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Abstract

This paper outlines a method for solving the global stereovision matching problem using edge segments as the
primitives. A relaxation scheme is the technique commonly used by existing methods to solve this problem. These
techniques generally impose the following competing constraints: similarity, smoothness, ordering and uniqueness, and
assume a bound on the disparity range. The smoothness constraint is basic in the relaxation process. We have verified
that the smoothness and ordering constraints can be violated by objects close to the cameras and that the setting of the
disparity limit is a serious problem. This problem also arises when repetitive structures appear in the scene (i.e. complex
images), where the existing methods produce a high number of failures. We develop our approach from a relaxation
labeling method ([1] W.J. Christmas, J. Kittler, M. Petrou, structural matching in computer vision using probabilistic
relaxation, IEEE Trans. Pattern Anal. Mach. Intell. 17 (8) (1995) 749-764), which allows us to map the above constraints.
The main contribution is made, (1) by applying a learning strategy in the similarity constraint and (2) by introducing
specific conditions to overcome the violation of the smoothness constraint and to avoid the serious problem produced by
the required fixation of a disparity limit. Consequently, we improve the stereovision matching process. A better
performance of the proposed method is illustrated by comparative analysis against some recent global matching

methods. © 1999 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

A major portion of the research efforts of the computer
vision community has been directed towards the study of
the three-dimensional (3-D) structure of objects using
machine analysis of images [2-4]. Analysis of video im-
ages in stereo has emerged as an important passive
method for extracting the 3-D structure of a scene. Fol-
lowing the Barnard and Fischler [5] terminology, we can
view the problem of stereo analysis as consisting of the
following steps: image acquisition, camera modeling, fea-
ture acquisition, image matching, depth determination
and interpolation. The key step is that of image match-
ing, that is, the process of identifying the corresponding
points in two images that are cast by the same physical
point in 3-D space. This paper is devoted solely to this
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problem. The basic principle involved in the recovery of
depth using passive imaging is triangulation. In stereop-
sis the triangulation needs to be achieved with the help of
only the existing environmental illumination. Hence,
a correspondence needs to be established between fea-
tures from two images that correspond to some physical
feature in space. Then, provided that the position of
centers of projection, the effective local length, the ori-
entation of the optical axis, and the sampling interval of
each camera are known, the depth can be established
using triangulation [6].

1.1. Techniques in stereovision matching

A review of the state of art in stereovision matching
allows us to distinguish two sorts of techniques broadly
used in this discipline: area based and feature based
[3,4,7,8]. Area-based stereo techniques use correlation
between brightness (intensity) patterns in the local neigh-
borhood of a pixel in one image with brightness patterns

0031-3203/99/$20.00 © 1999 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.

PII: S0031-3203(99)00036-9



54 G. Pajares et al. | Pattern Recognition 33 (2000) 53 -68

in the local neighborhood of the other image [9-14],
where the number of possible matches is intrinsically
high, while feature-based methods use sets of pixels with
similar attributes, normally, either pixels belonging to
edges [15-27], or the corresponding edges themselves
[4,8,28-38]. These latter methods lead to a sparse depth
map only, leaving the rest of the surface to be reconstruc-
ted by interpolation; but they are faster than area-based
methods as there are many fewer points (features) to be
considered [3]. We select a feature-based method as
justified below.

1.2. Factors affecting the physical stereovision system and
choice of features

There are extrinsic and intrinsic factors affecting the
stereovision matching system: (a) extrinsic, in a practical
stereo vision system, the left and right images are ob-
tained with two cameras placed at different posi-
tions/angles, although they capture both the same scene,
each camera may receive a different illumination and
also, incidentally, different reflections; (b) intrinsic, the
stereovision system is equipped with two physical
cameras, always placed at the same relative position (left
and right), although they are the same commercial
model, their optical devices and electronic components
are different, hence each camera may convert the same
illumination level to a different gray level independently.

As a result of the above-mentioned factors the corre-
sponding features in both images may display different
values. This may lead to incorrect matches. Thus, it is
very important to find features in both images which are
unique or independent of possible variation in the images
[39]. This research paper use a feature-based method
where edge segments are to be matched, since our experi-
ment has been carried out in an artificial environment
where edge segments are abundant. This environment is
where a mobile robot equipped with the stereovision
system navigates.

Such features have been studied in terms of reliability
[7] and robustness [39] and, as mentioned before, have
also been used in previous stereovision matching works.
This justifies our choice of features, although they may be
too local. Four average attribute values (module and
direction gradient, variance and Laplace) are computed
for each edge-segment as we will see later. The ideas
described here can be used for other simple geometric
primitives with other attributes, even though in the de-
tails of the current implementation the line segments play
an important role.

1.3. Constraints applied in stereovision matching
Our stereo correspondence problem can be defined in

terms of finding pairs of true matches, namely, pairs of
edge segments in two images that are generated by the

same physical edge segment in space. These true matches
generally satisfy some competing constraints [22,23,27]:
(1) similarity, matched edge segments have similar local
properties or attributes; (2) smoothness, disparity values
in a given neighborhood change smoothly, except at
a few depth discontinuities; (3) ordering, the relative posi-
tion among two segments in the left image is preserved in
the right one for the corresponding matches; (4) unique-
ness, each edge segment in one image should be matched
to a unique edge segment in the other image.

Immediately after, we introduce the very important
disparity concept. Assume a stereo pair of edge segments,
where one segment belongs to the left image and the
other to the right one. If we superpose the right image
over the left one, for example, the two edge segments of
the stereo pair appear horizontally displaced. Following
horizontal (epipolar) lines we determine the two intersec-
tion points for each epipolar line with the pair of edge
segments. The relative displacement of the x-coordinates
of the two intersection points is the disparity for such
points. We compute the disparity for the pair of edge
segments as the average displacement between points
belonging to both edge segments along the common
length.

The similarity constraint is associated to a local
matching process and the smoothness and ordering con-
straints to a global matching one. The major difficulty of
stereo processing arises due to the need to make global
correspondences. A local edge segment in one image may
match equally well with a number of edge segments in the
other image. This problem is compounded by the fact
that the local matches are not perfect due to the above-
mentioned extrinsic and intrinsic factors. These ambi-
guities in local matches can only be resolved by consider-
ing sets of local matches globally. Hence, to make global
correspondences given a pair of edge segments, we con-
sider a set of neighboring edge segments, where a bound
on the disparity range defines the neighborhood. Relax-
ation is a technique commonly used to find the best
matches globally and it refers to any computational
mechanism that employs a set of locally interacting par-
allel processes, one associated with each image unit, that
in an iterative fashion update each unit’s current labeling
in order to achieve a globally consistent interpretation of
image data [40,41].

