UNIVERSIDAD COMPLUTENSE DE MADRID

FACULTAD DE CIENCIAS FISICAS

TESIS DOCTORAL

Estructuras hadrénicas y fisica de jets en teorias efectivas de QCD

Hadronic Structures and jet physics in QCD Effective Theories

MEMORIA PARA OPTAR AL GRADO DE DOCTOR
PRESENTADA POR

Rafael Fernandez del Castillo

DIRIGIDA POR

Ignazio Scimemi
Miguel Garcia Echevarria

© Rafael Fernandez del Castillo, 2024






Hadronic Structures and Jet Physics in
QCD Effective Theories

Estructuras hadroénicas y fisica de jets en teorias efectivas de QCD

Autor
RAFAEL FERNANDEZ DEL CASTILLO

Directores
IGNAZIO SCIMEMI
MIGUEL GARCIiA ECHEVARRIA

UNIVERSIDAD

COMPLUTENSE

MADRID

FacurLTaD DE CIENCIAS FiSICAS - PROGRAMA DE DOCTORADO EN FiSICA

o
7
N\

IPARCOS

INSTITUTO DE FisicA DE PARTICULAS Y DEL COSMOS






A mis padres y a mi abuela



R.F.C. is supported by the Spanish Ministry grant PID2019-106080GB-C21 and PID2022-
136510NB-C31. This project has received funding from the European Union Horizon 2020
research and innovation program under grant agreement Num. 824093 (STRONG-2020).



List of publications and conferences

The original results of this Ph.D. thesis appear in the following publications

e Transverse Momentum Measurements with Jets at Next-to-Leading Power
Rafael F. del Castillo, Max Jaarsma, Ignazio Scimemi, Wouter Waalewijn
Published in JHEP 02 (2024) 074. arXiv: 2307.13025

e Transverse momentum dependent distributions in dijet and heavy hadron
pair production at EIC
Rafael F. del Castillo, Miguel G. Echevarria, Ignazio Scimemi, Yiannis Makris

Published in JHEP 03 (2022) 047. arXiv: 2111.03703

e TMD factorization for dijet and heavy-meson pair in DIS
Rafael F. del Castillo, Miguel G. Echevarria, Ignazio Scimemi, Yiannis Makris

Published in JHEP 01 (2021) 088. arXiv: 2008.07531

The following publications have been published during the Ph.D. thesis, although their
content is not included in this text

e One-loop evolution of twist-2 generalized parton distributions

Valerio Bertone, Rafael F. del Castillo, Miguel G. Echevarria, Oscar del Rio, Simone
Rodini

Published in Phys.Rev.D 109 (2024) 3, 034023. arXiv: 2311.13941

The content of these publications has been presented at the following international con-
ferences and workshops

e 16th International Conference on the Structure of Baryons (Baryons
2022)

TMDs in dijet production in SIDIS
Universidad Pablo de Olavide, Sevilla
May 2022
e DIS2022: XXIX International Workshop on Deep-Inelastic Scattering
and Related Subjects
TMDs in dijet and heavy hadron pair production in SIDIS
Instituto Galego de Fisica de Altas Enerxias (IGFAE)
May 2022



e 24th International Spin Symposium (SPIN2021)
TMD cross-section factorization for dijet production at the EIC
RIKEN, Japan
October 2021

e Particles and Nuclei International Conference 2021
TMD cross-section factorization for dijet production at the EIC
University of Lisbon

September 2021

e World SCET 2021
TMD factorization for dijet and heavy meson pair production in DIS

Online conference

April 2021

¢ Resummation, Evolution, Factorization 2020

Transverse momentum dependent cross-section factorization for dijet and heavy-
meson pair processes in DIS

Higgs Centre for Theoretical Physics, University of Edinburgh
December 2020

The content of these publications has contributed to the following conference proceedings

e TMD cross-section factorization for dijet production at the EIC
Rafael Ferndandez del Castillo
Published in PoS PANIC2021 (2022) 373. Contribution to: PANIC 2021, 373

e TMD Cross-Section Factorization for Dijet Production at the EIC
Rafael F. del Castillo
Published in JPS Conf.Proc. 37 (2022) 020201. Contribution to: SPIN 2021



Contents

[Prelude

i

Soft-Collinear Effective Theory]

[1.1 The strategy of regions|. . . . . . . . . . . ... ... ... ...
.......................................
[1.2.1 Scaling of the fields|. . . . . .. ... .. ... ... ... .......
[1.2.2 Effective Lagrangian at leading power| . . . . . . . ... .. .. ...
[1.2.3  Gauge transformations|. . . . . . . . .. ... ... ... .. ...
[1.2.4 SCET vector current and matching coefficient|. . . . . . . . ... ..
[1.2.5  Matching coefficient at NLO . . . ... ... ... ..........
[1.2.6  Decoupling soft and collinear modes| . . . .. .. ... ... .....

[2.2  Rapidity divergences| . . . . . . . . ...
[2.2.1  d-regularization scheme| . . . . . . ... ... ... ... ... ...
[2.3  (-prescription and TMD evolution . . . . . ... .. ... ... .......

Dijet production in SIDIS|

13.1 Dijet production factorization| . . . . . . . . . .. .. ... ...

[3.1.2  Factorization theorem for dijet production|. . . . . . . . .. ... ..
[3.1.3  Dijet soft function at NLO| . . . . ... ... ... ... .......
[3.1.4 The zero-bin subtraction and the universal TMDs| . . . .. ... ..
[3.1.5  Consistency check . . . . ... ... .. o
[3.2  Heavy hadron pair imbalance| . . . . . .. ... ... ... ... ... ...
[3.2.1  Refactorization of heavy-quark fragmentation function . . . . . . . .
[3.2.2  bHQET matrix element at NLO| . . . ... ... ... ........
[3.2.3  Connection to the fragmentation shape function| . . . . .. ... ..
[3.3  Cross-section used in phenomenology|. . . . . . ... ... ... .......
[3.3.1 Extracting the Born-level cross-sections . . . . . ... ... ... ..
[3.3.2  Angle integrated and azimuthally modulated cross-section | . . . . .
[3.4 Angular dependence and evolution| . . . . . . . ... ... ... .......

21
23
28
28
29



ii CONTENTS

[3.4.1  Dijet soft function and angle dependent anomalous dimensions| . . . 56

[3.4.2 Treatment of angular dependent anomalous dimensions and resum- |

[ mationl. . . . ... e o7
3.5 Evolution kernels and scale choicesl . . . . . . .. ... ... ... ... 63
[3.5.1  (-prescription for dijet evolution kernel] . . . . . . .. .. ... ... 64

[3.6 Phenomenology . . . . . . . . . . ... 66
[3.6.1  Phenomenological results . . . . . . ... ... ... ..., 69

[Results for dijet production . . . . . . . ... .. ... ... ..... 69

[Results for heavy hadron production . . . . ... ... ........ 72

4 Background field method 73
[4.1  Field modes and effective operators|. . . . . . . ... ... ... ....... 75
|4.2  Process dependence and gauge fixation . . . . . . .. ... ... ... .... 78
[4.3  Effective operators| . . . . . . . . ... 79
431 Treeorder for LPl. . . . . . . . . . . ... . ... ... 79

432 Treeorder for NLP . . . . . . . . . . .. . ... ... . ... ... 81

[4.3.3  Gauge invariant expressions for TMD operators|. . . . . . . . .. .. 83

[4.3.4  Effective operator in momentum space . . . . . . . . . . ... .. .. 85

4.4 Soft overlap . . . . . . . . . . 87

[>  Dijet production in STA at NLP] 91
b1 Kinematics . . . . . . . . 92
5.2 Factorization at NLP . . . . . . . . . . . . . 94
[5.2.1  Operator basis . . . . . . . . . .. 95

[5.2.2  Expansion of the hadronic tensor| . . . . . . . ... ... ... .... 98

(.23  Jet function definitions . . . . . . . . . ... oL oL 101

[5.2.4 Factorization] . . . . . . . . . .. .. 103

[5.3 _Subtraction and renormalization] . . . . . .. ... ... .. ... .. ... 104
[5.3.1 Owerlap subtraction| . . .. .. .. ... ... ... .. .. .. ..., 105

[5.3.2  Special rapidity and endpoint divergences . . . . . ... ... .. .. 106

[5.3.3  Discussion of special rapidity and endpoint divergences . . . .. .. 108

[5.3.4 Renormalization and evolution| . . . . . . . . . .. .. ... ..... 109

[5.4 Ingredients at order agl . . . . . . .. ... 110
[5.4.1  Jet algorithms| . . . . . . . .. ... 111

(4.2 Calculation] . . . . . . . . . .. 112
[Conclusions| 117
[A Dijet production in SIDIS| 121
[A.l FElements of factorization]. . . . . . . ... ... ... L oL 121
A1l Hard function]. . . . . .. ... . . L 121
[A.12 Jet functionl. . . . . . . . . . . e 121

[A.1.3 Collinear-soft functionl . . . . . . . . . . . .. ... ... ... ..., 122

[A14 Beam functionl . . .. ... ... .. ... 122

[A.2 Anomalous dimensions . . . . . . v e e e e e 123




CONTENTS

[A.2.2 bHQET heavy-quark jet function|. . . . . . . . ... ... ... ...
A23 TMDPDEl. . . .. . .

[A.2.5 Dijet soft function| . . . . . .. .. ... ...
[A.3 Soft function integrals and 9-regulator| . . . . . . . ... ...
[A.4 Hard prefactors| . . . . . . . . . . ...

[B Dijet production in STA
B.1 Fierz relations|. . . . . . . . . . . e

[Abstract]
[Resumen|

iii

124
124
125
126
126
130

133
133

135

137



v

CONTENTS



Prelude

The exploration of hadron structure and quark distribution lies at the heart of modern
particle physics, offering a window into the intricate dynamics governed by Quantum
Chromodynamics (QCD). Within this rich variety of subatomic phenomena, Parton Dis-
tribution Functions (PDFs) emerge as indispensable tools, encapsulating the probabilistic
distribution of quarks and gluons within hadrons.

Transverse Momentum Dependent Distributions (TMDs) represent a sophisticated
framework within the realm of quantum chromodynamics that captures the intricate dy-
namics of partons within hadrons with respect to their transverse momentum. Unlike
conventional PDF's, which describe the probability of finding a parton with a certain mo-
mentum fraction along the longitudinal direction of the parent hadron, TMDs provide
additional momentum information by considering the transverse momentum of the parton
relative to the direction of motion of the hadron. This distinction is crucial as it unveils the
three-dimensional structure of hadrons and offers insights into the correlations between
the momentum distribution of the parton and its spin within the hadron. TMDs are in-
dispensable in various high-energy scattering processes, offering a deeper understanding of
phenomena such as the spin structure of the nucleon, the transverse spin effects in hadron
collisions, and the dynamics of hadronization in particle interactions.

In this thesis, we explore TMDs in detail, recognizing their pivotal role in illuminating
the underlying mechanisms governing hadron structure and parton distributions. We delve
into the multifaceted nature of TMDs, examining their significance across various theo-
retical frameworks. In particular, we study their manifestation in factorization theorems,
which underpin crucial processes such as Drell-Yan (DY), semi-inclusive deep inelastic
scattering (SIDIS), and semi-inclusive annihilation (SIA).

In our study of TMDs and TMD factorization, we adopt a multifaceted approach by
employing two distinct theoretical frameworks: Soft-Collinear Effective Theory (SCET)
and the background field method. SCET provides a powerful formalism for systematically
analyzing the dynamics of particles with vastly different energy scales, making it par-
ticularly well-suited for studying the intricate interplay between soft and collinear modes
inherent in TMD processes. On the other hand, the background field method offers a com-
plementary perspective and facilitates the extension of factorization theorems beyond the
leading power. By following these complementary approaches, we aim to gain a deeper
insight into the underlying principles governing TMDs and their factorization, thereby
advancing our understanding of hadron structure and parton distributions.

This thesis contributes novel insights through the study of two new processes. The
first process involves dijet production in SIDIS, which we factorize within the framework



of SCET. This process, anticipated to be probed at future Electron-Ion Collider (EIC)
experiments, offers a unique opportunity to access gluon TMDs, typically challenging to
constrain. We present a comprehensive phenomenological analysis, providing factorization
theorems and plots showing the expected cross-section values for this process. This process
is also factorized in terms of a new TMD soft function, which describes the soft physics of
the process and appears in this work for the first time.

The second novel process under scrutiny is dijet production in SIA, where we extend
factorization up to next-to-leading power (NLP) in the small transverse momentum expan-
sion with the help of the background field method. This approach yields a factorization
theorem expressed in terms of jet TMDs, greatly simplifying the physics at NLP. Moreover,
our analysis unveils insights into NLP TMD distributions, a novel feature of this research
endeavor. Through the investigation of these two new processes, we aim to expand the
frontiers of knowledge in the realm of TMD physics, offering fresh perspectives on hadron
structure and parton dynamics.

In this way, this thesis is structured into two distinct parts, with chapters 1, 2 and 4
being a review of the aspects needed to tackle both novel processes that we explore in our
work for the first time. These processes are presented in chapters 3 and 5.

Thus, the first part begins with a detailed review of the construction of the SCET
Lagrangian and the scaling of the different momentum modes, presented in chapter 1.
Chapter 2 is a review of TMD distributions, TMD factorization theorems, as well as the
evolution equations and divergences associated with TMD physics. Subsequently, chapter
3 offers a thorough examination of the dijet production process in SIDIS, where SCET is
used as the basis for factorization.

In the second part of this thesis, attention shifts toward the background field method
and its application to TMD physics, along with the extension of factorization theorems
up to next-to-leading power (NLP), as reviewed in chapter 4. Chapter 5 then applies the
background field method in order to provide a comprehensive analysis of the process of
dijet production in SIA, detailing its theoretical intricacies and experimental implications.
Through this structured approach, this thesis endeavors to offer insight into TMD physics,
bridging theoretical foundations with practical applications in experimental high-energy
physics.



Chapter 1

Soft-Collinear Effective Theory

Effective Field Theories (EFTs) serve as valuable tools in addressing challenges within
quantum field theory involving multiple energy scales. These theories enable the expansion
of physical quantities by considering the small ratio of scales, effectively distinguishing
between the low-energy and high-energy contributions to a given problem.

In Quantum Chromodynamics (QCD), the study involves a dual nature: a nonpertur-
bative low-energy regime and a perturbative high-energy domain. EFTs play a pivotal
role in disentangling these facets, allowing for separate calculations using appropriate
techniques. This is particularly pertinent in the context of a thesis focused on hadron-
collider observables, where nonperturbative contributions find expression through parton
distribution functions.

Traditionally, EFTs have been applied to low-energy QCD, with a significant empha-
sis on flavor physics. However, recent years have witnessed a shift, with EFTs finding
applications in high-energy physics. This shift is logical given that high-energy collider
processes inherently involve diverse energy scales. Processes in hadron colliders, for in-
stance, incorporate physics at both large scales, such as the center-of-mass energy, and
very low scales, such as the proton mass. Effectively addressing theoretical predictions for
these processes requires disentangling the physics associated with these varied scales.

The traditional approach to achieve this disentanglement involves diagrammatic meth-
ods, establishing properties based on Feynman diagrams in the high-energy limit. An alter-
native formalism, Soft-Collinear Effective Theory (SCET), allows to obtain factorization
theorems and provides an effective Lagrangian that simplifies computational procedures.
There exists a close connection between EFTs and the traditional diagrammatic meth-
ods. Specifically, the diagrams of SCET correspond one-to-one with the expanded QCD
diagrams, underscoring the complementary nature of these approaches.

In this chapter, we describe the strategy of regions as a more comprehensive example of
the aim of constructing SCET. Then, we move to the derivation of the SCET lagrangian,
describing in detail the different modes contributing, their interaction terms, scaling and
evolution. This theoretical introduction is based on refs. |1, 2] 13].

3
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Figure 1.1: One-loop vertex corrections. Spin structure is ignored. Figure credit to T.
Becher, A. Broggio, A. Ferroglia, ref. [1].

1.1 The strategy of regions

In this section, we motivate the construction of SCET through the strategy of regions. The
approach known as the strategy of regions, see ref. [4], enables the asymptotic expansion
of loop integrals in dimensional regularization around various limits [5]. This expansion
involves dividing the integration into different regions and appropriately expanding the
integrand. In the context of effective theories, distinct regions are represented by corre-
sponding effective fields. The expanded integrals, achieved through the strategy of regions
technique, exhibit a one-to-one correspondence with Feynman diagrams of effective field
theories regularized in dimensional regularization.

For those solely interested in expanding a perturbative result with a small parameter,
employing the strategy of regions method directly is a viable option without the necessity
of constructing an effective Lagrangian. However, establishing an effective field theory
provides significant advantages, particularly when aiming to derive all-order statements.
In particular, the use of an effective Lagrangian allows us to derive factorization theorems
as well as to resum large logarithmic contributions using Renormalization Group (RG)
equations. Moreover, gauge invariance is evident in the Lagrangian, which can not be
said for individual diagrams. The effective Lagrangian also offers a systematic approach
to arrange higher power corrections by incorporating subleading terms.

The general approach for expanding a given Feynman integral in a specified kinematic
limit involves the following steps [5]:

1. Identify all regions of the integrand that lead to singularities in the considered limit.

2. Expand the integrand in each identified region and integrate each expansion over
the entire phase space.

3. Sum the results of the integrations over different regions to obtain the expansion of
the original integral.
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To ensure the effectiveness of this procedure, it is crucial to properly regularize all
expanded integrals. Dimensional regularization alone may not always suffice, and addi-
tional analytic regulators or subtraction techniques might be necessary. Additionally, it is
essential to consider each integration region only once to prevent double counting. While
identifying regions leading to singularities is typically straightforward, it is important to
note that certain cases may necessitate adding new regions to the list when increasing the
number of loops in the diagram [6].

Now, we examine the most straightforward example relevant to the context of SCET,
specifically a one-loop vertex diagram, as shown in fig. This example is presented
in ref. [1] and we revisit it here. For simplicity, we disregard complications associated
with particle spin, as the momentum regions encountered in the computation of tensor
integrals align with those in the scalar integral discussed below. Referring to fig.
the vertex correction involves assessing the following Feynman integral, where all internal
propagators are assumed to be massless

= im Y2 !
1= e e T (-

where d = 4 — 2¢ is the dimensional regulator. We introduce the following Lorentz invari-
ants

L?=—1>—40, P?=—p?—i0, Q*=—(1—p)*—i0. (1.2)

we want to compute the integral in the limit in which the external legs carry large energies
but small invariant masses, this is L? ~ P? < Q2. We now introduce some basic notation
used in SCET, light-cone coordinates. It is useful to define the four-vector

nt = \2(1,0,0, 1). (1.3)

We also define a conjugate vector n* by reversing the sign of the spatial coordinates. Thus,
n* and n* satisfy,

n*=n*=0, n-n=1. (1.4)

Using the vectors n* and n* we can decompose any other four-vector, p*, into its light-cone
components,

Pt =pint +pont + ' = (b4, p—. 01 )0, (1.5)
with
_ = 2 2 2
pr=mn-p, p_=n-p, p°=2pip_+pi =2pip_ —p-. (1.6)

where we use the notation p = p,. Light cone coordinates are commonly used in SCET
literature (with slight changes in normalization) and we use them throughout this thesis.
For completeness, we comment on them again in future sections.
We now introduce an expansion parameter A which vanishes in the limit in which we
are interested
pz L2

2
Yot

and p? ~ 12~ N2Q2. (1.7)
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Once again, this is the typical SCET expansion parameter. We choose the reference vectors
in the directions of large momentum flow p* ~ Qn* and [* =~ Qn*. The components of p
and [ will then typically scale as follows

P~ (ML) Q, and "~ (1,ALN) Q. (1.8)

However, the scaling is not unique. For instance, we could select the reference vector n#
in a way that the perpendicular components of p* are zero, aligning with eq. but also
compatible with (1, A2, )\”) ,@Q for any n > 1. Nevertheless, when employing the strategy
of regions to compute the loop diagram, one finds that only scalings k* ~ (A%, A°, X\9)Q,
where a + b = 2¢, are significant. This scaling describes particles approaching the on-shell
condition as A — 0. In this way, upon expanding the integrals, only the following four
regions yield non-vanishing contributions

e Hard (denoted by h in the following) where the components of the integration
momentum scale as k* ~ (1,1,1) @,

e Collinear to p (denoted by ¢) where k scales as k* ~ (A2, 1,\) Q,
e Collinear to I (denoted by ¢) where k scales as k* ~ (1, A%, ) Q,
e Soft (denoted by s) where k scales as k* ~ (A2, A2, A2) Q.

All other potential scalings of the integration momentum that do not match one of the four
cases mentioned above result in scaleless integrals upon expansion. Consequently, they do
not contribute to the final result. In SCET, each of the low-energy regions outlined above
corresponds to a different field.

We can now compute the contribution of each non-vanishing region. However, it is
insightful to start by considering an example of a scaling that does not contribute to the
form factor case. In particular, we examine a soft scaling k* ~ (A, A\, \)Q. The expansion
of the propagator denominators in this scenario takes the form

o(3?) O(\3) O O(X?) o)
2 2 7 N N > 2 2
(k+10)"= k° +2(ky-lo+k_-ly+k - L)+ I© =2k_ -1 +0(X), (1.9)
and analogously
(k+p)* =2ky -p_ + O\, (1.10)
after which the hypothetical contribution becomes
1
4244 [ @l : 1.11
ok / (k2 + i0) (2k_ - 1 +40) (2 - p_ + i0) (1.11)

This integrals vanishes. It is interesting to observe that in the soft region the square of a
four-momentum is proportional to A\*:

(1.12)

The momenta scaling as A\* are often called ultra soft in the literature to distinguish them
from the soft modes scaling as p? ~ A2, as the one we have just considered. Such modes
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contribute for example to observables that are sensitive to small transverse momenta. The
relevant theory in the presence of soft modes with p? ~ A? is usually called SCETy;. We
discuss the difference between SCET and SCETy; in the following sections. It is crucial
to check which momentum modes contribute to a given process and include all relevant
regions in the effective Lagrangian.

To identify the integral that requires evaluation when the integration momentum is
treated as hard, we examine the scaling behavior of the terms in the propagators as given
in eq. It is evident that k% ~ A°Q?; for the remaining two propagators, we observe

o(1) O(A2) o(1) o) o)

(k4+0%= k* +2(ky -1 +k_ -1y + ‘ 2 g2
= ol kol 4k L))+ P =k 42k 1 +0(0N),  (1.13)

and, similarly

(k+p)2 =k +2k -p_ +O()\). (1.14)
Therefore, in the hard region we have
1
I = in~ 24 d/ddk ; 1.15
h= (k2 4 10) (k2 + 2k_ - 14 +i0) (k2 + 2k - p_ +1i0)’ ( )

it coincides with the form factor integral with on shell external legs (i.e. calculated by
setting p? = [2 = 0 from the start). The integral evaluates to

I — [(14¢) T%(—¢) < 2 )3

2l+ cp— F(l — 26) 21+ pP—
I'(l+e) (/1 1 1 2 u? w2

Whe collinear to p the integration momentum scales as k* ~ (A\2,1,A)Q. In this region
k? ~ A\2Q?, while

(k+0D)*=2k_-1, + 00, (k+p)?=00?). (1.17)

By keeping only the leading term we find

Ic:’Lﬂ'd/24d/dd

i0) ( 2/~c_ l+ +0) [(k 4+ p)2 + i0]

" I(1+¢) r2(— L
204 -p_ T'(1 —26 p?
L(l+e¢) 1 p o 2
= 71 — 71 O(e). 1.18
0T <52 Pz 9 P2+6 +0() (1.18)

We observe that the integral scales as P~2¢ . Clearly, the calculation of the integral in the
region collinear to [ is identical to the calculation of the integral in the region collinear to
p, eq. [1.18] except that one needs to replace P? with L? in the final result.

Finally, in the soft region all of the components of the integration momentum are
proportional to A2, therefore

k2 =00,  (k+1)? =2k_-I,+1240(\3), and  (k+p)? = 2k -p_+p*+O(N\?), (1.19)
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and the integral in the soft region is

1
I, = d/2, 4 d/ddk'
o (k2 +i0) (2k_ - 15 + 12+ i0) (2k - p— + p2 + i0)

_ —F(1+€)F(5)F(—5) (2z+ -p_M2>a

20, p_ L2P?
P(l+e) (1 1 2@ 5 1°Q°
= —gr (=t 71 o 1.20
Q2 (&72 zp? " L2P? + 6 ) TOE): (1.20)

The poles in the last line of eq. are of ultraviolet origin. As expected, the result
depends on the new soft scale Agoft ~ P2L?/Q2.

To prevent any potential double counting between different regions, it is required that
we subtract the overlap (known as zero-bin contribution) from the collinear region, see
ref. [7]. This zero-bin contribution is derived by expanding the collinear integrand around
the soft limit. The resulting overlap contribution is characterized by scaleless integrals,
which conveniently vanish when using dimensional regularization. As both the soft and
collinear integrals are dependent on a single scale (namely, P2 for collinear integrals and
A2 ft for soft integrals), any further expansions of the integrands lead to scaleless integrals.
Consequently, systematic expansions across different regions eliminate the need for zero-
bin subtractions in dimensional regularization.

However, if higher-order terms are not consistently expanded, the possibility of non-
zero overlap contributions arises, necessitating subtraction to avoid double counting. Ex-
amples where non-vanishing zero-bin contributions have been encountered in SCET include
processes such as Drell-Yan production and dijet production, discuss further in subsequent
chapters. These cases involve soft and collinear phase-space integrals with multiple scales,
adding complexity to the resummation process. The coexistence of non-vanishing zero-bin
contributions points to an incomplete scale separation, arising consideration of whether
an effective theory can be formulated to achieve complete scale separation.

In this way, the final analytical expression for the integral in eq. under the condition
where L? ~ P2 <« ? is as follows

F(l+e) (1 1. p?> 1. ,u*> =
I, = —2 |5+ -Ins+-In* 5 — — A 1.21
h o (€2+€HQ+ o THom). (1.21)
_ T(+4e)( 1 1, x> 1 Qu w2
I = o <—€2 —In 55—’ 5+ +0) |, (1.22)
 T'(1+4e¢) 11, w2 1, ,u?
I = o < S CIng 21 tg +0) ), (1.23)
_ T+e (1 1 @ 2 1PQ?
I, = Q2< +oln g+ g Lin L2P2+ G +O(>\) : (1.24)
thus
[=+I+1+1, = — (1 le &L LT o (1.25)
=1p s Q2 n DP2 3 .

The result remains independent of the dimensional regulator € and it coincides with the
result achieved by directly computing the integral in eq. and subsequently expanding
the result in the limit as A approaches 0.
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We emphasize that the infrared divergences identified in the hard region cancel against
the ultraviolet divergences arising from the combined soft and collinear contributions. This
characteristic holds universally and demands an interplay of the logarithmic terms present
in the different integrals, canceling the intermediate scales:

1. p?2 1, u?

1. pQ? 1. p?
—glnﬁ—glnﬁ+glnL2P2 :—gh’l@

(1.26)

The necessity for the infrared divergences originating from the hard region to cancel the
ultraviolet divergences emerging from the soft and collinear regions imposes a constraint
on the infrared pole structure in a generic amplitude.

1.2 SCET;

The exercise presented in the last section serves as an example of what we achieve by
constructing an effective theory. Nonetheless, the construction of an effective lagrangian
is advantageous with respect to the strategy of regions as it allows us to derive all-order
statements, obtain factorization theorems and resum large logarithms. Once all momen-
tum regions are identified we need to obtain a Lagrangian whose Feynman rules reproduce
the same diagrams obtained by the strategy of regions. Some complications arise when
considering QCD, in particular

1. Different components of the quark and gluon fields scale differently with the expan-
sion parameter .

2. The theory should be gauge invariant, and it is also necessary for gauge transforma-
tions to preserve the scaling of the fields.

3. Wilson lines are needed in order to preserve gauge invariance of non-local operators.

1.2.1 Scaling of the fields

Following the example presented when studying the strategy of regions, we consider four
different regions with their momentum scaling as follows

e Hard (h) with momentum k* ~ (1,1,1) @,

e Collinear (c) with momentum k* ~ (A\%,1,)) Q,

e Anticollinear (&) with momentum k* ~ (1,2, ) Q,
e Soft (s) with momentum k* ~ (A2, A% \2) Q.

In the effective field theory, we need an effective field corresponding to each of the different
momentum scalings. Thus, we introduce the following effective fields for quark and gluon
fields respectively

¢ — wc + 1/’6 + w&

A A4 A 4 AL, (1.27)
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In order to derive the effective lagrangian, we substitute the effective fields in the QCD
Lagrangian and eliminate the suppressed terms, the resulting expression holds at tree
level. At higher orders, certain matching corrections emerge, but they can be addressed
by adjusting the coefficients of tree-level operators.

In order to properly identify the suppressed terms, we need to know how each field
scales with the expansion parameter \. We can obtain the proper scaling of each compo-
nent by computing the propagator of the field.For the gluon field we have the following

d*p i

T AL A0 = [ G

o [—g;w _|_£p;]29v] 5ab7 (1.28)
where a,b are color indices (A, = Ajt?, where t* are the generators of SU(N)). In the
following, we consider A, = A%t®. The position z# is the Fourier conjugate of the mo-
mentum p* so that p-xz ~ O )\0). The part of the propagator that involves the gauge
parameter ¢ scales like d*p/ (pQ)ZpHpv ~ puPy- As gauge symmetry transforms as their
associated momentum we expect that in a general gauge A, ~ p,. For soft and collinear
gluons the field components scale as

(n-As,n-Ag, A% ) ~ (A2, 02,02)

(n- A, Ac, A ) ~ (A2, 1,0) (1.29)

Soft gluons appear suppressed with respect to the collinear component, except for the
n-component. The soft quark propagator is given by

- dip ip ; 4 A2
0|7 {4s(x)1hs(0) }| 0) = TP (N2 =N 1.30
O (@0} 0) = [ Ghmtme ™ ~ () =20 (130)
yielding 1s(x) ~ A3. The collinear case needs some special treatment as it should be
further factorized into two distinct fields, which scale differently with the parameter A,
this is
e =&+ ne = P+ P_1), (1.31)

where we have define the projectors

P, = T/Lf = %2’/‘ (1.32)

One can immediately check that they are indeed projection operators and that they verify
P, + P_=1and P? = P.. In this way, the quark propagator

_ 4 ) )
Ot~ et

- (1.33)
:/ d4p e—ip-m Zn'pVi ~ /\4 )\2

(2m)4 p2+i0 A2

Thus, & ~ A. The exact same derivation can be done for 7. which yields 1. ~ A?. The
fields £ and 7 are usually known as good and bad components, as n (bad) is suppressed
with respect to & (good). Soft quark fields are suppressed with respect to collinear ones.
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Anticollinear fields scale the same way as collinear ones. To sum up, we find that quark
and gluon fields scale as

Eeje ~ A (1.34)

Teje ~ A° (1.35)

(n-Ags, - Ag, A2 ) ~ (A2 02,0%) (1.36)

(’I’L- AC/E>’FL'AC/E’ Ag/a_) ~ ()‘2717)‘)' (137)

1.2.2 Effective Lagrangian at leading power

Once the scaling of the effective fields has been established, the next step to build the
effective lagrangian is to substitute the effective fields in the full QCD action. This can
be schematically written as

S:SS+SC+SE+SC+S+SE+S, (138)

where the different terms are collected in terms of their content. Ss contains purely
soft interaction, S, the collinear terms and S.;s describes the collinear and soft mixed
interactions. The anticollinear terms are the same as the collinear ones and can be obtained
just by changing collinear fields to anticollinear fields. In this way, the collinear action is

given by
- o . . | RPN
Se = /d4x (gc + 776) ['ﬂln D+ 7727/” D+ ZchJ_] (gc + nc) - 4 (F,u;/ )
B o ) 1 , (1.39)
= /d4x§c fin - De&e + fci]pcj_nc + ﬁciwcj_fc + Negpin - Dene — 1 (Fﬁ;/a) .
where the covariant derivative is defined as
iD,, =0, + gA;(z), iDj, =10, + gAj(z) (1.40)

This form of the action is not ideal since & ~ A and 7. ~ A\? fields are mixed. Due to the
action being quadratic in 7., we can integrate over the suppressed fields exactly. This is
done by performing the shift

po1
Ne = Ne — §m2wcL£c- (1.41)

Therefore, the collinear action can be rewritten as

1
4

S. = / d*z€, {m-DcchL lecL] Ee— ~ (FE2)? + Reipini - Denpe, (1.42)

1
mn - De

which can be integrated over. There are some details to the integration that we do not
discuss here and can be found in ref. [1]. The collinear part is finally written as

= |. . . 1 a2
SC = /d4x€c |:'L7’L . DC + chJ_m.DC’LwCJ_:| §C — Z (FN;’) . (143)
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The soft action is obtained in the same way and is given by
S.= [ dwbina. - | (F). (1.44)
4
where the soft field strength is given
gkt = [iD;,,iD;] . (1.45)

Next, we examine the soft and collinear mixed effective action, Ssy.. While the general
construction of such terms is intricate and typically carried out in position space formalism,
we focus specifically on investigating the leading power terms. A more detailed discussion
on how to treat subleading terms is given in chapter 4 of this thesis. Consequently, we
need to consider certain aspects: 1, exhibits power suppression in comparison to collinear
fermion fields, resulting in the absence of soft fermion fields in leading power interactions
with collinear fields. Additionally, since n - A5 and Af: | are power suppressed relative
to their collinear counterparts, only terms involving n - A; emerge. Consequently, these
conditions dictate that the leading power term of Ss . is derived by substituting

AP = Al 4 n - At (1.46)

in S.. To obtain the final result, it is necessary to perform a derivative expansion in
the resultant action, corresponding to an expansion in small momentum components.
Consequently, we delve into the interaction between a soft gluon and a collinear fermion

e = / daE (@) - Ay(@)eu(s). (1.47)

This expression emerges from substituting the condition in eq. into the S, action.
The momentum is composed of both a soft and a collinear component, with a scaling akin
to that of a collinear momentum. Specifically, this implies the scaling of the form

Ph P~ ~ (A1 N),

1.48
zh ~ (L,AT2 A7) (1.48)

where only the term involving x_ is leading power. Thus, we expand the action S5, into
a Taylor series

Ss+c = /d4x§c($)§§c($) [1 +x - (‘h +xy- 8+ +.. ] n- AS(CC)

= (1.49)

= /d4xfc(a:)2§c(x)n cAg (o) + O(N),
since all terms containing derivatives in eq. contribute to subleading terms. This
expansion is referred to as the multipole expansion, as outlined in ref. [8]. By examining
the various terms within the SCET effective action, we reach the conclusive expression for
the SCET Lagrangian at leading power
- . = . { 1 . 1 s,a)2 1 c,a\2 =
Lscer = wszlpsws_‘_gtl% in-D+ 7¢CL-—71¢CL §e—~ (F;u’/ ) - (Fu;/ ) +{C - 6}7
2 in- D, 4 4
(1.50)



1.2. SCET; 13

where the anticollinear part is obtained by changing ¢ — ¢, n <> n and x— — z4. The
mixed covariant derivative is

in-D=in-0+gn-A(x)+gn-As(z_), (1.51)
and the collinear field strength is given by
gl gt = [iDy,iD,] . (1.52)
The covariant derivative that appears in the second commutator is as follows

D' =n-Dp" +n- Den* 4+ DY . (1.53)

1.2.3 Gauge transformations

In this section, we briefly explore gauge transformations of the recently examined effective
Lagrangian. Given the splitting of the gauge field into distinct soft and collinear compo-
nents and the necessity for gauge transformations to preserve the scaling of the fields, we
perform different gauge transformations for each field:

exp [iag (z)t"], (1.54)
Ve(z) = exp [iad(x)t?], (1.55)

for soft and collinear gauge transformations respectively. The gauge transformations ex-
hibit scaling behavior as their corresponding fields: da(x) ~ A?a2(z) and 9,08 (x) ~
()\2, 1,)\) al(x). The soft gauge transformation operates on the soft fields in the usual
manner

¥s(x) = Vs(@)s(2) . (1.56)
Al (x) = Vi(2) A (x) V] (2) + ;Vs(fv)au‘/ﬁ(x) (1.57)
Di(x) = Vi(2) DLV (2) (1.58)

The soft gauge transformations act over collinear fields as

Ye(x) = Vi (@) Pe(2), (1.59)
All(@) = Vi (z-) Al(2) V] (2-) (1.60)
DM(x) — Vi () DMx)V] (z). (1.61)

It is important to highlight the use of the multipole expansion and the substitution of
x — x_ in the soft fields. This expansion is crucial in preventing the emergence of a
series of troublesome power corrections. Additionally, the collinear gauge field transforms
similar to a matter field, devoid of an inhomogeneous term. This ensures the appropriate
transformation of the mixed covariant derivative. When examining the collinear gauge
transformation on collinear and soft fields, it becomes evident that soft fields remain
unaffected, while collinear fields transform the usual way

Ee(@) = Ve(@)Ee (), D* — Ve(2) D"V} (2), (1.62)
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Ys(z) = Ys(x), DY — DH, (1.63)
AL(a) = Vi@ ALVI (@) + Velo) [i0 + git'n - Ac (@) Vi) . (164

Having established the transformation of covariant derivatives, it is straightforward to
confirm that the effective Lagrangian remains invariant under both soft and collinear
gauge transformations.

