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Prelude

The exploration of hadron structure and quark distribution lies at the heart of modern
particle physics, o↵ering a window into the intricate dynamics governed by Quantum
Chromodynamics (QCD). Within this rich variety of subatomic phenomena, Parton Dis-
tribution Functions (PDFs) emerge as indispensable tools, encapsulating the probabilistic
distribution of quarks and gluons within hadrons.

Transverse Momentum Dependent Distributions (TMDs) represent a sophisticated
framework within the realm of quantum chromodynamics that captures the intricate dy-
namics of partons within hadrons with respect to their transverse momentum. Unlike
conventional PDFs, which describe the probability of finding a parton with a certain mo-
mentum fraction along the longitudinal direction of the parent hadron, TMDs provide
additional momentum information by considering the transverse momentum of the parton
relative to the direction of motion of the hadron. This distinction is crucial as it unveils the
three-dimensional structure of hadrons and o↵ers insights into the correlations between
the momentum distribution of the parton and its spin within the hadron. TMDs are in-
dispensable in various high-energy scattering processes, o↵ering a deeper understanding of
phenomena such as the spin structure of the nucleon, the transverse spin e↵ects in hadron
collisions, and the dynamics of hadronization in particle interactions.

In this thesis, we explore TMDs in detail, recognizing their pivotal role in illuminating
the underlying mechanisms governing hadron structure and parton distributions. We delve
into the multifaceted nature of TMDs, examining their significance across various theo-
retical frameworks. In particular, we study their manifestation in factorization theorems,
which underpin crucial processes such as Drell-Yan (DY), semi-inclusive deep inelastic
scattering (SIDIS), and semi-inclusive annihilation (SIA).

In our study of TMDs and TMD factorization, we adopt a multifaceted approach by
employing two distinct theoretical frameworks: Soft-Collinear E↵ective Theory (SCET)
and the background field method. SCET provides a powerful formalism for systematically
analyzing the dynamics of particles with vastly di↵erent energy scales, making it par-
ticularly well-suited for studying the intricate interplay between soft and collinear modes
inherent in TMD processes. On the other hand, the background field method o↵ers a com-
plementary perspective and facilitates the extension of factorization theorems beyond the
leading power. By following these complementary approaches, we aim to gain a deeper
insight into the underlying principles governing TMDs and their factorization, thereby
advancing our understanding of hadron structure and parton distributions.

This thesis contributes novel insights through the study of two new processes. The
first process involves dijet production in SIDIS, which we factorize within the framework
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of SCET. This process, anticipated to be probed at future Electron-Ion Collider (EIC)
experiments, o↵ers a unique opportunity to access gluon TMDs, typically challenging to
constrain. We present a comprehensive phenomenological analysis, providing factorization
theorems and plots showing the expected cross-section values for this process. This process
is also factorized in terms of a new TMD soft function, which describes the soft physics of
the process and appears in this work for the first time.

The second novel process under scrutiny is dijet production in SIA, where we extend
factorization up to next-to-leading power (NLP) in the small transverse momentum expan-
sion with the help of the background field method. This approach yields a factorization
theorem expressed in terms of jet TMDs, greatly simplifying the physics at NLP. Moreover,
our analysis unveils insights into NLP TMD distributions, a novel feature of this research
endeavor. Through the investigation of these two new processes, we aim to expand the
frontiers of knowledge in the realm of TMD physics, o↵ering fresh perspectives on hadron
structure and parton dynamics.

In this way, this thesis is structured into two distinct parts, with chapters 1, 2 and 4
being a review of the aspects needed to tackle both novel processes that we explore in our
work for the first time. These processes are presented in chapters 3 and 5.

Thus, the first part begins with a detailed review of the construction of the SCET
Lagrangian and the scaling of the di↵erent momentum modes, presented in chapter 1.
Chapter 2 is a review of TMD distributions, TMD factorization theorems, as well as the
evolution equations and divergences associated with TMD physics. Subsequently, chapter
3 o↵ers a thorough examination of the dijet production process in SIDIS, where SCET is
used as the basis for factorization.

In the second part of this thesis, attention shifts toward the background field method
and its application to TMD physics, along with the extension of factorization theorems
up to next-to-leading power (NLP), as reviewed in chapter 4. Chapter 5 then applies the
background field method in order to provide a comprehensive analysis of the process of
dijet production in SIA, detailing its theoretical intricacies and experimental implications.
Through this structured approach, this thesis endeavors to o↵er insight into TMD physics,
bridging theoretical foundations with practical applications in experimental high-energy
physics.



Chapter 1

Soft-Collinear E↵ective Theory

E↵ective Field Theories (EFTs) serve as valuable tools in addressing challenges within
quantum field theory involving multiple energy scales. These theories enable the expansion
of physical quantities by considering the small ratio of scales, e↵ectively distinguishing
between the low-energy and high-energy contributions to a given problem.

In Quantum Chromodynamics (QCD), the study involves a dual nature: a nonpertur-
bative low-energy regime and a perturbative high-energy domain. EFTs play a pivotal
role in disentangling these facets, allowing for separate calculations using appropriate
techniques. This is particularly pertinent in the context of a thesis focused on hadron-
collider observables, where nonperturbative contributions find expression through parton
distribution functions.

Traditionally, EFTs have been applied to low-energy QCD, with a significant empha-
sis on flavor physics. However, recent years have witnessed a shift, with EFTs finding
applications in high-energy physics. This shift is logical given that high-energy collider
processes inherently involve diverse energy scales. Processes in hadron colliders, for in-
stance, incorporate physics at both large scales, such as the center-of-mass energy, and
very low scales, such as the proton mass. E↵ectively addressing theoretical predictions for
these processes requires disentangling the physics associated with these varied scales.

The traditional approach to achieve this disentanglement involves diagrammatic meth-
ods, establishing properties based on Feynman diagrams in the high-energy limit. An alter-
native formalism, Soft-Collinear E↵ective Theory (SCET), allows to obtain factorization
theorems and provides an e↵ective Lagrangian that simplifies computational procedures.
There exists a close connection between EFTs and the traditional diagrammatic meth-
ods. Specifically, the diagrams of SCET correspond one-to-one with the expanded QCD
diagrams, underscoring the complementary nature of these approaches.

In this chapter, we describe the strategy of regions as a more comprehensive example of
the aim of constructing SCET. Then, we move to the derivation of the SCET lagrangian,
describing in detail the di↵erent modes contributing, their interaction terms, scaling and
evolution. This theoretical introduction is based on refs. [1, 2, 3].
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4 CHAPTER 1. SOFT-COLLINEAR EFFECTIVE THEORY

Figure 1.1: One-loop vertex corrections. Spin structure is ignored. Figure credit to T.
Becher, A. Broggio, A. Ferroglia, ref. [1].

1.1 The strategy of regions

In this section, we motivate the construction of SCET through the strategy of regions. The
approach known as the strategy of regions, see ref. [4], enables the asymptotic expansion
of loop integrals in dimensional regularization around various limits [5]. This expansion
involves dividing the integration into di↵erent regions and appropriately expanding the
integrand. In the context of e↵ective theories, distinct regions are represented by corre-
sponding e↵ective fields. The expanded integrals, achieved through the strategy of regions
technique, exhibit a one-to-one correspondence with Feynman diagrams of e↵ective field
theories regularized in dimensional regularization.

For those solely interested in expanding a perturbative result with a small parameter,
employing the strategy of regions method directly is a viable option without the necessity
of constructing an e↵ective Lagrangian. However, establishing an e↵ective field theory
provides significant advantages, particularly when aiming to derive all-order statements.
In particular, the use of an e↵ective Lagrangian allows us to derive factorization theorems
as well as to resum large logarithmic contributions using Renormalization Group (RG)
equations. Moreover, gauge invariance is evident in the Lagrangian, which can not be
said for individual diagrams. The e↵ective Lagrangian also o↵ers a systematic approach
to arrange higher power corrections by incorporating subleading terms.

The general approach for expanding a given Feynman integral in a specified kinematic
limit involves the following steps [5]:

1. Identify all regions of the integrand that lead to singularities in the considered limit.

2. Expand the integrand in each identified region and integrate each expansion over
the entire phase space.

3. Sum the results of the integrations over di↵erent regions to obtain the expansion of
the original integral.
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To ensure the e↵ectiveness of this procedure, it is crucial to properly regularize all
expanded integrals. Dimensional regularization alone may not always su�ce, and addi-
tional analytic regulators or subtraction techniques might be necessary. Additionally, it is
essential to consider each integration region only once to prevent double counting. While
identifying regions leading to singularities is typically straightforward, it is important to
note that certain cases may necessitate adding new regions to the list when increasing the
number of loops in the diagram [6].

Now, we examine the most straightforward example relevant to the context of SCET,
specifically a one-loop vertex diagram, as shown in fig. 1.1. This example is presented
in ref. [1] and we revisit it here. For simplicity, we disregard complications associated
with particle spin, as the momentum regions encountered in the computation of tensor
integrals align with those in the scalar integral discussed below. Referring to fig. 1.1,
the vertex correction involves assessing the following Feynman integral, where all internal
propagators are assumed to be massless

I = i⇡�d/2µ4�d

Z
ddk

1

(k2 + i0) [(k + l)2 + i0] [(k + p)2 + i0]
, (1.1)

where d = 4� 2" is the dimensional regulator. We introduce the following Lorentz invari-
ants

L2
⌘ �l2 � i0 , P 2

⌘ �p2 � i0 , Q2
⌘ �(l � p)2 � i0 . (1.2)

we want to compute the integral in the limit in which the external legs carry large energies
but small invariant masses, this is L2

⇠ P 2
⌧ Q2. We now introduce some basic notation

used in SCET, light-cone coordinates. It is useful to define the four-vector

nµ =
1
p

2
(1, 0, 0, 1) . (1.3)

We also define a conjugate vector n̄µ by reversing the sign of the spatial coordinates. Thus,
nµ and n̄µ satisfy,

n2 = n̄2 = 0, n̄ · n = 1. (1.4)

Using the vectors nµ and n̄µ we can decompose any other four-vector, pµ, into its light-cone
components,

pµ = p+n̄µ + p�nµ + pµ
?

= (p+, p�, p?)n, (1.5)

with

p+ = n · p, p� = n̄ · p, p2 = 2p+p� + p2? = 2p+p� � p2. (1.6)

where we use the notation p ⌘ ~p?. Light cone coordinates are commonly used in SCET
literature (with slight changes in normalization) and we use them throughout this thesis.
For completeness, we comment on them again in future sections.

We now introduce an expansion parameter � which vanishes in the limit in which we
are interested

�2 ⇠
P 2

Q2
⇠

L2

Q2
, and p2 ⇠ l2 ⇠ �2Q2 . (1.7)
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Once again, this is the typical SCET expansion parameter. We choose the reference vectors
in the directions of large momentum flow pµ ⇡ Qnµ and lµ ⇡ Qn̄µ. The components of p
and l will then typically scale as follows

pµ ⇠
�
�2, 1,�

�
Q , and lµ ⇠

�
1,�2,�

�
Q . (1.8)

However, the scaling is not unique. For instance, we could select the reference vector nµ

in a way that the perpendicular components of pµ are zero, aligning with eq. 1.8, but also
compatible with

�
1,�2,�n

�
, Q for any n > 1. Nevertheless, when employing the strategy

of regions to compute the loop diagram, one finds that only scalings kµ
⇠ (�a,�b,�c)Q,

where a + b = 2c, are significant. This scaling describes particles approaching the on-shell
condition as � ! 0. In this way, upon expanding the integrals, only the following four
regions yield non-vanishing contributions

• Hard (denoted by h in the following) where the components of the integration
momentum scale as kµ

⇠ (1, 1, 1) Q,

• Collinear to p (denoted by c) where k scales as kµ
⇠ (�2, 1,�) Q,

• Collinear to l (denoted by c̄) where k scales as kµ
⇠ (1,�2,�) Q,

• Soft (denoted by s) where k scales as kµ
⇠ (�2,�2,�2) Q.

All other potential scalings of the integration momentum that do not match one of the four
cases mentioned above result in scaleless integrals upon expansion. Consequently, they do
not contribute to the final result. In SCET, each of the low-energy regions outlined above
corresponds to a di↵erent field.

We can now compute the contribution of each non-vanishing region. However, it is
insightful to start by considering an example of a scaling that does not contribute to the
form factor case. In particular, we examine a soft scaling kµ

⇠ (�,�,�)Q. The expansion
of the propagator denominators in this scenario takes the form

(k + l)2 =

O(�
2
)

z}|{
k2 +2(

O(�
3
)

z }| {
k+ · l� +

O(�)

z }| {
k� · l+ +

O(�
2
)

z }| {
k? · l?) +

O(�
2
)

z}|{
l2 = 2k� · l+ + O(�2) , (1.9)

and analogously
(k + p)2 = 2k+ · p� + O(�2) , (1.10)

after which the hypothetical contribution becomes

i⇡�d/2µ4�d

Z
ddk

1

(k2 + i0) (2k� · l+ + i0) (2k+ · p� + i0)
. (1.11)

This integrals vanishes. It is interesting to observe that in the soft region the square of a
four-momentum is proportional to �4:

p2s ⇠ �
4Q2
⇠

L2P 2

Q2
. (1.12)

The momenta scaling as �4 are often called ultra soft in the literature to distinguish them
from the soft modes scaling as p2 ⇠ �2, as the one we have just considered. Such modes
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contribute for example to observables that are sensitive to small transverse momenta. The
relevant theory in the presence of soft modes with p2 ⇠ �2 is usually called SCETII. We
discuss the di↵erence between SCETI and SCETII in the following sections. It is crucial
to check which momentum modes contribute to a given process and include all relevant
regions in the e↵ective Lagrangian.

To identify the integral that requires evaluation when the integration momentum is
treated as hard, we examine the scaling behavior of the terms in the propagators as given
in eq. 1.1. It is evident that k2

⇠ �0Q2; for the remaining two propagators, we observe

(k + l)2 =

O(1)

z}|{
k2 +2(

O(�
2
)

z }| {
k+ · l� +

O(1)

z }| {
k� · l+ +

O(�)

z }| {
k? · l?) +

O(�
2
)

z}|{
l2 = k2 + 2k� · l+ + O(�) , (1.13)

and, similarly
(k + p)2 = k2 + 2k+ · p� + O(�) . (1.14)

Therefore, in the hard region we have

Ih = i⇡�d/2µ4�d

Z
ddk

1

(k2 + i0) (k2 + 2k� · l+ + i0) (k2 + 2k+ · p� + i0)
; (1.15)

it coincides with the form factor integral with on shell external legs (i.e. calculated by
setting p2 = l2 = 0 from the start). The integral evaluates to

Ih =
�(1 + ")

2l+ · p�

�2(�")

�(1� 2")

✓
µ2

2l+ · p�

◆"

=
�(1 + ")

Q2

✓
1

"2
+

1

"
ln

µ2

Q2
+

1

2
ln2

µ2

Q2
�
⇡2

6

◆
+ O (") . (1.16)

Whe collinear to p the integration momentum scales as kµ
⇠ (�2, 1,�)Q. In this region

k2
⇠ �2Q2, while

(k + l)2 = 2k� · l+ + O(�2) , (k + p)2 = O(�2) . (1.17)

By keeping only the leading term we find

Ic = i⇡�d/2µ4�d

Z
ddk

1

(k2 + i0) (2k� · l+ + i0) [(k + p)2 + i0]

= �
�(1 + ")

2l+ · p�

�2(�")

�(1� 2")

✓
µ2

P 2

◆"

=
�(1 + ")

Q2

✓
�

1

"2
�

1

"
ln

µ2

P 2
�

1

2
ln2

µ2

P 2
+
⇡2

6

◆
+ O(") . (1.18)

We observe that the integral scales as P�2" . Clearly, the calculation of the integral in the
region collinear to l is identical to the calculation of the integral in the region collinear to
p, eq. 1.18, except that one needs to replace P 2 with L2 in the final result.

Finally, in the soft region all of the components of the integration momentum are
proportional to �2, therefore

k2 = O(�4) , (k+l)2 = 2k�·l++l2+O(�3) , and (k+p)2 = 2k+·p�+p2+O(�3) , (1.19)
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and the integral in the soft region is

Is = i⇡�d/2µ4�d

Z
ddk

1

(k2 + i0) (2k� · l+ + l2 + i0) (2k+ · p� + p2 + i0)

= �
� (1 + ")

2l+ · p�
�(")� (�")

✓
2l+ · p�µ2

L2P 2

◆"

=
�(1 + ")

Q2

✓
1

"2
+

1

"
ln

µ2Q2

L2P 2
+

1

2
ln2

µ2Q2

L2P 2
+
⇡2

6

◆
+ O (") . (1.20)

The poles in the last line of eq. 1.20 are of ultraviolet origin. As expected, the result
depends on the new soft scale ⇤2

soft ⇠ P 2L2/Q2.
To prevent any potential double counting between di↵erent regions, it is required that

we subtract the overlap (known as zero-bin contribution) from the collinear region, see
ref. [7]. This zero-bin contribution is derived by expanding the collinear integrand around
the soft limit. The resulting overlap contribution is characterized by scaleless integrals,
which conveniently vanish when using dimensional regularization. As both the soft and
collinear integrals are dependent on a single scale (namely, P 2 for collinear integrals and
⇤2

soft for soft integrals), any further expansions of the integrands lead to scaleless integrals.
Consequently, systematic expansions across di↵erent regions eliminate the need for zero-
bin subtractions in dimensional regularization.

However, if higher-order terms are not consistently expanded, the possibility of non-
zero overlap contributions arises, necessitating subtraction to avoid double counting. Ex-
amples where non-vanishing zero-bin contributions have been encountered in SCET include
processes such as Drell-Yan production and dijet production, discuss further in subsequent
chapters. These cases involve soft and collinear phase-space integrals with multiple scales,
adding complexity to the resummation process. The coexistence of non-vanishing zero-bin
contributions points to an incomplete scale separation, arising consideration of whether
an e↵ective theory can be formulated to achieve complete scale separation.

