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Abstract

We prove the following dichotomy result for the spaces fp((fl)a(X ,Y') of all operators
T € Z(X,Y) whose approximation numbers belong to the Lorentz-Zygmund sequence
spaces €y, (logl)o: If X and Y are infinite-dimensional Banach spaces, then the spaces

,,fp(‘z)a(X, Y) with 0 < p < 00, 0 < ¢ < 00 and « € R are all different from each other, but
otherwise, if X or Y are finite-dimensional, they are all equal (to £ (X,Y)).

Moreover we show that the scale {.zo(jj)q (X,Y) }o<g<oo is strictly increasing in ¢, where

,fo(g,)q(X ,Y') is the space of all operators in .Z(X,Y’) whose approximation numbers are in
the limiting Lorentz sequence space {4 -

1 Introduction

Diversity of spaces of functions is a classical problem that has attracted the attention of many
authors (see, for example, [32, 2.3.9]). In particular, Besov [5] has also contributions to this
question. We are interested here in diversity, but for certain spaces of operators. Namely, for
Banach spaces X,Y and parameters 0 < p < oo and 0 < ¢ < o0, let .i”p(z) (X,Y) be the space
of all bounded linear operators T' € £ (X,Y’) whose approximation numbers (a,(7")) belong
to the Lorentz sequence space £, 4. As one can see in the monographs by Pietsch [26, 27] and
Konig [15], these spaces of operators play an important role in Operator Theory.



Intimately related with .,iﬂp(ff]) (X,Y) are the spaces .,%ég},(X, Y), formed by all T € Z(X,Y)

such that >°°° | a,(T)%n ! < oo, and the Lorentz-Zygmund spaces of operators ,,2”,7(:2)704()( YY),
consisting of all T' € .Z(X,Y) such that (a,(T')) € £y 4(log £)q, where ¢, 4(log £), is the Lorentz-

Zygmund sequence space and a € R. We refer to [6] for properties of the spaces .Zp(z),a (X,Y),

and to [10, 9] for properties of ECS&)(Z(X, Y). Note that for Hilbert spaces H, K and for ¢ = 1,
the space O(s )1 (H, K) was introduced by Macaev [18]. It is very useful in a number of questions
concerning operators between Hilbert spaces (see [18, 13]).

If the operator T belongs to any of these spaces of operators, then one has information
on the speed of convergence to zero of its approximation numbers a,(7) and therefore on the
degree of compactness of 7. As we will show later, if X and/or Y are finite-dimensional,
then all these spaces of operators coincide with Z(X,Y’). It is well known that there exist
Banach spaces with few operators on them (see, for example, [19]). Therefore it is important
to know whether, for arbitrary infinite-dimensional spaces X and Y, these spaces of operators
are always different whenever their parameters are distinct.

At this point there are two options, either to base the arguments on deep results on ap-
proximation numbers (see [22]), or on results of interpolation theory and basic properties of
approximation numbers. Following this second way, Cwikel and the present authors have
shown in [8, Theorem 4.3] that, if X and Y are infinite-dimensional, all spaces Zp(z) (X,Y)
with 0 < p < 0o and 0 < g < oo are different from each other. The arguments in [8] do not

apply to the spaces .zfg )q(X ,Y') with 0 < ¢ < co. Via a different approach we show in Section

4 that for arbitrary infinite-dimensional Banach spaces X and Y the scale {.,%O(S )q(X Y ) bocgeoo

is strictly increasing in gq. To prove this, we use the representation of operators in DS,”p(z) (X,Y)
in terms of finite rank operators, which is an outstanding consequence of the description of
fp(z) (X,Y) as approximation space (see [25]). As one can see in the recent paper by Pietsch
[28], results of this type are of interest in the study of traces on operator ideals defined over
the class of all Banach spaces.

In Sectior(l )4 we also consider the corresponding problem for Lorentz-Zygmund spaces of

operators Zpqa(X,Y). For this aim we distinguish several cases. Sometimes we base the
arguments on our previous achievements with Cwikel [8], some other times we rely on the

representation of the operators in .,ZZ,(’Z)@(X ,Y) in terms of finite rank operators, and finally
we also use ideas of interpolation theory.

The organization of the paper is as follows. Section 2 is devoted to Lorentz-Zygmund
sequence spaces. Properties of Lorentz-Zygmund function spaces on non-atomic measures
spaces have been studied in great detail in the literature (see, for example, [2, 11, 23]), but
concerning Lorentz-Zygmund sequence spaces there are much less papers. These spaces are
important special cases of the more general class of weighted Lorentz sequence spaces ¢}, 4(w)
with so-called quasi-logarithmic weights. Baumbach [1] investigated these spaces, in particular
he completely clarified under which conditions there are embeddings between two spaces of
this type. We specify his results to the subclass of Lorentz-Zygmund sequence spaces.

