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Abstract

Quantum computing is an emerging paradigm that leverages the principles of quantum mechanics to
process information, to provide a speedup with respect to classical computers. Among the different
types of quantum algorithms that exist nowadays, quantum walks, which are quantized Markov
chains, have shown good performance in a wide range of domains. In particular, a quantum walk
introduced by Szegedy, which can be applied to arbitrary graphs, has been applied for tasks such
as classification and optimization. The aim of this thesis is the development of novel quantum walk
algorithms, from two differentiate research lines: phase extensions and the semiclassical framework.

In the first results part of the thesis we extend the standard Szegedy quantum walk to incor-
porate complex phases, both at the level of edges with link phases, and at the level of nodes with
arbitrary phase rotations (APR), giving rise to the graph-phased Szegedy walk. This phase-extended
framework establishes a broader equivalence between coined and Szegedy walks, and provides new
possibilities for quantum search algorithms on graphs without needing to modify the underlying
structure. Furthermore, we analyze its application in a problem of interest such as the quantum
PageRank, where we demonstrate that the introduction APR can highlight secondary hubs while
restoring the degeneracy among residual nodes, and retains the quantum stability of the standard
algorithm.

In the second results part, we introduce the semiclassical framework for quantum walks, giving
rise to the semiclassical walks. These walks can be understood as classical walks where the transition
matrix encodes the quantum evolution. We explore the Szegedy walk in this context. Among our
results, we find that this walk is able to break the symmetry of weighted graphs when they are
inhomogeneous, which is useful for the problem of ranking nodes in symmetric graphs, where the
classical PageRank fails. Furthermore, we have demonstrated experimentally that the semiclassical
walks can be applied on real quantum computers using the platform IBM Quantum.

As an important application of the semiclassical Szegedy walk, we explore its use in the context of
the quantum SearchRank algorithm. This algorithm aims to search for marked nodes on graphs at the
same time that provides a classification of them. However, its usefulness is lost as soon as the size of
the graph increases. After replacing the underlying Szegedy quantum walk with a semiclassical walk,
this issue is solved. Furthermore, we propose a simplification, denoted as randomized SearchRank,
which corresponds to a quantum walk acting on a randomized mixed state, and maintains the same
time complexity as the quantum SearchRank algorithm. As a further application, based on the
randomized SearchRank, we propose the Quantum Signature Validation Algorithm (QSVA), which
is a protocol for detecting fraudulent activity in blockchain networks with a quantum speedup. Our
simulations results show that this algorithm is able to detect all the tampered transaction in a real
Bitcoin dataset.
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Finally, apart from quantum walk algorithms, in the third results part we delve with the classical
simulation of the Szegedy quantum walk, which is important for research since currently there are
no fault-tolerant quantum computer. We propose a memory-saving algorithm that scales as O(N?)
with the size N of the graph, and provide additional procedures for simulating the phase extensions
and the semiclassical Szegedy walk. Moreover, we have built a classical simulator in Python called
SQUWALS. We show that our simulator scales as O(N?) in both time and memory resources. This
package provides some high-level applications for algorithms based on the Szegedy quantum walk,
as for example the quantum PageRank.



Resumen

La computaciéon cuantica es un paradigma emergente que aprovecha los principios de la mecanica
cuantica para procesar informacién, con el fin de proporcionar una aceleracién en comparaciéon con
los ordenadores clasicos. Entre los diferentes tipos de algoritmos cudnticos que existen hoy en dia, los
caminos cuanticos, que son cadenas de Markov cuantizadas, han mostrado un buen rendimiento en
una amplia variedad de dominios. En particular, un camino cuantico introducido por Szegedy, que
puede aplicarse a grafos arbitrarios, ha sido utilizado para tareas como clasificacién y optimizacién.
El objetivo de esta tesis es el desarrollo de nuevos algoritmos de caminos cudnticos, desde dos lineas
de investigacion diferentes: extensiones de fases y el método semiclésico.

En la primera parte de resultados de la tesis extendemos el camino cuantico de Szegedy estandar
para incorporar fases complejas, tanto a nivel de aristas mediante fases de enlace, como a nivel de
nodos mediante rotaciones de fase arbitrarias (APR en inglés), dando lugar al camino de Szegedy
con fases de grafo. Este marco extendido con fases establece una equivalencia mas amplia entre los
caminos con moneda y los caminos de Szegedy, y proporciona nuevas posibilidades para algoritmos de
busqueda cuantica en grafos sin necesidad de modificar la estructura subyacente. Ademas, analizamos
su aplicacién en un problema de interés como el PageRank cudntico, donde demostramos que la
introduccién de APR puede resaltar hubs secundarios mientras restablece la degeneracién entre
nodos residuales, y mantiene la estabilidad cuantica del algoritmo estandar.

En la segunda parte de resultados, introducimos el método semiclasico para los caminos cuanticos,
dando lugar a los caminos semiclasicos. Estos caminos pueden entenderse como caminos clasicos
donde la matriz de transicion codifica la evolucién cuantica. Exploramos el camino de Szegedy en este
contexto. Entre nuestros resultados, encontramos que este camino es capaz de romper la simetria de
grafos ponderados cuando son inhomogéneos, lo cual es 1til para el problema de clasificaciéon de nodos
en grafos simétricos, donde el PageRank clésico falla. Ademas, hemos demostrado experimentalmente
que los caminos semiclasicos pueden aplicarse en ordenadores cuanticos reales utilizando la plataforma

IBM Quantum.

Como una aplicacion importante del camino de Szegedy semiclésico, exploramos su uso en el con-
texto del SearchRank cuantico. Este algoritmo busca nodos marcados en grafos al mismo tiempo que
proporciona una clasificacién de los mismos. Sin embargo, su utilidad se pierde en cuanto el tamano
del grafo aumenta. Tras reemplazar el camino cuantico de Szegedy por un camino semiclésico, este
problema se resuelve. Ademads, proponemos una simplificaciéon, denominada SearchRank aleator-
izado, que corresponde a un camino cuantico que actia sobre un estado mixto aleatorizado, y
mantiene la misma complejidad temporal que el SearchRank cudntico. Como una aplicacion adi-
cional, basada en el SearchRank aleatorizado, proponemos el Algoritmo Cudntico de Validacién de
Firmas (QSVA en inglés), que es un protocolo para detectar actividad fraudulenta en redes blockchain

vil



Resumen viii

con una aceleracion cuantica. Nuestros resultados de simulaciéon muestran que este algoritmo es capaz
de detectar todas las transacciones manipuladas en un conjunto de datos real de Bitcoin.

Finalmente, ademas de los algoritmos de caminos cuanticos, en la tercera parte de resultados
abordamos la simulacién clasica del camino cudntico de Szegedy, lo cual es importante para la
investigacion dado que actualmente no existen ordenadores cuanticos tolerantes a fallos. Proponemos
un algoritmo que ahorra memoria y escala como O(N?) con el tamafio N del grafo, y proporcionamos
procedimientos adicionales para simular las extensiones de fases y el camino semiclasico de Szegedy.
Ademas, hemos construido un simulador clasico en Python llamado SQUWALS. Mostramos que
nuestro simulador escala como O(N?) tanto en tiempo como en recursos de memoria. Este paquete
proporciona algunas aplicaciones de alto nivel para algoritmos basados en el camino cuantico de
Szegedy, como por ejemplo el PageRank cuantico.
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Conventions and Notation

Along this thesis we use the following conventions and notation:

e Although linear operators can be represented by matrices, both mathematical objects are
strictly different. Nevertheless, in the context of quantum computing we may use both terms
interchangeably.

e For network nodes, and matrix and sum subindexes, we start counting from 0. Therefore, sums
of N elements go from index 0 to index N — 1.

e In quantum circuits we start counting the qubits from 1, and we use the big-endian convention.

e Tensor product symbols may be avoided when unnecessary. Therefore, we may denote |a) ® |b)
simply as |a) |b).

e We indicate matrix elements using subindexes. For example, Ao corresponds to the element
(1,0) of matrix A. If the matrix name has a subscript, we may use brackets. For example,
(As)10 is the element (1,0) of matrix A,.

e We denote the identity operator as 1 for whatever space. If needed, we indicate with a subscript
the dimensions of the subspace it acts on. For example, 15 corresponds to a 2 x 2 identity
matrix.

e To distinguish from the general subindex ¢ and the complex unit, we use the character ¢ for
subindexes and the character i for the complex unit, such that i = v/ —1.

e We use an asterisk for complex conjugation. Therefore, the complex conjugated of z = x + iy
is 2" =x —1iy.

e For complex phases, depending on the context we may denote as phase the complex number
e or directly the angle 6.

e For Markov chains we chose the transition matrix as column-stochastic, so that the columns
are normalized to add up to 1. We denote it as G, and the element Gj; is the probability of
transitioning from state i to state j.
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Chapter 1

Preface

Quantum computing is an emerging computing paradigm which started four decades ago. In a naive
sense, it consists of leveraging quantum mechanics to build more powerful computers. However, it
is not as simple as this, and to understand truly what quantum computing is, let us review the
historical relationship between quantum mechanics and computer since. First computers were huge
machines able to process the information using vacuum tubes [13], and storage the information in
punched tapes [14]. The development of quantum mechanics allowed the construction of smaller and
faster processors based on transistors [15,16]. It has also played an important role in the development
of smaller and faster storage devices, as hard drives based on the magnetic spin, or the recent solid
state drives, which use quantum tunneling [17].

In a rough sense, the more transistors a computer has, the faster it is. Moore’s law, which
states that the number of transistors double every two years thanks to miniaturization, has held
approximately true during the 1960s [18,19]. However, the same ally that enables the miniaturization
of computers, is becoming an enemy that sets a limit for Moore’s law [20]. There is a point from
which quantum effects interfere with the functioning of electronic devices as they are small enough.
Therefore, it is expected that in a near future we will not be able to construct more powerful
computers based on this technology.

The solution for the limit set by quantum mechanics, comes also from the hand of quantum
mechanics, although this time not applied to the computer devices themselves, but to the information
they process. Despite the fact that current computers are in some sense quantum, the information
that they process is classical, and therefore they are refereed to as classical computers. A bit,
which is the basic unit of information, can be in state 0 or 1, but not both at the same time. In
quantum information, the quantum analog of a bit, the quantum bit, or qubit [21], can be in either
each of these states, or in a quantum superposition. Therefore, a machine able to process quantum
information can leverage the effects of superposition, coherence and entanglement to obtain results
in a more efficient manner than classical processors [19], paving the way to the desired quantum
speedup. Now, we can state that the adjective “quantum” in “quantum computing” actually refers
to the kind of information is being processed, rather than to the physical processors. Of course,
a quantum computer must have at its core a quantum technology in order to work with quantum
information.

A precursor idea by Feynman was to use quantum computers just for simulating quantum physical
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systems in a more natural way [22,23]. Nevertheless, there is also the understandable aim of using
quantum computers for solving faster usual problems of computer science, which are not related with
quantum mechanics. The form a quantum computer is more powerful than a classical one does not
consist of doing the same operations quicker. Instead, they use different algorithms, which based
on the effects of quantum mechanics, need less operations than classical ones. To understand how
this works, let us see an example for a quadratic speedup. Suppose that, on the one hand, we have
a classical algorithm requiring N operations, where N is a parameter related with the size of the
problem to solve. On the other hand, we have a quantum algorithm that needs 10v/N operations
for solving the same problem. For N = 1 the classical algorithm is faster, since it only needs a
single operations, whereas the quantum computer needs ten. However, as the size of the problem
increases, there is a point from which the quantum computer needs less operations, becoming faster
than the classical computer. In this case it occurs from N = 100. This is so because the classical
algorithm scales as O(N) and the quantum one as O(y/N), so that in the asymptotic limit the
quantum algorithms requires less operations. The prefactor, which was 1 for the classical algorithm
and 10 for the quantum one, plays no role in this limit. Therefore, independently of the prefactors,
there is always a point from which the quantum algorithm requires less operations as long as it has a
better scaling. Different examples are shown in Figure 1.1, were we can see that a square root scaling
always ends up requiring less operations than a linear one for different prefactors. Note that the
actual running time of the algorithm is obtained multiplying the number of operations by the time
needed by the computer per operation. This only affects to the prefactor, so even if the quantum
computer operates at a slower rate, there is also always a size of the problem from which it needs
less time than a classical computer.

5 1000
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" 1N " — 20VN
&3] — 2N S 6001 30VN
+J +J
© ©
— —
g2 8 400
o o
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Figure 1.1: Comparison of a linear scaling with different square root scalings. Independently of the pref-
actor, the square root function always ends up below the linear one.

The first quantum algorithm that showed a quantum speedup was developed by Deutsch in 1985
[24], and was followed by the Deutsch-Jozsa algorithm in 1992 [25]. However, they were restricted to
a very specific problem with a difficult real application. Two of the most important algorithms with
practical applications are the Grover algorithm (1996) [26,27], which provides a quadratic speedup
in search problems, and the Shor algorithm (1994) [28,29], which provides an exponential speedup
for the discrete logarithm and integer factoring problems. This last algorithm represents a potential



Chapter 1. Preface 4

break of security in modern cryptography based on the RSA protocol [30].

Although quantum algorithms are mostly devised with the aim of a quantum speedup, there are
also algorithms that points to the quality of the results rather than to the speed. An example is the
quantum PageRank algorithm [31], which not providing any speedup with respect to the classical
algorithm, resolves better the structure of networks [32].

So far, we have only talked about quantum algorithms, but what about the physical quantum
computers? Despite the development of quantum computing services as IBM Quantum in 2016 [33],
and the claimed quantum supremacy demonstration by Google [34] on a very artificial and appli-
cationless example, quantum computers are only a promising technology for the future. Nowadays,
quantum computers are at a research level. Current quantum computers are very error prone, so
that it is unfeasible to run quantum algorithms with real applications. Some algorithms are devised
for computers allowing a certain amount of error, in what is called the noisy intermediate-scale
quantum (NISQ) era [35]. Nevertheless, actual quantum advantages are expected in a more distant
future when fault-tolerant quantum computers become available [36], using quantum error correction
techniques. [37,38].

It is obvious that there is still much research to do with quantum hardware. However, even if
a full-fledge quantum computer becomes available suddenly, its applications would be limited since
the set of quantum algorithms showing advantages is too reduced. Research in the field of quantum
algorithms is very necessary, and for this reason we focus this thesis on this area. In particular,
we work with quantum walks algorithms [39, 40], which are quantizations of Markov chains [41]
with plenty of applications such us triangle finding [42], element distinctness [43] and quantum
search [44]. Among all the possible quantizations, we focus on the one introduced by Szegedy in
2004 [45], which has applications in problems of optimization [46-50], network ranking [31, 32],
graph completeness [51], and machine learning [52].

The main objectives of this thesis are the development of new quantum walk algorithms at a
fundamental level, and their application to problems of interest. We can split them into two separate
research lines:

1) We explore the introduction of complex-phase extensions as new degrees of freedom in the
Szegedy quantum walk, which gives rise to a new family of quantum walk algorithms [5]. We
analyze their properties and applications in different areas. As an important example, we use
them to develop new quantum PageRank algorithm with improved properties [1].

2) We develop a new walk framework combining classical and quantum features, giving rise to
what we denote as semiclassical walks [2]. We analyze their properties and apply them to cases
of interest, as the quantum SearchRank algorithm [4]. This has provided an algorithm for search
and ranking in networks, which we also use for detecting frauds in blockchain technologies [6].

A problem we faced during the development of this thesis is how to simulate the Szegedy quantum
walk on a classical computer for big networks. To solve it, we needed to devise a novel simulation
algorithm. Although not an initial objective, it has provided by itself an extra result of this thesis:

3) We devise a novel classical simulation algorithm for the Szegedy quantum walk, which has given
rise to a Python library called SQUWALS implementing it [3]. This algorithm is not only useful
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for the numerical simulations of this thesis, but also serves as a tool for the quantum computing
community, either for the Szegedy walk simulation at a research level, or for implementing
quantum-inspired classical algorithms based on it as the quantum PageRank.

The structure of this thesis is as follows. An introductory part provides all the theoretical
framework needed to understand the results of this thesis:

e Chapter 2 provides an introduction to quantum computing, and sets the mathematical formu-
lation that we use in this thesis.

e Chapter 3 provides an introduction to quantum walks, focusing on the Szegedy quantum walk.

A first part of results relates to the first objective of the thesis:

e Chapter 4 introduces the phase extensions of the Szegedy quantum walk, and show some
applications.

e Chapter 5 shows a further application of the phase extensions in the context of the quantum
PageRank algorithm.

A second part of results relates to the second objective of the thesis:

e Chapter 6 introduces the semiclassical framework for quantum walks, and presents the semi-
classical Szegedy walk, along with applications.

e Chapter 7 shows a further application of the semiclassical Szegedy walk in the context of the
quantum SearchRank.

e Chapter 8 presents a quantum algorithm for detecting fraud in blockchain based on the
SearchRank algorithm within the semiclassical framework.

A third part of results relates to the third objective of the thesis:

e Chapter 9 presents SQUWALS, an efficient simulator of the Szegedy quantum walk.

Finally, we summarize and conclude in Chapter 10. Additionally, Appendix A provides some
calculations about the spectral properties of the Szegedy quantum walk.



Chapter 2

Quantum Computing

In this chapter, we provide all the theoretical background about quantum computing, going from the
most fundamental concepts to elaborated quantum algorithms.

As stated in the previous chapter, quantum computing is the discipline that study the use of
computers for processing quantum information. There are different quantum computing models that
we can chose for defining our computing framework. Examples are the adiabatic model [53,54] and
the quantum circuit model [55,56], which depend on how the quantum system and its evolution is
defined. Therefore, before choosing one, we start with a brief introduction to quantum mechanics
in Section 2.1. We show how quantum systems are defined and how they evolve in an abstract
sense, explaining the three main features that make quantum computing so powerful: superposition,
interference and entanglement.

In Section 2.2 we chose the quantum circuit model, which is the most widely extended model,
and it is used in quantum computers based on qubits. There, we define the elementary operations,
or quantum gates, that compose the quantum circuits and are responsible of the evolution of the
system. At a higher logic level, before constructing functional quantum algorithms, in Section 2.3
we show some complex quantum operators whose action provides a better intuition for a quantum
programmer than the elementary quantum gates.

Finally, we can construct quantum algorithms from the previous operators. In particular, in
Section 2.4 we show the Grover algorithm [26,27], which is the basis of the quantum walk search
algorithms studied in this thesis.

2.1. Introduction to Quantum Mechanics

In this section, we make an introduction to quantum mechanics by means of the four postulates
[19,40], so that we can define the mathematical formalism that we use in this thesis to develop the
analysis on quantum computing.
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The first postulate of quantum mechanics makes reference to how the state of a quantum system is
represented, and is related with the property of superposition.

Postulate 2.1. Associated to any isolated physical system there is a complex vector space with inner
product, i.e., a Hilbert space, known as the state space of the system H. The system is completely
described by a unit state vector |1) in its state space.

In the bra-ket notation introduced by Dirac [57], a state vector is denoted by a ket as |¢). In
order to work with vectors, we need to represent them in a basis of the state space. Suppose we
have a classical memory register allowing the representation of N different integer numbers from
0 to N — 1. In quantum computing we usually work with an equivalent N-dimensional quantum
state space, where we define the computational basis C := {|i), i =0,..., N — 1} [19]. In contrast
to a classical register, where only a number at a time can be stored, a quantum register can be in
superposition, so that a state can be represented as a linear combination of this basis as:

) =D aili), (2.1)

where the coefficients a; are complex numbers usually denoted as amplitudes. Moreover, a ket can
be represented in matricial form as a column vector formed by the amplitudes a;.

Associated to any ket |1) there is a bra (1], so that (1| = [¢). The t symbol denotes a linear
operation known as the adjoint. Therefore, a bra state can be expanded in the basis of bras as:

(Wl =" ai il 22

where the asterisk represents complex conjugation. In matricial representation the adjoint is obtained
transposing and conjugating, so that any bra corresponds to a row vector with the conjugated
amplitudes a;.

The inner product between two vectors [¢;) and |i)s) is just the product between the bra of
the first vector and the ket of the second one, so it is expressed as (¢4 |[¢)9), and provides an scalar
number. This product is not symmetric, since it satisfies that (¢ [19) = ({¢9 11))*. With it, we
can define the square of the norm of a vector as [|[¢)||* := (1 |1).

The computational basis is orthonormal, so that all the vectors are perpendicular to each other
and their norm is 1. Therefore, the inner product between them is given by (i |j) = d;;, where

1 ifi=j,
0 ifi#j.

Since the basis is orthonormal, the amplitudes a; of any state |¢)) can be obtained by inner products
as:

ai = (i [9), 24)
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and the squared norm of the vector as:

P = (0 1) = D ol (25)

For a vector to represent a valid quantum state, its norm must be 1.

The second postulate explains how a quantum system evolves and it is the one related with
interference.

Postulate 2.2. The evolution of a closed quantum system is described by a unitary transformation.
This means that the state |1(ty)) of the system at time ty is related to the state [1(t1)) of the system at
time t; by a unitary operator U, which depends only on the times ty and t1, so that |(to)) = U |[1(t1)).

The time evolution of any closed quantum system is governed by the Schrodinger equation [57,58):

d]y(t))
dt

where h is the reduced Plank constant, and H is the Hamiltonian of the system describing its energy.
This operator is Hermitian, so that it is equal to its adjoint: H' = H. The solution of this linear
equation is given by a unitary operator, which is the responsible of the interference phenomena in a
quantum system. For simplicity, let us suppose that H does not depend on time. The evolution is
given by the unitary operator

ih

= H (1)), (2.6)

U = e nHt-to), (2.7)

A unitary operator satisfies that UTU = UUT = 1, where 1 is the identity operator. Then, Ut=u-"
Since H is Hermitian, the adjoint of U is Ut = eT#H'(i—t0) — ¢+3H(t1—10) and then it is trivially
the inverse of U. In order to physically implement an arbitrary unitary transformation, we would
need to find a Hamiltonian such that evolving for a fixed quantity of time, such unitary U is applied.
Nevertheless, a quantum computer usually provides a set of primitive unitary operators from which
any other can be constructed, as we will see in the following section.

The same as vectors, we can represent operators in matricial form as square matrices expanding
in the outer products of the computational basis:

N-1
U= Uyli) (il (2.8)
i,j=0
where the matrix elements U;; in the computational basis can be obtained as:
Uy = (il U15). (2.9)
The third postulate makes reference to how a quantum system is measured in order to obtain

information about it.

Postulate 2.3. A quantum projective measurement is described by a Hermitian observable operator
O acting on the state space of the system, whose spectral decomposition is

O =) Ay, (2.10)
A
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where 11, is the orthogonal projector on the eigenspace of O with eigenvalue \. If the state of the
quantum system is |1) immediately before the measurement, then the probability that result X occurs
is given by px = (Y| Iy [¢), and the state of the system after the measurement is
IT
D) (2.11)
VP

The physical information that we obtain from the system is determined by the probability distri-
bution of the possible measurement outcomes. Moreover, if the quantum state is in a superposition
with components in different eigenspaces of the observable, this superposition is broken by the mea-
surement and the result is the normalized projection onto the subspace associated with the result.
Therefore, posterior measurements would always produce the same result. For this reason, we cannot
obtain all the information about a state just measuring a single copy of it, and several copies are
usually required.

Note that the probabilities py for two quantum states differing in a global phase € are the same.
For example if we measure the state |¢') = €' [1) we have:

(W' [¢) = e (| Iy [9) = (| Ty [¢)) - (2.12)

This occurs for whatever observable O, and the global phase is unaffected by a unitary evolution.
Thus, both states are physically indistinguishable and equivalent. For this reason, in quantum
mechanics global phases play no role, and two states or unitary operations differing in a global phase
are considered to be equal.

Orthogonal projectors are Hermitian, so that H; = II,, and idempotent, so that I3 = TI,.
Moreover, since for Hermitian operators the subspaces of different eigenvalues are orthogonal, we
have that II,ITy, = 0,11y, and they satisfy the following completeness relationship of the identity:

=) I, (2.13)

In this thesis we only deal with orthogonal projectors, and thus we omit the adjective and refer to
them directly as projectors.

In quantum computing we are interested in measuring in the computational basis. The projector
associated to each computational basis state |i) is II; = |i) (i|. Thus, a diagonal observable in the
computational basis is needed:

O = Z A i) (i . (2.14)

The measurement result )\; is a physical quantity that depends on the particular experimental set.
In quantum computing we are interested only in the index ¢ of the computational basis. Thus, in a
logic sense, we can say that the result of the measurement is directly the number i. The probability
in this case can be obtained simply making the inner product with the corresponding computational
basis state and taking the squared modulus:

pi = (I ) = (v [d) (i [) = (i [0) (i [9))* = |G [9)], (2.15)

and we can also calculate it from the amplitudes as p; = |a;|?. Furthermore, note that all eigenvalues

must be different in order to project onto a particular computational basis state. If it is not possible
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to construct an observable that is not degenerate, we need a complete set of commuting observables
(CSCO) sharing the computational basis states as eigenbasis, so that the set of eigenvalues for each
computational basis state is different [59]. An example can be seen in the context of qubits in Section
2.2.3.

In some quantum algorithms, instead of measuring the computational basis index, the aim is
to determine the expected value of an observable. Examples are quantum chemistry algorithms for
estimating the energy of molecules [60]. The expected value of an observable O for a system in state
|1) is defined as:

(O)y = (WO y) = ZpAA (2.16)

so that it is the weighted average of the eigenvalues, where the weights are the probabilities of
measuring each eigenvalue. This value is sampled experimentally measuring the observable many
times and taking the average, which requires preparing the same quantum state for each sample.

Before going on with the fourth postulate, it is useful to introduce the density matrix formalism [61].

The state of a quantum system represented by the vector |¢)) can also be represented by a
density operator p = [¢) (¢|. In this case we say that it is a pure state, since it corresponds to a
particular vector state. However, the density operator formalism allows states that do not correspond
to a particular vector state, but to an ensemble of them. This allows the introduction of classical
uncertainty about the particular quantum state. Suppose we have prepared a quantum state, but
we do not know what state. We only know that there is a probability p; of having prepared |¢)1) and
po of having prepared [i9). Of course, p; + po = 1. Then, we can represent the state as an ensemble
of both possibilities with their corresponding probabilities as:

p = p1 1) (1| + P2 [2) (Yo - (2.17)

Although the state is actually one of both, the density matrix takes this classical uncertainty into
account at the time of obtaining the final statistics, even after a quantum evolution. It is just as if
we averaged the statistics of each independent pure state, weighted by their probabilities.

The same as quantum state vectors must be normalized so that their norm is 1, density operators
have a normalization condition to represent valid quantum states. In this case the trace must be
normalized so that it is 1. Since the trace of a matrix is the sum of its diagonal elements, using
equation (2.9) it is calculated with the computational basis as:

TT[P]:Z il pli) an—l (2.18)

Moreover, they must be positive operators. Note that the outer product [i) (1| is the same regardless
of the global phase of the state. Since (e |¢)))T = e~ (1|, the global phases are canceled out between
the bra and the ket. Thus, in the density matrix formalism there is no notion of global phase, and
the density operator p is unique for each state.
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The quantum evolution for a density operator is also given by a unitary transformation as:

p(tr) = Up(to)U". (2.19)

The probability of obtaining each of the outcomes of an observable O in the form of (2.10) is
calculated in this case as:
px = Tr[Ilpl, (2.20)

and the state of the system after the measurement is

Iholly (2.21)
P
In the case of measuring in the computational basis we have:
N-1
= Te[Lp] = Tx[fi) (il p] = Y (k [i) (il p|k) = Zém il plk) = (il pli) = pis, (2.22)
k=0

so the probability is given by the corresponding diagonal element in the computational basis.

Now we can see a quite simple example to gain some intuition about the usefulness of superposition
and interference with respect to a classical system. Suppose we have a two-level system, with
computational basis C = {|0),|1)}. Let us define two superposition states:

+) =75 (0 +11)), (2.23)

=) = —=(0) = 1)) (2.24)

In both states, when measuring in the computational basis, we have a probability of one half of
measuring either 0 or 1. This statistic is the same as for the mixed state

S-S

= 210y (0l + 3 1) 1, (2.25)

which denotes that the state is actually in |0) or |1) but we have a classical ignorance about it. One
could think that the same happens for the quantum superposition states since they have the same
statistics. Nevertheless, thanks to interference we can proof that this is not the case. Let us define a
unitary operator U such that U |0) = |[+) and U |1) = |—), and apply it to our superposition states:

Ul+) =

(U|0> +UN)) = 5 (100 +[1) +10) = 1) = 107, (2.26)

5l
- 5l
Sl

Ul=) = (U|0> U|1>)=7 (10) + 1) = 10) + 1)) = [1).- (2.27)

Sl
<~
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Let us also apply it to the mixed state:

UpUt = = (U0) (0| UT + U 1) (1| UT) = 5 ([4) (+] + =) (=)

(10) O] +0) (1] + [1) (O + 1) (1)) + % (10) O = [0) ([ = [1) O + [1) (1) = p.  (2.28)

N
N =

N | =

Since the states |+) and |—) are in superposition, the unitary evolution produces an interference
between the computational basis states. In the case of |+), there is a destructive interference for
|1) and constructive for |0), and the other way around for state |—). If we measure the result in
the computational basis we can now distinguish them with certainty. However, for the mixed state,
since there is no coherence between the computational basis states, there is no interference and the
same mixed state is obtained after the evolution, so that the same uniform statistic is obtained. This
example shows that interference needs superposition, which is not possible for classical computers.
Moreover, a quantum superposition is not only the fact of being in several states simultaneously. For
example, applying U to states |+) and |—) makes them distinguishable despite being superpositions
of the same states with the same probability. The relative phase of —1 in the state |1) plays an
important role, so that these superpositions are new entities different to the computational basis
states. Of course, they do not have classical counterpart.

The fourth and last postulate makes reference to composite systems, and it is the one related with
entanglement. Furthermore, it is crucial for constructing complex quantum systems from simpler
ones.

Postulate 2.4. The state space of a composite physical system is the tensor product of the state spaces
of the component physical subsystems. Moreover, if we number them from 1 through n, and subsystem
i is prepared in the state |1);), then the joint state of the total system is [1)1); @ [2)y @ -+ @ |[thy),, -

The symbol ® represents the tensor product and the subindex in each ket of the tensor product
represents the particular register. Sometimes, when it is clear, we may remove either of them.

The computational basis of the composite system is obtained taking all the tensor product combi-
nations of the computational basis states of each system. Therefore, the dimension of the composite
Hilbert space is [[; NV;, where N; is the dimension of subsystem . In order to measure in the total
computational basis, we just have to measure each subsystem independently, so that all of them turn
into a particular state, and the total system turns into their tensor product.

Instead of measuring the total system, we can also perform a partial measurement, so that only a
part of the system is measured. Without loss of generality we can consider a bipartite system, where
we only measure the first register. The computational basis is

C={d) )y, i=0,....,Ny—1, j=0,...,Ny—1}. (2.29)

The probability (p;); of measuring the computational basis state ¢ of the first register is the sum
of the probabilities of measuring each state |i), [j), for all j. First, let us expand the state in the
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composite computational basis as:

i=Np—1
j=Na—1
) = > i i)y 15), - (2.30)
i,j=0
Therefore:
No—1 No—1
Z GG P =) e (2.31)

j=0
Note that if we take a partial inner product between the computational basis state of the first register
and the composite state, the result is a vector living in the second register:

k‘:Nl—l k:Nl—l

j=Na—1 j=Nz—1 No—1

= Y any (iR )= ) andili)y = ai i)y, (2.32)
ki j=0 K, j=0 =0

whose norm is precisely the probability (p;); in (2.31). For this reason, in this thesis we also calculate
the probabilities of partial measurements taking an inner product with the corresponding computa-
tional basis state. Nevertheless, in this case we take the squared norm of the result, rather than the
squared modulus of a complex number since the result is actually a vector. Then:

(po)i = 1, {E )17 (2.33)

In the case of working with a density operator p, instead of taking an inner product we take
the sandwich with the corresponding computational basis state of the measured register. Again, the
result is not a number, but a density operator living in the unmeasured register, and the probability
is obtained taking the trace of the result:

(p1)i = Tr[ (il pli)y]- (2.34)

An important feature of quantum mechanics that arises when we have composite systems is
entanglement. When a quantum state can be written as a tensor product of different states on each
register, we say that the state is not entangled. However, we can have states that cannot be expressed
that way. For example, let us consider two systems with dimension 2 each of them, and consider the
state

1
¥) = 7 10)10) + \/— 1) 1) (2.35)

This state cannot be expressed as a tensor product of two independent states, and therefore is
entangled. When this happens, the measurement statistics on each register are not independent.
For example, suppose we measure the second register. With a probability of one half the system
results in |1) in the second register. However, the only possibility for that condition is that the
composite system results in |1), so that the first register also turns into |1) 1) even without having
been measured. Therefore, a posterior measurement of the first register would yield 1 with certainty.
This contrasts with classical computing, where classical registers are always independent.

With regard to the quantum evolution, a unitary operator that can be expressed as a tensor
product of unitaries on each subsystem will apply each unitary independently on each register, so
entanglement is neither created nor destroyed. However, there are unitary operators that cannot
be expressed this way, and therefore are said to be entangling, because they change the quantity of
entanglement of the system.



Chapter 2.  Quantum Computing 14

2.2. Quantum Circuits

The most widely extended quantum computing model is the quantum circuit model [19, 55, 56].
Quantum circuits are the quantum analogue of classical circuits formed by bits whose information
is processed by logic gates. In this case the system is formed by qubits represented by wires, which
are the quantum analogue of classical bits [21], and the quantum information is transformed by
quantum gates, which are unitary operations. At the end of the circuit, the information of the qubits
is obtained by measurements. An example is shown in Figure 2.1.

q1 @ R
¢ 5 F—o—a— =
UE] @ —X
Q16 - H®3 ~—X

Figure 2.1: FExample of a quantum circuit with sixz qubits. The first three qubits are represented as indepen-
dent wires, whereas the last three qubits are represented as a bundled wire. There are siz single-qubit gates:
four Hadamard gates applied to qubits 1, 4, 5 and 6, an S gate applied to qubit 2, and an X gate applied
to qubit 3. There are also two multi-qubit gates: a CNOT between qubits 1 and 2 and other CNOT between
qubits 3 and 2. The quantum information is processed from left to right applying the different quantum
gates, and the qubits are measured at the end.

We use the big-endian convention for the order of the qubits in the quantum circuit. Therefore,
the first qubit of a composite system corresponds to the upper-most qubit in the circuit, and the
last qubit is at the bottom [62]. With respect to the evolution time, it flows from left to right. This
means that a gate at the left is applied before than one at the right. Note that this is in contrast
with the application of operators in an algebraic sense. For example, if we had two gates, U; and
U,, and we wanted to apply U = UyU;, the gate U; would act first and would be at the left of the
gate U; in the circuit, although they are the other way around in the algebraic product.

Any part of a quantum circuit composed only of quantum gates represents a unitary operator.
Since for a unitary operator U = U,U; the adjoint is obtained as UT = UlT UZT7 the circuit representing
the inverse U~ is obtained reversing the order of the gates and substituting them by their inverses.

In the following subsections we explain deeper the three main elements of quantum circuits.

A qubit is a two-level system with computational basis states |0) and |1), representing the two possible
values, 0 and 1, of a classical bit [21]. Nevertheless, a qubit can take any state in superposition,
going beyond the possibilities of a classical computer. There are several proposals for the physical
implementation of qubits. For example, superconductor qubits [63,64], photons [65,66], ion traps [67]
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and neutral atoms [68]. In Chapter 6 we use an IBM quantum computer based on superconductor
qubits [33] for some experimental results.

The same as n bits can be concatenated in order to create a memory register with N = 2"
different states, we can create a composite system of n qubits with an associated N-dimensional
Hilbert space. If we consider the sequence of qubit states as a binary bitstring, we have N = 2"
different possibilities. Therefore, each computational basis state correspond to the corresponding
binary bitstring, and we usually represent them without a tensor product. For example, the fourth
computational basis state for a system with n = 3 qubits is expressed as:

3) = 10); @ [1); @ [1)5 = [011).. (2.36)

Quantum gates are the quantum analog of logic gates in classical circuits, although all the operations
are reversible in contrast to classical gates. They are elementary operations that serve as building
blocks for the construction of any arbitrary unitary operator [19, 69, 70]. In practice, a quantum
computer is only able of implementing physically a reduced set of gates, known as universal set, from
which any other gate can be composed. However, in a logic sense, we can consider as elementary gates
a larger set of operations in order to construct quantum circuits with a greater human intuition, and
let the quantum computer to compile them into the universal set. Moreover, the universal set can
depend on the particular nature of the quantum computer. Therefore, in the following we are going
to see a broad range of quantum gates, and where it is pertinent, show how they can be compiled
into other gates.

2.2.2.1. Single-qubit gates

The first kind of gates that we are going to study are those that act on a single qubit. In classical
computing the unique logic gate acting on a bit is the NOT gate, which flips the value of a bit from
0 to 1 or vice versa. In the case of a qubit, the Pauli matrix o, performs the change between the
states |0) and |1). However, since a qubit is not restricted to these two states, but can take infinite
possible states in superposition, we can also have in principle infinite single qubit gates. These gates
are indeed those of the unitary group U(2).

Let us start with the Pauli matrices. In quantum computing it is usual to denote them as X, Y
and Z, avoiding the ¢ in the notation. Their mathematical expressions are the following:

X:(?é),yz(?gi>,zz(é_ol). (2.37)

The action of the X gate is known as bit-flip, in analogy to the classical NOT gate. However, the
action of the other gates have no classical analog. The Z gate performs a phase-flip, because changes
the state |1) to —|1), letting unchanged the state |0). The Y gate is just a combination of X and
Z,since Y =i1XZ, so it is the product of both up to a global phase.
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Other very important gates are the following three:

pe (0 s () (10, 038

The H gate, known as Hadamard gate, is used to create superposition states. This gate transforms
the state |0) into |[4) and |1) into |—), where the states |[+) and |—) were introduced in (2.23) and
(2.24). Since H' = H, this gate is self-inverse, and therefore performs the transformation also the
other way around. Moreover, since |+) and |—) are the eigenstates of the Pauli matrix X, the gates
Z and X can be interconverted as X = HZH and Z = HXH. The S and T gates are like the
phase-flip gate Z, but applying a phase of ¢”™/? and /4, respectively, to state |1). Note that 72 = S,
and S? = Z. Therefore, the Z and S gates would not be necessary in a universal set containing the
gate T'. However, as we will explain below, the S gate is usually considered independently of T'.

The next gates that we are going to introduce are parameterized gates, which depend on a
parameter. Therefore, they can represent infinite gates. These gates are at the core of variational
algorithms like the variational quantum eigensolver [71] or quantum neural networks [72], allowing
the codification of both data and weights in the circuit. We can generate parameterized gates by
exponentiation of the Pauli matrices. We define a rotation gate R,(0) = exp(—ifo/2) for the three
Pauli matrices o as follows:

cos(3)  —isin (3) cos (4) —sin (2 e
Rx(6) - Ry (6) - )= () e ).
—isin (g) cos (g) sin (g) cos (g) ¢
(2.39)

These three matrices belonging to the U(2) group are the equivalent of the three tridimensional
rotations in SO(3). Thus, two of them can be used to generate any single qubit gate U. For
example, taking Rx and Ry:

U= elaRx(ﬁ)Rz("y)RX((S), (240)

where the angles 3, v, and ¢ are known as Euler angles. Furthermore, since X = HZH, then
Rx(0) = HRz(0)H, and only an arbitrary rotation gate is necessary. For example, IBM quantum
computers have the Rz (f) gate in the universal set, along with others that allow the implementation
of the Hadamard gate [33].

The last single qubit gate that we are going to introduce is the phase gate P(0):
1 0
PO = (o o) 2.41)

which applies an arbitrary phase e to the state |1), generalizing the Z, S and T gates. This gate is
actually the Rz(0) gate up to a global phase, since P(f) = €%2R4(). Nevertheless, it is useful to
consider it as an independent gate due to its particular action.

In a circuit with several qubits we may want to indicate somehow what is the qubit on which
the gate acts. For each gate acting on an individual qubit we can define a unitary operator on the
composite system. For example, for a Z gate acting on the i-th qubit we define Z; as:

Zi=1,® - ZRQ@ -+ ® Lo, (2.42)

where we have a single-qubit operator Z in the ¢-th position of the tensor product, and n — 1
identities for the rest of the qubits. This means that the Z gate is only applied to the i-th qubit,
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and the rest are idle. If we consider that each gate on the same column of a circuit are applied
sequentially, this is enough to describe mathematically the action of the overall circuit. Nevertheless,
we can suppose that all gates in the same column are applied at the same time and simplify the
mathematical formulation. In the circuit of Figure 2.1 the six single qubit gates of the first column
can be composed as a unique unitary operator as H @ S ® X ® H ® H ® H directly. Moreover, if
we have the same gate U acting on n different qubits we may denote it as U®". For example, if we
have three Hadamard gates on three qubits we denote it as:

H®=H® H®H. (2.43)

In a real quantum computer whether different qubit gates can be applied simultaneously or not
depends on the particular kind of hardware representing the qubits.

2.2.2.2. Single-controlled gates

Multi-qubit gates usually consists of what is called controlled gates. Let us star with gates controlled
by a single qubit, and in particular, with the CNOT gate. This gate acts on two qubits. If the first
qubit is the control and the second one the target, then the mathematical expression is

CNOT = [0) (0] @ 1o + 1) (1] ® X = (2.44)

SO O
S O = O
_ o O O
O = O O

This gate controls the application of an X gate on the target qubit. If the control qubit is in state
|0), nothing happens. If it is in |1), the X gate is applied. Therefore, the action on an arbitrary
computational basis state is

CNOT |z) |y) = |z) [y ® ), (2.45)

where & denotes the bitwise XOR operation or addition modulo 2. For a single bit, 0660 =1®1 =0
and 0@ 1 =160 = 1. Therefore, the CNOT gate is the quantum version of the classical XOR gate.
This gate in a quantum circuit is represented as a black dot in the control qubit connected with the
addition on the target, as shown in Figure 2.2(a). The CNOT gate is actually the only multi-qubit
gate needed in a universal set containing all the single qubit gates to construct any arbitrary unitary
operator [69]. Nevertheless, we are going to see other important controlled gates and how they can
be decomposed back to the CNOT gate.

Instead of applying the X gate when the control qubit is in |1), we may want it the other way
around and apply the bit-flip only if it is in state |0). This complementary CNOT gate is shown in
Figure 2.2(b), where a white dot is used to denote that the control qubit must be in the state |0).
A white dot can be turned into a black dot just surrounding it by X gates, and the same is true the
other way around. Therefore, without loss of generality, in the following we will only use black dots
unless a white dot is necessary.

Apart from an X gate, any arbitrary unitary operator can also be controlled, as shown in Figure
2.2(c). If the operator U is decomposed into simpler gates, we can consider that we have each gate
being controlled by the control qubit. In this case we denote the general controlled gate with only a
control qubit as a single-controlled-U gate.
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Figure 2.2: a) Quantum circuit representation of a CNOT gate. b) Representation of a complementary
CNOT gate and decomposition into a normal CNOT gate. ¢) Representation of a general single-controlled-U
gate.

Now suppose a single-qubit gate U is being controlled. The question that arises is how we can
decompose it into single-qubit gates and CNOT gates. Let us suppose for the moment that U can
be transformed into an X gate by a unitary transformation as U = AT X A for some unitary gate A.
Then, the A and A" gates can be extracted from the target and be always applied surrounding a
CNOT, as shown in Figure 2.3. If the X is applied, then U is actually applied on the target. If it is
not applied, then ATA = 1 makes nothing.

Control ——

Target—@— - —AtxA— —E 4

Figure 2.3: Quantum circuit decomposition of a single-controlled-U gate acting on a single target qubit in
the case that U = ATX A for some arbitrary operator A.

A\

Al —

Now let us see what happens with the global phase of a gate when it is controlled. In this case
the phase does not acts globally. For example, if we control —X instead of X by a black dot, if the
control qubit state is in state |1) then the target suffers a phase-flip apart from the bit-flip of the X
gate. However, when the control is in state |0) no phase-flip is performed. A global phase from a
unitary being controlled can be extracted as a phase gate acting on the control qubit when the dot
is black, as shown in Figure 2.4.

Control P(«)

Target _,L eiaU l /nt M—

Figure 2.4: Extraction of the global phase for an operator U being controlled by a single qubit as a phase
gate acting on the control qubit.

Finally, any single-qubit unitary U can be decomposed as U = e “AXBXC for some unitary
operators satisfying ABC = 1 [19]. Therefore it can be decomposed into two CNOT gates, a phase
gate and the three single-qubit gates of the transformation.

2.2.2.3. Multi-controlled gates

We can generalize the controlled gates to the case where we have more than one control qubits. In
this case, to differentiate from the previous one, we denote as multi-controlled-U gate to a general
gate U being controlled by several qubits.
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The first example is the Toffoli gate, also denoted as CCNOT, since it is an X gate controlled
by two qubits. Its representation is shown in Figure 2.5. In this case the X gate is only applied
to the target when both control qubits are in state |1). This gate is special because it can be
decomposed into CNOT, H and T gates, which are gates usually used as universal, and also allows
the decomposition of any other multi-controlled gate [19].

T
Control 1 D_“_
qubits I @ N pery I §
Target ——  — H —&—{ 1t —o—{ T |—&— 1t - T| (1]

Figure 2.5: Quantum circuit representation of a Toffoli gate and decomposition into CNOT and single-
qubit gates.

Let us consider a multi-controlled-U gate as the one showed in Figure 2.6. The U gate is applied
to the target register only if all the control qubits are in state |1). We can decompose it with the help
of ancilla qubits. Using a Toffoli gate we can check if a pair of two qubits satisfy the condition, and
store the result in an ancilla qubit. Then, another Toffoli checks the condition between this ancilla
and another control qubit, and stores the result in a new ancilla. The process is iterated until all
the control qubits have been checked and the global result is stored in a final ancilla. This ancilla
then controls the operation of the gate U on the target as a single-controlled-U gate. After that, all
the ancilla qubits, which started in state |0), need to be uncomputed reversing the process with the
Toffoli gates. For n, control qubits this decomposition requires 2(n. — 1) Toffoli gates and n, — 1
ancilla qubits. These ancilla qubits must start in state |0), and they end up also in state |0). Thus,
they can be reused for all the multi-controlled gates in the circuit, and the total number of ancilla
qubits only depends on the larger multi-controlled gate, providing at most n — 2 ancilla qubits for a
circuit with n qubits. Although this decomposition would be enough for any multi-controlled gate,
it is important to mention that there can be more efficient schemes in the recent literature [73].

——
Control - Control
. —— i
qubits - qubits
——
0)- &-0)
~ Ancilla | 0) S S 0)
qubits 0) Fa Fan 0)
10) b b 10)
Target n Target  ne 3
qubits @ QUbltS 7 Iﬂl

Figure 2.6: Quantum circuit representation and decomposition of a multi-controlled-U operation that con-
tains n. = 5 control qubits into 2(n. — 1) = 8 Toffoli gates using n. — 1 =4 ancilla qubits.
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2.2.2.4. Controlled phase gate

The phase gate is special when is being controlled. In this case, the target qubit acquires a phase
of € when it is in state |1). However, it cannot be attributed to this particular qubit, and it is
attributed to the composite state considering all the qubits. Therefore, if we want to apply a relative
phase on a particular computational basis state, we can use a controlled phase gate considering as
target whatever qubit, as long as we take into account that if the target qubit must be in state |0),
the phase gate must be surrounded by X gates. Thus, we can use a representation in which all the
qubits represent the state to whom we want to apply the phase €, and they control the phase gate
on a ghost target qubit [74]. An example is shown in Figure 2.7 for the state |110) in a system with
three qubits.

L Xrofxt

Figure 2.7: a) Quantum circuit representation of a multi-controlled-P(0) gate acting on a ghost qubit,
which in this ezample applies a relative phase e® to the state |110). The real target can be whatever qubit
as shown in b)-d), as long as the target qubit is surrounded by X gates if it must be in state |0) for the
application of the phase gate.