In this way, the final analytical expression for the integral in eq. 1.1 under the condition
where L2

⇠ P 2
⌧ Q2 is as follows

Ih =
� (1 + ")

Q2

✓
1

"2
+

1

"
ln

µ2

Q2
+

1

2
ln2

µ2

Q2
�
⇡2

6
+ O(�)

◆
, (1.21)

I =
� (1 + ")

Q2

✓
�

1

"2
�

1

"
ln

µ2

P 2
�

1

2
ln2

µ2

P 2
+
⇡2

6
+ O(�)

◆
, (1.22)

I =
� (1 + ")

Q2

✓
�

1

"2
�

1

"
ln

µ2

L2
�

1

2
ln2

µ2

L2
+
⇡2

6
+ O(�)

◆
, (1.23)

Is =
� (1 + ")

Q2

✓
1

"2
+

1

"
ln

µ2Q2

L2P 2
+

1

2
ln2

µ2Q2

L2P 2
+
⇡2

6
+ O(�)

◆
, (1.24)

thus

I⌘Ih+I+I+Is =
1

Q2

✓
ln

Q2

L2
ln

Q2

P 2
+
⇡2

3
+ O(�)

◆
(1.25)

The result remains independent of the dimensional regulator " and it coincides with the
result achieved by directly computing the integral in eq. 1.1 and subsequently expanding
the result in the limit as � approaches 0.
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We emphasize that the infrared divergences identified in the hard region cancel against
the ultraviolet divergences arising from the combined soft and collinear contributions. This
characteristic holds universally and demands an interplay of the logarithmic terms present
in the di↵erent integrals, canceling the intermediate scales:

�
1

"
ln

µ2

P 2
�

1

"
ln

µ2

L2
+

1

"
ln

µ2Q2

L2P 2
= �

1

"
ln

µ2

Q2
. (1.26)

The necessity for the infrared divergences originating from the hard region to cancel the
ultraviolet divergences emerging from the soft and collinear regions imposes a constraint
on the infrared pole structure in a generic amplitude.

1.2 SCETI

The exercise presented in the last section serves as an example of what we achieve by
constructing an e↵ective theory. Nonetheless, the construction of an e↵ective lagrangian
is advantageous with respect to the strategy of regions as it allows us to derive all-order
statements, obtain factorization theorems and resum large logarithms. Once all momen-
tum regions are identified we need to obtain a Lagrangian whose Feynman rules reproduce
the same diagrams obtained by the strategy of regions. Some complications arise when
considering QCD, in particular

1. Di↵erent components of the quark and gluon fields scale di↵erently with the expan-
sion parameter �.

2. The theory should be gauge invariant, and it is also necessary for gauge transforma-
tions to preserve the scaling of the fields.

3. Wilson lines are needed in order to preserve gauge invariance of non-local operators.

1.2.1 Scaling of the fields

Following the example presented when studying the strategy of regions, we consider four
di↵erent regions with their momentum scaling as follows

• Hard (h) with momentum kµ
⇠ (1, 1, 1) Q,

• Collinear (c) with momentum kµ
⇠ (�2, 1,�) Q,

• Anticollinear (c̄) with momentum kµ
⇠ (1,�2,�) Q,

• Soft (s) with momentum kµ
⇠ (�2,�2,�2) Q.

In the e↵ective field theory, we need an e↵ective field corresponding to each of the di↵erent
momentum scalings. Thus, we introduce the following e↵ective fields for quark and gluon
fields respectively

 !  c +  c̄ +  s,

Aµ
! Aµ

c + Aµ

c̄ + Aµ

s ,
(1.27)
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In order to derive the e↵ective lagrangian, we substitute the e↵ective fields in the QCD
Lagrangian and eliminate the suppressed terms, the resulting expression holds at tree
level. At higher orders, certain matching corrections emerge, but they can be addressed
by adjusting the coe�cients of tree-level operators.

In order to properly identify the suppressed terms, we need to know how each field
scales with the expansion parameter �. We can obtain the proper scaling of each compo-
nent by computing the propagator of the field.For the gluon field we have the following

h0|T{Aa

µ(x)Ab

v(0)}|0i =

Z
d4p

(2⇡)4
i

p2 + i0
e�ip·x


�gµv + ⇠

pµpv
p2

�
�ab, (1.28)

where a, b are color indices (Aµ = Aa
µta, where ta are the generators of SU(N)). In the

following, we consider Aµ = Aa
µta. The position xµ is the Fourier conjugate of the mo-

mentum pµ so that p · x ⇠ O
�
�0
�
. The part of the propagator that involves the gauge

parameter ⇠ scales like d4p/(p2)2pµpv ⇠ pµpv. As gauge symmetry transforms as their
associated momentum we expect that in a general gauge Aµ ⇠ pµ. For soft and collinear
gluons the field components scale as

�
n · As, n̄ · As, A

µ

s?

�
⇠
�
�2,�2,�2

�
�
n · Ac, n̄ · Ac, A

µ

c?

�
⇠
�
�2, 1,�

�
.

(1.29)

Soft gluons appear suppressed with respect to the collinear component, except for the
n-component. The soft quark propagator is given by

⌦
0
��T
�
 s(x) ̄s(0)

 �� 0
↵

=

Z
d4p

(2⇡)4
i/p

p2 + i0
e�ip·x

⇠
�
�2
�4 �2

�4
= �6, (1.30)

yielding  s(x) ⇠ �3. The collinear case needs some special treatment as it should be
further factorized into two distinct fields, which scale di↵erently with the parameter �,
this is

 c = ⇠c + ⌘c = P+ + P� , (1.31)

where we have define the projectors

P+ =
/n/̄n

2
, P� =

/̄n/n

2
. (1.32)

One can immediately check that they are indeed projection operators and that they verify
P+ + P� = 1 and P 2

± = P±. In this way, the quark propagator

⌦
0
��T
�
⇠c(x)⇠̄c(0)

 �� 0
↵

=

Z
d4p

(2⇡)4
e�ip·x /n/̄n

2

i/p

p2 + i0

/̄n/n

2

=

Z
d4p

(2⇡)4
e�ip·x

in̄ · p /n

p2 + i0
⇠
�4

�2
= �2.

(1.33)

Thus, ⇠c ⇠ �. The exact same derivation can be done for ⌘c which yields ⌘c ⇠ �2. The
fields ⇠ and ⌘ are usually known as good and bad components, as ⌘ (bad) is suppressed
with respect to ⇠ (good). Soft quark fields are suppressed with respect to collinear ones.
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Anticollinear fields scale the same way as collinear ones. To sum up, we find that quark
and gluon fields scale as

⇠c/c̄ ⇠ � (1.34)

⌘c/c̄ ⇠ �
2 (1.35)

(n · As, n̄ · As, A
µ

s?
) ⇠ (�2,�2,�2) (1.36)

(n · Ac/c̄, n̄ · Ac/c̄, A
µ

c/c̄?
) ⇠ (�2, 1,�). (1.37)

1.2.2 E↵ective Lagrangian at leading power

Once the scaling of the e↵ective fields has been established, the next step to build the
e↵ective lagrangian is to substitute the e↵ective fields in the full QCD action. This can
be schematically written as

S = Ss + Sc + Sc̄ + Sc+s + Sc̄+s, (1.38)

where the di↵erent terms are collected in terms of their content. Ss contains purely
soft interaction, Sc the collinear terms and Sc+s describes the collinear and soft mixed
interactions. The anticollinear terms are the same as the collinear ones and can be obtained
just by changing collinear fields to anticollinear fields. In this way, the collinear action is
given by

Sc =

Z
d4x

�
⇠̄c + ⌘̄c

� ⇥
/n in̄ · Dc + /̄n in · Dc + i /Dc?

⇤
(⇠c + ⌘c)�

1

4

�
F c,a

µ⌫

�2

=

Z
d4x⇠̄c /̄n in · Dc⇠̄c + ⇠̄ci /Dc?⌘c + ⌘̄ci /Dc?⇠̄c + ⌘̄c /n in̄ · Dc⌘c �

1

4

�
F c,a

µ⌫

�2
.

(1.39)

where the covariant derivative is defined as

iDs

µ = i@µ + gAs

µ(x), iDc

µ = i@µ + gAc

µ(x) (1.40)

This form of the action is not ideal since ⇠c ⇠ � and ⌘c ⇠ �2 fields are mixed. Due to the
action being quadratic in ⌘c, we can integrate over the suppressed fields exactly. This is
done by performing the shift

⌘c ! ⌘c �
/̄n

2

1

in̄ · Dc

i /Dc?⇠c. (1.41)

Therefore, the collinear action can be rewritten as

Sc =

Z
d4x⇠̄c


in · Dc + i /Dc?

1

in̄ · Dc

i /Dc?

�
⇠c �

1

4

�
F c,a

µ⌫

�2
+ ⌘̄c /̄n in̄ · Dc⌘c, (1.42)

which can be integrated over. There are some details to the integration that we do not
discuss here and can be found in ref. [1]. The collinear part is finally written as

Sc =

Z
d4x⇠̄c


in · Dc + i /Dc?

1

in̄ · Dc

i /Dc?

�
⇠c �

1

4

�
F c,a

µ⌫

�2
. (1.43)
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The soft action is obtained in the same way and is given by

Ss =

Z
d4x ̄si /Ds s �

1

4

�
F s,a

µ⌫

�2
, (1.44)

where the soft field strength is given

igF s,a

µ⌫ ta =
⇥
iDs

µ, iDs

v

⇤
. (1.45)

Next, we examine the soft and collinear mixed e↵ective action, Ss+c. While the general
construction of such terms is intricate and typically carried out in position space formalism,
we focus specifically on investigating the leading power terms. A more detailed discussion
on how to treat subleading terms is given in chapter 4 of this thesis. Consequently, we
need to consider certain aspects:  s exhibits power suppression in comparison to collinear
fermion fields, resulting in the absence of soft fermion fields in leading power interactions
with collinear fields. Additionally, since n̄ · As and Aµ

s?
are power suppressed relative

to their collinear counterparts, only terms involving n · As emerge. Consequently, these
conditions dictate that the leading power term of Ss+c is derived by substituting

Aµ

c ! Aµ

c + n · Asn̄
µ (1.46)

in Sc. To obtain the final result, it is necessary to perform a derivative expansion in
the resultant action, corresponding to an expansion in small momentum components.
Consequently, we delve into the interaction between a soft gluon and a collinear fermion

Ss+c =

Z
d4x⇠̄c(x) /̄n n · As(x)⇠c(x). (1.47)

This expression emerges from substituting the condition in eq. 1.46 into the Sc action.
The momentum is composed of both a soft and a collinear component, with a scaling akin
to that of a collinear momentum. Specifically, this implies the scaling of the form

pµc + pµs ⇠ pµc ⇠
�
�2, 1,�

�
,

xµ
⇠
�
1,��2,��1

�
,

(1.48)

where only the term involving x� is leading power. Thus, we expand the action Ss+c into
a Taylor series

Ss+c =

Z
d4x⇠̄c(x)

/̄n

2
⇠c(x) [1 + x? · @? + x+ · @+ + . . .] n · As(x)

����
x=x�

=

Z
d4x⇠̄c(x)

/̄n

2
⇠c(x)n · As (x�) + O(�),

(1.49)

since all terms containing derivatives in eq. 1.49 contribute to subleading terms. This
expansion is referred to as the multipole expansion, as outlined in ref. [8]. By examining
the various terms within the SCET e↵ective action, we reach the conclusive expression for
the SCET Lagrangian at leading power

LSCET =  ̄si /Ds s+ ⇠̄c /̄n


in · D +

i

2
/Dc?

1

in̄ · Dc

i /Dc?

�
⇠c�

1

4

�
F s,a

µ⌫

�2
�

1

4

�
F c,a

µ⌫

�2
+{c! c̄},

(1.50)
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where the anticollinear part is obtained by changing c ! c̄, n $ n̄ and x� ! x+. The
mixed covariant derivative is

in · D = in · @ + gn · Ac(x) + gn · As (x�) , (1.51)

and the collinear field strength is given by

igF c,a

µ⌫ ta = [iDµ, iDv] . (1.52)

The covariant derivative that appears in the second commutator is as follows

Dµ = n · Dn̄µ + n̄ · Dcn
µ + Dµ

c?
. (1.53)

1.2.3 Gauge transformations

In this section, we briefly explore gauge transformations of the recently examined e↵ective
Lagrangian. Given the splitting of the gauge field into distinct soft and collinear compo-
nents and the necessity for gauge transformations to preserve the scaling of the fields, we
perform di↵erent gauge transformations for each field:

Vs(x) = exp [i↵a

s(x)ta] , (1.54)

Vc(x) = exp [i↵a

c (x)ta] , (1.55)

for soft and collinear gauge transformations respectively. The gauge transformations ex-
hibit scaling behavior as their corresponding fields: @↵a

s(x) ⇠ �2↵a
s(x) and @µ↵a

c (x) ⇠�
�2, 1,�

�
↵a
c (x). The soft gauge transformation operates on the soft fields in the usual

manner

 s(x)! Vs(x) s(x) (1.56)

Aµ

s (x)! Vs(x)Aµ

s (x)V †

s (x) +
i

g
Vs(x)@µV †

s (x) (1.57)

Dµ

s (x)! Vs(x)Dµ

s V †

s (x) (1.58)

The soft gauge transformations act over collinear fields as

 c(x)! Vs (x�) c(x), (1.59)

Aµ

c (x)! Vs (x�) Aµ

c (x)V †

s (x�) (1.60)

Dµ(x)! Vs (x�) Dµ(x)V †

s (x�) . (1.61)

It is important to highlight the use of the multipole expansion and the substitution of
x ! x� in the soft fields. This expansion is crucial in preventing the emergence of a
series of troublesome power corrections. Additionally, the collinear gauge field transforms
similar to a matter field, devoid of an inhomogeneous term. This ensures the appropriate
transformation of the mixed covariant derivative. When examining the collinear gauge
transformation on collinear and soft fields, it becomes evident that soft fields remain
una↵ected, while collinear fields transform the usual way

⇠c(x)! Vc(x)⇠c(x), Dµ
! Vc(x)DµV †

c (x), (1.62)
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 s(x)!  s(x), Dµ

s ! Dµ

s , (1.63)

Aµ

c (x)! Vc(x)Aµ

c V †

c (x) +
1

g
Vc(x)

h
i@µ + gn̄µn · As (x�) , V †

c (x)
i
. (1.64)

Having established the transformation of covariant derivatives, it is straightforward to
confirm that the e↵ective Lagrangian remains invariant under both soft and collinear
gauge transformations.

1.2.4 SCET vector current and matching coe�cient

The e↵ective Lagrangian dictates the interaction between soft and collinear fields, as well
as mixed interactions between them. However, what is currently absent are operators
detailing the interaction between the two collinear sectors. The tree-level diagram in
QCD can be substituted with the SCET operator

Jµ =  ̄�µ ! ⇠̄c�
µ⇠c̄ (1.65)

We can decompose �µ in terms of its light cone components and using the projection
properties we find that only the transverse term survives, this is

⇠̄c�
µ⇠̃c̄ = ⇠̄c

⇥
nµ /̄n + n̄µ/n + �µ

?

⇤
⇠c̄ = ⇠̄c�

µ

?
⇠c̄ (1.66)

Nevertheless, this operator proves inadequate for loop calculations or when incorporating
collinear gluons. Typically, operators involving derivatives are power-suppressed, but in
SCET, the derivatives related to the large momentum component of collinear fields, gen-
erally denoted as n̄ · @�c, exhibit a scaling of ⇠ �0Q�c. Therefore, to formulate a more
comprehensive gauge-invariant operator at leading power, we explore the series:

�c(x + tn̄) =
1X

n=0

tn

n!
(n̄ · @)n�c(x) (1.67)

When including this expansion into a convolution we get

Z
dtC(t)�c(x + tn̄) =

1X

n=0

Cn

n!
(n̄ · @)n�c(x) (1.68)

where Cn is the n-th moment of the coe�cient function

Cn =

Z
dtC(t)tn (1.69)

Rather than incorporating an arbitrary number of derivatives, we opt to smear the field
�c along the light cone, as depicted in equation 1.68. The function C(t) encapsulates
information regarding the Wilson coe�cients of the higher derivative operators. The
introduction of this field smearing renders the operator non-local, necessitating careful
attention to maintain gauge invariance. We consider now the operator defining the quark
parton distribution function

⇠̄c(x + tn̄)
/n

2
⇠c(x). (1.70)
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This operator is not gauge invariant. To solve this problem we need to transport the gauge
transformation at the point x to the point x+ tn̄. This can be achieved using the collinear
version of the Wilson line, defined as

[x + tn̄, x] = P exp


ig

Z
t

0

dt0n̄ · Ac(x + tn̄)

�
(1.71)

It is important to observe that the exponent is a color matrix, signifying that the symbol
P denotes an ordering prescription. The path ordering establishes that the color matrix at
a later time is positioned to the left of the earlier ones. The Wilson line gauge transforms
as follows

[x + tn̄, x]! Vc(x + tn̄)[x + tn̄, x]V †

c (x) (1.72)

which renders the operator in eq. 1.70 gauge invariant. In SCET is useful to define a
Wilson line running from infinity along n̄µ to xµ as

Wc(x) = [x, x�1n̄] (1.73)

so a Wilson line defined over a finite segment can be written as

[x + tn̄, x] = Wc(x + tn̄)W †

c (x) (1.74)

This implies that to transition from x to x + tn̄, we initially travel from x to infinity and
then return to x + tn̄. The segment traveled in both directions cancels out due to the
unitarity of the matrix, resulting in the finite matrix element. Utilizing the Wilson line,
Wc(x), we can establish the basic SCET building blocks

�c(x) ⌘W †

c (x)⇠c(x), (1.75)

A
µ

c (x) ⌘W †

c (x)Dµ

c Wc(x), (1.76)

These blocks remain invariant by collinear gauge transformations that approach zero at in-
finity. These building blocks facilitate the construction of gauge-invariant SCET operators.
The introduction of soft Wilson lines will be addressed subsequently to disentangle soft
interactions. With these considerations, we can now formulate the more comprehensive
SCET current operator at leading power.

Jµ(0) =

Z
ds

Z
dtC̃V (s, t)�̄c(tn̄)�µ

?
�c̄(sn). (1.77)

Notice that at the leading order, the matching coe�cient C̃V (s, t) = �(s)�(t). It is perti-
nent to consider that the Fourier transform of this coe�cient depends solely on the large
component of the transferred momentum, denoted as Q2 = (n · l)(n̄ · p). To demonstrate
this, we shift the field to the origin x = 0 using the momentum operator and subsequently
take the matrix element between a state featuring an incoming quark with momentum lµ

and an outgoing quark with momentum pµ, this is

hq(p) |Jµ(0)| q(l)i =

Z
ds

Z
dtC̃V (s, t)e�isn·leitn̄·pū(p)�µ

?
u(l)
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Figure 1.2: Diagrams that contribute to the one-loop contribution of CV . Figure credit
to D. Gutierrez-Reyes, ref. [3].