In Section 3 we deal with logarithmic perturbations (Ao, A1), of the real interpolation
method in the quasi-Banach setting. These are the most natural interpolation methods in the
context of Lorentz-Zygmund spaces. Among other things, we prove that (A, A1), contains
a subspace isomorphic to ¢, provided that (Ap, A1) is a quasi-Banach Gagliardo couple such
that Ap N A; is not closed in Ag + A;. This extends a result that Lévy [16] established for the
real method and for Banach couples, and it will be useful for us in Section 4, where we prove



the results mentioned earlier on spaces of operators.

2 Lorentz-Zygmund sequence spaces

In what follows, given two non-negative real sequences (n,,) and (7,), we write 9, < 7, if there
is a constant ¢ > 0 such that n, < c¢r, for all n € N. We put n,, ~ 7, if 9, <7, and 7, < 1.
Let w : [1,00) — (0,00) be a function with w(1) = 1 and satisfying the condition

lim w(at)

A =1 foralla>0. (2.1)

These so-called quasi-logarithmic weights were investigated by Baumbach [1]. He studied the
corresponding weighted Lorentz sequence spaces £p 4(w), 0 < p < 00, 0 < ¢ < 00, consisting of
all bounded scalar sequences & = (&) such that the quasi-norm

0 1/q
<Z (nl/p_l/qw(n)ﬁ;’;)q) if ¢ < o0
1€1le, o (w) = § \n=1
sup n/Pu(n)Es
neN

(2.2)
if ¢g =00

is finite. Here () is the non-increasing rearrangement of £, given by
& :=inf {6 > 0:card{k € N:|&| > 6} <n}.
Here we are only interested in the subclass of Lorentz-Zygmund sequence spaces, i.e. the spaces
by q(log €)=, (wg) with we(t) = (1 +1logt)* and o € R.

Clearly all weights w, satisfy condition (2.1). The quasi-norm (2.2) on ¢, 4(log¥), is given by

(o) l/q
i€l <Z (n'/P=1/4(1 + log n)ag;g)q> if ¢ < 0
D, -

n=1

sup n'/P(1 + logn)*&" if g =o00.

neN
We refer to [2, p. 10] and [3, p. 285] for properties of these spaces. Note that for & = 0 we
recover the usual Lorentz sequence space ({pgq, || - |lpq) (see [15, Section 1.c] and [27, Section
2.1]). In particular, if p = g, then ¢, , is space of p-summable sequences ,,.

The limit case p = oo of Lorentz sequence spaces will also be of interest for us. Recall that

(see [10, 9]) the space {4, 0 < ¢ < 00, consists of all bounded sequences of scalars £ = (&)

having a finite quasi-norm
- * —1 1/q
€lloeq = (D_€rym™)
n=1
As pointed out in the monograph [15, Proposition 1.c.10], the Lorentz sequence spaces £ 4
are all different from each other. The main index is p, determining that sequences in ¢, ; have

a power decay as n~Y/P. The index ¢ yields a further logarithmic decay as (1+1log n)_l/q. The
spaces (), 4 are lexicographically ordered (by inclusion resp. continuous embeddings), that is,

po <p1 and 0 < qo,q1 <00 or

/¢ — / —
Po,q0 P1,91 {po =p1 and 0 < q0 S q1 S 0.



Moreover, all these embeddings are strict, unless (p1,q1) = (p2, ¢2)-

For Lorentz-Zygmund sequence spaces the picture is more involved, because in addition to
the influence of p and ¢ we also have the action of (1 + logn)®. Hence, both indices ¢, o are
responsible for the logarithmic decay of sequences in ¢, 4(log¢),. This gives more flexibility,
which is very useful as the following example illustrates. For every A > 0, the sequence

(&) = (nil/p(l +logn)*) belongs to €. for all e > 0, but not to £, .

That means, the classical Lorentz spaces cannot distinguish sequences having the same power-
like decay and additional logarithmic factors with different positive exponents. However,
Lorentz-Zygmund spaces can ’see’ the difference, since we have, even for arbitrary A € R
and 0 < g < o0,

(&n) € lpq(logl)y <= a < —A—1/q and (&n) € Lpoo(logl)q <= a < —A.

Baumbach [1] studied weighted Lorentz sequence spaces ¢, ,(w) with quasi-logarithmic weights.
In particular he found necessary and sufficient conditions for the existence of embeddings
between these spaces, see [1, Satz 3.1 and Satz 3.4]. Specified to the subclass of Lorentz-
Zygmund spaces £}, 4(log ¢),, his results can be formulated as follows.

