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ABSTRACT. We study the existence of reducing subspaces for rank-one perturbations of diagonal
operators and, in general, of normal operators of uniform multiplicity one. As we will show, the
spectral picture will play a significant role in order to prove the existence of reducing subspaces
for rank-one perturbations of diagonal operators whenever they are not normal. At this regard,
the most extreme case is provided when the spectrum of the rank-one perturbation of a diagonal
operator T = D 4+ u ® v (uniquely determined by such expression) is contained in a line, since in
such a case T has a reducing subspace if and only if 7' is normal. Nevertheless, we will show that
it is possible to exhibit non-normal operators 7' = D + u ® v with spectrum contained in a circle
either having or lacking non-trivial reducing subspaces. Moreover, as far as the spectrum of T is
contained in any compact subset of the complex plane, we provide a characterization of the reducing
subspaces M of T such that the restriction 7' |as is normal. In particular, such characterization
allows to exhibit rank-one perturbations of completely normal diagonal operators (in the sense of
Wermer) lacking reducing subspaces. Furthermore, it determines completely the decomposition of
the underlying Hilbert space in an orthogonal sum of reducing subspaces in the context of a classical
theorem due to Behncke on essentially normal operators.

1. INTRODUCTION AND PRELIMINARIES

Let H denote an infinite dimensional separable complex Hilbert space and L£(H) the Banach
algebra of all bounded linear operators on H. An operator T' € L(H) is reductive if every closed
invariant subspace M of T reduces T or is a so-called reducing subspace; namely M is invariant under
both T and its adjoint T* (equivalently, both subspaces M and its orthogonal complement M~ are
invariant under 7). A well-known unsolved problem in the context of bounded linear operators acting
on H is if every reductive operator must be a normal operator. Indeed, the answer is affirmative if
we restrict ourselves to the class of compact operators [I] or polynomially compact operators ([36],
[37]). In the general context L(H ), such a problem is equivalent to the existence of non-trivial closed
invariant subspaces and hence equivalent to provide a positive answer to the Invariant Subspace
Problem in the frame of infinite dimensional separable complex Hilbert spaces [15].
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The Invariant Subspace Problem is, by now, a long-standing open question which have called the
attention of many operator theorists since 1940’s, producing approaching strategies leading to deep
theorems and intricate examples. Within the most remarkable theorems, we mention Lomonosov
Theorem [30], while among the most relevant examples, one may find the constructions by Enflo
[16] and Read ([34], [35]) of bounded linear operators acting on infinite dimensional complex Banach
spaces lacking non-trivial closed invariant subspaces (or even non-trivial closed invariant subsets).
Recently, in [21] the authors exhibit a bounded linear operator T acting on ¢! such that f(7T') has
no non-trivial closed invariant subspaces for every non-constant analytic germ f. We refer to the
classical monograph by Radjavi and Rosenthal [32] and the recent one by Chalendar and Partington
[9] for more on the subject.

Regarding the different aforementioned approaching strategies, there is one coming from the ana-
lysis of the behavior of operators acting on finite dimensional subspaces which led to the concept
of quasitriangular operators. Recall that a bounded linear operator 1" acting on H is said to be
quasitriangular if there exists an increasing sequence (P,); of finite rank projections converging
to the identity I strongly as n — co such that

|TP, — P,TP,|| — 0, asn— oc.

Clearly, given any triangular operator in H, that is, a bounded linear operator which admits a
representation as an upper triangular matrix with respect to a suitable orthonormal basis, there
exists an increasing sequence (P,)"2 ; of finite rank projections converging to the identity I strongly
as n — oo such that

TP,—- P, TP,=(I—-P,)TP, =0, foralln=0,1,2,..

Based on the proof of Aronszajn and Smith’s Theorem [3], Halmos [26] introduced the concept of
quasitriangular operators which, somehow, states that 7" has a sequence of “approximately invariant”
finite-dimensional subspaces. Compact operators, operators with finite spectrum, decomposable
operators in the sense of Colojoara and Foiag [10] or compact perturbations of normal operators
are examples of quasitriangular operators. Remarkably, results due to Douglas and Pearcy [12] and
Apostol, Foias and Voiculescu [2] state that the Invariant Subspace Problem is reduced to be proved
for quasitriangular operators (see Herrero’s book [27] for more on the subject).

Among the most simple quasitriangular operators for which the existence of non-trivial closed
invariant subspaces is still open are rank-one perturbations of diagonal operators. If D € L(H) is a
diagonal operator, that is, there exists an orthonormal basis (e, )n>1 of H and a sequence of complex
numbers (Ap)p>1 C C such that De, = \,e,, a rank-one perturbations of D can be written as

(1.1) T=D+u®w,

where u, and v are non-zero vectors in H and u®uv(x) = (x, v) u for every x € H. While the expression
(1.1)) is not unique as far as rank-one perturbations of diagonal operators concern, considering the
expansions of u, v respect to the (ordered) orthonormal basis (e, )n>1

[e.e] o
(1.2) u= Z Qpén, v= Zﬁnen,
n=1 n=1
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Tonascu showed that whenever both u and v have non-zero components «,, and 3, for every n >
1 uniqueness follows (see [28, Proposition 1.1]). Moreover, he studied rank-one perturbations of
diagonal operators from the standpoint of invariant subspaces identifying normal operators as well as
contractions within this class. Note that, in particular, rank-one perturbations of normal operators
whose eigenvectors span H belongs to such a class, since they are unitarily equivalent to those
expressed by .

Later on, Foias, Jung, Ko and Pearcy showed that there is a large class of such operators each
of which has a nontrivial hyperinvariant subspace [18]; indeed they are decomposable operators [20]
(see also the papers by Fang and Xia [17] and Klaja [29] for an extension of the results in [I§] to
finite rank and compact perturbations).

In a more general setting, rank-one perturbations of normal operators have been extensively
studied for decades (see the recent papers [4, [5, 6, [7] and the references therein). Recently, in
[31], the authors have provided conditions for a possible dissection of the spectrum of T" along a
curve implying a decomposition of T" as a direct sum of two operators with localized spectrum and
providing sufficient conditions to ensure the existence of invariant subspaces for T

The aim of this work in this context is studying the existence of reducing subspaces for operators
T which are rank-one perturbations of diagonal operators and, in general, of normal operators.
Recently, there have been an exhaustive study on reducing subspaces for multiplication operators
whenever they act on spaces of analytic functions like the Bergman space (see the works by Douglas
and coauthors [13] and [14] or those by Guo and Huang [22], [23], [24], for instance).

Our starting point will be a theorem of Ionascu where normal operators are characterized within
the class of rank-one perturbations of normal operators. Clearly the existence of reducing subspaces
is trivial for normal operators, since the spectral measure provides plenty of projections commuting
with the operator. Nevertheless, as we will show, the spectral picture will play a significant role in
order to prove the existence of reducing subspaces for rank-one perturbations of diagonal operators
whenever they are not normal. At this regard, the most extreme case is provided when the spectrum
of the operator T' = D + u ® v (uniquely determined by such expression) is contained in a line,
since in such a case T has a reducing subspace if and only if 7" is normal (see Theorem Section
. As a consequence, we will exhibit operators within this class being decomposable (even strongly
decomposable) with no reducing subspaces.

When the spectrum of T' = D + v ® v is contained in a circle, which turns out to be the other
possible case according to Ionascu’s result to ensure that 7" is a normal operator (see [28, Corollary
3.2]), the situation differs drastically from the previous case aforementioned. More precisely, it is
possible to exhibit non-normal operators with spectrum contained in a circle either having or lacking
non-trivial reducing subspaces (see Theorem Section .

Indeed, Theorem is extended in a more general setting in Section [4] allowing us to exhibit
rank-one perturbations of diagonal operators with arbitrary spectrum lacking non-trivial reducing
subspaces. The main result in this context, Theorem characterizes the reducing subspaces M of
T such that the restriction of T' to M, denoted by T |as, is normal. In particular, as a consequence of
Theorem [4.7] it is possible to exhibit rank-one perturbation of completely normal diagonal operators
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lacking reducing subspaces. Recall that a normal operator is completely normal if all its invariant
subspaces are reducing.

Besides, we discuss these results in the context of a classical theorem due to Behncke [8] which
provides a decomposition of the underlying Hilbert space in an orthogonal sum of reducing subspaces
for essentially normal operators (see also [25, Chapter 8]). We conclude Section {4| addressing some
of the previous results in the more general context of rank-one perturbations of normal operators.

Finally, in Section [5] we present some examples of rank-one perturbations of diagonal operators
with multiplicity strictly bigger than one in order to illustrate how the picture of the reducing
subspaces changes whenever the assumption on the uniform multiplicity one is not assumed. Such
assumption plays a key role in the proofs of the results aforementioned.

For the sake of completeness, we close this first section with some preliminaries regarding results
about existence of invariant subspaces of rank-one perturbations of diagonal operators as well as of
normal operators, which will be of interest throughout the paper.

1.1. Preliminaries. Let D be a diagonal operator in £(H) and denote by A(D) = (Ay)n>1 C C its
set of eigenvalues respect to an orthonormal basis (ey),>1 of H. It is well-known that the spectrum
of D is given by the clousure of A(D), that is, o(D) = A(D).

