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Abstract. In this talk we briefly review how the unitarization of Chiral Perturbation Tiesith dispersion relations can
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INTRODUCTION

Light hadron spectroscopy lies beyond the applicabiligime of perturbative QCD. However, there is a rigorous and
systematic expansion in the form of an effective field thedfiQ CD, known as Chiral Perturbation Theory (ChPT) [1],
which provides a model independent description of the dyosof the lightest mesons, namely, the Goldstone Bosons
of the QCD spontaneous chiral symmetry breaking. Despite @PT is limited to low energies and masses, here
we review how, when combined with model independent dispenglations, it leads to a successful description of
meson dynamics, generating resonant states without a @sgumptions on their existence or nature. This “ unitarize
ChPT" is a useful tool to identify the spectroscopic natudnesonances through their dependence on the QCD number
of colorsN, but also to relate lattice results to physical resonangestulying their quark mass dependence.

We will concentrate on the meson sector, where ChPT is magl@jged and converges somewhat better, and is
built out of pion, kaon and eta fields only, as a low energy agjmm of a Lagrangian respecting all QCD symmetries.
Generically, it is organized in powers 6 p?/A?), wherep stands either for derivatives, momenta or meson masses,
and A\ = 4mtf,;, where f;; denotes the pion decay constant. ChPT is renormalized bsderder by absorbing loop
divergences in the renormalization of parameters of highgr counterterms, known as low energy constants (LECs)
that carry no energy or mass dependenddeir values depend on the specific QCD dynamics, and hav to
determined either from experiment or from QCD. The relevantark for us is that, up to the desired order, the ChPT
expansion provides systematic and model independédsescription of how meson masses and amplitudes depend on
QCD parameters like the light quark masses: (m, + mg)/2 andm, or the leading IN; behavior [2].

DISPERSION RELATIONS AND UNITARIZATION

Elastic resonances appear as poles on the second Riematroliee meson-meson scattering partial waygsf
definite isospir and angular momentuth At physical values 0§, elastic unitarity implies

Imti3(s) = (9|t (s)> = Imtuts) =-0(s), ty= ﬁi—icf
N

wheres is the Mandelstam variable amalis the center of mass momentum. However, ChPT amplitudésg lza

expansiorty ~t@ +t% 4 ... with t2 = O(p), can only satisfy Eq. (1) perturbatively

with  o(s) = 2p/\/5, 1)

Imt?(s) =0, ImtP(s) = a(9t(s) ... = ImtP(9/42%(s)=0(9), )

and cannot generate poles. Despite the resonance regsopelj@nd the reach of standard ChPT, it can be reached
combining ChPT with dispersion theory either for the anuplé [3] or for the inverse amplitude through the Inverse
Amplitude Method (IAM) [4, 5, 6]. The first approach has beercessfully used, combined with data on other
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channels and high energies, to, for instance, determirsgte the parameters of tHfg(600) or k (800) resonances.
Unfortunately, this additional experimental input makiedifficult to relate these results to QCD parameters hke

or M. Hence we will concentrate on tlome-channelAM [4, 5], since it uses ChPT only up to a given order inside a
dispersion relation — without additional input or furtheodel dependent assumptions — providing an elastic unitary
amplitude with the correct ChPT expansion up to that ordéreQunitarization techniques will be commented below.

The one-loop ChPT Inverse Amplitude M ethod

For a partial wave,;(s), we can write a dispersion relation (subtracted three titoesuppress high energy
contributions)
*© Imtu(s’)dé
Jsn, S8(8 —s—ieg)

Note we have explicitly written the integral over the rlglarid cut (or physical cut, extending from threshaig,to

infinity) but we have abbreviated lC the equivalent expression for the left cut (from Gt®). We could do similarly
with other cuts, if present, as in thi& case. Similar expressions hold % andt®), but remembering that? is a
pure tree level amplitude and it does not have imaginaryrgartuts, they read:

ti3(s) = Co+Cls+Czsz+ +LC(ty). (3)