1.4. Relaxation in stereovision

Relaxation labeling is a technique proposed by Rosen-
feld et al. [42] and developed to deal with uncertainty in
sensory data interpretation systems and to find the best
matches. It uses contextual information as an aid in
classifying a set of interdependent objects by allowing
interactions among the possible classifications of related
objects. In the stereo paradigm the problem involves
assigning unique labels (or matches) to a set of features in
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an image from a given list of possible matches. So, the
goal is to assign each feature (edge segment) a value
corresponding to disparity in a manner consistent with
certain predefined constraints.

Two main relaxation processes can be distinguished in
stereo correspondence: optimization-based and prob-
abilistic/merit-based. In the optimization-based pro-
cesses stereo correspondence is carried out by minimizing
an energy function which is formulated from the applic-
able constraints. It represents a mechanism for the
propagation of constraints among neighboring match
features for the removal of ambiguity of multiple stereo
matches in an iterative manner. The optimal solution is
ground state, that is, the state (or states) of the lowest
energy. In the probabilistic/merit-based processes, the
initial probabilities/merits, established from a local
stereo correspondence process and computed from sim-
ilarity in the feature values, are updated iteratively de-
pending on the matching probabilities/merits of neigh-
boring features and also from the applicable constraints.
The following papers use a relaxation technique: (a)
probabilistic/merit [1,4,17,18,20-22,25,26,41-54] and (b)
optimization through a Hopfield neural network [12,14,
24,27,36,55,56]; we use (a).

1.5. Motivational research and contribution

For a given pair of features the smoothness constraint
makes global correspondences based on how well its
neighbors match. The neighborhood region is defined by
a bound on the disparity range. In our experiments we
have found complex images with highly repetitive struc-
tures or with objects very close to the cameras or with
occlusions. In complex images setting a disparity limit is
a difficult task because according to such a limit the
smoothness constraint can be violated. Additionally, in
complex images the ordering constraint is also easily
violated.

We propose a probabilistic relaxation approach for
solving the edge-segment stereovision matching problem
and base our method on the work of Christmas et al. [1]
(similar to these proposed by Rosenfeld et al. [42] or
Peleg [48]) for the following reasons: (a) it incorporates
the recent advances of the theory of probabilistic relax-
ation, (b) the similarity, smoothness and ordering con-
straints can be mapped directly, and (c) it has been
satisfactorily applied in stereovision matching tasks [1].

The main contribution of the paper is the use in the
relaxation process of a compatibility measure between
pairs of matched segments. This enforces consistency
imposing smoothness and ordering constraints when no
suspicion exits about the violation of such constraints,
otherwise a different compatibility measure is used and
the lost global consistency is replaced by local ones
through the matching probabilities. With this approach,
our method is valid for common stereo images and it is

extended to deal robustly with complex stereo images
where the smoothness and ordering constraints are com-
monly violated. The extension of our approach is based
upon the idea of Dhond and Aggarwal [57] that deals
with occluding objects.

Additional contributions are made in the following
ways: (a) by using the learning strategy of Cruz et al. [31]
and Pajares [4] to compute the matching probability for
each pair of edge segments. The matching probabilities
are used to start the relaxation process and then to
obtain a compatibility measure when the smoothness
and ordering constraints are violated, and (b) by using
the minimum differential disparity criterion of Medioni
and Nevatia [8] and the approach of Ruichek and Pos-
taire [27] to map the smoothness and ordering con-
straints, respectively.

Therefore, our method integrates several criteria fol-
lowing the idea of Pavlidis [587] and we get that it works
properly even if the images are complex.

1.6. Paper organization

The paper is organized as follows: in Section 2 the
stereovision probabilistic relaxation matching scheme is
described. In Section 3 we summarize the proposed
matching procedure. The performance of the method is
illustrated in Section 4, where a comparative study
against existing global relaxation matching methods is
carried out, and the necessity of using a relaxation
matching strategy rather than a local matching technique
is also made clear. Finally in Section 5 there is a dis-
cussion of some related topics.

2. Probabilistic relaxation scheme in stereovision
matching

As mentioned earlier, this paper proposes a probabilis-
tic relaxation technique for solving the stereovision
matching problem. This technique is extended to work
properly with complex images and integrates several
criteria. In this section we deal with these issues.

2.1. Feature and attribute extraction

We believe, as in Medioni and Nevatia [8], that fea-
ture-based stereo systems have strong advantages over
area-based correlation systems. However, detection of
the boundaries is a complex and time-consuming scene-
analysis task. The contour edges in both images are
extracted using the Laplacian of Gaussian filter in ac-
cordance with the zero-crossing criterion [59,60]. For
each zero crossing in a given image, its gradient vector,
Laplacian and variance values are computed from the
gray levels of a central pixel and its eight immediate
neighbors. The gradient vector (magnitude and direction)
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is computed as in Leu and Yau [61], the Laplacian value
asin Lew et al. [62] and the variance value as in Krotkov
[63]. To find the gradient magnitude of the central pixel
we compare the gray-level differences of the four pairs of
opposite pixels in the 8-neighborhood, and the largest
difference is taken as the gradient magnitude. The gradi-
ent direction of the central pixel is the direction out of the
eight principal directions whose opposite pixels yield the
largest gray-level difference and also points in the direc-
tion in which the pixel gray level is increasing. We use
a chain-code and we assign eight digits to represent the
eight principal directions; these digits are integer num-
bers from 1 to 8. This approach allows the normalization
of the gradient direction, so its values fall in the same
range as the remainder of the attribute values. In order to
avoid noise problems in edge detection that can lead to
later mismatches in realistic images, the following two
global consistent methods are used: (1) the edges are
obtained by joining adjacent zero crossings following the
algorithm of Tanaka and Kak [64]; a margin of devi-
ation of + 20% in gradient magnitude and of + 45° in
gradient direction is allowed; (2) each detected contour is
approximated by a series of piecewise linear line seg-
ments [65]. Finally, for every segment, an average value
of the four attributes is obtained from all computed
values of its zero crossings. All average attribute values
are normalized in the same range. Each segment is identi-
fied with its initial and final pixel coordinates, its length
and its label.