Let u, and v be non-zero vectors in H and consider their expansions respect to the (ordered)
orthonormal basis (e, )n>1

00 00
u = E Apn, U= E Bren.
n=1 n=1

Let T' € L(H) the rank-one perturbation of D given by expression (I.1)), namely
T=D+u®u

where u ® v(z) = (z,v)u for every x € H. As mentioned previously, Ionascu proved in [28, Propo-
sition 1.1] that if a3, # 0 for every n, then is unique in the sense that if T =D 4+u®v =
D' + 4 ®@ v with D, D’ diagonal operators and u, v, ,v" non-zero vectors in H, then D = D’ and
utRv=1u ®.

Moreover, he also proved that if there exists ng € N such that o, 3,, = 0, then either A, is an
eigenvalue of T or \,, is an eigenvalue of T*; in both cases associated to the same eigenvector e,
(see [28, Proposition 2.1]). As a straightforward consequence T' has a reducing subspace whenever
there exists ng € N such that ay,, = 5, = 0. As we will show in Theorem this case will exhaust
all the possibilities when the spectrum of the given operator T'= D + u ® v is contained in a line.

Indeed, there are only two possible spectral pictures for a rank-one perturbation of a diagonal
operator T'= D + u ® v with uniqueness expression (o, [, # 0 for every n) in order to be a normal
operator as stated in Proposition 3.1 and Corollary 3.2 in [2§]:

Theorem 1.1 (Ionascu, 2001). Let T'= N + u ® v be in L(H) where N is a normal operator and
u, v are nonzero vectors in H. Then T is a normal operator if and only if either

(i) w and v are linearly dependent and u is an eigenvector for Im (aN*) where o = <”u,||1/2>’ or
v
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(ii) w,v are linearly independent vectors and there exist «, § € C such that
(N* —aDu = [u2Bv and (N — al)v = o] 2B,
where Re (8) = —1/2.

In particular, with the introduced notation, if D is a diagonal operator and «,,3, # 0 for every
n,then T'= D +u® v € L(H) is normal if and only if

(i’) there exist &« € C and ¢t € R such that A(D) lies on the line {z € C : Im (az) = t} and
u = v, or
(ii’) there exist &« € C and t € R such that A(D) lies on the circle {z € C: |z —a| =t} and

=t -an ().
[l o]

where 6 € [0,7) is determined by the equation Re ( tet? > = —%.

([l o]

As we will show, this dichotomy will allow us to establish the existence of reducing subspaces for
rank-one perturbation of diagonal operators as far as their spectrum is contained in a line.

In order to finish this preliminary section, we turn our attention to the multiplicity of the eigen-
values of the diagonal operator. In [28, Proposition 2.2], it was shown that if A is an eigenvalue
of D of multiplicity strictly bigger than one, then A is an eigenvalue of the rank-one perturbation
operator T'= D + u ® v. Indeed, a closer look at the proof shows the following in our context:

Proposition 1.2. Assume X is an eigenvalue of D of multiplicity strictly bigger than one and let
A = Any = A, for nog,n1 € N. Suppose, in addition, that o, = Bn, and oy, = Bn,. Then T has a
non-trivial reducing subspace.

Hence, according to Proposition [1.2] it turns out to be easy to construct examples of operators
having non-trivial reducing subspaces if we do not assume uniform multiplicity one for the diagonal
operator. In the last section, Section 5] we will address examples in this context showing, in particular,
that the assumption of uniform multiplicity one is essential in our approach.

2. REDUCING SUBSPACES FOR RANK-ONE PERTURBATIONS OF DIAGONAL OPERATORS:
WHEN THE SPECTRUM IS CONTAINED IN A LINE

In this section we will show, in particular, that if 7" is a uniquely determined rank-one perturbation
of a diagonal operator with spectrum contained in a line, T has a reducing subspace if and only if it
is a normal operator. The precise statement is the following:

Theorem 2.1. Let T = D +u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (en)p>1 and u =Y onen, v = > Ppe, are nonzero vectors in H. Assume D
has uniform multiplicity one and its spectrum o (D) is contained in a line. Then, T has a non-trivial
reducing subspace if and only if T is normal or there exists n € N such that o, = 3, = 0.

Note that since every normal operator N whose eigenvectors span H with uniform multiplicity
one is unitarily equivalent to a diagonal operator (also with uniform multiplicity one), Theorem
could be rephrased for rank-one perturbation of such normal operators showing, in particular, the
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existence of a large class of rank-one perturbation of normal operators lacking non-trivial reducing
subspaces. Indeed, by means of Ionascu’s Theorem, it is enough to consider vectors u and v linearly
(u,v)
lo]|>

In order to prove Theorem some previous lemmas will be necessary. Recall that a closed
subspace M C H is reducing for an operator T' € L(H) if and only if the orthogonal projection
Py: H — M onto M commutes with 7', that is, TPy = PyT. The notation {T'} will stand for
the commutant of T

dependent where u is an eigenvector for Im (aN*) with o =

Lemma 2.2. Let T = D4+u®uv € L(H) where D is a diagonal operator and u,v are nonzero vectors
in H. Let M C H be a non-trivial reducing subspace for T'. If Pys is the orthogonal projection onto
M and Qpar = I — Py, then

QuDPy = —Qnu @ Py,
PyDQy = —Puyu @ Qarv,
QuD Py = —Quv ® Pyu.
PyD*Quy = —Pyv @ Quu.

Proof. We show the first equality, since the other ones follow analogously.
Since M is reducing for T, QT Py = 0 and therefore,

QuDPy = Qu(T —u®v)Py = Qp(u®v)Pyy.
In addition, for every x € H
(Qrmu @ v) Py = (Pyx, v)Qnu = (z, Pyo)Quru = (Quu ® Pyo)x,
which finally leads to the desired expression. O

Next lemma refers, roughly speaking, to the location of the vectors u and v respect to reducing
subspaces of T'= D + u ® v.

Lemma 2.3. Let T = D +u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (ep)p>1 and u =Y oapen, v =y Bney nonzero vectors in H. Assume D has
uniform multiplicity one and o, By, # 0 for everyn € N. Let Py : H — M be a non-trivial orthogonal
projection commuting with T. Then, u,v, e, ¢ ker Pyy Uker(I — Pyy) for all n € N.

In order to prove Lemma recall that given a linear space A of L(H), a vector z is separating
for Aif Az =0and A € A, then A =0.

Proof. First, observe that Qu = I — Py; and Pp; both commute with 7" and T*. Now, since u
is a separating vector for {T'} and v for {T*}' (see [19, Theorem 1.4]) it follows that the vectors
Pyru, Pyrv, Qpru, Qv are non-zero. In particular, one deduces that u,v ¢ M U M+,

On the other hand, since Py;T =T Py; then

DPy — PyD = u® Pyv— Pyu®ov.
Let n € N and assume, for the moment, that e, € M. Then,

(2.1) 0 = DPyre, — PyyDey, = (en,v)u — (ey, v) Pyu.
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Note that (e,,v) # 0 since a, 53, # 0, so u = Ppu and therefore u € M, which is a contradiction.
Hence e, ¢ M.
The case e, € M~ is analogous. O

As Lemma [2.3] the following result deals with the location of u and v but when the assumption
o By, # 0 for every n € N is replaced by one regarding the spectrum of the diagonal operator D.

Lemma 2.4. Let T = D +u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (en)n>1 and w = Y apen, v =y Bne, nonzero vectors in H. Assume D
has uniform multiplicity one, its spectrum o(D) lies in a Jordan curve and oy and B, are not
simultaneously zero. If Py : H — M is a non-trivial orthogonal projection commuting with T, then
u, v, e, ¢ ker Pyy Uker(I — Pyy) for alln € N.

Proof. Let us argue by contradiction assuming Py;v = 0. Then, by Lemma we have
QuDPy = —Qupu® Pyv =0,

where Qpy = I—Pyy. Then 0 = (I—Pyy)DPyy = DPyy— Py D Py or, equivalently, DPyy = Py DPyy.
Hence the closed subspace M := Pj;(H) is a non-trivial closed invariant subspace for D (see [32,
Theorem 0.1], for instance).

Moreover, D is a completely normal operator (see [39, Theorem 3] or [32, Chapter 1]). Therefore,
every invariant subspace of D is reducing and it is spanned by a subset of eigenvectors. Accordingly,
DPy; = Py D and M = span {e, : n € A}, where A is a proper subset of the natural numbers N.
Observe that, in particular, DPy; = Py D implies that Pyu = 0.

On the other hand, since Py is the orthogonal projection onto M = span {e, : n € A}, trivially
Py is a diagonal operator with respect to (ep)n>1 (since Pyre, = e, for every n € A and Pyre,, =0

for every n ¢ A). Having into account that Pyu = Pyv = 0, we deduce

0= Z Qpen, = Z Bren.

neA neA

Hence, for every n € A we have a,, = 3, = 0, which is a contradiction unless A = (). But, in this
latter case, it would follow that Py; = 0 which is also absurd since Py is a non-trivial projection.
Therefore, Pyyv # 0 as the statement asserts.