1.2.4 SCET vector current and matching coefficient

The effective Lagrangian dictates the interaction between soft and collinear fields, as well
as mixed interactions between them. However, what is currently absent are operators
detailing the interaction between the two collinear sectors. The tree-level diagram in
QCD can be substituted with the SCET operator

JH = pytep — Eqtée (1.65)

We can decompose v in terms of its light cone components and using the projection
properties we find that only the transverse term survives, this is

gc’}/ugé = gc [n/hﬁ + ﬁlt% + 'le_] gE = 56'77_56 (166)

Nevertheless, this operator proves inadequate for loop calculations or when incorporating

collinear gluons. Typically, operators involving derivatives are power-suppressed, but in

SCET, the derivatives related to the large momentum component of collinear fields, gen-

erally denoted as 7 - O¢,, exhibit a scaling of ~ A’Q¢.. Therefore, to formulate a more
comprehensive gauge-invariant operator at leading power, we explore the series:

X in

Gelo ) =3

n=0

(72 0)"de() (1.67)
When including this expansion into a convolution we get
— > Cn — n
dtC(t)pe(x +tn) =Y = (n- )" e () (1.68)
= nl
where C),, is the n-th moment of the coefficient function

Cp = / dtC ()" (1.69)

Rather than incorporating an arbitrary number of derivatives, we opt to smear the field
¢. along the light cone, as depicted in equation m The function C(t) encapsulates
information regarding the Wilson coefficients of the higher derivative operators. The
introduction of this field smearing renders the operator non-local, necessitating careful
attention to maintain gauge invariance. We consider now the operator defining the quark
parton distribution function .

Ee(z +tn) S (). (1.70)
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This operator is not gauge invariant. To solve this problem we need to transport the gauge
transformation at the point = to the point « +¢n. This can be achieved using the collinear
version of the Wilson line, defined as

t
[z +tn,x] = Pexp [zg/ dt'ni - Ac(x + ti) (1.71)
0

It is important to observe that the exponent is a color matrix, signifying that the symbol
P denotes an ordering prescription. The path ordering establishes that the color matrix at
a later time is positioned to the left of the earlier ones. The Wilson line gauge transforms
as follows

[z + th, x] — Ve(z + th)[z + ta, 2]V, (z) (1.72)

which renders the operator in eq. gauge invariant. In SCET is useful to define a
Wilson line running from infinity along n* to x* as

We(x) = [z, 2 — con] (1.73)
so a Wilson line defined over a finite segment can be written as
[z + t7, 2] = Wz + tR) W] (z) (1.74)

This implies that to transition from x to x + tn, we initially travel from x to infinity and
then return to x + tn. The segment traveled in both directions cancels out due to the
unitarity of the matrix, resulting in the finite matrix element. Utilizing the Wilson line,
We(z), we can establish the basic SCET building blocks

Xe() = Wl(@)6e(), (L.75)

AL () = Wi (@) DEW, (), (1.76)
These blocks remain invariant by collinear gauge transformations that approach zero at in-
finity. These building blocks facilitate the construction of gauge-invariant SCET operators.
The introduction of soft Wilson lines will be addressed subsequently to disentangle soft
interactions. With these considerations, we can now formulate the more comprehensive
SCET current operator at leading power.

JH(0) = / ds / dtCry (s, )Xo ()" ve(sm). (1.77)

Notice that at the leading order, the matching coefficient Cy(s,t) = 6(s)d(t). It is perti-
nent to consider that the Fourier transform of this coefficient depends solely on the large
component of the transferred momentum, denoted as Q2 = (n -[)(7 - p). To demonstrate
this, we shift the field to the origin z = 0 using the momentum operator and subsequently
take the matrix element between a state featuring an incoming quark with momentum [*
and an outgoing quark with momentum p*, this is

@@uwmwnzjw/wa@wfm%m%@ﬂww



16 CHAPTER 1. SOFT-COLLINEAR EFFECTIVE THEORY
Figure 1.2: Diagrams that contribute to the one-loop contribution of Cy . Figure credit
to D. Gutierrez-Reyes, ref. [3].

= a,Cy (Q°

= Cy((n-)(n-p))ua(p)yul). (1.78)

This fact arises from the fact that SCET exhibits invariance under a rescaling transfor-
mation, where n* — an* and n* — 1/an*. This rescaling, known as reparametrization
invariance ref. |9], ensures that the physics remains independent of the precise choice of
reference vectors employed in establishing the effective theory.

1.2.5 Matching coefficient at NLO

In this section, we briefly explore the computation of the explicit one-loop contribution
of Cy. The relevant Feynman diagrams are illustrated in fig. Alongside the loop
diagrams involving collinear fields and soft exchanges, there exists a contribution coming
from the one-loop correction to the Wilson coefficient. The vertices, where a collinear
gluon is emitted from the current, are derived by expanding the Wilson line in terms of
the coupling using the building blocks.

Setting the low-energy scales P? and L? to zero renders the soft and collinear integrals
scaleless. Consequently, the full theory equates to the hard region, and on the effective
theory side, only the one-loop contribution of the Wilson coefficient persists. Thus, we
determine the Wilson coefficient by computing the on-shell form factor with P2 = L? = 0

2 2\ —¢
ob (0@) =1+ aor (-5 -2+ T os+00) (L) o). o

where as(p) = as(p)/(47) and the color structure is given by t%* = Cpl = (N2— 1)
/ (2N.) 1. This coefficient needs to be renormalized by absorbing the divergencies into a
multiplicative Z-factor

COv (Q% 1) = Z71 (,Q% 1) OP™ (e,Q%). (1.80)

The final result is given by

C 2 2\ _ > Q° Q> = 2
v (Q% 1®) =1+ as(u)Cr | —In ?+3lnﬁ+g—8 + O (a3) (1.81)
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A distinctive aspect of this computation, compared to other analogous calculations in
quantum field theory, is the appearance of a 1/e? divergence. This divergence emerges due
to the presence of both soft and collinear divergences. Consequently, the Wilson coefficient
encompasses double logarithms, and the anomalous dimension regulating the RG equation
of the Wilson coefficient incorporates a logarithmic term

d 2 Q* 2
Cy (Q a;u) = Fcusp (as) In F +w (as) Cv (Q a:u) (182)

dlnp

The cusp, I'cysp, and non-cusp, 7y, anomalous dimensions are known up to O (ag). While
their explicit expressions are not provided here, they can be found in ref. [10]. The match-
ing coefficient Cy is similarly known up to the same accuracy, refs. |[11},[12]. The additional
logarithm in the anomalous dimension, as present in the RG equation in eq. serves
as a distinctive feature. It is essential to recognize that the dependence on this loga-
rithm is solely linear, thereby preserving the integrity of the expansion of the anomalous
dimensions despite the presence of large logarithms.

1.2.6 Decoupling soft and collinear modes

Our final consideration involves the disentanglement of soft radiation from the collinear
fields. This can be achieved by introducing the soft Wilson line

0
Sp(x) = Pexp {zg/ dsn - As(x + sn) (1.83)
which fulfills the equality n - DsS,(x) = 0. We can then redefine the collinear fields as
£ = Sn () € (1.84)
AP =8, (x ) ADRST (). (1.85)

The soft and collinear mixed interaction Lagrangian can be rewritten as follows
Lovs=Ecpin- DE = Egp (in- Ds +n - Al) &
— E0% (in- 0, + - AD) €0 = EOin- DOEO), (156

where the decoupling has removed the soft and collinear mixed interactions from the
leading power Lagrangian. In this way, the full SCET Lagrangian takes the form

Lscrr = L0 + £ + L. (1.87)

This expression signifies that we are dealing with independent theories governing soft and
collinear particles. Additionally, the states can be separated as

|1X) = |X.) ®|Xz) @ | Xs) (1.88)

The decoupling of soft radiation does not imply its complete elimination; instead, it ap-
pears as soft Wilson lines aligned with the direction of energetic particles. For instance,
the vector current can be rewritten as

o _ G 0

Xe(tm)7f xe(sm) = X (1) S} (071 Sa (0)xc” (sm) (1.89)
In chapter 2, we show how the soft Wilson lines lead to the appearance of a soft function
that encapsulates the contribution of soft gluon radiation.



18 CHAPTER 1. SOFT-COLLINEAR EFFECTIVE THEORY

(Fay) o~ (E@Y)
gt -
(s(2))

Figure 1.3: Factorized Sudakov form factor. Figure credit to D. Gutierrez-Reyes, ref. [3].

1.2.7 Resummation and evolution

As a result of the derived Lagrangian and the decoupling of soft and collinear interaction,
the Sudakov form factor can be rewritten as

F(Q* L P?) =Cy (Q* n) F (P? p) F (L? 1) S (A2, 1) . (1.90)

where both collinear F' and anticollinear F functions are identical. The soft function is
dependent on a soft scale given by A2 = L?P2/Q?. This decomposition is shown graph-
ically in fig. Each of the items satisfies distinct RG equations, and solving them
allows for the resummation of significant perturbative logarithms inherent in fixed-order
calculations. This process involves assessing each function in eq[I.90] at its intrinsic scale
and subsequently evolving them to a common reference scale. Consequently, logarithmic
terms like o™ In™ (Q2 /p2) with m < 2n and p? = P2, L? Q? are effectively resummed.
This resummation safeguards the conventional perturbative expansion of these functions.
Notably, processes such as the one depicted in fig[l.3] exhibit Sudakov logarithms, char-
acterized by m = 2n, arising from the intricate interplay of soft and collinear physics.

All the matrix elements in the effective theory depend on the renormalization scale, p.
Since any given cross section can not depend on this scale, the dependence must cancel in
the product in eq. Therefore, the sum of the anomalous dimensions of every function
should cancel. In eq. we gave an RG equation for the Wilson coefficient and here we
show the same equation for collinear and soft factors,

d p?
dlnuF (P?p) = — [Fcusp (as)In 7z +F (as)] F (P ), (1.91)
d S (A2, p) = |Teusp (ag) In A +7s (as)| S (A2, ) (1.92)
dlnp V% p p? o .

The cancellation of the anomalous dimensions is given by

QZ P2 2
Fcusp (aS) In ﬁ + v (as) - I‘Cusp (CLS) <1I1 F +1In Mg) - 27F ((15)
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A2
+ I‘cusp (as) In ;; + s (as) =0 (193)

To achieve a complete cancelation of the logarithms, it is imperative that all anomalous
dimensions exhibit linearity in the logarithmic terms, and their coefficients remain uniform
across various instances. To effectively resum the extensive logarithms within the form
factor, each component is evaluated at its characteristic scale and subsequently evolved
to a shared common scale by solving the corresponding RG equation. The characteristic
scale for each function is precisely the value of p which cancels the logarithms in the
perturbative result. As an example, the hard factor, with a characteristic scale denoted
as up ~ @, is evolved by the following equation

2\ _ o Q* 2
CV (Q a/‘) exp dlnﬂ FCusp (as) In ﬂ2 + v (as) CV (Q Huh)
m

h

= U (pn, 1) Oy (Q%, pin) - (1.94)

The RG equation is solved perturbatively and is an essential part of the computation of
any cross section. In chapters 2 and 3 we show how to evolve functions depending on
two different scales (i.e. the rapidity scale) and show how evolution plays a role in the
phenomenology of a given process.

1.3 SCETq

After comprehensively examining the formulation of the effective Lagrangian within SCETY,
a systematic exploration of what is known as SCETy; can be performed. The principal
distinction between these two effective theories lies in the scaling of modes relative to the
expansion parameter. In SCETY;, the scaling behaviors of collinear and soft modes are

ps ~ (A AN AN)Q (1.96)

where the expansion parameter is A = Aqcp/Q. It is noteworthy that altering the expan-
sion parameter to A = \/Aqcp/Q results in the soft modes scaling the same as those in
SCET] (ultrasoft modes). However, the scaling behavior of collinear modes deviates from
that in SCET}. Furthermore, observe that, in SCET}y, collinear modes do not interact
with soft modes due to their off-shell nature, i.e., pn + ps = (1, A, A). This crucial dis-
tinction from SCET] simplifies the construction of the effective Lagrangian for SCET1;.
Consequently, the effective Lagrangian for SCETy; is expressed as

ﬁSCETH = ‘Cc + EE + ES- (197)

The collinear and anticollinear Lagrangians remain identical to those derived for SCETT,
while the soft Lagrangian mirrors that of SCET] with a modification: the substitution of
ultrasoft modes with the newly defined soft modes.

In SCETq, a noteworthy characteristic is that the invariant masses of both soft and
collinear particles scale proportionally as Q>A%. Consequently, in a physical process, these
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particles are solely distinguished by their rapidities. This leads to a significant feature
where a boost can interchange the roles of soft and collinear particles, resulting in the
invariance of the physical process. This contrasts with SCET, where the mass scaling
differs, with collinear particles scaling as Q?\? and soft particles scaling as Q?\%.

Given the similarity between the soft modes in SCET; and their counterparts in
SCET1, the matching between these theories involves replacing ultrasoft Wilson lines in
eq. with the corresponding Wilson lines for soft fields. The functional form of these
Wilson lines remains the same as those for ultrasoft modes.

In contrast, soft modes now overlap with collinear modes. In this way, a zero-bin
subtraction to deal with the overlap is always necessary to properly define collinear matrix
elements, like TMD distributions, as we explore in the next chapter. The soft modes result
from a rapidity cut in phase space and must include regulators that are non-standard in
dimensional regularization. Obtaining universal collinear distributions that are universal
and can be extracted from experiments is one of our main goals so these complications
are noteworthy.

Due to these issues, the derivation of a Lagrangian for SCETy; is not very useful in these
particular cases. Instead, the existence of these modes is considered in the factorization for
specific processes like TMD-dependent differential cross-sections, as presented in chapter
2.

In recent years, factorization for these same cross-sections has been provided following
the background-field method. In this formulation, the soft modes are purely zero-bin
modes and are not included in the effective Lagrangian. We expand on this method in
chapters 4 and 5.



Chapter 2

TMD factorization theorems and
evolution

Processes involving hadrons present challenges, primarily because their contributions to
cross sections cannot be calculated using the perturbative approach employed in QCD.
Hadrons consist of partons (quarks and gluons) distributed within them, and the proba-
bility distribution of these partons is described by parton distribution functions (PDFs).

PDFs play a pivotal role in unraveling hadron structure and provide insights into
the longitudinal momentum distribution of quarks and gluons inside hadrons, offering
essential information for probing the dynamics of strong interactions governed by QCD.
These distributions are vital ingredients in theoretical calculations aiming to describe
a wide range of phenomena, from high-energy scattering processes to the properties of
hadrons observed in experiments. These distributions are indispensable for predicting the
outcomes of high-energy collisions at particle accelerators like the LHC, where probing the
internal structure of particles is a primary objective.

Due to their nonperturbative nature, these objects cannot be computed within per-
turbation theory in QCD and are typically extracted from experimental data. However,
PDFs alone do not provide a complete picture of hadron structure. While they offer valu-
able information about the longitudinal momentum distributions of partons, they lack
crucial insights into their transverse momentum distribution. This limitation led to the
development of TMDs, which can be understood as a generalization of PDFs and consti-
tute a more comprehensive framework for characterizing the three-dimensional structure
of hadrons. TMDs are indispensable for understanding phenomena involving the intrinsic
transverse motion of partons inside hadrons, such as the spin structure of the nucleon and
the orbital angular momentum. TMDs are far from being the only type of distribution
describing the three-dimensional structure of the hadron. We also have, for example, Gen-
eralized Parton Distributions (GPDs), which offer insight into the transverse position of
the partons in the nucleon.

TMDPDFs are defined in an energy regime where ¢y < @, with ) representing the
hard scale of the process. Notably, for gr > Aqcp (where Aqep denotes the position of
the Landau pole), perturbative information can be derived, complemented by nonpertur-
bative information extracted from experiments or Lattice QCD. In this regime, the per-
turbative part of the distributions can be separated from non-perturbative physics (PDFs

21
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in collinear factorization). Thus, having perturbative information on TMDPDFs is cru-
cial for minimizing theoretical errors and obtaining clearer insights into nonperturbative
physics.

The precise definition of TMDPDFs is established through transverse momentum-
dependent factorization theorems. This concept was originally explored in refs. [13] [14].
In this chapter, we use the principles of SCET to derive factorization theorems for the
gr-differential cross section. We present the derivation of a factorization theorem for
the Drell-Yan (DY) process, an instructive example illustrating the development of more
intricate factorizations discussed in this thesis. Additionally, we delve into TMD evolution
and the application of the (-prescription.

The DY process is characterized by a proton-proton collision leading to a pair of leptons
in the final state,

pp— 1T+ X (2.1)

where X represents all the unidentified particles that are emitted in the process. Consider
a hard partonic process involving two incoming partons with momenta p; and ps along the
directions n and n as defined in the previous chapter, this is the collinear and anticollinear
modes. These partons give rise to a virtual photon with virtuality Q> = ¢> > 0, where
g" represents its four-momentum. While a neutral gauge boson like the Z boson could
also be generated, we exclude this possibility for simplicity. The virtual photon exhibits a
non-negligible transverse momentum, denoted as gr. Consequently, the momentum of the
outgoing photon scales as Q(1,1,\), where A ~ ¢p/Q serves as the expansion parameter
for SCET. The DY factorized cross-section is given by

do = H (Q* u3) Fn (ur. 1) © Fr (pr, G2) @ S (up, C1,2) (2.2)

where the physics at the hard scale is defined by the hard factor denoted as H, the
collinear modes are represented by the TMDPDF, labeled as F,(5), and the soft modes are
characterized by the soft function, denoted as S. Detailed definitions for these components
are provided in this chapter. The symbol ® denotes either multiplication or convolution,
depending on the specific space we are considering, and puy and up serve as the high-
energy and factorization scales, respectively. Additionally, the scale ( emerges as an extra
parameter linked to transverse momentum, associated with the characteristic rapidity
divergences inherent in such processes. It is important to note that, in principle, different
¢ scales may apply to distinct collinear sectors. It is worth mentioning that the factorized
formula neglects power corrections of order (q% / QQ)n, which will be explored further in
chapter 4 and 5.

As introduced in the previous chapter, in the effective theory framework employed
for deriving factorization theorems soft particles scale as Q(A, A\, A), and collinear particles
scale as Q) (1, A2, )\) (@ ()\2, 1, )\) for anticollinear ones), where A ~ ¢p/@. In the framework
that specifically describes interactions between soft gluons and collinear particles, the
virtuality of the particles is of the order of q%, in contrast to SCETY, where it is of the
order of Aqcp. However, SCETy; becomes essential for performing an operator product
expansion (OPE) at the scale g to separate the perturbative component of the TMDPDF
from the integrated PDF (in ¢r). The decoupling of soft gluons from collinear ones is
accomplished by introducing soft Wilson lines, as introduced in chapter 1.
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It becomes imperative to address the issue of double counting that emerges from the
overlap between soft and collinear modes, which can be described by the soft function.
This consideration holds crucial importance and can impact the accurate definition of
TMDPDFs. To deal with the zero-bin contributions we reformulate the factorization
theorem as follows:

do = H (Q%1%) |[Fow 57 @ [Faw s7 | @8, (2.3)

In this expression, the quantities with hats denote the unsubtracted result of the collinear
functions which overlaps with the soft radiation region. The combination F,©5! yields
a non-overlapping function. However, this rendition of the factorization theorem is not
ideal since both the collinear and soft functions, taken individually, suffer from unregu-
lated and unresolved divergences, rendering them undefined. These divergences manifest
perturbatively as integrals of the form:
Lt
o t
which are manifestations of light-cone singularities. These divergences also arise with cer-
tain infrared regulators in fully integrated PDFs. However, these divergences are canceled
when combining real and virtual contributions, a result that does not extend to TMD-
PDFs. The emergence of light-cone divergences results from defining soft and collinear
Wilson lines along light-like trajectories, enabling gluons with infinite rapidities to inter-
act. To circumvent these singularities we can tilt the Wilson lines off the light cone, a
technique employed in refs. [15, [16]. In our methodology, all Wilson lines remain on the
light cone, and the TMDPDF is defined accordingly. A more comprehensive explanation
is presented in this chapter, outlining how we address light-cone singularities within our
framework.

This chapter is based on the work presented in refs. [17,[18] and it is a review of the work
described in those references. This review allows us to illustrate factorization theorems
in a simple example, such as Drell-Yan, and properly introduce precise definitions for
TMDPDFs, the soft function and rapidity divergencies. A more intricate interplay with
rapidity divergencies and a new soft function will appear in chapter 3, which is described
in our work for the first time, being one of the novel features of this thesis.

(2.4)

2.1 TMD definition and Drell-Yan factorization

In this section, we factorize the Drell-Yan cross-section as an example of the factorization
process for TMD distributions. The factorization process will naturally lead us to the
proper TMD definition and subtraction of the zero-bin contribution. We start from the
complete DY cross-section expression which can be found in ref. [17]. Then, we apply
the SCET formalism to factorize this expression into different functions that describe the
physics of each correspondent momentum region present in the process. We show how
the TMD distributions arise from this formula and the role of the soft function. The DY
cross-section is given by

dra? diq 1 »
do — em - d4 —i(q-y)
7773Q% (2n)t4 Z/ ve

o102
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X (=gu) (N1 (Py,01) Na (Py, 03) [T () JV(0)| N1 (P1, 01) Na (P, 02)),  (2.5)

where N o represent the two hadrons in the process with momenta P; 5 and s = (P + PQ)Q.
Note that the scaling of the position variable y is 1/Q(1,1,1/)) as it is the conjugate
variable of the photon momentum. J* is the electromagnetic current, defined as

JH = Z 6@’7’“/}; (2.6)
q

with e, the quark electric charge in units of the electron charge. The full QCD current is
matched onto the SCET one

Tt =Cv (Q*/1*) Y eqXnSn 1S xn (2.7)
q

where Cy denotes the quark form factor introduced in chapter 1, and the description of
collinear fields involves the building blocks X,,n) = Wg(f,l)gn(ﬁ). The collinear fields &, )
were introduced in the preceding chapter. The definitions of collinear and soft Wilson
lines, namely W7 (i) and ST () re consistent with chapter 1, but with the addition of
the superscript 7' indicating an extra transverse Wilson line. The inclusion of transverse
Wilson lines is crucial for maintaining gauge invariance of x,,(5) across regular and singular
gauges, refs. [19] 120, 21} 22]. However, we use Feynman gauge, rendering transverse Wilson
lines irrelevant in subsequent calculations. In the case of DY kinematics, collinear Wilson
lines are defined as follows:

Wg}a) () = Ty Wan) (2.8)
0

Wp(x) = Pexp zg/ dsn - An( :L‘—|—S17L):| (2.9)
s

To(r) = Pexp zg/ drly - A, (3!:4r oo, T +lJ_T):| (2.10)
s

Tr(z) = Pexp zg/ drl - AL (ooJr z~ $L+ZLT>:| (2.11)

Sg(ﬁ) () = Ton(a)Sn(n) (2.12)

0
0

S, (z) = Pexp :Zg/o dsn - Ay( :v+sn)], (2.13)
if .

Tsn(z) = Pexp |i drl) - Ag| ($+ oo, T +ZJ_7'):| , (2.14)

Tsn(x) = Pexp zg/ drl| - Ag| (ooJr,:c*,a:L + lﬂ')} , (2.15)

Notice that n Wilson lines can be derived from n Wilson lines by substituting n <> n and
P <« P for both collinear and soft Wilson lines. Averaging over nucleon spins and with
the help of Fierz transformations we can rewrite the hadronic element in eq. as

(—guv) (N1 (P1,01) N (P, 02) |J*(y) " (0)|N1 (Py, 1) Na (P2, 02)) —
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|Cv (Q%/1?) \ Ze N1 (P1,01) Na (Py,02)| ()‘(n(y) Xﬁ(0)>
x ()Zn(y)gixn(o)) T |7 (syy)sﬁ(y)) T (S1(0)84(0))] 1INy (P1,00) N2 (Pa,02)
(2.16)

Collinear and soft fields operate on distinct Hilbert spaces, allowing for the disentangle-
ment of the overall Hilbert space into a direct product of three distinct Hilbert spaces,
each corresponding to different modes refs. [23| 24]. The cross-section in equation is
rewritten as:

do = ig‘; dq 402/61,41/6 @) B (Q2/12) ZeQF ¥)S(y) (2.17)
where H (Q2/1?) = |Cv (Q?/1?)|” encodes the physics in the hard region and
Fuy) = ;;m (Pr,o2) [on ) SO (Pr,0), (2.18)
Fat) = 5 304 (P2, 02) [Ga0) SO (P ), (2.19)
) = O/ |7 (S10)5a) T (S50)8:(0)) ] [0), (2:20)

which are collinear, anticollinear and soft distributions respectively, although this is not
their final form. Taylor expanding eq. in the physical limit that we are interested in
and taking into account that the derivatives of the fields scale in the same way as their
correspondent momentum scaling

_ 0 L0 o )
<y 8y,Fn,y ay+Fn,y¢ayan> ~ (1,X%,1) (2.21)
_ 9 L 0 0 )
9, 40 0
(y ay_S,y 8y+S,yLayLS>~(1,1,/\), (2.23)

similarly to how we kept only y~ dependence in chapter 1. The leading power cross-section
is then given by

ATy

2
Aem E 4, ,—i(qy) H
do = 3N.Q2S ( 27T 4 /d ye Q /" )

01092

x> edF (07,7, ys) Fa (y*,07,50) S (07,07, 91) + O(N).  (2.24)
q

It is worth noting that while both collinear distributions depend on collinear and transverse
components, the soft distribution depends only on transverse ones. The fact that the soft
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function depends solely on transverse components is crucial for establishing a well-defined
TMDPDF. From now on, we focus on the leading power contribution to the partonic
cross-section, but for simplicity, we denote the partonic versions using the notation of
their corresponding hadronic counterparts. In momentum space,

dwa?  dxidxed?qr 2, 9 9
— em H
=380 22 @/ )Zq:eq

X /d2knLd2knLd2ksl5 (qr — knot — kny — k1) F (01, kn1) Fr (22, k51) S (ks1) -
(2.25)
In this expression, 12 are the Bjorken variables, defined as follows

VO +a3 1 [+
_VE Ty y=3Mm (q +a > (2.26)

T2 =
Vs ¢ — ¢

where y is the rapidity of the photon. Thus, the collinear and soft functions are

— 32 ) _

Fn (xh knJ_) — ;/we—l(r zlPT/Q—rLknL)Fn (0+,T7,7’J_) , (2.27)

s

1 + 72 ) _

FFL (.%'2, kﬁl) = 5 / dT&Qd)Z;J_ e*l(T+Izp2 /27TL.kﬁJ—)Fn (’I"+, 0_7 TJ_) ) (228)

s

Pri g g + 0

S (ks1) = @n 2’ LG (07,07, 7)) . (2.29)

The cross-section in eq. [2.25 encounters an issue associated with the presence of a novel
form of unregulated and uncancelled divergences in collinear and soft functions, known
as rapidity divergencies. These divergencies are a manifestation of light-cone singularities
since we are letting gluon with infinite rapidities to be interacted with through light-cone
Wilson lines. Each of the three elements in egs. lacks a well-defined nature and
lacks individual physical meaning. This can be sorted by taking specific combinations of
these elements, in particular

1 [dr—d? (rm
FR (21, kny) = 2/7"(%#@—%0 mpl 2rika ) B(0F e ) /S (07,07, 70), (2.30)

1 [ drtd? . -
FR (xg,knl):Q/Wel(”Wz ik ) By (7,07, 71) /S (07,07, 1), (2.31)

It can be shown that these quantities, which we denote with the superscript R, are devoid
of rapidity divergences. The divergences cancel when subtracting the soft function per-
turbative result from the collinear function perturbative result. This redefinition of the
collinear elements remains valid for any polarization under consideration.

In order to deal with the regularization of such divergences we use the so-called J-
regulator. The §-regulator allows us to precisely define the overlap between collinear and
soft regions, commonly referred to as the zero-bin contribution. This zero-bin contribution
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is exactly equal to the soft function. Subtracting the zero-bin contribution leads to the
proper definition of the TMDPDF, which is F,, — F,,/S or FIt — FE/g:

— 12 -
Rk = [ et o) B O n) (232)

2/ (23 VS (0F,07, )
1 + 72 . _ F, + 00—

Fifon ko) = 5 [ Ftber i i) DG T, (2.33)
2 (2) S(0+,07,7,)

In this way, the square root of the soft function is subtracted from each collinear dis-
tribution, leading to the proper definition of the TMDPDF free of rapidity divergences
and overlap between regions. The cross-section can then be rewritten in terms of the
TMDPDFs.

4ra?,, dridzed?qr 2, 9 9
— em H
=N aamt @k )zq:eq

X /konLkonLkosLd (g7 = knt — kit — ksr) B (21, kn1) Fi (22, kn1) . (2.34)

Notice that there is no soft function in this expression since it is absorbed by the TMD
distributions. However, this is not the final form of the cross-section since we need to take
a closer look at it in the regime g7 > Aqcp, which gives us very useful insight into the
separation of perturbative and non-perturbative behavior of the TMD distribution.

Particularly, in this regime, our TMDPDF can be further refactorized into a perturba-
tive matching coefficient and a purely non-perturbative PDF. This involves a secondary
matching process of SCET 7, which characterizes the physics at the intermediate scale
qr, onto SCETY, describing on the nonperturbative physics at the scale AQCD, proper of
the PDF.

As the scale of this region, gr, is sufficiently large to be treated perturbatively, its corre-
sponding conjugate coordinate, denoted as b (commonly referred to as impact parameter),
is small enough to facilitate an operator product expansion (OPE) in impact parameter
space. Consequently, we restructure the TMDPDF as defined in impact parameter space.

Fn(x7 ba M) = /dgknLeiknL‘bFn (1‘1, knJ_a ,u) (235)

as
1 d /
Fn(:c,b,u)z/ S0 (Sb) Fu (ao1) + O (B*Aqen) (2.36)

xT

where p is known as the factorization scale and f,, is the integrated PDF, defined as

) = 5 [ e ol (07,57.01) Sal0)) (2.37)

2
where p denotes the momentum of the specific parton under consideration. In this way, the
TMDPDF is separated into a perturbative calculable part, the matching coefficient C, and
a purely collinear and non-perturbative part which can be extracted from experiments, the
integrated PDF. The TMDPDF also requires a non-perturbative transverse momentum
dependent model to define its behavior when we are far from the large-g7 (small-b) region,
we comment on this in more detail in chapter 3.
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2.2 Rapidity divergences

Rapidity divergences arise from unregulated and uncancelled logarithmic divergences in
perturbative computations of the collinear and soft elements within the factorization the-
orem. These divergences manifest due to the use of eikonal propagators following the
Feynman rules of soft and collinear Wilson lines. To address and regularize these diver-
gences, a specific regularization scheme must be adopted. Various options in the literature
exist for regulating rapidity divergences (see, for instance, refs. [17} 125} 26, 27 28], [29] 130]).
Here, we use the d-regularization scheme, as outlined in refs. [29, [30].

2.2.1 J-regularization scheme

d-regularization, as introduced in ref. [17], relies on an infinitesimal shift of the i0-prescriptions
found in eikonal propagators. Consequently, at the diagrammatic level, this regularization
approach involves substituting these prescriptions, as exemplified by the absorption of a
gluon by a Wilson line [oo™, 0]

1 . 1
kt —i0 ~ kt —idt’

(2.38)

replacing 70 with 0. However, this regularization approach lacks the precision required
for computations at higher orders. In particular, this simple substitution fails to ensure
equality between the soft function and the zero-bin contribution beyond NLO. Conse-
quently, equation [2.30 does not hold true for all orders in perturbation theory. To address
these shortcomings, modifications to the original é-regularization scheme were proposed
in refs. [29,130]. The adjusted regularization scheme is implemented at the operator level,
designed to address issues such as non-abelian exponentiation and the preservation of
equality between the soft function and the zero-bin at higher orders.

The redefinition at the operator level involves a modification of collinear and soft
Wilson lines operator definitions. Specifically, the alteration is applied to the soft Wilson
lines, leading to the following adjustment:

The d-regularization is incorporated at the operator level, modifying the definition of
soft Wilson lines in the following way

S7(0) = Pexp [—ig/o dsAS+(sﬁ)] — Pexp [—ig/o dsASJr(sﬁ)e_i‘ﬁs] , (2.39)

0 0

dsAs_(sn)] s Pexp [ig / dsAs_(sme%S}. (2.40)

—00

S,.(0) = Pexp [z’g /

— 00

The Feynman diagram rule for the modified eikonal propagator in the case of the absorp-
tion of an arbitrary number n of gluons by a Wilson lines [oo™, 0] is given by

1 1
(ki —i0) (k3 —i0) ... (kit —i0) - (ki —i0%) (k3 —2i67%) ... (kt — nidt)’

(2.41)

where the momentum of the gluons are ordered so they fulfill the condition |k;}| < |k:;r ‘ Vi.
Due to the violation of rescaling invariance by the regulators 6%, the diagram expressions
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are now contingent on a singular combination of regulators, namely 7¢6~. The arrange-
ment of poles in the eikonal propagators holds significance in maintaining the non-abelian
exponentiation theorem for color factors, ref. [31]. In the context of d-regularization, only
diagrams featuring non-abelian color prefactors emerge in the exponent, allowing the soft
function to be expressed conventionally.

S(b) = exp [aSC’F (S[l] +agSP + .. )} (2.42)

In the same way, collinear Wilson lines need to be modified for TMD distributions:

0 0

Wi (z) = Pexp [ig /_Oo
0

—0o0

dsA_(z + sn)] — Pexp [zg/ dsA_(z + sn)e"’i‘s_m} , (2.43)

0

Wi(2) = Pexp [ig /

—0o0

dsA_(z + sn)] — Pexp [19/

—0o0

dsA_(z + sn)e+i(6_/z)s] ,
(2.44)

for the TMDPDF and TMDEFF respectively. It is essential to acknowledge that the o-
regularized Wilson line breaks the rules of gauge transformations, although this violation
is power-suppressed in terms of §. Consequently, during calculations, § is treated as an
infinitesimal parameter to prevent contributions that would compromise gauge invariance
and it should be sent to 0 at the end of any computation.

To facilitate the combination of the soft function with the bare definition of the TMD-
PDF and eliminate rapidity divergences, a splitting of the soft function is undertaken,
giving rise to the introduction of a new rapidity scale. In the computation of the soft
function, the entire dependence on rapidity regulators is encapsulated within a singular
function, denoted as In (/L2 / ((5*5*)). Recognizing that each § regulator corresponds to
the rapidity divergences originating from each TMDPDF in the factorization theorem, the
soft function can be reformulated by introducing new scales, denoted as (1 2:

(on(5)) - o (i) o () e

where (1(s = (p+p_)2 = Q*, with Q? the hard scale of the considered process. The ( scale
can be included in the computation of a TMD distribution by the following substitution

0 =6" (pi)z. (2.46)

This expression should be modified once we tackle dijet production in chapter 3. In the
next section we describe the (-scale in more detail.