= CV

�
(n · l)(n̄ · p)

�
ū(p)�µ

?
u(l). (1.78)

This fact arises from the fact that SCET exhibits invariance under a rescaling transfor-
mation, where nµ

! ↵nµ and n̄µ
! 1/↵n̄µ. This rescaling, known as reparametrization

invariance ref. [9], ensures that the physics remains independent of the precise choice of
reference vectors employed in establishing the e↵ective theory.

1.2.5 Matching coe�cient at NLO

In this section, we briefly explore the computation of the explicit one-loop contribution
of CV . The relevant Feynman diagrams are illustrated in fig. 1.2. Alongside the loop
diagrams involving collinear fields and soft exchanges, there exists a contribution coming
from the one-loop correction to the Wilson coe�cient. The vertices, where a collinear
gluon is emitted from the current, are derived by expanding the Wilson line in terms of
the coupling using the building blocks.

Setting the low-energy scales P 2 and L2 to zero renders the soft and collinear integrals
scaleless. Consequently, the full theory equates to the hard region, and on the e↵ective
theory side, only the one-loop contribution of the Wilson coe�cient persists. Thus, we
determine the Wilson coe�cient by computing the on-shell form factor with P 2 = L2 = 0

Cbare

V

�
✏, Q2

�
= 1 + as(µ)CF

✓
�

2

✏2
�

3

✏
+
⇡2

6
� 8 + O(✏)

◆✓
Q2

µ2

◆�✏

+ O
�
a2s
�
, (1.79)

where as(µ) = ↵s(µ)/(4⇡) and the color structure is given by tata = CF1 =
�
N2

c� 1)
/ (2Nc)1. This coe�cient needs to be renormalized by absorbing the divergencies into a
multiplicative Z-factor

CV

�
Q2, µ2

�
= Z�1

�
✏, Q2, µ

�
Cbare

V

�
✏, Q2

�
. (1.80)

The final result is given by

CV

�
Q2, µ2

�
= 1 + as(µ)CF

✓
� ln2

Q2

µ2
+ 3 ln

Q2

µ2
+
⇡2

6
� 8

◆
+ O

�
a2s
�

(1.81)
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A distinctive aspect of this computation, compared to other analogous calculations in
quantum field theory, is the appearance of a 1/✏2 divergence. This divergence emerges due
to the presence of both soft and collinear divergences. Consequently, the Wilson coe�cient
encompasses double logarithms, and the anomalous dimension regulating the RG equation
of the Wilson coe�cient incorporates a logarithmic term

d

d ln µ
CV

�
Q2, µ

�
=


�cusp (as) ln

Q2

µ2
+ �V (as)

�
CV

�
Q2, µ

�
(1.82)

The cusp, �cusp, and non-cusp, �V , anomalous dimensions are known up to O
�
a4s
�
. While

their explicit expressions are not provided here, they can be found in ref. [10]. The match-
ing coe�cient CV is similarly known up to the same accuracy, refs. [11, 12]. The additional
logarithm in the anomalous dimension, as present in the RG equation in eq. 1.82, serves
as a distinctive feature. It is essential to recognize that the dependence on this loga-
rithm is solely linear, thereby preserving the integrity of the expansion of the anomalous
dimensions despite the presence of large logarithms.

1.2.6 Decoupling soft and collinear modes

Our final consideration involves the disentanglement of soft radiation from the collinear
fields. This can be achieved by introducing the soft Wilson line

Sn(x) = P exp


ig

Z
0

�1

dsn · As(x + sn)

�
(1.83)

which fulfills the equality n · DsSn(x) = 0. We can then redefine the collinear fields as

⇠c = Sn (x�) ⇠(0)c (1.84)

Aµ

c = Sn (x�) A(0)µ

c S+

n (x�) . (1.85)

The soft and collinear mixed interaction Lagrangian can be rewritten as follows

Lc+s = ⇠̄c /̄n in · D⇠c = ⇠̄c /̄n (in · Ds + n · Ac) ⇠c

= ⇠̄(0)c
/̄n
⇣
in · @s + n · A(0)

c

⌘
⇠(0)c = ⇠̄(0)c

/̄n in · D(0)

c ⇠(0)c , (1.86)

where the decoupling has removed the soft and collinear mixed interactions from the
leading power Lagrangian. In this way, the full SCET Lagrangian takes the form

LSCET = L
(0)

c + L
(0)

c̄ + Ls. (1.87)

This expression signifies that we are dealing with independent theories governing soft and
collinear particles. Additionally, the states can be separated as

|Xi = |Xci ⌦ |Xc̄i ⌦ |Xsi (1.88)

The decoupling of soft radiation does not imply its complete elimination; instead, it ap-
pears as soft Wilson lines aligned with the direction of energetic particles. For instance,
the vector current can be rewritten as

�̄c(tn̄)�µ
?
�c̄(sn) = �̄(0)

c (tn̄)S̄†

n(0)�µ
?
Sn̄(0)�(0)

c̄ (sn) (1.89)

In chapter 2, we show how the soft Wilson lines lead to the appearance of a soft function
that encapsulates the contribution of soft gluon radiation.
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Figure 1.3: Factorized Sudakov form factor. Figure credit to D. Gutierrez-Reyes, ref. [3].

1.2.7 Resummation and evolution

As a result of the derived Lagrangian and the decoupling of soft and collinear interaction,
the Sudakov form factor can be rewritten as

F
�
Q2, L2, P 2

�
= CV

�
Q2, µ

�
F
�
P 2, µ

�
F̄
�
L2, µ

�
S
�
⇤2

s, µ
�
. (1.90)

where both collinear F and anticollinear F̄ functions are identical. The soft function is
dependent on a soft scale given by ⇤2

s = L2P 2/Q2. This decomposition is shown graph-
ically in fig. 1.3. Each of the items satisfies distinct RG equations, and solving them
allows for the resummation of significant perturbative logarithms inherent in fixed-order
calculations. This process involves assessing each function in eq.1.90 at its intrinsic scale
and subsequently evolving them to a common reference scale. Consequently, logarithmic
terms like ↵n lnm

�
Q2/p2

�
with m  2n and p2 = P 2, L2, Q2 are e↵ectively resummed.

This resummation safeguards the conventional perturbative expansion of these functions.
Notably, processes such as the one depicted in fig.1.3 exhibit Sudakov logarithms, char-
acterized by m = 2n, arising from the intricate interplay of soft and collinear physics.

All the matrix elements in the e↵ective theory depend on the renormalization scale, µ.
Since any given cross section can not depend on this scale, the dependence must cancel in
the product in eq. 1.90. Therefore, the sum of the anomalous dimensions of every function
should cancel. In eq. 1.82 we gave an RG equation for the Wilson coe�cient and here we
show the same equation for collinear and soft factors,

d

d ln µ
F
�
P 2, µ

�
= �


�cusp (as) ln

P 2

µ2
+ �F (as)

�
F
�
P 2, µ

�
, (1.91)

d

d ln µ
S
�
⇤2

s, µ
�

=


�cusp (aS) ln

⇤2
s

µ2
+ �S (aS)

�
S
�
⇤2

s, µ
�
. (1.92)

The cancellation of the anomalous dimensions is given by

�cusp (aS) ln
Q2

µ2
+ �V (as)� �cusp (aS)

✓
ln

P 2

µ2
+ ln

L2

µ2

◆
� 2�F (aS)
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+ �cusp (as) ln
⇤2
s

µ2
+ �S (as) = 0 (1.93)

To achieve a complete cancelation of the logarithms, it is imperative that all anomalous
dimensions exhibit linearity in the logarithmic terms, and their coe�cients remain uniform
across various instances. To e↵ectively resum the extensive logarithms within the form
factor, each component is evaluated at its characteristic scale and subsequently evolved
to a shared common scale by solving the corresponding RG equation. The characteristic
scale for each function is precisely the value of µ which cancels the logarithms in the
perturbative result. As an example, the hard factor, with a characteristic scale denoted
as µh ⇠ Q, is evolved by the following equation

CV

�
Q2, µ

�
= exp

⇢Z
µ

µh

d ln µ̄


�cusp (as) ln

Q2

µ̄2
+ �V (as)

��
CV

�
Q2, µh

�

= U (µh, µ) CV

�
Q2, µh

�
. (1.94)

The RG equation is solved perturbatively and is an essential part of the computation of
any cross section. In chapters 2 and 3 we show how to evolve functions depending on
two di↵erent scales (i.e. the rapidity scale) and show how evolution plays a role in the
phenomenology of a given process.

1.3 SCETII

After comprehensively examining the formulation of the e↵ective Lagrangian within SCETI,
a systematic exploration of what is known as SCETII can be performed. The principal
distinction between these two e↵ective theories lies in the scaling of modes relative to the
expansion parameter. In SCETII, the scaling behaviors of collinear and soft modes are

pn ⇠
�
1,�2,�

�
Q (1.95)

ps ⇠ (�,�,�)Q (1.96)

where the expansion parameter is � = ⇤QCD/Q. It is noteworthy that altering the expan-
sion parameter to � =

p
⇤QCD/Q results in the soft modes scaling the same as those in

SCETI (ultrasoft modes). However, the scaling behavior of collinear modes deviates from
that in SCETI. Furthermore, observe that, in SCETII, collinear modes do not interact
with soft modes due to their o↵-shell nature, i.e., pn + ps = (1,�,�). This crucial dis-
tinction from SCETI simplifies the construction of the e↵ective Lagrangian for SCETII.
Consequently, the e↵ective Lagrangian for SCETII is expressed as

LSCETII = Lc + Lc̄ + Ls. (1.97)

The collinear and anticollinear Lagrangians remain identical to those derived for SCETI,
while the soft Lagrangian mirrors that of SCETI with a modification: the substitution of
ultrasoft modes with the newly defined soft modes.

In SCETII, a noteworthy characteristic is that the invariant masses of both soft and
collinear particles scale proportionally as Q2�2. Consequently, in a physical process, these
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particles are solely distinguished by their rapidities. This leads to a significant feature
where a boost can interchange the roles of soft and collinear particles, resulting in the
invariance of the physical process. This contrasts with SCETI, where the mass scaling
di↵ers, with collinear particles scaling as Q2�2 and soft particles scaling as Q2�4.

Given the similarity between the soft modes in SCETII and their counterparts in
SCETI, the matching between these theories involves replacing ultrasoft Wilson lines in
eq. 1.83 with the corresponding Wilson lines for soft fields. The functional form of these
Wilson lines remains the same as those for ultrasoft modes.

In contrast, soft modes now overlap with collinear modes. In this way, a zero-bin
subtraction to deal with the overlap is always necessary to properly define collinear matrix
elements, like TMD distributions, as we explore in the next chapter. The soft modes result
from a rapidity cut in phase space and must include regulators that are non-standard in
dimensional regularization. Obtaining universal collinear distributions that are universal
and can be extracted from experiments is one of our main goals so these complications
are noteworthy.

Due to these issues, the derivation of a Lagrangian for SCETII is not very useful in these
particular cases. Instead, the existence of these modes is considered in the factorization for
specific processes like TMD-dependent di↵erential cross-sections, as presented in chapter
2.

In recent years, factorization for these same cross-sections has been provided following
the background-field method. In this formulation, the soft modes are purely zero-bin
modes and are not included in the e↵ective Lagrangian. We expand on this method in
chapters 4 and 5.



Chapter 2

TMD factorization theorems and
evolution

Processes involving hadrons present challenges, primarily because their contributions to
cross sections cannot be calculated using the perturbative approach employed in QCD.
Hadrons consist of partons (quarks and gluons) distributed within them, and the proba-
bility distribution of these partons is described by parton distribution functions (PDFs).

PDFs play a pivotal role in unraveling hadron structure and provide insights into
the longitudinal momentum distribution of quarks and gluons inside hadrons, o↵ering
essential information for probing the dynamics of strong interactions governed by QCD.
These distributions are vital ingredients in theoretical calculations aiming to describe
a wide range of phenomena, from high-energy scattering processes to the properties of
hadrons observed in experiments. These distributions are indispensable for predicting the
outcomes of high-energy collisions at particle accelerators like the LHC, where probing the
internal structure of particles is a primary objective.

Due to their nonperturbative nature, these objects cannot be computed within per-
turbation theory in QCD and are typically extracted from experimental data. However,
PDFs alone do not provide a complete picture of hadron structure. While they o↵er valu-
able information about the longitudinal momentum distributions of partons, they lack
crucial insights into their transverse momentum distribution. This limitation led to the
development of TMDs, which can be understood as a generalization of PDFs and consti-
tute a more comprehensive framework for characterizing the three-dimensional structure
of hadrons. TMDs are indispensable for understanding phenomena involving the intrinsic
transverse motion of partons inside hadrons, such as the spin structure of the nucleon and
the orbital angular momentum. TMDs are far from being the only type of distribution
describing the three-dimensional structure of the hadron. We also have, for example, Gen-
eralized Parton Distributions (GPDs), which o↵er insight into the transverse position of
the partons in the nucleon.

TMDPDFs are defined in an energy regime where qT ⌧ Q, with Q representing the
hard scale of the process. Notably, for qT � ⇤QCD (where ⇤QCD denotes the position of
the Landau pole), perturbative information can be derived, complemented by nonpertur-
bative information extracted from experiments or Lattice QCD. In this regime, the per-
turbative part of the distributions can be separated from non-perturbative physics (PDFs

21
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in collinear factorization). Thus, having perturbative information on TMDPDFs is cru-
cial for minimizing theoretical errors and obtaining clearer insights into nonperturbative
physics.

The precise definition of TMDPDFs is established through transverse momentum-
dependent factorization theorems. This concept was originally explored in refs. [13, 14].
In this chapter, we use the principles of SCET to derive factorization theorems for the
qT -di↵erential cross section. We present the derivation of a factorization theorem for
the Drell-Yan (DY) process, an instructive example illustrating the development of more
intricate factorizations discussed in this thesis. Additionally, we delve into TMD evolution
and the application of the ⇣-prescription.

The DY process is characterized by a proton-proton collision leading to a pair of leptons
in the final state,

pp! l+l� + X (2.1)

where X represents all the unidentified particles that are emitted in the process. Consider
a hard partonic process involving two incoming partons with momenta p1 and p2 along the
directions n and n̄ as defined in the previous chapter, this is the collinear and anticollinear
modes. These partons give rise to a virtual photon with virtuality Q2 = q2 > 0, where
qµ represents its four-momentum. While a neutral gauge boson like the Z boson could
also be generated, we exclude this possibility for simplicity. The virtual photon exhibits a
non-negligible transverse momentum, denoted as qT . Consequently, the momentum of the
outgoing photon scales as Q(1, 1,�), where � ⇠ qT /Q serves as the expansion parameter
for SCET. The DY factorized cross-section is given by

d� = H
�
Q2, µ2

H

�
Fn (µF , ⇣1)⌦ Fn̄ (µF , ⇣2)⌦ S (µF , ⇣1,2) (2.2)

where the physics at the hard scale is defined by the hard factor denoted as H, the
collinear modes are represented by the TMDPDF, labeled as Fn(n̄), and the soft modes are
characterized by the soft function, denoted as S. Detailed definitions for these components
are provided in this chapter. The symbol ⌦ denotes either multiplication or convolution,
depending on the specific space we are considering, and µH and µF serve as the high-
energy and factorization scales, respectively. Additionally, the scale ⇣ emerges as an extra
parameter linked to transverse momentum, associated with the characteristic rapidity
divergences inherent in such processes. It is important to note that, in principle, di↵erent
⇣ scales may apply to distinct collinear sectors. It is worth mentioning that the factorized
formula neglects power corrections of order

�
q2
T
/Q2

�
n
, which will be explored further in

chapter 4 and 5.
As introduced in the previous chapter, in the e↵ective theory framework employed

for deriving factorization theorems soft particles scale as Q(�,�,�), and collinear particles
scale as Q

�
1,�2,�

�
(Q
�
�2, 1,�

�
for anticollinear ones), where � ⇠ qT /Q. In the framework

that specifically describes interactions between soft gluons and collinear particles, the
virtuality of the particles is of the order of q2

T
, in contrast to SCETII, where it is of the

order of ⇤QCD. However, SCETII becomes essential for performing an operator product
expansion (OPE) at the scale qT to separate the perturbative component of the TMDPDF
from the integrated PDF (in qT ). The decoupling of soft gluons from collinear ones is
accomplished by introducing soft Wilson lines, as introduced in chapter 1.
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It becomes imperative to address the issue of double counting that emerges from the
overlap between soft and collinear modes, which can be described by the soft function.
This consideration holds crucial importance and can impact the accurate definition of
TMDPDFs. To deal with the zero-bin contributions we reformulate the factorization
theorem as follows:

d� = H
�
Q2, µ2

� h
F̂n ⌦ S�1

i
⌦

h
F̂n̄ ⌦ S�1

i
⌦ S, (2.3)

In this expression, the quantities with hats denote the unsubtracted result of the collinear
functions which overlaps with the soft radiation region. The combination F̂n⌦S�1 yields
a non-overlapping function. However, this rendition of the factorization theorem is not
ideal since both the collinear and soft functions, taken individually, su↵er from unregu-
lated and unresolved divergences, rendering them undefined. These divergences manifest
perturbatively as integrals of the form:

Z
1

0

dt

t
(2.4)

which are manifestations of light-cone singularities. These divergences also arise with cer-
tain infrared regulators in fully integrated PDFs. However, these divergences are canceled
when combining real and virtual contributions, a result that does not extend to TMD-
PDFs. The emergence of light-cone divergences results from defining soft and collinear
Wilson lines along light-like trajectories, enabling gluons with infinite rapidities to inter-
act. To circumvent these singularities we can tilt the Wilson lines o↵ the light cone, a
technique employed in refs. [15, 16]. In our methodology, all Wilson lines remain on the
light cone, and the TMDPDF is defined accordingly. A more comprehensive explanation
is presented in this chapter, outlining how we address light-cone singularities within our
framework.

This chapter is based on the work presented in refs. [17, 18] and it is a review of the work
described in those references. This review allows us to illustrate factorization theorems
in a simple example, such as Drell-Yan, and properly introduce precise definitions for
TMDPDFs, the soft function and rapidity divergencies. A more intricate interplay with
rapidity divergencies and a new soft function will appear in chapter 3, which is described
in our work for the first time, being one of the novel features of this thesis.