2.2.2.5. Swap gate

A qubit-swap gate interchanges the states of two different qubits, therefore SWAP |a) |5) = |5) |«)
for two arbitrary qubits states. This gate can be decomposed into three CNOT gates [19] as shown
in Figure 2.8.

a
%

D
3
D
Ay

Figure 2.8: Quantum circuit representation of a qubit-swap gate and decomposition into three CNOT gates.

In an ideal quantum computer where we are able to apply a two-qubit gate between whatever
two qubits, this gate can be implemented virtually at a free cost. We just have to rename the qubits
and go on. However, actual quantum computers lack of a full connectivity between the qubits.
Indeed, for these computers the swap gate is crucial for implementing two-qubit gates between non-
connected qubits, performing swaps with the intermediate qubits of the chain, increasing the cost of
the circuit [75]. For the sake of simplicity, we consider in this thesis that all qubits are connected
between them.
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2.2.2.6. Universal gates and the Clifford+7" set

We have seen how multi-controlled gates can be decomposed into single-controlled gates, and these
into CNOT gates. Indeed, any arbitrary unitary operator can be decomposed into CNOT gates
and single-qubit gates without the help of ancilla qubits [69], although the decomposition that we
have shown is more efficient requiring less gates [19]. Therefore, the CNOT gate, along with all the
operators of the U(2) group, form a universal set of gates.

Any single-qubit gate can be generated using the parameterized Rz(f) gate and other gates
needed to convert it into a Rx () gate. Although this would be enough for performing universal
quantum computation, parameterized gates lack of a fault-tolerant implementation, since they ac-
tually represent infinite gates. In order to perform fault-tolerant quantum computing, a discrete
and finite set of gates is required [36,76]. It turns out that the H and T gates can approximate
any single-qubit gate up to an arbitrarily small precision, as stated by Solovay-Kitaev theorem [77].
This error propagates linearly, so that the total error of the circuit is the sum of the errors of each
individual gate. Moreover, recently an efficient algorithm for the decomposition of R,(#) gate was
developed [78]. Despite the fact that S = T2, the S gate is also introduced in the universal set
of gates. The reason is that the H, S and CNOT gates generate the Clifford group, which is the
group of gates that normalize the Pauli group [79,80]. Whereas Clifford gates are easy to correct,
T gates need a quite complicated quantum error-correction scheme. Indeed, it is usual to measure
the cost of a quantum circuit in terms of T' gates for fault-tolerant quantum computing [81,82], after
decomposing it into the Clifford+7" set. Then, it is easier to work with an S gate instead of treating
it as two T' gates, although a quantum computer would apply the T' gate twice in order to implement
it in a physical sense.

In this thesis we consider that quantum computers are ideal, so we do not deal with quantum
error correction. Therefore, we mostly express the circuits in terms of the gates we have defined in
this section, considering that they could be decomposed into Clifford+7 gates later.

2.2.2.7. Classically-controlled gates

In some quantum algorithms classical information also plays a role. Classical bits, which can carry
the information of an intermediate measurement or of independent calculations, can be used to
control the application of quantum gates. An example is shown in Figure 2.9, where a gate U is
applied to the quantum register if the classical bit, represented as a double wire, is in state 1. This
kind of gates are at the core of quantum error correction [36], and are crucial for the semiclassical
walks [2] that we study in this thesis.

Quantum register —,L@—

Classical bit =——s—

Figure 2.9: Quantum circuit representation of a classically-controlled gate. The classical bit is represented
as a double wire.
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The computational basis of a single qubit corresponds to the two eigenvectors of the Pauli matrix
Z, which has eigenvalue 1 for state |0) and —1 for |1). Therefore, in order to measure the state of
a single qubit, this is the operator that is actually measured as observable. In the case of a system
with n qubits, we have N = 2" computational basis states. However, we do not have an operator
with N different eigenvalues to measure. For example, although the computational basis would be
an eigenbasis of the operator Z®", it would only have two different eigenvalues which would be
degenerate. As mentioned in the previous section, in order to measure in the total computational
basis we can use a CSCO. In this case we take the n different Z; Pauli operators. Therefore, we need
to perform n measurements in order to completely determinate a bitstring. Of course, this trivially
corresponds to measuring each qubit independently.

There are cases where we may want to measure in a different basis. However, quantum computers
usually only allow a physical measurement in the computational basis. Therefore, a different kind
of measurement is implemented virtually transforming the state [19]. Let us suppose we want to
measure in an orthonormal basis B = {|3;) ,7 = 0,..., N1}, and we have a unitary operator Ug that
transforms each computational basis state |i) into |5;). We can obtain the statistics of measuring
in the basis B measuring in the computational basis after the application of U};, which rotates the
basis B into the computational basis. Precisely, taking into account that (8| = (Ug |i))T = (i| U},
the probability (pg); of resulting in the state |3;) after measuring an arbitrary state [¢) is

2

(ps)i = 14: [)I? = |Gl Uf )] (2.46)

Note that after the real measurement the state ends up in a computational basis state. If the

measurement is at the end of the algorithm and we are only interested in the index ¢ of the result,

we are done. However, if it is an intermediate measurement and we want to continue with the state
|8:), we would have to apply Ug to the result of the measurement.

Examples of different basis of measurement are the eigenbasis of the other Pauli operators, mostly
used in quantum chemistry for expressing Hamiltonian operators [60]. In the case of the Pauli X
matrix the transformation is done with the Hadamard gate, so Us = H, and for the Y matrix it is
done with Ug = SH.

In principle, using simple linear algebra we can calculate the evolution of any quantum state rep-
resented as a column vector just multiplying it by the unitary operator matrix. Therefore, the
operations of a quantum computer could be simulated on a classical one, and we can obtain deter-
ministically the final probability distribution. Note that in a real quantum computer we do not obtain
the probability distribution, but a particular computational basis state with a certain probability.
In the case that we want to make a stochastic simulation, therefore simulating how a real quantum
computer would behave, we would just have to sample the resulting probability distribution using a
random number generator. There are several software packages for simulating quantum circuits this
way, as for example Cirq from Google [83] and Qiskit from IBM [84]. However, this simulation is
only feasible for a relatively small number of qubits.
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A composite system of n qubits can be in a superposition of the N = 2" computational basis
states, and therefore we would have in general a quantum vector with 2" different complex amplitudes.
Even disregarding the error of approximating these numbers with a finite precision, in order to store
them in a classical computer we would require a number of classical bits scaling exponentially with
the number of qubits. For example, a computer with a RAM memory of 128 GB hardly can simulate
a circuit with 32 qubits. Moreover, the classical simulation time grows with the size of the quantum
vector, so it increases also exponentially with the number of qubits.

Note that this exponential scaling is due to the fact of entanglement between the qubits. If
there would not be entanglement, we would just only need to store the individual state of each
qubit, which would require 2n complex numbers. Therefore, entanglement is crucial for a quantum
computer to exhibit advantage, because otherwise it could be simulated efficiently on a classical
computer. Although necessary, it is not sufficient that the state is entangled to be hard to simulate,
because Gottesman-Knill theorem states that quantum circuits composed solely of Clifford gates are
efficient to simulate even with high entanglement [79].

Nevertheless, quantum algorithms that are efficiently simulated on a classical computer can also
be of interest, giving rise to what is denoted as quantum-inspired classical algorithms. For example,
algorithms that can be simulated using tensor networks [85], or the quantum PageRank algorithm
[31,32], which we analyze further in Chapter 3.

2.3. Operators

So far, we have seen elementary gates performing quite simple operations at a very low level. The
same as in classical computing, it is very difficult to program an algorithm just composing low level
operations. In quantum computing we can define some operators by their specific action indepen-
dently of the quantum computing model. Thus, they are at a higher level than the quantum gates
we have previously seen. Although in the end these operators need to be decomposed into quantum
gates if we want to implement them using quantum circuits, they perform operations that are more
intuitive for a quantum programmer. Therefore, they can be used as building blocks for designing
quantum algorithms.

A conditional operator is the quantum equivalent of the if-else statement of classical programming
languages [86,87]. Let us consider a composite system with two registers, so that H = H; ® H,, where
‘H1 corresponds to the conditional register and H, to the target register. Let us also consider an
orthonormal basis B = {|3;), i =0, ..., N1} of the Hilbert space of the first register. The conditional
operator applies a unitary operator U; to the target register if the conditional register is in state |3;),

so that it can be defined as:
Ni—1

Cs =) |6 (Bl © U (247)

i=0
In general, this operator corresponds to Ny if statements. Nevertheless, these can be reduced if some
U; operators are the same for different states of the basis B, where we would have the equivalent of
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an or operation between two conditions for the same if statement. In the case we have U; = 1, it
would correspond to the lack of an if statement for the corresponding state |3;).

In order to implement this operator with a quantum circuit, we need to perform a basis rotation
to the computational basis. Let A be a unitary operator such that A|i) = |5;). Then:

N1—1 N1—1

Cs=> Ali)(i|AT@U =(A® 1) <Z| |®U,~>(AT®IL)=(A®1L)CC(AT®IL), (2.48)

where C¢ is the conditional operator using the computational basis C for the quantum conditions.
The implementation of C¢ is done with what is called a uniformly controlled gate, which corresponds
to a bunch of multi-controlled-U; gates, for the N; different states of the computational basis of
the conditional register. The circuit implementing the operator C¢ is shown in Figure 2.10 for an
example with N; = 8. This implementation is quite inefficient since it requires N; multi-controlled
gates, and it is an open problem widely studied [88,89]. However, depending on the particular gates
U;, if some of them are equal, a more efficient implementation can be found [5], as we will see in
Chapter 4.

Conditional I I I [ I I
register I [ I I |
| | | I
rrgzlirftitr = Uo U U Us [qUs [ Us )/ Us = Uz —

Figure 2.10: Quantum circuit representation of an example of conditional operator in the computational
basis for eight conditional states. There is a multi-controlled-U gate for each condition.

The implementation of A depends on the particular basis B, so that its compilation depends
case to case and it is in general an open problem. Once A is compiled, the quantum circuit of AT
is obtained trivially reversing the order of the gates and substituting each elementary gate by its
inverse. Luckily, in this thesis all conditional operators we deal with are in the computational basis,
so that no basis rotation is needed.

A swap operator exchanges the quantum states between two registers of the same dimension [90].
Let N be the dimension of these registers. Then the swap operator is defined as:

Z (| @ |5) (il - (2.49)

Note that this unitary operator is also Hermitian, so S? = SST = 1.

The swap gate between two qubits is a particular instance of this operator. Moreover, the quantum
circuit for a swap operator for two registers of n qubits is composed trivially by n swap gates [91],
as shown in Figure 2.11.
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Reg. 11

Reg. 2 |

Figure 2.11: Quantum circuit representation of the swap operator between two quantum registers. For
each qubit of a register a qubit-swap gate is applied with the corresponding qubit of the other register.

A permutation operator adds some fixed quantity to each computational basis state. In this thesis
we are interested in a permutation operator that acting on a N-dimensional system transforms the
computational basis states |x) into |z + 1 mod N). Therefore, it just adds 1 to each computational
basis state [92]. We denote it as PT.

The quantum compilation of this operator is done recursively, so that for a register with n + 1
qubits it is compiled adding a multi-controlled-X gate to the left of the operator for n qubits. For
n = 1 the circuit is trivially composed by a single X gate. The general circuit is shown in Figure
2.12.

Fan)
\ %

Figure 2.12: Quantum circuit representation of a permutation operator that adds 1 to each computational
basis state.

A permutation operator P~ performing the inverse operation would be obtained by simply in-
verting the order of the gates. Nevertheless, it can also be compiled substituting all black dots by
white dots in the circuit of PT.
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Let Hp be a Ng-dimensional subspace with an orthonormal basis B = {|5;), i =0,..., Ng}. If we
decompose the Hilbert space as H = Hp @ Hj;, then any state 1)) can be decomposed into a parallel
component and a perpendicular component to Hz:

) = |¢>|| + |¢>L (2.50)

A reflection of |¢) around the subspace Hp changes the sign of the perpendicular component. Using
the orthonormal basis we can obtain the projector operator onto the subspace Hp as:

Np—1

1T = Z 18:) (] - (2.51)

We have that II|¢), = |[¢); and IT|¢p), = 0. Therefore, an operator R performing the reflection
around subspace Hp can be defined using the projector IT as [26,93]:

R:=2II— 1. (2.52)

In general we have that Ny << N, where N is the dimension of the total Hilbert space H. In order
to implement the reflection in a quantum circuit, we actually implement the minus reflection —R,
which flips the phase of the parallel component instead. Recall that this —1 is an unimportant global
phase. Since |1/))” € Hp, it can be expressed as a linear combination of the states |5;). Therefore,
flipping the sign of |¢>H is equivalent to flipping the sign of all the states |3;), letting unchanged any
vector that is orthogonal to all of them. This is done with Ng minus reflections —R; around each
state |G;), i.e., —R; = —(2|6;) (B:i] — 1). Indeed, it is easy to check that

Np—1 Np—1

—k= [T =218 50 = ] (-r). (2.53)

%

Now we need to find a compilation for a reflection R; around a simple monodimensional subspace.
We do it transforming the corresponding state into a computational basis state. Although any state is
valid, in this thesis we transform it into state |0). Let A; be a unitary operator such that A; |0) = |5;).
Then:

R; = 2A;]0) (0] AT — 1 = 4;(2]0) (0] — 1)A!, (2.54)

so that each reflection around a single state |3;) can be performed surrounding a reflection around
the state |0) by A; and Al

Again, the difficult part is to find a quantum circuit for the operators A;, and we will see that
this is the great challenge for compiling the unitary evolution operator of quantum walks [91, 94].
The reflection around |0), actually the minus reflection, is implemented with a multi-controlled- P(7)
gate controlled by the state |0). As we saw in the previous section, this gate, shown in Figure 2.7,
applies a phase of —1 to the controlling state letting the rest of the computational basis unchanged,
thus effectively implementing the minus reflection.
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The arbitrary phase rotation (APR) operator is a modification of the reflection R [95,96]. Instead of
introducing a relative phase of —1 between the parallel and perpendicular components, this operator
introduces an arbitrary complex phase €. It is defined as:

R(9) := (1 — )T — 1. (2.55)

A normal reflection is recovered for § = w. Again, in order to implement it in a quantum circuit we
take —R(0) instead. We have that for a general state decomposed as 1) = [¢) + [¥)

—R(0)[) = €” [}, +1¥) L, (2.56)

so that it applies a phase of € to the parallel component. Following an analogue procedure to that
of the reflection, we can decompose it as the product of multiple APR operators around monodi-
mensional subspaces:

Ng—1 Ng—1

—RO)= [Ja—-0-e)s) B = 1] (~Rr(0)), (2.57)

i 7

and any single phase rotation can be transformed into the phase rotation around state |0) as R;(6) =
A;((1 = €?)|0) (0] — 1)A!. Therefore, the only difference with the compilation of a reflection R is
that instead of a phase of —1 = €™, we have ¢, and therefore we use a general multi-controlled-P(6)
gate instead.

Let f(z) : {0,1}" — {0,1}" be a classical function that takes as input a bitstring of n bits and
outputs a bitstring of m bits. A quantum oracle Oy is a black-box operator that implements the
function f(x) taking the input in a quantum register, and outputting the result in another quantum
register [19,24,25], such that

Oy |z} y) = |} ly @ f (), (2.58)

where @ denotes the bitwise XOR operation. The first register is called data register, and the
second one target register. When the target register is in state |0), it just stores the result of f(z).
Supposing a classical circuit for computing f(z) is available, a quantum reversible circuit for the
oracle can always be constructed with the same efficiency [19].

If we apply the oracle Oy to a quantum superposition in the first register, it computes the function
f(z) for all the computational basis states of the superposition simultaneously. This fact is known
as quantum parallelism, since all the results are obtained using only once the oracle. However, since
we have to measure the state in order to obtain information, we cannot obtain all the results of f(x)
so simply. Nevertheless, when combining the oracle parallelism with quantum interference, we can
obtain some algorithms that outperform classical ones, for example the Deutsch-Jozsa algorithm [25].
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A commonly used oracle is constructed by a kind of yes/no query function. Let M be a set of
states satisfying some special conditions, so that the function is

1 ifxre M,
f(z) = (2.59)

0 otherwise.

The quantum oracle O can be used to store the result in the second register when it starts in |0).
However, this oracle is normally used to construct an operator which marks the states for which
f(z) = 1 flipping the sign of the state. To do so, the second register, which in this case is a single
qubit, starts in state |—). Since the XOR operation adding 1 is equivalent to the application of a
NOT operation, which corresponds to an X gate, and the state |—) is an eigenstate with eigenvalue
—1, it turns the second register into — |—) when the state of the first register is marked. Therefore:

Oy l2) |=) = |2} [(=1)/@ [ -)] = (=1)7@ |a) |-). (2.60)

The minus sign can be attributed to the composite state, rather than just only to the second register.
The second register is unchanged after the application of the oracle, and can be considered as an
ancilla qubit playing no role in the actual quantum evolution. Therefore, we can consider an operator
acting only on the first register. We call this reduced operator the phase-flip oracle, and denote it as
(), such that
—|z) ifze M,
Q) = (2.61)

|z)  otherwise.

Although we treat this operator () in a logical sense as an operator acting only on the first register,
the actual quantum circuit compilation needs the corresponding oracle O; and the ancilla qubit, as
shown in Figure 2.13.

Data o

Data . .
qubits C | Qr| = qubits

Ancilla |-) & -

Figure 2.13: Quantum circuit construction of the phase-flip oracle Q¢ from the oracle O using an ancilla
qubit. Since the ancilla is in state |—), a minus sign is obtained when the NOT gate is applied on it.

The compilation of the oracle Oy depends on the particular problem, and is based on the classical
arithmetic operations of the function f(x). On the one hand, the input z of the function can be the
actual instance of the problem, as for example the satisfiability problems where a boolean function
is calculated applying logical gates between the bits [97]. On the other hand, the index z can be a
reference to a database, so that f(x) takes some data associated to that state in ancilla registers,
and uses them to calculates a quite more complicated function. For example, in the context of the
quantum SearchRank algorithm [4], we consider in Chapter 7 a function that takes a node index in
the internet, reads the information about the page, and checks if it satisfies the search condition of
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a user. For simulation purposes, in oracle-based algorithms it is usually considered that the states
that are marked by the oracle are known beforehand, and a simple diagonal operator with the action
given in equation (2.61) is constructed as:

Qr=1-23" k) (K], (2.62)
keM
rather than a complicated operator actually implementing the function f(x). Therefore, the proper-
ties of the algorithm can be studied even if the actual implementation of the oracle remains an open
problem.

In quantum computers based on qubits, apart from quantum gates, there is an operation denoted
as qubit reset that erases the information of a qubit turning it back to state |0) [98]. In this thesis
we abstract this idea to a reset operator acting on an arbitrary quantum register, independently of
whether the physical system implementing it is based on qubits or not.

This reset operator takes a quantum register in any state and turns it into the computational
basis state |0):

) 2= o) (2.63)

In contrast to the rest of the operators we have defined, this action is irreversible, and therefore is not
unitary. It is key for the semiclassical algorithms that we develop in this thesis, which mix unitary
and non-unitary operations [2].

Although the reset operation seems quite simple, it is highly nontrivial when a partial reset in a
composite system is performed. Without loss of generality let us take a system with two quantum
registers, so we can expand an arbitrary state in the computational basis of the first register as:

Ni—1
W) = Z a; 1), i)y (2.64)
i=0
where the states |a;) are arbitrary linear combinations of the computational basis of the second
register. The reset operation can be understood virtually as a measurement of the first register,
obtaining whatever computational basis state, and a posterior unitary transformation into the state
|0) [99,100]. If all the |a;) states are equal to a state |«), they can be factorized out of the sum so
that the system is not entangled. Therefore, after the measurement of the first register we always get
a state |i), |a), for whatever index ¢, and it is transformed into |0), |a),. However, if the registers are
entangled, the state of the second register after the reset depends on the result of the measurement
of the first register. Although we are interpreting the reset operation this way, the physical operation
may not imply an actual measurement, for example if the reset is implemented removing the quantum
system of the first register and substituting it by a new one. Therefore, it is as if we performed the
virtual measurement without knowing the result, and we had a classical ignorance about it. This
results in a mixed state depending on the probabilities of each measurement result of the first register,
and after transforming the first register into |0) the global action is as follows:

Ni—1

) =510}, 01 @ 3 Jaaf* o)y (2.65)
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In this thesis all the reset operations are performed on unentangled registers, so we do not have to
deal with this issue about creation of mixed states.

2.4. Grover Search Algorithm

The first quantum algorithm that we want to consider in this thesis is the Grover search algorithm.
This algorithm, devised in 1996 [26, 27, 95], is at the core of lots of quantum algorithms, as for
example quantum walks search algorithms [40, 101] or the quantum SearchRank algorithm [102]
which we examine further in Chapter 7.

Given an unsorted list of NV elements, the aim of the Grover algorithm is to find an element
satisfying some condition. Although the first version of the algorithm was devised for a single
marked element, it was sooner modified to allow M different marked elements in the list [103]. Let
us denote the set formed by them as M. We are provided with a classical function f(x) such that
f(z) =1 if the element x satisfy the condition, and f(x) = 0 otherwise. A classical search algorithm
would need to apply the function f(z) to each element one by one until it finds a solution. On
average that would require N/2 calls to the functions if there is a single marked element, so that the
complexity would scale as O(N). If there are M marked elements we would need O(N/M) iterations
to find a marked element.

On a quantum computer we can build an oracle operator Oy that checks in an ancilla qubit if a
given computational basis state |z) represents a marked element. Moreover, if we instead provide a
quantum superposition of the computational basis, the result of f(z) can be calculated simultaneously
for all the list using quantum parallelism. Nevertheless, the probability of measuring a marked state
would be the initial one in the superposition. In order to amplify it, so that we obtain a marked
node with high probability when measuring, we need to make use of quantum interference with some
unitary evolution.

The Grover algorithm starts with a uniform quantum superposition of the N computational basis
states, which is created applying Hadamard gates to all the qubits. This state is denoted as |s), so

that v
1
s) = N 2; by (2.66)

and its amplitudes are represented in Figure 2.14(a). Instead of using the oracle Oy to calculate
f(x) on an ancilla qubit, the phase-flip oracle Q¢ is applied. Thus, the phase of the marked states is
inverted, as shown in Figure 2.14(b). After it, the Grover diffusion operator Gp is applied, which is
defined as

Gp = 2]s) (s| — 1, (2.67)
so that it is actually a reflection around the subspace spanned by the state |s). The action of this
operator on an arbitrary superposition is:

N-1 N-1
Gp Y ailiy =Y (2(a) — a;) i), (2.68)

i=0 1=0
where (a) := N~ 121 o @; is the average of the amplitudes. Therefore, this operator performs an

inversion about the average [26]. Since the marked elements have a negative amplitude due to the
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oracle (), after the inversion the amplitude is positive again and it has been enhanced, as shown in
Figure 2.14(c).
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Figure 2.14: Representation of the evolution of a quantum state in the Grover algorithm. (a) The initial
state is an equiprobable quantum superposition with positive amplitudes. (b) After the application of the
oracle the phases of the marked nodes (red) are inverted. (c) The diffusion operator produces and inversion
about the average amplitude, represented with a dashed line. Therefore, the amplitudes of the marked nodes
are amplified.

Let us define the Grover kernel operator G := GpQs. Then, the Grover algorithm consists of

repeatedly applying the kernel G g a number of time steps ¢,,: such that the probability of measuring
a marked state is maximized. A quantum circuit [19] for the algorithm is shown in Figure 2.15.

Gp

Gl |G G Qr

0 —HH —~ —

-yt

t=1 t=2 t=Topt [7]

(a) (b)

Figure 2.15: (a) Quantum circuit for the Grover algorithm. The initial state |s) is created applying H®™
to the computational basis state |0). The kernel Gi is applied the optimal number of time steps and the
system is measured. (b) Quantum circuit representation of the kernel Gi. The diffusion Gp corresponds
to a reflection around |s) = H®™|0), so it is compiled as a reflection around |0) surrounded by Hadamard
gates. Note that this circuit actually implements the minus reflection, so the kernel is applied up to a global
phase.

Due to the unitary character of the kernel G, the evolution oscillates instead of converging.
Thus, after the optimal time the probability of measuring a marked node starts to decrease. We
need therefore to calculate what is the value of the optimal time step. To do so, we use the geometric
interpretation of the Grover algorithm in a 2D space [104]. Let us define the vectors |z)/) and |z7;),
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which are equal superposition of the marked and unmarked states, respectively:

1 .
|lzar) = NaTi >, (2.69)

iEM

1
LN . :
|237) = Ve ;M /i) . (2.70)
These two vectors are perpendicular and form a 2D plane where all the evolution takes place. Let
us define a 2D basis as B = {|z3;), |zy)} for this subspace. Note that the superposition of the
unmarked vectors is the first vector, and thus plays the role of the X axis, whereas the superposition
of the marked vectors is the Y axis. On the one hand, the oracle Qs flips the phase of |z;/) and lets
‘xjﬁ unchanged. Thus, in this 2D subspace the action is a reflection around the state ‘:EJ]\‘/[> and can

be written as Q?D) =2 ‘x]{ﬁ <m]+4} — I,. On the other hand, the state |s) lies in this plane, and can

be expressed as:
6 . (0
|s) = cos <§> |23) + sin (5) lzar) (2.71)

where by convention we consider that it forms an angle 6/2 with the X axis, with

sin (g) = % (2.72)

The plane is an invariant subspace of the diffusion operator, which is trivially written in this subspace
(2D)
as G/ =2]1s) (s| — 1a.

Taking into account the matricial representation in this reduced basis of |xj/[> = (1,0)" and

|s) = (cos (£) ,sin (g))T, the Grover kernel is expressed as:

(2.73)

G2 = (2]s) (5] — 1o)(2 |ty (| — 1) = ( cos —sinf ) ,

sinf@ cosd

so it corresponds to a rotation in the plane with angle 6. This is so because the product of two
reflections is a rotation. How both reflections produce this rotation is shown in Figure 2.16.

After each iteration, the quantum state is closer to the superposition of marked states |z,/). Since
after each iteration the angle formed by the system state and the X axis is increased 6, after ¢ time
steps the angle of the system is /2 + tf. The optimal time for measuring occurs when the system
state is perpendicular to the X axis, so that the total angle is 7/2. This occurs for

t =

DN | —

A J SN TA 2.71)
20 4 arcsin (wM/N) 2 4V M

This quantity is in general a non-integer number. Therefore, the optimal number of time steps
is the closest integer. In the asymptotic limit, where N >> M, we can check that the optimal
time grows as O(1/N/M), so that the algorithm is able to find a marked element with a quadratic
speedup with respect to the classical search. Moreover, there exists a theorem that states that any

algorithm based on arbitrary unitary operators interleaved with the oracle cannot provide a better
query complexity than O(y/N/M), and therefore the Grover algorithm is optimal [105].
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Figure 2.16: Representation of the first iteration of the Grover algorithm as a rotation. The initial state
is |s), forming an angle 6/2 with the X axis. The application of the oracle Qf produces a reflection around
‘xjﬂ, and the posterior application of the diffusion produces a reflection around |s). The final state forms
an angle 0/2 + 0 with the X azis, so that it has been rotated an angle 6.

The probability of measuring a marked state is given by the amplitude corresponding to the state

|zar) [40]: ; Y
par = [z G |s)| >1— e (2.75)

Since in general the system state after ¢,, iterations is not totally parallel to the superposition of
the marked states, the probability of measuring them is not exactly 1. Nevertheless, it is always
above 1/2 for M < N/2, so that repeating the algorithm many times the probability of measuring
at least once a marked element is drastically increased. Moreover, in the asymptotic limit N >> M
the probability tends to 1. In order to check if a measurement result corresponds to a marked state,
we just have to apply the oracle O that calculates f(x) on an ancilla qubit, or the classical function
f(z) on a classical computer if we dispose of it. This checking post-procedure does not alter the
computational complexity of the algorithm since the oracle is only applied once for each run of the
algorithm, independently of the size N of the list.

Note that the quadratic speedup of the quantum search algorithm has been obtained considering
only the number of steps of the algorithm. This is called the query complexity, since it depends on
the number of calls to the function f(z) or its corresponding quantum oracle O [106]. It is a kind
of complexity intrinsic to the algorithm. Nevertheless, there is an extrinsic part that must be taken
into account, which depends on the particular implementation of each time step of the algorithm.

In the classical search, the extrinsic complexity depends on the implementation of the function
f(x). Usually, we can assume that the cost is polynomial in the number of bits n, and thus scales
polylogarithmically with the size N = 2" of the list. In the case of the quantum search, the oracle
Oy is constructed based on the classical arithmetic operations of the function f(z), and thus the
number of quantum gates is also expected to increase polylogarithmically with N. The quantum
implementation also depends on the diffusion operator Gp. This requires 2n Hadamard gates, and
the reflection operator around the state |0). As we saw in Section 2.2.2.3, the multi-controlled gate
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can be decomposed with a linear cost in the number of qubits. Therefore, the cost of the diffusion
operator is O(logy(N)). The total complexity of an algorithm is the product of the intrinsic and
the extrinsic complexities, and since both the classical and quantum extrinsic complexities scale
polylogarithmically, the quadratic speedup is maintained.

The Grover algorithm has been widely studied in the literature, and there are lots of modifications
to improve it. An important modification is the introduction of arbitrary phase rotations, replacing
the reflections by APR operators [96, 107, 108]. The complex phases can be matched in a way
that the Grover algorithm becomes deterministic, and thus the probability of measuring a marked
element becomes 1 at an integer measurement time [74,109]. Moreover, there are other algorithms
that employs different phases in a manner such that for a wide range of different ratios N/M the
probability of measuring a marked node is above a threshold using a fixed number of time steps.
Thus, it allows a certain amount of unknownledge about the number of marked states M [110-112].

Sometimes, we are interested in determining the number M of solutions to f(x) = 1 given an oracle
Oy, for example in order to calculate the optimal number of time steps of the Grover algorithm.
To do so, there is a quantum algorithm called quantum counting that determines M leveraging the
theory of the Grover algorithm [103,113-115]. This algorithm employs quantum phase estimation
(QPE) [116], which returns the phase of the eigenvalue of a unitary operator when its corresponding
eigenvector is given. The deeper details of this subroutine are beyond the scope of this thesis.
However, we sketch how quantum counting is performed for completeness.

We perform QPE for the Grover kernel operator G'g, which is formed by the problem oracle Oy.
As input state we provide the uniform superposition of all the computational basis states |s). This
state is not an eigenvector of the kernel. However, since Gi corresponds to a rotation in a 2D plane
as shown in (2.73), and |s) lies in this plane, it is a linear combination of only two eigenvectors with
cigenvalues €l and e, Therefore, QPE returns a value 0 when measuring, which can be either 6 or
21 —0. The greater value of ¢ is 7 when M = N. Therefore, we can always know if we are measuring

6 or 2r — . Anyway, since sin? (Q) = sin? (2”—2_9), we can use the direct measured result 6 to obtain

2
M from (2.72) as:
M = N sin? (g) : (2.76)

A quantum circuit for the quantum counting algorithm [19] is shown in Figure 2.17. It employs
a subroutine known as quantum Fourier transform (QFT) [24, 28], whose circuit is also shown but
the precise details are beyond the scope of this thesis. The time complexity of quantum counting
scales as O(V/N) [19]. Since the time complexity of two independent algorithms is added rather than
multiplied, the total scaling of Grover algorithm considering a previous quantum counting holds the
quadratic speedup.
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Figure 2.17: a) Quantum circuit for the quantum counting algorithm. The input state |s) is created in the
problem register with Hadamard gates. b) Quantum circuit for the quantum Fourier transform subroutine.
The gate Py corresponds to a phase gate with angle 2m/2F.



Chapter 3

Quantum Walks

Random walks are stochastic processes representing Markov chains on the nodes of a graph [41,117].
They have resulted a useful tool for constructing algorithms with lots of applications. For example,
simulation of Brownian motion [118], sampling distributions [119,120], and optimization problems
[121]. In the era of quantum computing, a quantization of these random walks is expected to provide
a new and wide set of algorithms outperforming the classical ones. This idea has given raise to the
concept of quantum walks or quantum Markov chains [40]. They were first proposed in the discrete
time version [39], and later using a continuous time [122]. However, precursor ideas can be attributed
to Feynman [123].

An advantage of quantum walks is that they can explore a state space polynomially faster than
their classical counterparts, for example, spreading quadratically faster [40,124]. Moreover, there are
examples with exponential speedup in some graphs as the hypercube [125]. Due to their properties,
they have been used to develop a wide variety of algorithms for problems such us triangle finding [42],
element distinctness [43] and quantum search [44]. Moreover, quantum walks can simulate a lot of
physical systems [40], and can be used as a universal quantum computing paradigm [126,127].

Quantum walks in discrete time usually require an inner degree of freedom, leading to what
is called the coined quantum walk model [128]. These walks act on undirected graphs, and have
difficulties quantizing arbitrary Markov chains. To solve this issue, Szegedy introduced a coinless
quantum walk on bipartite graphs based on precursor algorithms of Ambainis [43] and Watrous [129],
quantizing a general Markov chain on weighted graphs by a duplication process [45]. Soon after
Szegedy’s work, an alternative version of the Szegedy quantum walk avoiding the need to duplicate
the graph [90] was developed. This formulation produces more general results for classical weighted
graphs, and moreover, allows establishing an equivalence between the Szegedy quantum walk and
the coined model [130-132].

The Szegedy quantum walk was first used for detecting the presence of marked elements on a graph
with a quadratic speedup [45,133], and later it was generalized to the search problem [134,135]. Since
its development, there has been much research on its applications, resulting useful for optimization
[46-50], testing graph completeness [51], classification [31,32], quantum search [40,101,102,117] and
machine learning [52]. Moreover, there has also been research in implementing this algorithm in
quantum circuits [91,94].

36
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This chapter is devoted to provide an introduction to the topic of quantum walks, setting the
formalism that we use in this thesis. We start in Section 3.1 by introducing Markov chains and
random walks, as well as the mathematical formulation of graphs. Then, we introduce quantum
walks in Section 3.2. We do it defining the computational space in a general manner, independently
of the quantum computing model chosen to represent it. Te first quantum walk that we study is
the coined quantum walk in Section 3.3, followed by the Szegedy quantum walk in Section 3.4. We
analyze the equivalence between both models in Section 3.5, and show the implementation with
quantum circuits in Section 3.6. In Section 3.7 we define properly the computational complexity
of the quantum walk algorithms. In Section 3.8 we briefly show other quantum walks. In Section
3.9 we show how the Grover search algorithm can be obtained from the quantum walk perspective.
Finally, in Section 3.10 we show the PageRank algorithm and its quantization, which we use to test
our new walk algorithms in this thesis.

3.1. Markov Chains, Graphs and Random Walks

A Markov chain [41,136] is a stochastic process that assumes values in a discrete set X', so that a
sequence of states obeys that the next state depends only on the current state. On the one hand, in
this thesis we only consider discrete-time Markov chains, so that the chain is formed by a discrete set
of states. On the other hand, although the size of the set can be in principle infinite, for simplicity
we can consider, without loss of generality, a finite size with N possible states. Let x; be the state
of the chain at time step ¢, and consider a chain of states x;,x;_1,...,29. Then, the probability of
being at time step t in the state x; = j conditioned on the past states being x;_1 =1,...,29 = k is
actually conditioned only by the immediate past state x;_i:

P(zy = jleer =14,...,x0 = k) = P(zy = jloe = 1). (3.1)

Therefore, it is as if the chain would not have memory about all the history, and it only matters the
current state.

When these probabilities do not depend on the time step, so that P(z; = jlz;—; = i) = P(xy =
Jlxy—1 = 1) for all pairs ¢,t', the chain is said to be time homogeneous, being the case for all the
chains considered in this thesis. To characterize a Markov chain further let us introduce the following
properties [136, 137]:

e Irreducibility: A Markov chain is irreducible if for each pair of states x; and x5, the system
can form a chain from x; to x5 with an arbitrary number ¢ of time steps. Therefore, each state
is reachable from any other.

e Aperiodicity: The period of a state is defined as the greatest common divisor of the set of
times when it is possible for the chain to return to the starting position z. A Markov chain is
aperiodic if all the states have period 1.

e Ergodicity: A Markov chain is ergodic if it is both irreducible and aperiodic.

Associated to any Markov chain there is a transition matrix G, whose elements Gj; are the
probabilities of transitioning from state x;_; = ¢ to x; = j. By construction this matrix is column-
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stochastic', so that all the columns add up to 1. Thus:

=0

<.

This matrix allows the simulation of the Markov chain as a random walker jumping stochastically
in the nodes of a graph. Before going on with random walks [117], let us introduce the fundamental
concepts of graph theory needed in this thesis.

A graph I'(V, E) consists of a non-empty finite set V of elements called nodes or vertices, and a
finite set E of edges connecting the nodes [138,139]. Depending on the nature of the edges we can
define two types of graphs:

Definition 3.1 (Undirected graph). It is a graph where each edge connects two nodes in a symmetric
way. The edges are called undirected edges. The degree of a node is the number of edges connecting
it.

Definition 3.2 (Directed graph or digraph). It is a graph where each edge connects two nodes in an
asymmetric way, so that they have an arrow indicating a direction. These edges are called directed
edges, and sometimes they are also referred to as arcs or links. The indegree of a node is the number
of arcs pointing to it, whereas the outdegree is the number of arcs outgoing from it.

Examples of these two kind of graphs with four nodes are given in Figure 3.1. In this thesis
we consider simple graphs, so that there are no repeated undirected or directed edges. Therefore,
whereas for the undirected graph two distinct nodes can only be joined by a simple line, in directed
graphs we can have two arcs between each pair of nodes, since there are two possible directions.
When for each directed edge (i, ) in a digraph connecting from node i to node j, there exists the
inverse arc (7,4) from node j to node 7, the digraph is said to be symmetric. Moreover, an undirected
graph can be understood as a symmetric digraph, so that for each undirected edge between two
different nodes we have the two possible arcs. In the case of an undirected self-loop, it has only an
associated directed edge, since it goes from a node to itself.

Associated to each graph there is a boolean matrix known as the adjacency matrix A, satisfying
that A;; = 1 if and only if there is an arc connecting from node 7 to node j. In the case of an
undirected graph this matrix is necessarily symmetric. The adjacency matrices A, and Ay for the
undirected and directed graphs of Figure 3.1, respectively, are:

1

Ay = L Ag= (3.3)

O = =
—_ O =
—_ =0 O
O = O
O = O =
O O ==
—_ =0 O

0
1
0

Although a directed graph with N nodes represents an appropriate place where a walker could
represent a Markov chain with N possible states as a random walk, this graph is only a kind of
backbone with no information about the transition probabilities. We need to define another kind of
graph taking into account all the Markov chain information [140]:

n the literature it can be found a different convention so that the transition matrix is row-stochastic [40], so that
it corresponds to the transposed matrix of our convention.
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(®

Figure 3.1: (a) Undirected graph with N = 4 nodes. (b) Directed graph with N = 4 nodes. Te adjacency
matrices are given in (3.3). Note that whereas the directed graph is asymmetric, the underlying undirected
graph is symmetric. For example, in the directed graph there is a directed edge from node 1 to node 0, but
there is no directed edge from 0 to 1. This asymmetry is not reflected in the undirected graph, where a

(a) (b)

symmetric edge is present.

Definition 3.3 (Weighted graph). It is a directed graph where each directed edge or arc has associated
a real number. This real number can be understood as a probability, so that all the arcs outgoing from
the same node add up to 1.

An example of weighted graph is shown in Figure 3.2. Instead of associating a boolean adjacency
matrix, we associate to weighted graphs directly the transition matrix G of a Markov chain. There-
fore, the graph represents properly all the information for performing a random walk representing
the Markov chain. The transition matrix for this example weighted graph is

0.7 03 04 0
0 0 06 0
=103 07 0 o7 | (3-4)

0 0 0 03

Although a random walk occurs necessarily on a weighted graph, sometimes we are given a random
walk on an undirected or directed unweighted graph. In those cases we consider that they are actually
weighted graphs and that the transition matrix G is obtained by normalizing the adjacency matrix
A, so that we divide each column by the corresponding outdegree of the node. Therefore, a walker
in each node has the same probability of jumping to any of the nodes it points to.

From a functional point of view, a random walk algorithm is a stochastic process, so that it can
be implemented with a Monte Carlo simulation. At each time step the walker is at only one node of
the graph, it tosses a (biased) coin” to decide what path to follow given the transition probabilities,

2Whereas the term “coin” is appropriated for unidimensional graphs, where there are only two possible directions,
for general graphs a more appropriated term would be “dice”. However, the term “coin” is fixed in the literature and
is implicitly understood as a dice.
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0.0

Figure 3.2: Weighted graph with N = 4 nodes whose transition matriz is given in (3.4). The weights of
the directed edges are represented by the colormap, and are proportional to the width of the edges. Missing
edges have a null transition probability.

and then jumps to a neighbor node. Since this process is stochastic, each time we repeat the random
walk the trajectory followed by the walker is different. Averaging over the different trajectories we
could obtain a probability distribution for the walker being at each node at each time step.

From other point of view, if we knew beforehand all the elements of the transition matrix G, then
we could simulate deterministically the probability distribution of the walker being at each node.
Let p(t) be a column vector whose elements p;(t) are the probabilities of the walker being at node
i at time ¢. Then, given an initial probability distribution p(0), the probability distribution can be
simulated deterministically as:

p(t) = G'p(0). (3.5)

Both points of view for random walks have applications depending on whether we want to obtain
a specific position of the walker or the entire probability distribution. For example, the stochastic
simulation is used for optimization algorithms like simulated annealing with Metropolis-Hastings,
where it is wanted to obtain a single node as an optimal solution [121]. The search space can be
so big that it is unfeasible to calculate the entire transition matrix. Thus, only the probabilities of
the current node at each time step are calculated, reducing the computational cost of the algorithm.
Other example is the PageRank algorithm, where the objective is the limiting probability distribution
of the walker for classifying the nodes of the graph [141-144], so that a deterministic simulation using
the complete transition matrix is performed.

3.2. Quantum Walks

In this section, we introduce the concept of quantum walks [39,40], which are the quantization of
random walks. Since quantum algorithms are indeed also random, in order to clearly differentiate
between quantum and classical algorithms, from now on we denote random walks as classical walks.

In contrast to classical walks, where the walker is at a single node at a time, in a quantum walk
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the walker can be in a superposition of the nodes of the graph, so that the position at each time
step is represented by a quantum state |1(t)). Although the quantum evolution can be in discrete
or continuous time, in this thesis we mostly deal with discrete-time quantum walks. The evolution
of the system is therefore given by a unitary matrix U applied a discrete number ¢ of times, so that

(1)) = U [4(0)) . (3.6)

The position of the walker is obtained measuring the state after the quantum evolution has finished.
The Hilbert space is usually more complex than just the one formed by the computational basis
associated to the node indexes, and depends on the quantum walk model. However, for simplicity,
so far let us consider that the state is a simple linear combination of the computational basis C =
{l]i),i=0,...,N —1}. Then, the probability that the quantum walker can be measured at each
node at time step ¢ is

pilt) = (i) (3.7)

On the one hand, in principle quantum walks are though to be implemented on real quantum
hardware. In this real scenario, after measuring, the quantum state results in a state of the com-
putational basis with a certain probability, being analog to the stochastic simulation of the classical
walk. This is useful for example in the case of the quantum Metropolis algorithm for optimization
problems [46-50]. If we wanted the probability distribution, we would have to repeat the walk sev-
eral times and average the results. Moreover, since the quantum superposition is broken after the
measurement, we cannot measure at intermediate steps of the walk and resume it. If we wanted
the probability distribution at each time step, we would have to perform a different quantum walk
for each final time. On the other hand, we could perform a deterministic simulation on a classical
computer provided that we can construct and store the unitary matrix U, or just simulate its action
on a quantum state. This would be useful for algorithms where the result is the entire probability
distribution, as for example the quantum version of the PageRank algorithm [31,32]. However, in
some cases it is very costly to classically simulate the quantum walk (see Section 3.7).

3.3. Coined Quantum Walk

The first quantization model we consider in this thesis is the coined quantum walk [39, 128]. This
algorithm is inspired in the coin tossing of a classical walker, so that it is performed in superposition
in the quantum context by a unitary operator.

In contrast to classical walks, in order to perform a coined quantum walk we need an undirected
graph or symmetric digraph. Although self-loops are not usually considered, without loss of generality
we consider them in this thesis. Thus, we provide a construction of coined quantum walks on arbitrary
graphs [40] considering also self-loops. This construction uses the arc notation [145], so that the
basis of the Hilbert space is formed by states representing directed edges of the graph. Therefore,
the Hilbert space where the coined quantum walk takes place is

He = span{|(i,7)) : (Au);i = 1}, (3.8)

where (1, j) represents the directed edge pointing from node ¢ to node j. The dimension is 2| Ey |+ |Ey|,
where Ey is the set of undirected edges between different nodes, and Ej, the set of self-loops. For
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the example of Figure 3.1(a), Ey = 4 and Ef, = 2. Note that due to the symmetry of the undirected
graph, if |(7, 7)) is in the Hilbert space, then |(j,7)) is too.

For the quantum evolution we need a coin operator C' that performs the quantum coin tossing,
and a shift operator that updates the position of the quantum walker depending of what node is
directed to. For a general coined quantum walk on an undirected graph, the flip-flop shift operator
Sy is usually used. Its action is defined by [146]

Spl(@,9)) =10, 4) (3.9)

so that the walker ends up in the node the arc points to, and after that the walker turns around
pointing back to the previous node. The unitary evolution operator U, of the coined quantum walk
is then defined as follows:

U, = S;C. (3.10)
The coin operator C' is expressed as:
N-1
C = Ci, (3.11)
i=0

so that is a block-diagonal matrix, and in general there is a different coin block C; associated to each
of the N nodes of the graph. Thus, depending on the node where the walker is, which is represented
by the tail of the directed edge, the coin acts differently. Moreover, in general each C; matrix has a
different dimension. Each C; operator is a d;-dimensional unitary operator, where d; is the degree of
node 7, and acts in the subspace

o = span{|(i,k)) : (Auwi = 1}, (3.12)

which is formed by the d; directed edges departing from node i. Usually, the Grover diffusion operator
Gp [26], which is the most distant from the identity, is used as coin [40, 147], so that the matrix
elements are 5

(Cap = T Oab- (3.13)
Note that in general each node connects to a different set of nodes, so that each coin block C; is
different despite the fact of all them being a Grover coin. If we want to quantize a walk on an
asymmetric digraph or a weighted graph, the state space must also contain all the edges considering
the undirected graph due to the flip-flop operator, and it is the coin who has to take into account
somehow the lack of an arc in one of the two directions of the edge, or the different transition
probabilities. As we will see in Section 3.4, Szegedy’s quantization provides a natural recipe for

constructing such a coin, being indeed able to consider arbitrary weights.

The probability of measuring the walker at each node is not straightforwardly obtained by pro-
jecting into the computational basis of the nodes given the construction of the quantum states as
arcs. In this case the graph position associated to each arc is the node it departs from, whereas the
arriving node is an additional inner degree of freedom. Therefore, we have to sum over all the arcs
departing from a particular node. The probability of being at node i is

pi = Z (@ )" (3.14)
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In the case we want to construct a quantum circuit, it depends on the particular structure of the
graph and the coin operators C;, so that it is in general an open problem. Some quantum circuits
for different kinds of graphs can be found in the literature [92]. In order to build a circuit, we
usually need to express the basis of arc states as tensor products of a position state and a coin state
indicating the possible direction [40]:

1(5,9)) = |0} p i) (3.15)

where the first register is the position register and the second one is the coin register. For doing so,
we need that each node has the same degree d, so that the Hilbert subspace of the register associated
to the coin inner degree of freedom has the same dimension d for all the nodes. This is the case
of d-regular lattice graphs. However, for a general graph it is not straightforward since each node
has a different degree. A solution would be augmenting the Hilbert space H¢c in (3.8) into an N2-
dimensional space, considering also the edges (i, j) that are not present in the undirected graph. In
this augmented space each coin register would be N-dimensional, and then we can express each basis
state as a tensor product. The details about how the unitary evolution operator U, is augmented,
so that the original subspace H¢ is invariant under its action, will be shown in Section 3.5, where
we establish an equivalence with the Szegedy quantum walk. Moreover, we provide some guidelines
for constructing a circuit for the Szegedy quantum walk in Section 3.6, which can serve for a general
coined quantum walk when both models are equivalent.