2.3 (-prescription and TMD evolution

A novel feature of TMD distributions is the presence of the (-scale introduced in the
previous section, associated with the d-regulator. One can think about the appearance
of this new scale in analogy to the u scale associated with the e-regulator in dimensional
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regularization. In the same way as for the u scale, perturbative results depend on loga-
rithms of the ( scale that can potentially spoil the perturbative expansion. We have the
freedom to set the value of ¢ to try to cancel the logarithms and then apply differential
evolution equations to evolve our TMD distribution to a common scale. Essentially, TMD
distributions are double-scale distributions that evolve in a certain path in a (u, {)-plane.
In this section, we describe how to perform this evolution and discuss the path dependence
of the process. The discussion here presented is based on the more in-depth analysis of
TMD evolution in the (u,{)-plane in reference [32].

The differential evolution equations governing TMD distributions are determined by
the factorization theorem, however, the choice of boundary conditions for their solutions
remains arbitrary. These conditions play a crucial role in the convergence of perturba-
tive series and influence the theoretical description of processes where TMDs are impli-
cated. The (-prescription, as described in [33] [34] is introduced as a guide to treating the
double-scale nature of the TMD. The essence of this prescription lies in defining the TMD
distribution along a null-evolution line. This line has the unique property of maintaining
an evolution factor equal to one for all values of . The resulting TMD distribution is
free from any mixing with perturbative evolution factors evaluated at different b values,
making it completely non-perturbative. This independence from perturbative parameters
allows for a flexible parameterization of the distribution without being tied to specific
perturbative orders. Evolution equations for TMD distributions are given by

d

where F' is any renormalized and zero-bin substracted TMD distribution (collinear and
anticollinear subindex is removed for simplicity). The eq. [E is a standard renormaliza-
tion group equation, which comes from the renormalization of the ultraviolet divergences,
with the function vy (u, ) being the anomalous dimension. The eq. results from the
factorization of rapidity divergences. The function D(u, b) is known as the rapidity anoma-
lous dimension (RAD). The RAD is a non-perturbative function that can be computed at
small values of b in perturbation theory. Both scales u and ¢ are independent since they
have different origins, which implies the double-scale evolution of the TMD distribution in
the (p, ¢)-plane. The differential equation system governing this evolution can be solved.
In particular, for a TMD evolving from (y;, (;) to a point (uy,(r) we have

Pt i) =ew | [ (w0 - 000 )| Fabinc). )

Here, P represents any path in the (u, ()-plane connecting the initial point (u;, (;) to the
final point (4f,(r). The evolution value is, in principle, path-independent due to the
integrability condition, also known as the Collins-Soper (CS) equation [35]):

_dyp(p, Q) _ dD(p,b)
din¢  dlnp

= Teusp(12), (2.50)
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Figure 2.1:  (u,()-plane for TMD evolution. Force lines of the TMD evolution field E
at varying values of b (depicted in grey with arrows) are shown. The thick continuous
grey lines represent null-evolution (equipotential) lines. Red lines signify equipotential
lines crucial for defining the saddle point. The red line traversing each panel from left
to right corresponds to the special evolution curve where the TMD is defined. The blue
dashed lines in each plot correspond to the final scale choice (s, (¢) typically employed in
experimental measurements. The black points denote the initial evolution scales for cases
with @ = 5, 91, and 150 GeV. Black dashed lines with arrows denote the paths of evolution
implemented in eq. Figure credit to A. Vladimirov and I. Scimemi, ref. [32].

where I'cysp(pt) is the cusp anomalous dimension. This equation governs the logarithmic
structure of anomalous dimensions. The formal path-independence of equation is
broken at any given perturbative order and the penalty term is proportional to the area
enclosed by paths. This penalty can be substantial, especially when dealing with widely
separated scales. As expected, with higher perturbative orders the deviance is numerically
smaller [33].

In the following, we describe how the evolution procedure takes shape with an example.
In particular, we focus on the case described in this chapter for DY, where the final scales
of the evolution are bound to the hard scale of factorization such that u? ~ Q? and

STICTES Q*. We choose the symmetric point for the final scales, given by
pr=Q%  Gy=CGp=@Q% (2.51)

The choice of the TMD initial scale is determined using the (-prescription as fol-
lows. In the (-prescription, the scales p and ¢ are constrained to a null-evolution line,
parametrized as (p, (,(b)). To identify this null-evolution line, we can recall that the sys-
tem of equations forms a two-dimensional gradient equation (VF = EF') with
the field E = (vr(1,¢)/2, —D(u, b)). Consequently, the null-evolution line corresponds to
an equipotential line of the field E. This line defines (,(b) such that it fulfills

2

Ty )1 Q’j(b)) — o (s1) = 2D (s, b)

d1n ¢, (b)
dlnp? ’

(2.52)
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where we have used the form of the TMD anomalous dimension

2

7 (71:0) = Conp(4) In (‘2) — (2.53)

Among the equipotential lines, there is a special line that passes through the saddle point
(120, Co) of the field E. The saddle point is defined by the pair of values that cancel both
anomalous dimensions.

D(:u’(): b) = 07 ’YF(MO; CO) =0. (254)

The choice of the special equipotential line containing the saddle point for defining TMD
scales is preferable since the evolution field possesses only one saddle point, ensuring the
uniqueness of the special null-evolution line. Additionally, the special null-evolution line
is the sole line with finite ¢ at all p values (greater than Aqcp). These properties are
inherent to its definition and prove to be highly beneficial. In fig. the force-lines of
the evolution field E are depicted in grey with arrows, null-evolution lines are represented
by thick grey lines orthogonal to the force-lines, and the lines intersecting at the saddle
point are shown in red at various b values. In each panel of the figure, the special line is
the one progressing from left to right. Results for the null-evolution line can be found in
ref. [32].

A TMD distribution F'(x, b; i, () with {,, belonging to the special line is called optimal
TMD distribution. Once this distribution is established, we can freely move along the null-
evolution line. In particular, this lets us choose the simplest path to the final scale, that
is, the path at a fixed value of 1 = @ along ¢ from the value (; = Q? down to any point
of & = (o(b). In fig. this path is visualized by black-dashed lines. The resulting
expression for the evolved TMD distributions is

2 \ —Db,Q)
F(z,b0:Q,Q% = (cg(b)) F(x,b). (2.55)

In the next chapter, we show how this differs for dijet production process and explain how
to deal with the (-scale in such cases, which is one of the novelties of this thesis.



Chapter 3

Dijet production in SIDIS

One of the main goals of this thesis is the detailed description of two-jet (or dijet) pro-
duction in semi-inclusive deep inelastic scattering. As stated before, dijet production in
SIDIS is a more complex and natural continuation of processes like Drell-Yan, dijet pro-
duction in electron-positron annihilation and single-jet SIDIS. In this chapter, we present
the factorization theorem as well as numerical results for the cross-section.

Gluons play a crucial role in the composition of nuclei, with gluon parton distribution
functions (PDFs) often exhibiting numerical magnitudes significantly greater than their
corresponding quark distributions, particularly at lower parton energy fractions.

Similarly, gluon transverse momentum dependent distributions (TMDs) are anticipated
to display enhancements. However, accessing these distributions proves challenging due to
the absence of well-defined processes where cross-section factorization holds and incoming
gluons are a predominant effect.

An instance of such a phenomenon is the production of the Higgs boson in hadronic
colliders, as discussed in various studies [36), 25, [37, 38|, 139]. Nevertheless, deriving gluon
transverse momentum dependent distributions (TMDs) from the transverse-momentum
spectrum of the Higgs is intricate due to the scalar boson’s inherent characteristics, in-
cluding its large mass. Notably, some works, such as [40] with jet veto considerations and
[41] excluding certain TMD effects, address these challenges.

Even in the case of the relatively clean Higgs spectrum process, both unpolarized and
linearly polarized gluon distributions play crucial roles in the leading power factorization
of the cross-section in the gr/Mp expansion, where gr and My denote the transverse
momentum and mass of the boson, respectively.

The absence of a color-neutral scalar at low energies has shifted attention towards
quarkonium production, to be observed in semi-inclusive deep inelastic scattering (SIDIS)
at the Electron Ion Collider (EIC) and the Large Hadron Collider (LHC) [37, 42, 143 |44
45| 1461 147, 148, 149] 1501 151}, 152) 1531 154 155, 156} 57, 158, [59L 160, [61].

However, the factorization of these processes poses challenges, as discussed in works
such as |56l 57]. Additionally, a series of QCD effects are present due to the color struc-
ture of quarkonia and the complexity of the non-relativistic expansion commonly used in
quarkonium production studies.

In this thesis, we consider two alternative processes that are currently gaining increased
attention: dijet [62] and heavy-hadron pair [63], 64, [65] production in an electron-hadron

33
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dijet LO process: + +...
(7"9) (/)

heavy meson pair at LO:

Py /

Figure 3.1: Example LO diagrams for the two processes. The momenta ¢* and k*
(corresponding to the photon and incoming parton momenta respectively) are expressed
in the Breit frame.

collider, generated by the (y*g) and/or (v*f) hard interactions. The processes under
consideration are expressed as:

C+h—=0+J+J+ X, and (4 h -V +H+H+ X, (3.1)

where ¢ and ¢’ represent the initial and final state leptons, h is the colliding hadron, and
J; and H/H denote jets and heavy hadron, respectively. The undetected particles in
are collectively denoted by X.

Dijet production has been extensively studied at the kinematic regime expected for
the future electron-ion collider (EIC), offering sensitivity to polarized and unpolarized
gluon transverse momentum dependent distributions [66) |67, [68] 169]. The produced jets,
analyzed in the Breit frame, typically have transverse momenta in the range of pp € [5, 40]
GeV and are located in the central rapidity region. Recent studies, such as [69], suggest
the experimental observability of dijet imbalances at the future EIC. Kinematic constraints
for the dijet process are chosen to avoid hierarchies among partonic Mandelstam variables,
demanding that § ~ || ~ || to prevent large logarithms in the cross-section’s hard factor,
which could adversely affect the perturbative expansion.

On the other hand, heavy-hadron pair production is experimentally more challenging
due to the need for reconstructing the heavy hadron momenta from its decay products.
Additionally, the substantial energy required to produce a boosted heavy-hadron pair
makes this process less likely to be observed compared to dijet production. However,
Monte Carlo simulations suggest the possibility of observing this phenomenon, especially
for charmed mesons. Experimental efforts in charm reconstruction have been explored in
refs.[70, [71]. In ref.[72], charm production rates have been investigated at LO and NLO
QCD for ep — ¢/¢ + X. The factorization we introduce below requires the transverse

/

momenta of the heavy hadrons, pg H, to be parametrically larger than their mass, my,

ie., pg/ N my. Although an alternative factorization can be constructed when this
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condition is violated, we do not pursue it here. The details of such factorization involve a
hard function incorporating all heavy-quark mass dependence and necessitate a different
soft function for which the directions of the quark-antiquark pair are not light-like, given
that the heavy hadrons are not boosted to the massless limit. A relevant study on this
alternative factorization is available in ref. [63].

At the leading order (LO) and neglecting the intrinsic momentum of partons inside the
target hadron, the two hard-scattering processes are schematically illustrated in fig.
In the case of jets, the initial parton can be either a gluon or a quark, while in the heavy-
meson case, only the gluon initial state is relevant.

We consider the differential cross-section

do
dxdm dnadprdry’

(3.2)

where x is the Bjorken variable, and 7;, rr and pr are respectively the rapidities, the
sum of the transverse momenta (with respect to the beam axis) and the average scalar
transverse momenta of the two final jets. In the Breit frame, where the virtual photon
and target-hadron directions are back-to-back, the factorization holds when |rr| < pr.

The cross-section factorization involves the conventional TMDPDF (we have unpolar-
ized and linearly polarized gluon TMDs as well as quark TMDs) in addition to jet or heavy
hadron distributions. It introduces a novel TMD soft function constructed with Wilson
lines along the directions of the incoming hadron and the two outgoing jets. This three-
directional soft function shares some resemblance with those identified in vector boson +
jet processes in hadronic colliders |75, [76]. However, the structure of rapidity divergences
significantly differs from the soft function discussed in those studies. The one-loop per-
turbative calculation of this innovative TMD soft function is carried out herein using the
modified d-regulator introduced in [77, 130]. The consistency of the factorization at the
same order is explicitly verified. For the photon-gluon fusion channel, higher orders of the
anomalous dimension of the new soft function can be inferred from the consistency of the
anomalous dimensions of the factorized cross-section. This is facilitated by the fact that,
in the case of heavy-hadron pair production, all other components of the cross-section are
also known at higher orders.

The inclusion of the new TMD soft function prompts questions about the universality
of TMDs beyond the customary processes of Drell-Yan, SIDIS and di-hadron production
in electron-positron annihilation While the non-perturbative evolution remains uni-
versal across the processes under consideration here and in others, the non-perturbative
corrections to the soft matrix element have not yet been linked to other processes. Con-
sequently, independently extracting gluon TMDPDF is non-trivial. For a quantitative
analysis of these effects, further theoretical and experimental advancements are needed

64, 1891 1901, [99).

'In principle one may consider the case of incoming quark and outgoing gluon which then fragments
into a heavy meson. However, in order to access the TMD region (small r7) this fragmentation needs to
occur near threshold, as we discuss later in the main sections, and gluon fragmentation in the kinematic
end-point is power suppressed as is discussed both theoretically and phenomenologically in refs.[73, [74].

2In the case of quark TMDs the conventional universality class has been recently expanded to include
also semi-inclusive jet production in the Breit frame and jet-jet or hadron-jet decorrelation in lepton
colliders [78] [79, [80].
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This thesis also conducts a phenomenological study of the described processes, includ-
ing a consideration of theoretical errors. To achieve this, we utilized the arTeMiDe code
[81], expanding it with new modules essential for describing the scenarios under investi-
gation. The code already incorporates quark TMDPDFs and the TMD evolution kernel
derived from Drell-Yan and semi-inclusive deep inelastic scattering experiments [32].

The cross-section’s factorization is presented in position space, characterized by the
variable b, which is the conjugate of the transverse momentum variable rp. To Fourier
transform the factorized cross-section from b space to momentum space, angular integra-
tion over ¢ is required (i.e., d’b = bdbd¢y, and vy - b = v bcos¢y). This integration,
however, becomes non-trivial because the anomalous dimensions of several functions de-
pend on this angle and are complex-valued. We demonstrate that this integration can
be carried out in resummed perturbation theory, addressing the challenge of complex val-
ues in all anomalous dimensions. Consequently, the ¢p-angle integrated cross-section is
factorized into distributions that are rotationally invariant with respect to b.

The dijet evolution kernel, integrated over the ¢ angle, is derived by solving a system
of coupled differential equations, akin to the TMD case. We present and discuss a specific
scale choice prescription, analogous to the (-prescription discussed in [33], which has been
implemented in arTeMiDe.

3.1 Dijet production factorization

This section focuses on the cross-section factorization for dijet processes in Deep Inelastic
Scattering (DIS) within the framework of the Soft-Collinear Effective Theory (SCET).
While we do not provide an exhaustive derivation of the factorization theorem, we present
a concise summary of the final outcome. Additionally, we showcase the Next-to-Leading
Order (NLO) calculation for the novel three-directional soft function and perform a consis-
tency check by evaluating the invariance of the cross-section under renormalization group
evolution. The notation and kinematics introduced here will also prove beneficial for
understanding the subsequent section on heavy-hadron pair production.

3.1.1 Notation and kinematics

Assuming that the direction of the beam is along the Z axis it is useful to define the

four—vector 1
H=__(1,0,0,1) . 3.3

We also define a conjugate vector n* by reversing the sign of the spacial coordinates. Thus,
n* and n* satisfy,

n?=n?=0, n-n=1. (3.4)

Using the vectors n* and n* we can decompose any other four-vector, p*, into its light-cone
components,

p' =pynt +p_n +pl = 0y, p—. D1 )ns (3.5)
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with
pr=n-p, p-=n-p, p =2pip_+p] =2pip_—p° (3.6)

where we use the notation p = p . For the direction of the two jets, we use v; and vs,
normalized as

v =15=0, wy-0y=1, withJ=1,2, (3.7)

where the conjugate vectors vy, as above, are defined by reversing the sign of the spacial
components. We define the standard Lorentz invariants,
Q2

2 _ 2 —
Q_ Q7 € 2Pq)

(3.8)

where ¢" is the momentum of the virtual photon and P* is the momentum of the target
hadron. In the Breit frame, we have ¢* = (0,0,0, @) and neglecting mass corrections we
can solve for target hadron momentum,

ph— %(Q, 0,0,-Q) . (3.9)

The ratio of the longitudinal momenta of the incoming parton and the target hadron we
denote with &,
kT
&= BT - (3.10)
where k* is the momenta of the parton incoming to the hard process. We can then express
the variables ) and £ in terms of the Born level kinematics using the pseudo-rapidities,

11 and 72, and the transverse momentum, pr, of the two outgoing partons,

Q = 2pr cosh(n_) exp(n4), ¢ =2z cosh(ny)exp(—n+) , (3.11)
where
+
L= mn 5 "2 7 (3.12)

The partonic Mandelstam variables in terms of the same quantities are,
§=(q+ k)* = +4p% cosh?(n_) ,
t = (g —p2)* = —4pt cosh(n) cosh(11) exp(m) ,

o= (q — p1)? = —4p% cosh(n_) cosh(ny ) exp(n2) , (3.13)

where p{ and pl are the momenta of the outgoing partons. It is easy to check that the
partonic Mandelstam variables satisfy,

§+t+a=-Q*. (3.14)

We denote the transverse momentum imbalance of the two jets with r, where the hard
transverse momentum pr corresponds, up to power corrections, to the average transverse
momenta of the two jets,

_ P17l + |Parl
= P FRT

. (3.15)

TT = P17 + Por;
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Figure 3.2: The jet-rapidity regions for which § ~ |f| ~ |d|: blue-solid (j = 4) and
green-dashed (j = 2) and @ ~ pr: red-dotted k = 4 and magenta-dotdashed (k = 2).
The overlapping region which is found at central rapidities is where we anticipated small
contributions to the cross section beyond factorization.

where the sub-index 1 and 2 refer to the final jets. At Born level p;; = —pyr and thus
rr = 0. However, hadronization of the outgoing partons will form jet-like configurations
along similar directions and wide-angle radiation could escape the jet clustering algorithm,
which will then contribute to the imbalance.

We now consider the kinematic region in which the factorization theorem holds in
comparison to the coverage of EIC. We first evaluate the constraints on the rapidities of
the two jets, n; and 1. To do so we require that § ~ |f| ~ |G| and quantitatively we
implement that by imposing,

< (3.16)

This constrains the values of rapidities within the blue region as illustrated in figure for
the cases j = 2 (green-dashed) and j = 4 (blue-solid). In addition, to avoid contributions
from the resolved photon processes, we require () ~ py which quantitatively we implement
by imposing,

1 2

? < p <k (3.17)
In Figure we illustrate the relevant region for the two jet rapidities, delineated by
red-dotted and magenta-dot-dashed shaded areas corresponding to k£ = 4 and k = 2, re-
spectively. This region is defined by the constraints imposed by and[3.16. The overlap
of these regions defines the allowable rapidity values where the factorization theorem holds,
and the contamination from resolved photo-production processes remains minimal. This
implies that the two processes we are investigating can be well-described by two distinct
jets (or heavy hadrons) within the central rapidity region. As anticipated, as we tighten
the constraint by reducing the values of j and/or k, the relevant region contracts around
the central point, 1 = ny = 0.
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Restricted to the overlapping rapidity region depicted in Figure [B.2] and for trans-
verse momenta within the range pr € [4,20] GeV and parton momentum fractions in
the range ¢ € [1072,1], we determine the relevant (x, Q?) values for the processes under
consideration. Figure illustrates the corresponding region in (z,Q?) for two cases:
j = k = 2 (indicated by the green-dashed area) and j = k = 4 (represented by the blue-
solid area). Additionally, we have included a brown-shaded region denoting the expected
(z,Q?) coverage at the Electron Ion Collider (EIC) for three different center-of-mass en-
ergies: /s = 140, 63, and 28 GeV. It’s evident that, across all three energy levels, there is
a substantial overlap between the processes we are examining and the EIC coverage, with
the overlapping region expanding at higher beam energies. Simultaneously, the cases with
j=k=2and j =k =4 do not appear to significantly alter the overlapping region with
the EIC coverage in the low Q? region. While the shift in the overlapping region is not
substantial, the region that is lost is statistically significant. Further investigations using
Monte Carlo event generators will be imperative to establish the kinematic constraints
on the jets, striking a reasonable balance between statistical precision and accounting for
factorization correctionsf

V5 = 140 GeV Vs =28 GeV
3.0F P F "
pr € [4,20] GeV
— 25 F L
5 £e107%,1]
% 20f
o,
o 15
S5
= 10 K
& S
2 oo
0.5 N,
0.0, - .
-5 -4 -3 -2 -1 0-5 -4 -3 -2 -1 0-5 -4 -3 -2 -1 0
log;o(z) log;o(2) log;o(2)

Figure 3.3: The (z,Q?) coverage of EIC (brown/dashed) compared to the dijet events
with j = k = 4 factorization regime (blue-solid) and with j = k = 2 (green-dashed). The
factorization regime has been constructed assuming pr € [4,20] GeV, ¢ € [1072,1], and
jet rapidities in the overlapping region in figure

3.1.2 Factorization theorem for dijet production

There are two channels for the dijet process that we need to consider: a) the gluon-photon
fusion channel which corresponds to the partonic process, v*g — ff, and b) the incoming
quark or antiquark channel from the partonic process, v*f — gf. The factorization that
we propose holds when |rp| < pp and we treat the cross-sections only at leading power

3Tt is important to note that in both scenarios, we assume j and k to be equal, even though these
variables are independent and could be chosen differently. However, it’s crucial that both j and k remain
of order O(1). For instance, in the case where j = 2 and k = 4 (not depicted here), the impact on the
overlapping region with the EIC coverage appears minimal when compared to the scenario where j = 4
and k = 4.
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in an |rp|/pr or |rr|/Q expansion. Within this constraint, the gluon-photon channel
factorized cross-section is

do(v*g) v P / d*b :
= H'L” = t —_— b F v ’b, ,
dxdmdnedprdry - v*g—>ff(3’ 2y 1) (27)2 exp(ib - o) Fy (8, b, 1, C1)

X 830,11, 1, C2) (C (b B i) Ty (o, R ) ) (Co (B, B i) Tp(pr, Rops)) - (3.18)

where the sum runs over all light quark and antiquark flavors f. Here we consider jets
with their momentum reconstructed with the so-called E-scheme, that is, the momentum
of the jets is given by the sum of all jet constituents. For these jets and for small jet
radius (R < 1) the cross-section can be factorized in terms of the collinear-soft function
Ci(b, R), which describes the soft radiation close to the jet boundary and the exclusive jet
functions J;, that describe the collinear and energetic radiation confined within the jet
These functions are calculated up to NLO for generic kp-type and cone jet algorithms
in [83] [75]. The corresponding operator definitions are given in the appendix In
addition, the factorization theorem contains the dijet soft function S,,, which is discussed
and calculated at one-loop in the next section. Finally, we have the gluon TMDPDF
function Fy,.

We notice at this point that the latter two functions, S,, and F, in [3.18, have an
intricate interplay due to the rapidity divergences, which introduces the rapidity scale
dependence, (2, in the corresponding functions. In sec. we explain this issue and
the role played by the zero-bin subtractions, which lead to the proper definition of the
dijet soft function and the TMDs.

The gluon TMD for an unpolarized proton can be further separated into two pieces,
the unpolarized gluon distribution fi(&,b) and the linearly polarized gluon contribution

hi (€, b):

I I IaN%
F(68) = (6 0) 2 i (6,) (15 + 20,
with ¢ = ¢" — n#n” — a#n”. Both of these functions are known perturbatively up to
next-to-next-to leading order (NNLO) |30} 39, [84]. The evolution of the TMDs, which is
universal (see e.g. [85}186]), is also known up to N3LO [77, 187, 188]. In@we have included
only twist-2 TMDs, neglecting higher twists in the TMD expansion. This is sufficient since
we consider higher-twist functions suppressed, which is consistent with SIDIS studies as
in [32]. The inclusion of the higher-twist contributions is beyond the scope of this work
and we leave such considerations for future studies.
The hard function is then decomposed into two tensor structures:

(3.19)

v v 9T oL o (97 | Vip U + b vip
. =0y * + 0y " , (3.20)
vg—=>ff Y9=ffqd—9 v g—=>ff d—2 2 V17 - Vo

where we have ignored all terms proportional to the four-vector n# (since they vanish after

Lorentz-contraction with the gluon beam function) and any anti-symmetric combinations

(since the cross-section is integrated over angles). The coefficients U(g)U(L) are introduced

“For recent developments on jet algorithms for DIS see ref. [82]. We also plan in the near future to
complete the NLO calculation of jet functions in central rapidity regions for the Centauro algorithm.
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such that the leading order hard functions are normalized to the unity, i.e. Hg(gL) =

14+ O(as). We can now separate the cross-section into a contribution from the unpolarized
gluons and one from the linearly polarized gluons. We write the cross-section as

do(v*g) = daU(’y*g) + dO’L(’y*g) , (3.21)
where
do¥(v*g) oV U . &b ,
= H t, 4 b- b
dxdnydnadprdry zf: 7o 7 (3 ’u’“)/ (2r)2 exp(ib - r7) f1(€, b, 1, C1)
X Syq(b, Co, 1) (Cf(b, R, ) Jy(pr., R, M)) (cf(b, R, 1) J;(pr, R, u))7 (3.22)
and
do" (v*g) oL 1L . d2b
= H t, b-rr)hi (&b
dxdndnadprdry Ef:(j g—>ff( ’ ’u’”)/@ﬂ) exp(ib - 1) by (€, b, 11, 1)
312) —c2

X

S1a(b. Car ) (Cr (b, )Ty (pr, Bopt)) (Clb, By ) Tp(pr, Ro ). (3:23)

We use the shorthand notation sp and ¢ for the sine and cosine of the angle between
the vectors b and vy, respectively. The hard factors are calculated up to NNLO in the
unpolarized case in [89, [90], while for the linearly polarized gluons they are calculated at
LO in [91]. Hard coefficients can be found in ref. [92] and we list them in the appendix.

Finally, the incoming quark channel has contributions only from the unpolarized gluon
jets and the cross-section is given by the following factorized formula:

do¥(y" ofV s / d2b
t b-rr)F
dxdnld’l’]deTdT‘T Z f%gf S,0,U, M) (27T) eXp(Z TT) f(g, s Uy Cl)

X Sy (b, Cz,u) (Cg(ba R, p)Jy(pr, R, u)) (Cf(ba R, 1) Js(pr, R, u))7 (3.24)

where the sum runs over quarks and anti-quarks and F} is the f-flavor quark/antiquark
unpolarized TMDPDF.

3.1.3 Dijet soft function at NLO

The sole new matrix element introduced in the prior section is the soft function. In this
section, we present the operator matrix element definition of the soft function and proceed
with the NLO calculation. Further elaboration on the calculation specifics is provided in
the appendix. We define the soft function for the photon-gluon fusion process:

N 1

Syg(b) = CrCa (0[8},(b, =00) car Tr | Sy, (400, b)Ta/SL (+00,b)

X Sy (+00,0)TS] (+00,0) | Sn (0, —00)ac|0).  (3.25)
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(
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X — ( X, X) X X) X X
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(+00)u,
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Figure 3.4: Tree level soft function is shown in diagram (a). Each double line represents a
Wilson line whose pointing direction is also reported as (+00),, u = n, v, U; a and a’ are
color indices. Diagrams (b), (¢) and (d) also contribute to the NLO soft function. Virtual
contributions vanish and therefore they are not shown here. Mirror diagrams are also not
shown.

+00),
—00

The soft function corresponding to the case of incoming quark or antiquark is obtained
with the exchange

Syp = Syg(n < va). (3.26)

since the gluon Wilson line now goes in the vy direction. The Wilson lines are defined as

Sp(+00,§) = Pexp[ —ig /O+OO d\v-A(dv + 5)} )
ST (400,€) = Pexp [z’g /Om d\ T - A(AD + 5)} :

+o00o
Sn(+00,8) = 6l+ir£0 Pexp [ - z’g/o dAn - A(An + 5)676-‘_)\} . (3.27)

We omit here T-Wilson lines which are needed in singular gauges. We also distinguish
Wilson lines in the adjoint and fundamental SU(/N,) representations using S and S respec-
tively. Note that the d-regulator is introduced only in S,,(S,). We write the soft function
as a series in ag = o/ (4m)

S=> arstm. (3.28)
m=0

At tree level S = 1, and at one loop only the diagrams with a real gluon give a non-zero
result. We can therefore write the one-loop soft function as a sum of diagrams with one
real gluon exchange between the three soft Wilson lines,

Sl — 1 Z cii gl
2

1y
i
je{1,2,B}

(3.29)

where the suffix indicates the Wilson lines connected by the exchanged gluon (1 and 2
for the two jets and B for the beam), including the mirror diagrams as well (note that
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C% = (7% and S’Z[jl] = S'][i]) Notice that the mirror diagrams for S;p will introduce an
additional im component. The coefficients C*/ are the color factors and they are different
for the two channels v*g and v* f,

1B _ ~2B _ 12
Cyy =Cig =Ca, Cyg =2CF — Cy,
2B _ ~12 _ 1B _
C’Vf = C’Yf = CA 5 C’Vf - 2CF - CA. (330)
The relevant diagrams are shown in fig. and the corresponding contributions are

S% = 7(47)2u*(n - vy)I B + mir. diag. , S”g = 7(47)2 % (v1 - vo) 19 + mir. diag.,

(3.31)

where J = 1,2 and the corresponding integrals are

L[ dk eRbE(R2)0(ky) [ dlk RS20 (k)
I;g = / (27r)d (n-k +i(5+)(vj+. k)’ / (27T)d (01 k) (s ]:) , (3.32)

12 —

with d = 4 — 2¢. The results at all orders in € are

2e Re . +
g _ g HTB _ iy -b)oT
Sib = =2 e)[ln( i )+7E}, (3.33)
and
2e Re
sl — 9 P8 p g r(—ora LAy TEL=9) ) m(11,24¢6-4
812 (47r)_5 ( 6) ( 6) ( )( Iy ) F(—E) b2 1(7 ;216 b)]v
(3.34)
with the shorthand notation,
. $ b|?
Ab — (UlA ’UQ) _ — _ j 5 B — u’ (335)
2(v1-0) (v2 - b) 4prc, 4

and b = (0,0,b)/|b|. Note that Ay is only a function of the angle ¢y, which is the angle in
between the transverse plane and the jet direction, and it does not depend on |b|. Ay is
also dimensionless, longitudinal boost invariant, and it is bounded to negative values less
than —1, i.e., Ap < —1. The function oF} is the standard hypergeometric function and
the e expansion for this function can be written as follows

DFi(1,1,24¢, —2) = éln(l + z)+§ [—?—i—(l—l—ln (1 er Z)) In(1 + Z)+L12<1 Jlr >]+O(62).

(3.36)
Adding all contributions and expanding in € we obtain the bare soft function. For the

z

~v*g-channel we have:

Share(p) = Sfinite(p) 4 as{CA [ _ 622 N 2(2 . (\/EM(H

205 L% + %m (B‘ff)} } (3.37)

) +1n(24,))]

€
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for the v* f-channel:

She(b) = S5 (b) + a0 [ 5 + i(lnm T (Blfiwm

+ %CF In ( - MM) } (3.38)

n- vy

where the finite part of the soft function is

Afini +
Sfinite () — 1+a5{C’A [m(B y2e27E) (1n(BM262vE)+4 In (ﬁf >+21n(2An)> CIn2(—Ay)
T L1t A )} e, [7T2+21 2 (B“Qezw) FALi(1+ A )H (3.39)
5 iy b Pl n A, iy )| (3
and
2 p2e2E

)+2Lis (14 Ap)+21In (Bu?e*'%) In w]

Sfinite () — 144, T n?
S7(B) = Thas{ Ca | 0 ( (n-v2) (01 -b)

—Ap
; .boteE
+4CF ln(B,u,QeQVE) In ( — u) } (3.40)
n-v
To simplify the results we have used the notation

(v1 - v2)

An = 2(vy-n)(vg-n)

(3.41)

3.1.4 The zero-bin subtraction and the universal TMDs

In this section, we restructure the factorization theorem to represent the cross-section
using rapidity divergence-free TMD functions, as delineated in the factorization theorems
presented in [3.23, and This rearrangement helps elucidate the reliance on the
universal TMD parton distribution functions (PDF's) and the new dijet TMD soft function.
To achieve this, we express the TMD beam function as the ratio of the unsubtracted term
in the zero-bin divided by the back-to-back soft function.

B (&b, pu, k™ /67)
S(b, V370 )
The back-to-back two-direction soft function operator definition can be found in ap-
pendix and is the same soft function found in a typical Drell-Yan, single jet DIS

and electron-positron annihilation. Then, following [93| [77], we can factorize the soft
function as

BZ(§7 b, Ky k_(S-F) =

(3.42)

S(b, 11, V3T0-) = S2(b, 1,67 1)S2 (b, p, 5~ /), (3.43)
where v is an arbitrary positive number that plays a bookkeeping role and will be removed
from the final result, introducing this way a constraint on the product of rapidity scales.

1
The bare function (SP2¢)2 is
2 4 (\/5 5 V2§

(S})are(b, (5))é =1+ asCi{ 2 + - In T) + ln(B,uQeQ'YE) {4 In <T> + ln(Buze%E)}
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71’2

+ E} 0(a?), (3.44)

where here and in the rest of this manuscript we used the shorthand notation

Bo 3 N2 -1
Vg 5, Y=g Cy=CF ON, Cy=0Cy c (3.45)

In this way, we can now reorganize the beam and soft function matrix elements (denoted by
the “hat” notation) into a product of TMDs as they appear in the factorization theorem,

B’L(f? bv M, k_6+)gvi(ba My \/Ai’n&-‘r) = E(f’ b) M, Cl) S"/i(b’ H, CQ) (346)

where the functions in the r.h.s. of are respectively

'Fl(gv bnua Cl) =

B (€,b,pu, k™ /07) (3.47)

S2(b,p, 0~ /v)

V2k~ [v=VC1

that is, the universal TMDPDF as defined in other observables such as Drell-Yan and
semi-inclusive DIS and

gVi(bv s vV An 5+)
S% (b, 1, 8+ v)

S’yi(bv Ky CZ) = ’ (348)

I//\/QAnH CQ

that is the new dijet soft function now incorporated in a rapidity divergent-free ratio.
We can thus eliminate the dependence on the arbitrary parameter v by introducing the
following constraint
(k)2 at
= = 3.49
G G2 i 2 (3.49)

where §, £, and @ are the partonic Mandelstam variables and thus the combination (; (s is
Lorentz invariant and in the Breit frame, or any other frame boosted along the proton di-
rection, we have: (1 (o = pQT. Notice that the procedure to obtain is totally analogous
to the one used in Drell-Yan or SIDIS [94] [18], TMD factorization theorem. In that case,
we have that (; 2 have both a square mass dimension and (1(2 = Q*, while in the present
case, (o is dimensionless quantity but (;, as usual, has dimensions of mass squared. The
natural way to choose the values of (; and (s is

G=pr, G=1 (3.50)

since they cancel the logarithms in the perturbative result. In this way, we have the
standard evolution for the TMDPDEF up to the hard scale and the ratio of soft functions
in has a very similar TMD double-scale evolution.