The proof of the statement u ¢ ker Py; U ker(I — Pyy) is analogous, just considering 7.

Finally, in order to show that e, ¢ ker Pyy Uker(I — Pps) for all n € N, we may argue as in
Lemma considering if e, would be in M (note that, by assumption, «, and 5, are not
simultaneously zero). O

With the previous results at hands, we are in position to prove Theorem The proof will be
accomplished by studying firstly the case that the diagonal operator D is self-adjoint and therefore,
its spectrum is contained in the real numbers.

Proof of Theorem . Assume that T = D + u® v € L(H) where D is a diagonal operator with
respect to an orthonormal basis (ey)n>1 and u =) anen, v =) Bpe, two nonzero vectors in H.
Clearly, if T' is a normal operator, it has non-trivial reducing subspaces. In addition, if there exists
ng € N such that a,, = By, = 0, then the subspace generated by the basis vector e,, is reducing for
T as pointed in the preliminary section. In both cases, T" has a non-trivial reducing subspace. For
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the converse, assume that 1" has a non-trivial reducing subspace and let us show that T is normal
or there exists ng € N such that ay, = B,, = 0.

Case 1: D is a self-adjoint operator.

Assume that T'= D 4+ u ® v has a non-trivial reducing subspace M C H and that a,, and (3, are not
simultaneously zero. Let Pj; be the non-trivial orthogonal projection onto M and Qp = I — Pyy.
By Lemma both relations

Quu R Pyv=—-QuDPy = QuvQ Pyu
and
Pyu® Quv=—PyDQuy = Pyv® Quu

hold. Moreover, Lemma [2.4] ensures that the vectors Pyyu, Qpru, Pyyv and Qv are non-zero.
A little computation shows that

(Paru, Pyv)Quu = || Paul*Qarv,

and since ||Pyul| > 0, we deduce

(Panru, Pyv)
Quv = 7”PMUHQ Qpu.
In a similar way, we have
Pyv, P
MU MU
Now, let us write o = %, so Pyv = aPyu and Qv = @@ pru. Hence,

v=Pyv+ Quv=aPyu+aQyu.

Notice that it is enough to show that a € R, so v = au and therefore T" would be a selfadjoint
operator, since it would be the sum of two selfadjoint operators.
Observe that

2 2 2 2 2 2
101" = [ Paroll” +11Qurvl[* = || Parul|* + [af® [|Qarul* = [af? [[ull -
Moreover,

(w,v) = (Puyu, Pyo) + (Quu, Quv)

(Prru, aPpu) + (Qaru, aQau)

al|Paull* + a|Qarull?

(Re () —iIm ()) [|Parul* + (Re () +i1m (a)) [|Qarul|?
= Re (a)(|Parul* +1|Qarul*) +ilm () (|| Qarul® — || Parul[*)
= Re () [Jull” +iTm (@) (|Qnrull* — || Parul ).

Note that au —v € M, since Pys(au — v) = 0. Thus, Qu(au — v) = au — v.

Similarly, @u — v € M. Furthermore, (aPy; + @Qps)u = v. Since Py and Qpy commute with T,
it follows that

(aPM + aQM)T = T(aPM + EQM)
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Now,
T(aPy +a@Qu)u = Tv = Dv + |[v]|* u = Dv + |a|?||u]|* u
and
(aPy +a@Qu)Tu = (aPy+aQu)(Du+ (u,v)u)
= aPyDu+aQyDu+ (u,v)(aPyu+ aQpu)
= aPyDu+aQyDu+ (u,v)v
Thus,
Dv + |al? ||ul|* v = aPyDu + aQp Du + (u, v)v.
So,

PyDv + QuDv + |a)? ||u]|* w = Py Du+ aQyDu + (u, v)ov.
Upon applying Lemma [2.9] it follows that
la? [Jul|*u = (u,v)v = PyD(au—v)+QuD(@—v)
Py DQy(au — v) + QrrD Py (au — v)
= a(Pyu® Qupu)(v— au) + a(Pyu® Qpu)(v — au)
= a(v— au,u)Pyu+ alv — au, u)Qpru
= (a(v,u) — o ||u|*) Pau + (v, u) — |af? [[u]*)Qaru.
Moreover, v = aPyu + a@Qyru, so
o [Jul? w = (u, v)v = (Jaf* [Ju|* = afu, v) Prru + (| [Jul [ = @(u, v)Qaru.
Consequently,
laf* [Jull* = afu, v) = a(v,u) — o® [Ju||?
and
[0 [Jul[* = a(u, v) = afv,u) — |af? ||ul|*.
From the second equality we have
2laf|lull* = a(v,u) +a(u,v)
(2.2) = 2Re (a(v,u)).

Let us write @ = a + bi, with a,b € R real numbers. The aim is to show that b = 0.
Recall that

(v,u) = (u,v) = allul* — ib(||Qurul* — [| Parul[).
Then,
afv,u) = (a+bi)(allull* - ib(||Qarull* — || Parull)
= [Jull? — aib(||Qarul[* — || Parul|?) + aib[[ul|* + b*(||Qarul[* — || Parul[*).
So, Re (a(v,u)) = a? [|u||* + 02(||Qarul|* — || Pypul]?). From equation (2.2) we have
(@® + %) [[ul[* = a® |[ul|® + b*(||Qnrul[* — || Parul?),

and therefore,
b [Jul* = b*([|Qarul* — || Parul ).
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If b # 0, this identity yields that ||Pysu|| = 0, what contradicts Lemma Accordingly, b = 0 and
then « is a real number as we wish to prove in order to show that 7" is a normal operator.

Finally, if T has a reducing subspace and it is not a normal operator, we deduce that there exists
n € N such that oy, = 5, = 0, so the proof in Case 1 is complete.

Case 2: D is not a self-adjoint operator.

Assume first that the set of eigenvalues A(D) = (A,;)n>1 is contained in a line I' in the complex
plane parallel to the real axis. Let h € R such that I' = {z 4+ ih : 2 € R}.

Observe that the linear bounded operator D — hil is a diagonal, self-adjoint operator of uniform
multiplicity one. Now, observe that T has the same reducing subspaces that T — hil has. Then, by
Case 1, it follows that T' — hil has a non-trivial reducing subspace if and only if either T — hil is
a normal operator or there exists n € N such that o, = 8, = 0. Accordingly, the same conclusion
holds for T'.

Finally, if A(D) is contained in a line I" that intersects the real axis, let 6 € [0, 7) denote the angle
formed by I' and the r~eal axis measured in the positive direction. Then, D = e~ D satisfies that its

set of eigenvalues A(D) is contained in a line parallel to the real axis. The final statement follows
upon applying Case 1 to the operator e *T. This concludes the proof of Theorem O

Remark 2.5. We point out that the assumption on D having uniform multiplicity one in Theorem
is necessary and cannot be dropped off. Indeed, it is not difficult to provide examples of non-normal
operators T = D + u ® v having non-trivial reducing subspaces such that the spectrum o (D) is
contained in a line and u and v are non-zero vectors with non-zero components. For instance, if
£? denote the classical Hilbert space consisting of complex sequences whose modulus are squared
summable and {e;, },>1 the canonical basis in £?, let us consider D be the diagonal operator defined

by
e n=12;
De,, = ln
sen N> 3.

1 1
Clearly, D is a self-adjoint (even a compact) operator in £2. Now, if u = E —e, and v = e1 + 562 +
n
n>1

1
Z — en, for instance, the operator 7' = D + u ® v has non-trivial reducing subspace (indeed the
n

n>3 ?

one generated by ey, see Proposition [1.2), the spectrum o(D) is {1/n}n>1 U {0} C [0, 1] and clearly
u and v are non-zero vectors with non-zero components. Nevertheless, T' is not a normal operator
since u and v are not proportional vectors, which is required by condition (i) in Ionascu’s Theorem
(see preliminary section).

To close this section, we observe that if D is a diagonal operator with set of eigenvalues A(D) =
(An)n>1 contained in a line or a circle then T'= D + u ® v is a decomposable operator by a result
due to Radjabalipour and Radjavi (see [33, Corollary 2]). Recall that an operator T € L(H) is
decomposable if for every open cover U,V C C of o(T) there exist invariant subspaces M, N C H
for T such that M + N = H and o(7},,) C U and o(T},) C V.
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Hence, as a consequence of Theorem [2.1] it is possible to exhibit one-rank perturbations of diagonal
operators D which are decomposable but lack non-trivial reducing subspaces. Indeed, a bit more
can be achieved in this context.

Recall that a closed subspace M C H is called a spectral maximal subspace of an operator T €

L(H) if

(a) M is an invariant subspace of T, and

(b) N C M for all closed invariant subspaces N of T" such that the spectrum of the restriction
that is, o (1}, ) € o(T],,)-
In addition, T' € L(H) is called strongly decomposable if its restriction to an arbitrary spectral
maximal subspace is again decomposable. Indeed, [33, Corollary 2| states that if 7% — T belongs to
the Schatten class S,(H) for 1 < p < oo, then T is strongly decomposable.