As an example of a quantum walk we show a quantization on the infinite one-dimensional line. The
corresponding undirected graph is shown in Figure 3.3. Since it is a regular lattice, each node i
connects only to nodes ¢ + 1, and the Hilbert space can expressed as a tensor product where the coin
register has dimension 2. Let us define the computational basis of the second register as® {|R) ,|L)},
where R (L) indicates that an arc departing from node i is directed to the right (left), i.e., to node
i+ 1 (i — 1). Therefore, the Hilbert space is

He = span{|(i,i+ 1)), [(i,i — 1)) : i€ Z} = span{[i)p |R) . li)p | L) : i € Z}. (3.16)

The first quantum walk on the line was done using the Hadamard gate in (2.38) as the coin operator
for all the nodes [124], so that the coin operator C' is

C=1®H. (3.17)

The original shift operator for this walk was the moving shift operator, defined as:
Sy =PT@|RY(R|+P ®|L)(L]. (3.18)

The permutation operator P* (P~) is applied when the coin is in the state |R) (|L)), so that the
position is displaced one position to the right (left), letting the coin state unchanged.

3In the case of representing the coin register with a qubit, we would have |R) = |0) and |L) = |1). However, since
it can create confusion with the node indexes 0 and 1 in the arc notation, we take the special names R and L in this
particular context.
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Figure 3.3: Undirected graph for an infinite 1D line. For the sake of simplicity only seven nodes have been
represented.

In this thesis we are mostly interested in quantum walks on general graphs, using the flip-flop
shift operator instead. In this Hilbert space it can be expressed as [44]:

Sy =P*®|L)(R|+P ®|R)(L], (3.19)

so that the same displacement is performed according to the coin state. However, the state of the
coin is flipped so that the walker points back to the previous node, reproducing the effect of the
flip-flop shift operator in (3.9). Note that both shift operators can be easily interconverted with an
X Pauli gate, since (1 ® X)S,, = Sy. The X gate can be reabsorbed into the coin operator C' of the
next step, so that a walk using a shift operator can be converted into the other by a redefinition of
the coin and applying a previous X gate to the initial state. Therefore, both quantizations are in
some sense equivalent and we can deal directly with the flip-flop shift. Moreover, for the Hadamard
coin the results are quite similar even without the redefinition of the coin.

The reason behind the use of the Hadamard coin is that it can put the coin register in a super-
position state. For example, let us suppose that the walker starts at node 0 in the initial state

[0(0)) = [0)p [R) - (3.20)
After the application of the Hadamard coin, it is converted to
(L® H)[$(0)) = [0)p (IR)¢ + L))/ V2. (3.21)

Therefore, the walker points to both directions with an equal probability, being equivalent to a coin
tossing of the classical walker on the undirected 1D line. After the shift operator Sy we obtain the
complete action of the unitary evolution operator:

Ue[(0)) = (1) IL) + = 1) [R) )/ V2. (3.22)

Thus, there is a probability of one half of measuring the position either at node 1 or node —1, as in
the classical walk. Although so far the quantum walk reproduces the classical one, this only occurs
for the first step. After this, since in a quantum walk we are not measuring until the end, the
state remains in superposition and there are interference effects in the successive steps, so that the
distribution obtained at the final time step is completely different. We have chosen the initial coin
state this way to reproduce the first classical step. However, in quantum walks we have freedom to
choose the initial coin state for the same equivalent classical initial distribution. For example, the
coin could start in a superposition state, so that the first Hadamard coin let the walker pointing only
in one direction. Therefore, different initial coin states give rise to different quantum walks.
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Figure 3.4: Probability distribution results after 100 time steps of the coined quantum walk on a 1D line
using the X coin (red) and the Hadamard coin (blue) for different initial coin states at node 0, compared

with the classical walk (gray).
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Examples of the probability distributions obtained for simulations starting with different initial
coin states during 100 time steps are shown in Figure 3.4. In Figure 3.4(a) we observe that we
do not obtain a symmetric pattern as in the classical walk, since it is biased to the left. This is
curious since the initial state pointed to the right, and it is due to the fact of being using the flip-flop
shift instead of the moving shift operator. When the initial state points to the left, the mirrored
distribution is obtained as shown in Figure 3.4(b). It is also curious that when the initial coin state
is the superposition (|R). + |L))/v/2, the quantum walk keeps biased to the right, as shown in
Figure 3.4(c). This is due to interference effects, which can be broken introducing a relative complex
phase in the superposition, obtaining a symmetric distribution as shown in Figure 3.4(d).

We have seen previously that a usual coin for general graphs is the Grover coin. For a two-
dimensional Hilbert space it corresponds to the X gate. The results for the simulations using this
coin are also shown in Figure 3.4. In this case the walker moves completely ballistically, so that
there are no probabilities at intermediate nodes, and the walker reach nodes 100 and / or —100. A
notable difference with the Hadamard walk is that for the superposition initial coin the distribution
is unbiased, so that it moves equally to both directions. We will analyze what coin provides more
sensible results later in the context of the Szegedy quantum walk.
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Figure 3.5: (a) Standard deviation of the probability distribution from the origin at different time steps of
walks in the infinite 1D line. (b) Zoom for the classical walk line. The classical walk spreads square-root-like,
whereas the coined quantum walk spreads linearly, being faster with the Grover X coin.

As we mentioned at the beginning of this chapter, quantum walks provide advantage with respect
to classical algorithms spreading quadratically faster in the space. This quantum walk is a good
example of that fact [40,124]. As we can see, the classical walk produces a more centered distribution,
spreading slower. We can calculate the deviation of the probability distribution from the origin for

each time step as:
at) = > i?pi(t). (3.23)
i€

It is represented in Figure 3.5 for the different walks. We find that for the classical walk it grows
as v/t, whereas for the quantum walk it grows linearly, being approximately 0.54¢ for the Hadamard
coin, and exactly ¢t for the Grover coin. Therefore, for the X coin the spreading is the faster one.
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Finally, let us construct a quantum circuit for this quantum walk. A quantum walk in the infinite
1D line can be simulated in a finite 1D cycle, as long as the time steps do not surpass a threshold
from which the wavefront interferes with itself when it completes a turn on the cycle. An example
of a cycle graph is shown in Figure 3.6(a). For a graph with N = 2" nodes, we need n qubits for
the position register, and an additional qubit for the coin register. The quantum circuit is shown in
Figure 3.6(b). Since the flip-flop shift operator can be obtained from the moving shift just adding
an X gate, we can leverage the circuit of the moving shift walk [92]. First, we apply the coin to the
coin register, with no controls since it is the same for all the nodes. After that, we apply the moving
shift operator S,,, which is composed of the permutation operators controlled by the coin register.
Finally, we convert it into the flip-flop shift operator S; with an X gate in the coin register.

Position
register

P+ | P-

oO—]

Coin
register _@

(a) (b)

]
X

Figure 3.6: (a) Cycle graph with N = 8 nodes. (b) Quantum circuit for the coined quantum walk on the
cycle graph for a generic coin C. The flip-flop shift operator Sy is compiled adding an X gate in the coin
register to the circuit of the moving shift operator S,,. The black dot represents a control by the state |L)
and the white dot by the state |R).

3.4.Szegedy Quantum Walk

Whereas usual quantum walks in discrete time are based on the additional inner degree of freedom
associated to a coin, Szegedy proposed a coinless quantum walk on bipartite graphs, which can
be straightforwardly used to quantize any Markov chain on a weighted graph [45,133]. However,
soon after an alternative formulation avoiding the need of a bipartite graph was proposed, which
resembles again a coined quantum walk while quantizing a weighted graph in a natural form [90].
In this thesis, we only deal with the alternative formulation, which provides more general results.
However, for completeness, we first review the original formulation to later introduce the coined
form.



Chapter 3. Quantum Walks 48

In order to perform a Szegedy quantum walk we need a weighted bipartite graph [45]. This graph
is formed by two set of nodes, V; and Vs, of sizes N; and Ns, respectively. At the same time there
are two sets of directed edges, F; and F,. The edges from E; depart from nodes in the first set and
arrive to nodes in the second set. For the set 5 the edges behave the other way around. Therefore,
there are no edges connecting nodes inside the same set. An example of weighted bipartite graph is
shown in Figure 3.7. Associated to the sets of edges E; and FE5 there are two transition matrices:
G4 and G5. On the one hand, Gy is an Ny x N; matrix whose elements (G4);; are the probabilities
of jumping from node 7 in the first set to node j in the second set. On the other hand, G, is an
Ny x Ny matrix whose elements (G);; are the probabilities of jumping from node ¢ in the second set
to node j in the first set.

0.0

Figure 3.7: Weighted bipartite graph with a first set of N1 = 8 nodes and a second set of No = 4 nodes.
The weights of the directed edges are represented by the colormap, and are proportional to the width of the
edges.

The walk occurs on a bipartite graph, so that each computational basis state represents a walker
with a location in the first set of nodes and also a location in the second set, also interpreted as an
edge of the bipartite graph. Therefore, the states are formed by a tensor product of two registers,
one for each set of nodes. The Hilbert space is

Hs = span{|i), [7)y, i=0,1,...,Ny =1, j=0,1,..., Ny — 1}, (3.24)

where the states with indexes 1 and 2 refer to the nodes in the two sets of the graph. Note that
unlike in the coined quantum walk, where the total number of states depends on the underlying
undirected graph, here the Hilbert space is defined with all the possible N; x N, combinations even
if the probabilities associated to the arcs are null. This is so for convenience, although we will see
later that null edges can be removed under some circumstances.

We define the vectors
No—1

) =10y @ Y V(G k), (3.25)

which are a superposition of the vectors representing the edges connecting to the i-th vertex of
the first set, whose coefficients are given by the square root of the ¢-th column of the matrix Gj.
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Analogously, we define the vectors

N1—1

1Bi) =Y V(Ga)ui k), ® i), (3.26)
k=0

which are a superposition of the vectors representing the edges connecting to the i-th vertex of the
second set, and whose coefficients are given by the square root of the i-th column of the matrix Gs.
We define two rotations, each of them around the subspace generated by each of these vector sets:

Ni—1

Ra:=2) o) (o] — 1, (3.27)
=0
N2_1

Rp:=2)Y |8;) (8] -1 (3.28)

The quantum walk evolution operator W; of the Szegedy quantum walk is defined as the product of
the two reflections:
WS = RBRA. (329)

So far, the quantum walk has been defined on a general bipartite graph. In order to quantize a
classical Markov chain with this quantum walk, we need a bipartite graph representing the associated
transition matrix GG. This is done with a symmetric bipartite graph obtained by duplicating the
original graph of the Markov chain, as shown in Figure 3.8. The transition matrices of the resulting
bipartite graph are therefore equal, so that G; = Gy = G. Therefore, the quantum walk occurs on a
bipartite graph, but represents the structure of the original graph.

1.0 1.0

‘//—\. 0.8 0.8

0.6 0.6

0.4 0.4

O 0.2 0.2
0.0 0.0

(a) (b)

Figure 3.8: (a) Weighted graph with N = 4 nodes whose transition matriz is given in (3.4). (b) Weighted
symmetric bipartite graph obtained from a duplication process of the graph in (a). The weights of the directed
edges are represented by the colormap, and are proportional to the width of the edges. Missing edges have a
null transition probability.
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Whereas the Szegedy quantum walk was originally interpreted as a walk occurring on the edges
of a bipartite graph, its motivation was actually quantizing a single Markov chain. Therefore, an
alternative formulation based on the single graph is possible, avoiding the duplication process [90].
In this case, we interpret that the walk occurs on the nodes of the original graph, represented by the
first register, and the second register is an inner degree of freedom as in the coined quantum walk.

For a graph with N nodes, the Hilbert space is now defined in a symmetric form as the span of
all the vectors representing the N x N = N? directed edges of the graph, i.e.,

Hs = span{|i>1|j>2, i,jzo,l,...,N—l}, (330)

where the indexes 1 and 2 are inherited from the previous formulation. We define the vectors

6 = lin @ 3 /G k) (3.31)

which are a superposition of the vectors representing the edges outgoing from the i-th vertex, whose
coefficients are given by the square root of the i-th column of the matrix G. From these vectors we
define the following projector operator:

M= Y i) il (332

and use it to define a reflection operator around the subspace generated by the |1);) states:
R :=2I1-1. (3.33)
The quantum walk evolution operator U, is defined as:
Us == SuR, (3.34)

where S, is a swap operator (2.49) between the two registers. This form resembles the operator of a
coined quantum walk, being the swap operator the equivalent of the flip-flop shift operator since in
this case the system is expressed as the product of two registers with the same dimension.

If we look at equations (3.31) and (3.25), it is straightforward that the states [¢;) are equal
to the states |a;). Thus, we have R4 = R. Moreover, the states |§;) in (3.26) can be obtained
applying the swap operator to the states |a;). Since the swap operator is Hermitian, we have
Rg = S, RS, = Su,RS,. Therefore, the original unitary operator W, = RgRs = S,RS,R
corresponds to two steps of the alternative version U, = S, R, i.e., W, = U?Z. For this reason, we will
refer to Wy as the double-step Szegedy operator, and to U, as the single-step Szegedy operator. Unless
otherwise stated, we consider the single-step operator Us when we refer to the Szegedy quantum walk.

Finally, the initial state is usually constructed by a superposition of the |i);) states, and the
probability distribution of the walker after each time step of the quantum walk is usually obtained
measuring the first register. However, there are also algorithms where the information of interest is
obtained measuring the second register instead, as for example the quantum PageRank [1,4,31,32,
102], which we review in Section 3.10.
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3.5. Relation Between Coined and Szegedy Quantum Walks

It is known that given a Szegedy quantum walk, it can always be cast into the coined model, being
the reflection R the coin of the walk. However, only a restricted set of coins can be cast into Szegedy’s
model [130]. In this section we review the equivalence between both models in order to establish the
conditions that must be satisfied.

A priori we cannot establish a relationship between coined quantum walks and Szegedy’s model
because both Hilbert spaces have different dimensions. Moreover, the coined space Ho cannot be
expressed as a tensor product since each node has in general a different degree. As we mentioned
in Section 3.3, we can augment the coined space into an N2-dimensional space considering also the
edges (i,7) that are not present in the undirected graph. We call HZ to this augmented space, and
‘Hc is a subspace where the walk takes place. The augmented space now is isomorphic to the Hilbert
space of the Szegedy quantum walk Hg in (3.30). Let F be the isomorphism between both Hilbert

spaces:
F:HE — Hs. (3.35)

Using it on He we can find a reduced subspace of Hg where the equivalent Szegedy quantum walk
should take place. Let us denote it as H%, so that F : He — HE and

HE = span{|i), |7), 1 (Au)ji = 1}. (3.36)

Now we need to define an augmented N2-dimensional coined walk operator compatible with the
augmented space. We define it directly acting on Hg as:

Ul =spch (3.37)

For this operator to be equivalent to the coined walk in H¢, it must have the same action as U, in the
reduced subspace HE after the application of the isomorphism, and leaving it invariant. For the shift
operator we can take S]f‘ = S,. From (3.9) it is trivial that the swap operator S,, acts equivalently
to the flip-flop shift S; in the reduced subspace. Moreover, HE is trivially invariant under S,, due
to the symmetry of the undirected adjacency matrix A,.

With regard to the coin, we can define a coin operator in Hg as:
N-1
=" i) (il @ CF (3.38)
i=0

where now C#! is a N-dimensional unitary operator that acts non-trivially in
L= span{|k), : (A ) =1}, (3.39)

conditioned by the first register being in the state |i),. Therefore this augmented coin operator
corresponds to a general conditional operator as shown in Section 2.3.1. In order to the coin C# be
equivalent to the coin C, the action in the reduced subspace must be provided by the isomorphism
F as:
F(CI(@5))) if |i), 1), € H,
CAiy 1)y = (3.40)

— i)y 17)y f 10) 1), € (HE)
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We need the reduced subspace to be invariant under the action of C4. The action on the states that
are perpendicular to HE is irrelevant as long as it does not mix the subspaces. Thus, we have freedom
to define the action on the orthogonal complement. For the sake of establishing an equivalence with
the Szegedy quantum walk, we define this action as the —1 operator.

Since we have defined 5}4 = Su, the equivalence with the Szegedy quantum walk needs the
operator R in (3.33) to be the coin operator C. For a state |i), |j), in the orthogonal complement
of HE we have (A4,);; = 0, and due to the symmetry, (A,);; = 0, which implies that in the transition
matrix G;; = Gj; = 0. Thus, this state is perpendicular to all the |1);) states in (3.31) and the action
of R is just —1. So, this subspace is invariant under R, and due to unitarity H% also is. Therefore,
we are closer to establish C4 = R, and U2 = U,

The last step is to find the expression of the individual coins C#* in (3.38). Let us rewrite the
|¢;) states as:

[95) = 1)y @ [wi)y, (3.41)

where Nt
widy 1= /G |k, (3.42)
k=0

Taking into account that I1y2 = 1y ® 1y, the completeness relation of the identity for the first
register, and substituting the expression for the |¢;) states in (3.33), we have

=z

R=3"li), (1] @ 2] pfe] — 1] (3.43)

i

Il
o

Looking at the expression for the coin C4 in (3.38), we can identify the individual coins C! with the
reflections of the second register:

7

When the augmented coins can be expressed in this form, then the coined quantum walk is equivalent
to a Szegedy quantum walk. In this sense, the coins codify the transition probabilities Gj;, and we
have finally the equivalence between both quantum walks:

F (U] (i,9))) = Usli)y 17) - (3.45)

Note that the reduced subspace HE is invariant under the Szegedy quantum walk, and it is actually
where any Szegedy quantum walk takes place for a weighted graph, since it contains all the directed
edges with non-null probability and their swapped versions, which appear due to the swap opera-
tor. Thus, the Szegedy quantum walk is indeed quantized also taking into account the underlying
undirected graph. In the case that for an undirected edge one of the two arcs has a null transition
probability, this is taken into account by the coin. Nevertheless, this ghost directed edge plays also
a role in the quantum state and cannot be removed.

The question that remains is what are the conditions that must be satisfied so that a coin can be
expressed as in (3.44). In the case that we are provided with a Szegedy quantum walk, we can always
define the coins that way, so that all Szegedy quantum walk that come from the quantization of a
classical Markov chain with transition matrix G can be cast into the coined model. In the case that
the weighted graph is obtained normalizing the columns of the adjacency matrix of an undirected
graph, the equivalent coin is the Grover coin [90, 131]. Thus, for arbitrary weighted graphs the
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Szegedy quantum walk is a generalization of the Grover quantum walk [147], using as coin a general
inversion about the weighted mean.

If, on the contrary, we are provided with a coined quantum walk, only a restricted set of coins
satisfy equation (3.44). From it, we can formulate the following lemma about the conditions that
must be satisfied by a coined walk to be cast into a Szegedy quantum walk.

Lemma 3.1. Given a coined quantum walk U, with a set of coin operators C; of dimension d;,
there exists an equivalent Szegedy quantum walk U, if and only if for each coin C; there are d; — 1
ergenvalues —1, and a single eigenvalue +1 whose eigenvector has real non-negative amplitudes.

In this case the coin must be a reflection around the state |w;), so that |w;) is an eigenstate
with eigenvalue +1, and the rest of eigenvalues are —1. Moreover, all the amplitudes of |w;) are
real positive or zero. This condition for the coins to be able to be cast into Szegedy’s model is in
concordance with the conditions found in the literature [130]. Note that, since eigenvectors that
differ in a global phase are equivalent, the actual condition for the eigenvector is that there are no
relative phases between the amplitudes.

This equivalence has been established between the coined walk and the single-step Szegedy oper-
ator U,. If we can cast a coined walk into Szegedy in this case, then trivially it can also be cast into
Szegedy’s model considering the original double-step operator Wy, so that one step of the Szegedy
quantum walk would be equivalent to two steps of the coined walk, being the equivalent operator
UZ%. Moreover, there can be cases where a coin cannot be cast into a Szegedy walk considering the
single-step operator U, but it can be cast if we consider the double-step operator Wy instead. We
will show an example for the —1 coin in Section 4.4.1.

So far, we have obtained the conditions for establishing an equivalence between Szegedy’s model and
coined quantum walks. In this section we show how each model can be cast into the other using
examples on the 1D line. The undirected graph that shows the backbone of the line is shown in
Figure 3.3. The set of nodes ranges from —oo to oo, although we only show seven nodes for the sake
of simplicity.

Let us start with the Szegedy quantum walk on the undirected line. The naive transition matrix
used for Szegedy’s quantization is obtained by normalizing the adjacency matrix, so that a walker in
node i has a probability of 1/d; for jumping to each of the neighbor nodes. In this case the walker
has a probability of one half for jumping either to the right or to the left. The associated weighted
graph is shown in Figure 3.9(a), and the transition matrix is

1 1
(Gu)ji = §5j—1,z‘ + §5j+1,i7 (3.46)
where the subindex u makes reference to the fact that it is obtained from the undirected graph.
Since the degree of each node is d; = 2, all the coins C; are going to be 2-dimensional matrices.
Moreover, all the coins will be the same. By convention, the 2D basis is ordered so that the first
element corresponds to the directed edge pointing to the right, and the second one pointing to the
left. The coins correspond to reflections around the state |w;) = (1,1)”/v/2, which is obtained taking



Chapter 3. Quantum Walks 54

(a) (b)

Figure 3.9: (a) Weighted graph obtained by normalizing the adjacency matriz of the undirected graph for
the infinite 1D line in Figure 3.3, so that all directed edges have the same transition probability. (b) Weighted
graph associated to the coined walk with the Hadamard coin on the infinite 1D line, where the probability to
the right is greater than to the left. The weights of the directed edges are represented by the colormap, and
are proportional to the width of the edges. For the sake of simplicity only seven nodes have been represented.

the square root of the columns of G, and expressing it directly in the 2D basis of the coin. The rest
of elements in the augmented space are always null. This is an eigenvector with eigenvalue +1, and
the other eigenvalue must be —1. Thus, it trivially corresponds to the Pauli X operator, which is
the Grover coin in 2D.

Now let us take the Hadamard coined quantum walk [124]. The spectrum of H is o(H) =
{+1, -1}, and the eigenvector for the eigenvalue +1 is (hg, )T, where

y—— (3.47)

hp = —o (3.48)

:

Thus, by Lemma 3.1 we can cast it into Szegedy’s model. The transition probabilities are obtained
by the squared modulus of the amplitudes hr and hy, so that the walker has a probability of
approximately 0.85 of jumping to the right and approximately 0.15 of jumping to the left. The
transition matrix is therefore

(GH)ﬂ - h%éjflyi + h%éjJrLi. (349)

Despite the fact that this coin puts in an equal superposition the computational basis of the coin
register in 2D, so it was thought to be a sensible quantization of the classical walk on the undirected
graph with G, when casting it into a Szegedy quantum walk we obtain a biased transition matrix
which does not corresponds to the classical walk on the undirected line [130]. The associated weighted
graph is shown in Figure 3.9(b), where we observe that the walk is biased to the right. This explains
why the results of the simulation in Figure 3.4(c) show a distribution biased to the right when the
initial coin state is in superposition, which is indeed the usual initial state of the Szegedy quantum
walk.

Note that despite the fact that the Hadamard coined walk and the unbiased Szegedy walk are
two quantizations based on the undirected graph, they are not equivalent. The equivalence between
both the coined and Szegedy’s models just means that given a transition matrix we can find a set
of coins that reproduce that particular Szegedy walk. However, different coins produce different
quantizations that may be equivalent to quite different weighted graphs, despite being devised from
the same classical walk as in the case of the Hadamard coin.
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3.6. Quantum Circuits for Szegedy Quantum Walks
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Figure 3.10: Quantum circuit decomposition of the single-step Szegedy unitary evolution operator Us =
SwR. Each register has n qubits for a graph with N = 2" nodes. The reflection R = VDV, where D is a
diagonal operator that implements a reflection around the state |0), in the second register.

Constructing a quantum circuit for the Szegedy quantum walk is not a trivial task since it depends
on the particular weighted graph where the walk takes place. However, there is a general structure
for decomposing the circuit [91], which we review in this section.

Let us consider for simplicity that the number of nodes of the graph N can be expressed as a
power of two, such that N = 2" for some integer n. Then, the quantum circuit needs two quantum
registers of n qubits each. For N # 2" we could augment the graph in a manner such that the
original walk occurs in an invariant subspace of the augmented graph.

The evolution operator in (3.34) is U; = S,,R. The swap S,, is trivially a bunch of swap gates
between the qubits of the first register and the qubits of the second register, as shown in Section 2.3.2.
However, the reflection R is more complicated. In principle, it could be decomposed as the product
of N reflections as shown in Section 2.3.4. However, this reflection operator is usually diagonalized
in a way that it only requires a single reflection [91,94]. With this purpose, we define the update
operator V, which creates the |1);) state if the first register is in the state |i),, provided that the
second register is in |0),. Thus, its action is defined as:

Vi) [0)y = [0}, |wi)y = i), (3.50)

and the action on the rest of the computational basis is irrelevant as long as it is unitary. The update
operator V diagonalizes the reflection operator R as D = VIRV | so that using (3.33) and (3.32) we
obtain:

—2ZVTW1 (| Vi — 11_22| (i| ® |0),(0] — 1. (3.51)

Factorizing the identity in both registers as Iy2z = Iy ® ]1 ~, and using the completeness relation of
the identity in the first register, we obtain:

D=1y ® (|0),(0] — 1y). (3.52)
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This operator corresponds to a reflection around the state |0), in the second register. As shown in
Section 2.3.4, it can be implemented with a controlled-P(7) gate. Doing the inverse transformation
we have R = VDV, Thus, the circuit for the Szegedy quantum walk operator U can be decomposed
in a general manner as shown in Figure 3.10. For the double operator W we would just apply twice
this circuit.

The final problem is to provide a circuit for the update operator V. In general, we need to codify
the N? transition probabilities of the transition matrix G, so that the complexity of the circuit would
scale at least as O(N?) for a general dense transition matrix. For sparse graphs, where there are few
transition probabilities, this operator could be implemented more efficiently [94]. Moreover, even
if the matrix is dense but the graph has some symmetry properties, this operator could also be
implemented efficiently. Different implementations of the update operators with a polylogarithmic
cost for graphs with symmetry can be found in the literature [91].

As an example, we take a cycle graph, as the one shown in Figure 3.6(a), and review the con-
struction of the circuit of the update operator V' shown in Figure 3.11.
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Figure 3.11: Quantum circuit for the update operator V of the Szegedy walk on the undirected 1D cycle.

Since we are considering an undirected cycle, the transition matrix G is the one given in (3.46).
The update operator must act as V' |i), [0), = |i), |wi),, where

1. L.
|wi)y = 7 li4+1), + NG li—1),. (3.53)

Since we are considering a finite graph, the additions and subtractions are performed modulo N.

The second register starts in the state |0),. After the application of the H gate to the first qubit
of the second register, it evolves to the state (|0), + |1),) /v/2. The following action of the CNOT
gates and the last X gate let the second register in

1 1
Eu)ﬁﬁw— 1), . (3.54)
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The permutation operators Pt were shown in Section 2.3.3. They can be implemented efficiently
with multi-controlled-NOT gates. The join action of the PT operators controlled by the first register
this way corresponds to another permutation that transforms the computational basis states |i), |z),
into |i), |z +¢ mod N), [91]. Therefore, when they are applied on the state in (3.54), the second
register ends up in |w;),.

The Szegedy quantum walk on the undirected cycle corresponds to a coined quantum walk using
a Grover coin for all the nodes. However, note that from the point of view of a Szegedy walk we
cannot factorize the coin as a simple operator acting on the second register, as we did for the circuit
based on the coined quantum walk in Figure 3.6(b). This is so because each Grover coin is different
depending on which nodes are the neighbor of the particular node it is associated to. For example,
for node 1 the Grover coin acts on the subspace formed by nodes 0 and 2, whereas for node 5 it acts
on the subspace of nodes 4 and 6.

It is obvious that the quantum circuit for the Szegedy quantum walk is more inefficient that the
one of the equivalent coined quantum walk, requiring more qubits and operations. The question that
arises then is what the purpose of constructing such a circuit is. In this case we can obtain a simpler
circuit from the perspective of a coined quantum walk since the cycle graph is a quite simple regular
lattice, needing only a qubit for representing the coin state. However, for more general graphs, even
from the point of view of a coined quantum walk, we would need a coin register of dimension N with
n qubits as in the Szegedy quantum walk. The cycle graph is just a toy model that allows gaining
intuition about how to construct circuits for Szegedy quantum walks, and its circuit can serve as a
foundation for the construction of circuits for more complex graphs [91]. Moreover, the circuit of the
cycle graph serves to test simulations of Szegedy quantum walks on a relatively simple graph, as for
example has been done in the context of quantum homomorphic encryption [7].

3.7. Computational Complexity and Classical Simulation

In the context of the Grover search algorithm, in Section 2.4 we saw that the computational com-
plexity depends on two factors. A query complexity, which is intrinsic to the algorithm and depends
on the number of calls to the oracle, and an explicit factor that depends on the implementation of
the algorithm. In the case of quantum walks we can make an analogy and differentiate between two
kind of complexities [91], which in this thesis we define as follows:

Definition 3.4 (Walk complexity). It is the number of steps of the walk, i.e., that the unitary
evolution operator is applied, and depends on the particular quantum walk algorithm.

Definition 3.5 (Implementation complexity). It is the cost of implementing each step of the quantum
walk, and depends on the computing model.

It is frequent in the literature to find comparisons between classical and quantum walk algorithms
based only on the walk complexity, showing generally a quadratic speedup [40,44,45,101]. This is due
to the fact that implementing a quantum walk on a quantum computer is an open problem which
depends on the particular graph, so that it is not always possible to provide an implementation
complexity.
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With regard to the efficiency of the implementation, along this introductory chapters we have
talked about it in relative terms, explaining when a quantum circuit is more efficient than another
one. One could think that a polynomial scaling might be enough to define something as efficient,
since it would belong to the classical complexity class P or its quantum equivalent. Nevertheless,
in practice a high exponent can make the algorithm very prohibitive [148]. Indeed, the adjective
“efficient” depends on the context, and therefore is defined in a relative manner in due cases in
this thesis. With regard to the Szegedy quantum walk, we have seen in Section 3.6 that the cost
of a quantum circuit would scale as O(N?) for a general transition matrix, although more efficient
implementations are possible if the graph is sparse or has symmetry properties. The actual problem
depends graph to graph, so we cannot give a particular implementation complexity until we deal
with a particular problem. Since quantum walk algorithms usually provide a quadratic speedup with
regard to classical ones in terms of the walk complexity, a polylogarithmic cost of the circuit would be
desirable in order to maintain the speedup [91], as happens in the Grover algorithm. However, there
are other algorithms where the aim is not an speedup in terms of steps, so that maybe a polynomial
scaling is regarded as efficient depending on the exponent. For example, for the quantum PageRank
algorithm we will see that an implementation complexity scaling as O(N?) is acceptable as efficient.

Although the main idea is to implement quantum walks on quantum computers, some algorithms
are also though to be run on classical computers, so that the implementation complexity depends on
the classical simulation algorithm. An example is the quantum PageRank that we study in Section
3.10. For a classical simulation, we need to construct the matrix of the unitary evolution operator,
and just apply it to the vector representing the state of the system, in a similar way to how we would
simulate deterministically a classical walk.

For simplicity, let us consider that the N x N transition matrix G is dense, so that it has O(N?)
non-null elements. The matrix-vector multiplication requires N? operations, so that it scales as
O(N?) for the classical walk. In the case of the quantum walks in discrete time the inner coin degree
of freedom makes that, in general, the unitary evolution operator is an N? x N? matrix. Thus, the
complexity of the classical simulation, both in time and memory terms, would scale as O(N*). A
more efficient implementation can be done using a sparse representation of the matrix, since actually
only N3 elements are non-null given the block-diagonal structure of the coin operator. Although
the exponent is not so much big, a cubic scaling has resulted quite inefficient for the simulations
performed in this thesis, allowing graphs up to 256 nodes. For that reason, in order to perform more
complex simulations, we needed to develop a more efficient simulation algorithm scaling as O(N?),
which we present in Chapter 9. This scaling is optimal for dense transition matrices, since it is the
minimum of information required to represent them, and therefore we denote it as efficient in the
context of classical simulation.

Note that, in contrast to the quantum circuit simulation, where the complexity was measured
in terms of the number of qubits n = log, N, for quantum walk algorithms we measure it directly
in terms of the number of nodes N. For this reason, we find their classical simulation scaling
polynomially rather than exponentially, despite being quantum algorithms. Of course, in the case
that we implement them on quantum computers based on qubits, we need exponentially less spatial
resources than on a classical computer, although this has nothing to do with the running time
complexity.
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3.8. Other Quantum Walks

In this chapter we have mostly dealt with quantum walks in discrete time using an inner degree of
freedom. It is important to mention that there exists other types of quantum walks lacking of the
extra register, so that the Hilbert space is simply formed by the computational basis corresponding to
the N nodes of the graph: H = span{|:), i =0,1,..., N —1}. Examples are the staggered quantum
walk [149], which also occurs in discrete time, or the continuous-time quantum walk [122,150]. The
latter is important for comparing our discrete-time semiclassical walks [2] in Chapter 6.

A continuous-time quantum walk is obtained by the quantization of a classical Markov chain in
continuous time, which is described by a differential equation. In the quantum case it is substituted
by the Schrodinger equation, obtaining the unitary evolution operator by the exponentiation of a
Hamiltonian H related to the graph structure:

U(t) = e 1, (3.55)

where now t is a continuous parameter. With regard to the Hamiltonian, it must be Hermitian,
and since the parameters of the network are real, it is usually a real symmetric matrix. There are
different definitions of it [40], but to keep it as simple as possible we consider a matrix proportional
to the adjacency matrix A of the graph, which necessarily needs to be undirected.

3.9. Grover Search Algorithm as a Quantum Walk

In Section 2.4 we studied the Grover algorithm [26,27,95], that allowed finding marked elements
with an oracle. A similar strategy can be used with quantum walks for finding marked nodes in a
graph. Indeed, in this section we show that if we perform a coined quantum walk in the complete
graph with loops using the Grover coin, and we add an oracle, we obtain the Grover algorithm [146].
Since we have established the equivalence between the coined model and the Szegedy quantum walk,
we can use the latter for the proof.

A complete graph with loops is a graph where each node connects to each other and itself.
Therefore, the probability of jumping elsewhere, including the current node, is G; = 1/N. From
(3.31) it is straightforward that all the [1);) states have in the second register an equal superposition
of the computational basis, so that [1;) = |i), |s),, with |s) given in (2.66). The equal superposition is
created applying a Hadamard gate to all the qubits. Since this state is the same for all the |1);) states,
the update operator V' is not controlled by the first register, and can be factorized as V' = 1y ® H®".
Moreover, the equivalent coin, the Grover coin, is exactly the same for all the nodes in this case, so
that the reflection can also be factorized as R = 1y ® Gp.

In order to construct the quantum walk search algorithm, the coin is modified introducing a
phase-flip oracle acting on the first register. We define the operator ); := @)y ® 1y, which applies
this oracle. Therefore, the walk unitary evolution operator is

Us = SuRQh. (3.56)

The initial state is taken as an equal superposition of all the |¢);) states, which is created applying
a Hadamard gate to all the qubits of the first register, followed by the update operator V. In this
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case, this corresponds to applying a Hadamard gate to all the qubits of the quantum circuit. Thus,
the quantum circuit is initialized with the state |s) in both registers, which is the initial state of the
Grover algorithm. Taking into account how the operators have been defined, in Figure 3.12 we show
the circuit for two walk steps. Due to the swap operators, after the application of two steps of the
walk we have an oracle followed by the diffusion operator in the first register, and the other way
around in the second register. Therefore, two steps of the walk, W, = U2, correspond to a single
step of the Grover algorithm, Gx = GpQ)y, in the first register. Since it was initialized in the state
|s), we effectively recover the Grover algorithm in the first register.
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Figure 3.12: Quantum circuit for two walk steps Us of the Szegedy quantum walk with oracle on the
undirected complete graph with loops. It is equivalent to the application of a Grover kernel Gx = GpQy in
the first register, and a reversed kernel in the second register.

With regard to the second register, we can observe that it is also occurring a Grover algorithm
in parallel. In this case, two steps of the walk correspond to a reversed Grover kernel. However,
if we concatenate steps, we can factorize some kernels, and after 2¢ walk steps we have applied the
sequence of operators () fGtglG p- Since the state |s) is an eigenstate of the diffusion operator, the
first Gp plays no role. Therefore, we are performing ¢t — 1 Grover steps followed by a final oracle.
Nevertheless, since we are measuring in the computational basis, the probabilities are not affected
by the last phase-flip of the marked nodes. Therefore, it is as if we only applied the kernels, and we
have in an effective manner another Grover algorithm in the second register, although delayed one
time step with regard to the one of the first register.

It may seems quite inefficient to implement a Grover search as a quantum walk, since we are
wasting resources in the second register. However, this serves as a basis for other quantum walk
search algorithms on different graphs rather than the complete graph with loops, so that a non-
trivial structure plays also a role in the evolution and can provide extra information. An example is
the quantum SearchRank algorithm [4,102] which we deal with in Chapter 7, which indeed leverages
the process in the second register.

It is interesting to note that, from the point of view of a coined quantum walk, the addition of
the oracle produces another coined quantum walk. Both the oracle ); and the coin, which in this
case is the reflection R, are block-diagonal operators. The coin has N blocks with the diffusion Gp,
and the oracle (); has the identity 1y in the blocks corresponding to unmarked nodes, and —1y
for the marked nodes. Therefore, the product R(Q); provides also a block-diagonal operator with Gp
for unmarked nodes and —Gp for marked ones, which can be understood as a new coin operator.
However, from the point of the Szegedy quantum walk, this algorithm does not corresponds to an
instance of this model. The new coin R(); is no more a reflection around a subspace of N states,
and therefore there is no transition matrix GG such that a Szegedy quantum walk is equivalent to this
search algorithm. Therefore, in this case, it is just a Szegedy quantum walk plus an oracle, although
by a slight abuse of notation we shall also call it simply a Szegedy quantum walk.

Apart from oracle-based quantum walk search algorithms, as different formulations of Szegedy
quantum walks with oracles [101], there exist other proposals lacking of the need of oracles. For
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example, a coined quantum walk with a different coin for marked and unmarked nodes [44], or
Szegedy quantum walks on modified graphs with sinks [40,45], which we review in Chapter 4 and
indeed show that they are equivalent.

3.10. The PageRank Algorithm and Its Quantization

Before ending this chapter and diving into the main results of this thesis, we introduce the PageRank
algorithm [141-144], a random walk algorithm that produced a revolution of search engines to surf
the internet. Contrary to its competitors, whose ranking of pages was quite subjective, the PageRank
algorithm classifies in an objective manner, taking into account the structure of links between the
pages. Beyond its importance in the World Wide Web, it has a lot of applications in fields where
networks play a central role. For example, in bibliometrics [151, 152], finances [153], metabolic
networks [154], drug discovery [155], protein interaction networks [156], and social networks [157].

In the early era of quantum computing there has been great interest in the development of
large-scale quantum networks with the perspective of a future quantum internet [158-160]. As
happens with classical information, the quantum information of the quantum internet will need
to be classified. In this sense, the classical PageRank could be used on a classical computer to
classify the quantum information. However, it is sensible to think that a quantized version of the
PageRank algorithm will classify the quantum information better, taking into account the effects of
superposition and interference of quantum mechanics. With that purpose, in 2011 a quantization
of the PageRank algorithm was proposed based on the Szegedy quantum walk [31,32]. On the one
hand, the results obtained with the quantum algorithm are expected to be more sensible for quantum
networks. However, until larger quantum networks become available, this is still an open problem.
On the other hand, if we consider that the information is classical, then the quantum PageRank
shows features that can even enhance the classical algorithm in this context. Thus, the quantum
PageRank is interesting not only for the future quantum networks, but also for the current classical
ones.

Given the properties of this quantum algorithm, it represents a useful example of application of
interest of the Szegedy quantum walk, and we mostly use it in this thesis as a baseline to test our
new quantum walk algorithms.

Given a set of pages P; being nodes of a network, we define I, as the vector whose entries are
the classical importance or PageRank scores of every page. The naive definition of the PageRank

distribution is the following:
1.(P;
LRy = Y et

(3.57)
) outdeg(P;)

where B; is the set of nodes linking to the node P; and outdeg(P;) is the outdegree of the node
P;. This formula means that the importance of a node depends on the nodes that link to it. The
more important a linking node is, the greater its contribution to the PageRank is. However, its
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contribution is equally distributed between all the nodes it links to.

In order to compute the PageRank distribution we define the connectivity matrix H of the directed
network of pages P;:

H . = { 1/outdeg(FP;) if P; € B;, (3.58)

J 0 otherwise,

which is an N x N matrix for a network with N nodes. With this matrix, we can express equation
(3.57) as 1. = HI., so that the PageRank vector is the eigenvector with eigenvalue 1 of the matrix
H. Computing this vector by diagonalization is an unfeasible task for a network with millions of
nodes as the World Wide Web. For that reason, a solution based on the power method was proposed.
It consists of repeatedly applying the matrix H to an initial probability distribution vector until it
converges to this eigenvector. Therefore, if H were an stochastic matrix, it would correspond to a
random walk as shown in equation (3.5). However, given the form H is constructed, it can have
null columns for pages no connecting any other node, and thus it is not stochastic. Therefore, for
the algorithm to work, this matrix must be patched, taking care that the new eigenvector represents
properly the original ranking of importance. In this case, all the columns where all the elements are
zero are substituted with columns with all entries equal to 1/N. This results in a column-stochastic
matrix F, where all the columns add up to one, and could be used for the random walk. Although
this ensures that £ has an eigenvector with eigenvalue 1, the random walk may not converge. This
occurs when there are other complex eigenvalues with a modulus equal to 1.

The Perron-Frobenius theorem asserts that for a primitive matrix, which corresponds to an irre-
ducible and aperiodic matrix for a finite Markov chain, there exists only an eigenvector with modulus
equal to 1 [137,161,162]. For an stochastic matrix this eigenvalue must be 1, and it suffices that the
Markov chain is ergodic for the transition matrix to be primitive. In order to have such a matrix, we
need to perform a second patch. The matrix F is mixed with another matrix 1 where all the entries
are equal to 1, obtaining a primitive matrix called the Google matrix G":

Gimab+ 1Y (3.59)
N

The parameter « is called the damping parameter corresponding to the previous mixing, and its
value lies in [0,1]. It was found by Brin and Page that the optimal value is @ = 0.85. In this
thesis, this value of the damping parameter is considered unless otherwise stated. This mixing can
be interpreted as that the random walk is performed on the network of interest driven by F with
probability «, and with probability 1 — « the walker makes a random hopping driven by the matrix
1.

We perform the random walk with the patched matrix GG, so we redefine the vector of PageRank
scores satisfying I. = G1.. Thus, it is the eigenvector with eigenvalue 1 of the Google matrix G.
Thanks to the mixing with the random hopping matrix, a random walk performed with the matrix
G, starting with any probability distribution, always converges to this eigenvector. Then, now we
can use the power method to obtain the PageRank distribution. We only have to take an initial
probability distribution and repeatedly apply the matrix G until it converges. In this thesis, we
choose the equal probability distribution as the starting point.

Since the classical PageRank corresponds to a random walk, its quantization is based on the
quantum walk of Szegedy shown in Section 3.4, using as transition matrix the Google matrix G.
Since the swap operator in the unitary evolution operator Uy in (3.34) changes the directedness of
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the graph, which for the PageRank algorithm is crucial, the operator Us; must be applied an even
number of times. Therefore, the actual time evolution operator is chosen as the double-step operator
W, = U2

The initial state of the system is chosen as an equal superposition of all the [i);) states in (3.31):

[T®) = \/LN Z_ i), (3.60)

and the final state is obtained after the application of the operator W, a number of time steps t.
In the quantum PageRank the information is obtained by measuring the second register, since it
represents where the links are pointing to. Therefore, the projection onto the computational basis
of the second register gives us the quantum PageRank score for each node:

I(Pyt) == || il WE WOV (3.61)

For each time step of the algorithm we can obtain a different probability distribution. This quantum
PageRank distribution depending on time is called the instantaneous quantum PageRank [31], and it
fluctuates in time instead of converging. An analogous of the stationary distribution of a classical walk
can be defined in the quantum context averaging all the instantaneous probability distributions [128].
In this case, the time-averaged quantum PageRank distribution is defined as:

i 1,(P;, ). (3.62)

t=0

1,(P) =

N =

This quantity converges for a sufficiently large value of T' [32,163]. Therefore, it is an objective
measure of the importance, and in the following, when we refer to the quantum PageRank, we mean
the time-averaged quantum PageRank, unless we mention explicitly the instantaneous PageRank.

As an example of how these algorithms work, we have taken the results on a small generic graph
with seven nodes from the original paper [31], which is shown in Figure 3.13(a). For the classical
PageRank, we show in Figure 3.13(c) the probability of the seven nodes for each time step of the
random walk, where we can observe that the probability ends up converging. However, for the
quantum PageRank, the instantaneous distributions oscillate as shown in Figure 3.13(d). In this
case, we only show the two most important nodes and the least important one. Despite its clear
difference in the classical PageRank, there are time steps of the quantum walk such that node 3
acquires a greater importance than nodes 4 and 6. This justifies the introduction of the time-
averaged quantum PageRank, whose distribution ends up converging as shown in Figure 3.13(e).
Finally, the classical and quantum PageRank distributions are compared in Figure 3.13(b). In both
cases, node 6 is identified as the most important one, followed by node 4, and node 3 as the least
important one. However, there are some violations of the order for intermediate nodes, which can
be due to quantum fluctuations.

So far, we have only shown the initial example in a small network, showing intriguing properties
such as a violation in the nodes ranking [31]. Nevertheless, it was also scaled to complex networks,
showing further properties as a better resolving of the structure [32], which we review in Chapter 5
when comparing with our new algorithm introducing complex-phase extensions [1]. Moreover, the
quantum PageRank algorithm has also been coupled to quantum search as a further step towards a
quantum search engine [102], as we review in Chapter 7 in the context of semiclassical walks.
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Figure 3.13: (a) Small generic graph with N = 7 nodes. (b) Classical and quantum PageRank distributions
for the small generic graph. (c) Probability of each node versus the time for the classical walk on the small
generic graph, converging to the classical PageRank distribution. (d) Instantaneous quantum PageRank
scores of nodes 6, 4 and 3 of the small generic graph versus the quantum walk time. (e) Time average of
the instantaneous quantum PageRank scores for all the nodes of the small generic graph versus the quantum
walk time, converging to the quantum PageRank distribution.

3.10.2. Time and memory complexity

The classical PageRank algorithm consists of repeatedly applying the Google matrix G to an initial
probability distribution vector until it converges to a stationary distribution. It turns out that the
number of time steps grows very slowly with the size of the network, so that the walk complexity is
O(log N). Indeed, we can take it as O(1), since 50 time steps is enough for networks with millions
of nodes [143]. Therefore, all the complexity depends on how the algorithm is implemented. As
mentioned in Section 3.7, since the Google matrix G has no null elements, both the memory and
time complexity of the matrix multiplication scales as O(N?). However, if the network is sparse, so
that each node connects to a few set of nodes, the implementation complexity can be reduced to

O(N).

Suppose a sparse network, so that each node connect at most k nodes, with £ < N and approxi-
mately constant. In this case, the matrix H, and also the matrix E after the first patching, contains
O(N) non-null elements. Since we can decompose G as in equation (3.59), we can also decompose
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the application to a probability distribution vector as two matrix multiplications:
1
GI.=aFI. + (1 - a)NIC. (3.63)

On the one hand, the product of the matrix 1/N applied to any probability distribution vector
produces always the uniform distribution, so that there is no need to perform this calculus. On the
other hand, for sparse networks the matrix £ is also sparse, and therefore both the memory and time
requirements of the product scale as O(N). After this product, the addition of the uniform vector,
weighted by the damping parameter «a, also scales as O(N), so that the implementation complexity
of the classical PageRank ends up scaling as O(N) for sparse networks. Examples of sparse networks
are the scale-free networks [164], which are good models of the World Wide Web and we use to test
our algorithms in future chapters.