Theorem 2.1. Let 0 < pg,p1 < 00, 0 < qo,q1 < 00 and —o0 < g, a1 < oo. Then there is an
embedding €y q0(10g €) 0y — Lp, g (10g ), if, and only if, one of the following three conditions
1$ satisfied.

(i) po < p1
(it) po =p1,01 < g and oy +1/q1 < ap+1/qo
(iii) po =p1,q0 = @1 and ag = o
Furthermore, all embeddings in (i) and (ii) are strict.
We conclude this section by a few remarks.

Remark 2.2. It follows from this theorem that any two Lorentz-Zygmund sequence spaces
are always different, except when all three parameters coincide.

Remark 2.3. It is clear that the lexicographical ordering of the family of Lorentz spaces
¢p,q has no analogue for the family of Lorentz-Zygmund spaces. Any two Lorentz spaces are
always comparable (meaning that one is contained in the other), but there are many pairs of
incomparable Lorentz-Zygmund spaces, as can easily be seen from the conditions (i)-(iii) in
the previous theorem.

3 Logarithmic interpolation methods

By real interpolation of the couple (¢,,,¢p,) one gets Lorentz sequence spaces (see [4, 31]). In
order to obtain Lorentz-Zygmund spaces from this couple we work with logarithmic perturba-
tions of the usual real method. In this section we first review these logarithmic interpolation
methods in the quasi-Banach setting, and then we extend a result of Lévy [16] on existence of
subspaces isomorphic to ¢4 in the real interpolation spaces (Ao, A1)g,4 to logarithmic methods.
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This will allow us to establish a result on strict embeddings of logarithmic interpolation spaces
which we will need in the last section.

Recall that if (A, || - ||) is a quasi-Banach space with constant ¢4 > 1 in the quasi-triangle
inequality and 0 < r < 1 satisfies that 21/7~! = ¢, then, according to the Aoki-Rolewicz
theorem (see [26, Section 6.2] or [15, Proposition 1.c.5]), there is an equivalent r-norm || - ||,

on A, that means it satisfies ||z + y||% < [|z||5 + ||y||} for any z,y € A. Then we say that A is
an r-Banach space. Note that every r-norm is also an s-norm for all 0 < s < r.

Let (Ap, A1) be a quasi-Banach couple, that is to say, two quasi-Banach spaces Ag, A; which
are continuously embedded into the same Hausdorff topological vector space. When Ag, A;
are both r-Banach spaces, then we refer to (Ao, A1) as an r-Banach couple and, if r =1, as a
Banach couple.

We endow the intersection Ag N A; with the quasi-norm ||a|| = max{||a|| 4., ||a|l4, } and the
sum Ay + A; with the quasi-norm K (1,-), where

K(t,a) =inf {||lag)la, + tlla1lla, :a=ao+a1,a; € A;} , t>0,a€ Ag+ Ay,

is the Peetre’s K-functional of the quasi-Banach couple (Ag, A1). If || - [|4, is an r-norm for
7 =0,1, then it is useful to consider the functional

. 1
Ko (t, @) = inf { (laolfs, + " llas I,) "

ta=ag+ai,a; EAj},
which is an r-norm in Ag + A1 and satisfies

K(t,a) < Kp(t,a) < 2Y""'K(t,a) forallt>0and a € Ag+ A;. (3.1)

Let (Ag, A1) be a quasi-Banach couple, 0 < ¢ < oo and o(t) = t?(1 + |logt|)~®, where
0 < 8§ <1and o € R. Then the logarithmic interpolation space (Ag, A1)g,q is formed by all
elements a € Ag + Ay for which the quasi-norm

1/q
oo ( K(t,a d .
B ( g((t)))th) if ¢ < o0
lalle.q = K(t,a) o —

o(t) =00

t>0

is finite (see, for example, [14, 20, 24, 12] and the references given there). If & = 0 we recover
the usual real interpolation space (Ao, A1)gq (see [4, 31, 3]).
Let (Ap, A1) be any quasi-Banach couple. It is not hard to check that | - ||, 4 is equivalent
to the quasi-norm
(> jm(a)q)l/q if ¢ <
lallo.qr = mek .

sup Jjm(a) if ¢ = o0,

MmEZL
where

Jm(a) =279 (1 + |m|)*K,(2™,a) form € Z and a € Ay + A; .

The description of (Ag, A1), by means of || - ||, 4 shows that
(Ao, A1)op — (Ao, A1)pq provided that 0 < p < ¢ < oo. (3.2)

Note that || - ||,q;r is even an r-norm, if (Ap, A1) is an r-Banach couple and ¢ > r.