© ImtIJ )(s)dg

@
N care Ie)JrLC(t,J ). (4)

t|(32> =apt+as, t|(3) = bo + by s+ bps® +
Note that from Eq.(1) the imaginary part of thwverse amplitudés exactlyknown in the elastic regime. We can then
write a dispersion relation like that in (3) but now for thecdiary function G = (tl(Jz))z/tu, ie.,

ImG(s)ds

G(s) = Go + G5+ G2 =
(s)=Go+ 1S+2+ 7, S —s—ie)

+LC(G) +PC,

where nowPC stands for possible pole contributiong@rcoming from zeros iy ;. It is now straightforward to expand
the subtraction constants and use thaﬂq(ﬁ)n: 0 and Irrtl(j1> = a|t,(32) |2, so that InG = —Imt,@. In addition, up to the
given order[.C(G) ~ —LC(t,(J“)), wherea$C is of higher order and can be neglected on a first stage. Then

(2)2
b © Imt};(s)ds () @ _ (@
H a.o + a.ls bO bls ngZ Sth m — LC(t” ) = t|J — t|J . (5)
We have thus arrived to the so-called IAM:
t =432/t 1), (6)

that provides an elastic amplitude satisfying unitaritgl has the correct low energy expansion of ChPT up to the order
we have used. ThBC contribution has been calculated explicitly [6] and showibé, not just formally suppressed,
but numerically negligible except near the Adler zeros,yafmam the physical region. It is straightforward to extend
the 1AM to other elastic channels or higher orders [5]. NBivly looking at (1), it seems that the IAM is derived by
replacing ngl by its O(p*) ChPT expansion. But, strictly speaking, (1) is only validlie real axis, whereas our
derivation allows us to consider the amplitude in the complane, and, in particular, look for poles of the associated
resonances. Let us remark that ChPT has been used ahwboys energiego evaluate parts of a dispersion relation,
whose elastic unitarity cut is taken into account exactlyug, the IAM formula is reliable up to energies where
inelasticities become important (even though ChPT doesaoterge at those energies) because ChPT is not being
used there. Only when the energy is close to the Adler zersboeld use a slightly modified version of the IAM [6].
When reexpanding, a few of the higher order terms are prodcaedctly by the unitarization but not the complete
series— for a discussion of this issue for the scalar piomfiactor see Ref.[7].

In Fig.1, we present some preliminary results [8] of an upddit of the IAM it and 1K scattering amplitudes
to data, but simultaneously fitting the available latticeutss onm;;, g, f;, fx and some scattering lengths. It is
important to remark that the resulting LECs are in fairly d@greement with standard determinations: no fine tuning
is required. As usual th&(600), p(770), k(800) andK*(892) appear as poles in the second Riemann sheet of their
corresponding partial wave. Actually, already ten years [& with the elastic IAM we were able to generate poles
for the p(770), K*(892) and the controversiar (or fo(600)), without any modeling of the integrals but just ChPT
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FIGURE 1. Results of our updated IAM fit [8] (continuous line). We also show naitawized ChPT results with the LECs given
in the second reference of [9] (dot-dashed line). . Two upper roWd: versus experimental data amt and K scattering. Two
lower rows: fit results compared to lattice calculations [10fgf fk, my/ f and therr™ ™, KTK+, KT ™ scattering lengths. We
fit up tom; = 440MeV, but even beyond lattice results are well described (grey areagyribhgntal references are detailed in [9].

approximations The fact that resonances aret introduced by handout generated from first principles and data, is
relevant because the existence and nature of scalar resmiarthe subject of a long-lasting intense debate. The fact
thatthe only input parameters are those of ChiBWery relevant because we then know how to relate our anciglé

to QCD parameters likBl; or the quark masses.