Therefore, each pair of features has two associated
four-dimensional vectors x; and x,, where the compo-
nents are the attribute values, and the sub-indices | and
r denote features belonging to the left and right images,
respectively. A four-dimensional difference measurement
vector x is then also obtained from the above x; and
X, vectors, X = X; — X; = {Xpu, X4, X}, X,}. The compo-
nents of x are the corresponding differences for module
and direction gradient, Laplacian and variance values,

respectively, associated to the same four attributes used
in our approach.

Of all the possible combinations of pairs of matches
formed by segments of the left and right images, only
those pairs with a difference value in the direction of the
gradient less than + 45°, taking into account that they
overlap will be processed. This is called the initial condi-
tion. The remaining pairs that do not meet such condi-
tions are directly classified as False correspondences. The
overlap is a concept introduced by Medioni and Nevatia
[8], two segments u and v overlap if by sliding one of
them in a direction parallel to the epipolar line, they
would intersect. We note that a segment in one image is
allowed to match more than one segment in the other
image. Therefore, we make a provision for broken seg-
ments resulting in possible multiple correct matches. The
following pedagogical example in Fig. 1 clarifies the
above.

The edge segment u in the left image matches with the
broken segment represented by v and w in the right
image, but under the condition that v and w do not
overlap and that their orientations, measured by their
corresponding x;, do not differ by more than + 10°.

2.2. Computation of the local matching probability

The local probabilities for all pairs of features that
meet the above initial conditions are computed follow-
ing a learning strategy [4,31]. This is briefly described
below.

Due to the above-mentioned extrinsic and intrinsic
factors, we have verified that the differences between the
attributes for the true matches cluster in a cloud around
a center and we have assumed an underlying probability
density function (PDFt). The form of the PDFt is known.
Our experience lead us to model this PDFt as a Gaussian
one with two unknown parameters, the mean difference
vector and the covariance matrix. The first is the center of

without
ovelapping

v /
u
overlapping
w
Left Image Epipolar line Right Image

Fig. 1. Broken edge segment v and w may match with u.
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the cluster and the second gives us information about the
dispersion of the differences of the attributes in the clus-
ter. Both parameters are estimated through a learning
process based on the parametric Bayes classifier by
a maximum likelihood method [4,66]. The learning pro-
cess is carried out with a number of samples through
a training process.

Once the PDFt is fully described, it allows us to com-
pute the local matching probability associated with any
new and current pair of edge segments using the differ-
ences of its attributes according to the following expres-
sion [4,31,66-68].

1 1
p(x) = =05 CXP[ -5 I (x - ll)} (1
where p and X are the corresponding learned cluster
center, and the covariance matrix, respectively, x is the
four-dimensional difference measurement vector (see Sec-
tion 2.1) and t stands for the transpose.

During the computation of the local probabilities, we
explicitly apply the similarity constraint between features
from the left and right images. These local probabilities
are the starting point for the next relaxation matching
process, i.e. initial probabilities for the global relaxation
process.

2.3. A review of the relaxation labeling processes

Recent advances in the theory of probabilistic relax-
ation can be found in Refs. [1,69], although it has been
studied in previous works [42,44,48,51,54]. The probabil-
istic relaxation process is made applicable to general
matching problems. The matching problem is formulated
in the Bayesian framework for contextual label assign-
ment. The formulation leads to an evidence-combining
formula which prescribes in a consistent and unified
manner how unary attribute measurements relating to
single entities, binary relation measurements relating to
pairs of objects, and prior knowledge of the environment
(initial probabilities) should be jointly brought to bear on
the object labeling problem. The theoretical framework
also suggests how the probabilistic relaxation process
should be initialized based on unary measurements (ac-
cording to Section 2.2). This contrasts with the approach
adopted by Li [70] who started the iterative process from
a random assignment of label probabilities.

A set A of N objects of the scene is to be matched,
A ={ay, a,, ...,ay}. The goal is to match the scene to
amodel. Each object a; has assigned a label 6;, which may
take as its value any of the M model labels that form the
set Q:Q = {®y, w,, ..., ®y}. The notation wy, indicates
that a model label is associated with a particular scene
label 0,. At the end of the labeling process, it is expected
that each object will have one unambiguous label
value. For convenience two sets of indices are defined:

No={1,2,...,N}and N;={1,2,...,i — 1,i+ 1,...,N}.
For each object a; a set of m; measurements x; is avail-
able, corresponding to the unary attributes of the object:
x; = {x{V, x{¥, ..., x{™}. The abbreviation x; ;ey,denotes
the set of all unary measurement vectors x; made on the
set A of objects, i.€., X;ien, = {X1> ---» Xy}

For each pair of objects a; and a; a set of m,
binary measurements is available A;;: 4;; = {A{},
AP, ..., A} The same classes of unary and binary
measurements are also made on the model. After intro-
duction of the above notations and following Christmas
et al. [1] the theoretical framework of Bayesian probabil-
ity for object labeling using probabilistic relaxation is as
follows: the label 0; of an object a; will be given the value
wy,, provided that it is the most probable label given all
the information we have for the system, i.e. all unary
measurements and the values of all binary relations be-
tween the various objects. By mathematical induction it
can be shown that there is no need for the inclusion of all
binary relations of all objects in order to identify an
object, and the most appropriate label of object g; is
wy, given by

PO; = C06,»|Xj, jeno Aij, j e N)

=max P(0; = w; X; jen, Aij jens 2
@;€Q

where the upper-case P represents the probability of an
event; thus P(0; = w;) and P(0; = w,) denote the prob-
abilities that scene label 60; is matched to model labels
w; and wy, respectively. Under certain often-adopted
assumptions, the conditional probabilities in this equa-
tion can be expressed in a form that indicates that a re-
laxation updating rule would be an appropriate method
of finding the required maximum. Using the Bayes’s rule
and after an exhaustive treatment (see Christmas et al.
[17]) the desired solution to the problem of labeling, as
defined by Eq. (2) can be obtained using an iterative
scheme as follows:

pP® 0; = wo,)Q(n) (0; = )

B Zwk coP® (0; = CU;.)Q(M 0; = wz)’ ®

PUTD(0; = aq)

where

0" (0; = )

= [1 X P"0;=wpp(Ayl 0; = s, 0; = wp), (4)
jeNi wpeQ

where P™ (0; = wy) is the matching probability at level
(iteration) n that scene label 0; is matched to model label
wp, and P"* D (0, = wy) is the updated probability of the
corresponding match at level n+ 1. The quantity
0™ (0; = w,) expresses the support the match 0; = o,
receives at the nth iteration step from the other objects in
the scene, taking into consideration the binary relations
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that exist between them and object a;. The density func-
tion p(4;j| 0; = w,, 0; = w;) corresponds to the compati-
bility coefficients of other methods [42,44]; i.e. it quan-
tifies the compatibility between the match 0; = w, and
a neighboring match 0; = w;. The density function
ranges from 0 to 1 and will be expressed as a compatibil-
ity coefficient in Eq. (6).