With regard to the quantum PageRank, it seems that the walk complexity is also constant, so
that it does not grow with the size of the graph [165]. However, the number of time steps needed
until the convergence of the averaged quantum PageRank is larger. In the simulations performed in
this thesis we have taken 500 time steps to ensure the convergence, and we have checked that it does
not vary with the size of the network. Thus, again the complexity of the algorithm relies ultimately
on the implementation.

We discussed in Section 3.6 that, for a dense transition matrix as the Google matrix GG, a quantum
circuit would need at least O(N?) gates to encode all the transition probabilities. If the network
is sparse, it turns out that the mixing of the matrix £ with the uniform matrix 1 does not break
the symmetry properties of the graph, so that in principle, the quantum circuit for a quantum walk
using as transition matrix E could be adapted for the Google matrix G [91]. Therefore, we could
find also an implementation complexity scaling as O(N), or even more efficient if the graph posses
special symmetry properties.

Another option is implementing the quantum PageRank as a quantum-inspired algorithm on a
classical computer. As we mentioned in Section 3.7, we devised an algorithm that scales as O(N?)
for dense transition matrices as the Google matrix GG, which we introduce in Chapter 9. Since the
Google matrix enters in the quantum walk equations in a non-linear form, we cannot decompose
the action between F and 1 as in the classical case, so that the classical simulation of the quantum
PageRank scales as O(NN?) even for sparse networks. Nevertheless, this scaling is quite acceptable in
efficiency terms, as it is optimal.

Although the number of walk steps is larger for the quantum PageRank, despite being constant,
and the implementation complexity cannot be reduced for sparse networks in the classical simulation,
it is important to remark that the aim of the quantum PageRank does not consist of providing a
quantum speedup with respect to the classical algorithm. In this case the advantage comes from
the quality of the results, which can be more sensible for quantum networks or resolve better the
structure of classical ones [32]. Therefore, the increased running time is not actually an issue of
the quantum algorithm we must worry so much about. Furthermore, we find an scaling as O(N?)
efficient enough.
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Chapter 4

Graph-Phased Szegedy quantum walk

We begin the results parts of this thesis exploring new possibilities of the Szegedy quantum walk
by means of complex-phase extensions. An extension of this walk was first done using a complex
Hermitian adjacency matrix [166], and later using arbitrary complex weights in a model dubbed
twisted Szegedy walk [167]. This model introduced complex phases in the evolution operator, which
are associated to the edges of the graph, and were first used for studies of localization phenomena
[167-169]. Moreover, they have been considered for problems of state transfer in quantum walks [170]
and quantum search [171,172].

In this thesis, we provide a further generalization of the phase extensions by means of arbitrary
phase rotations (APR). This technique was introduced in the context of the Grover search algorithm
[96,107,108], and has been used to improve its performance [110-112] and even make it deterministic
[74,109]. Combining them in the Szegedy quantum walk with the previous extensions, we obtain the
graph-phased Szegedy quantum walk [5].

An important result we find for our graph-phased Szegedy model is that the set of coined quantum
walks that can be cast into a Szegedy walk is increased considerably. We expand on the conditions
that must satisfy the coin operators [130], shown in Section 3.5, providing new conditions considering
also the phase extensions. We also show how the new extensions that we introduce in our work allow
marking nodes in a graph using oracles. We use this extension to review the proof that the method
of absorbing vertices usually used for marking [40, 45] is equivalent to the use of a different coin
in the coined walk [44,131]. Moreover, we study how given an efficient quantum circuit for the
implementation of a Szegedy quantum walk [91,94], we can modify it to include the complex-phase
extensions.

This initial chapter of this first part of results presents the graph-phased walk in some general
sense, and in Chapter 5 we explore further an application in the context of the quantum PageRank
algorithm [1]. Moreover, this part connects with Chapter 9, where we show the efficient classical
simulation algorithm of the Szegedy quantum walk [3] considering also the phase extensions.

With regard to this particular chapter, it is structured as follows. In Section 4.1 we review the
current phase extensions of the Szegedy quantum walk, to later introduce the graph-phased model.
In Section 4.2 we study the equivalence between the graph-phased Szegedy walk and the coined
model, and show examples on the infinite line. In Section 4.3 we show the efficient construction of
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quantum circuits with the phase extensions. In Section 4.4 we show how some phase extensions can
be used for marking nodes in a graph. Finally, we summarize and conclude in Section 4.5.

4.1. Graph-Phased Szegedy Quantum Walk

In this section we review the current phase extensions given in the twisted Szegedy quantum walk
[167], and introduce new extensions through arbitrary phase rotations. By combining them, we
generalize the model and introduce the graph-phased Szegedy walk.

The Twisted Szegedy walk introduced complex phases by means of a kind of complex-valued weights
[167,173]. In our notation, this corresponds to an extended Szegedy walk [149] where the |¢;) states
in (3.31) are substituted by

Gi(0)) = 3 e/ ), 1K), (4.1)

where ¢ is an N x N matrix, and each element y;; is the phase associated to the edge state |i), |7),.
Thus, the reflection operator R in (3.33) is extended as another reflection R(y), which reflects around
the subspace generated by the |i;(¢)) states. When all the phases are 0, the standard Szegedy
reflection is recovered. Note that due to the convention of the transition matrix G being column-
stochastic, the weight probability associated to the edge state |i), |j), is Gj;. Thus, the real-valued
weights in the transition matrix G are associated with the elements of ©?, and vice versa.

The twisted Szegedy walk provided another extension with a complex phase for each edge, acting
inside the swap operator [167]. In this case, the swap operator is substituted by

N-1

Sw(2) =Y e 1), (j] ® 1), (il (4.2)

i,j=0

which is denoted as the twisted swap. Moreover, the phases matrix {2 is asymmetric, so that €2;; =
—Qj;. This preserves the Hermitian character of the swap, and therefore SZ () = 1, as desired for
a flip-flop shift operator. Note that the global action of this operator is just a swap .S, followed by
the application of a relative phase to each element of the quantum vector state in the computational
basis.

In this thesis, we propose another modification of the Szegedy quantum walk changing the reflection
R by an arbitrary phase rotation operator, as the one shown in Section 2.3.5. Whereas in the previous
cases N? phases were introduced, in this case a single phase denoted as  is used to define the phase

rotation operator: .
R(9) := (1 — )T — 1. (4.3)
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The standard reflection is recovered for 0 = 7.

The phase 6 acts in a global manner in the graph. However, the same as there are N? phases ¢;;
associated to the edges of the graph, we could think of N phases 6; associated to each of the nodes
of the graph. Let us expand the projector II in (4.3) using (3.32), and introduce the constant factor
(1 —€) in the sum:

=2

R(O) =) (1—¢“)|vn) (03] - L. (4.4)

%

Il
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Now, we can give 0 a different value 6; for each node ¢. Let us define 0 as a vector with the N
different phases. The phase rotation operator becomes
N-1
RO = S (1 — )

—0

vi) (il = 1. (45)

~

These phases act locally in the nodes of the graph, and the sum cannot be factorized with a projector
operator.

In order to differentiate our extensions from the previous ones, we call link phases to the phases ¢;;
associated to the edges of the graph through the reflection, shift phases to the phases {2;; associated
to the edges through the swap, and APR phases to the phases 6; related to the nodes of the graph.
All these extensions are compatible and can be applied at the same time, giving rise to a generalized
model.

We define the graph-phased model joining all the phase extensions of the reflection operator R. Let
us define the following operator:

=

(1 —€l%)

- Ui(o) ()] (4.6)

%

X0, ) =

I
o

This operator generalizes the projector II in (3.32), which is recovered for §; = 7 and ¢;; = 0. It is a
kind of pseudoprojector, since acting on an arbitrary state provides a state in the subspace spanned
by the |1;(¢)) states. However, it does not corresponds to the actual orthogonal projection.

The phase rotation operator associated to this walk is defined as:

—

thus resembling the original structure of the reflection R in (3.33), substituting the projector II by the

—

pseudoprojector (6, ). The unitary evolution operator is then defined substituting the reflection
in the operator Us in (3.34):
Us(0,p) = SuR(0, ). (4.8)

Again, we can think of the double Szegedy operator Wy, using two times the operator Uy(6, ¢). In
general, the phases of both operators can be different, so that the most general double-step Szegedy
operator is . . . .

W(Ql,gﬁl,g%(pg) = U(GQ,QOQ)U(Ql,ng). (49)
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Before going on, let us fix some definitions about the different models we deal with in this thesis:

Definition 4.1 (Standard Szegedy quantum walk). It is the Szegedy quantum walk without any phase
extension.

Definition 4.2 (Link-phased Szegedy quantum walk). [t is the Szegedy quantum walk with link
phases p;;, but without APR phases.

Definition 4.3 (Szegedy quantum walk with global APR). It is the Szegedy quantum walk with the
same APR phase 0 for all the nodes, but without link phases.

Definition 4.4 (Vertex-phased Szegedy quantum walk). It is the Szegedy quantum walk with multiple
local APR phases 0;, but without link phases.

Definition 4.5 (Graph-phased Szegedy quantum walk). [t is the Szegedy quantum walk with all the
phase extensions of the reflection.

None of these models consider the shift phases 2;;. Of course, they could be extended further
if we added the twisted swap S, (2) in the unitary evolution operator. Nevertheless, this is beyond
the scope of this thesis. We are only interested in the extensions of the reflection operator R, which
acts as the coin of the coined quantum walk, thus preserving the structure of a usual walk.

4.2. Equivalence with the Coined Quantum Walk

In Section 3.5 we reviewed the established equivalence between the coined quantum walk and the
standard Szegedy model [130]. In this section we expand this analysis including the complex-phase
extensions of the graph-phased Szegedy quantum walk, showing how it can host a wider set of
equivalent coins.

The phase extensions that we are considering in this thesis enter at the level of the reflection
operator. Thus, again the flip-flop shift operator Sy corresponds to the swap Sy, and the equivalence

with the graph-phased Szegedy quantum walk needs the operator R(f,¢) in (4.7) to be the coin
operator C4. Recall that it was expressed as:

N-1

Ch=> i) il @ ¢ (4.10)

i=0
where there is a N-dimensional unitary operator C;! for each node.

Following an analogous procedure to that described in Section 3.5, let us rewrite the [¢;(¢))
states as:

[Yi(@)) = li)y @ [wil)), (4.11)

where

=

-1

wil))y =Y ¥/ Gy |k), (4.12)

0

B
Il
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Taking into account that 1y2 = 1y ® 1y, the completeness relation of the identity for the first
register, and substituting the expression for the |¢;(¢)) states in (4.7), we obtain:

RE,0) = Y Iyl © [(1— ) o] = 1] (4.13)

Looking at the expression for the coin C4 in (4.10), we can identify the individual coins C/* with the
phase rotations of the second register:

CA = (1—€%)

)

Wi)o(wil — 1. (4.14)

When the augmented coins can be expressed in this form, then the coined quantum walk is equivalent
to the graph-phased Szegedy quantum walk. The coins codify the transition probabilities G;; and
also the extended phases. Moreover, note that the reduced Szegedy subspace HE defined in (3.36),
which represents the original Hilbert space of the coined quantum walk H¢, keeps being invariant
after the introduction of the complex-phase extensions.

Now we can analyze the conditions that must be satisfied so that a coin can be expressed as in
(4.14). Again, in the case that we are provided with a graph-phased Szegedy quantum walk, we can
always define the coins that way, so that all Szegedy quantum walks that come from the quantization
of a classical Markov chain with transition matrix G and extended phases 0 and  can be cast into the
coined model. Recall that in the case that the weighted graph is obtained normalizing the columns
of the adjacency matrix of an undirected graph, the equivalent coin is the Grover coin [90, 131],
although now can be extended with phases.

If, on the contrary, we are provided with a coined quantum walk, only a restricted set of coins sat-
isfy equation (4.14). From it, we can formulate the following lemmas about the conditions that must
be satisfied by a coined walk to be cast into the Szegedy quantum walk. Let us start reformulating
Lemma 3.1 for the standard Szegedy model.

Lemma 4.1. Given a coined quantum walk U, with a set of coin operators C; of dimension d;, there
exists an equivalent standard Szegedy quantum walk U if and only if for each coin C; there are d; — 1
ergenvalues —1, and a single eigenvalue +1, whose eigenvector has real non-negative amplitudes.

In this case the coin must be a reflection around the state |w;), so that |w;) is an eigenstate with
eigenvalue +1, and the rest of eigenvalues are —1. Moreover, all the amplitudes of |w;) are real
positive or zero [130]. Note that, since eigenvectors that differ in a global phase are equivalent, the
actual condition for the eigenvector is that there are no relative phases between the amplitudes.

Lemma 4.2. Given a coined quantum walk U, with a set of coin operators C; of dimension d;, there
exists an equivalent link-phased Szegedy quantum walk Us(p) if and only if for each coin C; there are
d; — 1 eigenvalues —1, and a single eigenvalue +1.

In this case the coin must be a reflection around the state |w;(y)). Again, all the eigenvalues
must be —1 except for the eigenstate |w;(¢)), which is +1. However, thanks to the link phases this
eigenstate can have any complex amplitudes. So that this model can host a bigger set of coins.

Lemma 4.3. Given a coined quantum walk U, with a set of coin operators C; of dimension d;, there
exists an equivalent vertez-phased Szegedy quantum walk Us(0) if and only if for each coin C; there
are d; — 1 eigenvalues —1, and a single eigenvalue —e™, whose eigenvector has real non-negative

amplitudes.
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If we add APR phases, the coin becomes a phase rotation operator. Thus, |w;) is an eigenstate
with eigenvalue —el%, and the rest of eigenvalues are —1. Note that if we would only have a model
with global APR, all the coins should have the same eigenvalue different to —1. However, thanks to
the local APR phases introduced in this thesis, each node can have a coin with different eigenvalues.

Lemma 4.4. Given a coined quantum walk U, with a set of coin operators C; of dimension d;, there

exists an equivalent graph-phased Szegedy quantum walk U (0, @) if and only if for each coin C; there
are d; — 1 eigenvalues —1, and a single eigenvalue —e™ .

Considering both link phases and local APR phases, the eigenstate |w;(¢)) can have any complex
amplitude, at the same time that the eigenvalue is arbitrary. Therefore the set of coins that can be
cast is maximal, and encompasses the previous cases.

Again, if we can cast a coined walk into Szegedy for the single-step operator U, then it can
trivially also be cast into the Szegedy walk considering the original double operator Wy, so that one
step of the Szegedy quantum walk would be equivalent to two steps of the coined walk, being the
equivalent operator U2. Moreover, as we already mentioned, there can be cases where a coin cannot
be cast into Szegedy’s model considering the single-step operator Uy, but it can be cast if we consider
the double-step operator W, instead. We study an example for the —1 coin in Section 4.4.1.

In Section 3.5.1 we showed how the standard Szegedy and coined models can be cast into the other
using examples on the 1D line, whose undirected graph is shown in Figure 3.3. Specifically, we
observed that the standard Szegedy walk on the unbiased line of Figure 3.9(a) corresponds to the
use of the Grover coin X in two dimensions, and the Hadamard coined walk corresponds to a Szegedy
walk on a biased weighted graph, shown in Figure 3.9(b).

Now, let us present a different coin that cannot be cast into the standard Szegedy model. We
have constructed the following coin:
~ 141
N:—$< L 1>. (4.15)

2 -1 1

The spectrum is o(N) = {—i, —1} and the eigenvector for the eigenvalue —i is (1,i)”/v/2. Thus, by
Lemma 4.1 it cannot be cast into the standard model, but by Lemma 4.4 it can be cast into the
graph-phased model. In this case the eigenvalue different to —1 is —e'%, so that the APR phase for
this coin is §; = m/2. The transition probabilities are obtained taking the squared modulus of the
amplitudes of the eigenvector. In this case we obtain 1/2 for both directions, so that the transition
matrix G5 associated to this coin is the same as for the undirected graph G, in (3.46). Since the
amplitudes are complex numbers, we also need link phases. For a directed edge pointing to the right,
the amplitude is a real positive number, and the link phase is ¢; ;11 = 0. However, for a directed
edge pointing to the left, the amplitude is i, so the link phase is ¢; ;1 = 7/2. Thus, the link phases

matrix for this coin is -

(SON)@ = Eéi,j—s-l‘ (4.16)

To compare this quantum walk with the results of the H and X coins, we need to choose an
initial state for the simulation. We take as initial state [¢)0) = (|0), |1}, + |0}, |—1),) /+/2, which
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Figure 4.1: Probability distribution results of the coined quantum walk simulations on a 1D line using the
X coin (red), the Hadamard coin (blue), the N coin (orange), and the coined walk with the Hadamard coin
for even nodes and the N coin for odd nodes (green). Note that for the Hadamard and N coins the curves
overlap. The initial state is |1o) = (|0), |1}y + |0}, |=1),) /v/2, and the unitary evolution has been applied
100 time steps.

represents the walker at node 0 for a Szegedy quantum walk, and provided the results of Figure
3.4(c). The probability distributions after 100 time steps are shown in Figure 4.1. The probability
distribution for the N coin, shown in orange, is the same as for the Hadamard coin, shown in blue.
This is surprising since for the N coin the associated weighted graph is unbiased, being the same as
for the X coin. Thus, the extended phases play an important role in the walk, being able to modify
somehow the transition probabilities.

Since both the Hadamard coin and the N coin produce the same results when they are used as
global coins, we want to examine what happens if we apply both at the same time on different nodes.
We have quantized the walk on the line using the Hadamard coin for even nodes, and the N coin for
odd nodes. Taking into account our convention for the transition matrix indexes, it is constructed
by taking the even columns of Gy and the odd columns of G'5. For the link phases matrix ¢ we take
the odd rows of ¢, and the even rows are null since the Hadamard coin has no link phases. The
local APR phase for even nodes is the standard one §; = 7, and for odd nodes it is §; = 7/2. The
results of the simulation are shown in Figure 4.1 in green. We observe that, despite the fact that
H and N produce the same results when they are global coins, the results are different when they
are mixed. Although not shown, a similar phenomenology is obtained for the different initial coin
states of Figure 3.4. This explicitly shows that both coins are not actually equivalent, and that the
graph-phased Szegedy model opens up a wide range of possibilities for quantizing classical Markov
chains.
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4.3. Quantum Circuits

In this section we leverage the quantum circuits for the standard Szegedy walk, whose construction
was reviewed in Section 3.6, to construct the circuits of the extended models with slight modifications.
Thus, provided a quantum circuit for the standard Szegedy quantum walk, we can obtain the circuit
of the graph-phased model.

Let us consider the vertex-phased Szegedy model, where the reflection R is substituted by the phase
rotation operator R(#) in (4.5) including local APR. We diagonalize it using the update operator V|
as in Section 3.6, so that D() = VIR(6)V. Then:

=2

D) = Y (1— eV ) (Wil Vi — Zl—e (il ®10),(0] — 1

= i), (il @ [(1 =€) [0),(0] — L] (4.17)
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In the case of a global APR phase 6, we could again factorize it as a diagonal operator acting on
the second register the same as in equation (3.52), which would correspond to a phase rotation
around the state |0),. This would have eigenvalue —e!’ for |0), and —1 for the rest. The circuit
would implement —D(#) instead, so that applies a phase e to the state |0), letting the rest of the
computational basis unchanged. Then, the circuit would be the same as the one shown in Figure
3.10, but changing the phase m by the general phase 6.

However, if we have local APR phases, the diagonal operator cannot be factorized. In this case, it
corresponds to a conditional operator, which applies a different phase rotation on the second register
around the state |0),, depending on the state of the first register. In Section 2.3.1, we showed that it
can be compiled as a uniformly controlled gate [88,89]. Thus, in general, it corresponds to N different
phase rotations acting on the second register, controlled by the N states of the computational basis
of the first register. The quantum circuit for this case is shown in Figure 4.2(a).

The construction of this circuit is in general not very efficient, since we need N controlled phase
rotation gates. However, there can be cases where a more efficient circuit is possible. The local APR
phases can be distributed in some manner that the same controlled phase rotation can be used to
apply it to a bunch of states at the same time. For example, if we have the same phase 6, for even
nodes, and the same phase 6, for odd nodes, they can be implemented using only two controlled
phase rotations. In this case they would be controlled by the last qubit of the first register, which
indicates the parity of the state.

Another important case where an efficient implementation is possible occurs when most of the
nodes have the same phase 0, and there is a small set M of special nodes with a different phase 6,
where k € M. If we have a number of special nodes M << N, there is a method for constructing
the circuit with only M 4+ 1 phase rotation gates. First, we apply a phase rotation of 8 to the second
register, with no control by the first register. Thus, a global APR phase # is applied for all the
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Figure 4.2: (a) Quantum circuit decomposition of the single unitary operator Us(g) = SwR(H_') for the
vertex-phased Szegedy quantum. FEach register has n qubits for a graph with N = 2" nodes. The phase
rotation operator R(0) = VD(0)V1, where D(0) is a diagonal operator that implements N different phase
rotations around the state |0), in the second register. Thus, this circuit needs N phase rotations controlled
by the first register, from the state |0), with all qubits in |0) to the state [N — 1), with all qubits in |1). (b)
Quantum circuit decomposition of the single unitary operator Us(g) = SwR(g) for the vertex-phased Szegedy
quantum walk on a graph where most nodes have the same local APR phase 0, and M special nodes have
a different local APR phase. A phase rotation of 0 is applied to all the nodes, and then M different phase
rotations controlled by the first register are applied for the special nodes. In this example, only node N — 1
has a different phase 0, so that the controlled phase rotation needs all the qubits in the first register to be

in the state |1).

nodes. After that, we apply a phase rotation for each of the M special nodes, controlled by the first
register being in the corresponding state. Let 6, be the phase we want to apply to node k, which is
an special node. Since we have already applied a phase 6 to that node, the particular phase rotation
for that node must now apply 0, — 6, so that it deletes the previous rotation with #. In Figure 4.2(h)
we show an example where node N — 1 is the only special node. Note that, in general, each of the
special nodes can have a different local APR phase.

We have seen that after diagonalizing the reflection operator R, the diagonal operator D, even with
APR phases, does not depend on the vectors |¢/;). Thus, it will not depend on the link phases ¢;;.
In this case, the modification must be done to the update operator V. The diagonalization process is
the same as before, but using the modified update operator V' (¢), such that V() [i), [0), := [i(¢)).

Provided a circuit implementation of the update operator V', a naive method to construct the
operator V() would be to first apply V', and then apply a controlled phase gate (see Figure 2.7)
for each computational basis state whose link phase ;; is different to 0. In general we would have
N? link phases, so this method would be inefficient unless there are very few link phases different
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to 0, or they are distributed in a manner that several phases with the same value can be applied
using a common controlled gate. Note that this procedure would be the same in case we wanted to
implement the twisted swap S,,(€2), since it is just a swap followed by the application of the relative
phases.

Another approach consists of constructing a new circuit for the modified update operator based
on the standard one. The same as with the transition probabilities, if the link phases matrix ¢ is
sparse or the distribution of phases in the graph follows some symmetry patterns, we could construct
an efficient operator V(¢). An example of update operator with phases distributed with certain
symmetry in cycles is constructed in the next subsection.

As an example, we want to provide a quantum circuit construction for the graph-phased Szegedy
quantum walk equivalent to the coined walk of Section 4.2.1, which uses two coins at the same time.
Recall that a quantum walk in the infinite 1D infinite line can be simulated in a finite 1D cycle as
long as the time steps do not surpass a threshold from which the wavefront interferes with itself when
it completes a turn on the cycle. For a graph with N = 2" nodes, we need n qubits for each register.

In this case, the local APR phases are distributed with a symmetric pattern, so that the diagonal
operator D(é) can be implemented efficiently. The last qubit of the first register indicates the parity
of the node. If this control qubit is in the state |0), for even nodes we apply the phase rotation with
6 = m on the second register. If, on the contrary, it is in the state |1), for odd nodes the phase
rotation with 6 = 7/2 is applied instead. Thus, the quantum circuit can be decomposed as shown
in Figure 4.3(a).

For the update operator V (i), in Figure 4.3(b) we have constructed a circuit following an anal-
ogous procedure to the one in Section 3.6 for the standard cycle graph. The update operator must
act as V() |i) [0)y = |i); [wi()),, where

hrli+ 1), +hy|i —1), if i is even,

|wip))y = 1 | > i | it W (4.18)
— i +1)y+—i—1), ifiiso
V2 LV2 ’ ’

where hr and hj were given in (3.47) and (3.48), respectively. Since we are considering a finite
graph, the additions and subtractions are performed modulo N.

Let ¢ be an even node. Then, the last qubit of the first register is in the state |0), and the Ry
gate is applied to the first qubit of the second register, letting it in the state hg |0), + hr [1),. The
following action of the CNOT gates and the last X gate let the second register in

ha|1)y + he [N — 1),. (4.19)

We have previously seen that the join action of the P* operators controlled by the first register
corresponds to another permutation that transforms the computational basis states |i), |z), into
i), |z + ¢ mod N), [91]. Therefore, when they are applied on the state in (4.19), the second register
ends up in |w;(¢)),.
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Figure 4.3: (a) Quantum circuit decomposition of the graph-phased single-step Szegedy unitary evolution
operator Ug = SwR(g, ©) equivalent to the coined walk with the H coin for even nodes and the N coin for
odd nodes. Fach register has n qubits for a cycle with N = 2™ nodes. The last qubit of the first register,
which determines the parity of the state, controls the application of a local APR phase 7 for even nodes, and
/2 for odd nodes. (b) Quantum circuit for the update operator V() in (a). The rotation matriz Ry (o) is

given in (2.39), and the value of the rotation angle is a = /4.

We can do an analogous reasoning for ¢ being an odd node. In this case, the last qubit of the
first register is in the state |1), so that the H and S gates are applied to the first qubit of the second
register, letting it in the state (|0) +1[1)) /v/2. After the CNOT gates and the last X gate the second
register ends up in

by + (4.20)

1 i
1), — N —1),,
and the controlled P* operators permute the state into |w;(¢)),. Thus, we have proved that the
circuit in Figure 4.3(b) effectively performs the action of the update operator V().

The same as the circuit of the standard walk, this is just a toy model to show a construction
procedure for a simple graph-phased Szegedy quantum walk. Of course, we could also construct a
simpler circuit from the coined walk perspective. We would just take the circuit in Figure 3.6(b) and
replace the coin C' with the coin H controlled by the last qubit of the position register being in the
state |0), and the coin N controlled by the last qubit of the position register being in the state |1).

4.4. Marking Nodes with APR

Suppose there is a special set of nodes in a graph that we want to mark somehow so that the quantum
evolution treats them in a different manner. We can mark them with a different local APR phase. A
construction based on Figure 4.2(b) would require the knowledge about who are these special nodes.
However, we usually do not know them, and they are marked by a black-box function when they
satisfy some conditions.
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Let f(x) be a classical function that decides if a particular node = satisfies some conditions, and
let M be the set of nodes that satisfy them. Then f(z) =1 if x € M, and f(z) = 0 otherwise. In
Section 2.3.6, we saw that given a classical circuit for this function f(x), it can be translated into an
oracle Of. Recall that this operator takes a quantum register with the information about the node
x and adds the result of f(x) in an ancilla qubit [19,70], such that

Op |z} ly) = [x) |y & f(x)) . (4.21)

For the sake of simplicity, let us consider that we want to mark some nodes in a standard Szegedy
walk, so that they evolve with a different local APR phase when they satisfy the conditions of an
oracle O¢. We can construct a quantum circuit leveraging the update operator V' of the standard
walk, as shown in Figure 4.4. In this case, we make use of an ancilla qubit that takes the value of
f(z) to later control the phase rotation that deletes the global phase 7 and let the local APR phase
0. for the marked nodes. Thus, a marked node £ € M evolves with the local APR phase 0, instead
of the standard phase w. The second oracle is used to uncompute the action of the first one, so that
the ancilla qubit returns to its original state and can be traced out. Note that although we have
used a single oracle Oy for marking nodes, we can use multiple oracles to mark different sets of nodes
with different phases, so that they evolve differently depending on the different conditions imposed
by the oracles.

Reg. 1{ Of Of
Anc. [0) —{ Vi < oV 10)

Reg. 24

| —Oo——O0—0—@

Ok

Figure 4.4: Quantum circuit decomposition for marking nodes with local APR phases in a standard Szegedy
quantum walk. The first oracle turns the ancilla qubit into |1) if the first register represents a marked nodes.
Then, the ancilla applies a phase rotation on the second register deleting the global APR phase w and letting
the local APR phase 0. Finally, the second oracle uncomputes the ancilla so that it returns to its original
state and can be traced out.

™

The link phases have been previously used to search for marked arcs on graphs [171]. In this section,
we show that an important use case of the local APR phases is also the search problem. Nevertheless,
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in this case we want to use a quantum walk algorithm to search for marked nodes instead of marked
arcs.

The first quantum walk search algorithm used the Grover coin Gp for unmarked nodes, and a
different coin for marked nodes [44]. In particular, it was studied the case of the —1 coin for marking
nodes, finding an algorithm with quadratic speedup with respect to classical ones. This coin cannot
be cast into the standard Szegedy walk since all the eigenvalues are —1. However, by Lemma 4.3 it
can be cast into the vertex-phased Szegedy model using 6, = 0 for marked nodes. As a remark, note
that this algorithm is different from the Grover search as a quantum walk [146] shown Section 3.9,
which uses the minus Grover coin, —Gp, for the marked nodes. For a dimension greater than 2, this
coin has more than one eigenvalue +1, and thus cannot be cast into any extension of the Szegedy
walk.

A different approach for quantum walk search algorithms is based on the Szegedy quantum walk
with absorbing vertices [40,45]. Given a transition matrix G for a graph, the nodes are marked
turning them into sinks, so that they have a self-loop that does not allow the walker to escape once
the walker steps on them. Let us denote the modified transition matrix as G’. This is obtained
deleting the columns of the marked nodes and allocating a diagonal 1 element, so that

Gy ifi ¢ M,
G = (4.22)
05 if1 e M.

It was previously stated that marking with the —1 coin is equivalent to marking with absorbing
vertices, although the proof was done assuming that the initial state has no amplitudes associated
to self-loops [131]. In this thesis, we show that both walks are indeed not equivalent for arbitrary
states, although they are equivalent when the double-step Szegedy operator is considered. Moreover,
we make the proof for general graphs, so that the global coin for unmarked nodes does not have to
be the Grover coin.

On the one hand, the evolution operator for the Szegedy quantum walk using the —1 coin for
marking nodes is U,(0) = S, R(f), and is obtained setting #; = 7 for the unmarked nodes and 6; = 0
for the marked nodes in (4.5). On the other hand, the evolution operator for the Szegedy quantum
walk with absorbing vertices U is obtained from the standard operator in (3.34) using the transition
matrix G'. If we express the reflection operators in a coined form, in a similar manner as in equation
(4.13), and separate the sums for marked and unmarked nodes, the expressions of these operators
are the following:

$(0) = Su Y 1), (il © (2 |widy (wil = L) + S D [ (i @ (=), (4.23)

¢M ieM
Uy = Su Y 1), (i © (2|widy {wil = L) +Su D 1), (6] @ (210) (3] — 1w). (4.24)
i¢M ieEM

A priori both operators are not equivalent, since for the marked nodes Us(g) applies the —1 coin,
whereas U applies a reflection around the self-loop state of the marked node.

We need to calculate how these operators act on the different states of the computational basis
in order to examine properly the equivalence. For both operators the first term, corresponding to
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the unmarked nodes, is the same. This is so because the APR phase for them is §; = 7, and the
corresponding columns of G and G’ are also the same. Thus, the action on a computational basis
state |i), |7), with ¢ ¢ M is the same. Now, let us consider a state |i), |j), with i € M. In this case
the action is given by the second terms of the operators. If ¢ # j, the action is —95,, in both cases,
so it is the same. However, if ¢ = j, the action of Us(g) is —S,, whereas the action of U] is +5,,, so

—

that Us(0) acts as —U..

Let us define Z,,;, as the subspace spanned by the marked self-loop states of the computational
basis, i.e.,
Tyr = spandli) i) : i € M}. (4.25)

This space is an eigenspace for both operators, with eigenvalue +1 for U, and —1 for Us(g). Thus, it
and its orthogonal complement are invariant subspaces. We can then factorize the action as follows:

) —U i) |j)  if i) |5) € Tase,
Us(0) i) |7) = , (4.26)
U li) |j) it i) |5) € I},

Although both operators are not the same, since both subspaces are invariant, the action is equivalent
when the initial state is in I]TV[ - This corresponds to a state that has no amplitudes related to self-
loops, so that the previously known equivalence in this case holds [131]. Nevertheless, note that
for general states with self-loops, the only difference is a relative phase —1 in the amplitudes of
the self-loops. This relative phase plays no role in the probabilities of measuring the nodes in the
computational basis, so that the results would be the same even in this case although the quantum
states are not exactly equal. However, this equivalence would not be valid in case we measured in
other different basis.

Usually, in quantum walk search algorithms based on absorbing vertices, the double-step Szegedy
operator Wy is used. Since the subspaces are invariant, we can take the square of equation (4.26),
obtaining that

W,(0) = W.. (4.27)
Thus, for this operator both walks are totally equivalent, taking into account that one Szegedy step
with absorbing vertices corresponds actually to two steps of the coined walk with the —1 coin. Recall
that by Lemma 4.1 the —1 coin cannot be cast into a single step of the standard Szegedy model.
However, this lemma does not apply for the double Szegedy operator, since we have managed to cast

this coin into an operator W without phase extensions.

A well studied graph for quantum walk search algorithms based on absorbing vertices is the complete
graph without loops [135]. The transition matrix is Gj; = (1 — d;;)/(N — 1). The initial state of
the system is constructed from the transition matrix of the original complete graph without marked
nodes as:

i) - (4.28)
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In this case, the initial state has no self-loop amplitudes, so that the coined walk would be equivalent
to the single-step operator U.. Nevertheless, the quantum walk operator is usually WS' A maximum
of probability of measuring one of the marked nodes occurs after a number of time steps given by [135]

T N 1 M
tmax = Z m — Z + @) ( W) R (429)

where M is the number of marked nodes. Thus, the algorithm has a quadratic speedup with respect
to a classical search, the same as the coined quantum walk.

In order to verify numerically that both models are equivalent, we have simulated the Szegedy
walk with W,(f) and W! for a graph with N = 1000 nodes and M = 2 marked nodes. The results
are shown in Figure 4.5, where we observe that both curves overlap. Moreover, note that the
probability oscillates, despite the fact that in the underlying classical walk the walker cannot escape
from absorbing vertices. This is due to the unitary character of the evolution, and is related to the
ghost links with null transition probability that play an actual role in the Szegedy quantum walk, as

discussed in Section 3.5.
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Figure 4.5: Probability of measuring a marked node versus the time step of a quantum walk search algorithm
on a complete graph with N = 1000 nodes and M = 2 marked nodes. The nodes have been marked with
absorbing vertices in blue, and with local APR phases 0, = 0 in red. Both algorithms are equivalent, so that
the curves overlap. The vertical dashed line indicates the theoretical position of the first maximum, which
occurs for tymar &~ 12.

An efficient implementation of the update operator V for the complete graph can be found in the
literature [91]. We can then use the construction in Figure 4.4 to construct a quantum circuit based
on an oracle for this quantum walk search algorithm, avoiding the explicit construction of the update
operator V' for the graph with absorbing vertices. Although a form of constructing a circuit for V'
using V' and an oracle was already developed [130,174], this construction needed the application of
the oracle two times, so that for the operator U] the oracle would be applied four times, instead of
two as in our circuit. Furthermore, it needed a controlled version of the operator V', increasing the
complexity of the circuit. Therefore, our implementation is simpler. Moreover, our circuit can mark
with different phases, so that it is not restricted only to absorbing vertices.
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4.5. Summary of Results and Conclusions

We have reviewed the current phase extensions of the Szegedy quantum walk in the literature
based on link phases, to generalize it including global and local APR phases. Then, we have
defined different Szegedy models depending on each kind of phase extensions, and the graph-
phased Szegedy quantum walk including all the phase extensions.

We have reviewed the equivalence between the Szegedy quantum walk and the coined model,
considering also the different phase extensions, and formulated some lemmas about the condi-
tions that need to satisfy the coin operators. The phase extensions can be used to cast a wider
set of coins into the Szegedy walk, and, of course, the graph-phased Szegedy model can host
the bigger set of coins.

We have seen an example complex coin that cannot be cast into the standard Szegedy walk on
the 1D line, but can be cast into the graph-phased model using the phase extensions. This coin
produces the same results as the Hadamard coin when the coins are the same for all the nodes.
However, when a walk is quantized using both coins simultaneously, distributing them between
even and odd nodes, a new different walk is obtained. This result is quite surprising, and shows
that coins that a priori seems to be equivalent, are not under different circumstances.

Based on the quantum circuit construction of the standard Szegedy walk, we have shown how
a circuit can be modified in order to include phase extensions. In general cases where all the
phase values would be different, the circuits would not be very efficient. However, the same
as happens with the transition matrix for the standard Szegedy model, the phases can be
distributed in some symmetric patterns so that an efficient implementation is possible. For
example, if there is a small set of nodes with a different local APR phase, or there are only
two local APR phases values distributed between even and odd nodes. Furthermore, we have
managed to construct a quantum circuit for an example coined walk with two coins.

An important application of the local APR phases is that they can be used to mark nodes in
a graph, so that the quantum evolution treats them in a different manner. We have seen how
a quantum circuit based on oracles can be constructed, so that there is no need to modify the
structure of the graph, and it is more efficient than previously known constructions. Quantum
search algorithms are examples where nodes are marked. We have shown that marking with
a null local APR phase is totally equivalent to marking with absorbing vertices in the case of
using the double Szegedy operator W,. When using the single operator Uy, the same results are
obtained after measuring in the computational basis, although both operators are not exactly
equal.

Although the —1 coin cannot be cast into the standard Szegedy walk with the single operator
U, we have seen that we can cast it for the double operator W,. This result is intriguing, as
shows that, when considering the double operator, the set of coins that can host is wider, not
needing any complex-phase extension. More research about this fact is needed in the future.

In the future, it would be interesting to study further applications of the graph-phased walk,
including the twisted swap operator [167]. Moreover, taking into account that local APR phases
act at the level of nodes, and link phases at the level of edges, there could be a relation with
gauge symmetries.



Chapter 5

Quantum PageRank with Arbitrary
Phase Rotations

In Section 3.10 we introduced the quantum PageRank algorithm, an algorithm based on the Szegedy
quantum walk for ranking nodes in a graph. This algorithm was first implemented in small networks,
showing intriguing properties such as a violation in the ranking of the nodes [31] with respect to the
classical distribution. Later, it was scaled to complex networks, showing further properties such as a
better resolving of the network structure and an improved stability [32]. Since then, there has been a
recent interest in the quantum PageRank. For example, other quantizations have been proposed, such
as coined quantum walks with reduced coins [175], continuous-time quantum walks [165, 176-178],
quantum walks on open systems [179], and even variational circuits [180]. Furthermore, it has been
realized experimentally in the continuous-time version using photons [181].

Given the interest in the quantum PageRank algorithm, in this Chapter we use it to test an
important practical use case of the complex-phase extensions of the Szegedy quantum walk. In
particular, we extend this algorithm with global arbitrary phase rotations (APR) [1]. We compare
our results with those of the original quantum PageRank using first the same small graph studied in
3.10.1, and later using scale-free networks, which are complex networks that model the World Wide
Web [182]. We find that after the introduction of the APR, some issues of the original algorithm are
solved, at the same time that holds the quantum advantages. Although the information that we use
for our results is purely classical, we must keep in mind that these results can also be of interest for
future quantum networks.

This chapter is structured as follows. In Section 5.1 we introduce the quantum PageRank al-
gorithm with arbitrary phase rotations. In Section 5.2 we study the effect of the new quantum
algorithms in a small generic graph. In Section 5.3 we apply these algorithms to complex scale-free
networks. In Section 5.4 we study the stability of the new algorithms. Finally, we summarize and
conclude in Section 5.5.

83
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5.1. Quantum PageRank with APR

The formalism of both the classical and quantum PageRank algorithms is explained in Section 3.10.1.
As we saw, the quantum PageRank is based on the Szegedy quantum walk, described in Section 3.4.
Our aim is to introduce arbitrary phase rotations in the quantum walk. Since a prior: we have no
information about the nodes of the graph before obtaining the PageRank results, there is no point
in assigning a different local APR phase to each node. For this reason, we use the Szegedy quantum
walk with global APR defined in Section 4.1. As we already mentioned, the quantum PageRank
algorithm needs to preserve the directedness of the graph. Therefore, due to the swap, we need to
apply the double-step Szegedy operator, which, for this model, has two degrees of freedom:

Wy(01,05) := U(62)Us(61) = Sy ([1 — €] I —1) S, ([1 — €] T —1), (5.1)

where in general 6; # 0. The quantum PageRank distributions are obtained in the same manner as
in Section 3.10.1, but with the extended operator W(6y, 6,) instead. This gives rise to a new family
of quantum PageRank algorithms with 6; and 65 as two degrees of freedom.

If we chose 6, = 05 = 7, the quantum PageRank algorithm using the standard Szegedy walk
is recovered. To simplify the study of the effect of choosing different phases, we define three APR
schemes with only a single degree of freedom 6:

Definition 5.1 (PageRank APR schemes). Given a quantum PageRank algorithm with a double-step
Szegedy operator Wi(6y,0s), and a single phase 0, the APR schemes are defined as follows:

e Fqual-phases scheme: both phases are equal, i.e., 01 = 0y = 0.
e Opposite-phases scheme: the phases have the opposite signs, i.e., 0 = —6y = 6.

o Alternate-phases scheme: the first phase is fived to w, while the second phase is free, i.e.,
01 = 7T,62 =40.

We have found that the results for #; = 6, f; = 7 are similar to the ones of the already defined
alternate-phases scheme, so we do not take into account this particular case.

The phase 6 can take a value in the interval (—m, 7|. Since there are no link phases, the projector
operator Il in (3.32) is real, so that inverting the sign of the phase 6 would result in complex
conjugating the operator W(6y,02). The initial vector state is also real, so the final result after the
evolution would just be the complex conjugated. However, the quantum PageRank scores are real
probabilities obtained by taking the squared modulus of the amplitudes, so there would not be any
effect. For that reason, without loss of generality, we can set 6 € [0, 7].

All that remains is to fix a value for the phase 6. We have found that a convenient value is
0 = 7/2. To justify it, in the following section we study the effect of the phase 6 on a simple small
generic graph.
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5.2.Small Generic Graph

Once we have defined the new family of quantum PageRank algorithms that we are going to study,
we want to see the effect of the free parameter 0 in the three APR schemes described above. For this
task we use the small generic graph with seven nodes, previously introduced to study the standard
quantum PageRank [31] in Section 3.10.1, which is shown again in Figure 5.1(a).

The results for the classical and standard quantum PageRank algorithms were shown in Figure
3.13. As a summary, in both algorithms the most important node is node 6, followed by node 4,
whereas the least important node was node 3. Nevertheless, there is a violation of the ranking of
intermediate nodes in the quantum distribution. Furthermore, the instantaneous quantum PageRank
scores of different nodes fluctuates in a manner that the relative importance can be exchanged in
time, and for that reason it is necessary to average the distributions.

To see the effect of the complex phase # on the quantum PageRank distributions, we first present
the results for the alternate-phases scheme. As three interesting cases we choose the following
decreasing values of 0: 7/2, /10, and 7/100. For § = 7/2 the instantaneous quantum PageRank
scores, shown in Figure 5.1(c), have smaller amplitudes compared to the standard ones in Figure
3.13(d), thus allowing to properly distinguish the most important nodes from the least important
node. Moreover, the fluctuation is also slower. This oscillation gets slower and slower as we reduce
the phase 6, as can be seen for § = 7/10 and 6 = 7/100 in Figures 5.1(d) and 5.1(e), respectively.

The time-averaged quantum PageRank distributions for the alternate-phases scheme are shown in
Figure 5.1(b), together with the standard quantum and the classical PageRank distributions. As the
phase decreases, the distribution gets closer to the classical one, up to a limit. Indeed, from 6 = 7/10,
the ranking of the nodes is the same as that in the classical case, restoring the ranking violated by
the standard quantum PageRank [31]. However, the smaller 6 is, the slower the oscillation of the
instantaneous PageRank becomes, so it takes more time to average the dynamics properly. This
results in a slower convergence of the algorithm. In Figures 5.1(f)-5.1(h) we show how the averaged
quantum PageRank converges more slowly as the complex phase decreases. For this reason, we
cannot decrease the angle 6 arbitrarily.

Similar results are obtained for the other two APR schemes. In Figures 5.2 and 5.3 we show that
the decrease of the phase # increases the period of the quantum fluctuations for the equal-phases
and opposite-phases, respectively. This turns out in a longer time for the time-averaged quantum
PageRank to converge. Furthermore, it is interesting that in the opposite-phases case the quantum
fluctuations get a modulated behavior.



Chapter 5. Quantum PageRank with Arbitrary Phase Rotations

86

6 =n/2
¥0.4 ' ‘— Node 6 |
% |=i— Node 4|
%0-3 fiiil —— Node 3 {f
& .2 P ey
S i
]
| 0.1
0.0
0 100 200 300 400 500
Time
(c)
60=n/2
0.30 'f
< 0.25 —— Node 0 —— Node 4
2020 —— Node 1 —— Node 5
[T —— Node 2 Node 6
;{Umo.ls —— Node 3
<$z 0.10 —
0.051 ¢
0 1000 2000 3000 4000 5000
Time
(f)

0.354 —— Classical
—e— Standard
0307 6=n/2
< 0.251 6=m/10
© 6 =mr/100
% 0.20
o
&£ 0.15-
0.104
0.054
0 2
6=mn/10
0.401 0.40
§0.35— §0,35
g 0.30 S 8.20—
9 0.251 i g 0.25
£ 0.201 Node 6 £0.20
25 0.151 — Node 4 . 0.15
g 0.10+ —— Node 3 g 0.10
0.05 0.05
0 100 200 300 400 500
Time
(d)
6=nmn/10
oo
0.304 [* 1
< ‘ —— Node0 —— Node 4 < 030 |
g 0-251 — Nodel —— Nodes5 g 0.257
e o
%0-20' —— Node 2 Node 6 gO.ZO*
S 0.151 —— Node3 $0.151
<$t 0.10{ ¥ j( 0.10
0.05{ w 0.051

1000 2000 3000 4000 5000
Time

()

3 4 5 6
Node
(b)
6 =m/100
J —— Node 6
J —— Node 4
1 —— Node 3
*\/—\__/
0 100 200 300 400 500
Time
(e)
6 =m/100
WA ~———————
‘/\ —— Node 0 —— Node 4
J —— Node 1 —— Node 5
—— Node 2 Node 6
o
0 1000 2000 3000 4000 5000
Time
(h)

Figure 5.1: (a) Small generic graph with N = 7 nodes. (b) Time-averaged quantum PageRank distributions
for the alternate-phases scheme with @ = 7 /2, w/10, and 7w /100 for the small generic graph with seven nodes.
They are compared with the classical PageRank and the standard quantum PageRank distributions. (c)-(e)
Instantaneous quantum PageRank scores of nodes 6, 4 and 3 of the small generic graph versus the quantum
walk time for the alternate-phases scheme with (c¢) 0 = w/2, (e) 8 = w/10, (f) 0 = w/100. (f)-(h) Time
average of the instantaneous quantum PageRank scores for all the nodes of the small generic graph versus
the quantum walk time for the alternate-phases scheme with (f) 0 = w/2, (g) 0 = 7/10, (h) 0 = 7/100. It
is observed that as 0 decreases, the quantum fluctuations get slower and the algorithm takes more time to

converge.
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Figure 5.2: (a) Time-averaged quantum PageRank distributions for the equal-phases scheme with 0 =
/2, w/10, and 7/100 for the small generic graph with seven nodes. They are compared with the classical
PageRank and the standard quantum PageRank distributions. (b)-(d) Instantaneous quantum PageRank
scores of nodes 6, 4 and 3 of the small generic graph versus the quantum walk time for the equal-phases
scheme with (b) 0 = /2, (c) 0 = /10, (d) 6 = w/100. (e)-(g) Time average of the instantaneous quantum
PageRank scores for all the nodes of the small generic graph versus the quantum walk time for the equal-
phases scheme with (e) 8 = w/2, (f) 6 = 7/10, (g9) 0 = w/100. It is observed that as 0 decreases, the
quantum fluctuations get slower and the algorithm takes more time to converge.
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Figure 5.3: (a) Time-averaged quantum PageRank distributions for the opposite-phases scheme with 6 =
/2, /10, and w/100 for the small generic graph with seven nodes. They are compared with the classical
PageRank and the standard quantum PageRank distributions. (b)-(d) Instantaneous quantum PageRank
scores of nodes 6, 4 and 3 of the small generic graph versus the quantum walk time for the opposite-phases
scheme with (b) 6 =m/2, (c) 0 = 7/10, (d) 6 = w/100. (e)-(g) Time average of the instantaneous quantum
PageRank scores for all the nodes of the small generic graph versus the quantum walk time for the opposite-
phases scheme with (e) 8 = w/2, (f) 0 = /10, (g) 6 = w/100. It is observed that as 6 decreases, the
quantum fluctuations get slower and the algorithm takes more time to converge.
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Since the APR schemes get closer to the classical distribution compared to the standard one,
we can use the fidelity with respect to the classical distribution to quantitatively measure the effect
of the APR. Despite originating from quantum algorithms, the quantum PageRank distributions
behave as classical probability distributions, so we use the classical fidelity [32] defined as:

S, Iz) = ZVII(PZ')I2(PZ')- (5.2)

The results for the three values of # analyzed with the three APR schemes are summarized in Table
5.1. From this table and Figures 5.1(b), 5.2(a), and 5.3(a), we can see that the major effect of the
APR is achieved with § = /2. Then, we can use this value for the three APR schemes, allowing the
algorithms to converge relatively quickly, in a manner similar to the standard quantum algorithm.