T}, is contained in the spectrum of the restriction 7}, ,

Corollary 2.6. There exist rank-one perturbations of self-adjoint diagonal operators T = D+u®uv €
L(H) that are strongly decomposable operators and have no non-trivial reducing subspaces.

Proof. Let D be a self-adjoint diagonal operator of uniform multiplicity one. Let us consider u and
v two non-zero vectors in H with non-zero components and being not real-proportional. Then the
operator T'= D + u ® v is strongly decomposable since T* — T' is a rank two operator (and hence
belongs to the Schatten class S,(H) for every 1 < p < 00). Nevertheless, T' is not normal and by
Theorem it has no non-trivial reducing subspaces. O

3. REDUCING SUBSPACES FOR RANK-ONE PERTURBATIONS OF DIAGONAL OPERATORS:
WHEN THE SPECTRUM IS CONTAINED IN A CIRCLE

In this section we will focuss on rank-one perturbations of a diagonal operator with spectrum
contained in a circle. Note that this is the other possible case according to Ionascu’s result to ensure
that such operators are normal (condition (ii’) in the preliminary section).

As we will show, the spectral picture does not determine the existence of non-trivial reducing
subspaces for non-normal operators within this class. In other words, it is possible to exhibit non-
normal operators within this class with spectrum contained in a circle either having or lacking
non-trivial reducing subspaces. Our main result in this section reads as follows:

Theorem 3.1. Let D € L(H) be a diagonal operator with respect to an orthonormal basis (en)n>1
with uniform multiplicity one. Assume its spectrum o(D) is contained in a circle with center o, and
let w e H such that (u,e,) # 0 for every n € N. Then
(a) The operator Ty = D +u® u € L(H) has no non-trivial reducing subspaces.
(b) If (u, Du) # @llul|?, there exists v € H with (v,e,) # 0 for every n € N and the operator
To =D +u®v e L(H) is not normal but has non-trivial reducing subspaces.

Proof. First, we consider the case that the diagonal operator D is a unitary operator and therefore,
its spectrum is contained in the unit circle T.

Case 1: D is a unitary operator.

Assume, on the contrary, that M is a non-trivial reducing subspace for T'= D + u ® u and denote,
as usual, Py the orthogonal projection onto M. We may assume, without loss of generality, that M
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is infinite dimensional (otherwise we would argue with M+~ since it would be an infinite dimensional
reducing subspace).

Let = be a non-zero vector in M. Clearly Tx = Dz + (x,u)u € M, and since M is reducing,
T*x = D*z + (z,u)u is also in M. Accordingly, (D — D*)x € M for every x € M, or equivalently,
M 1is an infinite dimensional non-trivial closed invariant subspace for D — D*.

Note that D — D* is a non-trivial diagonal operator with the spectrum contained in the imaginary
axis of the complex plane. Indeed, if A(D) = (A\,)p>1 denotes the set of eigenvalues of D, then
A(D — D*) = (2iIm (A\y))n>1- In particular, by [32, Theorem 1.23 and Theorem 1.25] D — D* is a
completely normal operator and therefore, M is spanned by eigenvectors of D — D*.

On the other hand, since D has uniform multiplicity one then the eigenvalues of D — D* has
multiplicity at most two. Actually, if 2i Im (\,,) has multiplicity two, then there exists m € N such
that Im (A\,) = Im (\,,). For each pair of indexes of this form, let us denote by n the smaller index
and by n’ the greater one. That is, let us denote by €2 the set of pairs of indexes

Q={(n,n") eNxN: n<n and Im (\,) = Im (\,v) where \,, \,y € A(D)}.
Doing so, we may consider a disjoint partition of the natural numbers
N = N; UNsU N3,

where N7 C N consists of the indexes of the eigenvalues with multiplicity two that are the smaller
index of its corresponding pair, No consists of the indexes of the eigenvalues with multiplicity two
that are the bigger index of its corresponding pair and N3 the indexes of the eigenvalues with
multiplicity one. In other words, the set {2 = Ny X No.

Then, the eigenvectors of D — D* are

{en :m € N3} and {de, + Te, : (n,n') € Q, \,7 € C}.

With the characterization of the eigenvectors of D — D*, our goal now will be identify those eigen-
vectors spanning M, that is, determine the proper subset A of N such that

M =span {e, :n € NsNA} +{dep +7e :n € AN Ny, (n,n') € Q, A\, 7 € C}.

By Lemma for every n € N we have e, ¢ M U M*, so e, ¢ M for every n € N3. Assume for
the moment that N3 N A is not empty and let ng € N3 N A. Denote by

1
€ny = e% S e%
the orthogonal decomposition of e,, respect to H = M @ M*. Note that, in particular, ef‘l/fo is
non-zero because otherwise e,, € M.

Having in mind that (D — D*)Py = Py (D — D*) because M is reducing for D — D*, we deduce

upon applying it to e, that

(D — D*)Ppreny = (D — D*)ell = (Mg — Ang el
That is, 2i Im (A, ) is an eigenvalue of D — D* with eigenspace span {en,, e5 }. Hence, 2iIm (\,) is
of multiplicity 2, but this contradicts the fact that ng € N3. Therefore, N3NA is empty. Accordingly,

we deduce that A must be a non-void subset A of N; (being possible A = Np), and
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(3.1) M = span {\e,, + Te,y : n € A C Ny, (n,n') € Qand A\, 7 € C}.

Moreover, we observe that for every eigenvector Ae, + Te, € M, the coefficients A and 7 are
non-zero (otherwise we would have e, or e, € M). Accordingly, every eigenvector \e,, + 7€, € M
is a multiple of e, + %e,/. Since e,y ¢ M, we deduce that there exists coefficients 7,, € C such that

(3.2) M = span {e,, + Then - n € A C Ny, (n,n') € Q}.

On the other hand, since M is a non-trivial closed invariant subspace under 7T', we have that
T(en + Then) € M for every n € A C Ny with (n,n") € Q. If we consider u = ), ane, where
apn, = (u,e,) # 0 for every n € N by hypotheses, then

T(en + Then') = Anen — AnTnen + {€n + Tnen, u)u
(8:3) = Mln — MTnen + (o + T )u € M
for every n € A C Ny with (n,n’) € Q.
Now, let us prove that Re (A,,) = 0 for at least one positive integer ny € Nj.
First, by means of the orthogonality relations of the basis elements {e, }nen, it follows that for
every vector x € M

(3.4) T T, em) = (T, emy) for every m € A C Ny with (m,m’) € Q.
Let ng be any positive integer in A (recall that A is not empty). If

(3.5) Qg + Tng Oy = 0,

then by the vector

a= \en, — )\noTnOe%
is in M which, by means of (3.4) particularized in the index ng, satisfies
Tng <a7 en0> = <a7 en/0>'
That is,
TrnoAng = —)TZOTnO.

Having in mind that 7, # 0 for every n € N, we deduce that \,, = —\,, as far as (3.5) holds, or
equivalently Re (Ap,) = 0 whenever (3.5) is satisfied.
Assume, now, that (3.5) is not satisfied, that is

(3.6) Qg + Tng Oy 7 0.

Let us consider mg € A with mg # ng. Observe that this is possible since, in particular, M is given
by (3.2) and the dimension of M is infinite.
Now, by (3.3)), the vector

b = Angeny — AngTng €n)) + (ano + Tng O‘n{))u
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is in M. We argue as before upon considering at b and ey, that is, 7, (b, em,) = (b, emé).
Then
Tmo (Ong + THOT%) Omg = (Qng + Tﬂoainé)o‘mg'
Since Qg + Tng @y 7 0 (that is our assumption , we deduce that
Yy,

Ty = o
mo

Therefore, having in mind that epn, + g€,y € M, we deduce that

— |O‘m"
— _ 0 0
c= T(emo + Tmoem{)) = Amoemo - )\mo Temé) + (amo + o U

mo mo

is also in M. Once again applying 1) we have 7, (c, em,) = (c, em6> and therefore

Q! Q! |t |2
0 ()‘mo + |O‘m0’2 + ‘am6|2) e )\mo + QAmo Q) + - Q-
mo mo Qmyg
Multiplying by ZLS’ we obtain
™o
Amg + ‘O‘mo‘Q + ‘am6’2 = —Amo + ’O‘moyz + ’O‘m{)‘za

from where, clearly, Re (Ap,,) = 0.
Consequently, independently if is or not satisfied, there exists at least a positive integer ng € Ny
such that Re (\,,) = 0, as we wished to show.

In order to finish the proof of Case 1, let us show that the existence of such ng € Nj yields
the desired contradiction. Since D is unitary, its spectrum is contained in the unit circle and
therefore, such A, is either i or —i. Assume \,, = ¢ (the other case is analogous). If ng € Ny,
by definition, there exist ny € N with ny < nj, and )\% an eigenvalue of D, )‘”6 € A(D), such that
Im (Any) = Im (A,;). Hence, Im (A,;) = 1, and therefore A,; must be also i. Accordingly, ¢ is an
eigenvalue of D of multiplicity 2, which contradicts the hypotheses that the uniform multiplicity of
D is one.