2.1 TMD definition and Drell-Yan factorization

In this section, we factorize the Drell-Yan cross-section as an example of the factorization
process for TMD distributions. The factorization process will naturally lead us to the
proper TMD definition and subtraction of the zero-bin contribution. We start from the
complete DY cross-section expression which can be found in ref. [17]. Then, we apply
the SCET formalism to factorize this expression into di↵erent functions that describe the
physics of each correspondent momentum region present in the process. We show how
the TMD distributions arise from this formula and the role of the soft function. The DY
cross-section is given by

d� =
4⇡↵2

em

3Q2s

d4q

(2⇡)4
1

4

X

�1�2

Z
d4ye�i(q·y)



24 CHAPTER 2. TMD FACTORIZATION THEOREMS AND EVOLUTION

⇥ (�gµ⌫) hN1 (P1,�1) N2 (P2,�2) |Jµ†(y)Jv(0)|N1 (P1,�1) N2 (P2,�2)i, (2.5)

where N1,2 represent the two hadrons in the process with momenta P1,2 and s = (P1 + P2)
2.

Note that the scaling of the position variable y is 1/Q(1, 1, 1/�) as it is the conjugate
variable of the photon momentum. Jµ is the electromagnetic current, defined as

Jµ =
X

q

eq ̄�
µ , (2.6)

with eq the quark electric charge in units of the electron charge. The full QCD current is
matched onto the SCET one

Jµ = CV

�
Q2/µ2

�X

q

eq�̄n̄ST †

n̄ �µST

n �n (2.7)

where CV denotes the quark form factor introduced in chapter 1, and the description of
collinear fields involves the building blocks �n(n̄) = W T †

n(n̄)
⇠n(n̄). The collinear fields ⇠n(n̄)

were introduced in the preceding chapter. The definitions of collinear and soft Wilson
lines, namely W T

n(n̄)
and ST

n(n̄)
, are consistent with chapter 1, but with the addition of

the superscript T indicating an extra transverse Wilson line. The inclusion of transverse
Wilson lines is crucial for maintaining gauge invariance of �n(n̄) across regular and singular
gauges, refs. [19, 20, 21, 22]. However, we use Feynman gauge, rendering transverse Wilson
lines irrelevant in subsequent calculations. In the case of DY kinematics, collinear Wilson
lines are defined as follows:

W T

n(n̄)
(x) = Tn(n̄)Wn(n̄) (2.8)

Wn(x) = P̄ exp


ig

Z
0

�1

dsn̄ · An(x + sn̄)

�
(2.9)

Tn(x) = P̄ exp


ig

Z
0

�1

d⌧ l? · An?

�
x+,1�, x? + l?⌧

��
(2.10)

Tn̄(x) = P̄ exp


ig

Z
0

�1

d⌧ l? · An̄?

�
1

+, x�, x? + l?⌧
��

(2.11)

ST

n(n̄)
(x) = Tsn(n̄)Sn(n̄), (2.12)

Sn(x) = P exp


ig

Z
0

�1

dsn · As(x + sn)

�
, (2.13)

Tsn(x) = P exp


ig

Z
0

�1

d⌧ l? · As?

�
x+,1�, x? + l?⌧

��
, (2.14)

Tsn̄(x) = P exp


ig

Z
0

�1

d⌧ l? · As?

�
1

+, x�, x? + l?⌧
��

, (2.15)

Notice that n̄ Wilson lines can be derived from n Wilson lines by substituting n$ n̄ and
P $ P̄ for both collinear and soft Wilson lines. Averaging over nucleon spins and with
the help of Fierz transformations we can rewrite the hadronic element in eq. 2.3 as

(�gµv) hN1 (P1,�1) N2 (P2,�2) |Jµ†(y)Jv(0)|N1 (P1,�1) N2 (P2,�2)i !
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��CV
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Q2/µ2
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(2.16)

Collinear and soft fields operate on distinct Hilbert spaces, allowing for the disentangle-
ment of the overall Hilbert space into a direct product of three distinct Hilbert spaces,
each corresponding to di↵erent modes refs. [23, 24]. The cross-section in equation 2.3 is
rewritten as:

d� =
4⇡↵2

em

3Q2S

d4q

(2⇡)4

X

�1�2

Z
d4ye�i(q·y)H

�
Q2/µ2

�X

q

e2qFn(y)Fn̄(y)S(y) (2.17)

where H
�
Q2/µ2

�
=
��CV

�
Q2/µ2

���2 encodes the physics in the hard region and

Fn(y) =
1

2

X

�1

hN1 (P1,�1) |�̄n(y)
/n

2
�n(0)|N1 (P1,�1)i, (2.18)

Fn̄(y) =
1

2

X

�2

hN2 (P2,�2) |�̄n̄(y)
/̄n

2
�n̄(0)|N1 (P2,�2)i, (2.19)

S(y) = h0| Tr
h
T̄
⇣
S†

n(y)Sn̄(y)
⌘

T
⇣
S†

n̄(0)Sn(0)
⌘i

|0i, (2.20)

which are collinear, anticollinear and soft distributions respectively, although this is not
their final form. Taylor expanding eq. 2.17 in the physical limit that we are interested in
and taking into account that the derivatives of the fields scale in the same way as their
correspondent momentum scaling
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similarly to how we kept only y� dependence in chapter 1. The leading power cross-section
is then given by

d� =
4⇡↵2
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It is worth noting that while both collinear distributions depend on collinear and transverse
components, the soft distribution depends only on transverse ones. The fact that the soft
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function depends solely on transverse components is crucial for establishing a well-defined
TMDPDF. From now on, we focus on the leading power contribution to the partonic
cross-section, but for simplicity, we denote the partonic versions using the notation of
their corresponding hadronic counterparts. In momentum space,
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(2.25)

In this expression, x1,2 are the Bjorken variables, defined as follows
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where y is the rapidity of the photon. Thus, the collinear and soft functions are
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Fn̄ (x2, kn̄?) =
1

2

Z
dr+d2r?

(2⇡)3
e�i(r+x2p

�
2 /2�r?·kn̄?)Fn

�
r+, 0�, r?

�
, (2.28)
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. (2.29)

The cross-section in eq. 2.25 encounters an issue associated with the presence of a novel
form of unregulated and uncancelled divergences in collinear and soft functions, known
as rapidity divergencies. These divergencies are a manifestation of light-cone singularities
since we are letting gluon with infinite rapidities to be interacted with through light-cone
Wilson lines. Each of the three elements in eqs. 2.27-2.29 lacks a well-defined nature and
lacks individual physical meaning. This can be sorted by taking specific combinations of
these elements, in particular
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It can be shown that these quantities, which we denote with the superscript R, are devoid
of rapidity divergences. The divergences cancel when subtracting the soft function per-
turbative result from the collinear function perturbative result. This redefinition of the
collinear elements remains valid for any polarization under consideration.

In order to deal with the regularization of such divergences we use the so-called �-
regulator. The �-regulator allows us to precisely define the overlap between collinear and
soft regions, commonly referred to as the zero-bin contribution. This zero-bin contribution
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is exactly equal to the soft function. Subtracting the zero-bin contribution leads to the
proper definition of the TMDPDF, which is Fn ! Fn/S or FR

n ! FR
n /S:
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In this way, the square root of the soft function is subtracted from each collinear dis-
tribution, leading to the proper definition of the TMDPDF free of rapidity divergences
and overlap between regions. The cross-section can then be rewritten in terms of the
TMDPDFs.
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Notice that there is no soft function in this expression since it is absorbed by the TMD
distributions. However, this is not the final form of the cross-section since we need to take
a closer look at it in the regime qT � ⇤QCD, which gives us very useful insight into the
separation of perturbative and non-perturbative behavior of the TMD distribution.

Particularly, in this regime, our TMDPDF can be further refactorized into a perturba-
tive matching coe�cient and a purely non-perturbative PDF. This involves a secondary
matching process of SCETqT , which characterizes the physics at the intermediate scale
qT , onto SCETII, describing on the nonperturbative physics at the scale ⇤QCD, proper of
the PDF.

As the scale of this region, qT , is su�ciently large to be treated perturbatively, its corre-
sponding conjugate coordinate, denoted as b (commonly referred to as impact parameter),
is small enough to facilitate an operator product expansion (OPE) in impact parameter
space. Consequently, we restructure the TMDPDF as defined in impact parameter space.
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where µ is known as the factorization scale and fn is the integrated PDF, defined as
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where p denotes the momentum of the specific parton under consideration. In this way, the
TMDPDF is separated into a perturbative calculable part, the matching coe�cient C, and
a purely collinear and non-perturbative part which can be extracted from experiments, the
integrated PDF. The TMDPDF also requires a non-perturbative transverse momentum
dependent model to define its behavior when we are far from the large-qT (small-b) region,
we comment on this in more detail in chapter 3.
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2.2 Rapidity divergences

Rapidity divergences arise from unregulated and uncancelled logarithmic divergences in
perturbative computations of the collinear and soft elements within the factorization the-
orem. These divergences manifest due to the use of eikonal propagators following the
Feynman rules of soft and collinear Wilson lines. To address and regularize these diver-
gences, a specific regularization scheme must be adopted. Various options in the literature
exist for regulating rapidity divergences (see, for instance, refs. [17, 25, 26, 27, 28, 29, 30]).
Here, we use the �-regularization scheme, as outlined in refs. [29, 30].

2.2.1 �-regularization scheme

�-regularization, as introduced in ref. [17], relies on an infinitesimal shift of the i0-prescriptions
found in eikonal propagators. Consequently, at the diagrammatic level, this regularization
approach involves substituting these prescriptions, as exemplified by the absorption of a
gluon by a Wilson line [1+, 0]

1

k+ � i0
!

1

k+ � i�+
, (2.38)

replacing i0 with i�+. However, this regularization approach lacks the precision required
for computations at higher orders. In particular, this simple substitution fails to ensure
equality between the soft function and the zero-bin contribution beyond NLO. Conse-
quently, equation 2.30 does not hold true for all orders in perturbation theory. To address
these shortcomings, modifications to the original �-regularization scheme were proposed
in refs. [29, 30]. The adjusted regularization scheme is implemented at the operator level,
designed to address issues such as non-abelian exponentiation and the preservation of
equality between the soft function and the zero-bin at higher orders.

The redefinition at the operator level involves a modification of collinear and soft
Wilson lines operator definitions. Specifically, the alteration is applied to the soft Wilson
lines, leading to the following adjustment:

The �-regularization is incorporated at the operator level, modifying the definition of
soft Wilson lines in the following way
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The Feynman diagram rule for the modified eikonal propagator in the case of the absorp-
tion of an arbitrary number n of gluons by a Wilson lines [1+, 0] is given by
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where the momentum of the gluons are ordered so they fulfill the condition |k+
n | 

��k+

i

�� 8i.
Due to the violation of rescaling invariance by the regulators �±, the diagram expressions
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are now contingent on a singular combination of regulators, namely �+��. The arrange-
ment of poles in the eikonal propagators holds significance in maintaining the non-abelian
exponentiation theorem for color factors, ref. [31]. In the context of �-regularization, only
diagrams featuring non-abelian color prefactors emerge in the exponent, allowing the soft
function to be expressed conventionally.

S̃(b) = exp
h
aSCF

⇣
S[1] + aSS[2] + . . .

⌘i
(2.42)

In the same way, collinear Wilson lines need to be modified for TMD distributions:
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for the TMDPDF and TMDFF respectively. It is essential to acknowledge that the �-
regularized Wilson line breaks the rules of gauge transformations, although this violation
is power-suppressed in terms of �. Consequently, during calculations, � is treated as an
infinitesimal parameter to prevent contributions that would compromise gauge invariance
and it should be sent to 0 at the end of any computation.

To facilitate the combination of the soft function with the bare definition of the TMD-
PDF and eliminate rapidity divergences, a splitting of the soft function is undertaken,
giving rise to the introduction of a new rapidity scale. In the computation of the soft
function, the entire dependence on rapidity regulators is encapsulated within a singular
function, denoted as ln

�
µ2/ (�+��)

�
. Recognizing that each � regulator corresponds to

the rapidity divergences originating from each TMDPDF in the factorization theorem, the
soft function can be reformulated by introducing new scales, denoted as ⇣1,2:
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where ⇣1⇣2 = (p+p�)2 = Q4, with Q2 the hard scale of the considered process. The ⇣ scale
can be included in the computation of a TMD distribution by the following substitution

�� = �+
⇣

(p+)2
. (2.46)

This expression should be modified once we tackle dijet production in chapter 3. In the
next section we describe the ⇣-scale in more detail.

2.3 ⇣-prescription and TMD evolution

A novel feature of TMD distributions is the presence of the ⇣-scale introduced in the
previous section, associated with the �-regulator. One can think about the appearance
of this new scale in analogy to the µ scale associated with the ✏-regulator in dimensional
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regularization. In the same way as for the µ scale, perturbative results depend on loga-
rithms of the ⇣ scale that can potentially spoil the perturbative expansion. We have the
freedom to set the value of ⇣ to try to cancel the logarithms and then apply di↵erential
evolution equations to evolve our TMD distribution to a common scale. Essentially, TMD
distributions are double-scale distributions that evolve in a certain path in a (µ, ⇣)-plane.
In this section, we describe how to perform this evolution and discuss the path dependence
of the process. The discussion here presented is based on the more in-depth analysis of
TMD evolution in the (µ, ⇣)-plane in reference [32].

The di↵erential evolution equations governing TMD distributions are determined by
the factorization theorem, however, the choice of boundary conditions for their solutions
remains arbitrary. These conditions play a crucial role in the convergence of perturba-
tive series and influence the theoretical description of processes where TMDs are impli-
cated. The ⇣-prescription, as described in [33, 34] is introduced as a guide to treating the
double-scale nature of the TMD. The essence of this prescription lies in defining the TMD
distribution along a null-evolution line. This line has the unique property of maintaining
an evolution factor equal to one for all values of b. The resulting TMD distribution is
free from any mixing with perturbative evolution factors evaluated at di↵erent b values,
making it completely non-perturbative. This independence from perturbative parameters
allows for a flexible parameterization of the distribution without being tied to specific
perturbative orders. Evolution equations for TMD distributions are given by

d

d ln µ
F (x, b; µ, ⇣) = �F (µ, ⇣)F (x, b; µ, ⇣), (2.47)

d

d ln ⇣
F (x, b; µ, ⇣) = �D(µ, b)F (x, b; µ, ⇣), (2.48)

where F is any renormalized and zero-bin substracted TMD distribution (collinear and
anticollinear subindex is removed for simplicity). The eq. 2.47 is a standard renormaliza-
tion group equation, which comes from the renormalization of the ultraviolet divergences,
with the function �F (µ, ⇣) being the anomalous dimension. The eq. 2.48 results from the
factorization of rapidity divergences. The function D(µ, b) is known as the rapidity anoma-
lous dimension (RAD). The RAD is a non-perturbative function that can be computed at
small values of b in perturbation theory. Both scales µ and ⇣ are independent since they
have di↵erent origins, which implies the double-scale evolution of the TMD distribution in
the (µ, ⇣)-plane. The di↵erential equation system governing this evolution can be solved.
In particular, for a TMD evolving from (µi, ⇣i) to a point (µf , ⇣f ) we have

F (x, b; µf , ⇣f ) = exp

Z

P

✓
�F (µ, ⇣)
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F (x, b; µi, ⇣i). (2.49)

Here, P represents any path in the (µ, ⇣)-plane connecting the initial point (µi, ⇣i) to the
final point (µf , ⇣f ). The evolution value is, in principle, path-independent due to the
integrability condition, also known as the Collins-Soper (CS) equation [35]):

�
d�F (µ, ⇣)

d ln ⇣
=

dD(µ, b)

d ln µ
= �cusp(µ), (2.50)
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Figure 2.1: (µ, ⇣)-plane for TMD evolution. Force lines of the TMD evolution field E
at varying values of b (depicted in grey with arrows) are shown. The thick continuous
grey lines represent null-evolution (equipotential) lines. Red lines signify equipotential
lines crucial for defining the saddle point. The red line traversing each panel from left
to right corresponds to the special evolution curve where the TMD is defined. The blue
dashed lines in each plot correspond to the final scale choice (µf , ⇣f ) typically employed in
experimental measurements. The black points denote the initial evolution scales for cases
with Q = 5, 91, and 150 GeV. Black dashed lines with arrows denote the paths of evolution
implemented in eq. 2.55. Figure credit to A. Vladimirov and I. Scimemi, ref. [32].

where �cusp(µ) is the cusp anomalous dimension. This equation governs the logarithmic
structure of anomalous dimensions. The formal path-independence of equation (2.49) is
broken at any given perturbative order and the penalty term is proportional to the area
enclosed by paths. This penalty can be substantial, especially when dealing with widely
separated scales. As expected, with higher perturbative orders the deviance is numerically
smaller [33].

In the following, we describe how the evolution procedure takes shape with an example.
In particular, we focus on the case described in this chapter for DY, where the final scales
of the evolution are bound to the hard scale of factorization such that µ2

f
⇠ Q2 and

⇣1f⇣2f = Q4. We choose the symmetric point for the final scales, given by

µ2

f
= Q2, ⇣1f = ⇣2f = Q2. (2.51)

The choice of the TMD initial scale is determined using the ⇣-prescription as fol-
lows. In the ⇣-prescription, the scales µ and ⇣ are constrained to a null-evolution line,
parametrized as (µ, ⇣µ(b)). To identify this null-evolution line, we can recall that the sys-
tem of equations (2.47, 2.48) forms a two-dimensional gradient equation (rrrF = EF ) with
the field E = (�F (µ, ⇣)/2,�D(µ, b)). Consequently, the null-evolution line corresponds to
an equipotential line of the field E. This line defines ⇣µ(b) such that it fulfills

�cusp(µ) ln

✓
µ2

⇣µ(b)

◆
� �V (µ) = 2D(µ, b)

d ln ⇣µ(b)

d ln µ2
, (2.52)
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where we have used the form of the TMD anomalous dimension

�F (µ, ⇣) = �cusp(µ) ln

✓
µ2

⇣

◆
� �V (µ). (2.53)

Among the equipotential lines, there is a special line that passes through the saddle point
(µ0, ⇣0) of the field E. The saddle point is defined by the pair of values that cancel both
anomalous dimensions.