2.4. Stereo correspondence using relaxation labeling

At this stage there are two goals in mind: (a) to show
how the relaxation labeling theory may be applied to
stereovision matching problems and (b) to map the sim-
ilarity, smoothness and ordering stereovision matching
constraints in Egs. (3) and (4). The uniqueness constraint
will be considered later during the decision process in
Section 4.3.

2.4.1. Stereovision matching by relaxation labeling

As explained in the introduction, the stereovision
matching is the process of identifying the corresponding
features in two images (left and right) that are cast by the
same physical feature in 3-D space. In order to apply the
relaxation labeling theory to the stereovision matching
and without loss of generality, we associate the left
stereo-image to the scene and the right one to the model.
With this approach we have to match the scene to a
model and the stereovision matching problem is now a
relaxation matching one.

In our approach, the objects in the scene and the
model are edge segments. Following the notation intro-
duced in Section 2.3, the set 4, of N objects, is identified
with the set of N edge segments in the left image from the
stereo pair, each left edge segment (object) is identified by
its corresponding label 0;. The edge segments from the
right image are associated to the model labels that form
the set Q. Then the notation w,, in relaxation labeling
indicates now, that we wish to match a right edge seg-
ment with a particular left edge segment.

According to Section 2.3 the unary attributes m;, to
map the similarity constraint are module and direction
gradient, Laplacian and variance values, as explained
in Section 2.1. Therefore m; takes a value of 4. The
binary relations are: (a) the differential disparity of
Ref. [8] where we apply the smoothness constraint,
and (b) the ordering relation to apply the ordering
constraint. Hence m, takes the value of 2. According to
Section 1.3, we can infer that unary and binary measure-
ments are associated to local and global correspond-
ences, respectively.

2.4.2. Mapping the similarity, smoothness and ordering
stereovision matching constraints

The next step consists in the mapping of the sim-
ilarity, smoothness and ordering stereovision matching

constraints [20-23,27], into the relaxation labeling
Egs. (3) and (4). To achieve this we have made two
important contributions to solve the stereovision match-
ing problem: (a) by applying a learning strategy in the
similarity constraint, and (b) by introducing specific con-
ditions where we take into account the possible violation
of the smoothness and ordering constraints (objects in
the 3-D scene very close to the cameras and occlusions)
and the problem of fixing a disparity limit (repetitive
structures). We can also point out that unlike Christmas
et al. [1], and due to the possible violation of the smooth-
ness and ordering constraints, we have not considered
structural or geometrical binary relations for mapping
the smoothness constraint. Some of these binary relations
can be found in Ref. [1] (angle between line segments,
minimum distance between the endpoints of line seg-
ments, distance between the midpoints of line segments).

(a) Mapping the similarity constraint: The similarity
constraint is mapped as follows: Given a pair of edge-
segments, from left and right images, to be matched and
labeled as 6; and w,, respectively, we have the
four-dimensional difference measurement vector x;,
which is obviously a measurement of similarity between
the two edge segments involved. This vector is obtained
from the corresponding unary measurement vectors
associated to the left edge segment x;, and the right
edge segment x,, as explained in Section 2.1, so
X; = {Xim> Xia, X1, X} The matching probability at level
n, left-hand side of Eq. (1), that the left edge-segment 0;
is matched to the right edge-segment w; is now
P™(0; = ;) and X is now Xx;

(b) Mapping the smoothness constraint. Assuming no
violation of the smoothness constraint and unlike in
Christmas et al. [1] the density function p(4;j| 0; = w,,
0; = wy) in the support of the match, given in Eq. (4),
is replaced by a compatibility coefficient where the
smoothness and ordering constraints are mapped. This is
the idea proposed by Hummel and Zucker [44] and
Rosenfeld et al. [42]. Traditional interpretations of com-
patibility coefficients have been in terms of statistical
measures such as correlation [42] or structural informa-
tion [1]. In this paper we define a new compatibility
coefficient.

However, beforehand we change the notation for sim-
plicity. So, given two pairs of matched edge segments
(0;, wj) and (0, wy). Throughout the remainder of the
paper the pairs of edge segments (6, ;) and (0, wy) are
denoted as (i, j) and (h, k) respectively, and the matching
probabilities P™ (0; = w;) and P™ (0, = w;) as PP and
P{n. respectively. We measure the consistency between
(i,j) and (h, k) by means of the compatibility coefficient
(i, j; h, k) which ranges in the interval [0,1].

According with Medioni and Nevatia [8], the smooth-
ness constraint assumes that neighboring edge segments
have similar disparities, except at a few depth discontinu-
ities [12]. Generally, to define the neighboring region a
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bound is assumed on the disparity range allowed for any
given segment. This limit is denoted as maxd, fixed at
eight pixels in this paper. For each edge segment “i” in
the left image we define a window w(i) in the right image
in which corresponding segments from the right image
must lie and, similarly, for each edge segment “j” in the
right image, we define a window w(j) in the left image in
which corresponding segments from the left image must
lie. It is said that an edge segment “h” must lie if at least
the 30% of the length of the segment “h” is contained in
the corresponding window. The shape of these windows
is a parallelogram, two sides are fixed by “i” or “j” and
the other two are lines of length 2. maxd (see Fig. 3). The
smoothness constraint implies that “i” in w(j) implies “j”
in w(i).

Now, given “i” and “h” in w(j) and “j” and “k” in w(i)
where “i” matches with “j” and “h” with “k” the differen-
tial disparity |d;; — dyl, to be included later in c(i, j; h, k),
measures how close the disparity between edge segments
“i” and “j” denoted as d;; is to the disparity d; between
edge segments “h” and “k”. The disparity between edge
segments is the average of the disparity between the two
edge segments along the length they overlap. This differ-
ential disparity criterion is used in Refs. [8,27,36,55,56]
among others.