The renormalized soft function can then be written in terms of the renormalization
kernel Z° and the bare soft function which is simply the ratio of the bare functions that

appear in |3.48,
Shae(b, o) = Z55(b, 11,(2) Syi(b, 1, C2) (3.51)
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In the MS-scheme for the (7*g) channel we have

w2 Bu?e*e
Syg(by 1, G2) =1+ CLs{CF {? +21n® (MT

o h )+ 4Lis(1 + 4p)|

+Ca [ —2In(Bp?e®*") In — In®(—Ap) — 7;2 —2Lip(1 4+ Ab)} } + 0(a?), (3.52)

and for the (v*f) channel we have

B/.L2€2’YE

(n-v1)(vg - b)]
A

7T2
Svf(ba 122 CQ) = 1+a3{CA [E_{-IHQ ( (’I’L ' U2)(U1 ’ b)

) +2Lis(1+Ap)+21In(Bp?e*”) In

T CpIn(By2e®) [m(Buze?’YE) “2In(+2In (%) —7§+4 In(—i vl.i))} }+O(a§),
(3.53)

It is worth noting that the imaginary components nullify when summed, and upon Fourier
transforming into momentum space, this leads to a real cross-section, which is verified up
to NLO contributions. The associated renormalization functions are as follows:

— Ay ﬂ - CA% In C?} +0(a3), (354

ng(b, K, G2) =1+ GS{CF {é + éln (

and

2 =ea{eally = (m ) o ()
2(n - v)

2 2 2vp\ _ N
+ GCF[ln(BM ") 1n<2+ln<(v1'v2)(”'”2)

) +2In(—iv; - 5)} } +0@@?), (3.55)

The soft anomalous dimension can be obtained from the renormalization functions as
follows,

The one-loop results for the soft function anomalous dimensions are collected in the next
section.
3.1.5 Consistency check

Each element of the factorized cross-section has a factorization scale dependence and it
satisfies a renormalization group equation,

d
dlnp

G(p) = va(p) G(p) (3.57)

where G runs over all the functions in the factorization theorem and ¢ is the correspond-
ing anomalous dimension. On the other hand, the cross-section is renormalization group



3.1. DIJET PRODUCTION FACTORIZATION 47

invariant. Therefore, as required by consistency, the sum of all anomalous dimensions of
the terms appearing in the factorized cross-section must vanish. In the impact parameter
space, where the cross-section is written as a product of these functions, we have,

(v"g)-channel g, +7s,, + 7, + 277, + e TV, + Yo =0, (3.58)
(v"f)-channel g +7s ; +vF; + 75 + 75, ¢, ¢, +Va =0 (3.59)

We write the perturbative expansion of these anomalous dimensions as
y=Y_am, (3.60)
n=1

with as = as/(4m). For the two channels in the dijet process, the relevant anomalous
dimensions up to one-loop are,

- fn(2) -] ()
£

o, = sferlm () -2l weam (55)}

18, = 4{ = Calm + 205 | In(Bp? %) — s+ Inph + In(4c) | |

vgjf = 4{(CF +Ch) |:1n(Blu2€2’YE) —Ins+ lnp% + 1n(46%)}
+(Cr - (L) = viwp)] - Crina)

A = 4C¢[—ln (512) +%} ,

i

A :402{—111 (i%) —lnR2+%] :

’y([jlj =4Cy [ —1In (B/LQ 627E> +In R? — In(4c3) + Ii(?)g)} ,
’y([jli] =4Cp { —In (3#2 627E) +1InR? - 111(4012,) + li(vi)] ,

MU = _4Cyn,, (3.61)

The imaginary component in the soft and collinear-soft anomalous dimension is denoted
by x(v;) where

K(vf) = —k(vy) = —k(vg) = imsign(cp). (3.62)

These anomalous dimensions, except the soft function which we calculated here, can be
found in [89) 190, 191, 183} 75l [77]. We also used [3.35 to expand A in the soft function
anomalous dimension in terms of §, pr, and cp. It is now easy to confirm the cancelation
of the anomalous dimensions at O(a;) which also serves as confirmation of the factorization
theorem at the same order.
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3.2 Heavy hadron pair imbalance

In this section, we consider the process of heavy-meson pair production, £ +p — £+ H +
H + X, in the back-to-back limit for which the transverse momentum imbalance r¢ is
measured,

rr =i +pil | (3.63)

where we use the notation H for generic heavy meson and H for the corresponding anti-
particle. The imbalance is measured in the Breit frame and in the region sensitive to
TMDs, ie., |rp| < pg ’H, the two heavy mesons are fragmented near the kinematic end-
point and carry most of the energy of the heavy quark coming from the hard process.

In contrast to the dijet process, for the heavy-meson pair production, we only need to
consider the photon-gluon fusion channel. From this perspective, the formalism is simpler,
but on the other hand, the mass of the heavy meson, m, introduces a new scale that we
need to consider. In the case when the heavy mesons are highly boosted, i.e., p¥ > mgy,
the factorization is similar to the dijet production discussed above. The cross-section is
then expressed in terms of the same hard, soft, and beam functions, but the production
of the final state heavy mesons is described by a heavy-quark jet function, Jo_.g [95} [73].

do(v*g) v ‘g db ,
dednpdngdprdrr NG / @n)? exp(ib - r1) Fy (&, b, 1, 1)

X S’Yg(ba M, CQ) JQ—>H(b7 pr,mq, :u) JQ—)H(bvaa mey, /L) . (364)

with ng and ng referring to the pseudo-rapidities of the heavy mesons. Similarly to the
dijet factorization, in the hard function we do not consider corrections due to the quark
mass and we define,
‘pT’ + ‘PT’
2
The decomposition into the unpolarized and linearly polarized gluon contributions follows
the same steps as in section and thus we do not repeat here.

(3.65)

3.2.1 Refactorization of heavy-quark fragmentation function

The fragmentation of a heavy quark into a heavy meson is governed by the heavy-quark
fragmentation function, a topic extensively explored in various processes (e.g., see [63, 64,
65]). The relatively large scale introduced by the heavy quark’s mass permits the use
of perturbation theory to compute the fragmentation function, accounting for minor and
universally applicable non-perturbative corrections.

In our specific case, we examine the heavy-quark jet function, denoted as Jgo_p,
which characterizes the fragmentation of heavy mesons originating from heavy quarks.
This function is differential in the two-dimensional transverse momentum of the fragments
concerning the beam axis. In the regime where r < pr, there exist two distinct scales
integral to the fragmentation process.

r

py =mqg, and pg= mQ—T . (3.66)
pr
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The perturbative calculation of the jet function involves logarithms of the ratios of scales,
which, if left unaddressed, may spoil the convergence of the perturbative expansion. Hence,
it is imperative to resum these logarithms to ensure the expansion’s convergence. Notably,
these logarithms are akin to those resummed by the TMD evolution. The resummation
of the logarithms generated by the scales defined in [3.66 is feasible through factorization.
To achieve this, we utilize the boosted-heavy-quark effective field theory (bHQET) [96],
which facilitates the separation of the jet function into a hard matching coefficient and a
matrix element dependent on transverse momentum. We provide here a description of the
pertinent modes.

We start by examining the momentum of the heavy quark in the rest frame of the
heavy meson, denoted as pg. This momentum can be decomposed into a mass term and
a residual soft component:

p‘lé = mQ,B“ + k'g , k:g ~ AQCD(l, 1, 1)1}7 (3.67)
rest frame

where kY is the typical size of soft (light) degrees of freedom in the heavy meson and # =
(1,1,01),. Note that here we decomposed four-vectors into the light-cone coordinates
along the direction of the boosted heavy meson, v. The momenta kY, in the boosted
frame sets the size of energy loss of the heavy quark during fragmentation to a heavy
meson. To obtain the boosted momenta we simply apply the following transformations,

v-k
A Y
We can obtain A by comparing the momentum of the heavy quark at the rest frame of the

heavy meson in|3.67|to the momentum of the boosted heavy quark (up to power-corrections
H
~ My /pT )7

v-k— Av-k, vk — kp — k. (3.68)

2
My

Oy, ot A ) , 3.69
H 2EH » LAQCD v ( )
and thus A = 2Fy/my. The transformations in m give the momentum scaling of the
so-called “ultra-collinear” modes which are simply the soft modes of HQET boosted to

the frame where we perform the measurement,

PQ

boosted frame (

2F
LA} 1). (3.70)

ki ~ AQCD<m7Ha 2,
The contribution to the transverse momentum spectrum w.r.t. the beam axis, comes from
the large component v - k.. Therefore, we can estimate the typical size of the transverse
momentum imbalance, r ~ AQCD(2p¥ /myr). Since p¥ > my, the typical soft scale,
rr, is perturbative and that justifies the approach of perturbative matching to the TMD
matrix elements to which non-perturbative effects are incorporated as corrections.

To proceed with the factorization we match from the massive-SCET [96), [97], which
includes collinear degrees of freedom, onto the boosted HQET where the degrees of freedom
are the ultra-collinear modes. We are interested in the matching of the massive, collinear
gauge invariant, quark building block, x, = WJ &, with

Wi(z) = Pexp (ig /Ooo ds i - Ap(is + x)) , (3.71)



50 CHAPTER 3. DIJET PRODUCTION IN SIDIS
onto the HQET heavy quark fields, h,g +ﬂ
Wi & = Ci(mq, m)Wlhg,, (3.72)

where C (mq,p) is the short distance matching coefficient and 51 denotes the heavy
quark velocity in the boosted frame. With this matching we can now factorize the jet
function into a short distance matching coefficient and a bHQET matrix element that
depends on the transverse momentum of the ultra-collinear fragments,

m
JQ%H(bapT7mQ7,u) = H+(mQ7M)\7Q—>H <b7p7f7:u“)a (373)

where
HJr(mQa/‘) = |C+(mQa/'L)|2 : (374)

The operator definition of the two-dimensional shape function is

Ja-su(r) ! S 018 (7~ v (5 0)) Wil hug, | X HYX Hlhy,5, W, 10, (3.75)

- 2py No 4

where v is a Euclidean, two-dimensional, transverse component of light-like four-vector
v* pointing along the direction of the boosted heavy meson. The impact parameter space
expression is obtained by simply taking the Fourier transform,

jQ_>H<b,%,u> = /drexp(ib-r)jQ%H(r) . (3.76)

The hard matching coefficient is known up to two loops but the jet function Jg—, g (7),
as defined above, appears here for the first time. However, as we discuss later in this
section, this jet function is related at the operator level to the fragmentation shape function
from [95} 73] in the near-end-point limit, (2 — 1). The one-loop hard function, H is,

2 2 2
Hi(mg, p) :1+%Cp{ln <M—2) + In? (H—Q) +8+£}, (3.77)
4dr m m 6
Q Q
and the corresponding anomalous dimension is

o= 0L (M)} (.19

In the following section, we show the calculation of the bPHQET matrix element, Jo_, i at
NLO and we use this result to derive the one-loop anomalous dimension. We demonstrate
the consistency of anomalous dimensions for this process at NLO and we give an all-order
statement that connects the matrix element J5_ 5 to the near-end-point fragmentation
shape function for heavy mesons.
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/ / /
| I
| | |
' 3 ! ! m
v o + 1 | |
X ,' JL m X X m ,‘ X l | JXL

(€) () (8) (h)

Figure 3.5: bHQET jet function at NLO diagrams.

3.2.2 DbHQET matrix element at NLO

The one-loop contributions to Jg—m(b) in are shown in fig. We have non zero
contributions only from diagrams (f) and (h) where a real gluon is exchanged. Virtual
diagrams (e) and (g) are scaleless and vanish in our scheme,

TE = OCF (1 _ ) ¢=155D ()T (—2¢) R (3.79)
T
where ’ . .
R _ _tprHe’t(v-b) (3.80)
mq|v|

where we have made the standard MS scale replacement 1% — u? exp(yg)/(4m). Expand-
ing [3.79] in the limit ¢ — 0 and keeping all € poles and finite non-vanishing terms we
have

T8 (b, mf>=1+o‘fp{—212+ [1-2mR] + R - 1n7z—52l4} (3.81)

The renormalized jet function which in the MS-scheme is simply given by the finite terms
in is defined by the following equation,

753‘29( mf) =2y (b, %u) JQ-qQ (b, %,u) (3.82)

The corresponding anomalous dimension is

d a,C
_ 1 _ s F _
Vg =-2; dlnuzj = {1 21117?,} (3.83)

It is now trivial to show the consistency of the anomalous dimensions and therefore of
factorization at NLO, since it is sufficient to show,

V7 + v+ =V + ey (3.84)

5In our notation B* is the collinear velocity of the heavy hadron and v* is the lightlike vector along
the direction of the boosted quark. Thus we write h,g, to indicate the typical velocity of the heavy quark
expansion. The Wilson lines appearing on Lh.s. and r.h.s. of [3.72 are formally the same although the
fields have a different scaling in the two cases.
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The result presented in contains logarithms related to the scale mg/(prbo), where
bp = bexp(yg)/2. On the other hand, the hard function H; as defined in exclusively
encompasses logarithms associated with mg. This separation indicates that we have ef-
fectively isolated these two distinct scales, allowing us to resum the ratios of these scales
(i.e., logarithms of prby) by evaluating each function at its respective characteristic scale.
Subsequently, we can evolve each of these functions to a common scale by solving their
corresponding renormalization group equations.

3.2.3 Connection to the fragmentation shape function

In this section we show that the two dimensional bHQET jet function in [3.75] is related
to the fragmentation shape function. We consider the operator definition of the shape
function

1
2N,

S 006w — V25 D)W b, [HoX) (HoX s, Wo e o), (3.85)
X

Sq—n(Ww) =

V2

as in eq. 4.23 of [73]. The same shape function was written with a different notation in
[95]. Taking the one-dimensional Fourier transform of this expression with respect to w
we hav

So-m(T) = /dwexp(in)SQ_)H(w)

1 - ¥
om0 N~ E : —V2TU- Wi XH){XH 1% )
2mHNC ~ <O’ eXp< \fTU a) vhvﬁ+‘ >< ’th v (3 86)

7510

Comparing this result with the two-dimensional Fourier transform of as prescribed
in [3.76] we have

V2

Using this equation we can confirm our perturbative calculation at NLO in by com-
paring the finite terms of this equation against eq. 4.24 of [73]. To do that one needs
the Fourier transformations of the regular plus-distributions which can be found in the
literature but we also give here for completeness,

_ b
Jo-si(b) = \/”;ISQ%H (T N L) (3.87)
H

.FT{é(w): ~1, (3.88)
‘FT[<®C(:J))+: = —In(—ire’®), (3.89)
fT[(W>+: = %1n2(—i7'ew) + 7{; (3.90)

Using these equations we can easily check that indeed is satisfied up to NLO, although
the perturbative validity of [3.87 is inferred beyond NLO. Therefore, since the anomalous
dimension of the fragmentation shape function and the hard function H is already known

®Note the normalization of the Hilbert states |H) = /mm|Hp)
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up to two loops, we can use the consistency of factorization to solve for the anomalous
dimension of the global soft function S,, up to two-loops,

The anomalous dimensions at two and three loops are given in appendix[A.2] We give the
result for the soft function by organizing it into a term proportional to the cusp anomalous
dimension, Yeusp and a “non-cusp” term,

Bp2e*e
Y5,y = Yeusp | 2CF In (T) ~ CalnG] + s, (3.92)
where
(57&]9 =0
Mﬁ]g =Cp [CA(% - %WQ — 56 Ca) + nfTF( - 42%8 + gﬁ)}, (3.93)

and we have used the same notation for the perturbative expansion of the cusp anomalous
dimension as in [3.60. The lengthy and not so intuitive three-loop non-cusp component,
57};]9, is given in the appendix (see|A.21).

With this result, we can push the calculation of the heavy-meson pair production up
to NNLL with no additional perturbative calculations. Furthermore with the knowledge
of the soft anomalous dimension and using we can also solve for the collinear-soft
anomalous dimension to the same order. This can now give us the NNLL cross-section
of the dijet photon-gluon-fusion (v*g) process. For the full NNLL dijet cross-section, we
are still missing the global-soft or collinear-soft anomalous dimensions from the photon-
quark-initiated (v*f) process.

3.3 Cross-section used in phenomenology

The cross-sections presented previously are usually partially integrated in phenomenolog-
ical observables. We discuss here these integrations, which also allow us to relate the
normalization of our cross-section with the ones obtained in the literature.

3.3.1 Extracting the Born-level cross-sections

The tree-level cross-sections for the dijet and hadron pair production were considered at
tree level in ref. [92]. We start considering the gluon case, from which one can easily
deduce also the quark case. The gluon hard contribution to the cross-section is described
by

do(v*g) N

=—1A4 A 2¢! +---+ B 20, + - -- 3.94
dodnydnpdprdry w5 0+ Ajcos2¢y, + -+ + Bycos2e, + , ( )

and the azimuthal angles (¢, d)%) of vectors pp,rr are measured with respect to the
lepton plane. However, our preferred frame is the one where the ¢, angle is measured in
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the plane defined by py and g7, the sum of the lepton momenta, and ¢, is the azimuthal
angle between rr and pp. In this frame and integrating over the angle ¢, we are left with:

do(v*g)
dxdm dnedprdrr

= 27rpT';\£ Ag + By cos(2¢,) |, (3.95)

with the factor 27 coming from ¢, integration. The LO expressions are obtained by
separating the unpolarized and linearly polarized gluon contributions and Fourier trans-
forming. The unpolarized partonic part has a similar form also for quarks, so that we
find

exp(ib-rr) f(6,b) = of f{(&,77) . (3.96)

do ( ) ‘ :O_QU/
dxdnydnodprdry 1LO 0 (2m)?

oV (v f) fU d*b ! fU o f
= b - b) = .
dxdnydnedprdrr ‘Lo %0 / (2m)2 exp(ib-rr) fi (6,8) = oo fi(&rr) s (3.97)

The same for the linearly polarized gluons gives

dJL (7*9) gL dzb . Sin2 ¢b — COS2 ¢b n
= -b h b) .
dzdnydnedprdrr ‘LO 90 / (2m)? exp(iry - b) 2 (&)

bdbdpy
= —o / o ;b exp (i'rTbCOS(tbb—qbr)) cos(2¢y) hi (€, b)

— cos(26,) o / @mb) Wi (€, b)
= 0 ), (2.98)

where notice that hi-(&,77) is not the direct Fourier transform of hi(¢,b) and both func-
tions can be related through eq. 2.20 in [37]. We obtain the a(()g HOL) prefactors from the

structure functions given in eq. 3.3 and eq. 3.5 in [92] and we list them in the appendix.
3.3.2 Angle integrated and azimuthally modulated cross-section

The scalar cross-section that we finally consider in the phenomenological studies is ob-
tained by integrating over the ¢, angle

do t do
dlldry " / A Ty (3.99)

where we use dIl = dxdn,dnedpr for brevity. Because the factorized cross-section is always
expressed in position space one can write (here Jy 2 are Bessel functions)

+7T 5(b
£ - / / exp [irrbeos(oy — 6,)] P20)

% b db T da(b)
- 2D 1orb d
TT/O o Jolrr )/W i
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b db T rdgU(b)  cos 26y A5 (b)
_TT/O o Jolrrb) /ﬁ d¢b[ dlldb 2 dIldb ] (3.100)

where doV = doV(v*f) + doV(v*g), do¥ = dol(~*g) for the dijet case and doV't =
doVL(y*g) for the heavy hadron pair case.

In our phenomenological analysis we consider also the azimuthal angle average

do
. 101
/derT (3.101)

The denominator is what we have discussed in the previous section, so now we will only
focus on the numerator,

[ doncoszo, o —op [ coszon [ 2 exp [irabeos(on — 00] S0

(cos 26,) = /Mdcb 26, -1
cos 2¢,) = - - COS " dldr

i dlldrr . dTldb
% b db +m b
ZT’T/O 7J2(7’Tb) /7T doy, cos 2¢y, dH(dl:
< pdb o deV(b)  cos?2¢y dat(b)
- /0 o J2(rrh) / _ 4o [COS%" dlldb 2 dlldb }

(3.102)

Eqgs. [3.10013.102| show the relation between the final cross-section in momentum space and
the factorized cross-sections in position space, where we have distinguished between the
unpolarized cross-sections generated by gluons and quarks, dé¥ = d&g + d(}}] and the

contribution from linearly polarized gluons d&’.

3.4 Angular dependence and evolution

The anomalous dimensions of soft, collinear-soft and heavy-jets matrix elements are an-
gular dependent and complex-valued, and both these features are not common in the
literature. The angular dependence is parameterized here by the angle ¢,. In order to
discuss the issue we show in sec. the dijet soft function as obtained in [98] and then
we extend the conclusions to the other functions that have a similar angular dependent
structure. The angular dependence of the anomalous dimension is strictly correlated with
the imaginary parts of the cross-section in position space. The treatment of the angular
dependence in the evolution has been discussed also in [99, [100} [101] which proposes an
approximate treatment. In sec. we perform an original analysis discussing in detail
how passing from position space to momentum space in the cross-section allows us to
obtain a real-valued cross-section, including resummation. The proof of this statement
is here provided at one-loop, and the same mechanism can be conjectured to work at all
orders in perturbation theory.
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3.4.1 Dijet soft function and angle dependent anomalous dimensions

The dijet soft function presents several properties that result particularly interesting. The
renormalized soft function is obtained from its bare expression

SPae (b, G) = Z5(b, 1, 2) Syilb, 1, C2), (3.103)

where the factor Z,fi was calculated in [98]. For our purposes it is sufficient to report the
expression of the soft function in the MS scheme for the (y*g)-channel

B ,u2 e

Sog(by 1, C2) =1+ aS{CF[gQ + 21n? (—7141,

) +4Lin(1 + Ab)}

2
+Cy [ —2In(Bp?e®F) In — In*(—Ap) — % — 2Lia(1 + Ab)} } +0(a?), (3.104)

and for the (v* f)-channel

772 B 262’YE
S’Yf(bvu7 CQ) =1+ CLS{CA |:— —+ ]n2 ('Liiflb

- ) +2Lin(1 + Ap)

+2 ln(B,uzeQ'VE) In W} + CFr ln(B,uzeQVE) {ln(B/fezﬂfE)
2(n - v9) 2

—2In¢ +21n ( ) +4ln(—iv - i))] - CF%} +O(a?), (3.105)

(v1 - v2)(n - v2)

(le-'Ug) _
2(v1-b) (v2-b)
on the angle ¢, and we have used b = b/|b|. The rapidity scale (s is responsible for the
rapidity evolution of this factor and it is related to the TMD rapidity scale {; by the

respectively, where we have Ay = . The expressions above depend explicitly

consistency constraint

(¢ = ( = —. (3.106)

The values of {; and (o that minimize hard logs are

G=p7, G=L (3.107)

Despite the fact that the scale (5 is dimensionless there are some formal similarities in the
evolution of this soft function and the TMD. The dijet soft function double-scale evolution
is dictated by

d

ms'yz(b7<.au) = fYSfyz(b?lLL’ g)s'yz(b7Ca:u)7 (3108)
d

mSWi(b’ Ca :u) = _Di(ﬂa b)Sw(by Ca /’L)a (3109)

where ¢ is gluon or quark. The rapidity evolution kernel D; is the same as in the TMD
case, while for the rest we need special treatment.
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3.4.2 Treatment of angular dependent anomalous dimensions and re-
summation

The dijet soft function, the collinear-soft function in dijets and the heavy meson jet func-
tion in hadron pair production have, as a common feature, an anomalous dimension that
is ¢p-dependent and that can include some imaginary parts. The general structure of the
anomalous dimension for these cases is

Yi(b, 1) = Yeuspovs] (Ci 21n | cos ¢p| — ¢} iw@(qbb)) + other ¢ independent terms (3.110)

where

O(¢p) = (3.111)

—1 : otherwise

{—1—1 T2 < ¢y < /2

and the consistency of anomalous dimensions requires
de=> =0, (3.112)
i i

where ¢; and ¢ are the color coefficients that multiply the corresponding part of the cusp
anomalous dimension. The construction of the evolution kernel involves an integration over
the angle ¢, and after integration all imaginary parts cancel consistently. Note that this
does not mean that one can ignore the imaginary components of the anomalous dimensions
or fixed order functions as contributions of imaginary terms yield real contributions to the
final result.

In order to show the cancellation of the imaginary part we separate the angular de-
pendent part of the evolution kernel from the rest. For instance, for the soft function, we
have

S’yi (b7 K, <2,f) =

= exp /P (35,62 11, @)dlnu—Di(u,b)dlanﬂ S (b: 10, C2.0)

= exp /P (’Y&i(qﬁ)dlnﬂ + 75, (b, 1, C2)d In p1 — Di(p, b)d In C2):| Syi (b, 1o, G2,0)

—ep | [ (08, @atnn) | exp | [ (35, 0o @)t - Dy t)iina) | 1 0o o)

L/ [o

= R§., Rs,: Sni (b0, G0) - (3.113)

The evolution factor is then split into an angular-dependent part and the rest. The
splitting is clearly not unique, however this should not affect the final result once the
angular integration is performed. We have

d d

T RS —~A2HRE —— R? =0 3.114

dln S, ’Ys(¢> S0 dln¢ Sy ( )
d d

% Ry =FRs., L Rg =-DRg.. 3.115
dlnuRS“ TRy g 7R Sy ( )
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A similar splitting is done for all other angular dependent evolution kernels, for which we
have used

'yg?w = Yeusp [4CF In | cos gbbq , (3.116
72# = Yeusp [2(C’F +Ca)ln|cosgp| — (Crp — Ca)inO ()|, (

18, = YeuspCa | = 21In |cos ¢u| — iwO(0y) . (

'yé’f = YeuspCF [ —2In|cos ¢p| £ iﬂ@((ﬁb)} , (3.119

75 = e Cr | = 21| cos &y % im0 (6)|, (

where the + sign refers to quark and anti-quark jet respectively. The angular independent
part of the anomalous dimension is simply obtained from the complete expression of the
anomalous dimension

i =¢ + 7 (3.121)

with i = S,4,5,¢,Cq,Cy, J for each channel.

In order to describe the implications of the angle integration we consider here the dijet
production case, being the HHP one very similar. The separation of the evolution kernels
of all functions in an angular dependent part and the rest allows to write the resummed
cross-section in position space as

d5(b) ~ exp |A({p}) 21n| cos 4| — B({p:}) in©(6) | R (it — 1)

x [1+ ST aulun) £ (0, cos ¢b)]

ke{H,F,J,5,C}
= | cos ¢b\2A(cos(B7r)—i@(¢b) sin(Bﬂ))R({,u,k} — W) [1—1— Z as(uk)fg}(b,cos )
ke{H,F,J,S,C}
(3.122)

where we have omitted global scale independent hard factors and non-perturbative contri-
butions that we assume independent of the angle ¢3. In this equation, we have combined
the evolution kernel of the functions that appear in the cross-section in

A = 3 e [ emlodding s Blud) = 3 ¢ [ qemladding (3.123)

ic{S8,C} Hi ic{S8,C} Hi

which are independent of the factorization scale u because of eq. [3.112] and an angle
independent part R({uxr} — p). The perturbative parts of all functions that appear in
the cross-sections at one loop are collected in the factor [1 + Zke{H,F,J,S,c} as(pk)f,?]}'
In eq. the imaginary part of the cross-section is proportional to the odd function
O(¢p). We expect so that this part cancel at all orders in perturbation theory when the
¢p the Fourier transform is performed like in eq. In the next subsection, we
show that this is explicitly the case at one loop.
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In order to organize the discussion we first consider the case of d&¥ and then deduce
the necessary modifications to get the Fourier transform of dé%. The angular integration
of the cross-section at one loop can always be expressed in terms of the following basic

integrals: .
I,(A) = / dy | cos gp|>A In™ | cos ¢y (3.124)
where
2y T(1/2+ A)
A =""TFava
L(A) = \/Trrf((llfj) A) (Ha-172 — Ha)
L(A) = \/7725((11/5;)“4) [(HA,U2 — Hy)?+ oW (% + A) — M+ A)]. (3.125)

The results on the r.h.s. of eq.[3.125| are defined only for A > —1/2. In order to satisfy
this condition for every value of b the scales pg and pe must be chosen appropriately,
which at the current level of precision can be done. Next we show the contribution of each

term of f,gl] to the cross-section:

e (Constant terms: In this case we consider the leading order term in eq. [3.122|together
with all terms in the functions f,[cl] that are cos ¢y independent. The integral we need
to perform is,

+m

Iconst.(-Av B) = /

—T

depy | cos ¢by2A(cos(B7r) —iO(dy) sin(Bw)) — Io(A) cos(Br)
(3.126)

and the imaginary part cancels because of parity.

e Single logarithmic terms: In this case we consider terms proportional to In(—i cos ¢p)
that appear in the soft and collinear-soft terms f g] and fél] respectively. The relevant
integral that we need to perform is

“+

Log(A,B) = / doy | cos (25(,‘2A(COS(B7T) —iO(dp) sin(Bw)) In(—icos¢p). (3.127)

—T

Expanding the logarithm as follows
. %
In(—icos ¢p) = In| cos ¢p| — 5@(@) (3.128)

we can split the main integral into one part proportional to cos(Bm) and a second
part proportional to sin(B7). In terms of the integrals in eq. [3.125) we obtain the
real-valued result

Log (A, B) = I (A) cos(Br) — gIO(A) sin(Br). (3.129)
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e Logarithmic Ap terms: In the soft function we observe the presence of terms that
involve the following combination,

(Ul : UQ) . S

Ap = )
® T 20 b)(or D) 4pE(cos gp)?

(3.130)

Particularly this term appears in logarithms and di-logarithms. Here we address the
double logarithmic terms, i.e.,

2

In?(—A4p) = In? <i> —41n <i> In | cos ¢y, +41n? Cos ¢y 3.131
(~ ) =102 (7 7 mleosaul i jeoson] - (313)

Integrating over ¢ the above we obtain three contributions: a constant term, a
single-log and a double-log. Thus we can immediately write,

+m

Loga (A, B) = / dy | cos dp|*A ( cos(Bm) —iO(¢p) SiIl(Bﬂ')) In?(—Ap)

—T

= [w? (4;)10(,4) ~4ln (4;)11(,4) +A1(A)) cos(Br).  (3.132)

e Double logarithmic terms: In this case we consider terms proportional to In?(—i cos ¢)
that appear in the soft and collinear-soft functions. The relevant integral that we
need to perform is

+m

Logo(A, B) = / d(bb|cos¢b]2“4<cos([>’7r)—i@(¢b) sm(&r)) In%(—icos ¢y) (3.133)

we can then expand the logarithm as follows
2
In?(—i cos ¢p) = In? | cos ¢p| — i imO(¢p) In | cos ¢ (3.134)

then we can expand as before in terms proportional to sin(Bw) and terms propor-
tional to cos(Bm)

Tog2 (A, B) = [ - 7flro(A) + 12(,4)} cos(Br) — w11 (A) sin(Br). (3.135)

In addition we have poly-logarithmic terms which are proportional to Lis(1 — Ap),

+m

. 1
d(bb | COS ¢b|2A L12 (1 — m), (3136)

Ii(A,B,¢) = COS(BTI’)/

—T
where

4pT

, 0<e<l, (3.137)

ol
Il
>
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and where we have dropped the terms proportional to sin(Bw) since they vanish after
integration from parity. We can then use properties of the poly-logarithm in order to
express this integral in the following form,

I1i(A, B, ¢) :cos(Bﬂ'){ 2[(ln o+ )10(,4)+41n511(,4)+412(,4)}

+m
+ / dy | cos dp|*A [Lig(é cos? ¢p) + In(c cos? ¢p) In(1 —¢ cos? d)b)} } (3.138)

—T

We can then expand the poly-logarithms and the ln(l — ¢ cos? gbb) in the region 0 < ¢ < 1.
This allows us to perform the integral over ¢, and obtain the following,

Ii(A, B,e) = cos(Bw){ . % [( In? + 7;2)10(,4) 4L (A) Ine + 412(A)}

—Z [(lnc—*)Io(A+n)+2h(A+n)” (3.139)

Although this expression is exact it includes a sum extending to infinity. In numerical
applications, one can truncate this sum at the desired value to achieve a certain numerical
precision. This concludes the discussion of all possible cases that appear in the Fourier
transform of the unpolarized cross-section.

The part of the cross-section relative to linearly polarized gluons can be treated sim-
ilarly. In this case, we need to incorporate an additional cos2¢; term in the integrals
but this is the only change since the soft and collinear-soft functions that appear in the
two contributions are the same as for the dijet case. Using the trigonometric identity
cos 2¢p = 2 cos? ¢y, — 1 the integrals for this case can be deduced from the discussion of the
unpolarized cross-section by the replacement

L(4) — —In(A+1)+%In(A). (3.140)

Equivalently for the case of angular modulation in eq. [3.101| the following transformations
have to be performed,

dsY (b) : I(A) — —I,(A) +2I,(A+1)
det(b) : I(A) — —IL(A)+2,(A+1)—2[,(A+2). (3.141)

Additionally, for Sivers asymmetry, we check the sin(¢g — ¢,) modulated cross-section
which leads to the sustitution

I(A)  —  IL(A+1)+cos® ps[I,(A) — 21, (A + 1)]. (3.142)

Notice that for the Sivers case, the result depends on the angle ¢g (the spin angle w.r.t.
the plane defined by py and g7). We leave the implications of this fact as well as phe-
nomenology for this case for future works. In all these cases one obtains a cancellation
of the imaginary part of the cross-section. Other polarized contributions are possible and
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have yet to be further explored. A more complete list of contributions can be found in
[92].

Treating perturbatively the angular integration as discussed in this section leads to
write eq. for the dijet case as

do _do"(y'g)  do"(y"f) . do*(1"g)
de’I"T deT‘T de?"T deTT ’

(3.143)

where
derT ZUQUHggaff (8, 8,4, = pr)Js(pr, R, 1) Jj(pr, R, 11.7)
X /;OO bdb Jo(brr) f{ (€, b) Ry (({Mk}aCl,o,Cz,o) — (pr, P>, 1))(35(5, R, {u}),
(3.144)
derT Z SVHY. (5.t 0, = pr) T (pr, R, ) Jg(pr. R, 1)

+oo
X /O bdb Jo(brr) f1(€,b)R, (({Mk},ﬁl,o,@,o) — (pr, p7, 1))&?(57 R, {pi}),
(3.145)

dO‘L(’}/*g) gL L A A
Tdlldrr Zf: HT. 75,6 0, o= pr)J(pr, R, 1g) T3 (pr, R, 1)
—+o00
X /0 bdb Jo(brp)hi (€, b)Rg(({uk},<1707<270) — (pr, P>, 1))(’}5(()’ R, {u}),
(3.146)

where Ry, are products of evolution kernels to be described in the next section, and anL

are the result of ¢, angular integration and can be written as

65 = I + as(ue)CY (b, R, pe) + as(ne)C¥ (b, R, pe) + as(10) S5y (b, Ga, o), (3.147)
,Cf = I + as(ue)CY (b, B, pic) + as(ue)CY (b, R, pic) + as(10) S (b, Co, o), (3.148)
AL = Iconst + aS(MC>C]l‘/(b7 R, :LLC) + aS(MC)CL(b R, MC) + a’S(MO)ngg(ba 2, MO)' (3149)

The functions C and S in eq. [3.14743.149] are the result of the ¢} integration in collinear-
soft and dijet soft functions. For the heavy meson case we have just contributions from
gluon scattering,

do__ do(y'g)  dot(y"g)

dlldry  dIdrp dlldry ’

and we have to change J; 7 — Hy and Cy — Jp—pm in eq. 3.144H3.146l In the case of
angular modulation the cross-sections can also be written as in eq. [3.1431{3.150 with the
correct values of the functions I.onst., C and S. The non-perturbative effects are in all

cases encoded in the evolution kernels, TMD and jet functions. In the next section we
describe how the evolution kernels are defined.