D(µ0, b) = 0, �F (µ0, ⇣0) = 0. (2.54)

The choice of the special equipotential line containing the saddle point for defining TMD
scales is preferable since the evolution field possesses only one saddle point, ensuring the
uniqueness of the special null-evolution line. Additionally, the special null-evolution line
is the sole line with finite ⇣ at all µ values (greater than ⇤QCD). These properties are
inherent to its definition and prove to be highly beneficial. In fig. 2.1, the force-lines of
the evolution field E are depicted in grey with arrows, null-evolution lines are represented
by thick grey lines orthogonal to the force-lines, and the lines intersecting at the saddle
point are shown in red at various b values. In each panel of the figure, the special line is
the one progressing from left to right. Results for the null-evolution line can be found in
ref. [32].

A TMD distribution F (x, b; µ, ⇣µ) with ⇣µ belonging to the special line is called optimal
TMD distribution. Once this distribution is established, we can freely move along the null-
evolution line. In particular, this lets us choose the simplest path to the final scale, that
is, the path at a fixed value of µ = Q along ⇣ from the value ⇣f = Q2 down to any point
of ⇣i = ⇣Q(b). In fig. 2.1 this path is visualized by black-dashed lines. The resulting
expression for the evolved TMD distributions is

F (x, b; Q, Q2) =

✓
Q2

⇣Q(b)

◆�D(b,Q)

F (x, b). (2.55)

In the next chapter, we show how this di↵ers for dijet production process and explain how
to deal with the ⇣-scale in such cases, which is one of the novelties of this thesis.



Chapter 3

Dijet production in SIDIS

One of the main goals of this thesis is the detailed description of two-jet (or dijet) pro-
duction in semi-inclusive deep inelastic scattering. As stated before, dijet production in
SIDIS is a more complex and natural continuation of processes like Drell-Yan, dijet pro-
duction in electron-positron annihilation and single-jet SIDIS. In this chapter, we present
the factorization theorem as well as numerical results for the cross-section.

Gluons play a crucial role in the composition of nuclei, with gluon parton distribution
functions (PDFs) often exhibiting numerical magnitudes significantly greater than their
corresponding quark distributions, particularly at lower parton energy fractions.

Similarly, gluon transverse momentum dependent distributions (TMDs) are anticipated
to display enhancements. However, accessing these distributions proves challenging due to
the absence of well-defined processes where cross-section factorization holds and incoming
gluons are a predominant e↵ect.

An instance of such a phenomenon is the production of the Higgs boson in hadronic
colliders, as discussed in various studies [36, 25, 37, 38, 39]. Nevertheless, deriving gluon
transverse momentum dependent distributions (TMDs) from the transverse-momentum
spectrum of the Higgs is intricate due to the scalar boson’s inherent characteristics, in-
cluding its large mass. Notably, some works, such as [40] with jet veto considerations and
[41] excluding certain TMD e↵ects, address these challenges.

Even in the case of the relatively clean Higgs spectrum process, both unpolarized and
linearly polarized gluon distributions play crucial roles in the leading power factorization
of the cross-section in the qT /MH expansion, where qT and MH denote the transverse
momentum and mass of the boson, respectively.

The absence of a color-neutral scalar at low energies has shifted attention towards
quarkonium production, to be observed in semi-inclusive deep inelastic scattering (SIDIS)
at the Electron Ion Collider (EIC) and the Large Hadron Collider (LHC) [37, 42, 43, 44,
45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61].

However, the factorization of these processes poses challenges, as discussed in works
such as [56, 57]. Additionally, a series of QCD e↵ects are present due to the color struc-
ture of quarkonia and the complexity of the non-relativistic expansion commonly used in
quarkonium production studies.

In this thesis, we consider two alternative processes that are currently gaining increased
attention: dijet [62] and heavy-hadron pair [63, 64, 65] production in an electron-hadron

33
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dijet LO process:

heavy meson pair at LO:
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Figure 3.1: Example LO diagrams for the two processes. The momenta qµ and kµ

(corresponding to the photon and incoming parton momenta respectively) are expressed
in the Breit frame.

collider, generated by the (�⇤g) and/or (�⇤f) hard interactions. The processes under
consideration are expressed as:

`+ h! `0 + J1 + J2 + X, and `+ h ! `0 + H + H̄ + X, (3.1)

where ` and `0 represent the initial and final state leptons, h is the colliding hadron, and
Ji and H/H̄ denote jets and heavy hadron, respectively. The undetected particles in 3.1
are collectively denoted by X.

Dijet production has been extensively studied at the kinematic regime expected for
the future electron-ion collider (EIC), o↵ering sensitivity to polarized and unpolarized
gluon transverse momentum dependent distributions [66, 67, 68, 69]. The produced jets,
analyzed in the Breit frame, typically have transverse momenta in the range of pT 2 [5, 40]
GeV and are located in the central rapidity region. Recent studies, such as [69], suggest
the experimental observability of dijet imbalances at the future EIC. Kinematic constraints
for the dijet process are chosen to avoid hierarchies among partonic Mandelstam variables,
demanding that ŝ ⇠ |t̂| ⇠ |û| to prevent large logarithms in the cross-section’s hard factor,
which could adversely a↵ect the perturbative expansion.

On the other hand, heavy-hadron pair production is experimentally more challenging
due to the need for reconstructing the heavy hadron momenta from its decay products.
Additionally, the substantial energy required to produce a boosted heavy-hadron pair
makes this process less likely to be observed compared to dijet production. However,
Monte Carlo simulations suggest the possibility of observing this phenomenon, especially
for charmed mesons. Experimental e↵orts in charm reconstruction have been explored in
refs.[70, 71]. In ref.[72], charm production rates have been investigated at LO and NLO
QCD for ep ! c/c̄ + X. The factorization we introduce below requires the transverse

momenta of the heavy hadrons, pH/H̄

T
, to be parametrically larger than their mass, mH ,

i.e., pH/H̄

T
� mH . Although an alternative factorization can be constructed when this
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condition is violated, we do not pursue it here. The details of such factorization involve a
hard function incorporating all heavy-quark mass dependence and necessitate a di↵erent
soft function for which the directions of the quark-antiquark pair are not light-like, given
that the heavy hadrons are not boosted to the massless limit. A relevant study on this
alternative factorization is available in ref. [63].

At the leading order (LO) and neglecting the intrinsic momentum of partons inside the
target hadron, the two hard-scattering processes are schematically illustrated in fig. 3.1.
In the case of jets, the initial parton can be either a gluon or a quark, while in the heavy-
meson case, only the gluon initial state is relevant. 1

We consider the di↵erential cross-section

d�

dxd⌘1d⌘2dpTdrT
, (3.2)

where x is the Bjorken variable, and ⌘i, rT and pT are respectively the rapidities, the
sum of the transverse momenta (with respect to the beam axis) and the average scalar
transverse momenta of the two final jets. In the Breit frame, where the virtual photon
and target-hadron directions are back-to-back, the factorization holds when |rT |⌧ pT .

The cross-section factorization involves the conventional TMDPDF (we have unpolar-
ized and linearly polarized gluon TMDs as well as quark TMDs) in addition to jet or heavy
hadron distributions. It introduces a novel TMD soft function constructed with Wilson
lines along the directions of the incoming hadron and the two outgoing jets. This three-
directional soft function shares some resemblance with those identified in vector boson +
jet processes in hadronic colliders [75, 76]. However, the structure of rapidity divergences
significantly di↵ers from the soft function discussed in those studies. The one-loop per-
turbative calculation of this innovative TMD soft function is carried out herein using the
modified �-regulator introduced in [77, 30]. The consistency of the factorization at the
same order is explicitly verified. For the photon-gluon fusion channel, higher orders of the
anomalous dimension of the new soft function can be inferred from the consistency of the
anomalous dimensions of the factorized cross-section. This is facilitated by the fact that,
in the case of heavy-hadron pair production, all other components of the cross-section are
also known at higher orders.

The inclusion of the new TMD soft function prompts questions about the universality
of TMDs beyond the customary processes of Drell-Yan, SIDIS and di-hadron production
in electron-positron annihilation 2. While the non-perturbative evolution remains uni-
versal across the processes under consideration here and in others, the non-perturbative
corrections to the soft matrix element have not yet been linked to other processes. Con-
sequently, independently extracting gluon TMDPDF is non-trivial. For a quantitative
analysis of these e↵ects, further theoretical and experimental advancements are needed
[64, 89, 90, 99].

1In principle one may consider the case of incoming quark and outgoing gluon which then fragments
into a heavy meson. However, in order to access the TMD region (small rT ) this fragmentation needs to
occur near threshold, as we discuss later in the main sections, and gluon fragmentation in the kinematic
end-point is power suppressed as is discussed both theoretically and phenomenologically in refs.[73, 74].

2In the case of quark TMDs the conventional universality class has been recently expanded to include
also semi-inclusive jet production in the Breit frame and jet-jet or hadron-jet decorrelation in lepton
colliders [78, 79, 80].
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This thesis also conducts a phenomenological study of the described processes, includ-
ing a consideration of theoretical errors. To achieve this, we utilized the arTeMiDe code
[81], expanding it with new modules essential for describing the scenarios under investi-
gation. The code already incorporates quark TMDPDFs and the TMD evolution kernel
derived from Drell-Yan and semi-inclusive deep inelastic scattering experiments [32].

The cross-section’s factorization is presented in position space, characterized by the
variable b, which is the conjugate of the transverse momentum variable rT . To Fourier
transform the factorized cross-section from b space to momentum space, angular integra-
tion over �b is required (i.e., d2b = b db d�b and vJ · b = vJ b cos�b). This integration,
however, becomes non-trivial because the anomalous dimensions of several functions de-
pend on this angle and are complex-valued. We demonstrate that this integration can
be carried out in resummed perturbation theory, addressing the challenge of complex val-
ues in all anomalous dimensions. Consequently, the �b-angle integrated cross-section is
factorized into distributions that are rotationally invariant with respect to b.

The dijet evolution kernel, integrated over the �b angle, is derived by solving a system
of coupled di↵erential equations, akin to the TMD case. We present and discuss a specific
scale choice prescription, analogous to the ⇣-prescription discussed in [33], which has been
implemented in arTeMiDe.

3.1 Dijet production factorization

This section focuses on the cross-section factorization for dijet processes in Deep Inelastic
Scattering (DIS) within the framework of the Soft-Collinear E↵ective Theory (SCET).
While we do not provide an exhaustive derivation of the factorization theorem, we present
a concise summary of the final outcome. Additionally, we showcase the Next-to-Leading
Order (NLO) calculation for the novel three-directional soft function and perform a consis-
tency check by evaluating the invariance of the cross-section under renormalization group
evolution. The notation and kinematics introduced here will also prove beneficial for
understanding the subsequent section on heavy-hadron pair production.

3.1.1 Notation and kinematics

Assuming that the direction of the beam is along the ẑ axis it is useful to define the
four-vector

nµ =
1
p

2
(1, 0, 0, 1) . (3.3)

We also define a conjugate vector n̄µ by reversing the sign of the spacial coordinates. Thus,
nµ and n̄µ satisfy,

n2 = n̄2 = 0, n̄ · n = 1. (3.4)

Using the vectors nµ and n̄µ we can decompose any other four-vector, pµ, into its light-cone
components,

pµ = p+n̄µ + p�nµ + pµ
?

= (p+, p�, p?)n, (3.5)
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with

p+ = n · p, p� = n̄ · p, p2 = 2p+p� + p2? = 2p+p� � p2. (3.6)

where we use the notation p ⌘ ~p?. For the direction of the two jets, we use v1 and v2,
normalized as

v2J = v̄2J = 0, vJ · v̄J = 1, with J = 1, 2 , (3.7)

where the conjugate vectors v̄J , as above, are defined by reversing the sign of the spacial
components. We define the standard Lorentz invariants,

Q2 = �q2, x =
Q2

2P · q
, (3.8)

where qµ is the momentum of the virtual photon and Pµ is the momentum of the target
hadron. In the Breit frame, we have qµ = (0, 0, 0, Q) and neglecting mass corrections we
can solve for target hadron momentum,

Pµ =
1

2x
(Q, 0, 0,�Q) . (3.9)

The ratio of the longitudinal momenta of the incoming parton and the target hadron we
denote with ⇠,

⇠ =
k+

P+
. (3.10)

where kµ is the momenta of the parton incoming to the hard process. We can then express
the variables Q and ⇠ in terms of the Born level kinematics using the pseudo-rapidities,
⌘1 and ⌘2, and the transverse momentum, pT , of the two outgoing partons,

Q = 2pT cosh(⌘�) exp(⌘+), ⇠ = 2x cosh(⌘+) exp(�⌘+) , (3.11)

where

⌘± =
⌘1 ± ⌘2

2
, (3.12)

The partonic Mandelstam variables in terms of the same quantities are,

ŝ = (q + k)2 = +4p2T cosh2(⌘�) ,

t̂ = (q � p2)
2 = �4p2T cosh(⌘�) cosh(⌘+) exp(⌘1) ,

û = (q � p1)
2 = �4p2T cosh(⌘�) cosh(⌘+) exp(⌘2) , (3.13)

where pµ
1

and pµ
2

are the momenta of the outgoing partons. It is easy to check that the
partonic Mandelstam variables satisfy,

ŝ + t̂ + û = �Q2 . (3.14)

We denote the transverse momentum imbalance of the two jets with rT , where the hard
transverse momentum pT corresponds, up to power corrections, to the average transverse
momenta of the two jets,

rT = p1T + p2T , pT =
|p1T | + |p2T |

2
(3.15)
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Figure 3.2: The jet-rapidity regions for which ŝ ⇠ |t̂| ⇠ |û|: blue-solid (j = 4) and
green-dashed (j = 2) and Q ⇠ pT : red-dotted k = 4 and magenta-dotdashed (k = 2).
The overlapping region which is found at central rapidities is where we anticipated small
contributions to the cross section beyond factorization.

where the sub-index 1 and 2 refer to the final jets. At Born level p1T = �p2T and thus
rT = 0. However, hadronization of the outgoing partons will form jet-like configurations
along similar directions and wide-angle radiation could escape the jet clustering algorithm,
which will then contribute to the imbalance.

We now consider the kinematic region in which the factorization theorem holds in
comparison to the coverage of EIC. We first evaluate the constraints on the rapidities of
the two jets, ⌘1 and ⌘2. To do so we require that ŝ ⇠ |t̂| ⇠ |û| and quantitatively we
implement that by imposing,

1

j
<

ŝ

|t̂|
,

ŝ

|û|
,

|û|

|t̂|
< j (3.16)

This constrains the values of rapidities within the blue region as illustrated in figure 3.2 for
the cases j = 2 (green-dashed) and j = 4 (blue-solid). In addition, to avoid contributions
from the resolved photon processes, we require Q ⇠ pT which quantitatively we implement
by imposing,

1

k
<

Q2

4p2
T

< k (3.17)

In Figure 3.2, we illustrate the relevant region for the two jet rapidities, delineated by
red-dotted and magenta-dot-dashed shaded areas corresponding to k = 4 and k = 2, re-
spectively. This region is defined by the constraints imposed by 3.17 and 3.16. The overlap
of these regions defines the allowable rapidity values where the factorization theorem holds,
and the contamination from resolved photo-production processes remains minimal. This
implies that the two processes we are investigating can be well-described by two distinct
jets (or heavy hadrons) within the central rapidity region. As anticipated, as we tighten
the constraint by reducing the values of j and/or k, the relevant region contracts around
the central point, ⌘1 = ⌘2 = 0.
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Restricted to the overlapping rapidity region depicted in Figure 3.2, and for trans-
verse momenta within the range pT 2 [4, 20] GeV and parton momentum fractions in
the range ⇠ 2 [10�2, 1], we determine the relevant (x, Q2) values for the processes under
consideration. Figure 3.3 illustrates the corresponding region in (x, Q2) for two cases:
j = k = 2 (indicated by the green-dashed area) and j = k = 4 (represented by the blue-
solid area). Additionally, we have included a brown-shaded region denoting the expected
(x, Q2) coverage at the Electron Ion Collider (EIC) for three di↵erent center-of-mass en-
ergies:

p
s = 140, 63, and 28 GeV. It’s evident that, across all three energy levels, there is

a substantial overlap between the processes we are examining and the EIC coverage, with
the overlapping region expanding at higher beam energies. Simultaneously, the cases with
j = k = 2 and j = k = 4 do not appear to significantly alter the overlapping region with
the EIC coverage in the low Q2 region. While the shift in the overlapping region is not
substantial, the region that is lost is statistically significant. Further investigations using
Monte Carlo event generators will be imperative to establish the kinematic constraints
on the jets, striking a reasonable balance between statistical precision and accounting for
factorization corrections.3

-5 -4 -3 -2 -1 0
0.0
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Figure 3.3: The (x, Q2) coverage of EIC (brown/dashed) compared to the dijet events
with j = k = 4 factorization regime (blue-solid) and with j = k = 2 (green-dashed). The
factorization regime has been constructed assuming pT 2 [4, 20] GeV, ⇠ 2 [10�2, 1], and
jet rapidities in the overlapping region in figure 3.2.

3.1.2 Factorization theorem for dijet production

There are two channels for the dijet process that we need to consider: a) the gluon-photon
fusion channel which corresponds to the partonic process, �⇤g ! ff̄ , and b) the incoming
quark or antiquark channel from the partonic process, �⇤f ! gf . The factorization that
we propose holds when |rT | ⌧ pT and we treat the cross-sections only at leading power

3It is important to note that in both scenarios, we assume j and k to be equal, even though these
variables are independent and could be chosen di↵erently. However, it’s crucial that both j and k remain
of order O(1). For instance, in the case where j = 2 and k = 4 (not depicted here), the impact on the
overlapping region with the EIC coverage appears minimal when compared to the scenario where j = 4
and k = 4.
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in an |rT |/pT or |rT |/Q expansion. Within this constraint, the gluon-photon channel
factorized cross-section is

d�(�⇤g)

dxd⌘1d⌘2dpTdrT
=
X

f

Hµ⌫

�⇤g!ff̄
(ŝ, t̂, û, µ)

Z
d2b

(2⇡)2
exp(ib · rT ) Fg,µ⌫(⇠, b, µ, ⇣1)

⇥ S�g(b, ⌘1, ⌘2, µ, ⇣2)
⇣
Cf (b, R, µ)Jf (pT , R, µ)

⌘⇣
C
f̄
(b, R, µ)J

f̄
(pT , R, µ)

⌘
, (3.18)

where the sum runs over all light quark and antiquark flavors f . Here we consider jets
with their momentum reconstructed with the so-called E-scheme, that is, the momentum
of the jets is given by the sum of all jet constituents. For these jets and for small jet
radius (R ⌧ 1) the cross-section can be factorized in terms of the collinear-soft function
Ci(b, R), which describes the soft radiation close to the jet boundary and the exclusive jet
functions Ji, that describe the collinear and energetic radiation confined within the jet.4

These functions are calculated up to NLO for generic kT -type and cone jet algorithms
in [83, 75]. The corresponding operator definitions are given in the appendix A.1. In
addition, the factorization theorem contains the dijet soft function S�g, which is discussed
and calculated at one-loop in the next section. Finally, we have the gluon TMDPDF
function Fg.