(c) Mapping the ordering constraint: Assuming, as in the
smoothness constraint, no violation of the ordering con-
straint, we extend the concept defined in Ruicheck and
Postaire [27] for edge points to edge segments. As de-
scribed in Ref. [27], if an edge point “i” in the left image is
matched with an edge point “j” in the right image, then it
is not possible for an edge point “h” in the left image, such
that x;, < x;, to be matched with an edge point “k” in the
right image for which x; > x;, where x denotes the x-
coordinate in a Cartesian system with its origin in the
bottom left corner of each image.

We define the ordering constraint coefficient O, for
the edge segments as follows:

intersection

points

1
Oijhk :Nzoijhk where Oijhk = [S(x; — xp) — S(xj — x|
N

{1 ifr >0,
and S(r) = (5)
0 otherwise,
this upper-case O,y coefficient measures the relative
position of edge segments “i” and “h” in the left image
with respect to 7 and “k” in the right image. The
lower-case o, coefficient is defined in Ref. [27] for edge
points taking the discrete values of 0 and 1. O;j, is the
ordering average measure for edge points along the com-
mon overlapping length for the four edge segments, it
ranges from O to 1 and is included later in the compatibil-
ity coefficient c(i, j; h, k). We trace N scanlines along the
common overlapping length, each scanline produces a set
of four intersection points with the four edge-segments.
With this intersection points lower-case o, is computed.
Fig. 2 clarifies the above.

(d) Problems to apply the smoothness and ordering con-
straints: During our experiments we have found the fol-
lowing problems related with these constraints, namely:

(1) Violation of such constraints in systems with parallel
geometry due to the presence of objects close to the
cameras and occlusions. This type of objects is par-
ticularly dangerous and must be considered im-
mediately in order to avoid, for example, undesired
collisions in navigation systems.

(2) The fixation of a bound on the disparity is a hard
task, because one can never be sure which is the best
limit. In images with repetitive structures this prob-
lem is more evident, because an edge segment in
a window does not imply that its couple is in the
other window.

As mentioned in Section 1.5, we call complex images

the images in which these problems appear and we try to
solve them by introducing a specific condition in the

scanline

_____ I/__
common
i h overlapping
length
Left Image

Right Image

Fig. 2. Common overlapping length and intersection points produced by a scanline.
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compatibility coefficient, as we will see later. So, our
system works properly with complex and no complex
images.

(e) Definition of the compatibility coefficient: In our
stereovision relaxation labeling model, the probabilities
computed according to Eq. (3), are used to determine the
various possible correspondences between edge seg-
ments. The goal of the relaxation process is to increase
the consistency of a given pair of edge segments among
the constraints so that the probability of a correct match
can be increased and the probability of any incorrect
match can be decreased during each iteration. Therefore,
we look for a compatibility coefficient, which must be
able to represent the consistency between the current pair
of edge segments under correspondence and the pairs of
edge segments in a given neighborhood.

When no violation of the smoothness or ordering
constraints is considered, the compatibility coefficient
makes global consistency between neighbor pairs of edge
segments based on such constraints. This is usual in
stereovision matching systems and is made by condi-
tion C;.

When violation of the smoothness and ordering con-
straints is assumed, the global consistency is lost and
such constraints cannot be applied, we must fall back on
to local consistency, as this is the unique resource avail-
able. The local consistency is represented by thesimilarity
constraint, that is by the matching probability, but now
considering the corresponding neighbors edge segments.
This is made through condition C,.

The compatibility coefficient c(i, j; h, k) is finally de-
fined as follows:

Oijnk O jik ifC,,
I+ |dij — dud
P+ PR
c(i,j; h, k) = 5ijhk % if C,, (6)
0 otherwise,

where 6, = (overlap(i, j) + overlap(h, k))/2, which is an
overlap function in the interval [0,1] and measures the
common average overlap rates of the edge segments
under matching (see Section 2.1); the term d;; is the
average disparity, which is the average of the disparity
between the two segments “i” and “j” along the common
overlap length and P{? is the matching probability of
edge segments “i” and “j” at level n. O, is the order
coefficient.

Condition Cy: Assumes the mapping of the ordering
and smoothness constraints. The assumption that the
ordering constraint is not violated is simple, and only
requires that O, is greater than a fixed threshold, set to
0.85 in this paper. The assumption that the smoothness
constraint is not violated is based on the following cri-
terion. If the edge segment “h” is a neighbor of the edge

[t

segment “i”(h in w(j)) its preferred match “k” is a neighbor
of the edge segment “j”(k in w(i)). This is equivalent to say
that both pairs of edge segments have similar disparities,
this is the minimum differential disparity criterion in Ref.
[8]. Given a segment “h” in the left image (LI) and
a segment “k” in the right image (RI), we define a prefer-
red match “k” of “h”, denoted as pm(h, k) if
P > A% PO .Vk' € RI. Where P{) > T (with the
threshold T set to 0.5 in this experiment) and
P® e = maxy gy PiR is the maximum matching prob-
ability of the edge segment “h” with any edge segment
“k” in RI. The constant A is a coefficient to fix the degree
of exigency to define the preferred match (set to 0.85 in
this paper). Hence, the compatibility coefficient is max-
imum if the differential disparity is minimum and
Oy and the overlap function are maximum and vice
versa.

Condition C,: Unlike C; this condition assumes the
violation of the smoothness or ordering constraints (due
to objects close to the cameras or occlusions) or the
possibility that an edge segment “h” in w(j) has a prefer-
red match “k” out of w(i) (repetitive structures). C, is only
considered when C; is false. The loss of global consist-
ency is replaced by local consistency in the compatibility
coefficient as the average of the matching probabilities
where the overlap function is also taken into account. We
must point out that this condition C, overrides the
mapping of the ordering and smoothness constraints, to
take up again the similarity constraint through the
matching probabilities, so that the pair of edge segments
under correspondence is not penalized during the relax-
ation process due to violation of the smoothness and
ordering constraints. The compatibility coefficient is
maximum if the matching probabilities and overlap func-
tion are maximum and vice versa.