Case 2: D is not a unitary operator.

Now, assume D is a diagonal operator such that (D) is contained in a circle with center o
and radius r > 0. As in Case 1, we argue by contradiction assuming T = D + u ® u has a

1
non-trivial reducing subspace M. Since M is reducing for T, it is also reducing for —(T' — al) =
T
1 1
—(D — al) + —u ® u, which is the contradiction.
r r
This concludes the proof that statement (a) of Theorem holds.

Now, we will show statement (b) of Theorem As before, the key argument will be to prove
the result when D is a unitary diagonal operator.

Hence, suppose D is a unitary and u € H such that (u,e,) # 0 for every n € N and (u, Du) # 0.
In order to show that there exists v € H such that "= D +u ® v € L(H) is not normal but has
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non-trivial reducing subspaces, we take
1
(u, Du)

D*?u.

The goal will be showing that the subspace M := span { D*u} reduces the operator T'= D + u ® v.

First, note that
(D" eq) = (u, D2en) = Xy (1, €0) # 0
since |A\p| = 1. Then, (v,e,) # 0 for every n € N.

Now, observe that

(Dv,u) = (——+—

So, we have
TD*u= (D+u®v)D*u=u+ (D*u,v)u =u+ (u, Dv)u = u —u = 0.
Moreover,
T*D*u = (D* + v ® u)D*u = D**u 4+ (u, Du)v = D**u — D**u = 0.

So, D*u is a non-zero vector which turns out to be an eigenvector associated to the eigenvalue 0 for
T and T.

Finally, let us show that T is not a normal operator. Assume, on the contrary, that 7' is normal.

Having into account condition (ii’) in Ionascu Theorem we deduce the existence of v € C such

that Dv = yu. Then, since Dv = —WD*U, we have

D*u = —y(u, Du)u.
That is, u is an eigenvector for D* associated to the eigenvalue —y(u, Du). Observe that -y # 0 since

Dv # 0 and (u, Du) # 0 by hypothesis. Therefore, there exists ng € N such that u € span {ey, },
and this contradicts the fact that (u,e,) # 0 for every n € N. Hence T is not a normal operator.

Now, let us prove the general case. Assume D is not unitary but o (D) is contained in a circle with
center a and radius > 0. Then the operator D= —(D—al) is a diagonal unitary operator satisfying
N N r
(u, Du) # 0 (since (u, Du) = 0, would imply (u, (D — al)u) = 0, and therefore (u, Du) = @||ul|*,
which contradicts our hypotheses). Hence, from the unitary case, we ensure the existence of v € H
such that

T=D+u®?v
is not normal but has a non-trivial reducing subspace M. Thus,
rT+al =D+r(u®7) =D+ u® (r)

is a non-normal operator with M as a reducing subspace. Accordingly, v = rv completes the
argument and the proof of Theorem O

As a consequence, the following corollary holds.
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Corollary 3.2. Let D € L(H) be a diagonal operator with respect to an orthonormal basis (ep)n>1
with uniform multiplicity one. Assume its spectrum o(D) is contained in a circle with center «,
and let u and v vectors in H such that both (u,ey,) and (v,e,) are not zero for every n € N. If
T=D+u®v € L(H) has non-trivial reducing subspaces, then u and v are linearly independent
vectors.

4. REDUCING SUBSPACES FOR RANK-ONE PERTURBATIONS OF DIAGONAL OPERATORS:
GENERAL CASE

In this section we consider the existence of reducing subspaces for rank-one perturbations of
diagonal operators D with uniform multiplicity one but not imposing restrictions to the spectrum of
D as in the previous two sections. In particular, we focus on the existence of reducing subspaces M
such that Tjys is normal as well as the existence of reducing subspaces for selfadjoint perturbations.
We start by setting a result in the spirit of Lemma [2.3] and Lemma [2.4]

Proposition 4.1. Let T = D +u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (ep)p>1 and u =Y apen, v =y . Bne, nonzero vectors in H. Assume D has
uniform multiplicity one and for each n € N the coordinates a,, and [y, are not simultaneously zero.
Let M be a reducing subspace for T. If u,v € M or u,v € M* then M is trivial.

The key of the proof of Proposition [4.1|relies on an argument of a Theorem of Wermer [39], which
we isolate and include for the sake of completeness (see also [32, Theorem 1.25]). Recall that a
normal operator T' € L(H) is diagonalizable if the set of eigenvectors of 1" spans H.

Theorem 4.2 (Wermer, 1952). Let T € L(H) be a diagonalizable normal operator. Then, every
non-zero reducing subspace of T is spanned by eigenvectors of T'.

Proof. First, we claim that every non-zero reducing subspace of T' contains at least one eigenvector.
In order to show the claim, let M be a non-zero reducing subspace. Since the eigenvectors of T" span
H, there exists an eigenvector x not orthogonal to M. Let Tx = Az and write x = x1 + x2 respect
to the orthogonal decomposition H = M @ M~*. Hence, from

Tx =T(x1 + x2) = Mz + x2),

it follows

Tx1 — A1 =29 — Txo
and since M is reducing, Tx; — Az; € M and x9 —Txo € M-+, Thus, Tx1 = Az1 and M contains at
least one eigenvector of T" as claimed.

Now, let us prove the statement of the theorem. Take M a non-zero reducing subspace for T and
denote by N the closed subspace of M generated by all the eigenvectors of T'in M. Note that N is
a non-zero reducing subspace because 1" is normal. We claim that N = M.

Indeed, arguing by contradiction, suppose that N # M. Then N’ = M N N*t is a non-zero
invariant subspace for T' which is reducing (since it is the intersection of two reducing subspaces).
Accordingly, N’ contains at least one eigenvector z # 0 of 7. Thus z € N*. But, since z € M and
is an eigenvector of T', z € N by definition. But this implies that z = 0, which is a contradiction.
Accordingly, N = M which yields the statement. O
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We are now in position to prove Proposition

Proof of Proposition [{.1. Let Py; : H — M be the orthogonal projection onto M, which clearly
commutes with 7" since M is reducing. The goal is to show that either Pjs is the identity or the
zero operator. Assume Pp; is not the zero operator, Qs = I — Py and suppose first that u,v € M.
Hence, Qpu = Qpv = 0.

By Lemma we have QyDPy = QuD*Py = 0. Then, DPyy = Py DPy and D*Pyy =
Py D* Py, so it follows that M is an invariant subspace for D and D*, that is, M is a reducing
subspace for D. Thus, according to Wermer’s Theorem, M is spanned by a set of eigenvectors of D
and, therefore, there exists A C N such that

M = span {e, : n € A}.

Note that, if n € A we have Qpre, = 0 and if n € N\ A then Qpre, = e,
Now, since u =) ane, and v =) Bpe, and both Qpu = Quv = 0, we deduce

Z Qpen = Z Bnen = 0.

ng¢A n¢A
Hence, ay, = B, = 0 for every n € N\ A which contradicts the hypothesis that «,, and j, are not

simultaneously zero unless A = N and, P); the identity operator as we wished to prove.
The case u,v € M+ is analogous. ([

With Proposition at hands, it is possible to characterize the reducing subspaces M of T such
that T |5/ is normal.

Theorem 4.3. Let T = D+ u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (ep)p>1 and u =Y oapen, v =y Bney, nonzero vectors in H. Assume D has
uniform multiplicity one and for each n € N the coordinates oy, and B, are not simultaneously zero.
Then T has a non-trivial reducing subspace such that T |pr is normal if and only if one of the
following conditions holds:

(a) T is normal.
(b) There exists o, 5 € C and x € H such that
D — BI
(D—al)x = Wu, (D* = pl)x = —(x,u) v,

and M = span {x}.

Before proceeding with the proof, let us point out that it is possible to exhibit normal operators
such that their restrictions to invariant subspaces are not normal (see [39], for instance). On the
other hand, there exist normal operators such that their restrictions to every invariant subspace is
normal. This property is equivalent to be a completely normal operator. For instance, every diagonal
operator whose spectrum is contained in a Jordan curve is completely normal. As a consequence,
every Hermitian operator is completely normal.

The proof of Theorem depends on the linear independence of {u,v, D*u, Dv}, which we exa-
mine in the next lemma.
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Lemma 4.4. Let T = D +u®v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (ep)n>1 and u =Y oape,, v =y Bne, nonzero vectors in H. Assume D has
uniform multiplicity one and for each n € N the coordinates oy, and B, are not simultaneously zero.
Let M be a reducing subspace for T such that T |p; is normal. Then:
(i) If {u,v, D*u, Dv} are linearly independent, then M = {0}.
(ii) If u is an eigenvector for D* or v is for D, then M = {0}.
(iii) If M # {0} and u = av for some o € C, then the spectrum of D is contained in a line and
T s normal.
(iv) If M # {0} and (D — ol)v = Au for some a, X € C then the spectrum of D is contained in a
circle centered in o and T is normal. The same conclusion follows if it is assumed M # {0}
and (D* — B)u = v for some B,\ € C.
(v) If Dv = au + Bv + uD*u for some scalars o, B, and p € C and T is not normal, then
dim M <1.