We notice at this point that the latter two functions, S�g and Fg in 3.18, have an
intricate interplay due to the rapidity divergences, which introduces the rapidity scale
dependence, ⇣1,2, in the corresponding functions. In sec. 3.1.4 we explain this issue and
the role played by the zero-bin subtractions, which lead to the proper definition of the
dijet soft function and the TMDs.

The gluon TMD for an unpolarized proton can be further separated into two pieces,
the unpolarized gluon distribution f1(⇠, b) and the linearly polarized gluon contribution
h?
1
(⇠, b):

Fµ⌫

g (⇠, b) = f1(⇠, b)
gµ⌫
T

d� 2
+ h?

1 (⇠, b)
⇣ gµ⌫

T

d� 2
+

bµb⌫

b2

⌘
, (3.19)

with gµ⌫
T

= gµ⌫ � nµn̄⌫
� n̄µn⌫ . Both of these functions are known perturbatively up to

next-to-next-to leading order (NNLO) [30, 39, 84]. The evolution of the TMDs, which is
universal (see e.g. [85, 86]), is also known up to N3LO [77, 87, 88]. In 3.19 we have included
only twist-2 TMDs, neglecting higher twists in the TMD expansion. This is su�cient since
we consider higher-twist functions suppressed, which is consistent with SIDIS studies as
in [32]. The inclusion of the higher-twist contributions is beyond the scope of this work
and we leave such considerations for future studies.

The hard function is then decomposed into two tensor structures:

Hµ⌫

�⇤g!ff̄
= �gU

0
HU

�⇤g!ff̄

gµ⌫
T

d� 2
+ �gL

0
HL

�⇤g!ff̄

⇣
�

gµ⌫
T

d� 2
+

vµ
1T

v⌫
2T

+ vµ
2T

v⌫
1T

2 v1T · v2T

⌘
, (3.20)

where we have ignored all terms proportional to the four-vector nµ (since they vanish after
Lorentz-contraction with the gluon beam function) and any anti-symmetric combinations

(since the cross-section is integrated over angles). The coe�cients �gU(L)

0
are introduced

4For recent developments on jet algorithms for DIS see ref. [82]. We also plan in the near future to
complete the NLO calculation of jet functions in central rapidity regions for the Centauro algorithm.
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such that the leading order hard functions are normalized to the unity, i.e. HU(L)

LO
=

1+O(↵s). We can now separate the cross-section into a contribution from the unpolarized
gluons and one from the linearly polarized gluons. We write the cross-section as

d�(�⇤g) = d�U (�⇤g) + d�L(�⇤g) , (3.21)

where

d�U (�⇤g)

dxd⌘1d⌘2dpTdrT
=
X

f

�gU
0

HU

�⇤g!ff̄
(ŝ, t̂, û, µ)

Z
d2b

(2⇡)2
exp(ib · rT ) f1(⇠, b, µ, ⇣1)

⇥ S�g(b, ⇣2, µ)
⇣
Cf (b, R, µ)Jf (pT , R, µ)

⌘⇣
C
f̄
(b, R, µ)J

f̄
(pT , R, µ)

⌘
, (3.22)

and

d�L(�⇤g)

dxd⌘1d⌘2dpTdrT
=
X

f

�gL
0

HL

�⇤g!ff̄
(ŝ, t̂, û, µ)

Z
d2b

(2⇡)2
exp(ib · rT ) h?

1 (⇠, b, µ, ⇣1)

⇥
s2b � c2b

2
S�g(b, ⇣2, µ)

⇣
Cf (b, R, µ)Jf (pT , R, µ)

⌘⇣
C
f̄
(b, R, µ)J

f̄
(pT , R, µ)

⌘
. (3.23)

We use the shorthand notation sb and cb for the sine and cosine of the angle between
the vectors b and v1T , respectively. The hard factors are calculated up to NNLO in the
unpolarized case in [89, 90], while for the linearly polarized gluons they are calculated at
LO in [91]. Hard coe�cients can be found in ref. [92] and we list them in the appendix.

Finally, the incoming quark channel has contributions only from the unpolarized gluon
jets and the cross-section is given by the following factorized formula:

d�U (�⇤f)

dxd⌘1d⌘2dpTdrT
= �fU

0

X

f

HU

�⇤f!gf
(ŝ, t̂, û, µ)

Z
d2b

(2⇡)2
exp(ib · rT ) Ff (⇠, b, µ, ⇣1)

⇥ S�f (b, ⇣2, µ)
⇣
Cg(b, R, µ)Jg(pT , R, µ)

⌘⇣
Cf (b, R, µ)Jf (pT , R, µ)

⌘
, (3.24)

where the sum runs over quarks and anti-quarks and Ff is the f -flavor quark/antiquark
unpolarized TMDPDF.

3.1.3 Dijet soft function at NLO

The sole new matrix element introduced in the prior section is the soft function. In this
section, we present the operator matrix element definition of the soft function and proceed
with the NLO calculation. Further elaboration on the calculation specifics is provided in
the appendix. We define the soft function for the photon-gluon fusion process:

Ŝ�g(b) =
1

CFCA

h0|S
†

n(b,�1)ca0Tr
h
Sv2(+1, b)T a

0
S†

v1
(+1, b)

⇥ Sv1(+1, 0)T aS†

v2
(+1, 0)

i
Sn(0,�1)ac|0i. (3.25)
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(a) (b) (c) (d)

Figure 3.4: Tree level soft function is shown in diagram (a). Each double line represents a
Wilson line whose pointing direction is also reported as (±1)u, u = n, v, v̄; a and a0 are
color indices. Diagrams (b), (c) and (d) also contribute to the NLO soft function. Virtual
contributions vanish and therefore they are not shown here. Mirror diagrams are also not
shown.

The soft function corresponding to the case of incoming quark or antiquark is obtained
with the exchange

Ŝ�f = Ŝ�g(n$ v2) . (3.26)

since the gluon Wilson line now goes in the v2 direction. The Wilson lines are defined as

Sv(+1, ⇠) = P exp
h
� ig

Z
+1

0

d� v · A(�v + ⇠)
i
,

S†

v̄(+1, ⇠) = P exp
h
ig

Z
+1

0

d� v̄ · A(�v̄ + ⇠)
i
,

Sn(+1, ⇠) = lim
�+!0

P exp
h
� ig

Z
+1

0

d� n · A(�n + ⇠)e��
+
�

i
. (3.27)

We omit here T -Wilson lines which are needed in singular gauges. We also distinguish
Wilson lines in the adjoint and fundamental SU(Nc) representations using S and S respec-
tively. Note that the �-regulator is introduced only in Sn(Sn). We write the soft function
as a series in as = ↵s/(4⇡)

Ŝ =
1X

m=0

ams Ŝ[m] . (3.28)

At tree level Ŝ[0] = 1, and at one loop only the diagrams with a real gluon give a non-zero
result. We can therefore write the one-loop soft function as a sum of diagrams with one
real gluon exchange between the three soft Wilson lines,

Ŝ[1] =
1

2

X

i 6=j

j2{1,2,B}

Cij Ŝ[1]

ij
, (3.29)

where the su�x indicates the Wilson lines connected by the exchanged gluon (1 and 2
for the two jets and B for the beam), including the mirror diagrams as well (note that
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Cij = Cji and Ŝ[1]

ij
= Ŝ[1]

ji
). Notice that the mirror diagrams for ŜJB will introduce an

additional i⇡ component. The coe�cients Cij are the color factors and they are di↵erent
for the two channels �⇤g and �⇤f ,

C1B

�g = C2B

�g = CA , C12

�g = 2CF � CA,

C2B

�f
= C12

�f
= CA , C1B

�f
= 2CF � CA. (3.30)

The relevant diagrams are shown in fig. 3.4 and the corresponding contributions are

Ŝ[1]

JB
= ⇡(4⇡)2µ2✏(n · vJ)IJB + mir. diag. , Ŝ[1]

12
= ⇡(4⇡)2µ2✏(v1 · v2)I12 + mir. diag.,

(3.31)

where J = 1, 2 and the corresponding integrals are

IJB =

Z
ddk

(2⇡)d
eik·b�(k2)✓(k+)

(n · k + i�+)(vJ · k)
, I12 =

Z
ddk

(2⇡)d
eik·b�(k2)✓(k+)

(v1 · k)(v2 · k)
, (3.32)

with d = 4� 2✏. The results at all orders in ✏ are

Ŝ[1]

JB
= �2

µ2✏B✏

(4⇡)�✏
�(�✏)

h
ln
⇣
�

i(vJ · b) �+

n · vJ

⌘
+ �E

i
, (3.33)

and

Ŝ[1]

12
= 2

µ2✏B✏

(4⇡)�✏
�(�✏)

h
�(�✏)�(1 + ✏)

⇣1 + Ab

�Ab

⌘
✏

�
�(�1� ✏)

�(�✏)
Ab 2F1(1, 1, 2 + ✏,�Ab)

i
,

(3.34)
with the shorthand notation,

Ab =
(v1 · v2)

2 (v1 · b̂) (v2 · b̂)
= �

ŝ

4 p2
T

c2
b

, B =
|b|2

4
, (3.35)

and b̂ = (0, 0, b)/|b|. Note that Ab is only a function of the angle �b, which is the angle in
between the transverse plane and the jet direction, and it does not depend on |b|. Ab is
also dimensionless, longitudinal boost invariant, and it is bounded to negative values less
than �1, i.e., Ab  �1. The function 2F1 is the standard hypergeometric function and
the ✏ expansion for this function can be written as follows

2F1(1, 1, 2+✏,�z) =
1

z
ln(1 + z)+

✏

z

h
�
⇡2

6
+
⇣
1+ln

⇣1 + z

z

⌘⌘
ln(1 + z)+Li2

⇣ 1

1 + z

⌘i
+O(✏2).

(3.36)
Adding all contributions and expanding in ✏ we obtain the bare soft function. For the
�⇤g-channel we have:

Ŝbare

�g (b) = Ŝfinite

�g (b) + as
n

CA

h
�

2

✏2
+

2

✏

⇣
2 ln

⇣p2 �+

µ

⌘
+ ln(2An)

⌘i

+ 2CF

h 2

✏2
+

2

✏
ln
⇣B µ2 e2�E

�Ab

⌘io
, (3.37)
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for the �⇤f -channel:

Ŝbare

�f
(b) = Ŝfinite

�f
(b) + as

n
CA

h 2

✏2
+

2

✏

⇣
ln

(n · v1)(v2 · b)

(n · v2)(v1 · b)
+ ln

⇣Bµ2e2�E

�Ab

⌘⌘i

+
4

✏
CF ln

⇣
�

iv1 · b �+e�E

n · v1

⌘o
, (3.38)

where the finite part of the soft function is

Ŝfinite

�g (b) = 1+as
n

CA

h
ln
�
B µ2e2�E

�⇣
ln
�
Bµ2e2�E

�
+4 ln

⇣p2 �+

µ

⌘
+2 ln(2An)

⌘
�ln2(�Ab)

�
⇡2

6
� 2Li2(1 + Ab)

i
+ CF

h⇡2

3
+ 2 ln2

⇣Bµ2e2�E

�Ab

⌘
+ 4Li2(1 + Ab)

io
, (3.39)

and

Ŝfinite

�f
(b) = 1+as

n
CA

h⇡2

6
+ln2

⇣Bµ2e2�E

�Ab

⌘
+2Li2(1+Ab)+2 ln

�
Bµ2e2�E

�
ln

(n · v1)(v2 · b)

(n · v2)(v1 · b)

i

+ 4CF ln
�
Bµ2e2�E

�
ln
⇣
�

iv1 · b �+e�E

n · v1

⌘o
. (3.40)

To simplify the results we have used the notation

An =
(v1 · v2)

2 (v1 · n)(v2 · n)
. (3.41)

3.1.4 The zero-bin subtraction and the universal TMDs

In this section, we restructure the factorization theorem to represent the cross-section
using rapidity divergence-free TMD functions, as delineated in the factorization theorems
presented in 3.22, 3.23, and 3.24. This rearrangement helps elucidate the reliance on the
universal TMD parton distribution functions (PDFs) and the new dijet TMD soft function.
To achieve this, we express the TMD beam function as the ratio of the unsubtracted term
in the zero-bin divided by the back-to-back soft function.

B̂i(⇠, b, µ, k��+) =
Bun.

i
(⇠, b, µ, k�/��)

S(b, µ,
p
�+��)

(3.42)

The back-to-back two-direction soft function operator definition can be found in ap-
pendix A.1 and is the same soft function found in a typical Drell-Yan, single jet DIS
and electron-positron annihilation. Then, following [93, 77], we can factorize the soft
function as

S(b, µ,
p

�+��) = S
1
2 (b, µ, �+⌫)S

1
2 (b, µ, ��/⌫) , (3.43)

where ⌫ is an arbitrary positive number that plays a bookkeeping role and will be removed
from the final result, introducing this way a constraint on the product of rapidity scales.

The bare function
�
Sbare

� 1
2 is

⇣
Sbare

i (b, �)
⌘ 1

2
= 1 + asCi

n
�

2

✏2
+

4

✏
ln
⇣p2 �

µ

⌘
+ ln

�
Bµ2e2�E

�h
4 ln

⇣p2 �

µ

⌘
+ ln

�
Bµ2e2�E

�i
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+
⇡2

6

o
+ O(a2s), (3.44)

where here and in the rest of this manuscript we used the shorthand notation

�g =
�0

2CA

, �q =
3

2
, Cf = CF =

N2
c � 1

2Nc

, Cg = CA = Nc . (3.45)

In this way, we can now reorganize the beam and soft function matrix elements (denoted by
the “hat” notation) into a product of TMDs as they appear in the factorization theorem,

B̂i(⇠, b, µ, k��+)Ŝ�i(b, µ,
p

An �+) = Fi(⇠, b, µ, ⇣1) S�i(b, µ, ⇣2) (3.46)

where the functions in the r.h.s. of 3.46 are respectively

Fi(⇠, b, µ, ⇣1) =
Bun.

i
(⇠, b, µ, k�/��)

S
1
2 (b, µ, ��/⌫)

�����p
2 k�/⌫!

p
⇣1

, (3.47)

that is, the universal TMDPDF as defined in other observables such as Drell-Yan and
semi-inclusive DIS and

S�i(b, µ, ⇣2) =
Ŝ�i(b, µ,

p
An �+)

S
1
2 (b, µ, �+⌫)

�����
⌫/

p
2An!

p
⇣2

, (3.48)

that is the new dijet soft function now incorporated in a rapidity divergent-free ratio.
We can thus eliminate the dependence on the arbitrary parameter ⌫ by introducing the
following constraint

⇣1 ⇣2 =
(k�)2

An

=
û t̂

ŝ
(3.49)

where ŝ, t̂, and û are the partonic Mandelstam variables and thus the combination ⇣1 ⇣2 is
Lorentz invariant and in the Breit frame, or any other frame boosted along the proton di-
rection, we have: ⇣1 ⇣2 = p2

T
. Notice that the procedure to obtain 3.49 is totally analogous

to the one used in Drell-Yan or SIDIS [94, 18], TMD factorization theorem. In that case,
we have that ⇣1,2 have both a square mass dimension and ⇣1⇣2 = Q4, while in the present
case, ⇣2 is dimensionless quantity but ⇣1, as usual, has dimensions of mass squared. The
natural way to choose the values of ⇣1 and ⇣2 is

⇣1 = p2T , ⇣2 = 1 (3.50)

since they cancel the logarithms in the perturbative result. In this way, we have the
standard evolution for the TMDPDF up to the hard scale and the ratio of soft functions
in 3.48 has a very similar TMD double-scale evolution.

The renormalized soft function can then be written in terms of the renormalization
kernel ZS and the bare soft function which is simply the ratio of the bare functions that
appear in 3.48,

Sbare

�i (b, ⇣2) = ZS

�i(b, µ, ⇣2)S�i(b, µ, ⇣2) (3.51)
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In the MS-scheme for the (�⇤g) channel we have

S�g(b, µ, ⇣2) = 1 + as
n

CF

h⇡2

3
+ 2 ln2

⇣Bµ2e2�E

�Ab

⌘
+ 4Li2(1 + Ab)
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h
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Bµ2e2�E

�
ln ⇣2 � ln2(�Ab)�
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3
� 2Li2(1 + Ab)

io
+ O(a2s), (3.52)

and for the (�⇤f) channel we have

S�f (b, µ, ⇣2) = 1+as
n

CA

h⇡2
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+ln2

⇣Bµ2e2�E

�Ab

⌘
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(v1 · v2)(n · v2)

⌘
�
⇡2

6
+4 ln(�iv1·b̂)

io
+O(a2s),

(3.53)

It is worth noting that the imaginary components nullify when summed, and upon Fourier
transforming into momentum space, this leads to a real cross-section, which is verified up
to NLO contributions. The associated renormalization functions are as follows:

ZS

�g(b, µ, ⇣2) = 1 + as
n

CF

h 4

✏2
+

4

✏
ln
⇣Bµ2 e2�E

�Ab

⌘i
� CA

2

✏
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o
+ O(a2s), (3.54)

and

ZS

�f
(b, µ, ⇣2) = 1 + as

n
CA

h 2

✏2
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2

✏

⇣
ln

(n · v1)(v2 · b)

(n · v2)(v1 · b)

⌘
+ ln

⇣Bµ2e2�E

�Ab

⌘i
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✏
CF
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ln
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⇣ 2(n · v2)
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⌘
+ 2 ln(�iv1 · b̂)

io
+ O(a2s), (3.55)

The soft anomalous dimension can be obtained from the renormalization functions as
follows,

�S�i
= �

⇣
ZS

�i

⌘�1 d

d ln µ
ZS

�i
(3.56)

The one-loop results for the soft function anomalous dimensions are collected in the next
section.