IfO<py<p <o00,0<60 <1, 1/p=(1—-0)/po+0/p1, 0 < q< o0, @ €R and
o(t) = t(1 + |logt|)~®, it turns out that

(Upo> p1)og = Upq(logl)q  (with equivalent quasi-norms)

(see [21, Example 3] or [20, Théoreme 1]).
For j = 0,1, we write AJ-N for the Gagliardo completion of A;, formed by all a € Ag + Ay
having a finite quasi-norm

lafla~ = sup{t /K (t,a) : t > 0}, j = 0,1,

see [3, 4]. Note that

: . K(t,a)
iy = Jim ()t ol = gy

We say that the quasi-Banach couple (Ao, A1) is a Gagliardo couple if Aj = A7 for j =0, 1.
Lévy established in [16, 17] that if (Ag, A1) is a Banach couple such that Ag N A4; is not
closed in Ag+A; and 1 < g < oo, then (A, A1)g 4 contains a subspace isomorphic to ¢,. Cwikel
and the present authors [8] extended this result to quasi-Banach couples and to the full range
of ¢, 0 < ¢ < 0o. Next we study the existence of subspaces isomorphic to ¢; in logarithmic
interpolation spaces. For this aim we follow the approach and ideas developed in [8].

Lemma 3.1. Let (Ag, A1) be a couple of r-Banach spaces for some 0 < r < 1. Suppose that
there is a constant C > 1 such that, for some fized 6 € (0,1) and a € R,

K, (t,a) < Co(t) ||al|ag+a, for allt>0 and alla € AgN Ay, (3.3)
where o(t) = t%(1 + |logt|)~®. Then there is a constant D > 1 such that
lallaynay < D llallag+a, for alla € AgnA;.
Proof. Pick 01,0, with 0 < 61 < 6§ < 05 < 1. Then there are constants M7, My > 1 such that

Mt for0<t<1
t) =t%(1 4 |logt])™@ < -
ot ( [ logt)) _{M2t92 for 1 <t < o0.
This together with (3.1) implies that for all a € Ag N A; the following inequalities hold
K, (t,a) < CMt%||al| gy 4, forall0<t<1,

K, (t,a) < CMt®|lal|4p4a, foralll <t < oo.

Then the iteration procedure in the proof of [8, Lemma 3.1] shows that there are constants
Cr = Cx(C, My, 60r) > 1,k = 1,2, such that

K, (t,a) < Cit|a||ag+4, for0<t<1, (3.4)

K, (t,a) < Collaljag+a, forl<t<oo. (3.5)



Taking the limit as ¢ — 0 in (3.4) and the limit as ¢ — oo in (3.5), and using the inequality
K(t,a) < K,(t,a), for all a € Ag N A; we obtain that

K(t,a) K, (t,a)

lalla = tim = < lim < Cillallagsa,

and
lallay = Jim K(t,a) < lim K,(t,a) < Callafapta, -

Setting D = max{C}, C2}, we conclude that

lallagnay < Dllallag+a, for all a € AgN Aj.

We can now proceed as in [8, Theorem 3.2] to establish the following result.

Theorem 3.2. Let (Ag, A1) be a Gagliardo couple of quasi-Banach spaces, let 0 < q¢ < oo
and o(t) = t%(1 + |logt|)~® with 0 < § < 1 and o € R. Then the following conditions are
equivalent.

(i) Ao N Ay is closed in Ay + Ay with respect to the quasi-norm of Ay + Aj.
(11) (Ao, A1)g,q is closed in Ag + Ay with respect to the quasi-norm of Ag + Aj.

Proof. (i) = (i7): The description of (Ag, A1), in terms of the J-functional (see [4, Theo-

rem 3.11.3] and [24, Theorem 2.1]) yields that AgNA; C (Ao, A1)eq € Ao N A1H'||A°+A1 . Hence,
if (¢) holds, then (Ag, A1),q = Ao N Ay is closed in Ag + Ay with respect to the quasi-norm of
Ag + Ay

(17) = (i): Since (Ap, A1) is a Gagliardo couple, we have Ao N A; = Ay N A". Moreover,
according to the Aoki-Rolewicz theorem, we can assume that Ag and A; are both r-normed
for some 0 < r < 1. Under the assumption (i), it follows from [29, Corollary 2.12] that there
is a constant M > 0 such that

lallog < Mllalag+a, for all a € (Ao, A1)y -
Using that (Ao, A1) — (Ao, A1)p,00 and (3.1), we obtain that there is C' > 0 such that

sup o(t) 'K, (t,a) < Cllal|ags 4, for all a € A7 N AT .
>0

The constant C' is bigger than or equal to 1 because
lallag+a, = K(1,a) < 0(1) "' Kr(1,a) < Cllaflag+a, -
Consequently, applying Lemma 3.1, we derive that AgNA;=A5 N A7 is closed in Ag+A4;. O

Theorem 3.3. Let (Ag, A1) be a quasi-Banach couple, let 0 < q < oo and o(t) = t(1 +
|logt])™ with 0 < 0 <1 and a € R. If (Ao, A1),,q is not closed in Ay + Ay with respect to the
quasi-norm of Ag + Ay, then (Ao, A1), contains a subspace isomorphic to ¢ .