Note that the statements (i)-(v) in Lemma[4.4] cover all the possible situations regarding the linear
dependence of {u, v, D*u, Dv}. Clearly, the linear independence case is covered by (i). So, suppose
{u,v, D*u, Dv} is a set of linearly dependent vectors. In such a case, (ii) covers the cases where u
and D*u or v and Dwv are proportional. Statement (iii) deals with the situation in which u and v
are proportional, while (iv) considers the cases when {u,v, Dv} or {u,v, D*u} are sets of linearly
dependent vectors. Finally, statement (v) deals with the general linear dependence case assuming,
in addition, that T is not normal. Note that this assumption can be made since, otherwise, T" would
be normal and Ionascu’s Theorem would lead us to either statement (iii) or (iv) aforementioned.

In what follows, given T' and .S bounded linear operators in H, the commutator of 7" and S is the
operator in L(H) defined by

[T,S]:=TS — ST.
Clearly, [T, S] = 0 if and only if 7" and S commutes.

In the proof of Lemma the following straightforward result will be repeatedly invoked.

Lemma 4.5. Let A = Y }_ 2z @y € L(H), where xy,yr, € H for each 1 < k < n. Suppose
that x1,- -+ ,x, are linearly independent vectors. If Ax = 0 for x € H then (xz,yx) = 0 for every
1<k <n.

Proof of Lemma . Let us begin by proving statement (i). Since {u,v,D*u, Dv} are linearly
independent, Tonascu Theorem implies that T is not normal (observe that statement (i) in Ionascu
Theorem asks u and v be linearly dependent vectors while (ii) asks Dv and u be linearly dependent).
Since T' |ps is normal, we deduce that M C H.

On the other hand, a straightforward computation shows

(4.1) [T,7*] = Dv®@u+u® (Dv+ ||v]*u) = D*u®@v—v & (D*u+||ul|?v).

By hypotheses, T' |5 is normal so [T,T*]z = 0 for every x € M. Since u,v, D*u, Dv are linearly
independent, Lemma, [£.5] yields that

(x,u) = (x,v) =0
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for every € M. Hence, u,v € M+ and therefore, by Proposition M is trivial. Now, T is not
normal and accordingly M = {0}.

To prove (ii), assume u is an eigenvector for D* (a similar reasoning applies if v is an eigenvector
for D). Since D has uniform multiplicity one, there exists ng € N such that u € span {e,,}. Without
loss of generality, we may assume u = e,,. Then equation (4.1)) becomes

[T,T*] = Dv® eny+ene @ (DV+||v]]* €ny) — Anglng ® v — 0 ® (Angeny + v)
= (D = MgD)v ® €ny + €ny @ (D — A D + [|0]|* €y) — v @ 0.

Now, v = ), Brer and Sy, # 0 for every k # ng and each eigenvalue A, of D is of multiplicity one.
Hence, ey, is linearly independent of (D — A\, I)v and v. Moreover, assume there exists 5 € C\ {0}
such that

(D — Ao I)v = Buo.
Then (A — An,) = B for every k # ng which is a contradiction. Accordingly, (D — A\pyI)v, €, and
v are linearly independent vectors, again Lemma yields that v,e,, € M+ and M # H. Thus,
Proposition [4.1] yields that M = {0}, as stated in (ii).

Let us prove now statement (iii). Assume u = v for some o € C\ {0} (observe that o # 0 since
u is a nonzero vector).

Assume M is a non-zero reducing subspace. We may assume M # H since on the contrary, the
result is just a consequence of Ionascu Theorem condition (i’). We are required to show that A(D)
is contained in a line and that 7T is a normal operator.

First, observe that if v € M~ then u € M+ and M = {0} by Proposition Assume, therefore,
that v ¢ M=.

Equation turns out to be in this case

(4.2) [T, T*] = (@D —aD* v ®@v+v® (@D — aD*)v.
Now, we claim that the fact that v ¢ M~ implies (@D — aD*)v = v for some B € C. Indeed, if
x € M such that (z,v) # 0, (4.2) yields
0= (z,v)(@aD — aD*)v + (z, (@D — aD*)v)v,

from where the claims follows having 5 = —(z, (@D — aD*)v)/(z,v).

So, equation (4.2]) becomes
[T,T%] = 2Re (B)v @ v.

But, once again, since T |7 is normal and v ¢ M=, it follows that Re (3) = 0. Hence, 8 = it with
teR.
Finally, observe that (@D — aD*)v = v = itv implies
Im (a\,) = t,
so A(D) lies in the line {z € C : Im (az) = t} and by lonascu Theorem condition (i’) it follows that

T is normal.
This proves statement (iii).
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In order to show condition (iv), assume Dv — av = Au for some a, A € C. If A = 0, case (ii)
yields that M = {0}, which is a contradiction. So, we may assume X\ # 0. Clearly, without loss of
generality, we can also assume o = 0 since D — ol is a diagonal operator of uniform multiplicity
one. Thus, Dv = Au for X\ # 0.

In addition, observe that if u and v are linearly dependent then Dv and v are linearly dependent,
and M = {0} by (ii), which is a contradiction. So we may also suppose that u and v are linearly
independent vectors.

So, assume M is a non-zero reducing subspace, Dv = Au for A\ # 0 and {u, v} are linearly
independent. As in the proof of condition (iii), we may assume M # H and the goal is to show that
A(D) is contained in a circle and that 7" is normal.

Now, equation (4.1) becomes

[T, 7*] = u®(2Re (\) + [|v][Hu— (D* —alu®v—v® (D* —al)u+ ||ul|* v)
(4.3) = u®(2Re ) +|[v|]Hu—Du®@v—v® (D*u+ ||ul]*v)

First, let us assume that v € M~+. Upon applying to any vector x € M, we deduce
0= (2Re (\) + |[v[|*){z, u)u — (z, D*u)v,
which along with the linear independence of {u, v} yields that (2Re (A\)+||v||*) = 0 and D*u € M*.
In addition, since M is reducing for T if follows that
Tv = Dv+ ||v|]*u = u+|]v|]|Pue Mt

Having in mind that Re (A) = —|[v||* /2, we deduce that Tv # 0. Thus, u € ML. At this point,
we may argue either using Proposition which would yield that M = {0} since v € M~ or as
follows. First, M is a reducing subspace for D since M is reducing for T and u,v € M. Then, by
means of Wermer Theorem, there exists ng € N such that e,, € M. In particular, this implies that
(U, eny) = (v, €ny) = 0, or equivalent, a,, = By, = 0, what contradicts the hypotheses of the lemma.
This latter argument will be of use in a remark after finishing the proof of Lemma 4.4

Now, let us assume v ¢ M. Once again, upon applying (4.3)) to any vector € M with (x,v) # 0,
it follows that

(4.4) D*u = pu + B,

where u, 8 € C. It can be assumed that 8 # 0. We claim that «,, # 0 for every n € N. Indeed, from
D*u = pu + Bv, it follows that for every n € N

An Oy = Py + ﬁ : ﬁn

So, if ay,, = 0 for some ng € N, it would imply that 3,, = 0 which contradicts the hypotheses.
We will show that g = 0 in (4.4)) since otherwise we are led to a contradiction.

Assume, on the contrary, that p # 0 in (4.4). Applying D to (4.4)) we obtain
DD*u = pDu+ fDv = pDu + SAu.
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Then, the eigenvalues A, of D satisfy
Anl? = pAn + B,

for every n € N, since «,, # 0 for every n € N. Dividing out by —8A (which is different from 0), we
deduce that there exist complex numbers a,b € C\ {0} such that every A, with n # ng lies in

A={ze€C:a|z|> + bz =—1}.
The equation a|z|? + bz = —1, z € C is equivalent to the system
Re (a)(z% + y?) + Re (b)z — Im (b)y = —1,
{ Im (a)(2? 4+ y?) + Re (b)y + Im (b)x = 0,

where x = Re (z),y = Im (2) € R. Observe that A is therefore the intersection of two different
conics, and hence A is a finite set of points, what contradicts the uniform multiplicity one of D.

Hence, p = 0 as claimed and (4.4)) becomes
D*u = .

Note that u is linearly independent of D*u because {u, v} are linearly independent. Having in mind
this and applying (4.3)) to any vector x € M once more time we deduce that

(2Re (N) + [Jo]]*) = 0.
That is, Re (A\) = —%. Then, equation turns out to be
[T, 7] = fv@v+v® B+ |[ul|*)v = (2Re (8) + |[u||*)v ® v.
On the other hand, having in mind that Dv = Au, we deduce
DD*u = D(fv) = pAu.
Now, the fact that a,, # 0 for every n € N along with the previous equality implies that
DD* = BAI.

Note that S is a positive number. Accordingly, the spectrum of D is contained in a circle of center
0 and radius 7 = /BX > 0, which is half of the statement we wished to prove. Let us see also that
T is normal.