3.1.5 Consistency check

Each element of the factorized cross-section has a factorization scale dependence and it
satisfies a renormalization group equation,

d

d ln µ
G(µ) = �G(µ) G(µ) (3.57)

where G runs over all the functions in the factorization theorem and �G is the correspond-
ing anomalous dimension. On the other hand, the cross-section is renormalization group
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invariant. Therefore, as required by consistency, the sum of all anomalous dimensions of
the terms appearing in the factorized cross-section must vanish. In the impact parameter
space, where the cross-section is written as a product of these functions, we have,

(�⇤g)-channel �H�g
+ �S�g

+ �Fg
+ 2�Jf + �C1 + �C2 + �↵ = 0, (3.58)

(�⇤f)-channel �H�f
+ �S�f

+ �Ff
+ �Jf + �Jg + �Cf + �Cg + �↵ = 0. (3.59)

We write the perturbative expansion of these anomalous dimensions as

� =
X

n=1

ans �
[n], (3.60)

with as = ↵s/(4⇡). For the two channels in the dijet process, the relevant anomalous
dimensions up to one-loop are,
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ŝµ2

⌘o
,

�[1]
H�f

= 4
n

CF

h
ln
⇣ û2
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�[1]↵ = �4CA�g , (3.61)

The imaginary component in the soft and collinear-soft anomalous dimension is denoted
by (vi) where

(vf ) = �(v
f̄
) = �(vg) = i⇡ sign(cb). (3.62)

These anomalous dimensions, except the soft function which we calculated here, can be
found in [89, 90, 91, 83, 75, 77]. We also used 3.35 to expand Ab in the soft function
anomalous dimension in terms of ŝ, pT , and cb. It is now easy to confirm the cancelation
of the anomalous dimensions at O(↵s) which also serves as confirmation of the factorization
theorem at the same order.
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3.2 Heavy hadron pair imbalance

In this section, we consider the process of heavy-meson pair production, `+ p! `+ H +
H̄ + X, in the back-to-back limit for which the transverse momentum imbalance rT is
measured,

rT = pH

T + pH̄

T , (3.63)

where we use the notation H for generic heavy meson and H̄ for the corresponding anti-
particle. The imbalance is measured in the Breit frame and in the region sensitive to

TMDs, i.e., |rT | ⌧ pH,H̄

T
, the two heavy mesons are fragmented near the kinematic end-

point and carry most of the energy of the heavy quark coming from the hard process.
In contrast to the dijet process, for the heavy-meson pair production, we only need to

consider the photon-gluon fusion channel. From this perspective, the formalism is simpler,
but on the other hand, the mass of the heavy meson, mH , introduces a new scale that we
need to consider. In the case when the heavy mesons are highly boosted, i.e., pH

T
� mH ,

the factorization is similar to the dijet production discussed above. The cross-section is
then expressed in terms of the same hard, soft, and beam functions, but the production
of the final state heavy mesons is described by a heavy-quark jet function, JQ!H [95, 73].

d�(�⇤g)

dxd⌘Hd⌘
H̄

dpTdrT
= Hµ⌫

�⇤g!QQ̄
(ŝ, t̂, û, µ)

Z
db

(2⇡)2
exp(ib · rT ) Fg,µ⌫(⇠, b, µ, ⇣1)

⇥ S�g(b, µ, ⇣2) JQ!H(b, pT , mQ, µ) J
Q̄!H̄

(b, pT , mQ, µ) . (3.64)

with ⌘H and ⌘
H̄

referring to the pseudo-rapidities of the heavy mesons. Similarly to the
dijet factorization, in the hard function we do not consider corrections due to the quark
mass and we define,

pT =
|pH

T
| + |pH̄

T
|

2
, (3.65)

The decomposition into the unpolarized and linearly polarized gluon contributions follows
the same steps as in section 3.1 and thus we do not repeat here.

3.2.1 Refactorization of heavy-quark fragmentation function

The fragmentation of a heavy quark into a heavy meson is governed by the heavy-quark
fragmentation function, a topic extensively explored in various processes (e.g., see [63, 64,
65]). The relatively large scale introduced by the heavy quark’s mass permits the use
of perturbation theory to compute the fragmentation function, accounting for minor and
universally applicable non-perturbative corrections.

In our specific case, we examine the heavy-quark jet function, denoted as JQ!H ,
which characterizes the fragmentation of heavy mesons originating from heavy quarks.
This function is di↵erential in the two-dimensional transverse momentum of the fragments
concerning the beam axis. In the regime where rT ⌧ pT , there exist two distinct scales
integral to the fragmentation process.

µ+ = mQ, and µJ = mQ

rT
pT

. (3.66)
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The perturbative calculation of the jet function involves logarithms of the ratios of scales,
which, if left unaddressed, may spoil the convergence of the perturbative expansion. Hence,
it is imperative to resum these logarithms to ensure the expansion’s convergence. Notably,
these logarithms are akin to those resummed by the TMD evolution. The resummation
of the logarithms generated by the scales defined in 3.66 is feasible through factorization.
To achieve this, we utilize the boosted-heavy-quark e↵ective field theory (bHQET) [96],
which facilitates the separation of the jet function into a hard matching coe�cient and a
matrix element dependent on transverse momentum. We provide here a description of the
pertinent modes.

We start by examining the momentum of the heavy quark in the rest frame of the
heavy meson, denoted as pµ

Q
. This momentum can be decomposed into a mass term and

a residual soft component:

pµ
Q

���
rest frame

= mQ�
µ + kµ

s , kµ

s ⇠ ⇤QCD(1, 1, 1)v, (3.67)

where kµ
s is the typical size of soft (light) degrees of freedom in the heavy meson and �µ =

(1, 1, 0?)v. Note that here we decomposed four-vectors into the light-cone coordinates
along the direction of the boosted heavy meson, v. The momenta kµ

s , in the boosted
frame sets the size of energy loss of the heavy quark during fragmentation to a heavy
meson. To obtain the boosted momenta we simply apply the following transformations,

v · k ! ⇤v · k, v̄ · k !
v̄ · k

⇤
, k? ! k?. (3.68)

We can obtain ⇤ by comparing the momentum of the heavy quark at the rest frame of the
heavy meson in 3.67 to the momentum of the boosted heavy quark (up to power-corrections
⇠ mH/pH

T
),

pµ
Q

���
boosted frame

'

⇣
2EH ,

m2

H

2EH

,⇤QCD

⌘

v

, (3.69)

and thus ⇤ = 2EH/mH . The transformations in 3.68 give the momentum scaling of the
so-called “ultra-collinear” modes which are simply the soft modes of HQET boosted to
the frame where we perform the measurement,

kµ

uc ⇠ ⇤QCD

⇣2EH

mH

,
mH

2EH

, 1
⌘
. (3.70)

The contribution to the transverse momentum spectrum w.r.t. the beam axis, comes from
the large component v̄ · kuc. Therefore, we can estimate the typical size of the transverse
momentum imbalance, rT ⇠ ⇤QCD(2pH

T
/mH). Since pH

T
� mH , the typical soft scale,

rT , is perturbative and that justifies the approach of perturbative matching to the TMD
matrix elements to which non-perturbative e↵ects are incorporated as corrections.

To proceed with the factorization we match from the massive-SCET [96, 97], which
includes collinear degrees of freedom, onto the boosted HQET where the degrees of freedom
are the ultra-collinear modes. We are interested in the matching of the massive, collinear
gauge invariant, quark building block, �v = W †

v ⇠v with

W †

v (x) = P exp

✓
ig

Z
1

0

ds n̄ · An(n̄s + x)

◆
, (3.71)
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onto the HQET heavy quark fields, hv�+ ,5

W †

v ⇠v ! C+(mQ, µ)W †

vhv�+ , (3.72)

where C+(mQ, µ) is the short distance matching coe�cient and �+ denotes the heavy
quark velocity in the boosted frame. With this matching we can now factorize the jet
function into a short distance matching coe�cient and a bHQET matrix element that
depends on the transverse momentum of the ultra-collinear fragments,

JQ!H(b, pT , mQ, µ) = H+(mQ, µ)JQ!H

⇣
b,

mQ

pT
, µ
⌘
, (3.73)

where

H+(mQ, µ) = |C+(mQ, µ)|2 . (3.74)

The operator definition of the two-dimensional shape function is

JQ!H(r) =
1

2 p�
H

NC

X

X

h0|�(2)
⇣
r � iv (v̄ · @

⌘
)W †

vhv�+ |XHihXH|h̄v,�+Wv /̄v|0i, (3.75)

where v is a Euclidean, two-dimensional, transverse component of light-like four-vector
vµ pointing along the direction of the boosted heavy meson. The impact parameter space
expression is obtained by simply taking the Fourier transform,

JQ!H

⇣
b,

mQ

pT
, µ
⌘

=

Z
dr exp(ib · r)JQ!H(r) . (3.76)

The hard matching coe�cient is known up to two loops but the jet function JQ!H(r),
as defined above, appears here for the first time. However, as we discuss later in this
section, this jet function is related at the operator level to the fragmentation shape function
from [95, 73] in the near-end-point limit, (zH ! 1). The one-loop hard function, H+ is,

H+(mQ, µ) = 1 +
↵s

4⇡
CF

n
ln
⇣ µ2

m2

Q

⌘
+ ln2

⇣ µ2

m2

Q

⌘
+ 8 +

⇡2

6

o
, (3.77)

and the corresponding anomalous dimension is

�+ =
↵sCF

⇡

n1

2
� ln

⇣m2

Q

µ2

⌘o
. (3.78)

In the following section, we show the calculation of the bHQET matrix element, JQ!H at
NLO and we use this result to derive the one-loop anomalous dimension. We demonstrate
the consistency of anomalous dimensions for this process at NLO and we give an all-order
statement that connects the matrix element JQ!H to the near-end-point fragmentation
shape function for heavy mesons.
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(e) (f) (g) (h)

U †
v
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Figure 3.5: bHQET jet function at NLO diagrams.

3.2.2 bHQET matrix element at NLO

The one-loop contributions to JQ!H(b) in 3.76 are shown in fig. 3.5. We have non zero
contributions only from diagrams (f) and (h) where a real gluon is exchanged. Virtual
diagrams (e) and (g) are scaleless and vanish in our scheme,

J
(f)+(h)

Q!Q
=
↵sCF

⇡
(1� ✏) e��E✏�(✏)�(�2✏) R

2✏ (3.79)

where

R = �
i pTµ e�E (v · b)

mQ|v|
(3.80)

where we have made the standard MS scale replacement µ2
! µ2 exp(�E)/(4⇡). Expand-

ing 3.79 in the limit ✏ ! 0 and keeping all ✏ poles and finite non-vanishing terms we
have

J
bare

Q!Q

⇣
b,

mQ

pT

⌘
= 1 +

↵sCF

⇡

n
�

1

2✏2
+

1

2✏

h
1� 2 ln R

i
+ ln R� ln2

R�
5⇡2

24

o
(3.81)

The renormalized jet function which in the MS-scheme is simply given by the finite terms
in 3.81 is defined by the following equation,

J
bare

Q!Q

⇣
b,

mQ

pT

⌘
= ZJ

⇣
b,

mQ

pT
µ
⌘
JQ!Q

⇣
b,

mQ

pT
, µ
⌘
. (3.82)

The corresponding anomalous dimension is

�J = �Z�1

J

d

d ln µ
ZJ =

↵sCF

⇡

n
1� 2 ln R

o
(3.83)

It is now trivial to show the consistency of the anomalous dimensions and therefore of
factorization at NLO, since it is su�cient to show,

�J + �+ = �J + �Cf . (3.84)

5In our notation �
µ is the collinear velocity of the heavy hadron and v

µ is the lightlike vector along
the direction of the boosted quark. Thus we write hv�+ to indicate the typical velocity of the heavy quark
expansion. The Wilson lines appearing on l.h.s. and r.h.s. of 3.72 are formally the same although the
fields have a di↵erent scaling in the two cases.



52 CHAPTER 3. DIJET PRODUCTION IN SIDIS

The result presented in 3.81 contains logarithms related to the scale mQ/(pT b0), where
b0 = b exp(�E)/2. On the other hand, the hard function H+ as defined in 3.77 exclusively
encompasses logarithms associated with mQ. This separation indicates that we have ef-
fectively isolated these two distinct scales, allowing us to resum the ratios of these scales
(i.e., logarithms of pT b0) by evaluating each function at its respective characteristic scale.
Subsequently, we can evolve each of these functions to a common scale by solving their
corresponding renormalization group equations.

3.2.3 Connection to the fragmentation shape function

In this section we show that the two dimensional bHQET jet function in 3.75 is related
to the fragmentation shape function. We consider the operator definition of the shape
function

SQ!H(!) =
1

2Nc

X

X

h0|�(! � i
p

2 v̄ · @)W †

vhv�+ |H�XihH�X|h̄v,�+Wv

/̄v
p

2
|0i, (3.85)

as in eq. 4.23 of [73]. The same shape function was written with a di↵erent notation in
[95]. Taking the one-dimensional Fourier transform of this expression with respect to !
we have6

S̃Q!H(⌧) =

Z
d! exp(i!⌧)SQ!H(!)

=
1

2 mHNC

X

X

h0| exp
⇣
�
p

2 ⌧ v̄ · @
⌘

W †

vhv�+ |XHihXH|h̄QvWv

/̄v
p

2
|0i. (3.86)

Comparing this result with the two-dimensional Fourier transform of 3.75 as prescribed
in 3.76 we have

JQ!H(b) =
mH
p

2 p�
H

S̃Q!H

⇣
⌧ !

v · b
p

2

⌘
. (3.87)

Using this equation we can confirm our perturbative calculation at NLO in 3.81 by com-
paring the finite terms of this equation against eq. 4.24 of [73]. To do that one needs
the Fourier transformations of the regular plus-distributions which can be found in the
literature but we also give here for completeness,

FT

h
�(!)

i
= 1, (3.88)

FT

h⇣⇥(!)

!

⌘

+

i
= � ln(�i⌧e�E ), (3.89)

FT

h⇣⇥(!) ln!

!

⌘

+

i
=

1

2
ln2(�i⌧e�E ) +

⇡2

12
. (3.90)

Using these equations we can easily check that indeed 3.87 is satisfied up to NLO, although
the perturbative validity of 3.87 is inferred beyond NLO. Therefore, since the anomalous
dimension of the fragmentation shape function and the hard function H+ is already known

6Note the normalization of the Hilbert states |Hi =
p
mH |H�i



3.3. CROSS-SECTION USED IN PHENOMENOLOGY 53

up to two loops, we can use the consistency of factorization to solve for the anomalous
dimension of the global soft function S�g up to two-loops,

�S�g
= �

�
�H�g

+ �Fg
+ �↵ + �J (v1) + �J (v2) + 2�+

�
. (3.91)

The anomalous dimensions at two and three loops are given in appendix A.2. We give the
result for the soft function by organizing it into a term proportional to the cusp anomalous
dimension, �cusp and a “non-cusp” term,

�S�g
= �cusp

h
2CF ln

⇣Bµ2e2�E

�Ab

⌘
� CA ln ⇣2

i
+ ��S�g

, (3.92)

where

��[1]
S�g

= 0

��[2]
S�g

= CF

h
CA

⇣1616

27
�

22

9
⇡2 � 56 ⇣3

⌘
+ nfTF

⇣
�

448

27
+

8

9
⇡2
⌘i

, (3.93)

and we have used the same notation for the perturbative expansion of the cusp anomalous
dimension as in 3.60. The lengthy and not so intuitive three-loop non-cusp component,

��[3]
S�g

, is given in the appendix (see A.21).
With this result, we can push the calculation of the heavy-meson pair production up

to NNLL with no additional perturbative calculations. Furthermore with the knowledge
of the soft anomalous dimension and using 3.58 we can also solve for the collinear-soft
anomalous dimension to the same order. This can now give us the NNLL cross-section
of the dijet photon-gluon-fusion (�⇤g) process. For the full NNLL dijet cross-section, we
are still missing the global-soft or collinear-soft anomalous dimensions from the photon-
quark-initiated (�⇤f) process.

3.3 Cross-section used in phenomenology

The cross-sections presented previously are usually partially integrated in phenomenolog-
ical observables. We discuss here these integrations, which also allow us to relate the
normalization of our cross-section with the ones obtained in the literature.

3.3.1 Extracting the Born-level cross-sections

The tree-level cross-sections for the dijet and hadron pair production were considered at
tree level in ref. [92]. We start considering the gluon case, from which one can easily
deduce also the quark case. The gluon hard contribution to the cross-section is described
by

d�(�⇤g)

dxd⌘1d⌘2dpTdrT
=

N

xs

h
A0 + A1 cos 2�0p + · · · + B0 cos 2�0r + · · ·

i
, (3.94)

and the azimuthal angles (�0r, �
0
p) of vectors pT , rT are measured with respect to the

lepton plane. However, our preferred frame is the one where the �` angle is measured in
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the plane defined by pT and qT , the sum of the lepton momenta, and �r is the azimuthal
angle between rT and pT . In this frame and integrating over the angle �` we are left with:

d�(�⇤g)

dxd⌘1d⌘2dpTdrT
= 2⇡pT

N

xs

h
A0 + B2 cos(2�r)

i
, (3.95)

with the factor 2⇡ coming from �` integration. The LO expressions are obtained by
separating the unpolarized and linearly polarized gluon contributions and Fourier trans-
forming. The unpolarized partonic part has a similar form also for quarks, so that we
find

d�U (�⇤g)

dxd⌘1d⌘2dpTdrT

���
LO

= �gU
0

Z
d2b

(2⇡)2
exp(ib · rT ) fg

1
(⇠, b) = �gU

0
fg

1
(⇠, rT ) , (3.96)

d�U (�⇤f)

dxd⌘1d⌘2dpTdrT

���
LO

= �fU
0

Z
d2b

(2⇡)2
exp(ib · rT ) ff

1
(⇠, b) = �fU

0
ff

1
(⇠, rT ) , (3.97)

The same for the linearly polarized gluons gives

d�L(�⇤g)

dxd⌘1d⌘2dpTdrT

���
LO

= �gL
0

Z
d2b

(2⇡)2
exp(irT · b)

sin2 �b � cos2 �b
2

h?

1 (⇠, b) .

= ��gL
0

Z
b db d�b

8⇡2
exp

⇣
irT b cos(�b � �r)

⌘
cos(2�b) h?

1 (⇠, b)

= cos(2�r) �
gL

0

Z
b db

4⇡
J2(rT b) h?

1 (⇠, b)

= �
cos(2�r)

2
�gL
0

h?

