ) and pH

in such a way that ||vS Il 2.0y , lp™ llws.ap» and ||vf w24 are bounded in
terms of the problem parameters and data. By Sobolev aneCtIOHS forn < qg<
00, ||vg )|| w1.e]n satisfies a similar bound, and can be made as small as required

by making g’ and Pext small. Then, HV¢f ||La is bounded by ||vf Il w21 and
is equally small. Furthermore, div(v;l))¢§c1) +v§c1)V¢}1) = —ksgscé}l) < 0. Since
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vgcl) and Vc{)}l) are small compared to —k:sgsqbgcl) < 0 which is almost constant.

Thus, div(v(") < 0. Finally, [, div(vi”)dx = [, , v{"” ndS, <0forall A C Q
so that vl(l) -n < 0 on 99.
By induction, if ||v§fﬁl) lljw1.0epn is small and vgffl) satisfies the sign condi-

tions, we can repeat the argument to show that this holds for vgf) too and that

it also satisfies the sign conditions. We need to estimate ||Vdiv(v(é_1))

which is possible since IT is small.

These estimates allow us to extract subsequences converging weakly to limits
Vs, Ug, P, ¢ satisfying variational formulations of the equations. Problem
is already studied in Theorem 4.2. ]

A similar result (except for the uniqueness) can be obtained by means of
an iterative scheme if we allow for almost constant smooth coefficients kp(¢y)

foo<¢f)7 gs(c>7 gs(c)'

l(zap

6 Discussion and conclusions

The study of biological aggregates and tissues often leads to complex mixture
models, combining transport equations for volume fractions of different phases,
with continuum models for mechanical behavior of the mixture and chemical
species [I5] 26l 27]. These models are set in domains that change with time,
because cells grow, die and move and because of fluid transport within the
biological network. Here, we have considered a fluid-solid mixture description of
the spread of cellular systems called biofilms, which could be adapted to general
tissues. These models involve different time scales, so that part of the equations
are considered quasi-stationary, that is, they are stationary problems solved at
different times in different domains and with some time dependent coefficients.
Such equations are coupled to time dependent problems set in moving domains
and to variables not directly characterized by means of equations.

In this paper, we have developed mathematical frameworks to tackle some
of the difficulties involved in the construction of solutions for these multiphysics
systems and the study of their behavior. First, we have shown how to improve
these models by characterizing time derivatives of solutions of stationary bound-
ary value problems with varying coefficients set in moving domains in terms of
complementary boundary value problems derived for them. In this way we ob-
tain a quasi-stationary elliptic system for the mechanical variables of the solid
phase, not only displacements and pressure, but also velocity, that can be solved
at each time coupled to the other submodels. This option is more stable than
evaluating velocities as quotients of differences of displacements calculated in
meshes of different spatial domains. On one side, the error committed is easier
to control. On the other side, the computational is cost smaller, since we use a
single mesh at each time. Once we know the velocity of the solid phase and the
pressure, the velocity of the fluid phase follows by a Darcy type law. Next, we
have devised an strategy to construct solutions of an auxiliary class of time de-
pendent linear diffusion problems set in moving domains with parametrizations
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satisfying a number of conditions. We are able to refer the model to a fixed
domain and then solve by Galerkin type schemes. The complete model involves
a quasi-stationary transport problem. We show that we can construct smooth
enough solutions by a regularization procedure, under sign hypothesis on the
fluid velocity field suggested by asymptotic solutions constructed in simple ge-
ometries. Once we know how to construct stable solutions of each submodel
satisfying adequate regularity properties, an iterative scheme allows us to solve
the full problem when the time evolution of the boundary of the spatial region
occupied by the biological film is known.

In applications one must couple these models with additional lubrication
type equations for the motion of the film boundary, see equation . Perturba-
tion analyses [7] provide approximate solutions with selfsimilar dynamics for h.
Establishing existence and regularity results for such complex models that can
guide construction of reliable numerical solutions is a completely open problem.
The techniques we have developed are general and can be applied in models
with a similar structure arising in other biological and chemical engineering
applications.