Now, an easy computation involving coordinates in the expression Dv = Au leads to

r{lvll = [A[ el

and therefore
7o

(4.5) N =T

[|u
Since Dv = \u = |\e?u for 6 € [0,27), it follows

Au=e Do,
and by (4.5)

ru 9 Dv

(& .
[full o]l
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—i6
1
Moreover, from Re (A) = —|[v||* /2 one deduces Re <”T|€|||||> =5 which implies that T is
ul] v

normal by Ionascu Theorem condition (ii’). This completes the proof of the statement (iv).

Finally, let us prove the statement (v). Assume Dv = au + Sv + pD*u for some «, 8, u € C, and
T is not normal. Since we can express

(D —BIv = (a—pB)u+u(D" - Bl)u

where a = a + 243, we can assume with no loss of generality that 3 = 0.
Observe that, in this case, equation (4.1)) becomes

[T, T*] =u® ((2Re (a) + |]v|]2)u + puD*u) — D*u® (au —v) —v @ (D*u + HuH2v)

Moreover, we can assume that D*u,u and v are linearly independent and p # 0, otherwise case (iii)
and (iv) would yield that T is normal, a contradiction.

By hypotheses, [T, T*]x = 0 for every z € M, so Lemmayields that (2Re (a)+|[v||*)u+pD*u,
7w — v and D*u + ||u]|* v belongs to M=+,

We will argue by contradiction. Assume, on the contrary, that the reducing subspace M has
dimension strictly bigger than 1. Then there exists z € M \ {0} such that (z,u) = 0. Since
(z, 7w — v) = 0, we have (z,v) = 0. Moreover, since z is also orthogonal to D*u + ||u||* v, we have
(x, D*u) = 0. The fact that M is invariant under 7" implies, in particular,

Tx = Dz + (z,v)u = Dz € M.

So, for every = € M N(span {u})*, Dz € M and (Dx,u) = (x, D*u) = 0. Hence, the closed subspace
M N (span {u})* is invariant under D.
On the other hand, M is also invariant under 7™ because it is reducing and, therefore,

T*x = D*x + (z,u)v = D"z € M.

Moreover, since Dv = au + puD*u we deduce (D*z,v) = (z, Dv) = 0. In addition, from D*zx € M,
it follows
(D*z,iu — v) =0,

and therefore, (D*z,u) = 0. Accordingly, M N (span {u})* is a reducing subspace for D*.

Now, since every reducing subspace of D contains an eigenvector because of Wermer Theorem, it
follows that there exists ng € N such that e,, € M N (span {u})*.

Now, recalling that 7iu — v € M+, we deduce (€ng,v) = 0. Thereby, e, is orthogonal to v and v,
id est, an, = Bn, = 0, which contradicts the hypotheses of the lemma. Hence, the dimension of M

is equal or less than one, as we wished to prove. This concludes the proof of the statement (v) and
hence that of Lemma [£.4] O

Remark 4.6. A closer look at the proof of statement (iv), specifically at the argument regarding the
intersection of the two different conics, allows us remark that the hypothesis of the uniform multi-
plicity one for D might be relaxed. Indeed, observe that as far as v and v are linearly independent,
a contradiction would follow if we would just assume that the spectrum of D contains five or more
different eigenvalues, since an intersection of two different conics in the plane consists, at most, of
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four different points. Moreover, the assumption regarding the multiplicity of D is only used in this
argument in the proof of (iv), so our approach allows restating statement (iv) just assuming that D
has five or more different eigenvalues.

Now, we can prove Theorem

Proof of Theorem[{.3 If T is normal, the Spectral Theorem for normal operators provides plenty of
reducing subspaces for 7. In addition, if condition (b) is satisfied, a simple computation shows that
M is reducing for T', and since M has dimension 1, T' |5; is normal.

Assume now there exists a non-trivial reducing subspace M for T such that T' |p; is normal. By
Lemma [4.4] we deduce that either 7" is normal or dim M = 1. Assume 7T is not normal. Hence,
dim M = 1 and therefore, there exists a non-zero vector x € M and «, € C such that Tx = azx
and T*z = Bz. From Tz = ax we have (D — al)x + (z,v)u = 0, so

(D —al)x = —(z,v)u.

From (T* — 8I)x = 0 we have (D* — 3I)x + (z,u)v = 0. Having into account that u ¢ M~ we have

(x,u) # 0, and therefore

1 . -
U__W(D BI)x.

Hence,

(z,(D = Bl)z)u,
which yields the result. O

Next result generalizes Condition (a) in T heorem whenever rank-one perturbations of diagonal
operators with arbitrary spectrum are considered.

Theorem 4.7. Let D € L(H) be a diagonal operator with respect to an orthonormal basis (ep)n>1
of uniform multiplicity one. Let u be a nonzero vector in H such that (u,e,) # 0 for every n € N
and T =D +u®u. Then, T has a non-trivial reducing subspace if and only if T is normal.

Clearly, as a consequence of Theorem [4.7] it is possible to exhibit rank-one perturbations of
completely normal diagonal operators lacking reducing subspaces.

Proof. Tt suffices to prove that if 7" has a non-trivial reducing subspace, then 7" is normal since the
converse is straightforward. In addition, we may assume that D is not self-adjoint, since otherwise
T would be self-adjoint and the result holds trivially.

Thus, let M be a non-trivial reducing subspace and suppose that D is not self-adjoint.

First, let us assume 7" |5 is normal. By Theoremwe have that either 7" is normal or dim M = 1.
Let us suppose that dim M = 1 since otherwise we would be done.

Then there exist a, 8 € C such that Dz + (z,u)u = ax and D*x + (x,u)u = Sz. Hence

Ty = (T, en) #0
for every n € N. Now,
(D = D)a = (a =P,
from where Im () is constant for every n € N. Thus, the spectrum of D is contained in a parallel
line to the real axis and by Ionascu’s Theorem (i), it follows 7" is normal.
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If T |1 is normal, we can argue equivalently to show that T is normal.

Now, assume that neither T' |5 nor T |, are normal operators. If v and (D — D*)u are linearly
dependent, then u is an eigenvector for (D — D*), associated to an eigenvalue A € C. Since (u, e,) # 0

for every n € N, A, — A, = A for every n € N, and hence D — D* = Al and T is normal. So, we may
assume that u and (D — D*)u are linearly independent.
By assumption T |3; and T |1 are not normal, so there exist xo € M and yg € M~ such that

(4.6) 0% [T,T*xg € M and 0 # [T, T*|yo € M*.
Note that in this case
(4.7) T, 7] =(D-DYu®u+u® (D —D")u
and u ¢ M U M+ because of Proposition
If (xo, (D — D*)u) = (yo, (D — D*)u) = 0, it follows that (D — D*)u € M N M=, so (D — D*)u =0

and this occurs if and only if D = D* since (u,e,) # 0 for every n € N. Hence, we can assume
(w0, (D — D*)u) # 0.
In addition, u ¢ M so, by means of (4.6|) and (4.7)), (zg,u) # 0. By considering Py, the orthogonal
projection onto M and Qpr = I — Pyy, it follows that
<CEO, (D — D*)U>QMU = —<JIO, U>QM(D — D*)u

Moreover, since Qs commutes with T and T* we have

DQry =QuD+Quuldu—u® Quu
and
D*Qy = QuD* + Quu®@u—u® Qpu,
s0 Qu(D—D*) = (D—D*)Q - Hence, Py and Qp belongs to the commutant {D — D*}'. Moreover,

<$0a U>
(xo, (D — D*)u)

so @Qpru is an eigenvector for (D — D*).

(D = D*)Qumu,

Qmu = —

Now, let yo € M+ considered in , that is, 0 # [T, T*]yo € M*. If (yo, (D — D*)u) = 0 then
(D — D*)u € M*, so
(D — D*)Pyu = Py (D — D*)u =0,
and therefore Ppsu is an eigenvector associated to the eigenvalue 0. If (yo, (D — D*)u) # 0, we can
argue similarly to deduce that Pysu is also a eigenvector for (D — D*).
Now, recall that the eigenvalues of (D — D*) are (2iIm (),)), and for each n € N, the space of
eigenvectors associated to 2i Im (\,) is given by

M, = span {ej : Im (A\g) =Im (\,)}.

Note that the eigenspaces M,, and M, are orthogonal if n # m. Moreover, since Pyyu+Q v = u and
M,, # H for every n € N (D is not self-adjoint), it follows that both Py;u and Qpru are eigenvectors
associated to different eigenvalues.
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Moreover, there exists a partition of the positive integers N, that is, non-empty sets N1, No C N
such that N1 U Ny = N and Ny N Ny = (), such that

Pyu = Z Qp€n Quu = Z e,
neN neNa
Now,
TPyu = DPyu + || Paul)®u € M

since M is invariant under 7. Since Qpru € M=+, we have (T Pyru, Qpu) = 0. Now, since DPyru =
> nen; Antney it follows that (D Pyru, Qpru) = 0, so we deduce that (|| Pyl u, Qpru) = 0, but

(| Parul? u, Quru) = || Parul? (u, Qurw) = || Parul* [|Qarul

so Pyyu =0 or Quru = 0, what contradicts Lemma, [2.3 O
As a byproduct of the previous results, we state the following corollary.