Other unitarization techniques within the coupled channel formalism

Naively one can arrive to (6) in a matrix form, ensuring cagpthannel unitarity, just by expanding the real part of
the inversel matrix. Unfortunatelythere is still no dispersive derivatidncluding a left cuffor the coupled channel
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case Being much more complicated, different approximationRéd ~* have been used:

e The fully renormalized one-loop ChPT calculation of Ré provides the correct ChPT expansion in all channels,
also with left cuts approximated ©(p*) [11, 9]. Indeed, using LECs consistent with previous deteations within
standard ChPT, it was possible [9] to describe below 1.2 Qkte scattering channels of two body states made of
pions, kaons or etas. Simultaneously, this approach [9@ees poles associated to & 70) andK*(892) vector
mesons, together with thig(980), ap(980), fp(600) andk (or Ko(800)) scalar resonances.

e Originally [12], the coupled channel IAM was used neglegtihe crossed loops and tadpoles. This approach is
considerably simpler, and although it is true that the laftis absent, its numerical influence was shown to be rather
small, since the meson-meson data are nicely describedvesithreasonable chiral parameters and generates all the
poles enumerated above. Let us remark that this approximkéeps the s-channel loops but also the tree level up to
O(p*), and that this tree level encodes the effect of heavier eesms, like the rho. Thus, contrary to some common
belief, this approach still incorporates, for instance, lbw energy effects of t-channel rho exchange.

e Finally, if only scalar meson-meson scattering is of ind&re is possible to use just one cutoff (or a dimensional
regularization scale or a subtraction constant) that nizaér mimics the combination of chiral parameters thategp
in those scalar channels. This method — known as the "‘chinghry approach™— has become very popular, even
beyond the meson-meson interaction realm, due to its gragtisity but remarkable success [13] and also because it
is rather simple to relate to the Bethe-Salpeter formalis#pthat provides additional physical insight on unitati@a.

With this method it has been shown [15] that, in the SU(3)tlimhd assuming no quark mass dependence on the
cutoff, all light scalar resonances degenerate into art aoka singlet.

Also with this method, but using a chiral Lagrangian for tiseypdoscalar-vector interaction it has been possible to
generate axial-vector mesons [16].

THE NATURE OF RESONANCES FROM THEIR LEADING 1/N; BEHAVIOR

The QCD YN; expansion [2], valid in the whole energy region, providefganous definition ofjgbound states: their
masses and widths behave@d) andO(1/N;), respectively. The QCD leading li; behavior off; and the LECs is
well known, and ChPT amplitudes have no cutoffs or subtvaatbnstants where spuriods dependences could hide.
Hence, by scaling with\. the ChPT parameters in the IAM, the mass and widtlependence of the resonances has
been determined to one and two loops [17, 18]. These are défimra the pole position ag/Syoie = M —il". However,

a priori, one should be carefulot to take N too large, and in particular to avoid the N— o limit, because it is a
weakly interacting limitAs shown above, the IAM relies on the fact that the exactiel&C contribution dominates
the dispersion relation. Since the IAM describes data aadglonances within, say, 10 to 20% errors, this means that
atN; = 3 the other contributions are not approximated badly. Buitandoops, responsible for thC, scale as A\;
whereas the inaccuracies due to the approximations scalg @aO(1). Thus, we can estimate that those 10 to 20%
errors atN. = 3 may become 100% errors at, S&y~ 30 orN; ~ 15, respectively. Hence we have never shown results
[17, 18] beyond\; = 30, and even beyond, ~ 15 they should be interpreted with care. Of course, in speases

the IAM could still work for very large\, as it is has been shown for the vector channel [19]. But thabt the case
for the scalar channel, which, if used for too lafgig leads to inconsistencies [19] for some values of the LECs.

Thus, Fig.2 shows the behavior of tpeK* and o masses and widths found in [17]. TpeandK* neatly follow
the expected behavior forgm state:M ~ 1, ~ 1/N.. The bands cover the uncertaintyin~ 0.5— 1 GeV where the
LECs are scaled with.. Note also in Fig.2 (top-right) that, for that set of LE@sitside thisu rangethe p meson
starts deviating from aaqbehavior. Something similar occurs to t§&(892). Consequently, we cannot apply tNe
scaling at an arbitrary value, if the well established andK* qq nature is to be reproduced.