(f) A pedagogical example: The following is a simple
example to clarify the above concepts related with condi-
tions C; and C,, where we consider the evaluation of
a pair of edge segments (i, j), (Fig. 3):

(1) The preferred match of “h” is “k”, where he w(j) and
k e w(i); ordering and smoothness are not violated.

(2) The preferred match of “h” is “I”, hence the ordering
constraint is preserved but the smoothness constraint
is violated because l¢w(i).

(3) The preferred match of “h” is “m”, hence the ordering
constraint is violated but the smoothness constraint
is preserved because m e w(i).

(4) The preferred match of “h” is “n”, in which case
both ordering and smoothness constraints are viol-
ated

In the first case condition C, reinforces the match (i, j)
as expected, but in the remainder of the cases the rein-
forcement is assumed by condition C,. This is the appro-
priate process. Without condition C, the match (i, )
should be penalized and this is unwanted as the edge
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maxd s maxd
w(j)

Left Image

kl h, m’

maxd : maxd
w(i)

Right Image

Fig. 3. Evaluation of the pair (i, j) considering its neighborhood.

segments in the right image are all preferred matches of
“h”. The dotted lines in the right image represent the
positions of “i” and “h” when the left image is superim-
posed to the right one.

3. Summary of the matching procedure

After mapping the similarity, ordering and smoothness
stereovision matching constraints, the correspondence
process is achieved by allowing the system to evolve so
that it reaches a stable state, i.e. when no changes occur in
the matching probabilities during the updating procedure.

The whole matching procedure can be summarized as
follows:

(1) The system is organized with a set of pairs of edge
segments (from the left and right images) with a dif-
ference in the direction of the gradient of less than
+ 45° and considering that they overlap (initial con-
ditions in Section 2.1). Each pair of edge segments is
characterized by its initial matching probability.

(2) The assignment of the initial matching probabilities

are computed according to Eq. (1).

The variable npair, which represents the number of

pairs of edge-segments for which the matching prob-

abilities are modified by the updating procedure, is

set to 0.

(4) The pairs of edge segments are sequentially selected
and the relaxation procedure applied to each one.

(5) At the nth iteration, the matching probability is com-

puted according to Eq. (3).

If [P®* D (0; = wy) — P™ (0; = wy)| > & then npair is

increased. This is the criterion used in Ref. [1], so

that for each object g; there is one label wy, for which

—_
(98]
=~

—_
=)
-

the matching probability at a given level is within
some small distance ¢ from unity. The constant value
¢ is introduced to accelerate the convergence and is
set to 0.01 in this experiment.

(7) If npair is not equal to 0 then go to step 3.

(8) Matching decisions: A left edge segment can be as-
signed to a unique right edge segment (unambiguous
pair) or several right edge segments (ambiguous
pairs). The decision about whether a match is correct
or not correct is made by choosing the greater prob-
ability value (in the unambiguous case there is only
one) whenever it surpasses a previous fixed probabil-
ity threshold T, set to 0.5. The ambiguities under the
criterion given in Section 2.1 are allowed as they can
be produced by broken edge segments. This step
represents the mapping of the uniqueness constraint,
which completes the set of matching constraints in
stereovision matching.

4. Validation, comparative analysis and performance
evaluation

4.1. Design of a test strategy

In order to assess the validity and performance of the
proposed method (i.e. how well our approach works in
images with and without additional complexity), we have
selected 48 stereo pairs of realistic stereo images from an
indoor environment. Each pair consists of two left and
right original images and two left and right images of
labeled edge segments. All tested images are 512 x 512
pixels in size, with 256 gray levels. The two cameras have
equal focal lengths and are aligned so that their viewing
direction is parallel. The plane formed by the viewed
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Fig. 4. Group SPI: (a) original left stereo image, (b) original
right stereo image, (c) labeled segments left image, (d) labeled
segments right image.
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point and the two focal points intersects the image plane
along a horizontal line known as the epipolar line. A grid
pattern of parallel horizontal lines is used for camera
alignment. The cameras are adjusted so that the images
of these lines coincide [71]. Thus, each point in an edge
segment lies along the same horizontal or epipolar line
crossing both images of the stereo pair. The 48 stereo
pairs are classified into three groups: SP1, SP2 and SP3
with 18, 18 and 12 pairs of stereo images, respectively.
For space reasons a unique representative stereo pair is
shown for each SP set.

Group SP1 consists of stereo images without apparent
complexity. Figs. 4a—d (original images and labeled edge
segments as stated) show a stereo pair representative of
SP1. Group SP2 corresponds to scenes where a repetitive
structure has been captured, Figs. 5a-d, show a stereo
pair representative of SP2, where in this case the repeti-
tive structure is provided by the vertical books in the
foreground of the scene. Finally, group SP3 contains
objects close to the cameras, that produce a high range of
disparity violating the smoothness and ordering con-
straints. Figs. 6a-d is a stereo pair representative of SP3,
where we can see the object labeled as 9, 10 in left image
and 11, 12 in right image as a characteristic example of an
object close to the cameras occluding the edge segment
19 in the right image. Although this last type of images is
unusual, its treatment is very important as they could
produce fatal errors in navigation systems for example,
where the nearest objects must be processed immediately.

As mentioned during the introduction, we base our
method on the relaxation work of Christmas et al. [1], in
which a stereovision matching problem is solved. This

Fig. 5. Group SP2: (a) original left stereo image, (b) original
right stereo image, (c) labeled segments left image, (d) labeled
segments right image.

ARG Al

Fig. 6. Group SP3: (a) original left stereo image, (b) original
right stereo image, (c) labeled segments left image, (d) labeled
segments right image.

algorithm uses straight-line segments as features for the
matching, a unique unary measurement of each line seg-
ment (orientation of the scene relative to the model) and
four binary relations. These binary relations are: (a) the
angle between line segments g; and a;; (b) the angle
between segment a; and the line joining the center-points
of segments a; and a;; (c) the minimum distance between
the endpoints of line segments a; and a; and (d) the
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distance between the midpoints of line segments a; and a;.
It is a structural matching method based on geometrical
relations. These are the fundamental and main differ-
ences with regard to our approach. Indeed, we use four
unary measurements (module and direction gradient,
Laplacian and variance) to map the similarity constraint
and two binary relations to map the smoothness and
ordering constraints. Only the direction gradient in our
approach could be identified with the unary measure-
ment in Ref. [1]. These reasons impede us from perform-
ing the appropriate comparative analysis between our
approach and the structural method in Ref. [1].