Table 5.1: Fidelity with the classical PageRank distribution for the standard quantum algorithm and the
three APR schemes with @ = w/2, /10 and 7/100, for the small generic graph.

Quantum case | =7/2 |60 =7/10] 60 = /100
Standard 0.9546
Equal phases 0.9874 0.9886 0.9887
Opposite phases | 0.9638 0.9622 0.9621
Alternate phases | 0.9870 0.9940 0.9941

Once we have chosen a concrete value of #, we can compare the results for the three APR
schemes with § = /2. The averaged quantum PageRank distributions are shown in Figure 5.4.
For this graph, the equal-phases and alternate-phases cases gets qualitatively closer to the classical
distribution, whereas the opposite-phases case resembles more the standard quantum distribution.
As we will see later, this behavior depends on the type of graph, and is different for complex networks.
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Figure 5.4: Time-averaged quantum PageRank distributions for the three APR schemes with 0 = /2 for
the small generic graph with seven nodes. They are compared with the classical PageRank and the standard
quantum PageRank distributions.

If we consider the rankings of nodes, which are summarized in Table 5.2, we observe that the
classical ranking is violated in all the quantum cases. The node that is shifted in the ranking varies
between APR schemes. However, it is worth mentioning that all the algorithms detect the two most
important nodes as well as the least important node properly.
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Table 5.2: Ranking of the nodes of the small generic graph for the classical algorithm, the standard quantum
algorithm, and the three APR schemes with 0 = 7w /2. The shifted node with respect to the classical ranking
is marked in red.

Classical | Standard | Equal phases | Opposite phases | Alternate phases
6 6 6 6 6
4 4 4 4 4
2 5 1 5 2
1 2 2 2 1
0 1 0 1 5
5 0 5 0 0
3 3 3 3 3

Another important result of the introduction of the APR extension is that the standard deviation
of the fluctuation of the instantaneous quantum PageRank is reduced. In Table 5.3 we summarize
the standard deviations for all the nodes in the three APR schemes with § = 7/2. The most
significant reduction occurs in the alternate-phases case, although in general the three schemes show
a tendency to decrease the standard deviation. This allows to better distinguish between different
nodes, improving the performance of the quantum algorithm.

Table 5.3: Standard deviations for the instantaneous quantum PageRank scores of the nodes of the small
generic graph using the standard algorithm, and the three APR schemes with 0 = /2.

Node | Standard | Equal phases | Opposite phases | Alternate phases
0 0.046 0.044 0.030 0.029
1 0.071 0.071 0.033 0.044
2 0.063 0.053 0.055 0.046
3 0.039 0.026 0.029 0.016
4 0.105 0.081 0.088 0.072
5 0.070 0.034 0.064 0.034
6 0.102 0.078 0.084 0.068

5.3. Application to Complex Scale-Free Graphs

So far, we have seen the effect of the APR schemes in a small network. Nevertheless, despite the
interesting results as the violation of the classical ranking, this graph is actually a toy model which
does not provides relevant information about the nodes. In this section, we want to study the
behavior of the new algorithms in complex networks, from which we can extract useful information
about the structure of the nodes, and where the standard quantum algorithm has shown a good
performance [32]. In this context, we are going to use scale-free networks, which not only are good
models of the World Wide Web [182], but also have a wide range of applications such as in neuronal
connections [183], metabolomics [184,185], and finances [186]. These kinds of graphs are characterized
by a power-law distribution in the connectivity of nodes [164], and it has been observed that the
classical and quantum PageRank algorithms also show a power-law behavior [32, 187].

Scale-free networks are formed by continuously adding nodes, which are connected to the existing
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nodes with a probability that is proportional to the indegree and outdegree of the existing nodes.
Thus, it is expected that the first nodes added to the model have the largest number of nodes linking
to them, which turns out in a higher ranking. These nodes will constitute the main hubs of the
network, where the term hub refers to a node with a relatively large number of links [32]. In this
thesis, we create random directed scale-free graphs using the Python library NetworkX [10] with the
default parameters. This model considers networks with multiple edges and loops [188]. In order to
be in concordance with the PageRank definition in (3.57), we have eliminated duplicated edges, but
there would not be a major difference if we considered it. At the same time, no major difference in
the results has been found whether we eliminate the loops or not, and we have decided to keep them.

It has been observed that with the classical PageRank the least important nodes of scale-free graphs
are quite degenerate. However, the standard quantum PageRank could break this degeneracy, so
that it could unveil the structure of the graph in more detail [32]. To study the effect of the APR
schemes with this kind of graphs, we have constructed a random scale-free graph with N = 32
nodes. The resulting network is shown in Figure 5.5(a), whereas the classical PageRank and all the
quantum PageRank distributions are shown in the histogram of Figure 5.5(b). We can effectively see
that the classical distribution has a degeneracy of the least important nodes, broken in the quantum
distribution. When we look at the new algorithms with APR we find intriguing properties. Whereas
the equal-phases case shows a pattern similar to the standard quantum algorithm, the opposite-
phases and alternate-phases cases show a partial restoring of the degeneration of the least important
nodes, resembling the classical distribution. This can be seen explicitly, for example, in nodes 19—25,
where the standard and equal-phases algorithms find differences in importance not present in the
other distributions. Regarding the main hubs, as expected, they correspond to the first three nodes,
and are detected properly by all the algorithms. Moreover, the classical relative importance of the
three main hubs is kept by all the quantum algorithms, although this may not be the case for other
graphs of the same class.

Let us look deeper at the structure of the graph. According to the classical PageRank definition
in (3.57), those nodes without links pointing to them would have a null PageRank score. Due to
the patches introduced to built the Google matrix, these nodes have a small non-null PageRank,
which is the same for all of them. These nodes are the outer (blue) nodes of Figure 5.5(a). In the
histogram we can effectively see that all of them are degenerate in the classical distribution. Node
13 is a secondary hub with two nodes linking to it, and since one of the linking nodes is a main
hub (node 2), its PageRank score is high enough to distinguish it. However, nodes 4, 15, and 18,
which have a node linking to them, have a small classical PageRank score that is very similar to
the least important nodes. This means that the classical PageRank is not able to identify all the
secondary hubs properly. In the case of the standard quantum algorithm, it lifts the importance
of these secondary hubs. Nevertheless, it breaks the degeneracy of the least important nodes in a
manner that some of these residual nodes overshadow the secondary hubs. See, for example, how
node 8, which should be residual, has a greater importance than nodes 4 and 15. The fact that nodes
which are equal from the point of view of (3.57) are different in the quantum PageRank can make us
think that the quantum algorithm is sensitive not only to the nodes linking to a concrete node, but
also to the nodes it points to. This fact may be related to the ghost links that appear in directed
graphs for unpaired directed edges under the action of the Szegedy quantum walk, as discussed in
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Figure 5.5: (a) Scale-free network with N = 32 nodes. The inner (green) nodes correspond to the main
hubs. The middle (orange) nodes correspond to secondary hubs. The outer (blue) nodes correspond to
residual nodes without links pointing to them. (b) PageRank distributions of the scale-free network in (a).
The classical distribution is compared with all the quantum distributions, using 0 = /2 in the three APR
schemes. There is a partial restoration of the degeneracy of the least important nodes for the opposite-phases
and alternate-phases schemes.

Section 3.5.

When we add the APR schemes to the quantum algorithm, we do not find a significant difference in
the equal-phases case. However, in the opposite-phases and alternate-phases algorithms the residuals
nodes are again degenerate in majority. Note that node 8 has a slightly greater importance in the
alternate-phases algorithm than the other residual nodes, but it is still less important than the truly
secondary hubs. This means that in these APR schemes, the quantum algorithms are practically
only sensitive to the indegree distribution of the nodes, as the classical one. Moreover, these two
schemes maintain the quantum property of highlighting secondary hubs with respect to the classical
algorithm, as can be seen in nodes 4, 15, and 18. This makes these algorithms a valuable tool for
ranking nodes in a scale-free network, because they improve the classical deficiencies while solving
the problematic quantum sensitivity to the outdegree distribution.

As happens with the small graph, the standard deviation of the quantum PageRank scores can
be decreased using certain APR schemes. In Figure 5.6 the standard deviations for all the nodes
are shown for the four quantum algorithms. While the equal-phases scheme seems to have standard
deviations similar to the standard case, the opposite-phases and alternate-phases schemes show a
clear improvement, decreasing the standard deviations. Recall that these last two schemes are those
that have a partial restoration of the degeneration. This highlights the valuable importance of
the opposite-phases and alternate-phases schemes as APR alternatives to the standard quantum
algorithm.

Note that in the small generic graph the APR schemes that most resembled the classical dis-
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Figure 5.6: Standard deviations for the quantum PageRank distributions of the random scale-free graph
with N = 32 nodes of Figure 5.5(a). 0 = 7/2 has been used for the three APR schemes. The standard
deviations decrease for the opposite-phases and alternate-phases schemes.

tribution were the equal-phases and alternate-phases cases. However, in this case, the equal-phases
scheme is more similar to the standard quantum case, and the opposite-phases scheme is more similar
to the classical distribution. This suggests that the behavior of the APR schemes depends on the
kind of graph. As we will see in following results, the characteristics of the APR schemes found for
this instance of scale-free graph hold for different instances within this class.

Since scale-free networks follow a power-law distribution in the connectivity of the nodes, they also
have a similar behavior in the PageRank distribution [32,187]. Then, the PageRank score can be
expressed as':

I(i) ~ (i+1)7, (5.3)
where ¢ is the index of the node after sorting them by importance, and [ is a constant coefficient.
Taking logarithms on both sides of (5.3), we obtain:

log I(i) ~ —Blog (i + 1). (5.4)

Then, plotting the sorted nodes in logarithmic scale, we expect to see a linear behavior. This plot is
shown in Figure 5.7(a) for the graph with N = 32 nodes used previously. We can see that the standard
and equal-phases quantum algorithms show a smoother behavior due to the degeneracy breaking of
the least important nodes. The classical, opposite-phases and alternate-phases algorithms have a
big degeneration in the least important nodes, so that the decay in the PageRank score before the
degenerate region is more abrupt. Moreover, these last two APR schemes were able to highlight truly
secondary hubs, and the least important nodes have a higher PageRank score than in the classical
distribution, so the distribution is also smoother with respect to the classical one.

To ensure that this behavior is not particular for this concrete graph, but for the majority of
the scale-free graphs with N = 32 nodes, we have averaged the sorted PageRank distributions from

!The original power law in the literature lacks the factor +1 since the nodes were labeled from 1 to N [32]. We
introduce it to avoid issues with node 0 and be consistent with our convention.
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Figure 5.7: (a) Logarithmic plot of the PageRank scores vs the node index (after sorting) for the random
scale-free graph with N = 32 nodes of Figure 5.5(a). (b) Averaged logarithmic plot of the PageRank scores
vs the node index (after sorting) for an ensemble of 50 random scale-free graphs with N = 32 nodes.
The classical distribution is compared with all the quantum distributions, using 0 = /2 in the three APR
schemes. There is a partial restoration of the degeneracy of the least important nodes for the opposite-phases
and alternate-phases schemes.

an ensemble of 50 random scale-free graphs. The averaged results are shown in Figure 5.7(b). This
confirms that the discussion above is valid for the scale-free graphs class with 32 nodes, rather than
for a concrete graph. Furthermore, the above discussion holds for scale-free graphs with a higher
number of nodes. Similar results can be found in our original paper for graphs with 64 and 128
nodes [1], and the results for graphs with 256 nodes are shown in Figure 5.8(a).

Table 5.4: Values of the coefficient B in the power-law distribution of the PageRank for all the algorithms
using ensembles of 50 scale-free graphs with N = 32, 64, 128 and 256 nodes. 6 = 7/2 has been used in the
three APR schemes.

Algorithm N =32 N =064 N =128 N = 256
Classical 1.53 +0.10 1.55 £ 0.06 1.38 +0.02 1.27 £0.01
Standard 1.04+0.03 | 1.024+0.02 | 0.90£0.01 | 0.83+0.01

Equal phases 1.06 +£0.03 | 1.024+0.02 | 0.90£+0.01 | 0.83+0.01
Opposite phases | 1.34 +0.10 1.38 £ 0.06 1.28 +0.02 1.23 £ 0.01
Alternate phases | 1.35+0.09 | 1.3540.05 1.25 £ 0.02 1.20 £0.01

The coefficient § in (5.4) is a measurement of the smoothness of the power law distribution.
We can obtain the coefficient 3 for each algorithm after a linear fit of the logarithmic plots. In
Figure 5.8 we show the power law distribution for the ensemble of 50 graphs with N = 256 nodes,
as well as the linear fit for each algorithm. In the classical algorithm, and in the opposite-phases
and alternate-phases schemes, the fit has been made only with the non-degenerate nodes, since the
degenerate region has a constant distribution. The separation between both regions is shown with
a vertical line. On the one hand, the standard quantum algorithm and the equal-phases case have
a smoother behavior with respect to the other algorithms, which is characterized by a smaller value
of 5. Moreover, the power law distribution extends to the least important nodes since they are not
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degenerate. This can be related with the previous discussion that these algorithms are more sensitive
to both the indegree and outdegree distributions of the nodes, thus better capturing the power law
of the vertex connectivity. On other hand, as expected, the opposite-phases and alternate-phases
distributions are smoother than the classical one, having a slightly smaller value of 5. Finally, we
have also done the linear fit for ensembles of 50 graphs with 32, 64, and 128 nodes. The values of 8
for each case are summarized in Table 5.4. In the four cases we see a similar qualitative behavior of 3
between the different algorithms, although the absolute values can change slightly with the number
of nodes.
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Figure 5.8: (a) Averaged logarithmic plot of the PageRank scores vs the node index (after sorting) for
an ensemble of 50 random scale-free graphs with N = 256 nodes. (b)-(f) Linear fit in logarithmic scale
for (b) the classical algorithm, (c) the standard quantum algorithm, (d) the equal-phases algorithm, (e)
the opposite-phases algorithm, and (f) the alternate-phases algorithm. In (b), (e), and (f), only the non-
degenerate region has been take into account. 8 = /2 has been used in the three APR schemes. The standard
quantum algorithm and the equal-phases algorithm follow a smoother power law.

5.4. Stability of the Quantum PageRank Algorithms

Recall that the Google matrix G is formed by a transition matrix F, related to the link structure of
the graph, and a component corresponding to a random hopping, so that

G = aE+¥1. (5.5)

We have fixed the damping parameter a in (5.5) to a = 0.85 since that is the value that showed
an optimal performance in the classical algorithm. It is known that the classical algorithm is very
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Figure 5.9: (a) Fidelity of the PageRank distributions vs the damping parameter «, with respect to the
distribution with o = 0.85, for the random scale-free graph with N = 32 nodes of Figure 5.5(a). (b)-(c)
Awveraged fidelity of the PageRank distributions vs the damping parameter o, with respect to the distribution
with a = 0.85, for an ensemble of 50 random scale-free graphs with (b)) N = 32 nodes, and (¢) N = 256
nodes. The classical distribution is compared with all the quantum distributions, using 6 = w/2 in the three
APR schemes. All the quantum algorithms are more stable than the classical one, with the standard and the
opposite-phases algorithms being the most stable.

sensitive to the value of this parameter [189], and the standard quantum PageRank algorithm is
more stable for scale-free networks [32]. The aim of this section is to study how the introduction of
the APR schemes affects the stability of the quantum PageRank.

We start with the random scale-free graph with N = 32 nodes of Figure 5.5(a). We can measure
the similarity between two distributions obtained with different damping parameter o using the
fidelity defined in (5.2). We analyze the behavior of this fidelity between the distribution obtained
for a value of a € [0.1,0.99] and the usual distribution with o = 0.85. These fidelities are represented
in Figure 5.9(a) for the classical and all the quantum algorithms, with § = 7/2 in the APR schemes.
We observe that the fidelity for the classical algorithm decreases very quickly with the parameter «,
reaching a value under 0.70. However, as it was also shown in the original work [32], the standard
quantum algorithm is by far more stable, with a minimum fidelity of approximately 0.93.

Regarding the quantum algorithms with APR, we find that they are also more stable than the
classical. On the one hand, both the equal-phases and alternate-phases cases show a similar behavior
(the former slightly better), which is intermediate between the standard quantum and the classical
algorithms. On the other hand, the opposite-phases algorithm seems to be approximately as stable
as the standard quantum algorithm. We find this result surprising, since the equal-phases algorithm
is the one that shows a distribution of PageRank scores similar to the standard quantum case,
whereas the opposite-phases algorithm restores the degeneracy of the nodes in a pattern similar to
the alternate-phases case. Then, the opposite-phases algorithm seems to be very promising for scale-
free graphs, since it resembles the classical PageRank distribution while highlighting truly secondary
hubs, and maintains the quantum stability. To ensure that this intriguing behavior is not particular
for this concrete network, but is a property of the scale-free networks class, we have averaged the
stability results for 50 random scale-free graphs with N = 32 nodes in Figure 5.9(b), finding results
that fit in the discussion above. Furthermore, to ensure that this behavior holds for bigger scale-free
networks, we have averaged the results for 50 scale-free graphs with N = 256 nodes in Figure 5.9(c),
effectively finding a similar behavior. It is worth noting that for the networks with 256 nodes there is
a region where the opposite-phases algorithm outperforms the standard quantum algorithm. Indeed,
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we have found for a lot of graphs in this class that the curve with the opposite-phases scheme is
slightly above the curve of the standard quantum case for all the values of «. Similar results for
graphs with 64 and 128 nodes can be found in our original paper [1].

Finally, we shall see what happens with the fidelity not only for a = 0.85, but for any pair («, &),
with o, @’ € [0.1,0.99]. We show the averaged results for the ensemble of graphs with N' = 256 nodes
in Figure 5.10 using heatmaps. The standard quantum algorithm shows a good stability region
that extends to all the values of «, having a minimal fidelity of 0.91 in the extreme pairs. As
expected, the opposite-phases algorithm has a similar pattern, but the fidelity drops slightly at the
extremal pairs of «, reaching a minimal fidelity of 0.87. The classical algorithm is the least stable,
with the fidelity falling quickly when we move out of the central region. The minimal value of
fidelity reached is 0.70. Last, the equal-phases and alternate-phases algorithms show an intermediate
behavior between the classical and the standard quantum algorithms. The minimal values of fidelity
are 0.79 and 0.73, respectively. These results seem to reinforce the previous discussion about the
stability of the PageRank algorithm.
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Figure 5.10: Averaged fidelity of the PageRank distributions for all pairs («, '), for an ensemble of 50
random scale-free graphs with N = 256 nodes, using (a) the classical algorithm, (b) the standard quantum
algorithm, (c) the equal-phases algorithm, (d) the opposite-phases algorithm, and (e) the alternate-phases
algorithm. 6 = w/2 has been used in the three APR schemes. All the quantum algorithms are more stable
than the classical one, with the standard and the opposite-phases algorithms being the most stable.
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5.5. Summary of Results and Conclusions

e We have applied the extension of the Szegedy quantum walk by means of global arbitrary phase
rotations (APR) to the quantum PageRank algorithm, introducing two degrees of freedom.
However, we have defined three simple schemes, called equal-phases, opposite-phases, and
alternate-phases schemes, with only a single parameter 6.

e We have applied the new quantum PageRank algorithms with APR to a small generic graph
with seven nodes, comparing the results with those described in the literature. We have found
that a decrease in the value of 6 reduces the standard deviation of the instantaneous quantum
PageRank scores, allowing to better distinguish between nodes. However, the oscillation of the
instantaneous PageRank gets slower, so that the time-averaged quantum PageRank distribution
needs more time to converge. This means that we cannot reduce the phase 6 arbitrarily. We
have chosen a value of § = 7/2 as a value where the APR schemes have a great effect on the
time-averaged PageRank while the convergence time is short. With this value, the equal-phases
and alternate-phases distributions more resemble the classical one, whereas the opposite-phases
distribution resembles the standard quantum one.

e We have studied the time-averaged quantum PageRank with APR on complex scale-free net-
works, which apart of being good models of the World Wide Web, have plenty of applications.
It was known that the standard quantum PageRank algorithm was able to highlight secondary
hubs of the networks, whose PageRank scores were suppressed in the classical distribution.
Moreover, the quantum algorithm breaks the degeneracy of the residual nodes, which should
be degenerate as they do not have nodes linking to them. This could yield a problem, as
those residual nodes can overshadow the actual secondary hubs. The opposite-phases and
alternate-phases schemes overcome this problem, restoring the degeneration and making them
residual. Somehow, the APR reduces the effect of the ghost links that appear in the Szegedy
quantum walk. Thus, these two schemes have a distribution that resembles the classical one
but highlighting truly secondary hubs. However, the equal-phases scheme yields a distribution
very similar to the standard quantum one. Regarding the standard deviation of the quantum
PageRank distribution, the opposite-phases and alternate-phases schemes can decrease it, but
the equal-phases scheme does not. Since the effect of the different schemes is different from
what was found in the small generic graph, we conclude that the effect may depend on the
kind of network. In our original paper [1] there are some results for a particular instance of
Erdés-Rényi graphs [190], observing a different behavior of some APR schemes with respect to
the scale-free graphs.

e Scale-free networks follow a power-law distribution in the connectivity of the nodes. It was
known that the classical and quantum PageRank distributions also have a power-law behavior,
being smoother in the case of the quantum algorithm since it breaks the degeneracy of the
residual nodes. Comparing all of our algorithms, we have found that the standard quantum
algorithm, and that with the equal-phases scheme have the smoothest distributions, and the
power law extends to the residual nodes. The fact that the residual nodes are not degenerate
and also follow a power law may indicate that these two quantum algorithms are sensitive
to the outdegree distribution of the nodes, since they do not have any node linking to them.
Thus, they inherit the power law of the connectivity characteristic of scale-free networks. We
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have also seen that the opposite-phases and alternate-phases schemes have a slightly smoother
distribution than the classical algorithm.

e We have studied the stability of the PageRank algorithm with respect to the damping parameter
« on scale-free networks. In the literature it was shown that the classical algorithm was quite
unstable, whereas the quantum algorithm improved its stability considerably. In the case of the
APR schemes, we expected the equal-phases scheme to be the most stable, since its PageRank
distribution is very similar to that of the standard quantum algorithm. Surprisingly, the
opposite-phases scheme is the most stable, being comparable to the standard quantum case.
The equal-phases and alternate-phases schemes have a similar intermediate stability, despite
the fact that their PageRank distributions are rather different.

e Taking all the results together, the fact that the algorithm with the opposite-phases scheme is
able to highlight the secondary nodes that the classical cannot, keeps degenerate the residual
nodes, reduces the standard deviation of the instantaneous quantum PageRank scores, and
also has a good stability similar to the original quantum algorithm, makes this new algorithm
a valuable tool as an alternative to both the classical and the standard quantum PageRank for
scale-free networks.

e Regarding the walk complexity when considering the APR schemes, further research is nec-
essary. Nevertheless, in the simulations performed in this thesis for § = 7/2, we have not
observed a significant variation of the number of steps needed to converge when increasing the
size of the networks. Thus, a priori we can state that the walk complexity is approximately
constant, the same as for the standard quantum PageRank.

e A recent study using APR phases other than /2, other APR schemes, or even introducing
more phase rotations to the PageRank algorithm has been published in the literature [191]. In
the future, it would also be interesting to apply the APR PageRank schemes to other kinds
of complex networks, such as hierarchical networks, or to other algorithms of interest, such as
optimization, or machine learning.
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Chapter 6

Semiclassical Walks

The second part of results of this thesis is devoted to the introduction of a semiclassical framework
in the context of quantum walks [2]. There are different forms of combining classical and quantum
dynamics. One comes from the quantum stochastic walk [192], a parameterized walk driven by
non-unitary evolution that interpolates between the quantum and the classical walk. Other idea,
which is the actual precursor of our new algorithms, comes from the measurement-induced quantum
walk [193], where the position of the walker is measured at regular intervals of a continuous-time
unitary quantum walk. Although its dynamics is interesting, its range of application is quite limited
due to the nature of the underlying walk. For this reason, our aim is to find an analogue algorithm
for discrete-time quantum walks, as the Szegedy quantum walk [45], which can quantize arbitrary
Markov chains and has plenty of applications, and could give rise to novel algorithms in the future.

We denote as semiclassical walks to this new kind of algorithms, since can be understood as
classical walks encoding quantum dynamics. As we will see along this chapter, the implementation of
such framework for discrete-time quantum walks is not straightforward. It is necessary an additional
control from a classical computer to restart the system after each measurement, so that we can obtain
a truly Markovian process. In this sense, reset operations and classically-controlled gates may be
necessary, beyond the usual quantum gates and measurements.

This initial chapter of this second part of results presents the semiclassical walks from discrete-
time quantum walks, and the implementation based on the Szegedy walk [2]. In Chapter 7 we
explore further an application in the context of the quantum SearchRank algorithm [4], giving rise to
an improved algorithm which we use in Chapter 8 for fraud detection in blockchain [6]. Furthermore,
this results part also connects with Chapter 9, where we show the efficient classical simulation of the
semiclassical Szegedy walks [3].

With regard to this particular chapter, it is structured as follows. In Section 6.1 we review the
formulation of classical and quantum walks, to later introduce the semiclassical walks in discrete
time. In Section 6.2 we focus on the semiclassical walks built from the Szegedy quantum walk. In
Section 6.3 we solve analytically the problem for 1D cycles and show results for some examples.
In Section 6.4 we simulate the semiclassical walks on a generic weighted graph, showing how this
approach can break the symmetry of the graph. In Section 6.5 we compare our results with the
previous approach in continuous time. In section 6.6 we show experimental results of semiclassical
walks in a real quantum computer. Finally, we summarize and conclude in Section 6.7.
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6.1. Semiclassical Walk Formulation

In this section we introduce the formulation of semiclassical walks. To do so, let us briefly review
first how classical and quantum walks work. The complete details can be found in Sections 3.1 and
3.2, respectively.

A classical random walk represents a Markov chain in the nodes of a graph. From a stochastic
point of view, at each time step the walker is at a particular node of the graph, and can jump to
any other node, including the same node, with some probabilities. In Figure 6.1(a) it is shown an
example of classical walk on a graph with three nodes. At the initial time ¢ = 0 the walker is at node
2. At the first time step, the walker decides stochastically to jump to node 1. At the second time
step it remains at node 1, and at the third time step it jumps to node 0. Although the process is
stochastic, so that each time the walk is performed the result is different, the probability distribution
of the walker being at each node for each time step can be simulated deterministically with the
transition matrix G. This is a column-stochastic matrix whose elements G; are the probabilities of
the walker jumping from node ¢ to node j.

A quantum walk is a quantization of a classical walk. In this case, the walker can be in a
superposition of the nodes of the graph, so that the position at each time step is represented by a
quantum state [1(t)), and the system evolves by a unitary operator U. An example of a quantum
walk on a graph with three nodes is shown in Figure 6.1(b). The walker starts in a quantum state
that represents node 2, it performs three time steps of the quantum walk, being in a superposition of
all the nodes, and finally the position is measured, obtaining stochastically node 1 in this example.
Running each time the quantum walk on a quantum computer may produces different results due to
the probabilistic nature of the measurement. Moreover, the coherence of the system is broken after
the measurement, so that the quantum walker is no more in a superposition of the nodes. For this
reason, we cannot measure at intermediate steps of the walk and resume it. If we wanted to sample
the probability distribution at each time step we would have to perform a different quantum walk
for each final time.
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Figure 6.1: Ezamples of trajectories followed by a particle in the different types of walks on a graph with
three nodes. Blue color represents classical information whereas red color represents quantum information.
(a) Classical walk. The particle is in a particular node at each time step, and it jumps to other node with a
certain probability. (b) Quantum walk. The walker can be in a superposition of the nodes at each time step,
and it is represented by a quantum state. In the end of the quantum walk the position is measured, so that
the walker stays at a particular state with a certain probability.
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In this thesis, we wonder what type of phenomenology we obtain if we continue applying the
unitary evolution U to the quantum system after the measurement. Due to the coherence breaking,
of course we do not obtain the quantum walk that we would have if the measurement would have
not be performed. Therefore, a new kind of walk is obtained. In particular, we are interested in the
case where the measurement is performed at regular time intervals of the quantum evolution. An
example is the measurement-induced quantum walk [193], which applies measurements at regular
time intervals of a continuous time quantum walk. We saw in Section 3.8 that the Hilbert space of
this walk is simply formed by the computational basis states |i) associated to the nodes of the graph.
Therefore, after the evolution with U(¢) and the measurement, the system turns into a particular
state |j). If the evolution plus measurement cycle is repeated for a fixed quantum evolution time ¢,
it is straightforward to see that the overall process is equivalent to a classical Markov chain whose
transition matrix is

Gyalt) =[G U @) D). (6.1)
This is so because the probability of measuring each node after each quantum evolution U(t) only

depends on the previous measured state, which is always a computational basis state and is unique
for each node.

Our aim is to abstract this idea to the discrete-time quantum walks we deal with in this thesis.
In this kind of walks the Hilbert space is not so simple, so that there is an extra register associated to
an inner degree of freedom, usually referred as coin register. This register prevents the construction
of a Markov chain based on a quantum walk with regular measurements. Let us see an example of
measurement-induced quantum walk based on the Hadamard coined quantum walk with the flip-flop
shift operator Sy, which we studied in Section 3.3. We perform it on a cycle with three nodes, for
two quantum steps. As initial state, we chose node 2 with a coin state pointing to the right:

U2} |B)e = Z=100p [B)e + == Dp 1R (62
U2 )¢ 1R)e = 5 00 1R)c + 5 10p IE)e =~ )y 1o (63

where |-), = (|R) — |L).) /2. There is a probability of 1/2 of measuring again node 2, and 1/4
of measuring nodes 0 and 1. Suppose that after measuring the position register we obtain node 2
again. The systems turns into the state |2),|—), . We perform again two quantum steps:

Uel2)p =)o = 10p | R)e (6.4)
U2 [2)p ) = % 0 [R)e + % 2 L) (6.5)

Now the probabilities are 1/2 for node 2 and 1/2 for node 0. Therefore, despite the fact that the
quantum evolution has been performed from a state representing the same classical position as at
the beginning, the probabilities are not the same due to the different coin state. Therefore, from a
classical point of view, where the only information about the state is the position, which in both cases
is node 2, the process is not Markovian. The probabilities do not depend uniquely on the current
node, but on the whole history of the walker, which in turns depends on the initial coin state.

In order to obtain a Markov chain from a discrete-time quantum walk, we need the coin state
before the following quantum evolution to be the same as in the initial state of the walk. To do so, we
would have to restart the system, deleting the information of the coin register after the measurement,
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and preparing it again in the initial coin state. Thus, we need to generalize the measurement-induced
quantum walk with additional operations. This gives rise to our semiclassical walks, which apart
from regular measurements, include a restart scheme.

After this example, we can formally introduce the semiclassical framework. Let us first define the
time evolution parameters:

Definition 6.1 (Semiclassical time evolution). The time evolution of a semiclassical walk is deter-
mined by two parameters:

o t,: Quantum time'. It is the number of times we apply the unitary evolution U between mea-
surements.

o t.: Classical time. It is the number of times we apply the quantum evolution U't, measure the
position of the walker, and restart the system if needed.

Each cycle of quantum evolution, measurement and restart is understood as a classical step, so
that we end up having a classical trajectory of positions for each classical time step ¢.. Since we want
the process to be Markovian, each classical position must be associated with a unique quantum state
representing it in the Hilbert space, so that when that position is the result of the measurement, the
system is restarted in that quantum state before the following quantum evolution. We denote these
states as proxy states, since they are the representative agents of the classical nodes:

Definition 6.2 (Proxy states). Associated to each classical position i of a semiclassical walker on a
graph is a unique proxy state |&;), which represents the classical position prior to quantum evolution.

If the walker is at node i at each classical time step t., then we prepare the state |¢;) to perform
the quantum evolution U ¢, times. An example is shown in Figure 6.2(a) for a graph with three
nodes. There, the walker starts at node 2. We prepare the quantum proxy state |£2) and perform
the quantum evolution ¢, times. After measuring the position we obtain that it is at node 1. This
corresponds to the first classical step t. = 1. For the second classical step t. = 2, we prepare the
quantum proxy |&;), perform the quantum evolution ¢, times, and measure, obtaining that the walker
is at node 0. If we treat the quantum evolution as a black box and we only deal with the positions
after each measurement, then we can treat the walk as a classical walk as shown in Figure 6.2(h).
Thus, we only see that the walker starts at node 2, jumps to node 1, and after that it jumps to node

0.

As in a classical walk, a particular trajectory of the walker is obtained with a certain probability
each time we run the algorithm. If we knew the probability of measuring each node after the quantum
evolution starting with the proxy state |;), then we could define a transition matrix, and simulate
the walk deterministically in a similar way as equation (3.5). Thus, let us define the semiclassical
transition matrix for a semiclassical walk as G*¢), whose elements are

Gy = || lUtle) || (6.6)

Note that there is a different semiclassical matrix for each value of ¢,, that is, there is a different
semiclassical walk for each number of times we perform the quantum unitary evolution U between

By quantum time we refer to a parameter that determines the duration of the quantum evolution, rather than a
quantum operator.
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Figure 6.2: (a) Example of trajectory followed by a particle in a semiclassical walk on a graph with three
nodes. Blue color represents classical information whereas red color represents quantum information. At
each classical step the walker is in a particular classical position. For each of these steps, the proxy quantum
state is prepared and it is performed the quantum evolution t, times. After that, the position is measured
obtaining a new classical position. (b) Representation of the semiclassical trajectory in (a) as a classical
walk. Purples arrows indicate that the evolution is affected by both classical and quantum dynamics.

measurements. Thus, we actually have a family of semiclassical walks. The quantum time ¢, is
actually a parameter that defines a particular semiclassical walk in the family, whereas the classical
time t. is the actual evolution time, since we would only deal with the particle position at each
classical step, and not at intermediate steps of the quantum evolution.

Finally, we have to define how to construct the proxy states |;). If the Hilbert space where the
quantum evolution takes place were the span of the states |i), we could just take these states as
proxies, and no restart scheme would be needed. This is what occurs in the measurement-induced
quantum walk with a continuous quantum time [193]. For discrete-time coined quantum walks it
seems natural to set in the position register the index of the corresponding node, so that the proxy
states are defined as:

&) =) p ® |ci)e s (6.7)

where ¢; is a coin state that can be different for each node in the network.

We have freedom to chose the initial coin states, the same as in the normal quantum walk. For
the Hadamard walk, we could take |¢;) = |R) s, |¢i)e = |L) ¢, or whatever superposition. Different
definitions of the proxy states produce different families of semiclassical walks. As we will see, in the
case of the Szegedy walk, the same as in the quantum case there is a natural choice for the initial
coin states, there is a natural form of defining the proxy states.

6.2. Semiclassical Szegedy Walk

In this section we introduce the semiclassical framework for the Szegedy quantum walk. From now
on, and along this results part, we only consider the standard model, lacking of the phase extensions
introduced in Chapter 4. The details of this walk were explained in Section 3.4. Recall that the
Hilbert space is Hg := span{|i), |j),, i,j = 0,1,..., N =1} = CY @ CV, so there are two registers as
in a coined quantum walk. Usually, the first register is used to measure the position, and the second
one is considered as a coin register. For convenience, let us show again the single-step evolution
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operator Us:

P

Us:=Su(2I—1), IL:= ) [v) (i, (6.8)

<.
Il
=)

where Nt
i) = 1i)y ® |wi)y = |i); ® Z V Gi k), - (6.9)
k=0

These states are the natural choice for setting the initial state of the quantum walk as a linear
combination of them. Therefore, to formulate the semiclassical walk from the Szegedy quantum
walk, we can use the set of states [1;) as the proxy states in (6.7).

An example of implementation of a semiclassical Szegedy walk is shown in Figure 6.3(a). Let us
denote x;_ as the position at classical time step ¢.. Thus, we start at node xy. We prepare the proxy
|ts,) and perform the quantum evolution, parameterized by the quantum time ¢,. After measuring
the first register, it turns into a particular node x;. The remaining information in the second register,
represented by a question mark in the figure, plays no role in the algorithm, so we do not worry
about it. Before proceeding to the next step, the system must be restarted. To this end, the second
register is reset, so that it is forced non-unitarily to be in |0),. After that, we use the measured
information about the node x; to prepare with a suitable unitary evolution the new proxy state,
|1, ), completing the system restart. This constitutes a classical step of the semiclassical walk, and
the process is repeated the number of classical steps t. as desired. We call this a semiclassical walk
of class I since we are measuring in the first register.

With regard to the unitary preparation after the reset of the second register, there are two options.
On the one hand, since the information about the current position is stored in classical bits, we can
use classically-controlled gates acting on the second register to prepare the corresponding state |w;).,.
On the other hand, we can use quantum gates controlled by the first quantum register, since after
the measurement it also contains the information about the position. A priori this approach would
be less efficient because we would have to apply the gates corresponding to the preparation of all the
different proxy states, whereas with classically-controlled gates, only those required by the specific
node would be applied. Nevertheless, as discussed in Section 3.6, for certain graphs we could find
an efficient implementation of the update operator V', which prepares the proxy state reading the
information of the first register:

Vi), 10)y = [2)y |we)y = [¢) - (6.10)

Although it is common to measure the first register, there are other applications where the second
register is measured instead to obtain the information about the nodes. An example is the quantum
PageRank algorithm [31,32]. Thus, we can define a semiclassical walk of class II by measuring in
the second register. An implementation is shown in Figure 6.3(b). In this case the information of
the nodes are obtained measuring the second register, and the information of the first register is
discarded. Nevertheless, the proxies are prepared in the same form as before, according to equation
6.9. Therefore, an additional swap is needed to allocate the position information in the first register
before preparing the corresponding proxy state.

Finally, although these semiclassical walks are though to be run on quantum computers, we
can also simulate deterministically both classes as classical walks by constructing their semiclassical



Chapter 6. Semiclassical Walks 107

Quantum Restart Quantum Restart
Evolution [ Evolution “”>IN?>2
+ ! ) +
Measurement 4 Measurement
Register 1 Register 1 [)

Initializer

)1 10),

xo T T2

Restart

7)1 ),

Restart
7)1 ),
|

[0}, ),

Quantum
Evolution
+
Measurement
Register 2

Quantum
Evolution
+
Measurement
Register 2

Initializer

[¥)

Zo x1 o

(b)

Figure 6.3: (a) Scheme of the semiclassical Szegedy walk of class 1. The position of the walker at each
classical time step is represented by x;,. At each classical step, the previous classical information is used to
restart the system in the corresponding proxy state, the quantum evolution is performed, and finally a new
classical position is measured from the first register. (b) Scheme of the semiclassical Szegedy walk of class
II. In this case, the second register is measured, and that information is used to prepare the new proxy state.

transition matrices. Let us use a left-subscript in the semiclassical matrix to denote the class of the
walk. Then, the semiclassical matrices are obtained as:

G = || Gl US [ | (6.11)
G = || G| UL )| [P (6.12)

The deterministic simulation on a classical computer would imply simulating the quantum walk
evolution for each of the N proxy states. Therefore, the time complexity is the one of the Szegedy
quantum walk multiplied by N. In the case that we use our optimal simulation algorithm described

in Chapter 9, which scales as O(N?) for a quantum walk, the semiclassical walk would require a time
scaling as O(N3).

From the semiclassical matrices we can formulate some theorems about the limits and equivalences
of the semiclassical Szegedy walks.
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Theorem 6.1 (Classical Limit ). The classical walk is recovered for the semiclassical Szegedy walk
of class I with a single quantum time step, t, = 1, using the single-step operator Us. Therefore:

GY =@, (6.13)

Proof. We start calculating the quantum state that results of applying the unitary evolution once:

Us [thi) = Sw(2I1 = 1) [hi) = Sw [¢3) , (6.14)

since IT|y;) = [1;), due to the fact that the space where II projects is the subspace spanned by the
|1);) states. The swap operator swaps the states between both registers, so

Udlis) = 3 v/ IR, 1), (6.15)

To obtain the semiclassical matrix G, we take the inner product with the computational basis of
the first register and take the squared modulus:

N-1

10 1) =D (66/ G li)2) = v/l (6.16)
k=0
G = 11,01V ) P = G O (6.17)

This theorem reinforces the idea that the set of states |¢;) is natural for defining the proxies for
the semiclassical walks, since the classical walk is obtained in the limit of only applying once the
unitary evolution between measurements, which corresponds to a lack of coherent quantum evolution.

Theorem 6.2 (Classical Limit II). The classical walk is recovered for the semiclassical walk of class
IT with two quantum time steps, t, = 2, using the single-step operator Us. Therefore:

,G? =@. (6.18)

For a proof see the supplementary material of our original paper [2]. This theorem makes us think
that when measuring the second register it is more natural to use the original double-step Szegedy
operator W, = U? instead of U,. Recall that this is indeed what is done in the quantum PageRank
algorithm [31,32].

Theorem 6.3 (Equivalence Between Semiclassical Classes). The semiclassical walk of class I ob-
tained with a quantum time t, is the same as the one of class 11 obtained with a quantum time t,+1,
using the single-step operator Us. Therefore:

Gl = GlatD) (6.19)

For a proof see the supplementary material of our original paper [2]. Due to this theorem, in the
rest of this chapter, we only regard to the semiclassical walks of class I, since we are dealing with the
general single-step operator Us. However, for other scenarios where the evolution were performed
with the double-step operator W, both classes would not be equivalent, since the quantum time
steps would only correspond to even steps of Us. For example, in the next chapter we will see an
algorithm using the operator Wy, and the semiclassical walks of class II.
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Theorem 6.4 (Quantum Limit). The first classical step, t. = 1, of a Szegedy semiclassical walk
starting from a probability distribution vector p corresponds to the Szegedy quantum walk acting on
the mized state

N-1
p="> i) (Wil. (6.20)
=0
Therefore:
(xGU)p), = Tr [ (i| UlpU'" i), ] (6.21)

for both classes, i.e., k =1,2.

Proof. This theorem can be proved intuitively, although a mathematical proof is given in Section
9.4. To perform the semiclassical walk starting from a classical probability distribution p, each
time we run the algorithm we initialize the system in a proxy state at random, according to the
probabilities p;. This formally corresponds to an initialization in the mixed state p, so that the first
quantum evolution just does the quantum walk on it. [J

6.3. Semiclassical Szegedy Walk on 1D Cycles

Once we have defined the semiclassical Szegedy walk, let us see some examples on 1D lattices. We
are going to analytically solve the problem for the infinite line, and after that put cyclic boundary
conditions to obtain the semiclassical walks on 1D cycles.

Recall that the classical transition matrix of the walk on the undirected line is given by

1 1
(Gu)ji = §5j+1,i + §5j—1,i7 (6.22)

so that a walker at node 7 can jump to either node ¢ — 1 or i + 1 with a 50% probability for both
cases. The proxy states for the semiclassical Szegedy walk are

i) = i)y ® —= (li = Dy + i+ 1),)- (6.23)

1
V2
We can define a set of orthogonal states to these proxy states as follows:

1
V2

With these sets we can calculate easily the action of the unitary operator Us = S,,(2II — 1) on the
set of states |i), | £ 1),. These states can be expressed as:

i) =lidy ® —= (Ji = 1)y = li+ 1)) (6.24)

. . 1 L
i)y i = 1), = 7 (lb) + [0i)) (6.25)

1

7 (ls) = [i)) - (6.26)

Since the projector II projects onto the subspace generated by the |¢);) states, we have that IT |);) =
|1;). Moreover, since the states ’¢f> are perpendicular to all the states [1;), they are in the kernel

|i>1 ’Z + 1)2 =
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of the projector, so II |¢f> = 0. Using the expressions (6.23) and (6.24), the reflection part of the
unitary operator yields:
I = 1) [i), [0 = 1)y = i)y [t + 1)y, (6.27)

(2H - 1) |Z>1 ‘Z + 1>2 = |Z>1 ’Z - 1>2~ (6-28)

Finally, we apply the swap S,, between the two registers, obtaining the action of U:
Us |Z>1 i — 1)2 =i+ 1>1 |Z>2 ) (6.29)

Us i)y i+ 1)y =i = 1)1 |2}, . (6.30)
With (6.29) and (6.30) we can calculate the quantum evolution of the proxy states:

r . . . :
Us |thi) = 7 (i 41y [i)y + 18 = 1)1 i),) (6.31)
and for a general number ¢, of quantum steps:

1 . . . .
Uiq i) = E (‘Z + tq>1 i+ lg — 1>2 + i — tq>1 i — lg + 1>2) . (6.32)
We see then that the quantum walk starting from a single node moves apart from that node in a

symmetric form. The walker jumps ¢, times from the starting node 4, reaching nodes 7 + ¢, with a
probability of 50% each.

If we impose cyclic boundary conditions, the additions and subtractions are performed modulo N.
Then, we have the identification —N = 0 = N, and the same for each two integers with a difference
of N. There are two interesting cases. The first one is when N is even and t, = N/2. For the sake
of simplicity, let us see the effect on the state |¢g) in a graph with N = 6 nodes, so t, = 3 and

1 1
U33 |¢0> = ﬁ (|3>1 |2>2 + |_3>1 |_2>2) = E (|3>1 |2>2 + |3>1 |4>2) = |¢3> ) (6.33)

where we have used the boundary conditions to identify —3 with 3, and —2 with 4. In this case, the
walker reaches the same node from both sides, so the probability of measuring it is of 100%. The
second case is when ¢, = IV for any value of V. In that case:

1 1
V2 V2

so the walker reaches the same starting point with certainty. Thus, the Szegedy quantum walk has
a period of N acting on the proxy states |¢;). This is a great difference with the Hadamard coined
quantum walk in 1D cycles, which is only periodic for a few values of N [40,194].

UM o) = —= (IN)1 IN = 1)y + [=N); [-N +1),) =

(10); [=1)y +10), [1);) = [t0) ,  (6.34)

Finally, from (6.32) we can calculate the semiclassical matrices using (6.11) for the semiclassical
family of class I:
tr) _ 1
1G§z — 5 (5j—tq,i + 5j+tq,i) . (635)
This is equivalent to a classical walk where each node ¢ connects only to nodes ¢ &= ¢,. Due to the
periodicity of U, acting on the proxy states, the semiclassical family also has a periodicity in the
quantum time:

Gl = GlatN), (6.36)
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so there can be at most N different semiclassical walks.