Appendix: The model equations

We study biofilms as solid-fluid mixtures, composed of a solid biomass phase and
a liquid phase formed by water carrying dissolved chemicals (nutrients, autoin-
ducers, waste). Under the equipresence hypothesis of mixtures, each location x
in a biofilm can contain both phase simultaneously, assuming that no voids or
air bubbles form inside. Let us denote by ¢4(x,t) the volume fraction of solid
and by ¢f(x,t) the volume fraction of fluid, which satisfy

¢s+¢f =1L (51)

Taking the densities the mixture and both constituents to be constant and equal
to that of water py = ps = p = pu, the mass balance laws for ¢, and ¢; are
18, 23]

06
4 dV(0,v.) = (600, Tu(00s0) = b (52)
O 1 div(ovy) = 12600, (53)

where vy and vy denote the velocities of the solid and fluid components, re-
spectively, ¢ is the substrate concentration and rs(¢s,c) = ks % ¢s stands
for the production of biomass due to nutrient consumption. The parameters K.
(starvation threshold) and ks (intake rate) are positive constants. The substrate
concentration ¢ [7} 6] is governed by:

oc . . _ _ ¢
E + le(VfC) - le(dVC) - _rn((b& C)) Tn((/l)sa C) _(bskcr}—{c7 (54)
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where r,,(¢s, ¢) represents consumption by the biofilm. The parameters d (dif-
fusivity), k. (uptake rate) and K. (half-saturation) are positive constants. We
impose zero-flux boundary conditions on the air-biofilm interface and constant
Dirichlet boundary condition on the agar—biofilm interface. In equation ,
typical parameter values are such that the time derivatives can be neglected.
The solutions depend on time though the motion of the biofilm boundary.

Adding up equations and , we obtain a conservation law for the
growing mixture:

0 =div(psvs + ¢pvy) = div(v) = div(vs + q), (55)
where v = ¢,v, + ¢¢vy is the averaged velocity and

q= ¢f(vf - Vs) (56)

is the filtration flux.

The theory of mixtures hypothesizes that the motion of each phase obeys
the usual momentum balance equations [I8]. In the absence of external body
forces, the momentum balance for the solid and the fluid reads

posas +dives + pos(fs + Vrg) =0, poray + dive s + pos(fy + V) = 0. (57)

In biofilms, the velocities v, and vy are small enough for inertial forces to be
neglected, that is, psas = pray ~ pa ~ 0, where a,, ay, a denote the solid, fluid,
and average accelerations.

Let us detail now expressions for the stresses and forces appearing in these
equations, following [7, [I8]. When the biofilm contains a large number of small
pores, the stresses in the fluid are

gfr = 7(,25pr, (58)

p being the pore hydrostatic pressure. In case large regions filled with fluid were
present, the standard stress law for viscous fluids should be considered. Under
small deformations, and assuming an isotropic solid, the stresses in the solid
biomass are

N . 1/0u; Ou;
0s=05—¢spl, 05= )\TF(E(U.S)) I+ 2M€<us)> gij(u) = 9 (393 + 8xj )’ (59)
j i

where u; is the displacement vector of the solid, e(u) the deformation tensor,
and A, u, the Lamé constants. The stresses in the solid are due to interaction
with the fluid and strain within the solid.

The interaction forces and concentration forces satisfy the relations ¢fs +
¢sfs = 0 and ¢, V7, + ¢y Vm = 0 [I8]. The osmotic pressure is a function
of the biomass fraction ¢; = II(¢,) [23]. For isotropic solids with isotropic
permeability the filtration force



where kj, (hydraulic permeability) is a positive function of ¢ [I8]. Typically,

kn(o5) = %, where ( is a friction parameter often set equal to ( = 5(%)2 >0

and ¢ is the “mesh size” of the underlying biomass network [23].
Using the expressions for the stress tensors (58)) and (59)), equations
become

divés + ¢ (—Vp+ V) + ¢sfs =0, ¢p(—Vp+ Vm) +opf; =0. (61)
Combining 7 , and we obtain
q = —k‘hV(p—ﬂ') Zd)f(Vf —Vs). (62)

This is Darcy’s law in the presence of concentration gradients.
Adding up equations , we find an equation relating solid displacements
and pressure

divés(us) — Vp=0. (63)

At the biofilm boundary, the jumps in the total stress vector and the chemical
potential vanish:

(&s - pI)n =tewty D— T = Peat — Tf ext,

when applicable.

The solid velocity is then vy = 85‘;. These equations are complemented by
and , which now becomes
div(vy) = —div(q) = div(k, V(p — 7)). (64)
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