Corollary 4.8. Let D a diagonal operator with respect to an orthonormal basis (en)n>1 of uniform
multiplicity one and uw € H a non-zero vector such that (u,e,) # 0 for every n € N. Then

(i) T = D +u®u has a non-trivial reducing subspace if and only if T is normal. In particular,
if the spectrum of D is not contained in a line parallel to the real axis, T has no non-trivial
reducing subspaces.

(ii) Moreover, if there exists o, 3 € C and x € H such that

(D —Bla,z)

(D—al)x = (uz)

and (x,u) # 0, then T = D+u®uv has a non-trivial reducing subspace, where v = (D*—[I)x.

4.1. A remark on essentially normal operators: Behncke Theorem. In this subsection, we
recall Behncke’s Theorem concerning the algebraic structure of essentially normal operators and
remark it in the context of the results proved.

Recall that an operator T is called essentially normal if [T, T*] is compact. Behncke’s Theorem
[8] generalizes a previous result of Suzuki [38], where the case of T'— T™ being compact is addressed
(we refer to [I1, p. 159, Theorem 5.4] and [25 Chapter 8] for more on the subject).

Theorem 4.9 (Behncke). Let T' € L(H) be an essential normal operator. Then H admits an
orthogonal decomposition

(4.8) H=HyeHi®oHyp---

where

(1) each H, is a reducing subspace for T';

(2) To =T |u, is a mazimal normal operator, that is, there is no closed subspace Ko 2 Hy such
that Ko is reducing for T and T |k, is normal.

(3) Forn > 1 each T, =T |g, has no non-trivial reducing subspaces and it is essentially normal.
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Moreover, the decomposition is unique in the sense that if T; and H; with i > 0 are replaced with T
and H satisfying (1)—(3), and both Ty and To are mazximal normal operators, then after reordering
H for i > 1, there is a unitary operator U commuting with T such that

U*Py,U = Pz and U'TU |pg,=T; (i >0).

Observe that, if 7' = D + v ® v € L(H) is a non-normal rank-one perturbation of a diagonal
operator where D, as usual, is a diagonal operator with respect to an orthonormal basis (ey)n>1
with uniform multiplicity one and v = ), ane,, v = >, fpe, are nonzero vectors in H with non-
simultaneously zero coordinates for each n € N, we deduce on one hand as a byproduct of Lemma
[£.4] and Behncke Theorem that

(a) If {u,v, D*u, Dv} are linearly independent, or u is an eigenvector for D* or v is an eigenvector
for D, the Hilbert space H admits an orthogonal decomposition

where for every n > 1, H,, is a reducing subspace for T" and T,, = T |g, is a non-normal
essentially normal operator with no non-trivial reducing subspaces.
(b) The same conclusion as in (a) follows if u = av, or (D — al)v = Au or (D* — BI)u = v for
some scalars a;, A, 8 € C since T' is not normal.
(¢) If Dv = au+ v+ pD*u for some a, B, u € C, then the Hilbert space H admits an orthogonal
decomposition
H=HyoHi®Hy® -

where for every n > 0, H, is a reducing subspace for T, Hy is at most a one dimensional
Hilbert space and for each m > 1, the operators 7,, = T |g, are non-normal essentially
normal operator with no non-trivial reducing subspaces.

In addition, by means of Corollary and Behncke Theorem, the following consequence holds:

Corollary 4.10. Let T = D4+ u®v € L(H) be a non-normal rank-one perturbation of a diagonal
operator D respect to an orthonormal basis (en)n>1, where u =7 anen, v =1 Bnen are nonzero
vectors in H with non-zero simultaneously coordinates oy, and By, for each n € N. Then H admits
an orthogonal decomposition

H=HyoH ®oHy®---

satisfying Behncke’s Theorem conditions (1)-(3) with Hy non-trivial if and only if Hy is one-
dimensional. Moreover, if Hy = span {x} for x € H \ {0}, there exists o, B € C such that

(D - BI)z,z)

(D —al)x = Ta.2)

u, and (D* — pBl)x = —(z,u)v.

On the other hand, in the context of Behncke Theorem, one may exhibit easy examples of rank-one
perturbation of diagonal operators of multiplicity one such that the orthogonal decomposition of H
in is trivial, namely, Hy = {0}, H; = H and H,, = {0} for every n > 2. Actually, Theorem
or Theorem [£.7] in this context provide many of such examples. We state them as corollaries:
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Corollary 4.11. Let T = D+ u® v € L(H) where D is a diagonal operator with respect to an
orthonormal basis (en)n>1 and u, v are nonzero vectors in H satisfying (u, en) # 0 and (v, ep) # 0.
Assume D has uniform multiplicity one and its spectrum o(D) is contained in a line. Then, the
orthogonal decomposition of H in ({4.8) satisfying Behncke’s Theorem conditions (1)-(3) is trivial if
and only if T is not normal.

Corollary 4.12. Let D € L(H) be a diagonal operator with respect to an orthonormal basis (€n)n>1
of uniform multiplicity one. Let u be a nonzero vector in H such that (u,e,) # 0 for every n € N
and T = D+u®u. Then, the orthogonal decomposition of H in @ satisfying Behncke’s Theorem
conditions (1)-(3) is trivial if and only if T is not normal.

4.2. Rank-one perturbations of normal operators.

Some of the previous results can be addressed in the context of rank-one perturbations of normal
operators of multiplicity one and some consequences can be derived. The first result deals with the
class of unitary operators.

Theorem 4.13. Suppose U € L(H) is a unitary operator and u € H is a vector such that (u, Uu) # 0
and {u, U*u, (U*)?u} are linearly independent. Then there exists v € H such that T = U +u ® v
has a one-dimensional reducing subspace and T is not a normal operator.

Proof. Let us consider v = <u7U1u> (U*)%u. Note that v is well defined and
(Uv0) = 7= (UM 0) = e, Uy = 1
v,u) = (U u,u) = U u, Uu) = —1.
Then,

TU u= (U +u®v)Uu=u(u,Uv)u =u—u=0.
Moreover,
T*U*u = (U*)*u + (u, Nu)v = (U*)*u — (U*)*u = 0.
Then, M := span {U*u} reduces T'. It remains to show that 7" is not normal.

Assume, on the contrary, that 7' is a normal operator. By [28, Proposition 3.1] we have two
possibilities:

(i) u and v are linearly dependent, which is absurd because v = <u,_Ulu> (U*)?u and u and (U*)?u

are linearly independent by hypotheses.
(ii) w and v are linearly independent and there exists «, 5 € C such that

(U* = al)u = [[ul|* Bv.
That is,

—||ul* 8
(u, Uu)
Now wu,U*u and (U*)?u are linearly independent, so U*u = 0 and therefore (u,Uu) =

(U*u,u) = 0, which yields a contradiction.

U'u — au = (U*)?u.

Hence, T is not a normal operator and the proof is finished. O

In the same circle of ideas, the following result holds.
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Proposition 4.14. Let N € L(H) be a normal operator and w € H a non-zero vector. Assume
that there exist a, p € C and x € H such that (x,u) # 0 and (N —al)x = (N=BDx2)y, - Then, the

(u,x)
operator T := N +u ® v has a non-trivial reducing subspace, where v = — <x1u> (N* — BI)x.

The proof is a just a computation showing that 7" reduces M := span {z}.

5. RANK-ONE PERTURBATIONS OF DIAGONAL OPERATORS WITH
MULTIPLICITY STRICTLY BIGGER THAN ONE: EXAMPLES

In this final section we present some examples of rank-one perturbations of diagonal operators with
multiplicity strictly bigger than one in order to illustrate how the picture of the reducing subspaces
changes if we drop off the uniform multiplicity one assumption.

Example 5.1. There exists T'= D + u ® v a rank-one perturbation of a diagonal operator D with
multiplicity strictly bigger than one and spectrum contained in a line such that (u,e,) # 0 and
(v,e,) # 0, T has a non-trivial reducing subspace and it is not a normal operator. It is enough to
consider the operator described in Remark

As we mentioned in Section [2| this example shows that the assumption of uniform multiplicity
one cannot be dropped off the hypothesis of Theorem [2.1] so the result is sharp in that sense.

Next example is somehow an extreme case regarding rank-one perturbations of diagonal operators
with multiplicity strictly bigger than one with reducing subspaces such that Lemmas [2.3] and
and Proposition do not hold.

Example 5.2. Let u,v € H and consider T := I 4+ v ® v, where I denote the identity operator.
Observe that [ is a self-adjoint and unitary diagonal operator, but every closed subspace M such
that u,v € M is reducing for T'. Clearly the behaviour of this operator differs completely from those
satisfying Theorems [2.1] and since the aforementioned lemmas and proposition play an essential
role in their corresponding proofs.

Finally, we use Proposition to show that the assumption of uniform multiplicity cannot be
dropped off Theorem [£.7]

Example 5.3. Let (\,), be any sequence in the complex plane such that \; = A9 and let D be the
diagonal operator such that De,, = \,e, for every n € N. Consider u € H such that (u,e,) # 0 for
every n € N. Then, the operator T':= D + u ® u has a non-trivial reducing subspace.
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