Proof. Due to the Aoki-Rolewicz theorem we can assume that Ay and A; are both r-normed
for some 0 < r < 1. Consider on Ag + A; the r-norm K, (1,-) and on (Ag, A1), the r-norm

lallg,q:r = I(Gm(a))mezllq , where
Jm(a) = 277" (1+ |m|)* K, (2™, a) .

Given any 0 < € < 1, proceeding as in [8, Theorem 3.3|, one can construct inductively a
sequence (z,) C (Ao, A1),,4 and an increasing sequence (N,,) C N with the following properties:

(@) |lznllogr =1 for alln € N,
1/q
(b) ( Z jm(l“n)q> <27 forallneN,
|m|>Nn

1/q
() ( Z jm(iﬂn)q> <277 foralln > 2.

|m|§Nn—1

Then, by the same arguments as in [8, Theorem 3.3|, it follows that the sequence (z,,) is
isomorphic to the unit vector basis of /,. In fact, for every sequence of scalars with finitely
many non-zero entries we have

0 00 0o
Mo( > o) < || Zanxnﬂgw <Mi(Y e 7)
n=1 n=1 —

with constants
My = My(e,7) = (1 —3¢")Y" and M; = My(e,r) = (1+2")Y/". (3.6)
O

Remark 3.4. In the special case when (Ap, A1) is a Banach couple with Ay — A; and
1 < ¢ < oo, the fact that (Ag, A1), contains a subspace isomorphic to ¢, was shown in [7,
Lemma 7].

Theorem 3.3 allows us to establish the following result on strict embeddings of logarithmic
interpolation spaces.

Theorem 3.5. Let (Ao, A1) be a quasi-Banach Gagliardo couple such that Ao N Ay is not
closed in Ay + Ay with respect to the quasi-norm of Ag+ A1. Let 0 < 0 < 1, a € R, o(t) =
t?(1+ |logt])=® and 0 < p < q¢ < 0o. Then the embedding

(Ao, A1) gp — (Ao, A1)gq (3.7)

18 strict.

Proof. Pick 0 < r <1 such that (Ao, A1) is an r-Banach couple. As it is pointed out in (3.2),
the embedding (3.7) holds. To show that it is strict we proceed by contradiction. Assume that
X = (Ao, A1)pp = (Ao, A1)gq. Then, for any p < s < ¢ we have (Ag, A1),s = X. So we can
assume that ¢ < oo in (3.7).



Now let € > 0 be sufficiently small so that My(e,r) in (3.6) satisfies that My(e,r) > 1/2.
We shall fix later the value of ¢ satisfying one more additional condition. We can construct
a sequence (z,) C X satisfying properties (a), (b), (c), so that (z,) is equivalent to the unit
vector basis (ey) in £,. In particular, we get

N
1Y@l = Mo(e,)NYP > NYP/2 for all N € N. (3.8)

n=1

By our assumption, || - ||ops and || - ||o,qr are equivalent quasi-norms on X. Hence there is a
constant C' > 1 such that

lallgq:r < llallopr < Cllallggr forallae X. (3.9)

Now we consider the vectors y,, := zp/||Zn||p,q:r- Then clearly
(a") HynH@,q;T =1 forallneN.

Moreover, due to ||z, ||op:r = 1 and (3.9) we have jp, (yn) = jm(zn)/l|Znll o, < Cjm(zn). Since
p < q, this implies

1/q 1/p 1/p
(b*) ( > jm(yn)q> §< > jm(yn)p> gC( 3 jm(%)p> <o Ok,

|m|>Np, |m|>Nnp |m|>Nnp

Similarly

1/q 1/p
(C*) ( Z ]m(yn)q> S C < Z ]m(azn)p> S 27n/r CE.