Since a classical walk occurs on a graph where the edges encode the probabilities of the walker
jumping from one node to another, we can also represent the semiclassical walk family as a set
of weighted graphs, denoted as semiclassical graphs. In Figure 6.4 it is shown an example of the
semiclassical graphs for the cycle with N = 6 nodes. For the first quantum time, ¢, = 1, we obtain
the same graph as in the classical walk, so each node links to its immediate neighbors. The same
result is obtained for ¢, = 5. However, for other values of the quantum time we obtain genuine walks.
For t, = 2 and ¢, = 4 each node connects to the second nearest neighbors, so the graphs breaks into
triangles. Thus, if a particle starts at node 0, it will perform a walk equivalent to a classical one
in the triangle formed by nodes 0, 2 and 4. For t, = 3 each node links only to the opposite node
in the graph, breaking the graph into lines of 2 nodes. Finally, for ¢, = 6 each node links only to
itself with a loop, so the graphs breaks into single nodes. This would be equivalent to ¢, = 0, which
is not actually a walk since there is not quantum evolution, so that the transition matrix is just
the identity. For a larger value of the quantum time the sequence of graphs is repeated due to the
periodicity of N = 6. The breaking in the connectivity of the graph is due to a degeneration of the
eigenvalue 1 of the semiclassical matrix, which agrees with the results of the continuous quantum
time version [193], where the same cycle with six nodes was also broken for concrete values of the
quantum time.

Quantum time t; =1

Quantum time t; = 2 Quantum time t; = 3

1.0 1.0 . . 1.0
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 . . 0.4
0.2 0.2 0.2
0.0 0.0 . . 0.0
(a) (b) ()
Quantum time t; = 4 10 Quantum time t; = 5 10 Quantum time t; = 6 10
0.8 0.8 . . 0.8
0.6 0.6 0.6
0.4 0.4 . . 0.4
0.2 0.2 0.2
0.0 0.0 . . 0.0

(d) () (f)

Figure 6.4: Semiclassical graphs for the cycle with N = 6 nodes for (a) ty =1, (b) ty =2, (c) ty =3, (d)
tq =4, (e) ty =05, (f) ty = 6. The weights of the edges are represented by the colormap. In this case, there
are only two possible weights: 0.5 represented by a magenta line, or 1 represented by a yellow line. All the
edges are bidirectional.

We have seen that a priori we could have N different semiclassical graphs. Nevertheless, here
there are some graphs inside a period that are repeated. This is due to the fact that the semiclassical
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walks come from the projection of quantum states, so that different quantum states can yield the same

position after the measurement. As an example, note that the quantum states after the evolution
from |1)y) are not the same for ¢, = 2 and t, = 4:

1

U o) = \/§(|2>1 1)y +14)115),) (6.37)

U i) = % (1), 13), + 12), 13),) . (6.38)

Nevertheless, when the first register is measured, in both cases there is a 50% probability of measuring
node 2 or node 4, giving rise to the same semiclassical walk. To see better how the semiclassical
matrices between different quantum times are related, in Figure 6.5 it is shown the oscillation of the
semiclassical matrices 1 G with respect to the quantum time, where we can see that there are only
4 different semiclassical walks in the family. In the same figure it is shown the period of the unitary

operator Uy, and we effectively observe that there are six different operators U
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Figure 6.5: Periodicity of the semiclassical matrices 1G(t‘1) and the unitary evolution operator U;q with
respect to the quantum time tq for the cycle with N = 6 nodes. At each quantum time it is represented the
minimum value of ty for which there is a matrixz that is equal. For example, for t, = 4 the semiclassical
matriz is equal to the one at ty = 2. However, the unitary operator is not still repeated, so that the equivalent

quantum time is also ty = 4. Time t, = 0 is not an actual walk, but is used to represent that the matriz is
equal to the identity.

The number of different semiclassical walks depends on how many jumps the walker makes be-
tween the measurements. The number of jumps is just ¢,, and since it jumps in both directions, due
to the cyclic boundary conditions we would have in general that the number of different graphs is

# graphs = | N/2] + 1. (6.39)

Furthermore, the type of subgraphs that the classical graph can be broken into depends on how the

number of nodes N can be factorized. For N = 6 we have 6 = 2 x 3 = 1 x 6, so we can have a single
hexagon, two triangles, three lines or six separate nodes.

As another example, in Figure 6.6 it is shown the semiclassical graphs for the cycle with N =7
nodes. Since N is prime, in this case the graph cannot be broken in more than single nodes, although
we can also have different graphs. For ¢, = 1 we recover the classical walk as expected, and the same
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for t, = 6. For t; = 2 and ¢, = 5 node 0 connects with nodes 2 and 5. But node 2 connects to 4,
4t06,6to1,1t%to3,3tob, and 5 to node 0 again. So the graph is not broken. In this case it is
again as a classical walk on the cycle with seven nodes, but the nodes are permuted. If we unroll
the graph, it is similar to having a cycle formed by the chain of nodes 0 —2 -4 -6 —1—3 — 5.
For t, = 3 and t, = 4 something similar happens, but with a different order of the nodes. Finally,
for t, = N = 7 the graph is broken into single nodes, closing a period in the quantum time. We can
check that relation (6.39) holds true, having 4 different semiclassical walks in this case.

Quantum time t; =1 Quantum time t; = 2 Quantum time t; = 3

1.0 1.0 1.0
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0
() (b) ()
Quantum time t; = 4 10 Quantum time t; =5 10 Quantum time t; = 6 10
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0.0 0.0 0.0
(d) (e) (f)
Quantum time t; = 7 1.0 Quantum time t;, = 8 10 Quantum time t;, = 9 10
. . 0.8 0.8 0.8
0.6 0.6 0.6
. 0.4 0.4 0.4
. 0.2 0.2 0.2
. 0.0 0.0 0.0
(8) (h) (i)

Figure 6.6: Semiclassical graphs for the cycle with N =7 nodes for (a) ty =1, (b) ty =2, (c) ty =3, (d)
tg=4, (e)ty =5, (f)ty =06, (9)ty =7, (h) t; =8, (i) ty = 9. The weights of the edges are represented
by the colormap. In this case, there are only two possible weights: 0.5 represented by a magenta line, or 1
represented by a yellow line. All the edges are bidirectional.

In Figure 6.7 it is shown the periodicity of the semiclassical matrices and the quantum evolution
operator U, with the quantum time. It is clearly seen that the period of the semiclassical walks
is N = 7, having only 4 different semiclassical matrices. However, in this case the period of the
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unitary operator is 14 instead of 7. This is due to the fact that despite Us having a period of N
when acting on the set of states |1);), this set only generates an N-dimensional subspace of the entire
N2-dimensional Hilbert space. Since U, |¢);) = Sy [¥05), Us also has a period of N acting on the
set of the swapped states Sy, [1;). This two sets of states generate an invariant subspace known as
dynamical subspace [31]:

Hp :=span{|¢;), Sy |¥i)} - (6.40)
The proof that it is invariant can be found in Appendix A.1. Any vector |¢) in the orthogonal
complement of Hp is perpendicular to both the |¢;) and the S, |¢;) states. Thus, II|¢) = 0, and the
first application of U; yields Uy |¢p) = —S,, |¢). Since |¢) is perpendicular to the states S, [1;), then
Sw |¢) is perpendicular to the states [¢;), so ILS,, |¢) = 0. Thus, a second application of Uy yields:

UZ|d) = —UsSu |d) = +S5, |9) = |9) . (6.41)
so the period of U, on H3 is just 2. The total period of the unitary operator Uy is the least common

multiple of the periods in both subspaces. Thus, for N even the period is N, whereas for N odd the
period is 2NV.
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Figure 6.7: Periodicity of the semiclassical matrices 1G(t0) and the unitary evolution operator U;q with
respect to the quantum time t, for the cycle with N =7 nodes. At each quantum time it is represented the
minimum value of t4 for which there is a matrix that is equal. For example, for t, = 10 the semiclassical
matriz is equal to the one at ty = 3. However, the unitary operator is not still repeated, so that the equivalent

quantum time is also t, = 10. Time ty = 0 is not an actual walk, but is used to represent that the matriz is
equal to the identity.

In this thesis, we have shown only the results for N = 6 and N = 7 nodes. More results on
different 1D cycles can be found in the supplementary material of our original paper [2].

6.4. Inhomogeneity-Driven Symmetry Breaking

Let us introduce the following two concepts about weighted graphs:

Definition 6.3 (Symmetric graph). It is a weighted graph whose transition matriz is symmetric,

meaning that between each pair of nodes the probability of going from one to the other is the same in
both directions. If G is the transition matriz, then G = G7T.
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Definition 6.4 (Homogeneous graph). It is a weighted graph whose transition matriz elements only
depend on the relative position of the nodes. Thus, all the nodes have the same connectivity pattern
and the same weights in their links.

In Figure 6.8(a) it is shown an instance of asymmetric and homogeneous graph. On the one
hand, the transition matrix is not symmetric, since the probability of going from node 0 to node 1 is
greater than from node 1 to node 0. On the other hand, each node has the same behavior, meaning
that the weights of their links depend only on the relative distance to the other nodes. In this case,
each node ¢ connects with nodes ¢ £ 1 and ¢ + 3, and the weights are the same for each node ¢. Thus,
the graph is homogeneous.

1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0

(a) (b)

Figure 6.8: (a) Asymmetric and homogeneous graph. Between each pair of nodes the weights can be
different in both directions, so it is asymmetric. However, all the nodes have the same connectivity pattern,
with weights that only depend on the relative distance between the nodes. (b) Symmetric and inhomogeneous
graph. Between each pair of nodes the weights are the same in both directions, so it is symmetric. However,
each node has a different connectivity pattern, so it is inhomogeneous.

In the examples of 1D cycles, all the semiclassical graphs are symmetric. This could be due to the
fact that the classical graphs were also symmetric. However, they were also homogeneous. So, we
wonder what happens when the classical graph is symmetric but inhomogeneous. With this purpose,
we have built the graph shown in Figure 6.8(b). It can be seen that the weights between each pair
of nodes have the same intensity, so the transition matrix is symmetric. Nevertheless, each node
has different connectivity patterns. For example, node 3 connects to four nodes, whereas node 0
only connects to another node and itself with a loop. Moreover, nodes 0, 1 and 2 have also different
weights in their links with node 3 and the self-loop.

We have simulated the semiclassical walks of the inhomogeneous graph in Figure 6.8(b), and the
first six semiclassical graphs are shown in Figure 6.9. For the first quantum time, ¢, = 1, we obtain the
same as the classical graph, which is symmetric. However, for any other quantum time, we observe
that the symmetry has been broken. For example, for the graph with ¢, = 2 note that the weight in
the edge that goes from node 6 to 5 is stronger than the weight from node 5 to 6. Moreover, since this
is a more general case than the 1D cycles, there is not a periodicity in the semiclassical family. We
have made simulations with other homogeneous symmetric graphs constructed at random, finding
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that the symmetry is never broken. Thus,we can conclude that the inhomogeneity is the cause of
the symmetry breaking.

Quantum time t; =1 Quantum time t; = 2 Quantum time t; = 3

10 1.0 1.0
r 0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 04
.< 0.2 0.2 0.2
0.0 0.0 00
(a) (b)
Quantum time t; = 4 10 Quantum time t; = 5 1.0 1.0
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 0.0

Figure 6.9: Semiclassical graphs for the graph of Figure 6.8(b) for (a) ty =1, (b) ty =2, (c) ty =3, (d)
tg=4, (e)ty =05, (f) ty =6. The weights of the edges are represented by the colormap. Moreover, to ease
the visualization, the width of the edges are proportional to their weights. It can be seen how the symmetry
of the graph is broken from t, = 2 onwards.

The fact that the semiclassical transition matrices are not symmetric anymore opens an appli-
cation of the semiclassical walk to the problem of ranking nodes. Let us formulate the following
theorems about symmetric transition matrices.

Theorem 6.5 (Uniform Distribution for Symmetric Classical Walks). For a symmetric transition

matriz G = GT, the uniform distribution is an eigenvector with eigenvalue 1 [195].

Proof. Let G be the transition matrix, so that G;; = Gj;, and let v be the uniform probability
vector, so that v; = 1/N V i. We apply the transition matrix to this vector:

N—-1 N—-1 1 1 N-1 1
[GV]Z = ; Gijvj = < Gl]ﬁ = N J;O Gji = N =V, (642)

where we have used that G is column-stochastic, so that each column adds up to 1 (3.2). O

Theorem 6.6 (Uniform Distribution for Symmetric Szegedy Quantum Walks). Let G be a symmetric
transition matriz, and Uy the associated Szegedy unitary evolution operator. Then, the uniform linear



Chapter 6. Semiclassical Walks 117

combination of all the |1¢;) states, denoted as

i) (6.43)

is an eigenvector of Uy with eigenvalue 1.

Proof. Since ’\I/(O)> is a linear combination of the |¢;) states, the action of Uy on it is just S,. So,
using the fact that G;; = Gji:

U, |0 =

%z@w ),

i,k=0

2

1

3V
ip \/_. Z i) = O (6.44)

5 ﬂ\

The limiting distribution of the classical walk could be used to rank the nodes, in a similar
manner as in the PageRank algorithm [141-144] (see Section 3.10), using as Google matrix directly
the transition matrix G. However, for a symmetric transition matrix, in the case that the walk
converges, it will converge to the uniform distribution, so no useful information can be obtained.
In the case of a quantum walk starting from the uniform superposition of all the |¢;) states, no
information can be obtained either, since it is an eigenvector of the unitary evolution operator Us.
Therefore, the quantum PageRank algorithm [31,32] based on a symmetric transition matrix is also
useless. Note that even if we mixed the transition matrix G with the uniform matrix as in equation
(3.59), the new Google matrix would still be symmetric.

Thanks to the symmetry breaking in the semiclassical graphs, the semiclassical walks converge to
distributions different to the uniform one. The limiting distributions for the six semiclassical graphs
of Figure 6.9 are shown in Figure 6.10(a). We now obtain different rankings for the nodes, but they
are different for each semiclassical graph. The same as in the quantum PageRank algorithm [31], the
distributions oscillate with the quantum time, as shown in Figure 6.10(b). To obtain an objective
classification, we average the distributions over the different quantum times, in a similar manner as
in the quantum PageRank algorithm [31,128]. For the semiclassical walk, the averaged probability
distribution ends up converging, the same as for the quantum walk [32,163], as can be seen in Figure
6.10(c). Finally, in Figure 6.10(d) it is shown the averaged distribution, compared with the uniform
ones using the classical and quantum PageRank algorithms with the symmetric classical transition
matrix G.

The final question is how this ranking relates to the structure of the network. Node 3 is the most
important, being the node with more connections. The following most important node is node 4,
which is the other central node. So it seems that the connectivity of the nodes plays a major role in
the ranking. Furthermore, note that the differences in weights also play a role. Nodes 0, 1, and 2,
all linking to node 3 and having a self-loop, are not degenerate due to the differences in the values
of the weights. Node 1 has the strongest weights in the edges with node 3, and thus is the most
important of the three.
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Figure 6.10: Limiting distributions for the first siz semiclassical walks of the graph in Figure 6.8(b). (b)
Probability of some nodes in the different semiclassical walk limiting distributions versus the quantum time.
(¢) Time average of the limiting distributions versus the quantum time. (d) Averaged limiting distribution of
the semiclassical walks. It is compared with the classical and quantum PageRank algorithms on the classical
graph, which yield uniform distributions.

6.5. Comparison with the Continuous Time Approach

The measurement-induced quantum walk [193] can be understood as a semiclassical walk where the
quantum time is a continuous variable. As we discussed above, the Hilbert space is simply the span
of the computational basis |i). Thus, in contrast with our discrete-time approach, there is no need
to restart any coin register after the measurement.

In contrast to the Szegedy quantum walk, the unitary evolution operator is obtained from the
exponentiation of a Hermitian operator H related to the adjacency matrix of a graph, so that U(t,) =
exp(—iHt,). Thus, whereas the Szegedy quantum walk can be performed on any weighted graph,
in the continuous-time quantum walk there is the restriction that the graph must be undirected, so
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that the adjacency matrix is symmetric. Therefore, H is real, so that H? = H, and the unitary
matrix is also symmetric:

UT(t,) = e e = 7t — U(1,). (6.45)

Given the definition of the semiclassical matrices of the measurement-induced quantum walk in (6.1)
and the symmetry of U(t,), we have that

Gjilta) = 11U (L) [)° = |Uji(ta)I* = Uy (t)* = [ U(ty) 1)* = Gislty), (6.46)

so that the transition matrices G(t,) are also symmetric. This means that the uniform distribution is
always a stationary state of the measurement-induced quantum walk. In the case that the eigenvalue
1 is not degenerate, it is as if the repeated measurements drove the system to a high temperature
classical limit [193,196]. This is not the case for our discrete-time semiclassical walks, since we are
not only measuring repeatedly, but also restarting to the desired proxy states using the classical
information from the measurement. Thus, the restart scheme prevents this behavior.

Regarding the results in 1D cycles, the measurement-induced quantum walk is also able to break
the graph into subgraphs [193]. However, this breaking occurs for exceptional values of the quantum
time, so they are very infrequent inside the family of semiclassical walks. Moreover, due to the
continuous behavior of the quantum walk, except in the cases that the graph is broken, all the
transition matrices are fully connected, meaning that there is a non-null probability of jumping from
a node to any other or itself. Thus, the equivalent classical walk encoded by the Hermitian matrix
H is never recovered in contrast to our discrete quantum time version.

6.6. Experimental Semiclassical Walk on IBM-Q

In order to show that the semiclassical walk framework functions on a real quantum processor unit
(QPU), we have performed an experiment on the IBM Quantum Platform [33], with the processor
ibmg-manila. This platform has been previously used to demonstrate experimentally other quantum
walks such as the staggered quantum walk [149,197], and even the measurement-induced quantum
walk [198]. Since current QPUs are very error prone, we have chosen a graph with only two nodes,
where the Szegedy quantum walk requires only two qubits, one per register. The decoherence effects
of quantum computers make the system end up in a uniform distribution. Therefore, to be able
to distinguish between environment noise or actual results, we have taken a weighted asymmetric
graph, so that the equilibrium distribution is different to the uniform one. The classical transition

matrix of this graphs is
0.1 0.2
G= ( 09 0.8 ) ' (6.47)

In our experiment, we wanted to obtain the probability distribution p(t) of the walker being at each
node for each classical time .. To do so, we must run the semiclassical walk several times to sample
from the probability distributions, and then estimate the probabilities by dividing the number of
times the walker ends up at a node by the number of times the circuit has been run. Moreover,
the classical walk evolution equation (3.5) tells us that we can start from a non-trivial probability
distribution p(0). This can be achieved by initializing the circuit each time with a state taken at
random from p(0). To demonstrate that this actually works, we have taken the initial probability
distribution as p(0) = (0.8,0.2)7.
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Figure 6.11: (a) Quantum circuit for the semiclassical walks on the graph with two nodes whose classical
This figure is an example with two classical steps, t. = 2, for a
generic quantum time ty. (b) Quantum circuit for the semiclassical walks where the classically-controlled
gates of (a) have been substituted by purely quantum gates. (c¢) Circuit for the unitary operator Us. This
—Sw(L =2 1) (1|) (L =2 o) (¢o|). Moreover, using (6.48) we have that

transition matriz is given in (6.47).

operator can be expanded as Us =

1—2¢;) (il = (1 ® Ry (0;)) (1 —21i,0) (i,0]) (1 ® Ry (—6;)). Finally, the minus reflections 1 —2 |i, 0) (i, 0

can be implemented with controlled-Z gates surrounded
a=0.927, 8y = 2.5 and 6; = 2.21.

by X gates.

The values of the parameters are
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The general quantum circuit to perform the semiclassical walks is shown in Figure 6.11(a). The
circuit always starts with both qubits in the state |0). Ideally, we would initialize the first register
in the state |0); 80% of the time, and the other 20% in the state |1). To emulate this effect with
a quantum circuit, we apply an Ry (0.927) gate, so that the first register is converted to v/0.8]0) +
v/0.2]1). Thus, after measuring it, the first register is initialized in |0), with a 80% probability, and
in |1),; with a 20% probability. The result of this measurement corresponds to the position of the
walker at t. = 0. For any other classical time, we repeat the following block. First, the second
register is reset to |0),, which do not affect to the first register since they are not entangled due to
the previous measurement. After that, we prepare the proxy state conditioned by the result of the
previous measurement, using classically-controlled Ry (;) gates. We know that

(L@ Ry (6:)) i), |0}y = [¥4) , (6.48)

where 6y = 2.5 and #; = 2.21. Thus, when the classical bit is in 0, and so the first register is in |0),,
the proxy state [¢) is prepared, whereas when it is in 1 the state [¢) is prepared instead. Once
the proxy state is prepared, we apply the quantum evolution U, the number of quantum times ¢,
required. Finally, we measure the state in the first register obtaining the position of the walker for
that classical time t.. Note that this circuit uses classically-controlled gates to restart the system,
so that only the gate corresponding to the current position is applied. Nevertheless, despite the fact
that classically-controlled gates are theoretically possible to implement, current QPUs of IBM do
not allow them. For this reason, we substitute them by purely quantum controlled gates, obtaining
the circuit in Figure 6.11(b). In this case, the two controlled gates form the update operator V' for
this walk.

With regard to the operator Us, its circuit compilation is shown in Figure 6.11(c). A priori we
could diagonalize the reflection operator as R = VDV, as explained in Section 3.6. The diagonal
operator would apply a reflection around the state |0), on the second register, which would be
compiled as a minus Z gate. Therefore, this circuit would need four two-qubit gates, two for each
update operator. In real quantum computers, these gates are the main contributors to the noise, so
we want to reduce their number as much as possible. For this reason, in this case we provide an
alternate compilation, expanding the reflection as the product of reflections around each |1);) state,
as shown in Section 2.3.4. Thus, only two controlled gates are needed.

We have performed the experiments for the first three semiclassical walks of the family, t, = 1,2, 3,
whose semiclassical graphs are shown in Figures 6.12(a)-6.12(c). In each case, we have performed ten
independent experiments and averaged the results. For each experiment the probability distributions
were obtained sampling the circuit 20000 times. The results are shown in Figures 6.12(d)-6.12(f).
On the one hand, in order to check the accuracy of the results, we can simulate the same circuit
in the Aer simulator of Qiskit [84]. This is a stochastic simulator that simulates a fault-tolerant
quantum computer, also sampling a finite number of times to estimate the probability distributions.
In our case we sample 20000 times the circuits as in the real experiments. On the other hand, we can
also calculate deterministically the theoretical probability distributions obtaining the semiclassical
matrices and using equation (3.5). In all cases, the simulated circuits yield the same results as the
theoretical formulation, verifying that the implemented circuit in Figure 6.11(b) works.

The first semiclassical walk, for ¢, = 1, corresponds actually to the classical walk. We can see
that the initial probability of the walker being at node 1 is 0.2. After the first step this probability
rises to 0.88. Then, it goes down to 0.82 and converges. The experimental results agree with the
theoretical behavior. However, due to the errors of the real QPU, it converges to approximately 0.77,
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Figure 6.12: (a)-(c) Semiclassical graphs for the classical walk given by (6.47) for (a) ty =1, (b) ty =2,
(c) ty = 3. The weights of the edges are represented by the colormap and also over the edges. (d)-(f)
Experimental results for the semiclassical walks for (d) ty =1, (e) tqy = 2, (f) ty = 3. Since there are only
two modes, the probability distribution can be represented by the probability of measuring node 1. The error
bars are computed with the standard deviations between ten different experiments. The results are compared
with the theoretical results and the ones from the Aer simulator.

so the relative error is of 6%. For the second semiclassical walk, the graph is roughly symmetric, so it
is not surprising that the limiting distribution is almost uniform. In this case, the theoretical result
converges to 0.51, whereas the experimental one to 0.54, so there is an approximate error again of
6%. Finally, for the third semiclassical walk, the theoretical result converges to 0.89, whereas the
experimental one to 0.83, with an error of 7%. Taking into account that current QPUs are still
very error prone, and we have not used any error mitigation nor error correction technique, our
experimental results have an incredibly well agreement with the theoretical ones.

6.7. Summary of Results and Conclusions

e We have introduced the semiclassical framework in quantum walks. Each semiclassical walk
can be seen as a classical walk where the transition matrix encodes a quantum evolution, and
thus the dynamics is a mixture of classical and quantum evolution. Moreover, to be able to
perform the semiclassical walk from quantum walks in discrete time, we have introduced the
restart scheme and the proxy states, which encode the position of the walker on a graph.

e We have formulated the semiclassical walks from the Szegedy quantum walk, so that they can
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be applied to arbitrary weighted graphs. The quantum states for the Szegedy quantum walk
are formed by two registers, and each of both can yield information about the position of the
walker. Thus, we have defined two classes of semiclassical Szegedy walks depending on which
register we measure. Furthermore, we have proved that these two classes of semiclassical walks
include the original classical walk, and there is an equivalence between them. Although these
theorems have been proved in the absence of oracles or complex-phase extensions, similar proofs
not covered in this thesis could be performed, and the same results hold.

e The semiclassical Szegedy walks can be solved analytically for 1D lattices, such as cycles. We
have obtained the semiclassical transition matrices for this case, and we have observed that
for certain members of the semiclassical family the walk occurs in a broken graph. Moreover,
there are some cases where the cycle is not broken, but the nodes are permuted. This results
agree with the measurement-induced quantum walk [193], which is similar to a semiclassical
walk but with a continuous quantum time, where it has also been observed that the 1D cycles

could be broken.

e We have observed that if the classical graph is symmetric but not all the nodes have the same
behavior, i.e., it is not homogeneous, the symmetry of the transition matrix is broken in the
semiclassical walk family. This can be useful for ranking nodes in graphs with symmetric
transition matrices, where both classical and quantum walks yield the uniform distribution.
Due to the asymmetry in the semiclassical walks, these can converge to non-trivial distributions,
which can yield information about the graph. Therefore, we can devise a kind of semiclassical
PageRank algorithm, which is able to rank nodes on symmetric weighted graphs. These results
contrast with the ones of the continuous quantum time version, where all the semiclassical
matrices are symmetric, so no ranking can be obtained.

e To demonstrate that the semiclassical walks can be implemented on quantum computers, we
have performed some experiments on the IBM Quantum Platform using a real QPU. We have
used an asymmetric graph with two nodes so that the limiting distributions are different to
the trivial uniform one. We have done the experiments for the first three members of the
semiclassical family, which include the classical walk. The results that we have obtained agree
incredibly well with the theoretical ones, with a maximum error of 7% due to the errors of
current QPUs.

e In following chapters, we apply these semiclassical Szegedy walks to more complex graphs, in
the context of the quantum SearchRank algorithm, and signature validation in blockchain. In
the future, it would interesting to look for other applications, such us optimization or machine
learning, where the Szegedy quantum walk has shown good performance. Moreover, in contrast
to quantum walks, the position of the walker can be measured at intermediate time steps. This
could be crucial in algorithms that require knowing the position not only at the end of the
walk.



Chapter 7

Quantum SearchRank in the
Semiclassical Framework

The PageRank algorithm was a revolution in the field of search engines for surfing the Internet
[141-144]. This algorithm is able to rank pages objectively, taking into account the structure of the
network formed by them, and has a multitude of applications [151-157]. In Section 3.10 we introduced
this algorithm and its quantization [31,32], which relies on the Szegedy quantum walk [45].

Classifying the information is not the only task that a search engine performs. It also has to
search for the pages of interest, providing them to the user. Since there exist quantum algorithms for
searching problems that outperforms classical ones, as for example the Grover algorithm [26,27], in
2014 a new quantum algorithm that integrates the quantum search into the quantum PageRank was
devised. It was dubbed quantum SearchRank, and it was the first quantum algorithm able to search
the nodes of interest at the same time that provides a ranking for them [102]. Moreover, it was the
first algorithm implementing a Szegedy quantum walk with queries to an oracle, with a quadratic
speedup. Later, different formulations of Szegedy quantum walks with queries were analyzed in the
field of quantum search [101].

The quantum SearchRank algorithm seems a promising tool for a future quantum search engine.
However, it has some problems that need to be solved. One of them is that the search functionality
seems to break down when the size of the network is large enough, so that the nodes of interest are not
found correctly. In this thesis, we propose a semiclassical approach for the quantum SearchRank [4].
In addition, we provide a simplification to speed up the semiclassical walk, giving rise to a quantum
algorithm that we refer to as randomized SearchRank. This algorithm performs a quantum search
from a mixed state, which has been previously studied in the context of the Grover algorithm
[199,200]. As we will show throughout this chapter, we are able to measure the nodes of interest with
a high probability regardless of the size of the problem, at the same time that the time complexity of
the quantum SearchRank is preserved. Another issue in the quantum SearchRank algorithm is a lack
of statistical analysis about the performance of the ranking functionality, which we tackle properly
in this thesis. We will show that the SearchRank algorithms provide a ranking compatible with the
classical PageRank, and thus our randomized SearchRank is useful for sampling this distribution with
a quadratic speedup. Finally, we shall also analyze how the damping parameter of the PageRank
algorithms affects to the SearchRank, obtaining a maximum threshold for our semiclassical approach
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to be useful.

This chapter is structured as follows. In Section 7.1 we review the formulation of the quantum
SearchRank algorithm, and introduce the semiclassical framework in this context. In Section 7.2 we
apply the SearchRank algorithms to an example of scale-free graph. In Section 7.3 we focus on the
searching feature of the SearchRank algorithms, analyzing the time complexity and the amplification
of the probability. In Section 7.4 we focus on the ranking feature of the SearchRank algorithms.
In Section 7.5 we study the dependence with the damping parameter inherent to the PageRank
algorithm. Finally, we summarize and conclude in Section 7.6.

7.1. The SearchRank Algorithms

In this section we describe the quantum SearchRank algorithm [102], to later introduce the semi-
classical framework, giving rise to our new two algorithms: the semiclassical SearchRank and the
randomized SearchRank.

The quantum SearchRank is an extension of the quantum PageRank described in Section 3.10. Let
us recall how the transition matrix for the Szegedy quantum walk is obtained. Given a directed
network with N pages P;, we define the patched connectivity matrix E as:

1/outdeg(P;) if j € B;,
E; ;=< 1/N if outdeg(F;) =0, (7.1)
0 otherwise,

where B; is the set of nodes linking to node ¢, and outdeg(F;) is the outdegree of node P;. This

matrix is mixed with another matrix 1 where all the entries are equal to 1, obtaining the Google
matrix G: a )
-«

G :=aF +

“ N

1. (7.2)

Whereas for the PageRank algorithm the value of « is set to 0.85, for the quantum SearchRank
algorithm the Google matrix is constructed with a = 0.25 without further ado [102]. In section 7.5
we examine further the effect of the value of this parameter, so that we can provide a justification.

At the core of quantum search algorithms there is the oracle operator Oy [26,40]. This operator,
described in Section 2.3.6, computes a boolean function f(x) for each node of the network. In the
case of a quantum search engine, it would take the index z of the node, read the information of the
page from a database, and check if it satisfies the search condition introduced by a user. Recall that
we can use it to construct a phase-flip oracle ()¢, which marks the corresponding computational basis
states inverting their sign, so that

Qi) = { ) e (73

i)  otherwise,

where M is the set of marked nodes.
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In the case of the quantum SearchRank algorithm, inspired by the Grover algorithm [26,27], an
oracle that marks the nodes in the first register of the Szegedy Hilbert space is introduced in the
quantum walk. Thus, we define an oracle operator for the first register as:

Ql = Qf@]l]\f (74)

This oracle is introduced in the single-step unitary evolution operator Us between the swap S, and
the reflection R, obtaining Ug:
Ug = SuQi R. (7.5)

Although this operator was originally formulated like this, given the block-diagonal structure of the
reflection R, it turns out that it commutes with the oracle, so that we can express the evolution
operator as Uy = S, RQ)1. Therefore, it resembles the quantum walk operator that reproduces the
Grover search algorithm on the complete graph with loops, as shown in Section 3.9. Note that for
a = 0, the Google matrix is the uniform one, 1/N, which indeed corresponds to the Grover walk on
the complete graph with loops. Therefore, the parameter « interpolates between the pure Grover
algorithm and the quantum walk on the raw graph.

As in the quantum PageRank algorithm, the unitary evolution must be applied an even number
of times, so the actual unitary evolution operator is Wg = Ué. The initial state of the system is
also constructed as the equal superposition of the |¢;) states in (3.31):

W0) == 3w 76)

After the quantum evolution, the second register is measured to obtain the instantaneous SearchRank
distributions at each time step:

Sa(Pirt) = |] il W [9)

I (7.7)
Whereas in the quantum PageRank algorithm the different time distributions are averaged to obtain
the ranking of the nodes [31,32], in this case we are only interested in the distribution where the
probability of measuring the marked nodes is amplified. It was shown that the optimal time for
measuring is approximately ¢ &~ /N/M [102]. Later on we examine this scaling more carefully.

In contrast to the quantum PageRank, which is also useful as a quantum-inspired algorithm, the
SearchRank is intended to be run on quantum computers, since we are not interested in the total
probability distribution but rather in sampling the distribution of the marked nodes after amplifying
them. The quantum circuit would be constructed from the one of the quantum walk, adding the oracle
()5 on the first register. The same as for the quantum PageRank implementation, we expect that
for sparse graphs, as scale-free networks, an efficient implementation of the reflection R is possible.
With regard to the oracle, its circuit depends on the particular function f(z) marking the nodes,
and it is in general an open problem. Therefore, so far we cannot study properly the implementation
complexity of the SearchRank algorithm. For this reason, we study the time complexity only in
terms of the walk complexity, i.e., the number of time steps, as usual in the quantum walks literature
(see Section 3.7).
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In this thesis, we propose a semiclassical version of the quantum SearchRank algorithm, replacing
the underlying Szegedy quantum walk by a semiclassical walk of class IT (see Section 6.2), since the
results are obtained by measuring the second register.

If we substitute the general unitary operator Us by the SearchRank operator Wy in (6.12), we
obtain the semiclassical transition matrices ,G*«) for the semiclassical SearchRank algorithm. Each
of these matrices can be treated as a Google matrix, so that their stationary distributions give us an
instantaneous semiclassical SearchRank distribution for each value of the quantum time ¢,. Let us
represent these distributions as column vectors and denote them as Ss.(t,), so that they satisfy the
following matrix fixed-point equation:

LGS (t,) = Seclty). (7.8)

From an operational point of view, we have to perform each of these semiclassical walks on
an initial probability distribution until they converge. An example is shown in Figure 7.1 (upper
panel). In this case, the initial distribution is the uniform one. After the initialization, we perform
the quantum evolution for the particular value of the quantum time ¢,, measure the second register
and, restart for the following classical step. The process is repeated ¢} times, which is defined as the
number of classical steps required for the semiclassical walk to converge. Finally, the outcome of the
last measurement is used to sample the semiclassical SearchRank distribution.

Since the searching functionality of the algorithm is in the quantum evolution, there is a value of
the quantum time ¢, for which the probability of measuring the marked nodes is maximum. As in
the case of the quantum SearchRank, the time complexity is close to ¢, ~ /N/M, as is proved in
section 7.3.2. Thus, this algorithm maintains the same complexity with respect to the quantum time
evolution. Nevertheless, the semiclassical walk requires repeating the quantum evolution the number
of classical steps ¢ required to converge. Thus, the actual number of times that the operator Wy, is
called is ¢, x t7.

For the simulations performed in this thesis, we have not found a significant scaling of the value
t* with the size N of the graph, so it seems that it grows very slowly, as in the classical PageRank.
Nevertheless, since the bigger graph we have used has only N = 1024 nodes, the actual scaling of
the classical time remains an open problem. Therefore, it could worsen the time complexity of the
semiclassical algorithm with respect to the quantum one.

In order to overcome this issue, we propose a simplification fixing the number of classical steps.
In particular, we analyze the extreme case where only a single classical step is carried out. This
simplification is shown in Figure 7.1 as a blue dashed box. Recall that since the quantum circuit
must be repeated to sample the final distribution, in order to initialize the classical distribution
we must prepare one of the proxy states |¢;) in (6.9) at random each repetition. Formally, this
corresponds to the preparation of the uniform mixed state

N—-1
P = 3 ) (il (7.9)
=0

Thus, in the extreme case where only one classical step is performed, the algorithm is equivalent to a
quantum walk on the randomized mixed state instead of the equal superposition (7.6), as stated by
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Theorem 6.4. Therefore, we shall refer to it as the randomized SearchRank algorithm. The quantum
circuit scheme is very similar to that of the quantum SearchRank shown in Figure 7.1 (bottom left
panel). In both algorithms the quantum time ¢, corresponds directly to the total time of the walk.

Semiclassical SearchRank

®

- e - - - —

\ 1N—l
Initialize 7" = 2_ ¥ (Wi
=0
1 N-1
L b0 _ L 7.
___________________________ Initialize  [¥) \/N;W

@ Quantum evolution Wéq

Restart |7){]9)y — [¥i)

</\:ﬂ> Measure second register

Figure 7.1: Quantum circuit diagrams of the SearchRank algorithms. In the semiclassical SearchRank
(upper panel in green), the first step consists of the initialization of the mized state p(o), the quantum
evolution of t, times the unitary operator Wq, and a measurement in the second register. After that,
each classical step consists of a restart of the system depending on the previous measurement, the quantum
evolution, and a measurement. In total, t} classical steps are carried out until convergence. The blue
dashed box represents the randomized SearchRank, which is a simplified semiclassical algorithm with only one
classical step. In the quantum SearchRank (bottom left panel in red), the initial state ‘\IJ(O)> is prepared, the
quantum evolution is performed and the system is measured. The right dashed box is a legend explaining the
meaning of the different elements (quantum circuits) from which the SearchRank algorithms are constructed.
In particular, notice that the restart operation is a combination of unitary and non-unitary evolution.

Ha

Quantum SearchRank

7.1.3. Numerical simulations

Although the SearchRank algorithms are intended to be run on quantum computers, to study them
nowadays we need to use a classical simulator, since fault-tolerant quantum computers are not yet
available. For the simulations of these algorithms, we have used our optimized algorithm shown in
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Chapter 9, whose time complexity scales as O(N?) for the quantum walks, and as O(N?) for the
semiclassical walks.

In order to simulate the action of the oracle operator @)f, we do not need to know how the actual
function f(z) works. We can just construct a diagonal operator with eigenvalue 1 for unmarked nodes,
and —1 for marked nodes, thus acting as in equation (7.3). To do so, we need to choose beforehand
a set of nodes for which the algorithm must search, and then we can check if the algorithm succeeds
in finding them.

7.2. Example on a Scale-Free Graph

In this section, we look at an example of the SearchRank algorithms using a scale-free graph. As
previously mentioned in this thesis, this type of graphs are not only good models for the World Wide
Web [182], but also have a wide range of applications such as in neural networks [183], metabolomics
[184,185] and finances [186].

Il Classical PageRank
Il Quantum PageRank
Il Quantum SearchRank
] Semiclassical SearchRank
[ ]Randomized SearchRank

(a) (b)

Figure 7.2: (a) Scale-free network with N = 32 nodes. The inner (green) nodes correspond to the main
nodes. The middle (orange) nodes correspond to secondary nodes. The outer (blue) nodes correspond to
residual nodes without links pointing to them. (b) PageRank and SearchRank distributions of the network in
(a). The marked nodes (2, 7, 13 and 21) have a highlighted color. In the three SearchRank algorithms the
marked nodes have an amplified importance.

We use the same instance of scale-free network with N = 32 nodes of Chapter 5, which was
constructed with the Python library NetworkX [10], and whose graph is shown in Figure 7.2(a).
Due to the way the network is constructed [188], the first nodes (inner green) have the most links
pointing to them. Therefore, they are expected to be the most important in the classical PageRank
distribution. The middle orange nodes are secondary nodes that have few internal links. Finally,
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the outer blue nodes are residual nodes, which lack links pointing to them, and will have a minimal
degenerate classical PageRank score. As for the quantum PageRank, this algorithm breaks the
degeneracy of the residual nodes, so that some of them may receive higher importance than the
secondary nodes [1,32]. The classical and quantum PageRank distributions are shown in Figure
7.2(b).

For the SearchRank algorithms we have marked four nodes, namely, node 2, which is one of the
most important, the secondary node 13, and the residual nodes 7 and 21. The probability of finding
one of these nodes at each value of the quantum time is shown in Figure 7.3 for the three SearchRank
algorithms we have considered in this thesis. In this case, it is maximum at ¢, = 3 for the randomized
SearchRank, while it is maximum at ¢, = 2 for the quantum and semiclassical algorithms. In all
cases the probability is greater than 0.7, so there are many possibilities to measure them. Note the
difference with the baseline of the PageRank algorithms, where the probability is around 0.3, and
therefore it is more probable to measure an unmarked node. Nevertheless, this is only one example.
In a later section, we analyze the probability achieved by the SearchRank algorithms for graphs of
increasing size and different number of marked nodes, as well as the quantum time complexity of the
algorithms.
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Figure 7.3: Probability of measuring one of the marked nodes versus the quantum time for the three
SearchRank algorithms applied on the scale-free graph with N = 32 nodes of Figure 7.2(a). The first
mazimum of each curve is marked with a dot, and they are surrounded by a circle. The vertical dashed line
represents the value \/N/M. The horizontal dashed lines represent the probability of the marked nodes in
the classical (black) and quantum (blue) PageRank distributions.

As we can see in Figure 7.2(b), the four marked nodes have the greatest ranking in the three
SearchRank distributions, so that their probability has been effectively amplified. In order to compare
the ranking of the marked nodes with respect to the PageRank distributions, we have isolated their
distributions in Figure 7.4. Since the probability of the marked nodes has been amplified in the
SearchRank algorithms, we represent the SearchRank distributions on a different scale from the
PageRank distributions. The most important of the marked nodes, both in the classical and quantum
PageRank, is node 2, and this one has been properly detected as the most important node by the
three SearchRank algorithms. The second node in importance is node 13, which is a secondary
node of the network. Again, the three SearchRank algorithms detect it properly as the second most
important node. So far the order of importance is maintained. However, for nodes 7 and 21 there
is a violation of the order. In all the SearchRank algorithms, node 7 is more important than node
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Figure 7.4: Comparison of the SearchRank distributions of the marked nodes with the PageRank distribu-
tions for the network with N = 32 nodes of Figure 7.2(a). (a)-(c) Comparison with the classical PageRank.
(d)-(f) Comparison with the quantum PageRank. The PageRank (right axis) is represented on a different
scale from the SearchRank (left axis).

21, while in the classical PageRank they are degenerate. Nevertheless, in the case of the randomized
SearchRank they are almost degenerate, as can be seen in Figure 7.4(c). In the quantum PageRank
distribution, node 21 is more important than node 7, so the order is reversed.

In this thesis, we have previously discussed that the quantum PageRank can introduce fluctua-
tions in the classically degenerate node order that can be misleading (see Section 5.3). Thus, the
SearchRank algorithms are expected to introduce fluctuations that may be different, and it is not
uncommon for the residual node order to be reversed with respect to the quantum PageRank. There-
fore, in general it seems that the three SearchRank algorithms correctly rank the nodes. In a later
section, we study statistically the agreement between the PageRank and SearchRank distributions
for a large set of different scale-free networks and marked nodes.

As done in Chapter 6, we can use the semiclassical transition matrix to represent the semiclassical
walk as a weighted graph. This allows us to visualize how the probability of the marked nodes in
the search process is amplified. In Figure 7.5(a) we have represented the weighted network whose
weights are given by the Google matrix (7.2) using o« = 0.25. As expected, we can observe a large
flow of information to the main nodes of the graph, and some flow to the secondary nodes. Thus,
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this classical walk gives a higher rank to these nodes in the limiting distribution, as shown in Figure
7.5(c), where the probability of each node at each classical step is plotted. When we perform the
semiclassical walk from this graph with ¢, = 2, it is equivalent to a classical walk whose weighted
graph is shown in Figure 7.5(b). We can now observe that the flow of information is mainly directed
to the marked nodes in red, and therefore, there will be a high probability of measuring them in
the limiting distribution. As shown in Figure 7.5(d), the probability of the marked nodes converges
rapidly to an amplified value, while the rest of the nodes adopt a residual classification. Therefore,
the semiclassical algorithm modifies the classical network to search for the marked nodes.
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Figure 7.5: (a) Weighted graph representing the Google matriz with o = 0.25 for the network with N = 32
nodes of Figure 7.2(a). The strongest links point to the main nodes in green. (b) Weighted graph representing
the semiclassical matriz of the semiclassical SearchRank for t, = 2. In this case the strongest links point
to the marked nodes in red. (c) Probability of each node versus the classical time for the classical walk
represented in (a). The probability attains a higher value for the main nodes. (d) Probability of each node
versus the classical time for the semiclassical walk represented in (b). The probability of the marked nodes
is amplified whereas the other nodes obtain residual SearchRank scores.
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7.3. Searching Power of the SearchRank Algorithms

One of the two virtues of the SearchRank algorithms is their ability to amplify the probability of
measuring the marked nodes. In this section we analyze what is the probability that each algorithm
can achieve, and what is the time complexity to reach the maximum probability.

Table 7.1: Parameters of the scaling law (7.10) for the fits to the measurement probability data of the
marked nodes and quantum time complexity.

Function Parameter Quantum Semiclassical ~Randomized
) ) n 0.455+0.016  0.523 £0.009 0.473 £+ 0.008
Optimal time A 1194008 0914003  1.05=+0.03
. . n —1.046 + 0.035 — —
Optimal probability A 11.45 + 1.90 o -
. ) n —1.109 + 0.078 — —
Probability reference time A 6.20 + 2.29 o o

In the previous example, all the SearchRank algorithms were able to extend the probability of the
marked nodes above 0.7. However, in this section we show that the probability at the maximum
drops with N/M for the quantum algorithm, while it remains at a high value for the semiclassical
and randomized SearchRank algorithms. Although here we deal with the actual maximum of the
probability curves, in a later section we will show that it also remains at a high value for the reference

measurement time t, = {\/N / -‘

On the one hand, to show that the quantum probability drops with the network size N, we
simulated the SearchRank algorithms for scale-free random graphs with N = 64, 128, and 256 nodes,
all three with M = 6 randomly chosen marked nodes. The probability curves with respect to the
quantum time are shown in Figures 7.6(a)-7.6(c). We can observe how indeed the maximum point
of the curve corresponding to the quantum algorithm reaches a lower value as the size of the graph
N increases. On the other hand, in order to analyze the effect of the number of marked nodes, we
have simulated the algorithms for three scale-free random graphs with N = 512 nodes, and M = 24,
12, and 1 marked nodes. The corresponding probability curves are shown in Figures 7.6(d)-7.6(f).
In this case, the probability of measuring a marked node in the quantum SearchRank decreases as
the number M of nodes decreases.

Now that we have demonstrated the qualitative relationship between the quantum probability
and the N and M parameters of the problem, let us obtain a quantitative relationship. To do so,
we have simulated the SearchRank algorithms for different scale-free random networks with sizes
ranging from N = 64 to N = 1024. For all networks we have chosen M = 1, 3, 6, 12, 24, and 48
nodes at random. Since some results of quantum search problems, such as the Grover algorithm,
depend directly on the N/M ratio [19,40,103], we have plotted the maximum likelihoods with respect
to N/M in Figure 7.7.
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Figure 7.6: Probability of measuring one of the marked nodes versus the quantum time for the three
SearchRank algorithms on different scale-free graphs. (a) On a graph with N = 64 nodes and M = 6 marked
nodes. (b) On a graph with N = 128 nodes and M = 6 marked nodes. (c) On a graph with N = 256 nodes
and M = 6 marked nodes. (d) On a graph with N = 512 nodes and M = 24 marked nodes. (e) On a graph
with N = 512 nodes and M = 12 marked nodes. (f) On a graph with N = 512 nodes and M = 1 marked
node. The first mazimum of each curve is marked with a dot. The vertical dashed line represents the value
VN/M. The horizontal dashed lines represent the probability of the marked nodes in the classical (black)
and quantum (blue) PageRank distributions.