In contrast, thes shows a different behavior from that of a puyg near N.=3 both its mass and width grow with
N, i.e. its pole moves away from the real axis. Of course, famfiN; = 3, and for some choices of LECs apdthe
sigma pole might turn back to the real axis [18, 19, 20], as $ed-ig.2 (bottom-right). But, as commented above,
the 1AM is less reliable for largé&l;, and at most this behavior only suggests that timeight bea subdominantiq
component [18]. In addition, we have to ensure that the LES@sl it data and reproduce the veaggrbehavior.

Since loops are important in determining the scalar poléipas but are ¥N. suppressed compared to tree level
terms with LECs, it is relevant to check ¥ p*) results with arO(p®) 1AM calculation. This was done withiSU(2)
ChPT in [18]. We defined g?-like function to measure how close a resonance is frogg & behavior. First, we
used thaty?-like function atO(p*) to show that it is not possible for the to behave predominantly asga while
describing simultaneously the data and ghgq behavior, thusonfirming the robustness of the conclusions fgr N
close to 3 Next, we obtained ®(p®) data fit — where th@ qq behavior was imposed — whosg behavior for the
p and o mass and width is shown in Fig.3 (left and center). Note tladth My andl™; grow with N nearN; = 3,

144



p(770) K*(892) -20 u=770 MeV, /__/ K1 GeV

Mne/M3 Mne/M3 40 Nep# ™\
-60 [-.' -

—irR

-80 * u=12GeV
~100

400 600 800 1000 1200
M

~200 o

..
o 40 C s@ o e
= 600 : :
~800
~1000

u=1GeV 4=500 MeV

N W A W

Ncl H=T70 MeV

400 600 800 1000 1200
5 10 15 20 25 30 M

FIGURE 2. Top: (Left and centerN; behavior of theop andK* mass and width. (Right) Differeqt pole trajectories for different
values ofu, note that foru = 1.2 GeV thep pole goes away the real axBottom: (Left and centerN; behavior of thec mass
and width. (Right) Differentr pole trajectories for different values.
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FIGURE 3. Left and center: N¢ behavior of thep ando pole atO(p®) with the “p asqgfit”. Right: Sigma behavior with\; at
O(p®) with the “p ando asqqfit”.

confirming theO(p*) result of a nongg dominant component. However, & grows further, betweehl; ~ 8 and
N; ~ 15, where we still trust the 1AM resultd/, becomes constant arid, starts decreasing. This may hint to a
subdominanfig componentarising as loop diagrams become suppressed Whagrows. Finally, and despite this
scenario is disfavored since tpestarts deviating from itgq behavior, we checked how big thisqq component can
be made. Thus we forced tleto behave as gqusing the above mentioned-like measure. We found that in the
best case — Fig.3. (right) — this subdominggtcomponent could become dominant arold> 6 — 8, at best, but
always with arN; — c0o mass above roughly 1 GeV instead of its physiea50 MeV value.
Let us emphasize again [21] what can amdgat cannotbe concluded from our results and clarify some frequent
guestions and doubts raised in this and other meetingsterdiscussions and the literature:
eThe dominant componenf the o and k in meson-meson scattering does not behave gg. &vhy “dominant”?
Because, most likely, scalars are a mixture of differertestdf theqqwasdominant they would behave as thgeor
theK* in Fig.2.But a smaller fraction ofjg cannot be excludeahd is somewhat favored in oG p®) analysis [18].

¢Two meson and some tetraquark states [22] have a consistprlitative” behavior i.e., both disappear in the
meson-meson scattering continuumNgsincreases. Our results are not able yet to establish theenafuthat
dominant component. To do so other tools might be necessafgranstance, those outlined in [26, 27]. The most
we could state is that the behavior of two-meson states oe setraquarks might be qualitatively consistent.