(3.150)
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3.5 Evolution kernels and scale choices

The evolution kernels appearing in eq. [3.143H3.150| are
Rg(({ﬂk}7 (1.0 C2,0) = (P, DFs 1)) =Ry, (s = pr)°Re, (e — pr)?

xR (10, 10) = (07,23) )RS (110, Co0) = (o 1)), (3.151)

Rq(({ﬂk}7 (1.0 C2,0) = (P, DT 1)) =Ry, (s — pr)Ry, (10 — pr)Re; (He — pr)

% Re, (e = )R (1o, 10) = (pr,p}) ) RE (10, G20) = (pr, 1)),
(3.152)

where R, is a jet function kernel, R¢,  is the one of collinear-soft functions, R%Y the
one of TMD and finally Rqsg is the one of the dijet soft function. In the heavy quark case,
the evolution kernels are parameterized like in eq. with the usual changes J; — H
and Cy — Jg—u- The kernels for single-scale evolution have a standard form and a review
up to NLL is given in [102],

. i\ wi(ni—=pr) .
RZ(MZ —>PT) = eKZ(“Z—}pT) (%) ) t= {CfacgananvaﬁhﬁHJr} (3153)
where
Iy It Br\ os(p)
i (i =——11 ——— )| ——(r—-1)], 3.154
wip —>pT)’NLL Bo {nr+ <I‘0 5o 47 (r=1) ( )
0 0
v 2T [r—l—rlnr
Ki(u; — ’ =——1Inr— :
R N N (Y R oy
Fl ﬂl 1—7r + Inr ﬁl 2
L= | 3.155
* (ro 50> o sag T (8.155)
with r = as(pr)/as(p;) and
Re_’YE
0 _ 0 _ 0o _ _
FCf - _4CF7 FCg - _4CA7 FYCf/g - 07 me/g - Tv

F?ff = 4CF7 Ft(}g = 4CA7 Pytoff = 60F7 ’Ygg = 2’80’ m‘]f/g = pTR’

_ mq/pre7F

- . ,

Y =4Cp, AL =2Cp, mi=mq, (3.156)

IY% = —4Cr, 1% =4Cr, my

Initial scales p; choice is given in sec. [3.6, The TMD kernel is considered here in the
(-prescription described in [33] and implemented in the code Artemide [81] that we use,

Cf )*,Dq,g(bnuf)'

o) (3.157)

R ({0, o} = {ur 61 = (

In the next paragraph we define a (-prescription also for the dijet evolution kernel R, ((uo, C2,0) —
(pr, 1), which is the only missing part.
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3.5.1 (-prescription for dijet evolution kernel

The angular independent kernel of the dijet soft function is obtained as a solution of
a coupled system of differential equations, reported in eq. [3.115} that are formally very
similar to the TMD ones [94} [93]. The anomalous dimensions are given by

2
sy (15 C) = Yeusp [QCF In (%) —Caln (%)} + 6720, (3.158)
Ho 2.0
(1 ¢ f
35,0 (1:€) = Yeusp | (C + Ca) In <u3) ~ Cpln (wc)} + oy (3.159)
where
2C Cp+C ~ Cp-—-C
O besr 207 U SR LN a ’ ‘

and Jvyg are the non-cusp SF anomalous dimension, which is known up to three-loops for
the gluon-channel and up to one-loop for the quark-channel and are reported in appendix.
The anomalous dimension and the rapidity anomalous dimension (RAD) in eq. [3.108| and

eq. [3.109 satisfy also

d _ d
T dInc S (1. €)= mDM? b) = Leusp (1) (3.161)

The evolution for the SF takes the general form

Ris({mis G} = {us: ¢r}) = exp [/P (Wsw(u, ¢)dInp — Di(p, b)dIn C)} (3.162)

with i = ¢, g and {p;, (;} and {us, (¢} being the initial and final points of factorization and
rapidity scales. The integration path P is an arbitrary path in the {x, (}-plane. Eq.
ensures that the evolution kernel is only path-independent when one knows the complete
perturbative expansion of the anomalous dimensions. Since this is not the case the path
independence is broken. In order to partially restore the path independence we proceed
as in [33] defining a (-prescription also for the dijet soft function evolution kernel. The
(-prescription provides a way to choose the initial scale (; of the evolution kernel as a
function of  and b so that the SF does not depend on the initial scale u;. This is done
by taking the integration path through a null-evolution line in the {u, (}-plane and then
taking a fixed-p evolution.

To find the null-evolution line we interpret the pair of differential equations as
a two-dimensional gradient equation VF = EF, where E = (vys(u,(), —Ds(u,b)). The
null-evolution line is then an equipotential line of the field E. In particular, there is
a special null-evolution line that passes through the saddle-point {jisaddie, Csaddle} Of the
evolution field. We find that the saddle point is exactly psaddie = po and (140 = ¢o'- If
we parameterize the null-evolution line as {u, (,(b)}, the value of ¢, is given by

dl b
5,0 Gu0) = 2D, (10) 1), (3,163
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which is solved perturbatively order by order in as. The perturbative solution takes the

form
2C

vg b) — 1\ Ty g _v79(u,b) 164
u,pert( )_ (%) CO € ) (3 6 )
M Cp+C»y ;
4] v
et (b) = (%) mogtermh), (3.165)
where -
VI b) =Y al (o (L), Ly =In(Bp?e”), (3.166)
n=0
vg? (L) =0, (3.167)
2Cr 1 Bo st — A0
Y9 _ R F
(L) =5 [ L+ | (3.168)
2Cr[ B3 Br , Bl Boady  4pod*”)
V9 (L) = _ o3 (2L 1.2 E _ L
ve” (L) = { 24 n ~\12 T 12r, ) T\ Tany 3T, g
22 1, — g0 3 q(3,0)
el — K } (3.169)
I'; Ty
vl (L) =0, (3.170)
and we are using the following notation
Di(p,b) = Ci Y _al(p) Y Lpd™, Sys(p) = al (1), (3.171)
n=1 k=0 n=1
B(as) = - Z a?”ﬂn, Fcusp(,ul) = Ci’)’cusp(ﬂ) = Cz Z aZJrl (M)Fna (3-172)
n=0 n=0

with C; = Cp, C4 for quark and gluon channel respectively. Notice that vy vanishes as it
is proportional to the LO non-cusp AD, which is zero for the SF. The non-cusp AD is not
known beyond LO for the quark channel.

The RAD is a function of b and therefore has important non-perturbative corrections
in the large-b region. These corrections can be implemented as a model. The way to
proceed is to solve for a generic non-perturbative RAD. The equation is solvable but
it is difficult to obtain the cancellation of perturbative logarithms in the small-b region.
Following [33] we use the perturbative solution for the small-b region and move to the
exact (generic RAD) solution for large-b:

Gulb) = Gt (b)e™/Be ot (p) (1 - e/ PR (3.173)

with Bnp being the b value where non-perturbative (NP) effects become important (~ 2.5
GeV~1). We have already discussed the perturbative solution to eq. [3.163, For the exact
solution we find

2, %°F

jeexact (D) = ( )Wcage—g”“awsv@s, (3.174)

Sl =
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2 CptCa
(et (b) = (%) o (gl em9"(asDs)/Ds, (3.175)
Ho
where
: 1 Ty
" 87D = 1
9" (as, Dy) aswozag (3.176)
2Cp 1 _
Y9 __ p
9% =, [6 1+p}, (3.177)
2Cp 1B1 ( _ P’ ry , _
SLA i P _ S R P _
9’ == [Bo <e G 1—|—p)], (3.178)
v _CrtCar
0= o [6 1+p}, (3.179)
v _ Cr+Carh -p_q _pj _h -»_q 1
T TR [0 € TPy Ty (e +p)], (3.180)

and p= QBODS/FO-
Finally, the evolution kernel that provides the evolution from the null-evolution line
and that passes through the saddle-point to the final ¢ point is given by

Cf _DQag(b7“f)
RE ({po, ot = {ur. ¢rh) = (== : 3.181
8 mosGo} = ) = (2555) (3.181)
and if we consider the evolution from an arbitrary initial scale we take
i Ris({10, G0} = {1y, ¢
R (L Gt = {pg, Grh) = s )= Ay ) (3.182)

Ris({mo, Co} — {pi, Gi})

with ¢ = ¢,¢9. This discussion concludes the analysis of all terms that appear in the
factorization theorem and the scale prescription. We are now ready for the implementation
in the code Artemide [81].

3.6 Phenomenology

In order to test the phenomenology developed in the previous sections we consider the
case of the EIC. In [98] we already studied the coverage of the EIC and we concluded that
the most favorable case is given for a value of mass energy for dijet production around
/s = 140 GeV and central rapidity, n; = n2 = 0. Typical values for jet radii and momenta
at EIC are respectively R ~ 0.7 and pp ~ Q/2 ~ 20 GeV. To simplify the discussion we
show plots integrated over Bjorken variable z (the longitudinal fraction of momentum &
that enters in the TMDPDFs is £ ~ 2z) in the allowed kinematic intervals. For the case
of central rapidity we have z € (0.0859,0.5). The cross-sections that we plot are

Tmax do_
dx 3.183
/:c dxdnidnedprdry Ini, n2, pr ( )

min
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and its value is presented as a function of the small transverse momentum 7. The cross-
sections and the error bands are obtained by using and preparing specific moduli for the
code Artemide [81]. In particular, we use the TMD and the TMD evolution kernels already
coded in Artemide, which come from the fit [32], while the new functions studied in this
work are included in this code for the first time. We use the PDF set NNPDF31. The gluon
TMD is not fitted yet, however in Artemide there is a parameterization for it. The code
takes into account that the contribution of linearly polarized gluons is highly suppressed
because in the small-b regime the matching of the linearly polarized gluon TMD onto the
gluon PDF starts at order o} and not at order ol like other distributions. In ref. [39] the
cross section obtained in this way agrees with Pythya 8 and current experimental results
for the Higgs transverse momentum spectrum, which are however not very precise. The
non-perturbative effects are expected to be important in the high-b region and they should
not alter the small-b behavior of this distribution. Notice also that the non-perturbative
effects play a role in controlling the behavior of the distribution around the Landau pole
at large-b, which means a further suppression effect at large-b (as we also observe in the
case of unpolarized distributions). Summing up, given the current perturbative and non-
perturbative knowledge of TMDs, at this stage we prefer not to push for a hypothetical
non-perturbative enhancement of the contribution of linearly polarized gluon TMD.

c|J| S cC | J
Bip (GeV) [ 25 | 2.5 | 2.5 || byax (GeV™) [ 0.5 | 0.3

Table 3.1: Values of non-perturbative parameter Byp and byax prescription chosen for
collinear-soft function, heavy meson jet function and dijet soft function. Impact of the
varition of Byp is shown in fig.

The factorization that we propose in general needs information of the non-perturbative
effects in several functions. For the dijet case we have

C(b, R;pr) = Re(b, R pr, ue)CP" (b, R; ) 2 (b, R), (3.184)
Syi(b;pr, 1) = Rs({ko0, o} — {pr, 1})555”(1); 1o, Co) f3 ¥ (b), (3.185)

where the functions with suffix pert refer to their perturbative part in the MS scheme
which is currently known at one loop. Similarly for the HHP case we need

I (b, mq/pripr) = Ry (b,mq/pr; pr, 11y) TP (b, mq /prs na) £ (b;mg).  (3.186)

The non-perturbative effects are parameterized as

2
FNP(B) = exp ( - 1’7) i=0C, 7,8 (3.187)
(Byp)?

The values of B{VP define the non-perturbative model and we have tested several combi-
nations as shown in fig. Higher values of Bip are more sensitive to the perturbative
series in the low transverse momentum spectrum, and in general, provide higher values of
the observables. In unpolarized TMD cases, we have usually that typical values of Bf'\IP

are around 1-3 GeV~! so we find it reasonable to fix their values as in tab.
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The factorization scales ¢ for dijet and py for HHP are chosen to minimize pertur-
bative logarithms and to not hit the Landau pole of the strong coupling constant,

jie = 2e7E (% +- ! ). (3.188)
1y = %e*w (% + bn:ax)’ (3.189)

This scale choice deserves some comments. In the dijet case, the scale choice does not
include the dependence on the jet radius R. Similarly, the mass of the ratio mg/pr does
not enter the collinear-soft function and heavy meson jet. In all cases, this means that
there is not a complete cancellation of the logarithms of these functions. The reason is
that the ¢ integration imposes some constraints on the choice of scales. In fact, the
function A({u;}) defined in eq. which depends on the initial scale choice for the
soft function, collinear-soft function and heavy meson jet, needs to be A > —1/2 in order
to have a well defined angular integration. Because of this constraint, some scale choices
could be considered, for instance

pe =" g =, (3.190)

can not be used. As a result in our approach we only partially resum the logs in the
collinear-soft function and the heavy meson jet in order to maintain the structure of (-
prescription and double scale evolution in the soft function that is described in sec. [3.5

This leads to the initial scales in eq. |3.188] |3.189

Finally, for the dijet soft function, we use the b*-prescription in the same way as for

the TMDPDF:
2e7E . b

T T T P

Concerning the theoretical errors, the scale variations in collinear-soft and heavy meson
jet function are the main source. This is due to the non-cancellation of logs in the functions
by the choice of the initial scales. The choice of the values byax for collinear-soft function
and heavy meson jet account for the convergence of our perturbative result. A more
consistent way to treat the resummation of these scales is left for future work, involving
the refactorization of these functions.

For functions that do not depend on b the initial scale choice does not require a
prescription or NP-model and it is dictated by the cancellation of the logarithms. For the
jet function and the H; matching coefficient, we have

(3.191)

ps=prR,  py=mq. (3.192)

We use a NP-model for the rapidity anomalous dimension that enters the exact solution
for the null-evolution (, line as it is explained in sec. In particular, we use the same
model that has been used for TMDPDF in [32]

Dple = cbb*, g =2.5-10"2 (3.193)

This model dictates how the rapidity anomalous dimension behaves in the large-b region
and is used for both dijet soft function and TMDPDF when performing double-scale
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Figure 3.6: Impact of Bnp variation over dijets and heavy meson total cross-section. Leg-
end correspond to (Bf\qlp, Bﬁp) and (ng, Bﬁp) for dijet and HHP production respectively

evolution. While a color re-scaling of the non-perturbative models for gluon TMDPDF
and gluon channel soft function with respect to their quark analogs is possible, we observe
that this change does not have a significant impact on the cross-section and, therefore, we
choose to keep the same model for both quarks and gluons.

3.6.1 Phenomenological results

In this section, we show our results for the differential cross-section for both dijet and
heavy hadron pair production processes. Differential cross-sections are shown with error
bands coming from scale variation of the different final and initial scales of the functions
appearing in our factorization formulas. Scale variation bands are obtained by changing
the considered scale by a factor of 2 up and down relative to its central value.

Results for dijet production

In fig. W we show the impact of the change of jet radius, jet transverse momentum (hard
scale) and jet pseudorapidity over the total dijet cross-section. We show that for the
variation of the jet radius, we see a change of around 20% on the cross-section from the
central value when taking the jet radius to be £0.2 from R = 0.7. For pr there is a
variation of an order of magnitude in the total cross-section when taking +5 GeV from
20 GeV. This corresponds to @ = 30,40,50 GeV respectively. Finally, for pseudorapidity
variation, we obtain an order of magnitude difference above and below when compared
to the central rapidity case. Positive rapidities (7; = 0.5) correspond to Q ~ 53 GeV
while negative rapidities (n; = —0.5) correspond to @ ~ 32 GeV, so both pr and 1 plots
are consistent. Notice that the total dijet cross-section is not symmetrical for both jet
rapidities as for the quark channel we have both a quark and gluon jet in the final state.
Every other plot is obtained taking R = 0.7, pr = 20 GeV and n; = 0.

In fig. the result for the cross-section including quark and gluon channels is shown.
We consider the contribution of linearly polarized gluons in a separate panel to show that
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Figure 3.7: Impact of the variation of the jet radius (R), hard scale jet transverse momen-
tum (pr) and jet pseudorapidity (n;) for dijet production. For pseudorapidity variation
legend is shown referring to (11, 72) pair, dashed and dotted lines correspond to negative
and positive rapidity respectively.
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Figure 3.8: Cross-sections for dijet production at EIC with error-bands coming from scale
dependence in collinear-soft factor (CSF), hard factor (Hard), jet distributions (Jet) and
Wilson coefficients (OPE). Rows correspond to contributions from linearly polarized gluons
(top) and total cross-section (bottom). Notice that the contribution from linearly polarized

gluons is much smaller than the total cross-section. /s = 140 GeV, R = 0.7, pp = 20
GeV,n =n2=0.
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Figure 3.9: Cross-sections for HHP production at EIC with error-bands coming from scale
dependence in hard factor (Hard), heavy meson jet function (b HQET), heavy meson jet
function matching coefficient (Hard+) and Wilson coefficients (OPE). The rows correspond
to contributions from total cross-section (top) and linearly polarized gluons (bottom).
Notice that the contribution from linearly polarized gluons is much smaller than the total
cross-section. /s = 140 GeV, pr = 20 GeV, n; =y = 0.
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Figure 3.10: Angular modulation contribution for dijet production at EIC with error-
bands coming from scale dependence in collinear-soft factor (CSF), hard factor (Hard),
jet distributions (Jet) and Wilson coefficients (OPE). /s = 140 GeV, R = 0.7, pr = 20
GeV, n =ny=0.
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Figure 3.11: Angular modulation contribution for HHP production at EIC with error-
bands coming from scale dependence in hard factor (Hard), heavy meson jet function
(bHQET), heavy meson jet function matching coefficient (Hard+) and Wilson coefficients
(OPE). /s = 140 GeV, pr =20 GeV, n = n2 = 0.

their contribution is completely negligible, being a factor 103-10* smaller. This leads to
the conclusion that the contribution from the linearly polarized gluons can be neglected
when considering the unpolarized cross-section.

The angular modulation asymmetry is shown in fig. being around 5%.

Results for heavy hadron production

The analysis for HHP has followed similar steps of the dijet case when possible. The
differential cross-section including all channels is plotted in fig. A separate analysis of
the contribution of linearly polarized gluons shows also in this case that they are completely
negligible being suppressed by a factor 102-103. The angular modulation asymmetry is
shown in fig. being around 5%.



Chapter 4

Background field method

In chapters 1 and 2, we introduced SCET and outlined the methodology for achieving
TMD factorization within its framework. In this chapter, an alternative approach for
the development of factorization is presented, particularly suited to address higher power
corrections, the background field method. This chapter is a review of the work presented
in refs. [103, [104], which serves as the foundation for the novel work presented in chapter
5. In particular, this chapter is an introduction to factorization through the background
field method and the systematic inclusion of power corrections, which we develop for the
case of dijet production in SIA in chapter 5. For further details, we encourage readers to
check the findings presented in ref. [103].

The history of TMD cross-section factorization dates back to the seminal works of
refs. [13, 135 [14]. Recent advancements in achieving TMD factorization involve the utiliza-
tion of specialized regulators for rapidity divergences and effective field theory [94] [17) [25],
as well as the background field method [103]. In these studies, TMD factorization emerges
through the expansion of the cross-section in powers of A, representing the ratio of a small
transverse momentum ¢ and the scale @) of the hard scattering process.

Confining our focus to the leading power in this expansion and conducting perturbative
calculations for the renormalization group energy evolution, researchers have successfully
extracted unpolarized TMDs up to the next-to-next-to-next-to-next-to-leading logarithmic
(N*LL) order [105, [106]. This currently stands as the highest logarithmic order employed
to determine a nonperturbative distribution. Additionally, the TMD formalism has been
applied to theoretically predict the Z-boson transverse momentum distribution at the
same order [107].

In principle, comparable accuracy can be attained for other spin-dependent distribu-
tions described by TMD factorization. This is attributed to the spin-independence of the
TMD evolution kernel [88] 187, [108, (109, [110], cusp anomalous dimension 111} [112], and
hard factors [113, [114, 115, [116], all of which do not vary with spin.

With the cross-section exhibiting high theoretical precision at the leading power, recent
progress has been made in delving into the exploration of hadron structure at higher
orders of X\. These power corrections are anticipated to provide valuable insights into our
comprehension of hadrons and their intrinsic properties [117,/103, 118, (104, [119, 120} [121].
The necessity for power corrections becomes evident, especially given the per-mille-level
accuracy achieved in recent DY measurements at the LHC.

73
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Furthermore, SIDIS and ete™ experiments, such as EIC [122], EIcC [123], and Belle,
are typically conducted at low energy, where power corrections tend to be more substan-
tial [124]. In summary, incorporating power corrections holds the potential to enhance
precision in various experimental scenarios. The process under consideration here plays a
crucial role in discerning the impact of non-leading power effects.

Recent advancements have paved the way for investigating power corrections within
the TMD formalism. Currently, a comprehensive set of operators up to NLP is available,
as detailed in [103}[118]. The evolution properties of these operators have been thoroughly
examined in previous studies [103,[120], affirming the validity of factorization for the Drell-
Yan and Semi-Inclusive Deep Inelastic Scattering processes up to NLP precision.

Nevertheless, the inclusion of additional non-perturbative operator matrix elements
in the cross-section suggests the presence of new non-perturbative physics. Additionally,
the factorized formula for the cross-section introduces extra divergences characteristic of
sub-leading-power factorization, demanding careful treatment.

In this chapter, we provide a brief overview of the process involved in obtaining fac-
torization beyond the leading power using the background field method.

Essentially, the background field method consists of the separation of QCD fields into
dynamical and background components and the subsequent integration of the dynamical
ones. The background field method proves particularly advantageous in calculating power
corrections since it directly computes the operator expansion from the functional integral,
eliminating the need for a matching procedure common in many other approaches. This
allows a systematic analysis of the operators involved at each step.

In the same way as we did in chapter 2, we consider the Drell-Yan case as an instructive
example and we comment on the generalization needed to apply factorization to SIDIS
and SIA. Thus, let us consider here the hadronic tensors for DY:

4
WW:/ d y4e_i(y‘” > (p1,p2| J* ()| X) (X[ J¥(0)|p1, p2), (4.1)
(27) <

where J,(y) = ¢7*q(y) is the elecromagnetic current and ¢(y) is a quark field. Substitut-
ing the electromagnetic current with the electro-weak current merely alters the tensorial
structure without impacting the factorization process. Similarly, it is easy to generalize
the factorization procedure for SIDIS or SIA as it remains mostly identical, with the only
distinction lying in the boundary conditions for the fields.

For completitude, we summarize here some of the notation and kinematics used before
and during this chapter. The kinematics of the process is defined by the photon momentum
¢", and the hadrons momenta p) and py. Once again, we use light-cone coordinates and
assume that hadrons are massless,

P} =p}=0. (4.2)

Hadrons momenta define two light-cone directions, which we traditionally denote as n*
and n# with (nn) =1,

, Py = n'py. (4.3)
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The invariant mass of the virtual photon is

Q*=¢*=2¢"q — 4}, (4.4)
where q% = —q:‘ﬁqTM > 0. The TMD factorization is derived in the limit

Q2> A%, Q%> ¢, (4.5)

where A is a typical low-energy QCD scale. It implies that the light-cone components of
g" are large ¢t ~ ¢~ ~ Q. Additionally, we suppose that ¢*/p{ and ¢~ /p, are fixed,
which corresponds to a non-small-z regime.

4.1 Field modes and effective operators

The considered hadronic tensors exhibit two causally independent sectors engaged in the
exchange of real emissions. In such cases, the functional integral can be expressed using
Keldysh’s method [125]. We introduce two sets of QCD fields, denoted as causal and
anti-causal fields (notated with superscripts (+) and (—), respectively). These fields fol-
low standard quantization rules, featuring time-ordered and anti-time-ordered evolution
operators for causal and anti-causal fields respectively. At the future boundary, the val-
ues of the fields coincide: limy o () (t,z) = limy_ 0 q(*)(t,x) and lim;_ o Aff) (t,x) =
limy oo A,(f) (t,z). On the perturbative level, this results in a real-particle propagator con-
necting (+) and (—) fields, equivalent to the conventional Feynman rules for cut diagrams.

Following this method we can express non-time-ordered operators as a functional in-
tegral. The hadronic tensor is rewritten as

4
W — /(;l §4e—i(yq)/[Dq(+)Dq(+)DA(+)]/[Dq(—)Dq(_)DA(_)] (4.6)
T

X W) () (iSaen =i JIO )18 (0) w6 wh),

VU, represents the wave function of the hadron (constructed in the distant past), and Sqcp

denotes the QCD action. The superscript (£) specifies that the element is exclusively
composed of causal or anti-causal fields.

Now we need to identify the relevant field modes. Let us consider the scaling of the

fields, in particular, for a hadron with the momentum along the n or n direction we have

{04,0-,0r}an < QL N, A} gn, (4.7)
{04, 0-,0rY a0 S QN 1, A} ans (4.8)
{04, 0-, 00y Al < Q1, X%, A} AL, (4.9)
(04, 0, Or} A" < Q)2 1, A} AP, (4.10)

In its particular kinematic sector, the background fields consist of regular QCD fields,
therefore obeying the equations of motion of QCD.

The use of the < symbol in these equations signifies that the fields incorporate all
momenta within the corresponding boundaries. This stands as a fundamental distinction
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Figure 4.1: Regions of field domains in the plane of light-cone momentum components.
Figure credited to V. Moos, I. Scimemi and A. Vladimirov, ref. [103]

in the background approach compared to SCET. In SCET, field modes are defined within
boxes of momentum around a specific scale that labels the fields. Another distinction lies
in the absence of modes scaling as {0+,0_,0r}q ~ Q{\, A\, A\}¢, the so-called soft modes
in SCET nomenclature.

As usual, we distinguish “good” and “bad” spinor components of the quark field, this
is

i /n(®) = &/ (@) + My (), (4.11)

where

6@ = o). me) =L, (4.12)

en(a) =ﬁﬂa> () = @%u (4.13)

We recall the scaling of the fields with the parameter A. For quark fields we have

Gin~ A M~ A (4.14)
For gluon fields we have
At ~1, Al L~ A~ N2
Ab~ N AL~ A~ L (4.15)

The background-field method involves a separation of QCD fields into dynamical and
background components, followed by the integration of the dynamical ones. TMD factor-
ization is characterized by the background field having two distinct components: collinear
and anticollinear. Quark and gluon fields separate as follows:

@) = D@+ @)+ (@),
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+ - + + (£)
AB (@) = B (2)+ AP () + A (2), (4.16)

where y and B are the dynamical components that cover the remaining part of the Hilbert
space, as shown in fig. The integration measure is split as

[DgDgDA] = [DXDXDB|[DGn DD An] D3, D DA, (4.17)

for + fields respectively. The separation of field modes is executed while maintaining gauge
invariance. The Lagrangian exhibits invariance solely under the gauge transformation of
all fields by the same transformation parameter, irrespective of any power counting consid-
erations. However, the gauge transformation for the background field and the dynamical
field can be disentangled by employing the background gauge technique [126} [127]. In this
way, the gauge fixation condition for the dynamical field is expressed as:

(0,64 + g fABC (AP 4 AE)BYBERC = D 1A + ADIBEH =0, (4.18)
H o n w n

where D), is the covariant derivative. Opting for this choice offers the advantage of allowing
independent transformations for the background fields. Additionally, in the region where
the momenta of the collinear and anticollinear fields do not overlap, we treat them as
totally independent fields, and thus their gauge transformations are also independent.

Taking into account the definitions and considerations, the hadronic tensor is written
as

d'y
W = e (v9) 4.19
unsub. / (271‘) ( )

- / (DgSP DgSH DA DG D) DAL |56 anan Anl=iSGplan an.As]

n n

() D A()) S [ n:Anl =i @ An]

n n

/[Dq(+)Dq( ) DAG[DE) Dq
« / (DY) Dy DBO[Dg ) Dy () DB)]eiSeenlixBl=iSicp Bl

(D) ak (=) TH) e & = L = S _ig(=)
< U OWE) O + o + o () IS+ G+ Gy - JO) TSIV 850m =500

where in the square brackets we denote the field content of each term. The “unsub”.
label indicates that this expression includes the unsubtracted overlapped region shown in
fig. which we will address later. The term accounting for cross-mode interactions is

Sint = Sqcp ¥+ @n + ns -] — SqQep @y @i, An] — SQep [@ns @ny An] — Sqep ¥, ¥, B). (4.20)

The cross-mode interaction term can be divided into four different terms: S, which
characterizes the interaction between collinear fields and hard fields; S5, representing
the direct interaction between collinear and anticollinear fields; and 5,75, capturing the
interaction among all fields simultaneously. Each action .S, and Szp corresponds to the
standard QCD action with background field [127], while S, 7, and S,; are specific to
the composite background scenario. It is worth noting that S,; = O(A3), reflecting the
power-counting of the fields.
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Following the parton model we can assume ¥,,, = V,, [Gn, ¢n, An] and ¥p,, = Vp, [Gn, ¢n, Ar)

and then integrate over the hard mode, yielding

dy
Winsub. = / e 146*’(”) (4.21)
: T

n n

« (108 D DA YDA D DA Ao
« (1D Do DA DA D DA St e

X \P;‘)Ei) [qﬁa dn, Aﬁ]q];gi) {Q’n; dn, An] jel},} [(jﬁ’ (jn) ] (y) ‘I];();L) [qﬁv dn, Aﬁ] \111(;2#) [C_an Adn, An]a

where J e’}l} [@7is @n, Qs ---] depends on all collinear and anticollinear background modes and

is defined as

T lans ns - (y) = / (DY) DX DB DY) DY) DB (4.22)

() o () 1o () (-
* TSR+ G+ G- AT+ G+ s ] (0) Sap I BI S aep X Bl i 35,

The effective operator satisfies

T (y) = T (~y), (4.23)
8‘; T (y) = 0, (4.24)

which are consequences of symmetry and transversality of the hadronic tensor.

4.2 Process dependence and gauge fixation

The effective operator in eq. is gauge-invariant and maintains gauge invariance term
by terms in the power expansion. By choosing an appropriate gauge fixing for collinear
and anticollinear fields, we can largely simplify calculations in intermediate steps. In
particular, we adopt light-cone gauges for background fields.

nAS) () =0,  arA)(z) =o. (4.25)
This choide eliminates O(1) gluon components in eq. Consequently, the power count-
ing for operators increases with the number of fields in the operator, significantly simpli-
fying the computation process.

The light-cone gauge conditions outlined in equation alone do not eliminate
all gauge freedom, allowing for possible zT-independent transformations (in the A* =
0 gauge). To address the remaining gauge freedom, specific boundary conditions are
imposed on the components of the gluon field. In particular, we impose the following set
of boundary conditions:

lim Ak(z) =0, lim_ Af(z) =0, (4.26)

z=—L zt—L
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with

(—o00, —0), for DY,
(L,L) =< (400, —00), for SIDIS, (4.27)
(400, +00), for SIA.

The value of (L, L) is the only difference between processes at the operator level. The
gauge-fixing condition in eq. 4.25 can then be inverted, yielding

0 0
Ab(2) = —g/ doFEF (2 + no), Ab(z) = —g/ doFl™ (z + no), (4.28)
L L
where F* is the gluon field-strength tensor.
Once the computation is finished and the result is expressed in terms of F),,,, the explicit
form of the gauge-invariant operator can be recovered by incorporating gauge links to the
fields following the rules

gn(2) — [Ln+ ocop, Ln+ z][Ln + z, z]qs(2),
Gn(2) — @a(2)[z, Ln+ z][Ln + z, Ln + oo, (4.29)
"W(z) — [Ln+oor,Ln+ z|[Ln+ z, 2|FYY (2)[z, Ln + 2][Ln + z, Ln + cor],

where cop in an infinitely distant point in the transverse plane, and [a,b] is a straight
Wilson line

[a,b] = Pexp {—z’g /ab dzMA%(z)} : (4.30)

and analogously for anticollinear fields.

4.3 Effective operators

In this section, we show the computation of the effective operator, accounting for next-
to-leading power and leading order in perturbation theory. First, we show the tree order
operator for LP as an example and then we move to the tree order for the NLP opera-
tor. We establish the tree order of the NLP effective operator and provide the essential
definitions.

Throughout the evaluation process, it is important to remember that ultimately, the
operators are inserted into matrix elements, where certain ones may vanish (for example,
due to non-zero fermion number or non-singlet color representation). Such operators can
be disregarded without exhaustive consideration. At each stage, we encounter a series
of terms with increasing power and, therefore, only terms adhering to the desired power
counting are retained in the final analysis.

4.3.1 Tree order for LP

We start with the decomposition of the electromagnetic current into collinear, anticollinear
and dynamical fields:

JUX+ @+ Gny ] = @Y G+ @Y e (4.31)
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XX+ Y X+ Y X F XY an + X
+qnY"qn + Gn Y gn

In the equation presented here, we observe distinct contributions:
1. The first line represents the leading tree-order contribution.

2. The second line involves fields x to be paired with those from Sqcp jing, contributing
to NLP and NLO, addressed in the subsequent section.

3. Terms in the third line feature two fields from the same collinear sector, yielding
disconnected contributions to matrix elements unless additional fields are extracted
from Siy. Non-vanishing contributions from these terms occur earliest at N4LP.

Thus, we keep only the first line and perform the multipole expansion

3" an(y) + 3" an(y) (4.32)
= Gu(y n+yr) V" @y R+ yr) + Gy TR+ yr) v e (v n 4+ yr) + O(NY).

where the terms in O(A\*) contains derivatives, such as y*@—L&'y“qn. We now decompose
the field g into “good” and “bad” components as in eq. 4.11

@FLV“Qn + (jn'Y'uQﬁ = éﬁ’)#gn + gn’}/ju‘gﬁ (4'33)
+MEay T e + P&y N + 0P TRy + PP Y TR
+ Ve n + T Ve,

The first, second, and third lines in eq. are O(\2?), O(A\3), and O(\*) respectively.
This term represents the LP term of EM current. Thus, the LP term is

Jo() = Ea(y™n +yr)veén(yta +yr) + &y +yr) iy n+yr).  (4.34)

The final effective operator, including causal and anticausal fields, is given by

T (y) = [E5 (yn+ yr) el (a4 yr) + €7 (v n+ yr)viel ) (v n+ yr)] (4.35)
x (€57 (0)74£ (P (0) + €5 (0)y4e P (0)).

The quark fields £ are operators of twist-1. Therefore, {1 (y) adheres to a (1+1) x (1+1)-
twist classification, as per the nomenclature employed in background field derivations.
Let us delve into the concept of definite twist: the geometrical twist is character-
ized as the ”dimension-minus-spin” of a specific operator. An operator possessing a
definite geometrical twist belongs to an irreducible Lorentz group, ensuring it remains
distinct from operators with different geometrical twists. This crucial attribute is pre-
served by perturbation theory, thereby allowing operators with definite geometrical twists
to evolve independently, with their matrix elements representing distinct physical observ-
ables. The twist-decomposition involves an algebraic procedure, involving symmetrization
and anti-symmetrization of indices, initially formulated for local operators but adaptable
to non-local ones as well. In our context, the twist-1 operator consists of a single “good”
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component of either quark £ or gluon field Fj, (where p represents a transverse index)
accompanied by a semi-infinite Wilson line. Given a TMD operator denoted Oy s (where
N and M denote the geometrical twist of each component), its TMD twist is defined as
twist-(N + M). TMD operators, and consequently TMD distributions, bearing distinct
(N, M) labels do not mix, with their matrix elements representing unique combinations
of independent nonperturbative functions.

Thus, we can rewrite this expression so that it includes TMD operators:

M v

V1,577 ki i —ajk — ik »

Ty = 72]]\7 <Ol111,ﬁ Ojn,n + 0{1,1-1 Olﬁ,n) (4.36)
C

where (i, j, k,1) are spinor indices, and O are TMD twist-(1+1) operators have the argu-
ment ({y~,0},yr) defined as

O Ay 0hyr) = € n+yr) el 0), (4.37)
Ol aly . 0hyr) = € n+uyr) &), (4.38)

and respectively for anticollinear operators. This expression is widely recognized and forms
the foundation for the LP TMD factorization, as discussed in, for example, |21, [128, [18].
The matrix elements of operators O11 5 and 611,& correspond to the quark and anti-quark
TMD distributions, respectively. At this point, we have arrived at the same equations
obtained for LP using SCET, with the remaining task being the application of Fierzing
transformations to derive unpolarized and polarized TMD distributions.