In the case of the quantum SearchRank, in Figure 7.7(a) we can observe that the probability
drops rapidly with N/M as expected. To obtain a mathematical expression, we intend to fit the data

to the following scaling law:
N n
N/M)=A(— . 7.10
s = (57) (7.10)

We can linearize this expression by taking logarithms:

log f(N/M) =log A+ nlog <%> . (7.11)

We have plotted the same data in logarithmic scale in Figure 7.7(b). Although there is an initial
region where the probability remains very high, from N/M =~ 20 there is a clear linear relationship.
A linear fit in this asymptotic region yields an exponent n = —1.046, so that the quantum probability
falls asymptotically as approximately O(M/N). The parameters of the fit are summarized in Table
7.1.
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Figure 7.7: Probability at the mazimum versus the relation N/M for (a) the quantum SearchRank, (b)
the quantum SearchRank in logarithmic scale, (c) the semiclassical SearchRank, and (d) the randomized
SearchRank. The vertical dashed line in (b) indicates the region from which the linear fit has been done.

For the semiclassical SearchRank algorithm, in Figure 7.7(c) we can see that in the asymptotic
region the maximum probability is close to 1. Finally, in Figure 7.7(d) the maximum probability for
the randomized SearchRank is represented. In this case, the probability is a little lower but still close
to 1. Table 7.2 shows the average probability achieved in the asymptotic region. It seems that the
results do not depend on the number of marked nodes M, as expected, and the probability remains
around 0.9. We can conclude, therefore, that the semiclassical framework solves the problem with
the probability of the quantum SearchRank algorithm, even after simplification.
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Table 7.2: Average probability of measuring one of the marked nodes in the asymptotic region for the semi-
classical and randomized SearchRank algorithms and different number M of marked nodes. Both measuring

at the optimal time and at the reference time tq = L\/N/M1 , showing that a high probability around 0.9 is

obtained. Errors correspond to one standard deviation.

Optimal Reference time
M Semiclassical Randomized | Semiclassical Randomized
1 0.99 £+ 0.00 0.89 4+ 0.01 0.97+£0.01 0.85 +0.02
3 0.97+£0.01 0.94 +0.01 0.94 4+ 0.05 0.91 4+ 0.01
6 0.97 £ 0.01 0.95 +0.02 0.95+0.03 0.94 4+ 0.02
12| 0.94+0.07 0.94 + 0.05 0.93 +£0.07 0.93 £ 0.05
24 | 0.9540.03 0.96 + 0.02 0.95+0.03 0.96 + 0.02
48 0.92 +£0.04 0.93 £0.04 0.92 +0.04 0.93 £0.04

Despite the fact that we have shown how the semiclassical SearchRank is able to amplify effectively
the probability of measuring the marked nodes, the question that arises is whether the time com-
plexity is similar to that of the quantum algorithm. In this section, we examine the quantum time
scaling for which the maximum probability occurs.

Again, we expect the time value of the maximum to depend on the N/M ratio. Thus, we have
plotted these time values with respect to N/M in Figures 7.8(a)-7.8(c) for the three SearchRank
algorithms. As expected, there is a clear relationship with the N/M quantity. To fit the data to
the scaling (7.10), we have plotted the same data in logarithmic scale in Figures 7.8(d)-7.8(f). The
results of those fits are summarized in Table 7.1. The linear fits give an exponent of n = 0.455 for the
quantum SearchRank, n = 0.523 for the semiclassical SearchRank, and n = 0.473 for the randomized
SearchRank. As for the prefactor A, we obtain A = 1.19 for the quantum SearchRank, A = 0.91 for
the semiclassical SearchRank, and A = 1.05 for the randomized SearchRank. Thus, we have found
that the optimal measurement point in the semiclassical algorithm and its simplification is close to
ty =/ NN/M. In the case of the quantum SearchRank, it seems to be slightly faster than the others.
Nonetheless, it should be noted that the data fluctuates a lot. This is mainly due to the difficulty
of identifying the maximum when the probability is very small. Therefore, we can conclude that
the semiclassical framework does not worsen the time complexity of the quantum algorithm, being
relatively the same.
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Figure 7.8: Quantum time for which the mazximum of probability occurs versus the relation N/M for
(a) the quantum SearchRank, (b) the semiclassical SearchRank, and (c) the randomized SearchRank. The
corresponding data for the linear fit is represented in (d)-(f) in logarithmic scale.

So far, we have observed that the semiclassical and randomized SearchRank algorithms are able to
find the marked nodes with a high probability at maxima. However, to measure with this probability,
we would need to know a prior: how many quantum steps are needed to reach the maximum.
Although we have seen that the optimal value of the quantum time is close to \/N/M, we cannot
be sure where the maximum is since it depends on the particular network.

= {\/N/MW , expecting to be close
to the optimal point. Therefore, we need to analyze what is the real probability when measuring at
this reference time. For this purpose, we have plotted in Figure 7.9 the probability of measuring the
marked nodes at the reference time. The probability in the quantum algorithm falls as expected,
with a relationship with N/M similar to the previous one. The parameters of the fit are summarized
in Table 7.1. For the semiclassical and randomized algorithms the probability is very similar to the
maximum. Therefore, we still measure the marked nodes with a very high probability. The average

probability achieved by the semiclassical and randomized SearchRank algorithms is summarized in
Table 7.2.

As a reference, we can always measure to the nearest integer ¢
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Figure 7.9: Probability at the reference time of measurement t; = {\/N/MW versus the relation N/M

for (a) the quantum SearchRank, (b) the quantum SearchRank in logarithmic scale, (c) the semiclassical
SearchRank, and (d) the randomized SearchRank. The vertical dashed line in (b) indicates the region from
which the linear fit has been done.

We have shown that the semiclassical SearchRank is an algorithm capable of performing effec-
tive quantum search on scale-free networks that the quantum algorithm does not perform. With
simplification as a randomized quantum walk, we do not have to worry about the classical time to
convergence, thereby the time complexity is similar to that of the quantum algorithm. Thus, we
have devised an algorithm that can be useful for searching problems with a quadratic speedup with
respect to classical algorithms, regardless of its ability to classify nodes.

7.4. Ranking Power of the SearchRank Algorithms

The second feature of the SearchRank algorithms is their ability to rank the marked nodes according
to their importance. Since the randomized SearchRank is a type of semiclassical SearchRank, the
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natural question arises as to which algorithm it resembles the most in terms of ranking, the classical
or the quantum PageRank. In other words, whether it is more classical or more quantum with
respect to this property. In this section, we are going to compare the ranking provided by the three
SearchRank algorithms with the ranking given by both the classical and quantum PageRank. For
this purpose we are going to use the Kendall coefficient [201]. Tt is used to measure the similarity
between two ordered lists of items. The Kendall coefficient is 1 if both lists are equal, —1 if the
order is totally reversed, 0 if there is a total absence of correlation, and takes intermediate values
depending on the partial correlation.

First, let us look at the value of the Kendall coefficient when M = 48 nodes are marked. We
have plotted this metric for all graphs of different size N in Figure 7.10(a) for comparison with the
classical PageRank, and in Figure 7.10(b) for the quantum PageRank. The first thing we notice is
that the results do not depend on the size of the network N. Compared to the classical PageRank, the
three SearchRank algorithms have a Kendall coefficient of around 0.6. Since this coefficient is in the
interval [—1, 1], it means that there is good agreement in the ranking of the marked nodes compared
to the ranking of the classical PageRank. However, when compared with the quantum PageRank, this
coefficient has a small value, around 0.15. Therefore, the correlation with the quantum PageRank,
although positive, is very weak. As for the best matching SearchRank algorithm, in both cases it
seems to be the randomized SearchRank. Nevertheless, the differences between the three algorithms
are practically negligible.
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Figure 7.10: Kendall coefficient versus graph size N for a ranking of M = 48 marked nodes by the three
SearchRank algorithms compared to (a) the classical PageRank and (b) the quantum PageRank.

Now, we want to ensure that these results hold for any number M of marked nodes. We have
averaged the Kendall coefficient for all networks of different size N and plotted it for each value of
M, in Figure 7.11(a) for the comparison with the classical PageRank, and in Figure 7.11(b) for the
quantum PageRank. As expected, in all cases the Kendall coefficient is larger in the comparison with
the classical PageRank, and there is little correlation with the quantum PageRank for all numbers
of marked nodes. This may be due to the fluctuations introduced by the quantum PageRank and
SearchRank algorithms, so that nodes with similar importance easily change their ranking between
the different algorithms. Let us now look at the results for different values of M. For M = 12, 24,
and 48 there is little difference between the three SearchRank algorithms in the comparison with the



Chapter 7.  Quantum SearchRank in the Semiclassical Framework 140

classical PageRank, and the results are similar for the three values of M. Nonetheless, for M = 3
and M = 6 larger differences are observed, with higher values of the coefficient for the randomized
SearchRank. In the comparison with the quantum PageRank all the results are almost similar.
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Figure 7.11: Mean Kendall coefficient for all graphs of different size N in the comparison of the ranking
of different number M of marked nodes by the three SearchRank algorithms with (a) the classical PageRank
and (b) the quantum PageRank. Error bars correspond to one standard deviation.

It turns out that the Kendall coefficient is quite unstable for small lists. For example, for M = 3
it is easy to get perfect agreement, since there are only 3 nodes. However, it is also easy to have
perfect disagreement. Thus, due to the fluctuations introduced by the quantum evolution in the
SearchRank algorithms, we have very different values for each network. This explains the large error
bars for small values of M.

In summary, although our semiclassical and randomized SearchRank algorithms are not able to
sample the quantum PageRank distribution of the marked nodes, they have good agreement with
the classical PageRank. Therefore, these algorithms can be used to sample the marked nodes in a
network from a probability distribution that is related to the classical PageRank, taking advantage
of quadratic quantum acceleration.

7.5. Dependence with the Damping Parameter

In Section 7.1.1 we stated that the quantum SearchRank used o = 0.25 for the construction of the
Google matrix in (7.2). However, the question arises as to what happens if we use another value of
a. In this section we briefly show some simulation results of the SearchRank algorithms for different
values of . We have used a scale-free network with N = 512 nodes and M = 6 marked nodes.

In Figure 7.12(a) we have plotted the probability of measuring the marked nodes versus the
quantum time for different values of the parameter o from 0 to 1. Let us first analyze the probability
at the first maximum, shown in Figure 7.12(b). For a = 0, when the network is actually the fully
connected uniform network given by matrix 1 in (7.2), the probability at maximum reaches 1 for the
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Figure 7.12: (a) Probability curves of measuring one of the marked nodes versus the quantum time for
different values of the parameter o for the three SearchRank algorithms applied on a graph with N = 512
nodes and M = 6 marked nodes. The first mazximum of each curve is marked with a dot. The vertical dashed
line represents the value /N/M. The horizontal dashed lines represent the probability of the marked nodes
in the classical (black) and quantum (blue) PageRank distributions. (b) Probability achieved at the maximum
versus the parameter .. The vertical dashed line represents the value o = 0.25. (¢) Optimal quantum time
for the measurement versus the parameter . The horizontal dashed line represents the value /N/M.
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three SearchRank algorithms. Nevertheless, as soon as « takes a non-zero value, the probability in
the quantum SearchRank starts to drop dramatically. There is a subtle recovery from « = 0.5, but
the probability remains below 0.2 and eventually drops to 0.03. In the semiclassical SearchRank, the
probability at the maximum remains close to 1 for all a except @ = 1, when the network is just the
scale-free network previous to the mixing made in (7.2). The randomized SearchRank also maintains
a high probability, but drops slowly to 0.8 in the worst case. Finally, for &« = 1 the probability
is almost zero for the quantum SearchRank, and around 0.1 for the semiclassical and randomized
SearchRank algorithms.

It might seem that there could be better values than a = 0.25 for the semiclassical algorithms,
since a large o value means a closer resemblance of the Google G matrix to the original network.
However, let us look at the quantum time required to reach the maximum, shown in Figure 7.12(c).
For the quantum SearchRank, the maximum is reached at approximately the same time, which is
compatible with the reference value t, = \/N/M. Nonetheless, for the semiclassical and randomized
SearchRank, the optimal time increases dramatically from a = 0.6. Thus, we cannot increase the
value of @ much for these algorithms even though the probability remains high. We have found
similar results for different examples. Nevertheless, more rigorous analysis is needed in the future.

As previously discussed, for a = 0, the Google matrix corresponds to the transition matrix of the
Grover walk on the complete graph with loops. As shown in Section 3.9, with the addition of the
oracle, the Grover search algorithm is recovered in both registers, as long as they are initialized in
equal superpositions of the computational basis. Although in the semiclassical framework the system
is initialized in a mixed state formed by the |¢);) states, each of them has in the second register the
equal superposition |s) in the second register for &« = 0. Therefore, since in the SearchRank algorithms
the second register is measured, the Grover search algorithm is also recovered for the semiclassical and
randomized SearchRank. Thus, the three probability curves overlap, reaching practically a maximum
probability of 1. For 0 < a < 1, the algorithm interpolates between the pure Grover search, and the
search on the raw graph. Whereas the quantum algorithm loses its efficacy as soon as it separates from
the Grover algorithm, the semiclassical approaches are more resistant to this effect. Nevertheless, the
fact that when o = 1 the probability of the semiclassical SearchRank drops so drastically suggest that
mixing the graphs is essential, needing at least a residual contribution of the pure Grover algorithm.
This highlights that the construction of the Google matrix is a valuable technique not only for the
PageRank algorithm, but also for search algorithms with quantum computers. This could lead to
new quantum search algorithms inspired by PageRank.

7.6. Summary of Results and Conclusions

e The quantum SearchRank algorithm is able to expand the probability of measuring a given
set of marked nodes, while providing a ranking of these nodes by importance. However, the
probability of measuring the marked nodes decreases as the size of the graph increases, so
the algorithm loses its utility. In order to resolve this issue, we have proposed a semiclassical
approach, resulting in the semiclassical SearchRank algorithm. Although this algorithm solves
the probability problem, it has a longer running time than the quantum SearchRank due to
a combination of quantum and classical steps until it converges. Thus, we have proposed a
simplification with a single classical step, called randomized SearchRank, since the underlying
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walk is equivalent to the quantum walk but with a mixed initial state. Therefore, this new
algorithm maintains a similar running time to the original quantum SearchRank.

e We have analyzed the performance of the three SearchRank algorithms on a relatively small
scale-free network. We found that the SearchRank algorithms are able to amplify the proba-
bility of the marked nodes, so that there is a high probability of measuring one of these nodes
each time the algorithm is run. Since the graph is small enough, the quantum SearchRank does
not suffer from probability depletion. Furthermore, the probability of each of the marked nodes
produces a ranking with good agreement with the classical and quantum PageRank distribu-
tions. However, there is a violation in the ranking of the residual nodes due to the fluctuations
introduced by the quantumness of the algorithm, which drastically affect the ranking of nodes
with a very small difference in importance. From this example network, we have been able to
visualize how the semiclassical SearchRank works. In this case, the underlying semiclassical
walk behaves like a classical walk on a graph in which the information flow is redirected to the
marked nodes, so that the probability of these nodes is amplified in the asymptotic distribution.

e To obtain statistical results on the SearchRank algorithms, we have simulated them on a
large set of graphs of increasing sizes and different sets of randomly marked nodes. On the
one hand, we have checked how the probability of measuring marked nodes in the quantum
SearchRank collapses as the size of the graph N increases and/or the number of marked nodes
M decreases, with an asymptotic scaling of approximately O(M/N). This depletion means that
the quantum SearchRank loses the ability to amplify the amplitude of the marked nodes, so it
is not a successful search algorithm. Nevertheless, we have also shown that in the semiclassical
SearchRank and the randomized SearchRank this problem is solved, so that the probability
does not decrease, remaining at a high value above 0.9. On the other hand, we have studied
the time complexity of the SearchRank algorithms in terms of the quantum time ¢,. In all cases
we have obtained a scaling law approximately compatible with O(y/N/M). Since we cannot
know a priori what the exact value of the optimal quantum time is, we have decided to take

ty = L\/ N/M -‘ as a reference value for the measurement, having shown that the probability in

the semiclassical and randomized SearchRank remains at a high value around 0.9 despite not
being optimal.

e Regarding the ranking capability of the SearchRank algorithms, we used the Kendall coefficient
to measure the similarity between the rankings provided by the PageRank and SearchRank
distributions. We have observed that the three SearchRank algorithms yield similar results,
obtaining a fairly good agreement with the classical PageRank. Nonetheless, the agreement
with the quantum PageRank is very low, so there seems to be a large lack of correlation.
This may be due to the fluctuations introduced by the quantum PageRank, and also by the
SearchRank algorithms, so that nodes that are similar in importance can easily have their order
changed, and thus the correlation is lost.

e Finally, we have studied the dependence of the SearchRank algorithms on the damping pa-
rameter «. In the case of the quantum SearchRank, the probability of measuring the marked
nodes collapses rapidly as soon as « takes a non-zero value. This explains why in the quantum
SearchRank a value of a = 0.25 was taken [102] instead of the value of o = 0.85 used in the
PageRank algorithms [31]. In the case of the semiclassical SearchRank, the probability remains
close to 1, except for o values close to 1. The same is true for the randomized SearchRank,
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although the probability drops a little while maintaining a value above 0.8. Although the prob-
ability is high in these last two algorithms, the maximum probability shifts to the right as «
increases, so the execution time becomes much higher. Therefore, we cannot increase the value
of o arbitrarily, and o = 0.25 seems to be a good value for the new SearchRank algorithms.

e Taking all the results together, the randomized SearchRank solves the probability problem of
the quantum SearchRank while maintaining the same time complexity. This algorithm is able
to provide one of the marked nodes with a quadratic speedup and a probability that is directly
related to the classical PageRank. Thus, it can be used to sample this distribution without
the need to calculate it exactly. Moreover, like the quantum SearchRank, it is not necessary to
average the results at different time steps of the walk, so it is much faster to implement than
the quantum PageRank. It therefore constitutes a further step towards a quantum search en-
gine. Even though the novel randomized SearchRank stems from the semiclassical SearchRank,
formally the only difference with the quantum SearchRank is that the initial state is a mixed
state rather than a quantum superposition of all the |¢;) states. It is interesting to see how the
introduction of this mixedness at the beginning of the algorithm allows the probability to be
amplified appropriately. Furthermore, blending with the complete graph seems to be crucial
for the search functionality, so that the algorithm has some proportion of a pure Grover search.
These two intriguing features need further research, and could be used as a base tool for future
quantum search algorithms on arbitrary graphs.

e In the future, it would be interesting to study other formulations of the unitary Szegedy quan-
tum walk operator with oracles [101] in the context of the quantum SearchRank algorithm, or
extensions with arbitrary phase rotations, as done for the quantum PageRank algorithm [1]. In
addition, there are some issues that deserve further research. One of them is the fact that we
are assuming that we know the number M of marked nodes to search, so that we can estimate
the optimal time for the measurement. However, in a real scenario we would not know how
many nodes satisfy the search conditions. A possible solution could be to introduce a quantum
counting algorithm [103,113-115] to estimate the number of marked nodes. Another issue is
that we would like to be able to sample from the quantum PageRank distribution as well, since
that algorithm is expected to provide better results in quantum networks. In all, our random-
ized SearchRank algorithm is already a valuable technique to quantum speed up fundamental
properties of classical networks.



Chapter 8

Quantum Signature Validation in
Blockchain

Blockchain technology was proposed in 2008 [202] as a decentralized system operating on a peer-
to-peer (P2P) network, enabling direct transactions between users without needing centralized in-
termediaries or financial institutions. Thus, transactions in the blockchain are validated through a
distributed consensus mechanism within the P2P network. Additionally, cryptographic techniques
are used to ensure transaction security and privacy. Once transactions are validated, they become
verifiable, immutable, and secure on the blockchain [203]. The first operational blockchain system
was launched in 2009 with the creation of Bitcoin. Since then, numerous blockchain systems have
emerged, including Ethereum (2015) [204] and Polkadot (2020) [205]. The rapid development of
blockchain technology has driven innovation across diverse fields, such as medical data manage-
ment [206], logistics and supply chains [207], and art property management [208].

Despite its rapid deployment, blockchain faces critical challenges in scalability, efficiency, and
security [209]. Therefore, quantum computing could be used to improve blockchain systems. Al-
though most of the works are focused on protecting blockchain systems from future quantum attacks
to classical cryptography [210,211], there are also works which aim to use quantum algorithms for
speeding up the implementation. For example, the use of the Grover algorithm to optimize the block
mining process [212], or quantum algorithms for efficient quantum consensus mechanism [213,214].

In this thesis, we propose a quantum algorithm for detecting fraudulent activity, which we denote
as Quantum Signature Validation Algorithm (QSVA) [6]. This protocol is based on the SearchRank
algorithm of Chapter 7, so that can leverage a graph representation of the blockchain system to
extract further information than a conventional quantum search algorithm. Our simulation results
using a real Bitcoin dataset of transactions show that the QSVA can efficiently detect all the fraud-
ulent activity, providing a speedup with respect to a classical search.

This chapter is structured as follows. In Section 8.1 we review the fundamentals of blockchain
technology. In Section 8.2 we present the Quantum Signature Validation Algorithm, designed for
the efficient detection of tampered transactions. In Section 8.3 we evaluate the QSVA with classical
simulations. Finally, we summarize and conclude in Section 8.4.
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8.1. Blockchain

In this section, we review the functioning of blockchain. We start explaining briefly the main funda-
mentals of blockchain technology [215], and then we focus on digital signatures [216] and the graph
structure of transactions [217], which are the basics of our quantum algorithm.

In blockchain technology there is a record-keeping system that stores the transaction, known as
ledger. In a P2P network, this ledger is shared among all the participants, so that the information of
the transactions, such as the amount transferred and the transaction identifiers, is visible to anyone.
However, the identities of the participants are typically pseudonymous, linked only to cryptographic
addresses. This transparency allows operations on the network to be verified by multiple participants,
ensuring trust without relying on a central authority. The ledger is divided into blocks of transactions,
as shown in Figure 8.1. Furthermore, these blocks are cryptographically linked, so that the ledger is
tamper-evident, i.e., any signs of unauthorized manipulation are immediately revealed [215].

BLOCK 5 BLOCK 6 BLOCK 7

| Tx Information | | Tx Information | | Tx Information |

Tx - Signed Tx - Signed Tx - Signed
Tx - Signed Tx - Signed
Tx - Signed Tx - Signed Tx - Signed

Hash of Block 4 Hash of Block 5 Hash of Block 6

Hash of Block 5 Hash of Block 6 Hash of Block 7

Figure 8.1: Schematic representation of the blockchain structure. Fach block consists of a collection of
digitally signed transactions, according to the protocol described in Section 8.1.2, as well as the hash derived
from the solved proof-of-work required to add the block to the ledger, and the hash of the proof-of-work from
the preceding block.

In order to chain blocks to the ledger, the system broadcasts each transaction in the P2P network
to the participants, who maintain a personal copy of the ledger. Among all the types of participants,
we focus on those who validate the transactions, referred to as miners in systems like Bitcoin [202].
Miners receive a list of digitally signed transactions, and store them in a pending register, known
as the mempool, prior to their verification. Miners then assess the validity of each transaction in
the mempool by employing digital signature processes. If the verification fails, it indicates that the
transaction may have been altered or tampered with, potentially by an attacker. In such cases, the
miner removes the fraudulent transaction from its mempool, and follows with the next one.

Once the miner has a long enough set of valid transactions, constructs a block to be chained. Since
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there are multiple miners creating blocks, there could be problems of double-spending. Moreover,
a particular miner could be manipulating the transactions and chain them as if they were valid.
Therefore, there must be a consensus mechanism for deciding which blocks are appended to the
ledger. There are different mechanism [215], as the proof-of-work used in Bitcoin [202], or the proof-
of-stake used in Ethereum [204].

For the sake of simplicity, in this thesis we only review the proof-of-work method. It consists
of expending computing resources for solving a difficult task, so that only those blocks for which
the problem has been solved can be chained. Honest miners work in groups to create chains of new
blocks, and if there are different groups creating different chains, in the end the consensus protocol
decides to take the longest chain, discarding the rest. The reason for the proof-of-work is that a
malicious miner could create multiple fake identities, and create a chain of blocks with tampered
transactions on its own. This is known as sybil attack. Nevertheless, it needs the computational
power necessary to solve the proof-of-work of all the blocks, which is expensive and prohibitive for a
single party. Therefore, the honest miners forming groups dominate the ledger, as they possess more
computational power. Moreover, upon successfully adding blocks to the blockchain, miners receive
an economic reward, so that it may be more profitable to work honestly in a common chain than
trying to create a different tampered chain [202].

The proof-of-work problem usually consists of calculating a hash of the block. In this sense, a
cryptographic hash function [218] is used. A hash function takes some data as input, which can
be even as large as a document, and gives a fixed length string of bits. For example, the Bitcoin
blockchain uses the SHA-256 hash function [202]. This means that, for (almost) every data given as
an entry in the SHA-256, the function returns a string of 256 bits [219]. Furthermore, these functions
have properties of preimage resistance and collision resistance [218,220]. Preimage resistance ensures
that, for nearly all specified outputs, it is computationally unfeasible to find any input that produces
that output when hashed. In contrast, collision resistance implies that it is computationally unfeasible
to find two distinct inputs that generate the same hash output. For the proof-of-work, a numeric
parameter in the block is continuously modified until the output of the hash function starts with a
determinate number of zeros, so that new blocks are added every 10 minutes approximately [202].

Given the properties of hash functions, if a transaction in the ledger is tampered with, the new
hash of the block is different, and it is highly likely that it will not solve the proof-of-work problem, so
that the attack is quickly detected. Additionally, to ensure greater security, each block in the ledger
is linked to the previous one by the hash associated with the proof-of-work, as shown in Figure 8.1.
This means that an attacker would have to redo all the computational work of the blocks that follow
the altered block to benefit from their modifications, since a little change in a block produces a
change in the hash of all the successive blocks.

To sum up, a diagram representing the blockchain protocol is shown in Figure 8.2.
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Figure 8.2: Schematic representation of the blockchain protocol. The starting point is highlighted in green.
FEach new transaction on the peer-to-peer network is broadcast to all the miners. Each miner maintains a
copy of the ledger, which is organized into blocks containing signed transactions. Miners collect incoming
transactions in the mempool, verify their validity using a digital signature validation process, and construct
a block of validated transactions by solving the proof-of-work challenge. The newly constructed block is then
broadcast to the network, where it is accepted through a consensus process. Miners then proceed to work
on building the next block in the chain, incorporating the hash of the accepted block as the previous hash
in the new block under construction. Each step ensures the integrity, security, and decentralization of the
distributed ledger system.

8.1.2. Digital signature

In order to validate a transaction for adding it to a block, digital signature processes are used
[216,220,221]. In Figure 8.3 we show the main algorithms involved. First of all, each participant
in the network must generate a pair formed by a private key and a public key. Whereas the public
key can be known by anyone else, the private key must remain secret to ensure security. These keys
are generated in such a way that one of them can encrypt some data, and the other can decrypt it,
but none of them can be use solely for both tasks. For example, in asymmetric-key cryptography
using the RSA algorithm [30], any sender can encrypt some data with the public key of a particular
receiver, and only that receiver can decrypt the data using its private key. However, for digital
signature validation, the keys work the other way around. The owner of the private key uses it to
encrypt some data, along with some metadata like a timestamp and data of the signatory, generating
the signature. The validator receives the data and the signature, and uses the public key to decrypt
it. If and only if the decrypted signature matches the original data, then the signature is valid.

In the case of blockchain, the transaction data may be encrypted with the private key of the
participant performing the operation. However, encrypting the raw data consumes too much time.
For that reason, the data is hashed with a hash function to reduce its size prior to the signature
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generation [222]. Recall that due to the properties of cryptographic hash functions, the output of
the hash is practically unique for each data input. Therefore, it represents the original data and can
be used to create the signature, as shown in Figure 8.3. To validate it, a validator obtains the hash
of the raw data, and checks if it matches the signature after decrypting it with the public key.

Signature Generation

Private

key

Message Signature .
Message/Data Hash e —
— | R,

Signature Validation

Public
key

Message VALID

Digest

Message/Data Hash

Signature
Validation

INVALID
Signature

Figure 8.3: Digital signature processes. In the signature generation process, a hash function is applied to
a message or data to obtain a message digest or hashed message. Then, a signature generation algorithm
uses the hashed message and the private key of the signatory as inputs to create a digital signature. For
signature validation, the hashed message is reobtained and the digital signature is validated with the public
key of the signatory, producing a boolean value indicating whether the message has been altered (invalid) or
not (valid).

A common issue about digital signatures is how to ensure that the public keys of the signatories
have been transmitted properly to the validators. In this sense, public-key infrastructures may be
necessary to ensure the proper distribution of public keys. Otherwise, a malicious participant could
tamper the public key of a signatory, so that it matches a different private key that the malefactor
owns, and therefore can tamper any transaction so that it will be valid. Nevertheless, this is beyond
the scope of this thesis, and we refer to the literature for further information [220].

8.1.3. Graph representation

Given the connections between user addresses and flows of money, an effective approach for extracting
useful information from the ledger is using graph representations. Various graph models can be found
in the literature, each tailored to the specific type of information of interest [223]. Since our study
focuses on analyzing individual transactions, we use the transaction graph representation, where each
transaction corresponds to a node of the graph [217].

In order to construct a transaction graph, we use the UTXO (Unspent Transaction Output) model
[224], which is used in transaction-centered blockchain systems as Bitcoin. There, each transaction
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Figure 8.4: (a) Schematic representation of a UTXO-based ledger. Outputs specify the amounts of BTC
sent to specific addresses, while inputs reference the outputs of previous transactions. If an input is empty,
it indicates the creation of new BTC, such as through the mining process of a block. (b) Address graph
associated to the ledger in (a), where the flow of money between different addresses is represented. (c)
Transaction graph associated to the ledger in (a), where each transaction corresponds to a node.

has inputs and outputs. The outputs determine the amount of BTC (the currency of Bitcoin) to
be transferred to other addresses, and the inputs are references to previous unspent transactions
outputs. Examples of transactions are shown in Figure 8.4(a). The inputs are totally consumed
by the transaction, meaning that the sum of the inputs equals the sum of the outputs (plus any
change returned to the sender or a fee to a miner). Therefore, unlike account-based systems, there
is no need to track all past transactions of an address from the beginning of the ledger to determine
its balance. Instead, it is enough to verify that the referenced output in the transaction remains
unspent [223,224].

The flows of money could be represented with an address graph, where each address corresponds
to a node, and the directed edges represent the transactions. An example is shown in Figure 8.4(b).
Nevertheless, we are interested in the transaction graph, which can be constructed from the address
graph. In this case, each transaction is associated with a node. These nodes are connected by
directed edges that point from transaction whose output has not been spent, to transactions that use
those funds as inputs. An example is shown in Figure 8.4(c). Transaction graphs are widely used
for multiple purposes, such as analyzing money flows [225], detecting money laundering transactions
[226], and conducting typical network analyses [223].

8.2. Quantum Signature Validation Algorithm

Early detection of tampered transactions in blockchain is crucial. The faster this occurs, the sooner
valid transactions can be included in a block, then added to the ledger. In this sense, quantum
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computing is a promising paradigm which could speed up the detection of fraudulent transactions,
improving the efficiency of blockchain systems.

In order to solve scalability issues of blockchain, we propose a quantum protocol, which we
denote as Quantum Signature Validation Algorithm (QSVA). This algorithm aims to enable the
rapid detection of tampered transactions, using a quantum search subroutine.

From the transactions in the mempool waiting to be validated, we can construct a database of N
elements, where there will be M tampered transactions which we want to detect. As we have seen
along this thesis, quantum search algorithms make use of an oracle )¢, which computes a function
f(z) and marks the quantum states of the elements of interest in a database flipping their phase,
as explained in Section 2.3.6. In the context of blockchain, we are interested in a function that
determines if the signature of a transaction is valid or not. In this sense, the function f(x) would
take the index x of the transaction in the database, and use it to read the information about the data
of the transaction, the signature and the public key, to perform the signature verification algorithm
as shown in Figure 8.3.

In order to perform a quantum search algorithm, we need to know the number M of marked
elements. This can be achieved using the quantum counting algorithm [103, 113-115] explained in
Section 2.4.1. After that, we could use the Grover algorithm [26,27,95, 103] explained in Section
2.4 for finding the tampered transactions. After detecting a marked element, we could construct
an artificial oracle that flips the phase of only the states corresponding to the detected tampered
transaction, and use it as a filter for the oracle (), so that the phase of the already detected element
is reinverted after the application of the oracle and therefore it behave as unmarked. Thus, we
could repeat the Grover algorithm with the filtered oracle to find a different tampered transaction.
Repeating this procedure M — 1 times we could detect all the remaining fraudulent transactions,
leveraging the quadratic speedup of the Grover algorithm.

Although this approach would work, we can use other algorithms that leverage the graph structure
of transactions to extract further information, and could enhance the search of tampered transactions.
For example, the PageRank algorithm has been used in blockchain for both address graphs [227-
229] and transaction graphs [217,226]. The key idea behind the PageRank algorithm is that the
importance of a node is determined not only by the number of nodes linking to it but also by
the quality of these links (see Section 3.10). Specifically, links from nodes that have few outgoing
links contribute more to the importance of the target node. As a result, nodes that receive many
incoming links from relevant sources are more likely to rank higher in PageRank. From a transaction
graph perspective, attacks that manipulate multiple transactions to redirect their outputs in order to
accumulate large amounts of funds result in a node with multiple independent incoming connections
in the graph. Consequently, such nodes are likely to receive a high PageRank score, facilitating their
identification.

Since the PageRank can be helpful for detecting tampered transactions, we propose the use of
an algorithm based on the quantum SearchRank introduced in Chapter 7, instead of the Grover
algorithm. As we saw, the best performing algorithm is the randomized SearchRank, so we pro-
pose its utilization in the QSVA. Nevertheless, in the next section we compare the performance of
the three SearchRank algorithms. Using this approach, the probability of measuring each of the
tampered transactions depends on the PageRank distribution. Therefore, it is expected to measure
first tampered transaction with many incoming flows from other transactions, which can cause a
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significant and dispersed impact on legitimate transactions. Therefore, once a transaction of this
nature is identified, it can be traced back to uncover other tampered transactions associated with
it or to identify the transactions that have been impacted. This approach allows a classical search
acting in parallel to be redirected in a way that enables faster detection of potential fraudulent or
affected transactions, compared to an unranked algorithm such as Grover. As a result, it provides an
efficient search strategy for detecting fraudulent transactions and accelerates the process of assessing
the extent of the impact on other transactions.

Taking all this into account, we can define the steps involved in the QSVA as follows:

1) Construct a transaction graph from the N transactions in the mempool of a miner, where nodes
represent transactions and directed edges the relationships between these transactions.

2) Apply a quantum counting algorithm to the database of transactions that constitute the mem-
pool to obtain the total count of manipulated transactions in the database, M.

3) Perform a search algorithm based on the quantum SearchRank on the transaction graph for
ty = L\/N /M *W quantum steps, where M* is the number of remaining tampered transactions,

to obtain a tampered transaction depending on its connectivity.

4) Register the obtained tampered transaction as identified by adjusting the filter in the oracle of
the SearchRank algorithm.

5) Evaluate the possibility of conducting a classical search on transactions linked to the identified
fraudulent transaction to detect additional potentially tampered or affected transactions.

6) Repeat Steps 3, 4, and 5 at most M — 1 times to identify all the tampered transactions in the
mempool.

8.3. Simulation Results

Given that current quantum computers lack the capacity and development necessary to effectively
perform a simulation of our algorithm, we evaluate the functionality of the QSVA using the classical
simulation algorithm for the Szegedy quantum walk explained in Chapter 9. Our simulator can
emulate the action of the oracle Q¢ on a given set of fraudulent transactions using the expression
(2.61), therefore simulating the transaction validation process. In order to evaluate the performance
of the algorithm, we have selected a dataset consisting of real transactions extracted from the Bitcoin
blockchain [230,231]. This dataset includes a subset of transactions that have been previously
classified as licit or fraudulent. The primary objective of the algorithm is to accurately identify all
the falsified transactions within this dataset, demonstrating its effectiveness in detecting fraudulent
activity in blockchain networks.

The dataset comprises three distinct types of data: information related to each transaction, in-
cluding the transaction identifier, the timestamp when the transaction was recorded, and the amount
of BTC transferred; the classification of each transaction as either licit, fraudulent, or unclassified;
and the origin and destination transactions associated with the flow of funds. We filtered the dataset
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to include only licit and fraudulent transactions recorded within a specific time frame, simulating the
mempool of transactions a miner would encounter at a given moment. From the filtered dataset of
classified transactions, which includes the origin and destination transactions associated with BTC
movements, we constructed the corresponding transaction graph, which is shown in Figure 8.5. There
are N = 398 nodes, of which M = 25 are tampered.
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Figure 8.5: Transaction graph of the filtered Bitcoin dataset for time frame = 37. Fraudulent transactions
are represented in red, while licit transactions are shown in blue. The nodes in the graph are arranged in
concentric circles based on their indegree. Nodes with an indegree of 0 are positioned in the outermost circle,
nodes in the second and third circles have in-degrees of 1 and between 2 and 9, respectively, and the innermost
circle consists of nodes with an indegree of 10 or higher. The size of each node is proportional to its classical
PageRank value, scaled logarithmically. Edges are color-coded based on the type of transactions they connect:
blue edges represent connections from a fraudulent transaction (origin) to a licit transaction (destination),
orange edges represent connections from a licit transaction (origin) to a fraudulent transaction (destination),
and red edges indicate connections where both the origin and destination are fraudulent transactions. The
top five fraudulent transactions are labeled in the graph.

We have tested the three SearchRank algorithms on the transaction graph to see their ability to
find a tampered transactions. The probability of finding a marked node as a function of the quantum
time ¢, is shown in Figure 8.6(a). The probability reaches its first maximum at the reference time of

measurement t, = L\/N /M -‘ in the three algorithms. The quantum algorithm reaches a probability

below 0.7, whereas in the randomized algorithm is close to 1. In order to see the classification
of the fraudulent transactions when measuring at this reference time, we represent their isolated
distributions in Figures 8.6(b)-8.6(d). Since in the previous chapter we saw that the ranking of the
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SearchRank algorithms resemble more the classical PageRank than the quantum one, in this case we
only compare with the classical distribution. Recall that we represent them on different scales, since
in the SearchRank distributions the probabilities are amplified. Although the three algorithms agree
with the most important node, only the randomized SearchRank provides a distribution resembling
the classical PageRank ranking. The top 5 most important nodes, in descending order, are: 20, 317,
322, 388, and 395. The rest of marked nodes are degenerate in the classical distribution since they do
not have any link pointing to them. Therefore, their order in the SearchRank algorithm is irrelevant,
and since their differences due to quantum fluctuations are very small, we can also regard them
as degenerate in this distribution. Therefore, the ranking in the randomized SearchRank perfectly
agrees with the classical PageRank distribution.
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Figure 8.6: Results for the first iteration of the QSVA. (a) Probability of measuring one of the marked
nodes versus the quantum time for the three SearchRank algorithms. The vertical dashed line represents
the value t, = {\/N/M—‘. The horizontal dashed line represents the probability of the marked nodes in the
classical PageRank distribution. (b)-(d) Comparison of the SearchRank distributions of the marked nodes

with the classical PageRank distribution. The PageRank (right azis) is represented on a different scale from
the SearchRank (left axis).

Adhering to the QSVA procedure, the transaction most likely to be obtained after measurement
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is the one associated with node 20. Based on this result, one can trace the transactions connected
to it to uncover ten additional fraudulent transactions with a straightforward classical verification,
as shown in Figure 8.5. Therefore, less iterations of the QSVA procedure would be needed in the
end. In contrast, an unranked quantum search algorithm such as Grover, without any structured
prioritization, would detect whatever fraudulent node first, so it would be helpless for a parallel
classical search aiming to detect as soon as possible fraudulent activity.

For simulation purposes, we consider that the QSVA is performing alone, so we keep iterating
the algorithm until finding the remaining M — 1 marked nodes. In this case, we only show the
results for the randomized SearchRank, since is the one showing better performance. The probability
distributions of the consecutive four iterations are shown in Figure 8.7. Given the closer alignment
of the randomized SearchRank with the classical PageRank distribution, the most likely transactions
expected to be obtained after measurement in each iteration of the QSVA coincide with the high-
ranked transactions of the classical PageRank. The order of the rest of transactions is irrelevant

as

they are degenerate.

transaction identifiers in the dataset.

All the detected transactions are shown in Table 8.1, along with their
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Figure 8.7: Comparison of the randomized SearchRank distribution of the marked nodes with the classical
PageRank distribution for the iterations 2, 3, 4 and 5 of the QSVA. The PageRank (right axis) is represented
on a different scale from the SearchRank (left axis).
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Table 8.1: Fraudulent transaction identifiers and their corresponding graph node indexes, listed in the order
they are expected to be identified by the QSVA. The top five nodes are highlighted.

Node TxId Node TxId Node TxId Node TxId Node TxId

20 13735016 | 79 28953279 | 105 29133205 | 72 28907492 | 66 28900174
317 30179316 | 89 29035758 | 106 29133218 | 323 30204891 | 58 28878820
322 30204549 | 205 29611862 | 204 29581775 | 57 28877539 | 64 28898351
388 39684200 | 207 29615095 | 255 30061066 | 53 28862543 | 67 28900605
395 39747107 | 98 29132572 | 71 28903935 | 59 28879339 | 65 28898970

Finally, we analyze the probability of finding a marked node for each iteration of the QSVA.
The results for the three SearchRank algorithms are shown in Figure 8.8(a) for the reference time
of measurement. Moreover, for completeness, we also compare the probability at the optimal time
in Figure 8.8(b). As expected, in the quantum algorithm the probability decreases. As discussed
in Section 7.3, this sharp decline in the quantum SearchRank is caused by the ratio N/M, which
increases as the number of marked elements is reduced when fraudulent transactions are identified.
In contrast, the semiclassical and randomized SearchRank algorithms are largely independent of this
ratio, allowing the probability to remain consistently high. Therefore, the randomized SearchRank
is able to accurately identify all the fraudulent transactions in the network, which, combined with
the previous results, makes it the best suitable algorithm for the QSVA.
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Figure 8.8: Probability of measuring a fraudulent transaction at (a) the reference time ty = L\/N/M-‘ and

(b) the optimal time, as a function of the QSVA iterations. The dashed line represents the probability of the
marked nodes in the classical PageRank distribution.

8.4. Summary of Results and Conclusions

e We have reviewed the fundamentals of blockchain technology, where we have noted that an
early detection of tampered transactions is crucial. The faster this occurs, the sooner valid
transactions can be included in a block, then added to the ledger. Moreover, we have seen how
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useful information can be extracted from graphs representations of the transactions. Therefore,
quantum walks could improve the efficiency of blockchain systems.

e We have proposed a quantum protocol denoted as Quantum Signature Validation Algorithm
(QSVA). At its core is a SearchRank algorithm, which leverages the transaction graph of
blockchain for detecting fraudulent transactions giving priority to those that cause a great
impact in the network. Furthermore, this algorithm can work with a parallel classical validation
redirected to those transactions that are connected to the transactions detected by the QSVA,
and therefore could detect sooner other tampered transactions, or analyze the impact of the
attack on them. Thus, this algorithm combines both the quadratic speedup of the Grover
algorithm and the information extracted by the PageRank algorithm.

e We have analyzed the performance of the QSVA on a real Bitcoin dataset using classical
simulations. From the three SearchRank algorithms, the randomized SearchRank provides the
best results as expected, perfectly agreeing with the classical PageRank distribution of the
fraudulent transactions. Furthermore, we have proved that the algorithm is able to find all
the tampered transactions properly when using the semiclassical and randomized SearchRank
subroutines, although only the order of the randomized SearchRank is correct. In contrast, as
expected, the naive quantum SearchRank looses its efficacy as soon as the ratio between the
number N of nodes and the number M of marked nodes increases.

e Although the results obtained for the QSVA are promising, as is the case with most quantum
algorithms proposed for blockchain, further research is needed to solve some issues of the al-
gorithm. First, future work focused on the circuit design of the oracle used for transaction
validation is required. The compilation of such a circuit, as well as circuits for the walk op-
erators on general graphs, is currently an open problem. Second, for simulation purposes we
have assumed that at each iteration of the QSVA we measure the node with higher probability.
Nevertheless, in a real scenario we could measure other of the fraudulent transactions. Indeed,
it may be more probable to measure any other of the marked nodes rather than the most
important one, since the joint probability of the rest can be higher despite all of them being
less important. So far, our algorithm is a proof of concept, and further optimization of the
core search algorithm in needed, going beyond the capabilities of the randomized SearchRank.
Nevertheless, this approach is promising and is currently able to detect all the tampered trans-
actions.

e So far, we have developed the QSVA for blockchain technologies based on transaction graphs.
In the future, it would interesting to study how our algorithm could be used for other systems
based on address graphs like Ethereum [204]. Moreover, there is room for developing new
quantum algorithms which could improve blockchain systems, or even different distributed
ledger technologies (DLTSs) like Hashgraph [232] and Holochain [233,234], which offer unique
architectures that could greatly benefit from quantum advancements.
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Chapter 9

Szegedy QUantum WALks Simulator

The last part of results of this thesis focuses on the classical simulation of the Szegedy quantum
walk. It is important to have a classical form of simulating it in order to check the properties of the
quantum algorithms based on this quantum walk, since these classical simulations are ideal thereby
absent of errors.

A naive approach for simulating the Szegedy walk would require constructing the corresponding
unitary operator. As we will see later, the memory resources needed to store it grow as O(N*), where
N is the number of nodes in the graph. However, using a sparse representation of these matrices,
this dependence can be reduced to O(N?3). Other method based on the spectral decomposition of the
operator was proposed [31], also needing memory resources scaling as O(N?). At the beginning of
this thesis, the spectral method allowed the simulation on networks up to 256 nodes on a computer
with 16 GB of RAM memory, so we could perform the numerical calculations for the quantum
PageRank in Chapter 5. However, it resulted prohibitive for larger networks, as the ones used for
the SearchRank algorithm in Chapter 7.

Therefore, we needed to devise a novel simulation algorithm saving memory resources. In this
thesis, we propose a method for simulating the Szegedy quantum walk with memory resources scaling
as O(N?) [3]. Furthermore, this algorithm also improves the time complexity, speeding up the
simulations. Moreover, we show how this algorithm can be implemented to simulate the semiclassical
Szegedy walk of Chapter 6, and the quantum walk on mixed states.

There exist some simulators for quantum walks in discrete time, as for example QWalk [235],
Hiperwalk [236] and QuantumWalk [237]. This last simulator implements the Szegedy quantum
walk in Julia language using sparse matrices for storing the unitary operators. However, as far as
we are concerned, there is not an efficient simulator for the Szegedy quantum walk that implements
our algorithm. For this reason, we have developed a Python package called SQUWALS (Szegedy
QUantum WALks Simulator), which implements our memory-saving algorithm. Moreover, our sim-
ulator provides some alternative formulations of the Szegedy quantum walk, including oracles and
the complex-phase extensions of Chapter 4.

This chapter is structured as follows. In Section 9.1 we review the traditional methods of simu-
lating the Szegedy quantum walk. In Section 9.2 we show our efficient algorithm for simulating this
quantum walk on a classical computer. In Section 9.3 we show how the semiclassical Szegedy walk
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can be simulated with our algorithm. In section 9.4 we show an algorithm for simulating the evo-
lution of mixed states. In section 9.5 we present SQUWALS, our Python simulator for the Szegedy
quantum walk. Finally, we summarize and conclude in Section 9.6.

9.1. Traditional Simulation Methods

In this section we show the previous simulation algorithms for the Szegedy quantum walk. To
understand the complexity of different simulation algorithms, we first need to clarify some concepts
regarding the structure and representation of matrices:

Definition 9.1. Depending on the structure, there are two types of matrices:

o Dense matriz: It is a matrix where most elements are different from 0.
e Sparse matriz: It is a matriz where most elements are 0.

Definition 9.2. There are two forms of representing a matrix in memory:

e Dense representation: This is the naive representation, so that all the elements, including those
that are 0, are stored in memory.

e Sparse representation: In this case, only the non-null elements are stored in memory. However,
this method can be less efficient if the matrix is dense enough.