Moreover, the geometrical relationships would be only
applicable with great difficulty to our complex images.
According to Section 1.4, there are different relaxation
approaches: probabilistic, merit and optimization. This
paper develops a probabilistic relaxation (PR) method.
To compare our PR technique, we choose a merit relax-
ation and two optimization relaxation methods.

4.1.1. The merit relaxation approach (MR)

The minimum differential disparity algorithm of
Medioni and Nevatia [8] is the merit relaxation method
chosen for comparison purposes for the following rea-
sons: (1) it applies the commonly used constraints, sim-
ilarity, smoothness and uniqueness; (2) it uses edge seg-
ments as features and the contrast and orientation of the
features as attributes; (3) it is implied in the derivation of
PR; and (4) Medioni and Nevatia conclude that several
improvements to the matching method may be possible.
A brief description of the MR algorithm is given below.

MR uses straight-line segments as features because
they believe that the feature-based stereo systems have
strong advantages over area-based correlation systems.
The method defines two windows around every segment
in the left and right images and assumes a bound on the
disparity range allowed. We have applied these concepts
to our algorithm and they are exhaustively explained in
Section 2.4.2.

The MR local matching process defines a boolean
function indicating whether two segments are potential
matches, such a function is true iff the segments overlap
and have similar contrast and orientation (similarity con-
straint). The overlap concept in PR is also taken from
this method and the contrast and orientation could be
identified with our module and direction gradient, al-
though we believe that gradient provides better perfor-
mance. To each pair of segments, the MR associates an
average disparity which is the average of the disparity
between the two involved segments along the length of
their overlap. This is also applied in our method.

Thus, a global relaxation matching process is trig-
gered, where a merit function is updated iteratively, and
changes if the segments in the neighborhood are assigned
new preferred matches. The preferred matches are se-
lected according to the boolean function and the neigh-

borhood concept, this latter defined on the basis of the
disparity bound. The MR applies the smoothness con-
straint through the minimum differential disparity cri-
terion. We have also applied this criterion in PR.

The fundamental differences between MR and PR
can be summarized as follows: (1) PR uses quantitative
probability values (matching probabilities) and MR
uses a qualitative boolean function; (2) PR introduces
specific conditions to overcome the possible violation
of the smoothness constraint and to avoid the problem
of the fixation of the disparity limit, which is missing
in MR.

4.1.2. Two optimization relaxation approaches (ORI and
OR2)

Two appropriate techniques to compare our PR are
the approaches based on the Hopfield neural network
[36] (OR1) and [27] (OR2). These techniques take into
account other previous works in this area [12,14,24,55,
56]. They are chosen for the following reasons: (1) in OR1
the similarity and smoothness constraints are mapped as
in PR, moreover both use the same set of attributes and
features, (2) the compatibility coefficient in OR1 only
takes into account the violation of the smoothness con-
straint, whereas in PR the violation of both the smooth-
ness and ordering constraints are considered, and (3)
although OR2 uses edge pixels as features it is considered
as a guideline to map the similarity, smoothness and
ordering constraints for edge segments, this is made as in
PR but removing the specific conditions C; and C,, that
is, with respect to C; the preferred match “k” of “h”
fulfills P{Y = P®, w Vk' € RI and with respect to C, the
violation of the smoothness and ordering constraints is
not considered.

The comparison between PR and OR1 allows us to
check the effectiveness of the ordering constraint because
they use a similar compatibility coefficient and the com-
parison between PR and OR2 allows us to prove the
effectiveness of the compatibility coefficient itself, and
more specifically when the smoothness and ordering con-
straints are violated.

4.2. Experimental results

In this study, the proposed PR method for solving the
stereovision matching problem was executed on a VAX
8810 workstation. During the test, 48 relaxation pro-
cesses were built-in and executed, one for each stereo
image pair. The number of pairs of edge segments in the
different relaxation processes is variable and ranges from
36 to 104. This variability depends on the number of edge
segments extracted and the initial conditions established
in Section 2.1.

Eq. (3) describes the evolution of the matching prob-
abilities for our stereo global matching approach. Fig. 7
shows the number of pairs (npair) of edge segments for
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Fig. 7. Number of pairs (npair) of edge segments for which the
matching probabilities are modified by the updating procedure
as a function of the iteration number, averaged for all relaxation
processes.

Table 1
Percentage of successes for the group of stereo-pairs SP1

SP1 0 8 16 24 32

PR 79.1 86.1 91.2 94.3 97.3
OR1 79.1 84.3 88.7 929 96.2
OR2 79.1 80.3 83.5 87.6 89.9
MR 79.1 79.8 82.6 85.2 86.7

which the matching probabilities are modified by
the updating procedure as a function of the iteration
number. This number is averaged for the 48 executed
relaxation processes. It is computed according to point
6 in Section 3.

The number of pairs that change their matching prob-
abilities drops in a relatively smooth fashion, with the
maximum number of pairs that change between an iter-
ation and the subsequent one being 9. This means that
the number of correct matches grows slowly during the
global matching process, and this is due to the following
two reasons: (a) initially (iteration 0) there is a relatively
high percentage of true matches (as we will see later in
Table 1), this is a direct consequence of the local stereovi-
sion matching process used, and is the same idea that the
used in Christmas et al. [ 1], where the initial probabilities
are computed based on the unary measurements, and (b)
the coefficient ¢ is introduced in Section 3, point 6, so that
the criterion to determine whether npair changes is re-
laxed. Finally, we can see that from iteration number 15,
npair varies slowly and it can be assumed that all ana-
lyzed stereo images reach an acceptably high degree of
performance at iteration 15.

We can point out that due to the variability in the
number of pairs of edge segments to be matched for each
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stereo image and to different complexity of the stereo
images the time for convergence is also variable. We have
verified in all tested stereo images that an average time
for convergence is about 7 min. This time is measured
from iterations 0 to 32, the start and end of the global
relaxation process, which is the objective of this paper.

4.3. Comparative analysis

As we already know, the stereo-matching process can
be split into local and global processes. This paper devel-
ops a global relaxation process, probabilistic based,
which is now of interest to us, since we have already
exhaustively studied the local process in previous works
[4,31,32]. Therefore, the comparative analysis we per-
form is only concerned with the relaxation process.