4.3.2 Tree order for NLP

The NLP part of the effective operator emerges solely through the combination of an LP
current with the NLP segment of another EM current. The NLP contribution can be
constructed in two different ways:

e Pairing a “good” and a “bad” component of the quark fields from the second line of
equation (4.33)). This corresponds to diagrams A and B in fig.

e Having three “good” field components, such as EAr€. Acquiring such a term requires
extracting an interaction term from e*nt. This corresponds to diagrams C, D, E

and F in fig.

We do not go into the detailed computation of each diagram and further discussion
can be found in ref. [103]. Evaluating each diagram we obtain the NLP EM current and
the result can be split into the following parts

JaLp = T + Ity + 5+ Jis + T g + Jla g (4.39)

We have two distinct types of terms in this expression. On one hand, we have derivatives
of twist-1 operators

0
K@) = = [ a7 G w060 + 606 n]. (40)

L
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Figure 4.2: Diagrams contributing to the tree order of vector current at NLP. The blobs
indicate the type of background field. The blue lines are the dynamical fields. Credit to
V. Moos, I. Scimemi and A. Vladimirov, ref. [103].

On the other hand, we have terms containing operators of twist-2 and twist-1

—

0
T50) = igi [ =" [60(0)Aa 0 (006 (=) = € ) Anr (00 0)] (4.41)

ignt / . [(m) An (= M) (0) — £(0) Anyr (= m)En(= )|,

L

T s(0) = /L a2 & (= n)r 6 (0) — &a(O)y Rt a2 il (0), (4.42)

where A is the color index in the adjoint representation and ¢4 is the generator of SU(N,).
The expression for J}},, Ji; and Ji, g are obtained from Jj,, Jj; and Jy)| g by exchanging
n <+ n. The terms ‘]21,8 and sz,s originate from diagrams E and F. However, they do
not contribute at the NLP level because the formation of a color-neutral TMD operator
necessitates another operator in the adjoint representation. In order to rewrite the NLP
in a simpler form, we can define an inverse derivative operator:

1 0 1 0
—f(x) = / dz" f(x + 2" n), —f(x) = / dzt f(x 4+ 2th). (4.43)
04 L 0- L
The terms in the NLP current can then be rewritten as
o o7
T = —nfretn — e =56a, (4.44)
11 5. N

nt nt nt

Jh = igéaAn ) e e (2 ) A, 4.45
21 g€ T <8:_ i)f 19§ <i ﬁ) RS ( )

the operators Ji,; and J}}, can be combined with the LP current eq. [4.34/in the following
way

Jin = Jwp+Ji + I (4.46)

. ) 5 o 5 3
=&Mﬂ+@ﬁ&—w&§@—wgé&— @gg— @&@
+ +
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The effective operator at the NLP level is obtained by combining LP and NLP terms of
electromagnetic currents. We obtain

Y YV T VT VTR dp 0
Tip = — = N o <8 ol noll nt ap 011 noll n) (4.47)
C

_ﬁ“’%,iﬂsz + RV VT ol 0y p ok ot Dp oli
Nc 11n8 11,n 11n8_ 11,n

. 5ZJ’YTI<:Z n# n*\ —jk —ik nt
+19 N, @127’1,71 8:,_5 Oim @éln 3 -

where §;; is the Kronecker delta for spinor indices. All derivatives are with respect to the
coordinate y and act only on the subsequent operator. To derive this expression we have
used the identity

Op ~ii _
gﬁ,l(o) = éoljl,ﬁ({y 70}7yT)7 (448)

slsl

&njly n+ yT)#&ﬁ,i( =& (y n+yr)
+

Here, we assume that the total derivatives of TMD operators can be eliminated since
they do not contribute to the forward matrix elements. TMD operators of twist-(141)
have the arguments ({y—,0},yr). All TMD operators of twist-(142) and (2+1) have
argument ({y~,y,0},yr) and ({y—,0,0},yr) respectively. Finally, the TMD operators
of twist-(14-2) and twist-(2+1) are defined as

0% 2 ({y ™y, 0hyr) = [E5 A My n + yr)lies) (0), (4.49)
O ({y=,0 L0}, yr) = €5 (v n+yr) (AL D 0));, (4.50)
O a({y ™y, 0hyr) = [AS 2 (yn+yr)];€50(0), (4.51)
Olon({y™,0 L0}, y7) = €7 (v n+yr)E7 AT 0] (4.52)

4.3.3 Gauge invariant expressions for TMD operators

The definitions in eq. are given in light-cone gauge. They can be written in
gauge invariant form using the relations in eq. The elementary building blocks are
the semi-compact operators of twist-1 and twist-2 can be generalized as

Uin(z,b) = [Ln+b,zn+ bl (2n+0), (4.53)
Uﬁfﬁ({zl, z9},0) = g[Ln+0b,zin+ b}F#Jr[zln + b, zon + b|&r(zan + b),  (4.54)
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where index p is transverse, with the transverse link omitted. The operator U. ” » has open
spinor and vector indices and is more general than the operator appearing at NLP, which
is contracted in the following way

UQ,n({Zl, Zz}, b) = VT;LUQH,T-L({Zl, 22}3 b)a (4-55)
Additionally, we define the barred operators
Uia(z,b) = &il(zn+0b)[zn+b,Ln+1b], (4.56)

U‘;ﬁ({zl, 2},b) = g&(zin+b)[zin + b, zon + b]F#Jr [zan + b, Ln 4+ b].  (4.57)

The TMD operators can then be rewritten as products of semi-compact operators. The
twist-(141) operators are

Ona({z,2hb) = Ui, (10U (2,0, (4.58)
Onalfzr,23,0) = U (21, 0)T1H (22,0). (4.5)
The twist-(2+1) and twist-(1+2) operators are

Osn({z1,22,231,0) = Ts({z1, 223, DU (23,0, (4.60)
Own({z1,22,231,0) = T (21,00 )({22,23} 0), (4.61)
({2, 25810) = US) ({22,201, BT (25, 0), (4.62)
2n({z1,22,2830) = UL (21,0)0 ,-3<{z3,zQ} 0). (4.63)

Note the positional enumeration within the operators 621,73 and 612,;1. This enumeration is
arranged such that the gluon field consistently occupies coordinate zo. All these operators
act as matrices in spinor space while acting as singlets in color space. The operators O are
linked to O through charge conjugation. The matrix elements of these pairs define quark
and antiquark TMD distributions, as illustrated in reference [128].
The definitions outlined in egs. through |4.57 are provided within the conventional
QCD basis. However, in the context of SCET literature, one typically employs
UL ({z1,221,8) = —i[Ln+b,z1n + b DE[zim + b, zan + Bga(zan + ),  (4.64)
Egﬁ({zl, 20},b) = i&(z1n +b)[2an + b, zon + b B% [zon +b,Ln+b],  (4.65)
where D is the covariant derivative. The operators O in eq. are defined with
replacement of U — U:
Onal{z1 22, 23}.0) = U ({21, 22}, UL (25,0). (4.66)

Both operators @ and O are related as

0
Onma({z1, 22,23}, 0) = _6722©NM,FL({21’ 22,23}, b), (4.67)

where N and M are 1 or 2. The relation (4.67)) can be inverted

Onwma({#1, 22,23}, b) / Onma({#1,0,23},0). (4.68)
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4.3.4 Effective operator in momentum space

Typically, TMD distributions are defined within the mixed momentum-coordinate repre-
sentation. Specifically, they undergo a Fourier transformation solely in light-cone coordi-
nates. This approach resembles parton densities, which are defined in terms of momentum
fractions, and it maintains a straightforward structure of TMD evolution, which remains
diagonal in transverse-position space. Here we also define

Ura(z,0) = p+/dxemp+Ulm($ab), (4.69)
Usn({z1,22},0) = pi/dx1datgei(xlzl+x2z2)p+Ugﬁ(azlvg,b), (4.70)

where x1 2 is a shorthand notation for (x,z2), which can be interpreted as the fraction
parton’s momentum, and p4 is the momentum of the hadron. For TMD operators we
define

Onn({z0},b) = p+/d:ceimp+(9117n(a:,b), (4.71)
Oual{z0}0) = py / 0z 5P+ Oy (1, b), (4.72)
Ouna({z1,22,23},b) = pi /[dw] ei(zlxﬁz”ﬁ%x?’)p*OMN,ﬁ(fBLz,g,b), (4.73)
Ouna({z1,22,23},0) = ph / [da] (1o t2222 280D Gy (21,93,b), (4.74)

where (M, N) are (2,1) or (1,2) and
/ lda] = / dordaadis 5(z1 + w0+ a3). (4.75)
Once the matrix elements are taken, the values of x are restricted x € [—1,1] for parton

distributions. The relation between the operators @ and O is simplified in momentum
space:

i

T2P+

Omna({z1,22,23},0) = p2 / [da] ¢! (1o 2222+ 233)p+ Oumna(T123,b).(4.76)

The terms contributing to the NLP EM current can then be rewritten as

(@, 2) = Ura(@)ypUin(2) + Urn(2)94Ura(2) (4.77)
ikt s __
+ 2 (1) OrU1 () + T ()02 U1 (1))
fL'pl
o B
+ 2 (Cra@) 101 n() + Ui (@) 0rU1n(3)),
I‘pz
) n M nu _ _
J“a:,i::Z(n— )Unx Urn(%) = Uin(3)Usn(22.1)) |
51(21,2,T) or? \ipr ikt (U2,2(21,2)U1,0(Z) = U1,n(2)Uz,a(22,1))

(4.78)
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; I o _
Jio(z,212) = = ’ — ( n+ - n~ _) (Uan(Z12)U15(2) — Urn(2)Usn(Z21)) -
Topy \zpl (&1 + Z2)p; (479)
4.79

Here, x21 = (x2,21), and the repeating argument yr is omitted for conciseness. It’s note-
worthy that the arguments x1 and =9 are arranged such that x; represents the momentum
fraction of the quark or antiquark, while xo represents the momentum fraction of the
gluon. Finally, we take the Fourier transform of the effective current

dy
By — —i(qy) THV
T @ = [ e I ), (180
yielding
v de —1 ~ q+ ~ C]_ v ~
je!éf (q) = / W@ (qb){ /da:dxé (x - pf) ) <:c - p2> jﬁn(x,x,b) (4.81)
- + +
q q v q v ~
/[daz]d:pé < p2_> <5 (wl — p}) Tlo1(x, &,b) + 6 (xg + p}) Tsi(z, Z, b))
+ —_ —_
/dw[dx]é ( q+> <5 <;1:1 — q_) TJHe(x, &,0) + 0 <:U3 + q_) jﬁgl(l‘,i,b)>
Py ) Dy
+}
where
Fb) = ’75‘,ij7%,kl b B) + b b
j1111( ) = T(On a(, )011 n( )+ 011 n(x )011 n( )) (4.82)
YTV T VT VR
i— ’q+ N, L L (8 Ot a(z, b))y n(Z,0) + 0 o Al b)OY (&, ))
YTV T VT VR
? — N LAt (On 7 (7,0)0, 011 n(T,0) + 011 2(2,0)0, ol (T, )>7
q c
Tt (2, 2,b) = (4.83)
iy (" - ”) Vg% (O O (2.) — Ol o (2.0, (2.1)
5 \q— q+ Nc 12,7 11,n 12,n\*> 11,n\*> )
Tai11 (2, 2,b) = (4.84)
ig (A N OV (i
) <q p > N, <O21 (T b)on n( ,b) — 021 n(x b)on n( b))7
T1a(z,2,0) = (4.85)
ig ("" ~ "”> L% (o (2, 0)075,,,(,5) = O} 1 (2,5) Ol (7,1))
5)2 q q Nc 11,n 12n 11,n 12n ’
Tt (2, 2,b) = (4.86)
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g nt\ 0i VT
%y <q_—q+> jNi (Olln( b)ozm( ,b) — Olln(x b)OY, (& b))-

In twist-(142) and twist-(2+1) operators, the argument is denoted as z = (x1, z2, x3). It
is worth noting that the operators J/5;; and J4;7; correspond to J/{], and J}{5; with the
interchange of n and n.

For twist-(14-2) TMD operators, the values of 2 2 3 lack definite signs. The momentum
conservation delta function determines the value (and sign) of only one of them, while the
other two variables undergo integration and can assume positive or negative values.

These expressions were derived considering the insignificance of the global positioning
of the currents for DY, SIDIS and SIA processes.

4.4 Soft overlap

Up to this point, our analysis has presumed complete independence between collinear and
anticollinear fields. This assumption enables the imposition of individual gauge-fixing con-
ditions and the separation of fields into distinct gauge-invariant TMD operators. However,
it is crucial to acknowledge the existence of a segment within the functional integration
phase space where collinear and anticollinear fields merge into a single background field.
In fig. this particular area is depicted with diagonal shading, representing the so-
called soft region (or glauber region in the SCET terminology). Fields within this region
(denoted by s) satisfy the following counting scheme:

{6-0—7 8—) aT}QS S Q{)\Qa )‘27 A}qs7 (487)
{8+7 o—, aT}Ag S Q{)‘Qa )‘27 )‘}Ag (4'88)

The soft region is double-counted in the functional integral. It is important to emphasize
that the double-counting issue within the soft region does not impact the TMD factor-
ization process described. Rather, each TMD operator exhibits an unresolved rapidity
divergence. While these rapidity divergences are anticipated to cancel between collinear
and anticollinear TMD operators, they persist due to the overlapping of the soft region.
Several approaches have been proposed to address this challenge, but we take the following
approach:

The product structure of the functional integral allows to deal with the double-counting
by dividing it with the functional integral over soft modes. The resultant factor is com-
monly referred to as the soft factor [94, [17] or zero-bin subtraction [7], which has already
been described in chapter 2. However, there exists no universal method to determine
the soft factor operators at higher powers. It is plausible that such a straightforward
multiplicative structure does not hold for higher power operators.

In order to determine the soft contribution we split the soft parts of collinear and
anticollinear fields

0(2) = ga(2) + ¢s(x),  an(@) = an(2) +qs(@),  AR(z) = AG(2) + Al (2), (4.89)

and similar for other components. Next, we isolate the soft fields into a single factor,
disregarding power-suppressed contributions. For instance, in the case of the first term of
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the LP effective operator in eq.

& WTS JEH yrelt (4.90)
(ﬁn + Ny n +yr, Ln + yr] 8 La + yr, —yTa + v €5 + ¢8))
* (EXD) + ¢0)[0, L) Dy L, 00D (65 + ¢ ()

= EA e ED ) x Sip(yr) + OAY),

where [a, b]s is the Wilson line with the soft gluon field. The operator for the LP soft
factor is

~ tr. - —
Sue(yr) = L +yr,yr]Olyr, Ln +yr] (L, 0] 00, La)™). - (4.91)
C
The trace is performed with respect to color indices.

The operator S is the soft part of the LP effective operator. Therefore, the soft
component corresponding to the functional integral at the LP level is determined by the
vacuum matrix element of eq. under the assumption that the hadrons do not carry
soft partons.

trc

Se(yr) = N, <0![Ln+yT,yT][yT,Ln+yTHX>(X![Ln 0][0, Ln][0), (4.92)

which is called the soft factor. This is the same soft factor obtained in chapter 2. To
remove the double counting from the LP term, eq. we divide TMD operators by the
soft factor

011 noll n

Oll nolln SLP(Z/T) .

(4.93)

It is important to note that the issue of overlapping modes does not affect TMD factor-
ization. Therefore, the substitution in eq. [4.93 remains valid to all orders in perturbation
theory.

A similar analysis can be done for operators contributing to J¥[p. We encounter two
main scenarios: operators featuring derivatives (the first and second lines in eq. [4.47)), and
operators with an additional field A% (other lines in eq. @) In both cases, we find that
the contribution from the soft overlap equals the LP soft factor given in eq. as the
presence of a derivative of a soft Wilson line or an additional factor A% inevitably elevates
the power counting. Consequently, the subtraction of the soft region for NLP operators
follows the same format as for LP operators, as shown in eq. Namely,

ik i —Aajk
8 Oll nojll n Ollzl n~"12,n
0,0t O — L aln ol o Ziln 4.94
11,2%Y11,n SLP(yT) 12 11 SLP (yT) ( )

and similarly for other terms of effective operator eq. The LP soft factor is indepen-
dent of y* and thus does modify convolutions in J'; at NLP.

The equivalence of soft factors between LP and NLP operators yields the following
implications:
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e LP and NLP operators should exhibit identical rapidity divergence, consequently
yielding the same rapidity anomalous dimension.

e LP and NLP operators must share the collinear divergent part of UV renormaliza-
tion.

Indeed, these divergences arise in the interaction of soft modes, and they are canceled by
the soft factor. This can be seen in detail in ref. [L03]. d-regularization is used to regularize
rapidity divergencies appearing in the soft factor in the same way already described in
chapter 2.

As stated at the beginning of this section, this approach does not hold in principle
when going to higher powers and a more systematic procedure should be developed.
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Chapter 5

Dijet production in SIA at NLP

In this chapter, we build upon the background field method introduced in chapter 4. In
particular, we use to describe in detail the NLP in a semi-inclusive annihilation process.
We focus on TMDs in the final state and work with jets rather than hadrons because they
can be described in perturbation theory. The results presented in this chapter constitute
one of the main results of this thesis along with the results presented in Chapter 3.

It is advantageous to explore cross-sections with minimal non-perturbative QCD effects
to facilitate direct tests of NLP operators and gain insights into the formalism. In pursuit
of this goal, we investigate NLP effects using jets as the final states of hadronic interactions.
Jets are particularly suitable for this purpose as they are infrared-safe quantities, and their
properties can be predominantly determined perturbativelyﬂ This is in contrast to T-odd
jets in references [129, [130], which necessitate a nonperturbative hypothesis.

Specifically, our focus lies in examining the impact of NLP corrections on dijet pro-
duction in eTe™ collisions. This approach presents an opportunity to scrutinize NLP
factorization at eTe™ colliders like LEP and Belle. Furthermore, its extension to SIDIS
will be particularly valuable at facilities such as the EIC [131].

The utilization of jets within TMD factorization has been explored in various studies,
as evidenced by works such as [132, [133, (134, (78, (79} [135, 91} [136] [137, [138, 139} [140].
Notably, references [78, [79] have primarily focused on verifying the consistency of TMD
factorization theorems with jet definitions and algorithms. These studies emphasize the
critical role played by the definition of the jet axis and radius in establishing factorization.

The conventional jet definition faces challenges related to non-global logarithms, arising
from its sensitivity to whether soft radiation becomes clustered into the jet or not, thereby
limiting overall accuracy. In contrast, recoil-insensitive schemes, such as the Winner-
Takes-All (WTA) jet axis [141], mitigate this issue by being insensitive to such effects,
enabling high-precision calculations.

In this study, we address two key inquiries. Firstly, we aim to identify the novel jet
functions arising from additional operators at NLP. Secondly, our objective is to derive
the factorized expression for the cross-section in terms of jet functions and hard-matching
coefficients. The insights gained from these answers enable us to investigate the impact
of NLP corrections on transverse-momentum-dependent measurements, including angular

LOur jet functions may receive nonperturbative corrections suppressed by A(QQCD / g%, which should not
be confused with the gr/Q power corrections we consider here.

91
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asymmetries. In particular, we observe that to elicit a non-vanishing contribution from
NLP operators, there must be a breaking of symmetry between the energetic radiation
directed into two distinct directions. In the context of dijet production, achieving this
asymmetry can be facilitated, for instance, by employing two different (recoil-free) recom-
bination schemes.

Despite the intricacy of the subject matter, we endeavor to present the material in a
didactic manner. The process selection and the chosen jet definitions serve to significantly
reduce the number of independent distributions and simplify the evolution compared to
the original papers [142, [103, 143} [121], as illustrated in eq. In this regard, this work
can also be regarded as an introductory overview of the exploration of next-to-leading
power effects in transverse momentum dependent factorization.

5.1 Kinematics

The process that we consider in this paper is the annihilation of an electron and positron,
with momenta ¢ and ¢, into two jets with momenta P; and P,

e~ () e (') = j1(Pr) ja(P2) X . (5.1)

We assume a large jet radius, such that all collinear final-state particles are clustered in
one of the two jets, and any radiation outside the jets X is sof At lowest order in the
electromagnetic coupling, this process proceeds by the electron and positron annihilating
into an intermediate photon with momentum ¢ = ¢ + ¢/, which subsequently creates a
quark-antiquark pair that produces two jets. In the following, we assume that the jet
algorithm yields massless jet momenta, P? = P# = 0 (as in the WTA recombination
scheme), and we introduce light-like vectors n and 7 such that

Pl'=Pnt, Pl=Pn" and n-n=1 (5.2)

In order to introduce our observables, we define two planes, which we will refer to
as the transverse and perpendicular planes. The transverse plane is orthogonal to the
two outgoing jets and the perpendicular plane is orthogonal to the intermediate photon
momentum ¢ and one of the outgoing jets. These planes can be described in terms of the
metric tensors that project onto the corresponding sub-spaces,

1
h— g~ (PI'PY + PP} 5.3
gr =9 Pl'Pg(l Y + PYPY), (5.3)
2
9" =g"+ ¢ 5 Py Py — . (¢"P5 + Pl'q"), (5.4)
(P2-q) Py-q

and we define the transverse and perpendicular components of a vector v as

v = gt vy, o =g"u, . (5.5)

2To be precise, we assume QR >> ¢r, such that the transverse momentum measurement restricts the
collinear radiation to be inside the jets.



5.1. KINEMATICS 93

Figure 5.1: Kinematics of the dijet production in ete™.

Note that, by construction,
Pl‘fT:Pészo, ¢/ =P} =0. (5.6)

We sometimes write two-dimensional vectors in boldface notation, where it is implied that
the two-dimensional metric has positive signature. As we mostly encounter transverse
vectors, we suppress the subscript 7', e.g. b = br.

We now list the variables that we use to describe the cross-section, which is the same
as in ref. [144] for the massless case:

_Piq Rt

. — 2 = — 2 = — L 2 — 2 57
“=, YTpg Gr=-¢ 9r Wiy,  Q =q, (57)
as well as an azimuthal angle
El . PlL ‘e -q
cosp) = ———— or cosq = —-. (5.8)
[€L[P1] llal

The angles ¢1 and « are not independent. It is natural to use the former in the center-of-
mass frame and as depicted in fig. while it is convenient to use the latter in the frame
where the jets are exactly back-to-back. They are related by

_ Q%’ Yy ) QT Y .2 QT
cos¢1—j:cosa\/ @1_ysm Oz—i—a 1_ysm a—cosa—l—(’)(?). (5.9)

All dot products of four-vectors can be expressed in terms of the observables listed above.
While the above expressions are Lorentz invariant, the interpretation we now give
is valid for the (di-lepton) center-of-mass frame: First of all, the z; (i = 1, 2) are the
energy fractions of the two jets. The variable y corresponds to the angle #» between the
momentum of the jet and the lepton, y = (1 — cosf2)/2. Next, ¢ is the azimuthal angle
between the perpendicular component of jet 1 and the electron momentum ¢. Finally,

2120Q%
2P - Py

Q2 =—Q%+ ~ 103,Q%, (5.10)
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where 612 is the angular decorrelation of the two jets. These angles are shown in fig.
Note that the invariant mass ) of the collision is not an observable, but it is determined
by the initial state of the experiment.

In this chapter, we consider the large jet radius limit, where z; = 29 = 1 up to power
corrections, so we will not be differential in them. This leads us to consider the following
cross-section

do  mad, Q7
- L, WH 5.11
dy d2q Q* " (5.11)

where L,,, and WH" are respectively the leptonic and hadronic tensor. The leptonic tensor
reads

Lyw =200, + 0,0,) — Q*guw + 20 Ae €upa P07, o123 =1, (5.12)

and in this chapter, we neglect the lepton helicity contribution proportional to A.. Our
main focus is thus on the hadronic tensor, which contains all QCD effects. For this, the
recent work of ref. [103] opens the door to a more systematic study of the hadronic tensor
up to NLP, and this is the subject of the next section.

The case of two hadrons (instead of jets) has been studied before, especially in relation
to Belle experiment, see the reviews in refs. [124, 145, [146, [147]. The distributions in this
case were classified in ref. [144], and mass corrections to kinematics have been included in
ref. [148].

5.2 Factorization at NLP

The goal of this section is to obtain a factorized expression for the cross-section in terms
of a set of jet functions and hard functions. The expression we obtain holds at the bare
and unsubtracted level, and we postpone the discussion of renormalization and overlap
subtraction for the next section.

To obtain a factorized expression for the cross section we first expand the hadronic
tensor up to next-to-leading power using the TMD operator product expansion method.
The complete and un-expanded hadronic tensor for the process under consideration is
given by,

4
W) = [ e S 017 ) | T X) (5 T3 X 7 O10) . (513)
X

where JH(y) is the electromagnetic current

JH(y) = by Y(y) - (5.14)

Since we assume a large jet radius, all energetic final-state particles are clustered into one
of the two jets and X only contains soft radiation. The explicit notation that we use for
the power expansion of the hadronic tensor is

W (q) = WL (g) + WiLo(q) + O (52) | (5.15)
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In order to arrive at our final expressions for Wyp nr.p, we proceed in several steps,
starting from the TMD operator expansion method and the basis of operators in sec.|5.2.1
In particular, we list a set of operator building blocks that have definite twist, which allow
for a clean separation in terms of power counting. We use these definitions in sec. [5.2.2
to obtain the power expansion of the product of currents in eq. in position space
(indicated by the tilde)

WH (y) = ¥ (y) J(0) = WEE(y) + Wi p(y).- (5.16)

Next, we include the external jet states and Fourier transform back to momentum space,
to obtain an expression for the hadronic tensor in terms of a set of jet functions with open
spinor indices. In sec. we apply Fierz relations to obtain a set of jet functions with
closed spinor indices, and use discrete symmetries and Lorentz decomposition to simplify
and reduce the basis of jet functions, resulting in just one new jet function at NLP.
Sec. contains the final expression for the hadronic tensor in terms of jet functions,
as well as its contraction with the leptonic tensor.

5.2.1 Operator basis

In this section, we include the necessary operators for our derivation. Most operators have
already been included in the previous chapter, but we include them here for completitude.
We make use of the TMD operator product expansion [103]. In this method, background
fields are introduced for the two collinear directions

P(x) = x(z) + qn(x) + ga(x) , AH(z) = BM(x) + Ak (z) + AL(z). (5.17)

The background fields gy, ¢z, A, A% are used to construct our operators, while the fields
X, B¥ are purely dynamical. As usual, we decompose the quark background fields into
“good” and “bad” components,

(@) = 6(@) 4 (), qul) = Eule) + male), (5.18)
where
() = o), mo(e) = P go(a),
i i

n(T) = 7(‘771( )s M () = 7%( ) (5.19)

such that each field has a definite power counting (¢ ~ X, 7 ~ A?). The collinear and anti-
collinear regions overlap in the soft region. To avoid the double counting of this region
its contribution must be carefully subtracted. We discuss the subtraction of the overlap
region in sec. [5.3.1

Using the background fields one can construct a set of building-block operators of
definite twist (dimension minus spin),

Uialy™,b) = [Ln+ by n+b&(y n+b),
Uin(y*.b) = [Loi + b,y i+ B &y TR+ 0) (5.20)
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Usa({y1,y5 },b) = g[Ln+b,ys n+ bl vr, FE (Y3 o+ b)[yy o+ b, yy n+ b] &a (yy
Uzn({y1 3 },0) = g[Lin 4+ b,y i+ b yr,, F~ (y3 0+ b)[y3 i+ b,y n 4 b & (yi 0

Here, the first subscript on the operator denotes the twist of the operator and the second
subscript denotes the collinear sector to which the operator belongs. These operators
contain Wilson lines, which we denote by

[a,b] = Pexp [ig / ’ dz, A“(z)] . (5.22)

The gauge field appearing in the Wilson line matches the collinear direction under consid-
eration, e.g. A, (Az) for the Wilson line in Us,, (Uz,5). The operators in egs. and
will enter the matrix-element definition of the jet functions. Note that these operators are
process-dependent via their dependence on L and L, with L = —oo for incoming partons
and L = +oo for outgoing partons. Since we consider jet production, we set L = L = +o00
from now on. In the Wilson lines, we introduce the d-regulator whenever necessary (see
refs. [103} 130] for more details).

Operator basis at LP

At the lowest order in the power expansion of the product of currents in eq. for which
the result is shown in sec. the following combinations of operators appear

O AUy 0% yr) = €5y n+uyr) €57(0),
Oy, 0hyr) =€) (i +yr) €.7(0),

Oy ALy, 0hyr) = tre[€4) (v n +yr) €57 (0)]
Oy, 0}, yr) = tre [ (v + yr) €7 (0)] - (5.23)

The (+) superscript denote causal and anti-causal fields from the Keldysh formalism [125].
The color indices of the fields are contracted, which is made explicit for O1; by the color
trace tr, and %, j are spin indices. The gauge invariance in the expressions above is restored
using the building-block operators in egs. [5.20] and [5.21] by

o A= Ualy, ZJT)];_) [U1,5(0, 0)]5 ),
O = [Taly™,ym)] 7 [U1a(0,0)]17,

Oty = tref [Uraly™, )] [010(0,0)] 73

O = tref [Unn(yt,9m)] 7 [T10(0,0)] 7} (5.24)
Operator basis at NLP

At next-to-leading power in the expansion of eq. one finds contributions from the
following operators

21 n({y Y O}a yT) [gn A (y n+ yT)] g(Jr) (0) )
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21 n({y+ y+7 0}7 yT) - [ggLi)Ail,_’l)“(erﬁ + ?JT)]] 55;,;) (0) )

Oy oy, 0hyr) = e L [AL26 (v n+ yr)] €0 (0)}
Oyt yT, 0}, yr) = tre{ [AL 260 (i + yr)], €D (0)}

O, ({y~,0,0},y7) = &) (yn +yr) [AS2657(0)],
0%, ({y+,0,0},yr) = s‘,}<y n+yr) [ASHeD0)],

0% 5({y™. 0.0}, yr) = tre{&l (yn +yr) (&7 AT20)] )
©12,n({y a070}7yT :trC{gnJ‘ Yy ﬁ+yT)[£n AnT( )] } (525)

To write these in terms of the building-block operators we need to do a few manipulations.
First we replace the transverse gauge fields that appear here by a field strength via the
following relations,

Aly) =g / A= e Pty by, AMy) =g / dzt e 0 R (y + 2+n)
0 0
(5.26)

which introduces a §-regulator for rapidity divergences. Subsequently, we apply the fol-
lowing identity

/Owdze—25f<z>=i/_:d§i§_1wi/dz TS £ ()

where a positive (% = 0%/q* ensures that the integral is well defined and shows how §
regulates rapidity divergences. Note that in this identity the sign of £ may be chosen freely
as it is integrated over all values. It turns out that it is convenient to choose +¢ for the
91 operators and —¢ for the 12 operators, as the jet functions that will be built from
these operators then have support for £ € [0, 1]. This convention differs from earlier work,
and allows for several simplifications in our case.

The above manipulations allow us to express the operators in eq. [5.25 in the NLP
hadronic tensor in terms of the building-block operators in egs. [5.20 and as follows,

ij : 1 d27 - —y)gt - (-) (+)
@2J1,ﬁ = _Z/dff—l(s—‘r /271_65( v [U27ﬁ({y , 2 }7yT)]] [Ulfb<070)]i ’

21 = /dg — Z(S ig(z+_y+)q7 WQ»”({y+’ Z+}, yT)]i_) [Ul,n(o, 0)] §+) )

, 1 dz~ i€~y - g
@21n:_2/d€€_i5+/ o'7r 4 )q+ trC{ [UQ,ﬁ({y , % }7yT)]z( )[Ul,ﬁ(070)]5‘+)}7

) =y b R A7) Rl LR Pt
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d e 2T -
Oty = / ££+25+/ e [T1aly” yT}( [U2.4({0. 2 }’O)L('Jr)’

ij . Ue ™ igatq + (=) + (+)
@12,71 _Z/dgé‘i‘l(sg o7 e Wl,n(y 7yT)}] [UQ,n({O7Z }70)]1 b

12n = / 5 —|—25+ e—i{z‘q"' trc{[Ul n(y y yr ] r2n {0 < } 0)] }

@1132’"_i/d§§+z‘5§ ?eﬂw( tref [Una(y " yr)] ;" [Con (0,273,015}

(5.27)

We have omitted the space-time arguments on the operators on the left-hand side as they
are the same as in eq. The sign in front of ¢d differs between Q15 and Q9. As we
will see, their matrix elements are related by complex conjugation.

5.2.2 Expansion of the hadronic tensor

The aim of this section is to write the hadronic tensor in terms of matrix elements of the
building-block operators in sec. |5.2.1] For this, we first consider the power expansion of
the product of currents in eq. in position space. Following [103], the leading power
contribution can be written at leading perturbative order as

” 1
Wﬁp(y) N, (VT)U (’7T)kl (011 al 011 nT 011 7 011 n) . (5-28)

For brevity we suppressed the space-time arguments of the operators, but they are the
same as in eq. At next-to-leading power more operators appear and the expression
for the hadronic tensor is a bit more involved,

[ (V)i (V) + (V)i (V3 ki) [(g (911n> O+ <§ 011n> (911”}

N [ (V)i (Vi + 17 (V)i (Ve [011 n (3 O””) Ol <g % nﬂ

W{\?ﬁp(y) = -

ig n”  n"\_<jk gk (07 YN
(’YT)wékl [@1%(: )On,n @12,n<: - )Oll,n
N, R PR
: Y nY ik ik nY n? ;
+ Olll,ﬁ <8:_ - §>@{2,n - 0]11,71 (8:_ - E>@l12n] ) (5.29)

where again we have considered the leading perturbative order and have suppressed the
space-time arguments of the operators for brevity. The non-trivial Wilson coefficients
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that enter beyond leading order in perturbation theory involve a convolution in the light-
cone positions, so we prefer to include them only when switching to momentum space in
eq. As explained in more detail in ref. [103], two different types of power corrections
can be distinguished in eq. @, those involving derivatives of twist-2 operators (kinematic
power corrections) and genuine twist-3 contributions.

At this point we are ready to write the hadronic tensor in momentum space, including
the Wilson coefficients and external states, allowing us to pass from operators to jet
functions. To switch to momentum-space, we note that the inverse derivatives that appear
in eq. can be treated using the following identity,

dy* g 1o, oo i / dy* e ox
= — | =2 : 5.30
/276 aij(y) 7] o € fy™) (5.30)
Since the background fields of the different collinear sectors are not coupled at this order

in the power counting, the matrix elements factorize and the result for the hadronic tensor
can be written in terms of products of jet functions,

v 1 v |2
Wir(q) = ﬁ(ﬁ‘)ij(%)kl |C1(2¢%q7)|

2 ‘ . ‘ ] ‘
% / (;7:))2 ”’q{[Jnn(b)]l’[«]f’l,n(b)}]k+ [me(b)]]k[Jfl,n(b)]“}. (5.31)

v ' v v —\ |2
Wirp(a) = —ﬁcqj[n”(%’;)ij(%)kl + " (V)i (V)] |C1(2aq )]

2 . _ . . ) B '
X / é&e’b'q{%[ﬁ’m(b)}“ (T8 )7 + 0, [T L (0)) [Jfl,n(b)]“}
- ];Lfcql[ (’VT)l](’YT)kl +n” (’YT)ZJ ’YT kl] ’01 2q q )‘2

2 4 ' 4 ) 4
< [ gz { @0 0, L 007 5 [T 101 0, L 0]}

0o 1
p [Z_ - M Sy [ d€C3 €& 20T )Cu2a"0)

2 ) ‘ ) ‘
: / élw?a e [T (€0 [ 0] — [T 060" [T, 0)])"
o [T a0 [0 = [T 0] [, (60)] "}

o | - 2ot / 4E Ci (g a7 Cal€: 20+ 0)
2 . . _ .
< [ grre{ e (71,01 = [T al6.007 (7,00
[0 [T (€0 = [T @] [hoaen)] "} (5:32)

Here, C and Cs are matching coeflicients that can be calculated in perturbation theory.
These coefficients arise when the current operator is written in terms of the background
fields, and we follow the definitions of [103], and the symbol J denotes jet functions
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with open spinor indices. At leading order in perturbation theory C; = 1, consistent with

eqs. and The coefficient C is known up to three-loops [115] (see also [149,112]),
while the coefficient Cy is calculated up to NLO in [103], section 6. For definiteness, the

Cs in eq. is related to the one in ref. [103] by C2(&,2¢T¢™) =

ROy = ¢,y =

—£).