The N; — o limit has been studied in [20, 19]. Apart from its mathemtiaterest, it could have some physical
relevance if the data and the laiyg uncertainty on the choice of scale were more accurate. Neless:
e As commented abova,priori the IAM is not reliable in the N— oo limit, since it corresponds to a weakly interacting
theory, where exact unitarity becomes less relevant inroonhbf other approximations made in the IAM derivation.
It has been shown [19] that it might work well in that limit im& vector channel of QCD but not in the scalar channel.

e Another reason to limit ourselves t& not too far from 3 is that in our calculations we have not ideld the
n’(980), whose mass is related to tbg(1) anomaly and scales 323/N.. Nevertheless, if in our calculations we
keepN; < 30, its mass would be- 310MeV and thus pions are still the only relevant degreesesfdom for the
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FIGURE 4. Left: Movement of theo (dashed lines) ang (dotted lines) poles for increasing;; (direction indicated by the
arrows) on the second sheet. The filled (open) boxes denote the mitom® for theo (p) at pion massesn; =1, 2, and

3x mPYS respectively. Fomy = 3mE™S three poles accumulate in the plot very near ttrethreshold. Note that all poles are
always far enough from the Adler zero (circleRjght: Comparison of our results for thd, dependence omy with some recent
lattice results from [30]. The grey band covers only the error comiog fihe LECs uncertainties.

scalar channel in the region.

e Contrary to the leadind./N; behavior in the vicinity of N= 3, the N, — o limit does not give information on the
“dominant component” of light scalarsThe reason was commented above: In contrasfgtstates, that become
bound, two-meson and some tetraquark states dissolve @ottimuum as\. — . Thus, even if we started with an
infinitesimalqq component in a resonance, for a sufficiently lalNggt may become dominant, and beyond thiat
the associated pole would behave agjatate. Also, since the mixings of different components daliange with
N, a too large\. could alter significantly the original mixings.

Actually, this is what happens for the one-loop I1Adresonance fol; — o, but it doesnot necessarily mean that
the “correct interpretation [...] is that the pole is a conventionajg meson environed by heavy pion clouds” [20].
That the scalars are not conventional, is simply seen by admgpthem in Figs.1 and 2 with the “conventional’and
K* in those very same figures. A large two-meson component isigt@mt, but thél, — o of the one-loop unitarized
ChPT pole in the scalar channel limit is not unique [20, 19kgithe uncertainty in the chiral parameters. Moreover,
for some LECs the scalar channel one-loop IAM in Me— oo limit can lead to phenomenological inconsistencies
[19], since poles can even move to negative squared masssv@heird), to infinity or to a positive mass square. Thatis
one of the reasons why in the figures here and in [17, 18] wemolyup toN; = 30, but not 100, or a million. Hence,
robust conclusions on the dominant light scalar componamtoe obtained not too far from real life, sy < 15 or
30, for au choice between roughly.® and 1 GeV, that simultaneously ensuresdfelependence for the andK*
mesons. Note, however, that under these same conditione/dhl®op IAM still finds, not only a dominant nogg
component, but also a hint ofga subdominant component, which is not conventional in thesémat it appears at a
much higher mass than the physicalThis may support the existence of a secqqdcalar octet above 1 GeV [23].

Finally, using not the 1AM, but the chiral unitary approachitwa natural range for the cutdi. dependence, it has
also been suggested [24] that a large, in some cases doymioafg behavior could exist in axial vector mesons.

QUARK MASS DEPENDENCE OF RESONANCES

ChPT provides a rigorous expansion of meson masses in témusik masses (at leading ordéfeqq~ Mg). Thus,
by changing the meson masses in the amplitudes, we see hquolé®e generated with the IAM depend on quark
masses. In [25] we presented the SU(2) analysis fopthad o but here we also report on our recent developments
[8] in the SU(3) formalism and the(800) andK*(892) strange resonances.