The naive method for simulating the Szegedy quantum walk consists of creating the unitary matrix
of the single-step operator Us; = S, R in (3.34), and applying it to a vector state. Recall that the
Hilbert space where the walk takes place is

HS = Spaﬂ{’i>1 |j>27 Za] = 07 17 7N - 1} = (DN ® CN’ <91)

whose dimension is N2. Therefore, the matrix representing the unitary operator U, has N2x N2 = N4
elements, so to store it in memory with a dense representation we would need resources scaling as
O(N*). Nevertheless, since the reflection R has a block-diagonal structure, there are N blocks of
size N x N. Thus, for a dense transition matrix G, the reflection R has N3 non-null elements. The
swap S, just permutes these elements, so the unitary operator U, also has N3 elements. Thus, if we
used a sparse representation for the unitary matrices, the resources requirements would improve to

O(N?).

This scaling is still so much prohibitive, so that there is a limitation on simulating the quantum
walk on graphs with dense transition matrices, as for example the ones used for the quantum PageR-
ank algorithm [31,32]. However, there are graphs with very sparse transition matrices, like regular
lattices, so that the unitary operator can be efficiently stored with a sparse representation even for
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thousands of nodes. Thus, this approach is feasible for sparse transition matrices, but not for dense
ones.

If we wanted to simulate the action of an oracle operator ()¢, we would just create a diagonal
operator according to the marked nodes, as explained in Section 2.3.6. With it, we can create an
operator for the oracle acting on the first register as:

Q1:=0Qr® 1y, (9.2)

or on the second register as:
Q2 =1y ®@ Q. (9.3)

In both cases, the resulting operator is also diagonal, so that it does not change the number of
non-null elements in the unitary evolution operator Uy if it is introduced. Therefore, the memory
complexity remains the same after the introduction of an oracle.

For the time complexity, it is expected to scale with the size N the same as the memory require-
ments, since in the matrix-vector product each matrix element intervenes only once. With regard to
the number of time steps of the walk ¢, the complexity is trivially linear, since we have to apply the
operator Uy sequentially for each time step.

Other method proposed to simulate the Szegedy quantum walk is based on the spectral decomposition
of the operator [1,31]. There is an invariant subspace, known as dynamical subspace, where all the
dynamics of the walk usually takes place. It is defined as:

Hp = span {|¢s) , Sw [:)} . (9.4)

In Appendix A.1 we prove that it is invariant. For an initial state formed as a superposition of the
|1);) states in (3.31), we can simulate its evolution if we decompose it as a linear combination of the
eigenvectors in this subspace. Once obtained the coefficients of the combination, we just have to
multiply them by the corresponding eigenvalues raised to the power of time ¢, and recompose the
resulting state with the new coefficients. The dynamical subspace has a dimension of (at most) 2NN,
and since each eigenvector has a priori N2 non-null elements, we need memory resources scaling as
O(N?). A numerical form of obtaining the eigenvalues and eigenvectors from the transition matrix
G is shown in Appendix A.2.

Again, for the time complexity with respect to the graph size N, a scaling as O(N?) is expected.
Nevertheless, an advantage with respect to the naive method is that the different time steps of the
walk do not have to be simulated sequentially. We can obtain the result for whatever time step
just raising the eigenvalues to the power of that particular time . Moreover, we can perform the
simulation of different time steps in parallel, speeding up the simulation.

Although this algorithm seems to improve the naive method, it has some limitations. On the one
hand, there is no spectral decomposition for the operator including oracles. Furthermore, although we
can provide a spectral decomposition after the introduction of some of the phase extensions studied
in Chapter 4, currently there is no method for including local arbitrary phase rotations (APR), so
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that we can only deal with global APR and link phases. On the other hand, it is not possible to
simulate the single-step operator U, acting on a state outside the dynamical subspace Hp. As proved
in Appendix A.1, the action of the single-step unitary operator Uy on the orthogonal complement
is just —S,,, so the eigenvalues are +1. Therefore, the evolution of the perpendicular component
of the initial state is not trivial, and we cannot calculate it. Nevertheless, we can do so for the
double-step operator Wy, since in the orthogonal complement it acts as (—S,,)*> = 1, and therefore
the perpendicular component does not evolve. Anyway, such an initial state is unusual.

9.2. Optimized Classical Simulation

In this thesis we are interested in simulating the walk for a general transition matrix G, so that,
without loss of generality, we are assuming that it is dense. Thus, in this section we explain a
new method for simulating the Szegedy quantum walk with time and memory requirements scaling
as O(N?) for dense transition matrices, which is optimal. Any Szegedy unitary operator can be
expressed in terms of the reflection R, the swap S, and the oracles )1 and ()5. Therefore, in
order to simulate this quantum walk, we provide algorithms for simulating each of the operators
individually, so that they can be used as building blocks to simulate any unitary operator. These
methods avoid the explicit construction of the corresponding matrices. Moreover, these algorithms
are constructed in a vectorized manner, so that we avoid the explicit use of for loops. Thus, they
are optimized for being used with the numerical Python library NumPy [238], which can parallelize
calculations on a CPU, being faster when the operations are vectorized.

A generic state in the Szegedy Hilbert space Hg can be written as:

6= 3" aylidy 1)y (9.5)

1,j=0

In order to simulate the Szegedy quantum walk with the least possible memory resources, we have
to think of the quantum vector state as a matrix. Let us define the matrix ® representing the vector
state |¢) as the one whose elements are

(I)z'j = CLji. (96)

Note that using this notation, the column index represents the first register, whereas the row index
represents the second register. This is so for convenience. If we divide the vector state into blocks
corresponding to each state of the computational basis of the first register, then each block corre-

sponds to each column of the matrix state. In Figure 9.1 we show an example for a network with
N = 3 nodes.
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- Block0

10> = L Block1 O =1 ay aiy az1

np.reshape(phi,N,N).T

Qo2 2 az,

Block 2 T

Figure 9.1: How to represent a vector state by a matriz state for a network with N = 3 nodes. The
blocks of the vector, indexed by the computational basis of the first register, correspond to the columns of
the matriz. Beware that the indexes in the coefficients a;; are swapped with respect to the ones of the usual
matriz notation ®;;.

Let us recall the expression of the reflection operator:

R:=2I1-1,

||
MZ

\w» Wil , i) = ®Z\/G_m\k (9.7)

I
o

b2

We need to store in memory the information of the |¢;) states. It turns out that each of these states
has only N non-null elements. Therefore, we can create an N x N matrix ¥, where each column ¢
has the N non-null elements of |¢;). These states are then expressed as:

N—

i) =) Wi i)y [k), - (9.8)

k=0

—_

An example of condensing the vectors |¢;) for a graph with N = 3 nodes is shown in Figure 9.2.

The matrix ¥ corresponds to the element-wise square root of the transition matrix G:
Uiy =/ Gij- (9.9)

In order to simulate the reflection operator in (9.7), first we need to obtain the action of the
projector operator II. The projection gives us the parallel component of the vector |¢) to the space
spanned by the vectors [¢;):

11]6) =16}, = 3 Cild). (9.10)
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Figure 9.2: How to condense all the information of the |1;) states in a matriz for a network with N = 3
nodes. Each column i of the matriz ¥ corresponds to the non-null block of each |1);) state.

where the coefficients C; are obtained as:

N-1

k=0

The vector C' with the coefficients can be obtained by multiplying element-wise the matrix state
® with the matrix ¥, and adding over the rows of the resulting matrix. In Figure 9.3 we show an
example for a network with N = 3 nodes.

aOOLPOO alolP01 a20l’P02 C = np.sum(psi*phi,axis=0,keepdims=True)

@ « ¥ =fag;Wiofa11¥11]a21 P12 > C 2‘ z aok ko Z a1 Vi1 Z azkYi2
k
C

k k

Y Y

Qo2 W20f@12'W21|a22 W22 0 C, C,

Figure 9.3: How to obtain the vector C' in (9.11) for a network with N = 3 nodes. The element-wise
multiplication between ® and ¥ results in a matriz whose i-th column has the product of the non-null
elements of |1;) and the elements of |p). Thus, summing the elements of each column, the coefficients C;
are obtained.

Once the coefficients are obtained, we can use the broadcasting feature of NumPy to multiply
element-wise the row vector C' with the matrix W. The resulting matrix has in the ¢-th column the
non-null elements of |¢;) multiplied by the coefficient C;. Thus, it results in the matrix representing
the parallel component of our state, |<b>”. An example is shown in Figure 9.4.

Finally, the reflection of the state is obtained straightforwardly as

Rlp) =2 |¢>|| —[¢). (9.12)
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Figure 9.4: How to obtain the parallel component of the state |p) for a network with N = 3 nodes. The

element-wise product of C' and V results in a matrix where each column represents the non-null elements of
C; |¥i), which ends up representing the vector ](b)ll.

So far, we have devised an algorithm to simulate the standard reflection operator. However, it
can be extended introducing the complex phases of Chapter 4. Next, we show how to implement
these extensions in the simulation.

9.2.2.1. Link phases

The link phases are introduced by modifying the |i;) states as follows [149,167]:

Gi(0)) = 3 e/ )y [R), (9.13)

The original reflection operator is recovered when all the phases ¢;; are equal to 0.
In order to introduce this modification in our algorithm, we have to substitute the matrix ¥ in

(9.9) by .
U, = e\ /Gy, (9.14)

which can be done easily creating a matrix ¢ with the phases, taking the element-wise exponential,
and multiplying its transpose element-wise with the element-wise square root of the transition matrix
G. Moreover, since the matrix ¥ is complex, its elements must be conjugated in equation (9.11) for
obtaining of the coefficients C;, and so in Figure 9.3.

9.2.2.2. Arbitrary phase rotations

Let us first see the case of a global APR. It consists of transforming the reflection operator into
R(9) := (1 — )T — 1. (9.15)

The original reflection is recovered when the phase 6 is equal to 7. To simulate it, we just have to
modify expression (9.12) as:

R(9)|o) = (1 = €")|o) —|o) , (9.16)
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in the last step of the algorithm.

In the case of local APR phases, we have the following operators:

N—
- - —

R() = 25(6) — 1, %(6) :%Z | — it

=0

,_.

() (Wi(@)] - (9.17)

Let us denote |¢)y, as the result of acting 52(6) on the state |¢). We need to obtain this vector for the

—

simulation. Indeed, since the factor 2 in R(f) is going to cancel the factor 1/2 in (6), we calculate
directly the state 2 |¢):

2|¢)y = 25(0) |¢) = Zl—e )C; [ (9.18)
=0

where the coefficients C; are obtained the same as for the standard case, as in equation (9.11)
and Figure 9.3. Therefore, so far, the algorithm remains the same. Now, we define the modified
coefficients C; as:

C; = (1 - €%, (9.19)
so that equation (9.18) can be rewritten as:
N-1
2|¢)s = Ci [¥i) - (9.20)

Il
=)

%

The vector C representing the new coefficients is obtained creating a vector with the factors 1 — el
and multiplying it element-wise with the vector C'. Again, we can use the broadcasting feature
of NumPy to multiply element-wise the row vector C' with the matrix ¥, to calculate the matrix
representing the vector 2 |¢)y in a similar manner as in Figure 9.4. The action of R(f) is obtained
by an element-wise matrix subtraction of the initial state:

R(0) |6) = 2(0)5 — |9) - (9.21)

The action of the swap operator on a vector of the computational basis is

Sw |Z>1 ’])2 = |J>1 |Z>2 (922)

Thus, it corresponds to exchanging the coefficients a;; of the vector state (9.5) with the coefficients a;;.
Given the matrix form of expressing the vector state, this operation corresponds straightforwardly
to the transposition of the matrix .

In the case of the twisted swap operator S, (€2) [167] in (4.2), we discussed that it corresponds to
a normal swap 9, followed by the application of a relative phase to each computational basis state.
To simulate it, we would just element-wise exponentiate the matrix €2, multiply it element-wise with
the matrix state ®, and then transpose it.
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We have defined two oracle operators, () in (9.2), and @y in (9.3), depending on which register
is used for marking nodes. They are formed by the phase-flip oracle ), whose action is emulated
knowing beforehand the nodes that are marked, as discussed in Section 2.3.6. Recall that its action
on a state of the computational basis is

Qs i) :Z{ _P i & M, (9.23)

i)  otherwise,

where M is the set of marked nodes.

On the one hand, in order to mark node 7 in the first register, we have to invert the sign of the
coefficients a;; V j of the vector state in (9.5). Given the matrix form ® representing this vector, the
index 7 in a;; refers to the columns. Thus, we have to invert the sign of the elements along the i-th
column. Having a list of marked nodes, we can multiply the columns corresponding to the marked
nodes in a vectorized form in Python. On the other hand, if we wanted to mark the nodes in the
second register, we could proceed in a similar way but inverting the sing of the elements along the
corresponding rows. An example is shown in Figure 9.5 for a network with N = 3 nodes, where
nodes 0 and 2 are being marked.

) Q1o —Qyo
Q1 N
phi[:,M] = phi[:,M] * -1 —Qo1 a1 —az1
Qoo Q1o azo
—Qo2 a2 Y]
o =| a a a —
01 11 21 M=[02]
—Qgo | Q10 | —A20
Qo2 () az2
Q2
Ao1 aiy az1
phi[M,:] = phi[M,:] * -1
—Qo2 | —Q12 | —Q22

Figure 9.5: How to apply the oracle operators for a network with N = 3 nodes. In this case, nodes 0 and
2 are being marked. In order to mark them in the first (second) register, the corresponding columns (rows)
are multiplied by —1.

The same as the reflection operator, the oracle can be extended with an arbitrary phase rotation
as:
Q(0) =Ty — (1 =€) > k) (], (9.24)
keM
whose action on the computational basis is

Qs(0)[i) =

{ iy ifie M, (9.25)

li)  otherwise.

Thus, to introduce the phase in the algorithm, we just have to multiply the elements by € instead
of by —1.
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9.2.5. Measurement

The probability of measuring node ¢ after measuring the first register is given by

N-1 N-1
Z ary ((ilk) 1), Z ai ||| = Z |aal?, (9.26)
1=0

k,l=0
where we have used in the last step that the computational basis is orthonormal. Analogously, the
probability of measuring node 7 if we were measuring the second register is given by

N—
Z (093] ‘k 12 |l Z |a;m . (927)
k=

k,1=0

(p1); = [ 1(2lo7 ]

2

(P2); = [I o |0,

To obtain the probabilities of measuring each of the nodes, first we need to take the squared
modulus of all the elements in the matrix state . After that, the probability of measuring node i
in the first (second) register is obtained by adding the elements of the i-th column (row), according

0 (9.6), (9.26) and (9.27). A vectorized way of doing this with NumPy is shown in Figure 9.6.

po = lagol* + lagi|* + |ag,|?
p1 = lasel* + lay:|* + lag,|?
P2 = lage|* + |ap1] + |az,|?

Measure Register 1

np.sum(phi_sgm,axis=0)

|0loo|2 |a1o|2 |0lzo|2

|ao1|2 |a11|2 |az1|2

|aoz|2 |‘112|2 |0122|2

Po = lagol® + lasol* + layl?
p1 = lag;|* + lagq|* + lay|?
P2 = lag,|* + lagz|* + |as,|?

Measure Register 2

v

np.sum(phi_sgm,axis=1)

Figure 9.6: How to obtain the probability distributions of the walker for a network with N = 3 nodes.
First, the squared modulus of all the elements in ® is taken. To obtain the probabilities after measuring in
the first (second) register, the elements of each column (row) are summed.

9.2.6. Initial state

Usually, the initial state of a Szegedy quantum walk is a linear combination of the |¢;) states:

N-1

|9) = Z a; [¥i) - (9.28)

1=0
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It can be seen that the matrix ¥ corresponds to the sum of the matrices representing the |v;) states.
Thus, the matrix representing this initial state is obtained by multiplying each column ¢ by the
corresponding amplitude a;. In the case of an equal superposition, we just have to divide the matrix

T by v/'N.

Given the the procedures described for simulating the action of the different operators, we can
formulate the following lemmas about our algorithm.

Lemma 9.1 (Memory). The memory storage of the SQUWALS algorithm scales as O(N?).

In all the algorithms that we have seen in this section, the objects are dense N x N matrices.
Thus, the number of elements that we have to store for each application of the unitary operator scales
as O(N?). For a dense classical matrix we just have N? elements, so that this scaling of the memory
requirements is the minimum achievable, and then is optimal. Moreover, since we do not need the
quantum states at each time step, but the probabilities, we can just measure each time we apply
the algorithm for simulating the unitary evolution without saving the intermediate quantum states.
Note that at each step we have N probability elements, so for big enough networks the memory
needed to store them is negligible with respect to the cost of storing the quantum state. Therefore,
the memory requirements would not increase with the number of time steps, and only depend on the
size of the graph as O(N?).

Lemma 9.2 (Time Complexity). The time complexity of the SQUWALS algorithm scales as O(N?).

Regarding the time complexity of the algorithm, the most costly operations are the multiplica-
tions. As we have seen, all the multiplications are done element-wise, so that each element of the
N x N matrices intervene only once for each of the operations. Thus, the number of times that an el-
ement is used does not depend on N. Since in each element-wise multiplication we have N? elements
intervening, then the time needed by the algorithm to run will scale theoretically as O(N?), the same
as the memory requirements. Finally, since we need to calculate all the time steps sequentially, the
time required by the algorithm will scale linearly with the number of time steps.

These lemmas are valid for dense representations of matrices, where even null elements are being
stored. However, if the transition matrix GG only has very few non-null elements, then we could use
a sparse representation to reduce the requirements of our algorithm even further. For example, for a
cyclic 2D lattice the number of non-null elements in G is only 4NV, since there are N nodes with four
connections each. Then, the dimension of the reduced subspace HE, where the walk takes place (see
Section 3.5), grows as O(N), and so the resources needed for the simulation.

9.3. Classical Simulation of the Semiclassical Szegedy Walk

In Chapter 6, we proposed a new kind of walk algorithm that mixes quantum and classical properties,
called semiclassical Szegedy walk [2]. Recall that there are two parameters to describe a semiclassical
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walk. The first one is the quantum time ¢,, which is the number of times we apply the unitary
evolution between measurements. The second one is the classical time t., which is the number of
times that the scheme of quantum evolution and measurement is repeated.

In order to simulate these walks on a classical computer, we need to obtain the semiclassical
matrices. There are two classes of walks depending on what register is measured to obtain the
classical position:

GE =Gl |[F, oG5 =[] L6107 (9.29)

The left-subscript in the semiclassical matrices denotes the class of the walk, and the quantum time
t, characterizes the particular semiclassical walk of the family.

Since a classical walk is easy to simulate given a transition matrix, the semiclassical walk simu-
lation reduces to calculate these semiclassical matrices. For this, we have to simulate the quantum
evolution of all the [¢);) states. A naive approach would be to use our simulation algorithm N times
with a for loop, taking each of the |¢;) states as initial state. In this case, the memory resources
would still scale as O(N?) since only one quantum evolution is being performed at a time, and the
time needed would be multiplied by N, scaling as O(N?).

If the memory resources of the computer are permissive enough, we can save time vectorizing
the operations with NumPy. We can stack different initial matrix states along a third dimension, so
that the broadcasting feature allows to perform the quantum evolution on all of them with the same
operations that we have seen in the previous section. An example of a vectorized initial state with
all the |1);) states is shown in Figure 9.7 for a network with N = 3 nodes.
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Figure 9.7: How to stack different initial states for a network with N = 3 nodes. The different matrix
states are stacked along a third dimension, forming a 3D tensor. In this case, the three |1);) states are
stacked in a batch.

In the case of vectorizing all the operations, the memory requirements would scale now as O(N?).
Note that the time complexity remains as O(N?), since it only depends on the number of operations,
although these can be done faster thanks to the vectorization and how they could be parallelized.
Depending on the memory resources of the computer, we could make a batch with all the |¢;) states,
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or use mini-batches composed of a limited number of states to save memory. In the limiting case of
one state at a time, the scaling of the memory as O(N?) is recovered.

9.4. Classical Simulation with Mixed States

Since the Hilbert space Hg is of dimension N2, a naive approach for simulating the evolution of a
mixed state would require to store an N? x N2 matrix, which is prohibitive and would need memory
resources scaling as O(N*). Moreover, depending on the state, it can also be prohibitive if we used
a sparse representation of this matrix. In this section, we show a method for simulating the Szegedy
quantum walk on a mixed state that is expressed as a weighted sum of a particular set of pure states.
In contrast to the simulation algorithm on pure states, which can be used to obtain all the complex
amplitudes of the state, the algorithm that we provide for mixed states does not calculate the matrix
elements of the density operator, but only the probabilities of measuring each of the nodes.

Let us denote |3;) to the vectors of a set that are in the Szegedy Hilbert space Hg. The mixed
state is then expressed as:

Z P18 (B (9.30)

i=0
where ¢; are non-negative real numbers adding 1, and M is the size of the set. Note that this size
does not have to be N? in principle.

Without loss of generality, let us suppose that the system evolves with the single-step unitary
operator U,. The mixed state after the evolution is

M-1

UypU] = Zc@U 18:) (B UL (9.31)

Let us suppose that we want to measure the first register of the system. The probability of measuring
node j is given by

(pr); =T [ UspUL 1j),] = T Zczl U 1) (8 UL 1), (9.32)

The same as the product of a vector state with a vector of the computational basis of the first register
results in a vector in the second subspace, in this case the sandwich results in a density matrix in the
second subspace. Thus, we have to trace to obtain the final probability. Since the product ,(j| Us |3;)
results in a vector in the second register, we can express the trace as:

M-—1 M-—1
Te | Y ey GlUNB) (Bl UL )| = D el 4Gl U181 (9-33)
i=0 1=0

The term || ,(j] Us |8;)||* corresponds to the probability of measuring node j after the quantum walk
evolution of the state |3;). Thus, the probability of measuring node j starting from the mixed state
is a weighted mean of the results for each of the states that form the mixed state, where the weights
are given by the coefficients c;.
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If we were measuring the second register instead, a similar result would be obtained. Thus, in
order to simulate the probabilities of the walker from a mixed state, we need to simulate the quantum
walk for each of the states |f;) that comprise it. The same as in the semiclassical walk simulation,
we can stack them in a batch to simulate them in a vectorized form, as long as the memory resources
allow it. However, we can simulate one at a time, so that the memory requirements again scale as

O(N?).

We have previously mentioned that the common initial state for the Szegedy quantum walk in (9.28)
is formed by a superposition of the |¢;) states. Thus, these states could be an appropriate set to
form an initial mixed state as:

p= Z_ ¢i |1hi) (il - (9.34)

Generalizing the evolution for a quantum time step ¢, and using (9.32), (9.33) and (9.29), we
obtain a relation between the probabilities measuring the first register and the semiclassical matrices

of class I:
N—1

(p1); = Tr [ (GOl U )] = 3 1G5 e, (9.35)
=0

If ¢; are the coefficients of a column probability vector, then the quantum walk on the mixed state in
(9.34) during t, steps corresponds to the first classical step of the corresponding semiclassical walk on
the probability distribution given by the coefficients ¢;. The same discussion is valid for measuring in
the second register, using the semiclassical walks of class II. From the point of view of the simulation
on a classical computer, this means that the simulation of the semiclassical walks by means of the
semiclassical matrices implies solving the problem for any mixed state of the form in (9.34).

9.5. SQUWALS

Given the algorithms presented above, we have developed a Python library called SQUWALS, which
performs the operations in a vectorized form using NumPy. This software allows the user to simulate
Szegedy quantum walks in a simple manner, without a deep knowledge of the algorithm itself.
Moreover, the user does not have to transform the quantum states into matrices, so that they can
be provided just as normal NumPy vectors.

In this section, we describe the code fundamentals for using our simulator, and show that the
scaling in both the time and memory needed to run is compatible with O(N?), as theoretically
predicted. Finally, we show some applications based on the Szegedy quantum walk that are available
in our library.
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In order to simulate a Szegedy quantum walk, the user needs to provide an initial state vector |¢)
and a classical transition matrix G. This matrix must be column-stochastic, so that each column
adds up to 1. In case that the user wants to use the initial quantum superposition state in (9.28),
we provide a function that creates it from the transition matrix.

Our library provides three classes for the three main operators, which are the reflection R, the
swap S, and the oracle ;. On the one hand, the reflections are created providing the transition
matrix G, and optionally, the phase extensions mentioned in 9.2.2. On the other hand, the oracle
is created providing a list with the marked nodes, the subspace where the marking is having place,
and an optional phase. Once the necessary operators have been instantiated, the user must use the
unitary class to create a unitary operator concatenating the building-block operators in the desired
manner. The unitary object can then be fed with a quantum state vector, and returns the result of
the quantum evolution. After that, in order to obtain the probability distributions, the measurement
class must be used, choosing what register is being measured.

With the unitary and measurement classes, we could simulate the Szegedy quantum walk from
any initial quantum state. However, this would result in a low-level implementation, since the user
must code a loop for the different time steps, and manage to store the results properly. For that
reason, we provide a higher-level simulator that does it for us. Our quantum simulator needs as
input parameters the unitary evolution operator and the initial state |¢), as well as the number of
time steps and the register to measure. This simulator performs all the time steps while measuring
the probabilities, and it only provides the probability distributions for all the time steps. Thus, the
intermediate quantum states are not being stored, and the memory requirements do not scale with
the number of steps.

Finally, in case we want to simulate the quantum evolution on different initial quantum states, our
simulator allows the user to introduce a batch of quantum states, so that their evolutions are done
in a vectorized form. An example is the case of calculating the evolution on a mixed state, where we
need to simulate the evolution of all the states that comprise it. Moreover, once the simulation on
this set of states is performed, the result can be fed to another utility that receives the coefficients
in (9.30) and returns the probability distributions for the evolution of the mixed state.

In Section 9.2.7, we proved that the theoretical scaling of both the memory requirements and time
needed for the our algorithm to run scales as O(N?). In order to check that our implementation
follows that scaling, we have made some simulations for random dense transition matrices of growing
sizes, from N = 100 to N = 16000. We have used an AMD Ryzen 9 5950X 16-Core Processor for all

the simulations.

First, we have measured the time it takes to run the algorithm. We want to fit the data to the

following scaling law:
f(N)=AN", (9.36)

so that the coefficient n determines the scaling complexity. To do so, we take logarithms in (9.306)
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to linearize the expression:

log f(N) =log A+ nlog N. (9.37)

The results of the linear fit in logarithmic scale are shown in Figure 9.8(a). As we can see, the
exponent n is significantly greater than 2. However, note that the linear behavior starts from N =
1000 approximately. Recall that the theoretical scaling was discussed in the asymptotic limit of large
N. This can explain this behavior, and for this reason, we have made the fit in the linear region
from N = 1000 in Figure 9.8(b). In this case now we can see a clear linear trend in logarithmic
scale, with a smaller exponent of n = 2.13. Although this is slightly greater than 2, it seems that
our implementation has a time complexity approximately similar to the theoretical one of O(N?).
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Figure 9.8: Linear fit in logarithmic scale of the time needed to run the simulation algorithm versus the
number of nodes of the graph. (a) From N = 100 to N = 16000. (b) From N = 1000 to N = 16000. All
the simulations have been performed for 100 time steps, using the double unitary operator Wy = S, RSy R.

For the scaling of the memory requirements, we have followed a similar procedure measuring the
memory consumed by the algorithm. The results are shown in Figure 9.9(a). In this case, we have
again finite size effects for small values of N. Thus, in Figure 9.9(b) we show the fit for larger values
of N, where the asymptotic behavior occurs. The exponent n ~~ 2 in this case, so that our simulator
has the expected theoretical scaling with the memory resources as O(N?).

With the main simulator described above, we can simulate any algorithm based on the Szegedy
quantum walk. Nevertheless, we aim to provide higher-level functionalities in our library, so that
end users can apply different Szegedy-based algorithms easier.

An application implemented in our library is the semiclassical Szegedy walk. We provide a
function that manages to create the initial |¢;) states from a transition matrix G, and simulate the
evolution on them using a unitary operator, to return the semiclassical matrices in (9.29) directly.
Moreover, this function accepts a batch size parameter, so that the user can define the size of the
batch of states that are vectorized at a time. Later, to simulate the walk, we also provide a classical
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Figure 9.9: Linear fit in logarithmic scale of the memory consumed by the simulation algorithm versus the
number of nodes of the graph. (a) From N = 100 to N = 16000. (b) From N = 1000 to N = 16000. All
the simulations have been performed for 100 time steps, using the double unitary operator Wy = S, RS, R.

walk simulator, so that it calculates a semiclassical walk using the desired semiclassical transition
matrix.

Another application is the quantum PageRank algorithm described in Section 3.10. This is
valuable not only as a quantum algorithm implementable on a quantum computer, but also as a
quantum-inspired classical algorithm thought to be run on a classical computer [31,32]. Moreover, the
transition matrix has no null elements. For these reasons, having an efficient classical implementation
is crucial. In this case, the algorithm starts from the initial quantum superposition in (3.60), uses
the double-step Szegedy unitary W, = S,RS, R, and measures in the second register. After that,
the probability distributions are averaged in time to yield the quantum PageRank distribution. Our
function only requires the Google matrix G to perform all the calculations. Moreover, it allows the
input of two arbitrary phase rotations, as introduced in Chapter 5.

Finally, there are applications for simulating the different SearchRank algorithms of Chapter 7.
The user must provide the Google matrix GG, and a list with the marked nodes. The applications
calculate the reference time of measurement, apply the quantum or semiclassical walks for the unitary
operator Wg = 5,1 RS,,Q1 R, and return the SearchRank distributions from the second register.

9.6. Summary of Results and Conclusions

e Any Szegedy unitary operator can be decomposed on three building blocks: reflections, swaps
and oracles. These operators are of size N2 x N2, where N is the number of nodes of the graph,
so that a naive approach for simulating this quantum walk would need memory resources that
scale as O(N*). There exist other methods that only requires O(N?) memory resources when
the transition matrix is dense, as the use of a sparse representation for the unitary operators,
or the spectral decomposition method. However, for a general transition matrix this scaling is
so much prohibitive for big enough networks.
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e In order to save memory resources even if the transition matrix is dense, we have devised an
algorithm that reduces the memory and time requirements further to O(N?), and allows several
modifications of the Szegedy unitary evolution as the introduction of oracles and complex phases
extensions. Moreover, this scaling is optimal for dense transition matrices.

e We have also reviewed the semiclassical Szegedy walk and devised a method for simulating
the quantum walk on mixed states. Both algorithms require simulating the walk on a set of
different initial states, and we have shown how that procedure can be vectorized by constructing
batches of quantum states. So far, for simulating on mixed states, our algorithm requires that
they are diagonal in a given set, so that there are no coherence matrix elements. This is an
open problem that needs a further research in the future.

e Finally, we have presented SQUWALS, a Python package for simulating Szegedy quantum walks
using our optimized algorithm. This is a NumPy-based simulator that leverages vectorization
techniques to speed up the calculations. We have coded a high-level functionality that only
requires the initial state and the transition matrix to be provided by the user, and performs all
the needed calculations to obtain the probability distributions at each time step of the quantum
walk. Moreover, we have shown that both the time and memory requirements of our simulator
scale as O(N?), as theoretically predicted.

e There are instances of other classes of quantum walks on graphs that can be cast into a Szegedy
quantum walk. For example, instances of coined quantum walks (see Section 3.5), or staggered
quantum walks [149]. Thus,our simulator is also useful for simulating other kinds of quantum
walks, whenever this casting is possible.

e In the future, we expect our algorithm to be parallelized with specialized hardware for that task,
as for example GPU cards. Moreover, we aim to continue adding more higher-level algorithms
to our library, having as yet algorithms for PageRank, SearchRank, and semiclassical walks
simulation.
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Chapter 10

Global Conclusions

In this thesis, we have explored new directions in quantum walk algorithms, which are the quantum
equivalent of Markov chains. This opens a promising field for the development of algorithms that
can beat the current classical approaches. Our objectives are divided in three blocks, for which we
summarize the following results:

Phase Extensions

e We have introduced complex-phase extensions in the Szegedy quantum walk as new degrees
of freedom, giving rise to the graph-phased Szegedy quantum walk. Our extended model
increases the compatibility with the coined quantum walk and provides new strategies for search
algorithms on graphs based on arbitrary phase rotations. Moreover, we have analyzed the
implementation of this extended walk, modifying slightly the quantum circuits of the standard
Szegedy walk.

e In the context of classifying information in future quantum networks, we have developed new
quantum PageRank algorithms using arbitrary phase rotations. This approach shows improved
results, as a restoring of the degeneracy of residual nodes in scale-free graphs. Moreover, it
retains the good properties of the quantum PageRank, as for example an enhanced stability
with respect to the damping parameter inherent to the algorithm. Therefore, it results in a
novel paradigm for ranking nodes in a graph.

The Semiclassical Framework

e We have introduced a new type of walk algorithm that combines classical and quantum be-
haviors, which we denote as semiclassical walk. In particular, we have studied a semiclassical
Szegedy walk, which has been proved to be a promising paradigm for algorithms beating both
classical and quantum walks. As an example, we have analyzed its application for a new PageR-
ank metric that can rank the nodes of symmetric weighted graphs, where both classical and
quantum approaches fail. Furthermore, we have performed experiments on an actual quantum
computer to prove its feasibility in a real scenario.

e We have applied the semiclassical framework to the quantum SearchRank algorithm, which is
able to find marked nodes on graphs at the same time that provides a classification for them.
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Whereas the quantum SearchRank looses its search ability as soon as the size of the graph
grows, our new algorithm, denoted as semiclassical SearchRank, is able to restore it. Moreover,
we have developed another approach, denoted as randomized SearchRank, which is a simplified
algorithm retaining the quantum speedup. Moreover, the randomized version also improves the
quality of the rankings, so that represents an important step towards a quantum search engine.

e In the context of blockchain technologies, we have developed the Quantum Signature Validation
Algorithm for fraud detection. This protocol has in its core the randomized SearchRank,
and therefore can leverage the graph structure of transactions for finding the most relevant
fraudulent activity in the network. Our simulation results using a real Bitcoin dataset show
that our algorithm is able to find all the tampered transactions, in an order that agrees with
the classical PageRank distribution. Therefore, it can be helpful for solving scalability issues
of blockchain and other distributed ledger technologies.

SQUWALS

e We have devised a novel classical simulation algorithm for the Szegedy quantum walk. Whereas
previous simulation methods needed resources scaling as O(N?3) with the size N of the graph,
our approach improves it to O(N?). This allows the simulation of the walk on graphs with
thousands of nodes, as the ones used in this thesis. Furthermore, we have developed SQUWALS,
a Python package implementing our algorithm, including phase extensions and the semiclassical
Szegedy walk. Apart from its usefulness at a research level, it can also be used for implementing
quantum-inspired classical algorithms based on the Szegedy quantum walk.

Despite the positive results obtained in this thesis, it is obvious that more research is needed
until a completely functional quantum algorithm is released. For example, our algorithms need
further research focused on the construction of quantum circuits for oracles and walk operators.
This thesis is just a step towards the advancement of quantum walks and their applications in tasks
such as classification and search. We hope our findings pave the way for future developments bridging
theoretical quantum computing research with practical implementations.
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Appendix A

Szegedy Dynamical Subspace and
Spectral Decomposition

In this appendix, we introduce the dynamical subspace of the Szegedy quantum walk, and show the
spectral decomposition of the unitary evolution operator on this subspace, useful for the simulation
on a classical computer.

A.1. Dynamical Subspace

—

Without loss of generality, let us consider the single-step operator Us(f,¢) of the graph-phased
Szegedy quantum walk introduced in Chapter 4, which contains link and APR phases:

=

Us(0, ) == Su(25(0, ) — 1), (0, ) := (1—¢"%)

% CACHXCEICIR (A1)

Il
o

7

with the |1;(¢)) states given in (4.1). Recall that the standard Szegedy walk is recovered for 6; = 7
and ¢;; = 0.

The dynamical subspace [31] is defined as:

Hp(p) == span {[vi(@)) , Sw [¢i(@))} (A.2)

which depends on the link phases ¢, but not on the APR phases g. This subspace is invariant under

the action of the evolution operator Ug(0,¢), which acts as —S,, in the orthogonal complement

Hp(p).

To prove that it is an invariant subspace, since the operator is unitary, it suffices to prove that
Hp(p) is invariant. Let us take a vector |¢) € Hp. Therefore this vector is perpendicular to the

—
)

[4(i)) states, so that S(F, ¢) [¢4()) = 0. Thus:

Us(0, ) |6) = —Su ) - (A.3)
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By definition, |¢) is also perpendicular to the S, |1;(¢)) states, so S, |¢) is perpendicular to the
|1:(p)) states, and therefore also belongs to H3(¢). Thus, the action of U,(6, @) lets the dynamical
subspace invariant, and effectively acts as —S5,, on the orthogonal complement.

Note that since the action in the orthogonal complement H5(¢p) is —S,,, the evolution in this
subspace is not trivial and there is also some dynamics. The reason why the subspace Hp(yp) is
named “dynamical” is historical, and comes from the use of the original double-step operator W. If
we square the single-step operator, and apply it to a state in the orthogonal complement, we have

W0, ) |6) = UX(0, ) |¢) = —U,S, |6) = +S2|6) = |¢) , (A.4)

—

so the action of W(#, ) is trivial and there is no dynamics. Moreover, even if we use the single
operator Uy(f, ¢), the initial state is usually composed as a linear combination of the |1);(¢)) states,
so all the dynamics occurs in the dynamical subspace.

—

So far, we have studied a double-step operator Ws(6, ¢) coming from the square of a single-step
operator Us(g, ¢). Nevertheless, we also defined a double-step operator Ws(gl, 01, 0;, ¢2) coming from
the product of operators with different phases. Since the dynamical subspace in (A.2) depends on
the link phases ¢, we must consider this case separately. The dynamical subspace for this operator
is

Hp(er,p2) := span{|thi(p1)) , Sw [Pi(2))} (A.5)
which again only depends on the link phases.
To prove it, we can get rid of the APR phases, since they do not intervene. Let us decompose

the double-step operator as W (1, 02) = Us(p2)Us(¢1). Since |¢) € Hp (1, p2) is perpendicular to
the [1;(¢1)) states, then

Us(i0) 6) = 50 |6) (A6)
Since |¢) is also perpendicular to Sy, |;(p2)), then Sy, |¢) is perpendicular to |¢;(¢2)), so that

which proves that the dynamical subspace Hp(p1,p2) is invariant, and that the action on the or-
thogonal complement is trivial.

Note that the dimension of the dynamical subspace does not have to be 2N. There can be cases
where not all the vectors that generate it are linearly independent. For example, if there is a sink
node, its corresponding |1);) state is equal to its swapped version. Other cases occur when the graph
has certain symmetries. Therefore, the dimension is at most 2/N, but can be smaller.

A.2.Spectral Decomposition

—

Since the action of any single-step operator Uy(f, ) in the orthogonal complement of the dynamical
subspace is —35,,, its eigenvalues in this subspace are £1. Moreover, the action of any double-step
Ws(gl, 01, 0_;, 2) operator is trivial, so that its eigenvalues are +1. In our case we are interested in
the spectral decomposition in the dynamical subspace Hp, where the initial state of the quantum
walk is usually, and where the evolution is not trivial. We show a method to obtain the eigenvalues
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and eigenvectors from a decomposition of the discriminant matrix [31,45,90], which is an N x N
matrix related to the transition matrix G. Thus, it can be decomposed numerically, and we can
compute the spectral decomposition of the Szegedy evolution operator, avoiding the construction of
the corresponding N? x N? matrix.

The method to follow is different for each operator, so we treat them separately. Moreover, as
we will see, these methods do not work in the case the operators have local APR phases, so we only
consider the case of global APR phases.

For the single-step operator we generalize a method based on the spectral decomposition of the
discriminant matrix, which can be found in the literature for the standard Szegedy quantum walk
[31,90]. The evolution operator is

N-1

U0, ¢) = Su([1 = €’ TI(p) — 1), TI(p) ==Y _ [1hi(¢0)) (wilep)| . (A.8)

1=0

Let us define the discriminant matrix D(¢) as an N X N matrix whose entries are

Dij (QD) = €i<pji€_i<'0ij \/ GijGjia (Ag)
We also define the operator A(y), which relates each vertex state to its corresponding |¢;(¢)) state:

N-1

Alp) =) [ilp)) (il (A.10)

=0

From now own, for the sake of simplicity, we do not show the explicit dependence of these matrices
on the complex phases, so that II = II(y), D = D(¢), and A = A(p). It is easy to check that these
matrices satisfy the following properties:

AAT =TI, A'A=1y, D=A'S,A. (A.11)

The matrix D is Hermitian, so that it can be diagonalized, yielding N eigenvectors |A) with
eigenvalues A, so that D |\) = A|\). With them, we define the vectors ‘X> := A|)\), which are linear

combinations of the |¢;(¢)) states by construction. We need to apply Us(6, ¢) to these vectors. For
convenience, let us calculate before the action of the projector. Using the properties in (A.11), we

obtain: - ‘:\,> _ At ‘X> — AATA|N) = Ally ) = ‘}\“> ' (A.12)

Using this, we can apply the evolution operator:

U.(0, ) )X> 1 ‘X> . (A.13)
Now, we need to apply the evolution to the states 9, ‘X> We apply first the projector:

118, ‘X> — AATS, ‘X> — AATS,AN) = AD|A) = AN |A) = A )X> , (A.14)
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and therefore we can calculate the unitary evolution:

U,(0, )5, (X> . ‘X> +[1— €] AS,, ]X> . (A.15)

Note that the action on these vectors yield vectors in the subspace formed by them. Therefore,

each pair {‘X> , Sw X>} generates a 2-dimensional invariant subspace. Since the vectors X> = AN

X> and S, ‘X>
generate the dynamical subspace Hp(p) in (A.2). Thus, these 2-dimensional invariant subspaces
factorize the dynamical subspace. To find the spectral decomposition in Hp(p), we just have to find

are linear combinations of the [1;(¢)) states, then the combination of all the vectors

the eigenvalues and eigenvectors in the subspaces generated by each pair {‘X> , S ‘X>} For each

pair we have two eigenvectors, which we can form as linear combinations of the two vectors of the
pair. Due to the fact that the product of an eigenvector by an scalar produces a parallel eigenvector,
we can fix a coefficient to 1, and let the other be arbitrary. We make the following ansatz for the
eigenvectors of Ug(0, ¢) in each 2-dimensional subspace:

1) = ]X> —aS, ‘X> , (A.16)
where 1 is the eigenvalue of the eigenvector |u), and a is a complex amplitude to determinate. The

relative minus sign is chosen for convenience. We apply U (0, ) to this eigenvector, and using (A.13)
and (A.15), we obtain:

Us(0,9) 1) = a

X> — (e’ + [1=€"]aN) S, ‘X> : (A.17)
By definition of eigenvector we also have that
U(60,9) ) = i [X) = asiy |X). (A18)
Equaling both expressions, we obtain that a = u, and an equation for the eigenvalues:
—p? = = — [1- eia} LA, (A.19)

whose solution is

(A.20)

[1— ) A /[1 - e A2 4 4
= :
2

This effectively yields (at most) two eigenvalues for each 2-dimensional invariant subspace, and we
can calculate their corresponding eigenvectors.

Note that the vector ’X> is trivially an eigenvector of the projector II because it is a linear combi-
nation of the [¢;(¢)) states. For this reason, these states are not connected to each other. However, if

we had local APR phases, the state ‘X> would not be an eigenvector of the pseudoprojector Z(é: ©),

and the application of US(QA7 ¢) would result in a linear combination of all the ’X> states. Thus,

the dynamical subspace would not factorize in 2-dimensional invariant subspaces and we could not
decompose the evolution operator using this method.
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For the double-step Szegedy operator, in the case that it comes from the square of a single-step
operator, such that W,(0,¢) = UZ%(0,¢), the eigenvectors would be the same as before, and the

eigenvalues would just be the squared omes, i.e., 2. However, if it comes from the product of

two operators with different phases, we need to make the calculations directly for the operator
Ws(91,801792,902)3

W01, @1, 02, p2) == Su([1 — €®] o — 1)S,,([1 — ] II; — 1), (A.21)
where TI; = II(p1) and I = I1(g2).
Let us define the discriminant matrix D(¢1, p2) as an N x N matrix whose entries are
D;;i(¢1,p2) = el (P1)jie=1(#2)s; GiiGji. (A.22)

Again, we get rid of the dependence on the phases, so that D = D(p1, ). We also define the
matrices A; = A(¢1) and Ay = A(gpy). These matrices satisfy the following properties:

AJAT =11, A AL =TI,, AlA, = AlA, =1y, D= AlS,A,, Df=AlS, A, (A.23)

In the general case where @ # 9, the matrix D not only is not Hermitian, neither is normal.
Therefore, D and D' do not share eigenvectors. As we will see, D! appears in the calculus, so
that unless they share eigenvectors, the spectral decomposition of D is not useful in this case. For
that reason, we use a generalization of the method proposed by Szegedy using the singular value
decomposition of D [45]. The matrix D has N singular values o, whose right-singular and left-singular
vectors are |og) and |oy), respectively. They satisfy that D |og) = o |oL), and D'|oL) = o |or).
Note that the singular values are always real numbers. We define the vectors |o}) := A; |og) and
|02) := Ayl|or), and follow an analogue procedure to the one used before. First, we apply the
evolution operator to the states |7%). For convenience, we calculate the following applications of the
projectors IT; and Il using the properties in (A.23):

I, [5}) = A1 A} |5%) = ALATA, |og) = Aily |og) = [5k) (A.24)
1,8, |0) = A2ALS, |ok) = A ALS, Ay og) = AsD |og) = Aso|or) = o |52) . (A.25)

With this, we can apply the evolution operator:
W01, 91,02, 92) o)) = el oh) — e [1—¢e?] o8, 57) . (A.26)

After the application, the states S, [57) appear. Therefore, we need to apply the evolution operator
on them. Again, we precalculate some applications of the projectors:

1,8, |52) = A1ALS, [67) = A1AlS, As |or) = A DV o) = Ao |og) = o |5F), (A.27)

I, |52) = A AL [57) = Ay AL As o) = Aoy |op) = [53) . (A.28)

Using them, the evolution of the states results in

W01, 1, 02, 02)Sw ’5,%> =—[1-€"]o |5}Q> +([1—€e"][1-€"]0®+e%) S, |a7).  (A29)
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The same as before, each pair {|oF), S, |0%)} generates a 2-dimensional invariant subspace,
which factorize the dynamical subspace Hp(p1,p2) in (A.5). This is so because the vectors |o}) =
Ay |og) are linear combinations of the |¢;(p;)) states, and the vectors |02) = Ay|or) are linear
combinations of the [1;(p2)) states, so that the combination of all the vectors |o) and S, |0%)
generate the dynamical subspace Hp(p1, ¢2). We make the following ansatz for the eigenvectors of
Ws(01, 1,02, p2) in each 2-dimensional subspace:

lv) = |?f1112 — aS, }5L> : (A.30)

where v is the eigenvalue of the eigenvector |v), and a is again a complex amplitude to determinate.
We apply Ws(6y, 1,02, p2) to this eigenvector, and using (A.26) and (A.29), we obtain:

W(01, 1, 0s, 02) |v) = (e + Chao) ‘5}9 — (aeig2 + [eiel + Chao] C30) Sy }5% , (A.31)
where C}, = [1 — ewk}. Using the definition of eigenvector, we also have that
Wy(01,02) |v) = v o) —vaS, |07) . (A.32)
We obtain a system of two equations with two variables, a and v:
v =" + Chao, (A.33)

va = ae'® + [eiel + Ciao] Cyo. (A.34)

After substituting the first equation into the second one, we finally have a second-order equation for
a
Cioa® + [eigl —elf2 — 010202] a— e Cy =0, (A.35)

whose solution is

— [6191 _ 6192 _ 01020'2} + \/[6191 — etz — 01020'2]2 + 4610101020'2
2010 .

a =

(A.36)

Using (A.33) we obtain (at most) two eigenvalues for each subspace, and we can calculate the
eigenvalues and eigenvectors of the operator W(6y, ¢1, 63, p2) in the dynamical subspace Hp (o1, p2).

Finally, in the case that ¢ = @9, the matrix D is Hermitian, and we could use its spectral
decomposition. We would just have to take ¢ = A, and |og) = |o) = |A).
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