The bounds of the £ integral arise from the range over which the jet functions have support.

The jet functions that appear above are defined in terms of matrix elements of the
building-block operators in egs. and [5.21. The twist-2 jet functions are given by

. dy= . _ 3
O = tre [ S e 0] [Uraly™.0)] 5 i) (il [U10(0,0)],
. dut . B
[Jill,n(b)]]k = tI‘C 23/7 ezy+q <0| [Ul,n(y+ab)] alg alg| rl n 0 0 ]
_ i dy—
a0 = [ S e 0] [Ty~ 0)]\ i) (Tl [U2(0,0)]7 10) |
_ i d ; .
0] = [ e (o) [T 0] 1) (il (0,000,017 0)

and the twist-3 jet functions are defined as

(78, (6.0))

[J2ql,n (57 b)]j

[‘]gl,ﬁ (5? b)] " =

[']21 n(é. b

78, 1 (€,0)]

[JiIQ,n (57 b)]jk =

k 1 / dy, dy,
= tre | 55—
& — zég 2r 2w

Ly [T,
¢—isy ) 27 2n

i€y +€vy )at

1gyﬁnoo]

X (0] [Us.a({w7 93 1, 0)]S 7 170)
i(Eyf +eyd g™
% (0] [V ({93 1.0)] ) 172,)

i(Eyy +€ya gt

1 /dyf dyy |
E—idh ) 2m 2m

<0‘ U2 n({y1 7y2 } b)] ’ a1g> <J:1g’ [Ul n(o 0)]

i€y +€yd g™

+
_ ]. _ trc/ dy dZ ei(y+
§+idg 27 27

/ dy1 dy2 e
—1,(5 2 21

X (0] [T ({5 1.0)]1

1 ) / dy~ dz~ .
re
i iy 27 27

X <0| [Ul,ﬁ(y_7b)}§' ) alg

’ alg> (ngg| [Uln(o 0)]

i(y~—€z7 )g"

alg| an {O z } 0)]

—£2)q™

X (0] [U1n(yt, )] [ 7g) (Jikg| [Tan({0, 271, 0)] 7

10)

(T3] [T1,(0,0)] 57 J0)

[0},

[0},

"o},

"o},

0)
0)

(5.33)
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- i 1 dy=dz™ .- -
e plh = _ Yy iy~ —€27)g"
[JlQ,n(ga )] f+25§/ on om e
< (0] [Tra(y b))\ 10 (Tl [V ({0,273,0))17 0)
q i 1 dy™ dzt iyt —2t)g
[J12,n<£7b)] - f‘i‘l(gg/ o or €

X (0] [Tinly=0)]\ 7 1T2,) (T0] [Uan(£0, 271,010y, (5.34)

and we have introduced for convenience

f=1-¢. (5.35)

Note that whether the operator appears in the amplitude or conjugate amplitude is de-
termined by whether the operator is causal or anti-causal. From now on we drop these
superscripts on the operators.

5.2.3 Jet function definitions

The next step in the factorization is to define a minimal set of (bare) jet functions that
have no open spinor or Lorentz indices, as the set of jet functions in sec. [5.2.2| contains
redundancy.

First, to get rid of the open spinor indices, we apply the Fierz relations in app. [B.1.
This gives rise to four twist-2 jet functions with no Lorentz index

(7+)kj [Jfl,ﬁ(b)]jk = 2N, Jfl,ﬁ(b) ) ('Y+)il [Jfl,ﬁ(b)]li = 2N, qul,ﬁ(b) )
(v Dk [Jfl,n(b)]]k = 2N, Jfl,n(b) ) (Y7 )a [qul,n(b)]lz = 2N, qul,n(b) ) (5.36)

and eight twist-3 jet functions with one open Lorentz index,

Q o ik s o o q 17 77
+e% (o +’Y5)kj [Jqu,ﬁ(€7 b)]] = 2N, ng?ﬁ(gv b), +6% (o +75)il [ngﬁ(f, b)] = 2N, J;l?ﬁ(gv b),

« o— 13 s o a— q 17 77
76% (U 75)]{7 [ng,n(é’ b)]] = 2NC J;l?n(g’ b) ) 76% (O- 75)’“ [‘]gl,n(gﬁ b)] = 2NC ng?n(fv b) ’

o « ik s o o q li N
_E'LJL“ (G +’75)k’j [JEQ,ﬁ(é.vb)]] = 2N, J{é?ﬁ(€7b)7 _gjﬂ (U +75)il [JfQﬁ(‘Sab)] = 2N, J{LQ?ﬁ(§7b)7

e a— ik R a a— q 17 .q
+e% (0 ’75)]%' [Ji}Q,n<£v b)]J = 2N0 Jf??n(fv b) ’ +6% (U 75)1'1 [JgQ,n(éﬂ b)] - QNC JfZ?n(gv b) .

(5.37)

The factor 2N, accounts for averaging over the spin and color of the initial quark field. The
different overall sign between Jo;, and Jo1 5 is chosen because e%" = e"PPn,n, changes
sign when n < n.

Discrete symmetries provide an additional reduction of independent jet functions. Jet
algorithms are spin-independent and respect the C',P and T symmetries of QCD. This

allows us to derive that the LP jet functions satisfy,

qul,ﬁ(b) = Jfl,ﬁ(b) ) ']fl,n(b) = Jfl,n(b) ) (5.38)
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reducing the number of independent twist-2 jet functions down to two, one for n and one
for the n direction. For the twist-3 jet functions we have

TEL(Eb) = =I5 (&, -b)]", JHT(E,b) = JHT(E,D),
I (&b) = —[J5. (6, —b)]", JET (£,0) = JEI(E,D), (5.39)

and similarly for quQ. This reduces the number of independent twist-3 jet functions from
eight down to two. Since the quark and anti-quark distributions are identical we will
drop the corresponding label from now on. The minus signs appearing in the complex
conjugation cancel when performing the decomposition in eq. [5.40. Thus the signs in
eq. [5.37 were chosen precisely such that these symmetry relations do not contain minus
signs.

Both the NLP jet functions and the derivatives of the LP jet functions that appear in
the hadronic tensor carry an open (transverse) Lorentz index. To achieve a fully factor-
ized formula for the hadronic tensor we must decompose these objects into the available
structures b* and €}.'b,. Parity implies that only b contributes, leading us to define

b,

b?
JQPL'FL(g?b) b2 521 n(£ b’ ) apjll,ﬁ(b) b2 Jn n(b2)
b? b
Jg’l’n(f’,b) 22 J21.n(§, b? ), 6in11,n(b) = b;J{‘fn(bz), (5.40)

This final step removes all open Lorentz indices from the jet definitions. Since all functions
now only depend on the magnitude of b, we can perform the angular integration using the
following identities,

/ d*b eibqf(b?) 1/00d’b|2 JO(’qu‘) (bQ)’

(27T)2 2 ot
&b g _ 4 » Ju(bllal)
/(27T) b2 f / d| | 21t ‘b|| | (b ) (5.41)

Applying the above decomposition to the definitions presented in egs. [5.33] and [5.34]
the final expressions for the jet functions read,

are 1 dy— iy~ qt — 7 A T
J})l,n (bz) 2N % € v tr [7+ <0| Ul,ﬁ(y 7b) ‘ alg> <Jalg‘ Ul,ﬁ(oa 0) ‘O>] 9 (542)
are 8 are
TGRS (b%) = b o s I (b%), (5.43)
are v 1 1 dy_ dy_ i(Eu N
TR (DY) =TV G T 9N / or an O
x tr (07" (0 Uz ({01 v }.0) 1) (Tiel Ura(0,0)0)] . (5.44)

where the trace is over both the color and Dirac indices. The jet functions for the n-
collinear sector can be obtained by replacing n < n.
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5.2.4 Factorization

Starting from eq. [5.31) we now apply the relations and definitions of the previous section
to obtain a factorized expression for the hadronic tensor,

2 Jo(bllal)
2

WiE(q) = N (—g7" ) H1(Q )/d|b’ Ji1a(0%) Ji1.(b?), (5.45)

v ntqp  n"q o J1(|/bllq
W) = N [0 0 ) [ o 2D b2 )

nhgy  nq * Ji(|b|lal) 2\ 1 2
+Nc[ L4 T] QQ/ d|b|? =2 g1y 2 (b?) J) (b
q q ( ) 0 | ’ 27T|b‘|q‘ 11, ( ) 11, ( )

N BT } / d¢ Hy(€, Q?)

X

/ d| 2 Jl ‘quD {J21’ﬁ(£,b2)¢]11,n(b2) — Jll}ﬁ(bQ)JQLTL(g?bQ)}

2m[bl|q
(7" gy ”QT]/ * 2
+N, |/ 23 [ A HE(E,Q
C-q_ q+ 0 5 2(€ )

> Ji(|bllal) 2 2 2 2
dbP? === =235 - (€,b n(b?) = Ji1a(b%)J3 b?) .
[ a6 b (67) T (67) 1)}
Here, H1 and Hs are defined in terms of the Wilson coefficients and are referred to as the
hard functions

Hi(Q%) = |C1(@),
Hy(¢,Q%) = C5(£,Q%) C1(@%). (5.46)

There are two things to note here. First, note that the hard function Hs is complex-valued
for the process we consider here. Second, we have replaced the arguments 2¢T ¢~ of the
Wilson coefficients by @2, as this replacement can be made up to power corrections (these
are kinematic power corrections, see ref. [L150]). For this latter point, it has been shown
that higher-power corrections in fact lead to the replacement 2¢T¢~ — @2 in the Wilson
coefficients, as expected by Lorentz invariance.

Next, we combine the hadronic tensor with the leptonic tensor to obtain the cross-
section for ete™ — 2 jets. In the above expression, the hadronic tensor is decomposed
into several Lorentz structures. As an intermediate step, we record the following results
for the contractions between these Lorentz structures and the leptonic tensor,

(=)L = 2Q% (1 — 2y + 2y%) — 4Q7Q cos(¢1) (1 — 2y)\/y(1 — y) + O(Q%),
P L = =" L = 100Q cos(o1) (1= Vo1 - 9) + O@F) . (5.47)

q

Note that the power-suppressed contributions coming from the two Lorentz structures
are identical, making it experimentally impossible to distinguish between the different
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types of power corrections. Combining the full expression for the hadronic tensor of
eq. with the leptonic tensor in eq. we find that the cross-section is given by

d 2N 0o Jo(Ib
dygzq QCQQ (2 -4y +4y )/o d’b\Q0(|27quDHl(Qz)Jn,ﬁ(bQ)Jn,n(bQ)
- TN O 4 co90) (1~ 2) Vo)

g {/ “app WPl 5 02y 71, (02) S (07)
0 2m

oe J1(|b , ,
w2 [ amp B Q) [0 D (6F) — i a(5) T (02

o [ 2 Zi(bllal)
2/0 d/b] 2]l /d£H2£Q)

X [Jm(g,bQ) J11.0(b%) — Ji1.2(b?) ng(g,b%} +c.c. } (5.48)

Note that in the above expression, the hard functions and jet functions are bare and
unsubtracted quantities.

5.3 Subtraction and renormalization

In the previous section, we arrived at a factorized expression for the cross-section in
terms of a set of jet functions and Wilson coefficients. We still need to treat the soft
overlap between the collinear and anti-collinear regions and renormalize all ingredients.
Furthermore, the above result for the cross-section contains some divergences, known in the
literature as special rapidity divergences and endpoint divergences, that require treatment.
In this section, we discuss the overlap subtraction and the resulting cancellation of these
divergences, as well as the renormalization of the jet functions. For other cases, a scheme
needs to be developed for treating endpoint divergences [151, 152, [153].

First, in sec. |5.3.1, we discuss the subtraction of the overlap region. In summary,
the lack of a clear boundary between the collinear and anti-collinear regions gives rise to
rapidity divergences, which cancel once the overlap region has been properly subtracted.
In the method employed in this work, not all divergences cancel after the overlap region
has been subtracted. These remaining special rapidity divergences already enter at lowest
order in ag = a5/ (4m), and are contained in the kinematic and higher-twist corrections. As
a consequence, ill-defined convolutions between plus distributions and logarithms appear
in finite terms at higher orders in perturbation theory, which are commonly referred to
as endpoint divergences. We discuss the subtraction and cancellation of these divergences
in sec. The treatment of the overlap region is one of the main differences between
the approach in SCET and the TMD operator expansion, which we compare in sec. [5.3.3
Finally, the renormalization of the jet functions and the corresponding evolution equations
are discussed in sec. (.3.4.
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5.3.1 Overlap subtraction

As mentioned in sec. the two collinear regions overlap in the soft region, which
is doubly counted. The presence of this overlap has been extensively discussed in the
literature about TMD factorization [94} [17, 25], and it has a similar treatment in the
background field method [103].

In the TMD operator expansion method, the overlap between the collinear and anti-
collinear regions can be subtracted for bare operators by making the following replacements

el O1,:0 — 9,011.70 _ O01 O

Oll,ﬁoll,n — —Lnihn 5 8;;011@011,71 — SpAlnlln , O21,ﬁ011,n N Z2L,p1ln ,
SLp Srp SLp

(5.49)

with similar replacements for the other combinations of operators that appear in eq.
Using the d-regulator, the overlap factor is identical for both the leading twist and sub-
leading twist operators, and is given by the soft function

Share(p2 ¢ 26%67) = Ni tre{ (0] [oon + b, b][b, con + b][oon, 0](0, con] |0) } . (5.50)
C

The overlap subtraction as presented in eq. happens at the level of the product
of two operators from the different collinear sectors, and the rapidity divergences cancel
between the O,,, Oz and §. However, it is desirable to express the cross-section in terms
of ingredients that are each individually free of rapidity divergences. To define a rapidity-
finite jet function, it is necessary to implement this subtraction by absorbing a square root
of the soft function into each of the jet functions. To do this we use the fact that the soft
function can be separated into two pieces,

SPEe(b%e,25757) = \/Sbae (b2 e, (05)20) \JShae (b2, (5,)%) . (5.51)
where
6t = ﬁ 0 = o and = (2¢"q)? (5.52)
Bogt B ’

and ( is referred to as the rapidity scale. Using the above identity, the overlap subtraction
procedure can be implemented by making the following replacements

Jhie (b2, e 5*)

J})ﬁf( ) 75+ = J{)il:ﬁeysub(b% ¢ 6)7 (553)
V/Sip(b2 e, (55)2¢)
J/bare b2 €, 5+
Tivme(b? e, 0) — — bhe08) (5.54)
\/SLP 55)%¢)
bare ,b2, € (5+
T (e, e, ) — —2n G H (5.55)

\/SLP(b2a 6, (61)%) ,

and similarly for the n-collinear direction. After the subtraction procedure, the leading-
power jet function Jff reSub 4o free of rapidity divergences but depends on the rapidity scale

¢. The dependence on ¢ will be discussed in sec. |5.3.4
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5.3.2 Special rapidity and endpoint divergences

The subtraction procedure of the TMD operator expansion method does not cancel all
rapidity divergences. Specifically, Ji; and Jo1, which respectively correspond to the kine-
matical and higher-twist corrections, still contain divergences. These divergences can be
subtracted and cancel in the cross section between the n and the n sectors. We now
discuss the cancellation of these divergences separately for the kinematic and higher-twist
corrections.

Higher-twist correction

For the twist-3 jet functions .Jo1(£,b?) divergences appear in the convolution with Hj
in eq. as £ — 0. In most of the literature this is referred to as the problem of
endpoint divergences, while in the TMD operator expansion literature these divergences
are considered part of the special rapidity divergences. In the case of TMD factorization,
different methods for treating these divergences exist and we compare the two in sec.[5.3.3
In this work, we subtract the singular behavior of the jet functions as £ — 0 by means of
a sub-leading-power soft function. This ensures that the integral of the hard function and
the twist-3 jet function is well defined. This was first discussed in refs. [154, [155, [156],
which focused on SIDIS.

The key insight is that in the limit £ — 0 the gluon field strength becomes soft. In
the soft limit, the gluon decouples from the collinear sector and the field strength can be
factored out of the collinear matrix element. As a result, the limit £ — 0 is captured by

lim T3t (6, D7) SEEe(0?) Jii's (b%) = Ji5 (b%) S35 (€, b%) i () + ..., (5.56)

where ... denotes terms that are regular as £ — 0 and a similar expression holds for
the opposite collinear sector. In this expression, the jet functions on the right-hand side
are the familiar twist-2 jet functions and S; 5 is an NLP soft function. The NLP soft
functions for the two collinear sectors are defined as

are b dy— i€y gt 1 - -
S5ire(€,b%,€,64,20707) = S_Z%/ﬁefw Fctr[<0\[b+yzn+oon,b+yzn]
(5.57)
< [b+yyn,b+yyn+ oon]gFP T (yy n + b) |X) (X[ [oon, 0][0, con] !0>}
d 1
Sfr,f(ﬁ b? €,0,20757) —26 / 3/2 oi€ys a” tr[<0|gF” (y57+b)

X [b+ yy n+oon, b+ y, n][b+ yy n, b+ yy n+ oon]Sy | X)
% (X [ooi, 0][0, oon] |0>] . (5.58)
This definition follows from replacing the collinear field strength operator in the g

operators in eq. by soft field strength and following the same steps as in sec.
Note that, strictly speaking, this derivation requires the introduction of a background
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field for the soft modes, although the soft function drops out in the final result for the
NLP case we consider here.
Using eq. we can subtract the singular behavior from the jet functions in the
& — 0 limit
bare ,sub 2 ;olar; (5 b2) b 2 + bare,sub /7 2
21n (5 b 7(7 - 2?}5(57}3 5 € 5E7§) Jll,ﬁ7 (b ,C,e) .

\/SLP 65)2%¢)

(5.59)

Note that the subtracted jet function is regular as £ — 0. As a result, its convolution with
the hard function is well-defined and free of any endpoint divergences.

The divergent In (% and singular 1/£; parts of the jet function are now contained
in the subtraction terms, which cancel in the hadronic tensor between the two collinear
sectors as the jet functions only appear in the combination

Jo1,7(€, %) J11,0(b?) — Ji1,3(b?) Jo1.0(€, b?) .

For this cancellation to work, one needs the two soft functions in eq. to be identical,
which is only the case if

65 =465, (5.60)

see ref. [118]. Note that this constraint arises beyond the leading order in as, where
the hard function contains terms involving In¢. Summarizing, the special rapidity and
endpoint divergences in the higher-twist correction can be subtracted and canceled between
the n and n sector on the condition that the rapidity regulators for the two sectors are
related.

Kinematical correction

For the kinematical correction, only the following combination of jet functions appears
after the subtraction procedure of sec. has been performed,

J/ bare b27 ’ 6+ J' bare b2 5=
11, ( € E) J]Pif7sub(b2’ C7 ) J]l?frs ,sub b2, C, 11,n ( €, ) )
\/SLP(b2a€7 (65)%¢) \/SLP 05)%C)

Special rapidity divergences also appear in this expression because the derivative that
defines J{; is taken before the soft function is divided out.

As for the higher-twist correction, the divergences in the above expression can be
cancelled between the two collinear sectors. To see this we first define a subtracted jet
function Ji;,

(5.61)

Jﬂ;»’age,sub(b27 ¢, ) — PO J;Jare sub(b27 ¢, 6) ) (562)

1,n

that is free of any rapidity divergences, because we take the derivative after subtracting.
Using this definition, one can write

‘]/ban_re(b27€’6+) are,su are,su bpa S » € 5+ ZC
= 2 = Jﬁ),ﬁ ’ b(an ¢, ) + J})l i b(b2’ G 6) Sp Lllp)(2 6'("‘ ];7) ) )
\/SLP(b27 €, (6E>2C) LP( ' E> <)
(5.63)
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where the special rapidity divergences are contained in the second term. Inserting this in
eq. we see that the rapidity divergent terms combine as follows,

b29,SLp (b2, €, (05)%C) B b?9,SLp (b2, €, (05)%C)
SLP(b27 €, (65)26:) SLP(b27 €, (55)24-)

where the expression on the right-hand side can be obtained using the exponentiation of
the soft factor with D(b) the Collins-Soper kernel. We thus see that the special rapidity
divergences for the kinematical corrections cancel. In fact, if one takes 5} = 0, as required
by the cancellation of divergences for the higher-twist corrections, the subtraction terms
cancel altogether.

(5+
= 260, D(b) ln(E) : (5.64)
6E

5.3.3 Discussion of special rapidity and endpoint divergences

The subtraction of the overlap region and the cancellation of special rapidity and endpoint
divergences is treated differently in SCET [118| [154, [155, [156] and the TMD operator
expansion literature [103}[143] [104]. Here we compare the two approaches.

In SCET, a soft mode is included explicitly, and its contribution to next-to-leading
power leads to a family of soft functions [118]. At the level of bare matrix elements,
however, the contributions of these soft functions cancel in the cross-section and as a
result, no NLP soft factor needs to be introduced. Nevertheless, these soft functions
can be used to subtract the overlap regions and define subtracted TMD distributions at
NLP [154} [155] [156]. On the other hand, in the TMD operator expansion method, no
soft mode is included and the overlap between the regions is subtracted by the same soft
function that appears at leading power. The main consequence is that in this method,
at NLP, not all rapidity divergences are canceled by the subtraction procedure. The
divergences that remain after the subtraction procedure are referred to as special rapidity
divergences. This includes the singular behavior in the higher-twist corrections that appear
as £ — 0, which in the literature are commonly referred to as endpoint divergences.

For both approaches, the remaining divergences cancel in the cross-section between the
n and 7 sectors. However, the subtraction and cancellation of the divergences are formu-
lated differently between the two methods. In this work and in the SCET literature, it is
formulated at all orders in perturbation theory by means of a soft matrix element. After
the singular behavior of the jet functions has been subtracted, the divergent subtraction
terms cancel in the combination

521,73(5, b2’ 6257 25+5_) - SQl,n(é'a b27 5E> 26+5_)

n(b%,0).
Spp(b2,26767) Tin (b7 )

(5.65)

1
/0 d¢ Ha(€) Ji1.a(b?,€)

Since the hard function contains logarithms of £ at higher orders in perturbation theory,
the only way for the divergences to cancel in the above expression is to have 5} = 0p-
The above cancellation holds at the bare and renormalized level, however, for the latter,
the distributions for the n and 7 sectors have to be evolved together from the same initial
to the same final scale.

In refs. [143| [104, [105], on the other hand, the cancellation of special rapidity diver-
gences is formulated order-by-order in perturbation theory. In ref. [104] a subtracted
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distribution is defined by
J21(£,0%) = Jo1(€,b%) — [Ra1 ® J11] (€, b%), (5.66)

where R is to be constructed order-by-order in «a; such that the convolution between
Jo1 and Hs is finite. Note that we have converted their expression to our notation.
At leading order in perturbation theory, the hard function contains no terms involving
In&, and so no constraint on the rapidity regulators arises. However, at higher orders in
perturbation theory one would run into additional divergences coming from the integral
of In¢ in the hard function with the 1/(£ —i%) in the jet functions, leading to In? §5. Tt
is the cancellation of these additional divergences that constrains 5E = 0p. We, therefore,
conjecture that if the approach of ref. [104] is extended to higher orders, one would find
such a constraint.

5.3.4 Renormalization and evolution

The subtracted jet functions defined above are at the bare level and require renormaliza-
tion. Since renormalization and evolution takes place at the operator level, it is indepen-
dent of the recoil-free jet algorithm that is employed.

For the twist-2 jet functions the renormalization is multiplicative, and we define the
renormalized jet function as

Jira(0?, 1,Q) = Zy, (G, €) TP (b, ¢ e) . (5.67)

The renormalized jet functions depend on a renormalization scale p and their evolution is
given by

d 2 1 p 2
dTMQJll(b s My C) = 5 |:Fcusp ln<< — W Jll (b s My C) . (568)
Here, I'cysp is the cusp anomalous dimension and vy is the anomalous dimension of the
quark vector form factor, which to one-loop are given by,

Ceusp = 4asCp + O(a?), v = —6a,Cp + O(a?). (5.69)

The same equations apply to Jj; as the renormalization and evolution kernels do not
depend on b.

The renormalization and evolution of the twist-3 operators is well known [142, 157, [158,
159, [104] and involves a convolution in the momentum fraction . A few simplifications
allow us to recast the evolution presented in refs. [142, [104] in a more elegant form.
Since we consider large radii jets, our twist-3 jet functions depend on a single momentum
fraction €. In our case, £ is restricted to the interval [0,1], which can be shown by
inserting a complete set of states in between each field that enters the matrix-element
definition of the jet function. Because of this constraint, the mixing between different
regions of momentum fraction space and mixing between T-even and T-odd contributions,
as discussed in ref. [104], is absent in our case. Following this, the renormalized twist-3
jet functions can be expressed as

1
J21,T_L(§7 b27 Hy C) = /() dé./ ZJ21 (ga 5/’ , <> 6) J;ﬁi‘?SUb(gla b27 <7 6) ) (570)
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and the evolution reads

d

1
dTIuQJZLFL(gvva/'LvCa(SE) = A d£/7J21(£a£/7M7C) JQl,ﬁ(£,7b27lJJ7 <7 5;) . (571)

The anomalous dimension for the twist-3 jet functions has been calculated to one-loop
order [142] and is given by

2

Vo (66 11,C) = as{é(ﬁ ~¢) I:QCF ln(“c) +3CF —2C4In€ — 2CF lnf]

+CA([@<5’—£>L_[@<£—£’>] cor—o g e EE-E) e

T e |70 797 &
20k~ C) (@(5—5’)5[25 - g* 4, @(5’—§)i€,> } ENEES)

The subtracted and renormalized jet functions also depend on the rapidity scale (, in
addition to their renormalization scale dependence. For all jet functions the rapidity scale
dependence is described by the Collins-Soper kernel, but for Jj; there is an extra additive
term as the Collins-Soper kernel depends also on b. The rapidity evolution is given by

d
mjll(b2aﬂa C) = _D(b27:u’) Jll(an L, C) ) (573)
dD(b?
dTICJh(bQ’M’ C) = _D(b27:u) Jil(an K, C) - 2d§nb’2u) Jll(b27 Ky C) ) (574)
d
mJ21(57 b27ua C) = _D(bgnu“) J21(§7b27,u7 C) ) (575)

where D(b?, 1) is the Collins-Soper kernel.

In principle, one could worry about the role of the subtraction term in the evolution.
Specifically, one could argue that the introduction of subtraction terms alters the anoma-
lous dimension. However, the contribution of the subtraction term cancels between the
two jet functions in the cross-section. Therefore, as long as one evolves the jet functions
from the two collinear sectors together, the presence of the subtraction term will not have
an effect on phenomenology.

5.4 Ingredients at order a,

In the previous sections, we obtained a factorization formula for the hadronic tensor in
terms of a set of jet functions. While the factorization relies on a recoil-free jet axis, the
form of the factorization and the above definitions are independent of the precise choice.
In order to make a theoretical prediction for the cross-section, however, the jet functions
must be calculated for a specific jet axis. We discuss the jet axes we consider in sec. [5.4.1
and we will present the calculation of the corresponding jet functions in sec. [5.4.2

)



5.4. INGREDIENTS AT ORDER Ag 111

5.4.1 Jet algorithms

In this work, we consider the jet axes defined through the E"-recombination schemes,
with the special case of the winner-take-all (WTA) axis corresponding to the n — oo
limit. This is a direct generalization of the p/i-scheme [160, [161] to eTe™ collisions. In
principle, these axes also depend on the clustering, e.g. anti-kr vs. Cambridge/Aachen,
but this distinction is not relevant at the order we are working, where the final state in
the fixed-order jet function contains at most two parton The resummed jet function
will of course contain the dominant effect of multiple emissions.

For all axes, we consider the large radius limit, such that all final-state particles will
be clustered into the jet. For this reason, we write the final state of the jet function as
| Jalg). The jet axis enters our calculation as follows

| atg) (Jarg) = (20)1 3 612 (P52 |X) (X]| . (5.76)
X

Here X is the collinear final state produced by the fields, and the prefactor cancels that
of the phase-space integral over the total jet momentum. Our transverse momentum
measurement is encoded in the transverse position of the fields, by fixing our coordinate
system such that the jet transverse momentum P?lg vanishes. This allowed us to use the
same operators as in other transverse momentum measurements.

We now present the specific formulae to determine the transverse momentum of the
jet for the E™ scheme, which depends on the number of particles in the final state. In the
case where the final state consists of a single parton with momentum k, we simply have
P; = k. When the final state contains two partons with on-shell momenta ki and ko,
respectively, the 3-momentum of the jet in the E"-scheme is given by

—7n k;o ko pad pud
Py — Lt ()" Fu+ ()R], (5.77)

V" +2080)7 (k) -Fa + ()"

where the complicated prefactor arises from the condition that the resulting 4-momentum
is massless. However, up to NLP, we can approximate ki-ks ~ k{k), since their angle is
small due to being in the same collinear direction. This leads to

prt = BER gonong y (0)rg) ¢ 0(62’%) (5.78)
SRCOTERCITE Q) '
We will restrict ourselves to m > 1 for which the resulting jet axis is recoil-free and
our factorization analysis is justified. For n = 1, P?n is simply the total transverse
momentum of particles in the jet, and thus not recoil-free. The WTA recombination
scheme corresponds to the n — oo limit, in which case eq. simplifies to

K + kS K9 + K9
kf kS

3This dependence has been studied in ref. [79] at order a2 using EVENT?2 [162].

PY™ = (k) — k9) ki + O(k3 — k)

k. (5.79)




112 CHAPTER 5. DIJET PRODUCTION IN SIA AT NLP

5.4.2 Calculation

We now calculate all jet functions to first order in as. For convenience, we summarize
their definitions here. The bare and unsubtracted jet functions are defined as

Jlare QN / zy “qt tl“|: <0| Uy n(y b)| alg>< a1g| U1 ”(O 0) |0>]

T2 = b )

r _y 1 1 dy;y dy, . z,- 4
ngarf(fabQ) =nt'n bpeuupa _i(5+ 2N, / 27; 27? ellbn e e

x x| 0757 0 Uaa ({7, 3 120 1) (T2 T1.a(0,0) 0)], (5.:80)

with U; and Us defined in eqgs. [5.20 and [5.21 and similar definitions hold for the jet
functions in the n direction. The subtracted jet functions are given by

Jhe (b, c, 6*)

T (0%, ¢ 0) =

\/ Srp(b?, ¢, (05)%C)
are,su 0 are,su
Jﬂaﬁ 7 b(b27C7 ) = b @Jﬂ ’ﬁ’ b(b27C76))
jbare;sub e 2 _ 5)1&];16(5 b2) bare 2 + (5+)2 bare,sub /1 2
21,n (57 7<76) - 21,ﬁ(€7b » € 5E7(5E) C) Jll,ﬁ (b 7<7€) )

\/SLP b2, €, (61)%¢) :
(5.81)

with

SHEE (b, €,20767) = - tre{ (0] [oon + b,][b, com + B][oom, 0][0,00m][0) ), (5.82)

c

b dy_ e — 1 _ _
bare 2 i
21n(€ b , € (5;,25+(5 ) g_zdg /2;€§y2q ﬁctr[<0| [b+y2n+oon,b+y2 n]

X b+ yzn,b+ gz n -+ 0omlgF?t (yn +b) | X) (X| [om, 0][0, oon] 0}
Finally, the renormalized jet functions are given by

J117ﬁ<b27 H, C) = ZJ11 (Cv M, 6) Jlbil:ﬁe7SUb(b27 Ca 6) ’

1
Jo1 (€, 0%, 11, ¢) = /O A€’ Zy, (6,6 1. €) TS (€, b2, () . (5.83)

Bare jet functions

The (leading-order) matrix elements that are required in this calculation are given by

(01 U1a(y~,b) la(p))” = e®Pe P u(p), (5.84)
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Figure 5.2: Diagrams for the matrix elements that enter the calculation of the twist-2 jet
function at NLO (left and middle) and the twist-3 jet function at LO (right). The double
line represents the Wilson line, and the ® denote insertions of the quark field (at the
corners) and gluon field strength (on the double line). The diagrams that give a vanishing
result are not shown.

(01 ULa(y™,b) lalp — W)g(k)) = PP 7" (—g) [’”pl - ;ﬁiﬁ]t“u(p ~ k)e (k).

(01 Uz ({y7 w3 1. b) la(p—k) g(k))(©) = e Pemivn 0= e=iva KT (_jg) [t — k|19 u(p—k)el (k)

with the relevant diagrams shown in fig. The index a on the polarization vector
indicates the color of the gluon (though technically is not part of the polarization). We have
omitted the virtual corrections, as the virtual correction to Ji; vanishes in dimensional
regularization, and the virtual correction to Jo; is exactly zero. Inserting the expressions
in eq. [5.84]in eq. [5.80] we find to order as

d d
Rty =1+ 4°Cr [ Gt mR () (2,6l — B (2n) 180D (P)

kY[ (04)? + (0 —kF)?
pQ[ (k)2 + (67)2

x e®P§(pt — ") —€l, (5.85)

. _ 1 Aty A%k o) e
T3t = —4ig’Cp Py / (%Iid 2n)? (2m)d4 (k%) (2m)84[(p — k)?] (2m) @~ 160=2) (PY)
(¢")?

2 (€ + €) [EK" — &(p — k)] by - (5.86)

x PP (gt — pT)i(EqT — k)

. . . . lg
These expressions only depend on the details of the jet algorithm through P3 .

From here, one performs the integral over k using §(@2) (Pz}lg)7 and the lightcone
components of p and k. For the E™ scheme,

2 _ EE(EM 4+ €)%

= > > , 5.87
P T e 57
leading to
bare __ QZCF d—2 €ib‘p) 1 gn_i_gn d_4|: §(1+§_2) - :|
s =1 gt (e ) [ ol e eren: ¢ 6%




114 CHAPTER 5. DIJET PRODUCTION IN SIA AT NLP

: 2 ib- e n en
r ig°Cr g €7P ) oo € §"+¢
JpRme — 2 /d —p-b )OO > 5.89
i =~ ([ 0 G pep) 000 — i e (589
The remaining integral over p in Jj; can then be performed by using
sz
/ a2 o — 4T (0 (0", (5.90)

and the integral that appears for J2; can be obtained by differentiating with respect to b.
Finally, we perform the integral over £ for Ji1 5 and expand the result in €

b2
Jome — 1 4 aSCF{ [ +In ( e m)] (3+4Ind}) + JCF} , (5.91)
O (5.92)
E
with
_ olr (=92 (-9 +¢"
Jop =1 +4/O d¢ : ln‘ g1t (5.93)

Subtraction and renormalization

To obtain the subtracted and renormalized jet functions at first order in as, we need the
LP and NLP soft functions and the renormalization factor Z;, to order as. We do not
need the one-loop expression for Z,, at this order. The LP soft function with ¢ regulator
has been calculated to one-loop order in ref. [17], and the result reads

_ 1 1 1*b? 2615~ 1 u’b?
2 + _ 1 _ I 12 .
Sip(b%,€,20707) =1 4a8C’F{€2 L +1n<4e2'm)] 1n< e 5 In e
+ O(a?). (5.94)
The renormalization factor for Ji; is given by
1 1 w3
ZJ11(C7,U«a 6) =1+ QCLSCF{_EQ T [1H(C) + 2] } . (5.95)

The NLP soft function can be calculated from its matrix element definition. At lead-
ing order only one diagram contributes, depicted in fig. The diagrams that do not
contribute are two virtual diagrams which vanish in dimensional regularization and a real-

emission diagram that vanishes because n? = 7?2 = 0. The remaining diagram results
in
bare(i~ b2 €, 5t o585 )_ 92CF bpap /ddk5 <k2)(5(f + _k-i-);b'k_i_o(cﬂ)
21,n E>» (27T)d_1§—2(5g + q k= — 80— s/
(5.96)

The integrals over k™ and k£~ can be performed using the delta functions and the remaining
integral over k can be performed using eq. The final result for the NLP soft function
reads

1 2

SHe(¢,b? €, 07,20707) = —4a,Cp @(5)571# +0(d?). (5.97)

7T2

12

|
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Figure 5.3: The only diagram contributing to the NLP soft function at leading order.