‘m‘Sanl |m|§Nn,1
The conditions (a*), (b*), (c*) are in complete analogy to (a), (b),(c). We have just replaced
p by g and € by Ce. Let M; = M;(Ce,r),j = 0,1, be the constants given by (3.6). Choose
e > 0 small enough so that in addition to My(e,r) > 1/2, we also have that My > 0. Then,

the arguments in [8, Theorem 3.3] yield that (y,) is equivalent to the unit vector basis in ¢,.
For any finite sequence (a,), we have

Mo( Y- ol )" < | angmll, g < M1 (D lan]7) 7. (3.10)

n=1 n=1 n=1
Now we take
an = [|znllogr < [|Znllopr = 1.
So apty = yn. By (3.8) and (3.10), for any N € N we get

1 N
1
5N p 0,p;T < CH anHg,q;T
n=1

N
n=1

IN

N N
~ 1
= C’H ZanynHM;r < CMl(Z \an|q) /q
n=1 n=1
< CM;N'a.
Consequently, s
NYP=Va < 20M, for any N € N
which is impossible. O



4 Spaces of operators

This is the central section of the paper. It contains our main results on the spaces .Z)(g,)q(X Y)
and .,%;(ff]),a(X, Y).
In what follows, X, Y are Banach spaces, and .Z(X,Y") stands for the space of all bounded

linear operators from X into Y. The approzimation numbers of an operator T € £ (X,Y) are
defined by

an(T) =inf{||T — R| : R € Z(X,Y) with rank R <n}, neN.

Clearly, | T|| = a1(T') > a2(T) > --- > 0. The faster the asymptotic decay to 0 of (a,(T)), the
better T' can be approximated by finite rank operators, and therefore the better is the ’degree
of compactness’ of T. We measure the asymptotic decay rate of (a, (7)) with the help of the
Lorentz-Zygmund sequence spaces.

Subsequently, it will be useful to work with generalized approximation numbers, where the
error of approximation by finite rank operators is not measured in the operator norm, but
in a stronger quasi-norm | - ||g. If (E,|.||g) is a quasi-normed space which is continuously

embeddded into Z(X,Y), then we set
an(T; E) =inf{||T — R||g: R€ Z(X,Y) withrank R <n}, neN.

For 0 < p < 00, 0 < ¢ < o0 and a € R, the Lorentz-Zygmund space of operators
XZSZ),Q(X, Y') consists of all T' € Z(X,Y) having a finite quasi-norm ||T'||.¢,a = [|(@n(T))]p.g,c
(see [6]). When a = 0, we recover the Lorentz spaces of operators (fp(z) (X,Y), ] - |lp.q) (see
[30, 27, 15]), and if in addition p = ¢, then we obtain the space (jfp(a) (X,Y), - 1lp) (see [26]).
The limit case p = oo, = 0,0 < ¢ < oo is also of interest for us. The space fo(f,i)q(X, Y) is
formed by all T € Z(X,Y) for which the quasi-norm ||T|s,q = |[(@n(T))]/s0,q is finite (see

[10, 9]). When H, K are Hilbert spaces and g = 1, the space fo(g )1 (H, K) was introduced by
Macaev (see [18] and [13]).

For arbitrary infinite-dimensional Banach spaces X and Y, Cwikel and the present authors
have shown in [8, Theorem 4.3] that all spaces ,,iﬂp(fé) (X,Y) of Lorentz type with 0 < p < oo
and 0 < ¢ < oo are different from each other. Next we study this problem for the spaces
fég)q(X, Y') and the spaces .,2”19(7621)70[()(, Y).

Our first main result concerns the Macaev-type spaces xég,L(X ,Y') of operators.

Theorem 4.1. Let X and Y be arbitrary infinite-dimensional Banach spaces. Then the scale
{go(gv)q (X7 Y

)}0<q<oo is strictly increasing.

Proof. We proceed by contradiction. Assume that the scale is not strictly increasing. Then
there exist 0 < p < ¢ < oo such that fégL(X,Y) = .i%%%(X,Y). Hence the quasi-norms of
these spaces are equivalent, that means there is a constant C7 > 0 such that for all finite-rank
operators T' € Z(X,Y) the inequality

00 1/p 0o 1/q
uTuoo,p—<Za’“f)p> < (Za’“f )q> = 1Tl (11)

k=1 k=1

holds. We will show that (4.1) implies that

-Zl(,?o(X’ Y) = gl("?(X, Y) for some 0 <r < o0,

10



which is a contradiction in view of [8, Theorem 4.3].
Let T € .i”f:il(X, Y) with ||T]|1,.c = 1. By the representation theorem for the space

92”1(’6;)0(X, Y) (see [27, 2.3.8]) there are a constant Cy > 0 and operators T,, € Z(X,Y) such
that rank (7,,) < 2", T = "> T, (convergence in the operator norm) and

sup 2% T[] < Cof|Tl1,00 < 00
neNU{0}

For every n € NU {0} we have, with some constant Cs > 0,

2 @) (&)
ag(Ln
| Talloo.q = (Z k) < (Z k) IZoll < Csn/9| T

k=1 k=1
By (4.1) this implies, with C' = C1C2Cs,

| Talloop < Ct927" | T|f1,00 = Cm'/9277

Now we use generalized approximation numbers a,(.; E) with E = .,Z)(gz?(X ,Y). The quasi-
norm ||.|[scp on E is equivalent to an s-norm for some 0 < s < 1, say, with some constant
M > 0. Since