The system processes the SP1, SP2 and SP3 groups of
stereo images. Of all the possible combinations of pairs of
matches formed by segments of left and right images only
468, 359 and 294 pairs are considered for SP1, SP2 and
SP3, respectively, because the remainder of the pairs do
not meet the initial conditions.

For each pair of features we compute the local match-
ing probability following the learning procedure de-
scribed in Section 2.2. This is the starting point for all
relaxation processes. For PR, OR1 and OR?2 the local
matching probabilities are the initial matching probabil-
ities. MR requires the definition of a boolean function to
indicate whether two segments are potential matches. We
have chosen the criterion that if the local matching prob-
ability is greater than 0.5, the intermediate probability
value in [0,1], the pair of segments is a potential match
and the boolean function is true.

The computed results are summarized in Tables 1-3.
They show the percentage of successes for each group of
stereo-pairs (SP1, SP2 and SP3) and for each method
(PR, OR1, OR2 and MR) as a function of the number of
iterations. Iteration 0 corresponds with results for local
matching probabilities, the starting point for the relax-
ation process. As shown in Fig. 7, 32 iterations suffice to
halt the PR process. This is the number of iterations used
for the remainder of the methods. We have performed
experiments with window-width values (maxd, see Sec-
tion 2.4b) in the range 3-15 pixels, where the best results
were obtained when maxd was set to 8 pixels.

Table 2
Percentage of successes for the group of stereo-pairs SP2

SP2 0 8 16 24 32

PR 61.3 75.6 84.8 90.1 96.7
OR1 61.3 72.7 81.9 88.9 95.3
OR2 61.3 67.8 70.4 76.9 80.3
MR 61.3 66.5 69.8 73.7 712
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Table 3
Percentage of successes for the group of stereo-pairs SP3

SP3 0 8 16 24 32

PR 62.8 78.3 879 91.4 95.7
ORI 62.8 76.5 86.8 90.7 95.1
OR2 62.8 64.6 67.1 69.3 70.5
MR 62.8 62.1 61.6 60.7 59.8

4.3.1. Decision process

When the relaxation processes have finished, there are
still both unambiguous pairs of segments and ambiguous
ones, depending on whether one and only one, or several
right image segments correspond to a given left image
segment. In any case, the decision about whether a match
is correct or not is made by choosing the result of greater
probability for PR, OR1 and OR2 and the best merit
value for MR. In the unambiguous case there is only one.
For PR, OR1 and OR2, it is necessary that this probabil-
ity surpasses the previous fixed threshold probability
(T =0.5).

It is allowed that an edge segment / in the left image
matches with r; and r, in the right image if r; and r, do
not overlap, their directions differ a value smaller than
a fixed threshold (set to 10 in this paper) and the match-
ing probabilities between / and r; and / and r, are greater
than T.

According to values from Tables 1-3, the following
conclusions may be inferred:

(1) Group SPI: All methods progress in a similar
fashion in the number of successes. The best results are
obtained with PR and ORI1. In both cases this is due to
the definition of C; in the compatibility coefficient.

(2) Group SP2: The best results are once again obtained
with PR and OR1 where the difference with respect to
OR2 and particularly with respect to MR are significant.
The explanation can be found by the presence of repeti-
tive structures in the images. These structures produce
false matches, which are taken as true by MR and OR2
and false by PR and ORI, hence PR and OR1 work as
expected. The reason is the definition of condition C,
applied to the compatibility coefficient.

(3) Group SP3: The number of successes for PR and
ORI1 evolves as expected whereas for OR1 remains prac-
tically stable and for MR decreases as the number of
iterations increases. This last case is a surprising result.
This is a direct consequence of images with some objects
close to the cameras violating the smoothness and order-
ing constraints (in Fig. 3a-d, see object bounded by labels
9 and 10 in left image and 11 and 12 in right image). MR
increases the merit of false matches, such as (3, 3) or (2, 2),
and PR and OR1 handle this phenomenon correctly
through condition C,.

In general, the best results are always obtained with
PR. The small difference with respect to OR1 is due to
the convergence criterion used in the Hopfield neural
network, which requires a greater number of iterations
(about 22) than PR to obtain a similar percentage of
successes. We have verified that the ordering constraint
is not relevant, this is because the impact of such a con-
straint is assumed by the smoothness constraint. We
think that this is the reason for which the ordering
constraint is not considered in classical stereovision
matching methods [8,14,18,20,23,55] among others.
Nevertheless, it is useful in structural or geometric
matching approach methods [1,30,37].

(4) The difference in the results between PR and OR2
tells us that the definition of the compatibility coefficient
with its two conditions is appropriate to deal with the
violation of the smoothness and ordering constraints and
also to fix the disparity limit.

(5) Additionally, we can point out that the global
relaxation matching process substantially improves the
local matching results (compare results between iteration
0 and 32). Hence the relaxation process becomes parti-
cularly necessary for complex stereo images.

5. Concluding remarks

An approach to stereo correspondence using a prob-
abilistic relaxation method is presented. The stereo corre-
spondence problem is formulated as a relaxation task
where a matching probability is updated through the
mapping of four constraints (similarity, smoothness,
ordering and uniqueness). The similarity constraint is
doubly applied: (a) during the computation of the local
matching probability (see Section 2.2), and (b) during the
mapping of the corresponding constraint (see Section
2.4a). We have also introduced, through the compatibil-
ity coefficient of Eq. (6), specific conditions to overcome
the violation of the smoothness and ordering constraints
and to avoid the serious problem caused by the setting of
the disparity limit. The advantage of using a relaxation
process is that a global match is automatically achieved,
taking into account each stereo pair of edge segments to
be matched: (a) in an isolated fashion (unary measure-
ments), and (b) as a member of a neighborhood (binary
measurements).

A comparative analysis is performed against other
methods OR1, OR2 and MR. We have shown that the
proposed method PR gives a better performance. We first
started our experiments with normal images and then
used more complex images with repetitive structures,
objects violating the smoothness and ordering con-
straints and occlusions, always obtaining satisfactory re-
sults. We have also shown the necessity of using a global
relaxation strategy.
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We hope that the above results show the potential of
PR. However, our method does not yet provide a full
performance as it does not reach the 100% success level
and several improvements to the matching method may
be possible. We are currently investigating some of these:
(1) hierarchical processing, starting at region level and (2)
using corners as complementary features [54].
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