The values oy considered should fall within the ChPT range of applic&p#ind allow for some elastimr and
niK regime belowKK or Kn thresholds, respectively. Both criteria are satisfiad;if< 440 MeV, sinceSU(3) ChPT
still works with such kaon masses, and becauseripr- 440 MeV, the kaon mass becomes$00 MeV. Of course,
we expect higher order corrections, which are not consitleese, to become more relevantagis increased. Thus,
our results become less reliableragincreases due to th@(p®) corrections which we have neglected
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Fig. 4 (left) shows the evolution of the andp pole positions am; is increased. In order to see the pole movements
relative to the two pion threshold, which is also increasaifjquantities are given in units ofi;, so the threshold is
fixed at,/s = 2. Both poles move closer to threshold and they approactetileakis. Thep poles reach the real axis
as the same time that they cross threshold. One of them jurtgthie first sheet and stays below threshold in the real
axis as a bound state, while its conjugate partner remaitiseosecond sheet practically at the very same position as
the one in the first. In contrast, tle poles go below threshold with a finite imaginary part beféreytmeet in the
real axis, still on the second sheet, becoming virtual st&tem;; is increased further, one of the poles moves toward
threshold and jumps through the branch point to the firsttsstaging in the real axis below threshold, very close to
it as m;; keeps growing. The other pole moves down in energies further from threshold and resnain the second
sheet. These very asymmetric poles could be a signal of aipeotmolecular component [26, 27], at least for large
pion masses. Similar movements have been found within quadels [28] and a finite density analysis [29].

Fig. 4 (right) shows our results for tiiemass dependence on; compared with some recent lattice results [30], and
the PDG value for the mass. Now the mass is defined as the point where the phaserskiest/2, except for those
m;; values where thp becomes a bound state, where it is defined again from the psitgm. Taking into account the
incompatibilities within errors between different latticollaborations, we find a qualitative good agreement vii¢h t
lattice results. Also, we have to consider that tyedependence in our approach is correct only up to NLO in ChPT,
and we expect higher order corrections to be important fgelpion masses. Théd, dependence om;; agrees nicely
with the estimations for the two first coefficients of its ehiexpansion [31].

In Fig. 5 (left) we compare then; dependence d¥l, andM, (defined from the pole positiofySyoie = M —il/2),
normalized to their physical values. The bands cover thed &tertainties. We see that both masses grow mwith
but Mg grows faster thaivl,. Below m; ~ 330 MeV we only show one line because the two conjugageles have
the same mass. Above 330 MeV, these two poles lie on the resalhviétk two different masses. The heavier pole goes
towards threshold and aroung; ~ 465 MeV moves into the first sheet, but that is beyond our aabiiity limit.

In the next panel of Fig. 5 we compare timg dependence df, andl'; normalized to their physical values: note
that both widths become smaller. We compare this decredbetlvd expected phase space reduction as resonances
approach thetrr threshold. We find thalf, follows very well this expected behavior, which implies ttitlae p rrrr
coupling is almosin;; independent. In contrast, deviates from the phase space reduction expectation. Uitigests
a strongm;; dependence of the coupling to two pions, necessarily present for moleculatest[27, 32].

Finally, in the last two panels of Fig.5 we compare the masbveidth dependence am 6f the k (800) versus the
K*(892), keepingms fixed. Note that the same pattern of the- p system is repeated. Belonging to the same octet,
the K*(892) andp behave very similarly, and both their widths follow just peapace reduction. Tleek behavior
are only qualitatively similar, the latter being somewhaftey. Among other effects, this might be due to a possible
significant admixture of singlet state in te

SUMMARY

We have reviewed how the Inverse Amplitude Method (IAM) [§]derived from the first principles of analyticity,
unitarity, and Chiral Perturbation Theory (ChPT) at lowgies. It is able to generate, as poles in the amplitudes, the
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light resonances appearing in meson-meson elastic sngttesithout any a priori assumptions. Up to a given order in
ChPT, it yields the correct dependences on the quark masdagh@number of colors.

The resonance leading . behavior suggests that the dominant component of lightssdbes not behave aga
state ad\; increases not far from\. = 3. When using the two loop IAM result in SU(2), beldw ~ 15 or 30, there is
a hint of a subdominariq component, but arising at roughly twice the mass of the [laysi.

We have also predicted the evolution of t{€600), p(770), k (800) andK*(892) pole positions with increasing pion
(quark) mass [25, 8] and have seen how they become bound:staftly in the vector case and with a non-analyticity
in the scalar case. We have also shown that the vector-nmaeson coupling constant is almas; independent and
we have found a qualitative agreement with some latticdtefar thep mass evolution witlm;;. These findings might
be relevant for studies of the meson spectrum and form feeteee Ref. [33] —on the lattice. Work is in progress [8]
to study also the strange quark mass dependence.
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