) N-1 N-1
T=Y T, and rank(ZTn) <Y 2 <o,
n=0 n=0 n=0
we conclude that, for some constant Cy > 0 and all N € N,
00 9 1/s ) ns/q 1/s
o B s | ST < (Z HTnHzo,p) <mcC (Z o ) < CyNor .
n=N ’ n=N n=N

Consequently we can find an operator R € .Z(X,Y) of rank less than 2"V such that
IT = Rlloop < 2a9n (T E) < 2C,NY927N

In order to get a lower bound for |T' — R||s p, we use that ap on (T) < ap(T — R) + aon (R) =
ar(T — R). This gives

= r- e\ (Sawar)”
Qg — a N
IT ~ Rlloop = (Z k) D
k=1 k=1
> ; % * AgN+1 (T) > C5N1/pa2N+1 (T) .

Together with the previous estimate this implies that, for some constant Cg > 0 and all k € N,

Cs
Z <
ak( ) =k

_— h =1/p—1 .
A5 1oz k)"’ where v=1/p—1/g>0

Now take any r such that 1/v < r < co. Then vr > 1, and so we arrive at

00 1/7" %) 1/7”
1
_ 1-1/r r <
170, (§:<k ak<T>)) < C (;k(lﬂogk)”’") =00

k=1

11



[e.e]

(1/v,00). But this is impossible by [8, Theorem 4.3]. The proof is finished. O

Hence we have shown that assumption (4.1) implies 31(:1) (X)Y) = .,2”1(7‘:4) (X,Y) for all r €

Our second main result concerns the family of Lorentz-Zygmund spaces of operators.

Theorem 4.2. For arbitrary infinite-dimensional Banach spaces X andY the spaces fp(z)@ (X,Y)
with 0 < p < oo, 0 < qg< oo and a € R are all different from each other, that means
L) (X,Y) # gp(la,)ql,m (X,Y) wunless (po,qo,0) = (p1,q1, 1) -

P0,90,x0

Proof. We distinguish several cases. An essential tool in Case 2 are generalized approximation
numbers, while the proof of Case 3 is based on logarithmic interpolation.
Case 1. First we suppose that py < p;1.
Choose 1,71 such that pg < rg < r1 < p1. It follows from Theorem 2.1 that
L a0 Y) = LX) o LOXY) > L0, (XY
Hence, if fp((izyo,ao (X,Y) = .Zp(la,z]hal(X, Y), then we get .ﬂ(;” (X,Y) = .;2”,«(1(1) (X,Y), a contra-
diction to [8, Theorem 4.3].
Case 2. Now let pg = p1 = p and ag > a;.
We treat this case with similar ideas to those in the proof of Theorem 4.1. We again proceed
by contradiction. Assume that
2@ (X,Y)=29  (X,)Y). (4.2)

P;q0,&0 p,q1,01

We are going to show that for any 0 < r < p there exists 0 < s < oo such that

L)X Y) =2

7,00

(X,Y)

which is impossible by [8, Theorem 4.3]. Let T' € .,%(‘2) (X,Y). According to the representation
theorem of .,iﬂr(féz)(X ,Y) in terms of finite rank operators (see [27, 2.3.8]), there exist Cy > 0
and (T,,) C Z(X,Y) such that rank (7,,) < 2", T = _>° , T}, with convergence in the operator
norm and

sup 2”/r||Tn|| < Col|T |00 < 00
neNU{0}

Note that for any 0 < ¢ < co and «a € R, we have with some constant C; = C1(p, ¢, ) > 0

2n
”THHR%Q = <Z (kl/P—l/Q(l + log k)aak(Tn))Q>
k=1
2n
< (Z (k'/P=1/9(1 + log k)a)q)l/qHTnH < C12"Pn%| T,
k=1

1/q

This also holds for ¢ = co. It follows from [6, Theorem 3.2}, [26, Theorem 6.1.6] and equality

(4.2) that the quasi-norms of fp(ff]z),ao(X ,Y') and gp(z)l,al (X,Y) are equivalent. Thus there is a
constant Cy > 0 such that ||S||p.q0,00 < C2||S]p,q1,1 for all finite rank operators S € Z(X,Y),
whence

||Tan,qo,ao < CZHTHHILQLM < 01022n/pna1”Tn” :

12



Now we work again with generalized approximation numbers, but this time with respect to
E = géf?mao (X,Y). Since rank (Zg;ol T,) < ZnN;()l 2" < 2N and || - ||p.q0.00 1S equivalent to a
t-norm for some 0 < t < 1, say with a constant C5 > 0, we obtain the estimate

e . 1/t
< Cs( 22 1Tl 00
n=N

<O X ilbn) " < 00 rmenil)) "
n=N

n=N

Psq0,&0

o
agn (T3 E) < H Z Ty
n=N

Moreover, ||T,|| < Co2~™"||T|rc0- Recall that r < p, whence 1/p — 1/r < 0 and

> 1/t
ayn (T E) < 00010203( S (2“<1/p—1/f>n°‘1)t) [al[i
n=N
< C2NWP=Un Ny |, .