The ® denotes the field strength operator and the double lines represent the Wilson lines.

Final results

We now present the final results for all the ingredients of the cross section to first order
in ags. The subtracted and renormalized jet functions read
U b M2b2 2 7.[.2
JE" (b?) =1 +ascF{—1n2(4e_27E> +1n<46_27 34 21n< ; ) e =6 b
b2
Jin(0%) = 2aSC’F{ 2111( ¢b > + 3}

[L+6- 2 - -g1 -
- - |

21,2

JE L (E,D?) = —4a,Cp O(£)O(E) (5.98)

Note that since Jo; and Jj; only start at order as, the renormalization does not effect
them at this order in perturbation theory. The WTA axis corresponds to the n — oo
limit. In this case,
. 272
Am Jop =T - —- = 6log(2),
L [E-g - oga -

. 1+¢-¢
noo (L=t =gt

¢ O - 3).

(5.99)

=-(2-90(; -9 -

The twist-3 jet function Jo; is shown in fig. for n = 2,3 and oo (which corresponds to
WTA). By dividing J2; by as, we removed dependence on the renormalization scale. Note
that these jet functions have a singularity at £ = 2 arising from the E™ scheme. However
since the hard function is smooth at this point, there is a cancellation between § = 5 Lyse
and £ = 5 — & to yield a finite result (principle value). For completeness, we also present
the one- loop results for the hard functions,

H(Q% ) = 1 —|—2(ILSCF(—111 (QQ) +31n(g2) —8+ 776T> :

2 2y 11 7x2 1
H2(£,Q2,M):1+2a5|:0}7‘<— (Cj >+21 (32>—2+76r_27(>_§014 Iié
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Figure 5.4: The twist-3 jet function Js; in eq. divided by as, as function of x for
n = 2,3, 00.



Conclusions

This thesis represents a significant contribution to the understanding of transverse mo-
mentum dependent distributions (TMDs) and their pivotal role in unraveling the intri-
cate structure of hadrons and the distribution of quarks and gluons within them. We
have underscored the fundamental importance of TMDs across a spectrum of theoretical
frameworks and experimental contexts.

Our exploration has not only explored the theoretical intricacies of TMDs but has
also provided concrete methodologies for their study within the framework of factoriza-
tion theorems. By delving into processes such as Drell-Yan, semi-inclusive deep inelastic
scattering (SIDIS), and semi-inclusive annihilation (SIA), we have demonstrated the uni-
versality and versatility of TMDs in describing a diverse array of phenomena in high-energy
particle physics.

Moreover, the intricacies of factorization have been enriched by a dual approach, nav-
igating through the realms of soft-collinear effective theory (SCET) and the background
field method. By extending our analysis to next-to-leading power in the small transverse
momentum expansion, we have advanced the frontier of theoretical understanding within
this field, laying the groundwork for future developments.

The original contributions of this thesis have been multifaceted. Firstly, our detailed
investigation into dijet production in SIDIS has not only shed light on the sensitivity
of this process to gluon TMDs but has also highlighted its potential as a target for fu-
ture experimental endeavors, particularly at facilities like the Electron-Ion Collider (EIC).
Secondly, our work in establishing factorization theorems for dijet production in SIA at
next-to-leading power represents a significant milestone in the theoretical toolkit available
for studying jet production processes and NLP contributions.

In particular, we have established a new factorization theorem for dijet and heavy-
meson pair production in DIS which can be valuable in the quest of processes with a
clear sensitivity to gluon TMDs. The factorization involves a new soft function, which we
have calculated at one-loop, and whose anomalous dimension has been deduced at two
and three loops from consistency relations. All the calculations have been performed with
the §-regulator, combined with standard dimensional regularization. The cross-section is
sensitive to both unpolarized and linearly polarized gluon TMDs and a new TMD soft
function is presented in the factorization theorem.

The influence of this new soft function is certainly an element that should be studied
in the future. In particular one should understand how large is its non-perturbative
contribution to the cross-section and whether it appears in multiple processes, i.e. whether
it is a universal quantity.

117
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The evolution of the functions that appear in the factorization theorem is non-trivial
and we propose an original solution, which is generic and independent of the resummation
framework. We also note that it is consistent with the (-prescription of TMD [33] which we
implement in this work. The used prescription allows us to separate the evolution kernels
from other scale-independent factors in the cross-section so that in our final computations
we can use some results already coded in the literature. This is the case for the TMD and
their respective evolution kernels extracted from DY and SIDIS data and presented in the
code Artemide [81].

The phenomenological analysis that we have performed has revealed several issues
that need further study in the future. Estimating the errors due to scale dependence,
we have found that several functions need a higher loop calculation to achieve sufficient
precision for the low-energy jets that will be available at EIC. This is the case for instance
of the collinear-soft function that appears in the dijet process and more urgently on the
heavy hadron jet function. The fact that the perturbative convergence of these functions
is limited to small values of the b may lead to consider also a re-factorization of these
functions, such that the small-b effects are separately resummed. This possibility can
eventually be considered in future works.

In all cross-sections, we have found a contribution of unpolarized and linearly polarized
gluon TMD. For both of these distributions, we have used their re-factorization in coeffi-
cient functions and collinear PDF studied at higher loops in the literature |30} 39} 84} [163].
In accordance with this well-tested procedure, the linearly polarized gluon contribution re-
sults to be particularly suppressed in all considered cases, because its matching to collinear
PDF starts at order o, instead of o like the unpolarized distributions. The effect of this
suppression is particularly evident in the estimate of the angular modulation of cos2g,
asymmetry that is here estimated to be around 5%. The study of next-to-leading power
effects is beyond the purpose of the present work, therefore further study is necessary to
confirm the magnitude of this asymmetry.

A source of uncertainty in our prediction comes from the usage of models for many
functions that have not been yet compared against data. In this case, we have studied
several possibilities with simple Gaussian models, assigning values to the non-perturbative
parameters according to an educated guess. The models do not alter the overall conclusions
about scale choices or precision but can have some effect on the shape of the curves that
we have computed. Only a strict comparison with data or eventual lattice calculations
can finally resolve this issue.

As a result of this study, we can see that the extraction of gluon TMDs from dijet
processes at the EIC is conditioned yet by the possible theoretical and experimental pre-
cision. In particular, the linearly polarized gluon TMD appears generally too suppressed
and hardly accessible if one uses the usual matching of TMDs onto their collinear counter-
part distributions. Nevertheless, the discussed theoretical issues can potentially be solved
or improved in future studies.

On the other hand, our study on the next-to-leading power contributions to dijet
production in dilepton annihilation marks an advancement in the theoretical arsenal for
investigating jet production phenomena and NLP contributions.

With the exceptional precision of the Large Hadron Collider and the forthcoming
Electron-Ion Colliders, there has been a surge in interest surrounding TMDs, offering a
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unique opportunity to explore these distributions with unprecedented accuracy. A deeper
exploration needs a heightened precision in their theoretical depiction, demanding a deeper
understanding of the factorization theorem for cross-sections differentially dependent on
transverse momenta.

In the work presented, we examine specific facets of the recently developed operator
basis contributing to the differential cross sections at the next-to-leading power (NLP). Our
focus has been on jets, which provide an infrared and collinear safe observable computable
within perturbation theory. To simplify the description, we have limited ourselves to large
radii ensuring that all energetic radiation remains confined within the jets. Utilizing a
recoil-free jet recombination scheme, we can avoid non-global logarithms.

We have also explored how higher twist operators emerging at NLP contribute to
the characterization of jets, introducing novel measurable effects. These aspects have
been described through the prism of a ete™ — 2 jets process, notable for its theoretical
simplicity and experimental relevance. The culmination of our analysis has yielded the final
factorized hadronic tensor, obtained by beginning with its power expansion, decomposing
it into spin structures, and applying discrete symmetries. Notably, this has marked the
first determination of the contribution of a twist-3 operator to a jet.

We have observed that NLP effects manifest in ete™ — 2 jets solely when the two jets
exhibit dissimilarity, such as when employing distinct recoil-free jet algorithms or replacing
a jet with a hadron. Furthermore, we have computed the twist-3 jet functions utilizing
the WTA axis and E™ recombination schemes at leading order in perturbation theory.
We have discussed their overlap subtraction and renormalization, noting the role of the
soft factor in describing the overlap, and the subsequent cancellation of special rapidity
divergences.

Moreover, we have simplified the evolution equation initially derived at the operator
level in ref. [103], making it much simpler in our specific scenario. Several aspects of this
study hold relevance for future applications. Particularly, the measurement we consider
allows for a significant simplification of the NLP formalism, rendering it more accessible.
Although the process described can be measured in the Belle experiment, a detailed phe-
nomenological analysis has been left to future studies. Additionally, exploring the impact
of the nonperturbative effects studied on QCD research at the Future Circular Collider
(FCC) presents an intriguing avenue. Importantly, our NLP jet analysis stands to en-
hance measurements of hadron structure at the EIC. Furthermore, our framework can be
naturally extended to describe polarized targets at the EIC.

In conclusion, this thesis stands as a testament to the profound impact of TMDs on
our understanding of particle physics. By elucidating factorization theorems and exploring
novel processes, we have not only expanded the boundaries of theoretical knowledge but
have also paved the way for future experimental investigations.
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Appendix A

Dijet production in SIDIS

A.1 Elements of factorization

In this section, we some useful functions involved in the factorization for the dijet produc-
tion in SIDIS case

A.1.1 Hard function

The hard kernel can be found in [89, [90l 91]. The p-dependent part for both channels is
given by

U 2 1 ta I 2
Hy.p=14as|—(2Cr+ Cs)ln ?—F 2C’Aln§—2—6CF ln?—k... + O(ay),

2 > oz 2
HY; =1+ a, [ (20F+CA)1H2% + <20Aln;+4CF1n; 60F> 1n“§+...] +O(a?),
L
A.1.2 Jet function
The definition of the jet function is as in [164],
1 ,
Jio(v-p,R) = Tr [ d*ze™ (0| Xy (P)PSaig(R)X0(0)]0 A2
(02 B) = 5 T [ atac O B O)1) (A2
v 1 = ipx v
M g0 -2 R) = — iy 2 / d'z (V20 - p)e™ (0B (2)dug (R)g B, (0)]0)
e A

(A.3)

where the symbol | refers to the plane orthogonal to v and whose trasverse components
are obtained with the tensor niﬁ = gap — (VaUs + Uavg). The perturbative calculation of
the jet function can be found in [83] and is given by

JZX (pry R, p) = 1+ 2a, [CZ<€% + %) (pT'uR>2E + df}alg} + O(a?), (A.4)
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: . i al .
The finite corrections df]’a & are given by

7, cone . . _
dj _CZ<2%ln2 12)+ O3 N2 ipa
A736 RNfIg Ut=g
, ool " (A.5)
: 3 ri if i =q
dSkT =G T 627 23 e

where df]’kT is the same constant for all kp-type algorithms (kr, anti-k7, and C/A).

A.1.3 Collinear-soft function

The collinear-soft function can be found in [75] and is given by the following matrix
element,

Ci(b, R, 1) = / dbexp(b-vo- 8)]\}RTr(O|T[U,th(O)} Oulg. T[WJ Un(O)} 0),  (A.6)

where v is a Euclidean, two dimensional, transverse component of light-like four-vector v*
pointing along the direction of the jet. The normalization constant Ng is simply the size of
the representation for SU(V,) of the W, and U,, Wilson lines. For quark jets (fundamental
representation) we have Nr = N, and for gluon jets (adjoint representation) we have
Ng = N2 — 1. The function Oa1g. ensures that only contribution from outside the jet will
contribute to the jet-imbalance. At NLO the bare collinear-soft function is given by

e ) = 1+ 40 SRR (RN o). (A

A.1.4 Beam function

The quark, anti-quark and gluon beam functions are given in [30] by
. 1 [ — _srl (€ — iy [Tt £
B‘J(x’b)_Q;/%e Tlaiin], (3) Xraear i) (-
. 1 [/ S—— 5T £ — x| [T §
Bq“””’)—z%:/zﬁe T[], (5) o e, (=

B @)= =3 s ewre folmir] (5) owr e (-5},
(A.8)

where ¢ = (£7,07,b),. The repeated color indices a (a = 1,..., N, for quarks and
a=1,...,N2 —1 for gluons) are summed up. The representations of the color SU(3)
generators inside the Wilson lines are the same as the representation of the corresponding
partons. The Wilson lines WnT (z) are rooted at the coordinate x and continue to the
light-cone infinity along the vector n, where it is connected by a transverse link to the
transverse infinity (that is indicated by the superscript 7'). The TMDs are obtained from
the beam functions B; as explained in sec.
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A.2 Anomalous dimensions

In this appendix, we collect from the literature the anomalous dimensions of the elements
of the cross-section needed to obtain the dijet soft function anomalous dimension at two
and three loops for the v*g-channel, as explained in[3.91. We follow the standard procedure
of separating all anomalous dimensions into a term proportional to the cusp anomalous
dimension and a non-cusp term. We first give the three-loop cusp which applies to all
functions and then proceed to give the non-cusp term for each function separately. The
anomalous dimensions we give here are the ones that correspond to the renormalization
group equation in [3.57]

A.2.1 The cusp anomalous dimension and [ function

I (as) = 4C; Zr["l Yousp(Qrs) = Cl, Laspla@s) = 4ZPW (A.9)
where
it =1,
riel - (%7 - 7?) Oy~ 2oy,
i — o3 <2§5 e 22<3> + CaTrny <—42178 LA <5>
+ CpTrny (—535 + 16(3) ;gTFn} : (A.10)

and for ¢ = f, g we have Uy = Cr and Cy, = C4. The B-function is given by
o) =20,y prlal, (A.11)

where

11 4
o — 5 _ -~ _ =
B = Bo 3C'A s Trns,

34 20
6[1] — ?CEX — ?CATan —4CFrTFrny,

2857 205 1415 44 158
2= == 202 — == 2\ T = =2 T2n>
I} 5 CA < CF CFCA 97 —C > Fny + < 9 Cr+ o7 CA) FNs
149753 1078361 6508 50065 6472 1093
(3] _ Al — 2 4 3
b 356463 ( 162 o7 43) ! < 162 CS) 729 'Y

(A.12)
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A.2.2 DbHQET heavy-quark jet function

As explained in the heavy-quark jet function factorizes into a bHQET hard function
H, and a bHQET jet function Jg—q. Their anomalous dimension are given by

prpe’ (v - b)
’)/ QFgusp 1 <_/L7TLQ”U| + 25’)/j
:U“Q
T+ = I‘gusp In mig + 257—1— (A13)

Q

The non-cusp anomalous dimensions for the hard function and the jet function are known
up to two-loops [73] and are given by

5%[}] =2Cp,
110 7«2 8 22
s = —cp|o T8 T -
Y7 Cr |Ca o7 T~ G| +Tpny w5 )|
ME] =Cp,
3 373 5 10 2
A = cp [CF < oy 24@,) 1Oy < =t m? 3og3> — Tpny <27 T WQ)] .
(A.14)
Their sum is known up to three loops and is given by
1 2
v 1 578 =3 ( 29 +3n2 4 8% L 240<5>
1657 224872 7wt 1552(3
2
- - - 4
+CACr ( 36 8l 18 9 0<5>
151 2057 247x' 844G | 877G
— 12
133672 27 400(3
T 40 — -
+CaCr F”f< LT} 59 >
2072 116m*  272¢
2 3
T —4 —
68 16072  64(3
CwT 2 n2 _ ) A.15
+ Cplpny < o + 31 9 > ( )
A.2.3 TMDPDF
The universal TMDPDF anomalous dimension is given in [30] by
2 .
=T Ik (A.16)

cusp Cl
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The non-cusp anomalous dimension for the TMDPDEF is known up to three loops and is
given by

’Y\q/[l] = —6CF

961 1172 260 4
VI = C2 (=3 4 42 — 48C3) + CpCla < 5 > + CpTrny <27 + g)

167 3272
+B = ¢, <29 —6m2 — Tﬂ —136Cs +

(3 + 480§5>

151 41072  4947* 1688 1672
- - —24
+CFOA< - T T3 5 T3 G 0<5>

139345 716372 837* 7052 8872
+CrCi <_ 158 243 45 T 9 BT g C3_272C5>

5906 5272 56774 1024 g)
3

+C%TF”f( o7 9 27

34636 518872  447x* 3856 19336 8072 64
+ CFCATan <— + T + T _ Cg) + CFT}%n?c < _ oV CS)

729 243 45 27

(A.17)
73[1] = _%CA + %TFTLﬁ
%/H cz ( 12&;4 N 1197T2 > - CuTpn, <52172 4;r ) - 8CpTrny,
S Y C R TRIRC S
+2C3Trny (32;;5 - % ‘4 18325 . 71263)
+2C4CrTrny (2;1‘;’4 — gﬂ 4% - 304@) — 4C%Tpny
+204TEn; <—§32S + ;L—(l)ﬂ - 22274<3> — %CFTI%n?. (A.18)
A.2.4 Hard Function
The hard function H.,+, anomalous dimension is given in [89] by
vir = (2CF + Ca)Yeusp h{jﬁ — 2C P Yeusp mg I (Oj) (A.19)

The non-cusp anomalous dimensions is given by

syl = — 28y — 1205,



126 APPENDIX A. DIJET PRODUCTION IN SIDIS

2 272 4
5,),1[3} — ﬁ _ e QCATan + @ + i QCFTan —+ (—3 + 4% — 48(3) 2012:
27 9 27 3
692 1172 961 1172
( 5 tg t 253) 207 + < =7 5t 52C3> 2CACF,
1
5%[5}} _73[3} i 773[31_ (A.20)

2

A.2.5 Dijet soft function

The dijet anomalous dimension for the vy*g-channel is given by eq. The non-cusp
three—loop anomalous dimension is given by

3
8, = =00 {80anTF 27 (2280Gs + 127" + 457% — 4480) Cp — 5 (~3024C; + 1807 + 4753) n T |

+4Can;Tr [5 (—3024¢3 + 18072 — 4535) n Tk + (36720(3 — 22687* + 1999572 + 188110) CF]
- C3 [157r2 (1080¢3 — 6109) + 20 (—14823(3 + 5832¢5 + 48593) + 86137r4]
+2C5 { — 385695 + (96120¢3 + 22147 — 179707* + 535625) nsTr

— (—1598940(;3 + 3372 (1080¢; + 2167 — 2875) + 6998405 + 683905) CF} }
(A.21)

A.3 Soft function integrals and J-regulator

In this section, we give a pedagogical review of the integrals needed to obtain the dijet soft
function result at NLO. The integrals are introduced in The real diagrams are shown
in fig. and are the only ones contributing to the soft function. The virtual diagrams
vanish, as we show in this section, and are not shown in this work. In the following, we
use d = 4 — 2e.

Real diagram n - vy

The integral we need to compute is given by the expression

LAl eRPe(R)0(k,)
Ip= / Gy (n F 67 )0y K] (A.22)

Using the delta to integrate over k_ we get

dk+ dd- 2k: ek bg (k)
27r (2m)4=2 (ky +i67) (207 k2 + v k® — 2kyv; - k)

Completing the square, the denominator can be written as

207 k% +vik? — 2k vy k=0l (k- ijm? (A.24)
J
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We change variables k' — k — v 7. In this way, the integral simplifies to the following
expression,
iv‘ﬂ;b k‘+ A
[ 1 / dky 0(ky)e v7 / di2k ekt (A.25)
B 2mvt ) 2m kg +ddT (2m)d=2 g2 - ’
This allows us to perform each integral separately, which leads us to the final result of the
integral,
4BT(—¢) (vy-b)dt
Ip=— [1n ) + ) A.26
JB (47_[_)3_61)}_ ’U}_ YE ( )

Real diagram v, - vs

The integral we need to compute is given by

dk e*b5(k2)0(k
Iy = / - (K)6(k+) (A.27)
(2m) (v1 - k)(vg - k)
Using the delta to integrate over k_ we get
7 1 dk+ / d 2k e* b0 (k )2k,
2= 2m) %2 (207 k2 + v k? — 2kyv1 - k) (205 k2 + of k% — 2k, 09 - k)
(A.28)
We use Feynman parametrization in order to rewrite the denominator,
d ! (A.29)
_— = xXT . .
AB o [Az+(1—2)B]?
In our case, we identify
205 k3 2k vy - k 205 k? 2k v - k
A U1+++kz2— +’UJ: 7 B— U2+++k2_ +'U+2 _ (A.30)
Uy Uy Uy U2
In this way, the denominator can be rewritten the following way:
zA+ (1-2)B = [k — kyRi(2)]> + k3 Ra(w), (A.31)
where
1— .
Ry(z) = L % Ry(w) = 20(1 — )22, (A.32)
U1 Vg U1 Vg

We can perform a change of variables k' = k — ky R/ (z) and the integral simplifies as

follows,
dk dd 2k elk -b lk+R1 b0 k 2k
2= / / +/ d—2 2 ( ;) *. (A.33)

271"01 vy 2m) [k? + Ro(z)k2 ]2
We perform a Mellin-Barnes transformation in order to be able to integrate over k and
k4 separately,

1 +ico g, (Rzki_%_)z
K2+ Rok2]2 it D(=2) gy A.34
[k +R2ki]2 /ioo 2mi (2+2)T(-2) (k2)2+= ( )
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In this way, we integrate over k and get

I BE+1/ d /+loo dZ F( e—1 Z)BZRZ /+OO dk+ k22+1eik+Rl'b
= x —e—1— — .
12— (471')2 EU 27‘1’2 2 0 o T
(A.35)
Next, we integrate over k.,
Ip = BE+1 / dx / " dz —2)T(—e—1—2)T'(2422) B*(—i Ry -b) ~2(1+2) R}
2= (471')3 o 271'2 z
(A.36)

We integrate in z using residues. We close the integration path to the right side of the
imaginary axis and sum all the residues due to I'(—z) and I'(—e — 1 — z). The residues are
given by the expressions

Res[[(—2),n] — 0" d  Res["(~1 n—1—q =0 s
es[['(—z2),n] = ——— an esl'(—-1—e—2),n—1—¢ =" .
’ I'(n+1) ’ I'(n+1)
for n =0,1,2,... We then arrive at the sum
-8 VS (T(-=1—€e—n)[(2+2n) (BRy)"
Ly = —————B"! / d
2 (4m)3—cvf vy 0 x% { I(n+1) (R})"+
(1 +e—n)'(—2¢+2n) (—1)° (BRQ)n_l_e}
I'(n+1) (Ri)n—e

Now, we perform the z integral, where remember that the x dependence is through the
R;(x) and Ra(x) functions. Finally, we perform the sum over n and arrive at the final
result:

. B¢ Ay [ CT(=1— €)oF1(1,1,2 + €, —Ap) + T2(—e)T(1 + €)(—1)* Ay 1 ~(1 + Ab)e} .

(A.38)

(4m)3=<(v1 - va)

where Ay is given in [3.35]

Virtual diagram n - vy

The integral for this diagram is given by

dek 1
Ivlrtual / ) ASQ
2m)% (n -k +i0+)(vy - k)k? (4.39)

We begin integrating over k_. This integration restricts k4 values to be negative (k4 < 0),
otherwise all poles would be located in the negative part of the imaginary axis (due to
v}r > 0), and the integral would vanish. In this way, we get

Iv1rtual /dk-‘r/ dd 2k 9( k+) (A40)
2m)4=2 (ky +1i67) (207 k2 + vTk® — 2kyvy - k)
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Completing the square and performing the same change of variable as in the real diagram

n—uvy, we get
dk A%k 1
Vlrtual + +
— = 0. A4l
/ 27 k++u5+ / (2m)d=2 g2 ( )

This integral vanishes due to the integral over k being a scaleless integral, which is set to
zero in dimensional regularization. This was expected as the result of real diagram n — v
has no IR divergent part.

Virtual diagram v; - vs

The integral that has to be computed is given by

IVlrtual / dk 1 (A.42)
(27m)4 (vy - k +140)(v2 - k — 0) (k2 4 i0) -

First, we integrate over k_. We get a different result depending on the sign of k4, which
leads to the addition of (k) and 6(—k),

1= d— 7
271' 2 2111 k‘2 + k2 _ 2k+:}_1-k:| |:k . ('UQ’Uf _ vl”;r) + ]{;+('U2+U; — UE’UT):|
U1
(A.43)

7, = / dk 4 / d %k i6(ky)
d—2 )
2m) 2U2 k2 +k* — %} [kz (vov] — v1vy) + ky (v o] — v vf)}
. (A.44)
Lirtval — 7, 4 7, (A.45)
Both integrals are computed the same way, so we focus in one of them, Z; for example.

Here, we use Feynman parametrization in order to rewrite the denominator,

AB ~ ), YAz + (1 - 20)B2

(A.46)

In our case, we identify

207 ohsvr - k
A="0p2 k? - TEPUE D B ok (vgvf —010f) + k(v vy — v vf). (AAT)
U1 U1

In this way, the denominator can be rewritten the following way:

tA+ (1 —2)B = Ry(2)[k — ks E1(2) — Eo(x)]* + ki Fi(2) + Fa(x), (A.48)
where
Ri(z) ==
v 1 (vgui(1 —x) v Foo(1 — )
E(z) = %, Es(z) = B ( 2 - ' - > ’ (A.49)
o +(1 _ x)2
b v

Fi(x) = —(v1-v2)(1—z) and Fy(x) = —(v1-v2) 5
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We can perform a change of variables k' = k— k4 E1(z) — E2(z) and the integral simplifies

to
d—2 O ( —
. / " /dk+ / d de i (k) . (A.50)
2m)9=2 [Ry (2)k? + ko Fy () + Fo(z)]2

We can integrate over k we get

i Dle+1) ! dk . 1
L = (47r)1—€ F(Q) /0 daj/27:—9(_k+)[k+F1($)+F2(5L')] 1W. (A.51)

Finally, integrating over k4 we have

—2i T(e+1) /1 Fy©
YT amr @) Sy YRR (4.52)

which evaluates to zero if we perform the integration over x. The term I5 is zero for the
same reason, we can compute it following the same steps. This means

Iv1rtua1 0. (A53)

A.4 Hard prefactors

The hard prefactors for each channel are given in ref. [92]. We include in this section the
ones relevant to our cases

od" = 27TpTN7AgU oV = 27TpTM7A£U oIt = —47rij\[7B2
zs f{(& rr)’ 0 xs {(57 rr) 0 zs hi (&, rr)’
(A.54)
where )
s 1
N=ZZ (A.55)
TSpE Ty
A8 = 2| (1+ (=) Al — 24l | F (6 o), (A.56)
AgU = e;Cr {(1 + (1 - )>A5ZL 2AfU] L rr), (A.57)
By = ¢2T [(1 T(1- y2))BU+L — yQBL} MTzh 9 rr), (A.58)

and A and B factors are given by

. 2 4
A =15 e e - 9+ 420 22) G 4 [P [ - 2P

D pT Py
(A.59)
A, = ;3 - Z“D_g 2) {2 81— z)g (1= 21— 22(1 — z)];%;} , (A.60)
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pov = 5 1o %,

D3 3
P
L D2 pga
T
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L D3 p%’
D3 pzT’

where D is defined as )

D=1+42z2(1-2)—
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Appendix B

Dijet production in SIA

B.1 Fierz relations

The jet functions defined in eqs. and have open spinor indices. These spinor
indices are at first contracted between the jet functions for the two different collinear
directions, see eq. To remove contractions between different jet functions and obtain
our factorized hadronic tensor, we apply the following Fierz relations

4(")ii (Y ) = g™ [51151@' + ()i (1Y) — (V)i (Va) ks

4"

)ij Okl

= )10 ki + 0% (i |
+ (V) a (Mg + ) (kg — (1019 a(io" o)k
— 2 (i) — balio™ )]
+ (10" )Py + ()alir ™2 )i
+ e [ (r*9D)a (v s + ()P ]

= (v")adkj + 6 (Vg + (V) (VY kg — (V)i (V )k

= 21077 a (0 — (a0

+ (V") (1019 ks + (10171 (V17" )1 - (B.1)

Inserting these expressions in eq. many of the above Dirac structures lead to vanishing
expressions. Due to the collinear nature of the jet functions, only structures that contain an
explicit v or 4~ survive (see eq. @ Moreover, because the jet algorithm /measurement
is spin-independent and due to parity symmetry, we are left with

4(vp)is (VP

g | () ks + (| + -

4(V)ij0k = +iey” {(’ﬁ)il(wa*’ys)m + (10T (Y iy

— (v )alio* )k — (Z'Ua_’75)z‘z(7+)1cj] +.., (B.2)
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13 2

where the

into eq.

are terms in eq. [B.1 which give a vanishing contribution when inserted



Abstract

This thesis studies in detail two novel processes where transverse momentum dependent
parton distribution functions (TMDPDFs or TMDs) play a crucial role. These two pro-
cesses are dijet production in semi-inclusive deep inelastic scattering (SIDIS) and dijet
production in semi-inclusive annihilation (SIA).

Parton distribution functions (PDF's) play a pivotal role in unraveling hadron structure
and provide insights into the longitudinal momentum distribution of quarks and gluons
inside hadrons. However, they lack crucial insights into their transverse momentum dis-
tribution. This limitation led to the development of TMDs, which can be understood as a
generalization of PDF's and constitute a more comprehensive framework for characterizing
the three-dimensional structure of hadrons. TMDs are indispensable for understanding
phenomena involving the intrinsic transverse motion of partons, such as the spin structure
of the nucleon and the orbital angular momentum.

We delve into TMDs through two complementary approaches: Soft Collinear Effective
Theory (SCET) and the background field method. SCET constitutes the traditional way
of tackling transverse momentum dependent physics. The development of the effective
theory allows us to derive general properties of TMD distributions. On the other hand,
the background field method has recently been used as an alternative approach to describe
TMD processes and is particularly suitable for deriving higher-power corrections. We
provide a review of both theoretical approaches and use them to describe distinct cases
sensible to TMDs. We also provide a review of TMD factorization theorems. Factorization
theorems allow us to write a particular cross-section in terms of a product of universal
functions that describe each of the energy scales in a given process. For the case of TMDs,
we describe how factorization leads to their proper definition and their evolution following
renormalization group equations and double-scale evolution.

The novel work of this thesis consists on analyzing TMD distributions in two distinct
processes: dijet production in SIDIS and dijet production in STA.

For SIDIS, we develop a theoretical framework for factorization for the first time as well
as providing phenomenological predictions. The SIDIS process is sensible to gluon TMDs,
which are difficult to access from other similar processes. Additionally, the factorized
cross-section depends on a soft function that appears in this process for the first time and
we compute up to next-to-leading order (NLO). The soft function describes soft radiation
emitted by the hadronic states. We also give a prescription on how to evolve this soft
function following renormalization group equation and dealing with double-scale evolution,
as the soft function depends on an extra rapidity scale in the same way the TMDs do.
We perform a phenomenological study of the cross-section of the given process, describing



the contribution of each of the channels in the process and including a consideration
of theoretical errors. Our findings exhibit promising potential for measurement at the
forthcoming Electron Ion Collider (EIC).

In the case of SIA, we establish factorization at next-to-leading power (NLP) in the
small transverse momentum expansion for the first time following the background field
prescriptions. The SIA process is interesting as it depends on TMD jet states, which
largely simplifies computations and expressions at NLP, letting us present the results in
a didactic manner. We observe that to obtain a non-vanishing contribution from NLP
operators, there must be a breaking of symmetry between the energetic radiation directed
into the two distinct directions.

This thesis contributes novel insight through the study of these two new processes and
shows the profound impact of TMDs on describing particle physics as well as pointing to
future experimental research of the presented results.



Resumen

Esta tesis estudia en detalle dos procesos originales en los que las funciones de distribucién
de partones dependientes del momento transverso (TMDPDF o TMD, por sus siglas en
inglés) juegan un papel fundamental. Estos dos procesos consisten en produccion de dijets
en semi-inclusive deep inelastic scattering (SIDIS) y produccién de dijets en semi-inclusive
annihilation (SIA).

Las funciones de distribucién de partones (PDF, por sus siglas en inglés) tienen un
papel fundamental en la descripcién de la estructura hadrénica y de la distribucién longi-
tudinal de momento de los quarks y gluones dentro de los hadrones. Sin embargo, carecen
de informacién sobre su distribucién de momento transverso. Esta limitacién da lugar al
desarrollo de las TMD, que pueden ser entendidas como una generalizacién de las PDF
y constituyen un marco mas completo para describir la estructura tridimensional de los
hadrones. Las TMD son indispensables para comprender fenémenos que implican el movi-
miento transverso intrinseco de los partones, tales como la estructura de espin del nucleén
y su momento angular orbital.

Exploramos las TMD a través de dos enfoques complementarios: Soft Collinear Ef-
fective Theory (SCET) y el método del background field. SCET constituye el enfoque
tradicional para lidiar con distribuciones dependientes del momento transverso. El desa-
rrollo de la teoria efectiva nos permite obtener propiedades generales de las TMD. Por otro
lado, el método del background field ha sido utilizado recientemente como enfoque alter-
nativo para describir procesos dependientes del momento transverso y es particularmente
util para obtener contribuciones de ordenes superiores (NLP, por sus siglas en inglés).
Presentamos una revisiéon de ambos acercamientos tedéricos y los utilizamos para describir
distintos casos sensibles a las TMD. A su vez, tambien presentamos una revisién de los
teoremas de factorizacién de TMD. Los teoremas de factorizacién nos permiten escribir
una determinada seccion eficaz en términos del producto de funciones universales que des-
criben cada una de las escalas de energia presentes en un determinado proceso. En el caso
de las TMD, describimos como la factorizacién nos lleva a su definicién adecuada y su
evolucién siguiendo las ecuaciones del grupo de renormalizacién y la evolucién de doble
escala.

El trabajo original de esta tesis consiste en el andlisis de las distribuciones TMD en
dos procesos: produccion de dijets en SIDIS y produccion de dijets en SIA.

Para el caso de SIDIS, desarrollamos un marco tedrico para la factorizacién por primera
vez a la vez que ofrecemos predicciones fenomenoldgicas. El proceso SIDIS es sensible a las
TMD de gluones, el acceso a las cuales suele ser complicado en otros procesos similares.
Ademas, la seccién eficaz factorizada depende de una funcién soft que aparece en este



proceso por primera vez y que calculamos hasta primer orden (NLO, por sus siglas en
inglés). La funcién soft describe la radiacién soft emitida por los estados hadrénicos. A
su vez, ofrecemos una prescripcién sobre como evolucionar esta funcién soft siguiendo las
ecuaciones del grupo de renormalizacién y la evolucién de doble escala. Esto iltimo se debe
a que la funcién soft depende de una escala de rapidity adicional de la misma forma que
lo hacen las TMD. Por ultimo, llevamos a cabo un estudio fenomenolégico de la seccion
eficaz del proceso, describiendo la contribucién de cada uno de los canales e incluyendo
una discusién de los errores tedricos. Nuestras conclusiones apuntan a potencial para su
medicién en el futuro Electron Ion Collider (EIC).

Para el caso de SIA, establecemos la factorizacién a NLP en la expansion para pequenos
momentos transversos por primera vez siguiendo el método del background field. El proceso
SIA es interesante ya que depende de jets TMD, los cuales simplifican los calculos y
expresiones a NLP. Esto nos permite presentar los resultados de una forma didactica.
Podemos observar que para obtener una contribucién distinta de cero por parte de los
operadores a NLP, necesitamos una ruptura de la simetria entre la radiacién emitida en
las dos direcciones relevantes.

Esta tesis constituye una contribucion original al estudio de estos dos nuevos procesos
y muestra el profundo impacto de las TMD en la descripcion de la fisica de particulas
a la vez que senala hacia la posibilidad de futuras investigaciones experimentales de los
resultados presentados.
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