Now we estimate aqn (T; E) from below. Pick R € Z(X,Y) with rank (R) < 2"V such that

2a58 (T E) 2 ||T = Rl|p.go.00 = (Z (KY/P1/9(1 4 log k)20 ay (T — R))qo)l/QO
k=1
2N )
> (30 (7790 4 tog k) (1))
k=1

Here we used again that ay on (T') < arp(T — R) + agn (R) = ax(T — R) . Therefore
2N

2aon (T E) > (Z (KM/P=1a(1 +10gk)ao)QO)
k=1

1/q
OCL2N+1(T) Z 052N/pNaoa2N+1 (T) .

Collecting these inequalities we obtain that
agn1(T) < Cg2 N/ Ni=o |||, forall N e N,
or, equivalently, that
ap(T) < Crk™ Y™ (1 4+ 1ogk)* | T||,00 for all k € N.
Choosing now 0 < s < 1 with s(ap — a1) > 1 we get the inequality

||T”1",s = (Z (kl/r_l/sak(T))s) 1/s

k=1

> 1 1/s
= 07(; k(1 + log k)s(ao—an) Iz

7,00 < CSHTHT,OO )

since the last series converges. This implies the embedding .ZT(,ZL(X YY) — T(f;) (X,Y). The
reverse embedding is obvious, because 4, s — ¢, o,. Hence ,,%(Céz) (X,)Y) = .i”,n(f;) (X,Y), which is
a contradiction to [8, Theorem 4.3].
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Case 3. Finally, let po =p1 =p, g = a1 =a and 0 < qp # q1 < 0.
Take now any 79,71 with 0 < rgp < p < r; < co. By [8, Lemma 4.1 and Lemma 4.2], we know
that (éfr(oa) (X, Y),.L”T(f) (X,Y)) is a Gagliardo couple and that Er(f) (X,Y)n ,,iﬂr(la) (X,)Y) =
XT((?) (X,Y) is not closed in .,%((?) (X,Y)+ .,S,”T(la) (X,Y) = .,Sﬁ«(f) (X,Y). Let 0 < 6 < 1 such that
1/p = (1—0)/ro+60/r1 and put o(t) = t%(1 + |logt|)™®. According to [6, Theorem 5.2], we
have that

(L (X Y), Z(XY)),, =L a(X.Y).

P,gj,

Consequently, Theorem 3.5 yields that
Lyinal X,Y) # L0 (X,Y).
This completes the proof. O

Combining this theorem on diversity of Lorentz-Zygmund spaces of operators with the
strict embeddings relations of Lorentz-Zygmnd sequence spaces, we get the following result.

Corollary 4.3. Let X and Y be arbitrary infinite-dimensional Banach spaces, and let 0 <
Po, p1 < 00, 0 < qo,q1 < ocoand ag, a1 € R, If

po < p1 or  po=p1, a1 <ag and ar+1/q1 < ag+1/qo,
then ,iﬂp((i)qm% (X,Y) is strictly embedded in fp(ﬁ)ql,al(X,Y) . In particular, the scale

{XPZ)Q(X Y)}aer is strictly decreasing in o, for any fized p and q, and

{& pq, (X, YY) ocg<oo s strictly increasing in q, for any fived p and o.

We conclude the paper by a comment on the case when at least one of the Banach spaces
X and Y is finite-dimensional, say of dimension N. Then every operator T' € Z(X,Y’) has
rank at most N, hence a,(T") = 0 for all n > N, and therefore

=

1
1Tl = (32 (K791 +10g k) ar(T)) ) " < .
k=1

This shows that .,Sfp(z),a(X, Y)=%(X,Y) for all parameters p, ¢,
Theorem 4.2 and this simple observation yield the dichotomy mentioned in the abstract.

Corollary 4.4. Let X and Y be arbitrary Banach spaces. Then the spaces .,Zﬂp(z),a(X, Y) with
O0<p<oo,0<g< o0 and a € R are

e cither all different from each other (if X and Y are infinite-dimensional)
e or all equal to Z(X,Y) (if X orY are finite-dimensional) .
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