1 (⇠, rT ), (3.98)

where notice that h?
1
(⇠, rT ) is not the direct Fourier transform of h?

1
(⇠, b) and both func-

tions can be related through eq. 2.20 in [37]. We obtain the �(g,f)(U,L)
0

prefactors from the
structure functions given in eq. 3.3 and eq. 3.5 in [92] and we list them in the appendix.

3.3.2 Angle integrated and azimuthally modulated cross-section

The scalar cross-section that we finally consider in the phenomenological studies is ob-
tained by integrating over the �r angle

d�

d⇧drT
= rT

Z
+⇡

�⇡

d�r
d�

d⇧drT
, (3.99)

where we use d⇧ = dxd⌘1d⌘2dpT for brevity. Because the factorized cross-section is always
expressed in position space one can write (here J0,2 are Bessel functions)

d�

d⇧drT
= rT

Z
+⇡

�⇡

d�r

Z
db

(2⇡)2
exp

h
irT b cos(�b � �r)

i d�̃(b)

d⇧db

= rT

Z
1

0

b db

2⇡
J0(rT b)

Z
+⇡

�⇡

d�b
d�̃(b)

d⇧db
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= rT

Z
1

0

b db

2⇡
J0(rT b)

Z
+⇡

�⇡

d�b
hd�̃U (b)

d⇧db
�

cos 2�b
2

d�̃L(b)

d⇧db

i
, (3.100)

where d�U = d�U (�⇤f) + d�U (�⇤g), d�L = d�L(�⇤g) for the dijet case and d�U,L =
d�U,L(�⇤g) for the heavy hadron pair case.

In our phenomenological analysis we consider also the azimuthal angle average

hcos 2�ri ⌘

"Z
+⇡

�⇡

d�r cos 2�r
d�

d⇧drT

#,
d�

d⇧drT
. (3.101)

The denominator is what we have discussed in the previous section, so now we will only
focus on the numerator,

Z
+⇡

�⇡

d�r cos 2�r
d�

d⇧drT
= rT

Z
+⇡

�⇡

d�r cos 2�r

Z
db

(2⇡)2
exp

h
irT b cos(�b � �r)

id�̃(b)

d⇧db

= rT

Z
1

0

b db

2⇡
J2(rT b)

Z
+⇡

�⇡

d�b cos 2�b
d�̃(b)

d⇧db

= rT

Z
1

0

b db

2⇡
J2(rT b)

Z
+⇡

�⇡

d�b
h
cos 2�b

d�̃U (b)

d⇧db
�

cos2 2�b
2

d�̃L(b)

d⇧db

i
.

(3.102)

Eqs. 3.100-3.102 show the relation between the final cross-section in momentum space and
the factorized cross-sections in position space, where we have distinguished between the
unpolarized cross-sections generated by gluons and quarks, d�̃U = d�̃Ug + d�̃U

f
and the

contribution from linearly polarized gluons d�̃L.

3.4 Angular dependence and evolution

The anomalous dimensions of soft, collinear-soft and heavy-jets matrix elements are an-
gular dependent and complex-valued, and both these features are not common in the
literature. The angular dependence is parameterized here by the angle �b. In order to
discuss the issue we show in sec. 3.4.1 the dijet soft function as obtained in [98] and then
we extend the conclusions to the other functions that have a similar angular dependent
structure. The angular dependence of the anomalous dimension is strictly correlated with
the imaginary parts of the cross-section in position space. The treatment of the angular
dependence in the evolution has been discussed also in [99, 100, 101] which proposes an
approximate treatment. In sec. 3.4.2 we perform an original analysis discussing in detail
how passing from position space to momentum space in the cross-section allows us to
obtain a real-valued cross-section, including resummation. The proof of this statement
is here provided at one-loop, and the same mechanism can be conjectured to work at all
orders in perturbation theory.
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3.4.1 Dijet soft function and angle dependent anomalous dimensions

The dijet soft function presents several properties that result particularly interesting. The
renormalized soft function is obtained from its bare expression

Sbare

�i (b, ⇣2) = ZS

�i(b, µ, ⇣2)S�i(b, µ, ⇣2), (3.103)

where the factor ZS

�i
was calculated in [98]. For our purposes it is su�cient to report the

expression of the soft function in the MS scheme for the (�⇤g)-channel

S�g(b, µ, ⇣2) = 1 + as
n

CF

h⇡2

3
+ 2 ln2

⇣Bµ2e2�E

�Ab
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+ 4Li2(1 + Ab)

i

+ CA

h
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�
Bµ2e2�E

�
ln ⇣2 � ln2(�Ab)�

⇡2

3
� 2Li2(1 + Ab)

io
+ O(a2s), (3.104)

and for the (�⇤f)-channel

S�f (b, µ, ⇣2) = 1 + as
n

CA

h⇡2

6
+ ln2

⇣Bµ2e2�E

�Ab

⌘
+ 2Li2(1 + Ab)

+ 2 ln
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Bµ2e2�E

�
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(n · v1)(v2 · b)

(n · v2)(v1 · b)

i
+ CF ln
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Bµ2e2�E

�h
ln
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Bµ2e2�E

�

� 2 ln ⇣2 + 2 ln
⇣ 2(n · v2)

(v1 · v2)(n · v2)

⌘
+ 4 ln(�iv1 · b̂)

i
� CF

⇡2

6

o
+ O(a2s), (3.105)

respectively, where we have Ab = (v1·v2)

2 (v1·b̂) (v2·b̂)
. The expressions above depend explicitly

on the angle �b and we have used b̂ = b/|b|. The rapidity scale ⇣2 is responsible for the
rapidity evolution of this factor and it is related to the TMD rapidity scale ⇣1 by the
consistency constraint

⇣1 ⇣2 =
(k�)2

An

=
û t̂

ŝ
. (3.106)

The values of ⇣1 and ⇣2 that minimize hard logs are

⇣1 = p2T , ⇣2 = 1. (3.107)

Despite the fact that the scale ⇣2 is dimensionless there are some formal similarities in the
evolution of this soft function and the TMD. The dijet soft function double-scale evolution
is dictated by

d

d ln µ
S�i(b, ⇣, µ) = �S�i

(b, µ, ⇣)S�i(b, ⇣, µ), (3.108)

d

d ln ⇣
S�i(b, ⇣, µ) = �Di(µ, b)S�i(b, ⇣, µ), (3.109)

where i is gluon or quark. The rapidity evolution kernel Di is the same as in the TMD
case, while for the rest we need special treatment.
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3.4.2 Treatment of angular dependent anomalous dimensions and re-
summation

The dijet soft function, the collinear-soft function in dijets and the heavy meson jet func-
tion in hadron pair production have, as a common feature, an anomalous dimension that
is �b-dependent and that can include some imaginary parts. The general structure of the
anomalous dimension for these cases is

�i(b, µ) = �cusp[↵s]
⇣
ci 2 ln | cos�b|� c0i i⇡⇥(�b)

⌘
+ other �b independent terms (3.110)

where

⇥(�b) =

(
+1 : �⇡/2 < �b < ⇡/2

�1 : otherwise
(3.111)

and the consistency of anomalous dimensions requires

X

i

ci =
X

i

c0i = 0, (3.112)

where ci and c0
i
are the color coe�cients that multiply the corresponding part of the cusp

anomalous dimension. The construction of the evolution kernel involves an integration over
the angle �b and after integration all imaginary parts cancel consistently. Note that this
does not mean that one can ignore the imaginary components of the anomalous dimensions
or fixed order functions as contributions of imaginary terms yield real contributions to the
final result.

In order to show the cancellation of the imaginary part we separate the angular de-
pendent part of the evolution kernel from the rest. For instance, for the soft function, we
have

S�i (b, µf , ⇣2,f ) =

= exp

Z

P

⇣
�S�i

(b, µ, ⇣2)d ln µ�Di(µ, b)d ln ⇣2
⌘�

S (b; µ0, ⇣2,0)

= exp

Z

P

⇣
��
S�i

(�)d ln µ + �̄S�i
(b, µ, ⇣2)d ln µ�Di(µ, b)d ln ⇣2

⌘�
S�i (b, µ0, ⇣2,0)

= exp

Z
µf

µ0

⇣
��
S�i

(�)d ln µ
⌘�

exp

Z

P

⇣
�̄S�i

(b, µ, ⇣2)d ln µ�Di(µ, b)d ln ⇣2
⌘�

S�i (b, µ0, ⇣2,0)

= R
�

S�i
RS�i

S�i (b, µ0, ⇣2,0) . (3.113)

The evolution factor is then split into an angular-dependent part and the rest. The
splitting is clearly not unique, however this should not a↵ect the final result once the
angular integration is performed. We have

d

d ln µ
R

�

S�i
= ��

S
(�)R�

S�i
,

d

d ln ⇣
R

�

S�i
= 0 (3.114)

d

d ln µ
RS�i

= �̄SRS�i
,

d

d ln ⇣
RS�i

= �DiRS�i
, (3.115)
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A similar splitting is done for all other angular dependent evolution kernels, for which we
have used

��
S�g

= �cusp
h
4CF ln | cos�b|

i
, (3.116)

��
S�f

= �cusp
h
2(CF + CA) ln | cos�b|� (CF � CA)i⇡⇥(�b)

i
, (3.117)

��
Cg

= �cuspCA

h
� 2 ln | cos�b|� i⇡⇥(�b)

i
, (3.118)

��
Cf

= �cuspCF

h
� 2 ln | cos�b| ± i⇡⇥(�b)

i
, (3.119)

��
J

= �cuspCF

h
� 2 ln | cos�b| ± i⇡⇥(�b)

i
, (3.120)

where the ± sign refers to quark and anti-quark jet respectively. The angular independent
part of the anomalous dimension is simply obtained from the complete expression of the
anomalous dimension

�i = ��
i

+ �̄i (3.121)

with i = S�g, S�f , Cg, Cf , J for each channel.
In order to describe the implications of the angle integration we consider here the dijet

production case, being the HHP one very similar. The separation of the evolution kernels
of all functions in an angular dependent part and the rest allows to write the resummed
cross-section in position space as

d�̃(b) ⇠ exp
h
A({µi}) 2 ln | cos�b|� B({µi}) i⇡⇥(�b)

i
R({µk}! µ)

⇥

h
1 +

X

k2{H,F,J,S,C}

as(µk)f
[1]

k
(b, cos�b)

i

= | cos�b|
2A

⇣
cos(B⇡)�i⇥(�b) sin(B⇡)

⌘
R({µk}! µ)

h
1+

X

k2{H,F,J,S,C}

as(µk)f
[1]

k
(b, cos�b)

i

(3.122)

where we have omitted global scale independent hard factors and non-perturbative contri-
butions that we assume independent of the angle �b. In this equation, we have combined
the evolution kernel of the functions that appear in the cross-section in

A({µi}) =
X

i2{S,C}

ci

Z
µ

µi

�cusp[↵s]d ln µ0 , B({µi}) =
X

i2{S,C}

c0i

Z
µ

µi

�cusp[↵s]d ln µ0 (3.123)

which are independent of the factorization scale µ because of eq. 3.112, and an angle
independent part R({µk} ! µ). The perturbative parts of all functions that appear in

the cross-sections at one loop are collected in the factor
h
1 +

P
k2{H,F,J,S,C}

as(µk)f
[1]

k

i
.

In eq. 3.122 the imaginary part of the cross-section is proportional to the odd function
⇥(�b). We expect so that this part cancel at all orders in perturbation theory when the
�b the Fourier transform is performed like in eq. 3.100-3.102. In the next subsection, we
show that this is explicitly the case at one loop.
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In order to organize the discussion we first consider the case of d�̃U and then deduce
the necessary modifications to get the Fourier transform of d�̃L. The angular integration
of the cross-section at one loop can always be expressed in terms of the following basic
integrals:

In(A) ⌘

Z
+⇡

�⇡

d�b | cos�b|
2A lnn

| cos�b| (3.124)

where

I0(A) =
2
p
⇡ �(1/2 + A)

�(1 + A)
,

I1(A) =

p
⇡ �(1/2 + A)

�(1 + A)
(HA�1/2 �HA)

I2(A) =

p
⇡ �(1/2 + A)

2�(1 + A)

h
(HA�1/2 �HA)2 +  (1)

⇣1

2
+ A

⌘
�  (1)(1 + A)

i
. (3.125)

The results on the r.h.s. of eq. 3.125 are defined only for A > �1/2. In order to satisfy
this condition for every value of b the scales µS and µC must be chosen appropriately,
which at the current level of precision can be done. Next we show the contribution of each

term of f [1]

k
to the cross-section:

• Constant terms: In this case we consider the leading order term in eq. 3.122 together

with all terms in the functions f [1]

k
that are cos�b independent. The integral we need

to perform is,

Iconst.(A, B) ⌘

Z
+⇡

�⇡

d�b | cos�b|
2A

⇣
cos(B⇡)� i⇥(�b) sin(B⇡)

⌘
= I0(A) cos(B⇡)

(3.126)

and the imaginary part cancels because of parity.

• Single logarithmic terms: In this case we consider terms proportional to ln(�i cos�b)

that appear in the soft and collinear-soft terms f [1]

S
and f [1]

C
respectively. The relevant

integral that we need to perform is

Ilog(A, B) ⌘

Z
+⇡

�⇡

d�b | cos�b|
2A

⇣
cos(B⇡)� i⇥(�b) sin(B⇡)

⌘
ln(�i cos�b). (3.127)

Expanding the logarithm as follows

ln(�i cos�b) = ln | cos�b|�
i⇡

2
⇥(�b) (3.128)

we can split the main integral into one part proportional to cos(B⇡) and a second
part proportional to sin(B⇡). In terms of the integrals in eq. 3.125 we obtain the
real-valued result

Ilog(A, B) = I1(A) cos(B⇡)�
⇡

2
I0(A) sin(B⇡). (3.129)
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• Logarithmic Ab terms: In the soft function we observe the presence of terms that
involve the following combination,

Ab =
(v1 · v2)

2(v1 · b̂)(v1 · b̂)
= �

ŝ

4p2
T
(cos�b)2

(3.130)

Particularly this term appears in logarithms and di-logarithms. Here we address the
double logarithmic terms, i.e.,

ln2(�Ab) = ln2

⇣ ŝ

4p2
T

⌘
� 4 ln

⇣ ŝ

4p2
T

⌘
ln | cos�b| + 4 ln2

| cos�b| (3.131)

Integrating over �b the above we obtain three contributions: a constant term, a
single-log and a double-log. Thus we can immediately write,

IlogA(A, B) ⌘

Z
+⇡

�⇡

d�b | cos�b|
2A

⇣
cos(B⇡)� i⇥(�b) sin(B⇡)

⌘
ln2(�Ab)

=
h
ln2

⇣ ŝ

4p2
T

⌘
I0(A)� 4 ln

⇣ ŝ

4p2
T

⌘
I1(A) + 4I2(A)

i
cos(B⇡). (3.132)

• Double logarithmic terms: In this case we consider terms proportional to ln2(�i cos�b)
that appear in the soft and collinear-soft functions. The relevant integral that we
need to perform is

Ilog2(A, B) ⌘

Z
+⇡

�⇡

d�b | cos�b|
2A

⇣
cos(B⇡)�i⇥(�b) sin(B⇡)

⌘
ln2(�i cos�b) (3.133)

we can then expand the logarithm as follows

ln2(�i cos�b) = ln2
| cos�b|�

⇡2

4
� i⇡⇥(�b) ln | cos�b| (3.134)

then we can expand as before in terms proportional to sin(B⇡) and terms propor-
tional to cos(B⇡)

Ilog2(A, B) =
h
�
⇡2

4
I0(A) + I2(A)

i
cos(B⇡)� ⇡I1(A) sin(B⇡). (3.135)

In addition we have poly-logarithmic terms which are proportional to Li2(1�Ab),

ILi(A, B, c̄) ⌘ cos(B⇡)

Z
+⇡

�⇡

d�b | cos�b|
2A Li2

⇣
1�

1

c̄ cos2 �b

⌘
, (3.136)

where

c̄ ⌘
4p2

T

ŝ
, 0 < c̄  1, (3.137)



3.4. ANGULAR DEPENDENCE AND EVOLUTION 61

and where we have dropped the terms proportional to sin(B⇡) since they vanish after
integration from parity. We can then use properties of the poly-logarithm in order to
express this integral in the following form,

ILi(A, B, c̄) = cos(B⇡)
n
�

1

2

h⇣
ln2 c̄ +

⇡2

3

⌘
I0(A) + 4 ln c̄I1(A) + 4I2(A)

i

+

Z
+⇡

�⇡

d�b | cos�b|
2A

h
Li2(c̄ cos2 �b) + ln

�
c̄ cos2 �b

�
ln
�
1� c̄ cos2 �b

�io
(3.138)

We can then expand the poly-logarithms and the ln
�
1� c̄ cos2 �b

�
in the region 0 < c  1.

This allows us to perform the integral over �b and obtain the following,

ILi(A, B, c̄) = cos(B⇡)
n
�

1

2

h⇣
ln2 c̄ +

⇡2

3

⌘
I0(A) + 4I1(A) ln c̄ + 4I2(A)

i

�

1X

n=1

c̄n

n

h⇣
ln c̄�

1

n

⌘
I0(A + n) + 2I1(A + n)

io
(3.139)

Although this expression is exact it includes a sum extending to infinity. In numerical
applications, one can truncate this sum at the desired value to achieve a certain numerical
precision. This concludes the discussion of all possible cases that appear in the Fourier
transform of the unpolarized cross-section.

The part of the cross-section relative to linearly polarized gluons can be treated sim-
ilarly. In this case, we need to incorporate an additional cos 2�b term in the integrals
but this is the only change since the soft and collinear-soft functions that appear in the
two contributions are the same as for the dijet case. Using the trigonometric identity
cos 2�b = 2 cos2 �b�1 the integrals for this case can be deduced from the discussion of the
unpolarized cross-section by the replacement

In(A) �! �In(A + 1) +
1

2
In(A) . (3.140)

Equivalently for the case of angular modulation in eq. 3.101 the following transformations
have to be performed,

d�̃U (b) : In(A) �! �In(A) + 2In(A + 1)

d�̃L(b) : In(A) �! �In(A) + 2In(A + 1)� 2In(A + 2) . (3.141)

Additionally, for Sivers asymmetry, we check the sin(�S � �r) modulated cross-section
which leads to the sustitution

In(A) �! In(A + 1) + cos2 �S [In(A)� 2In(A + 1)]. (3.142)

Notice that for the Sivers case, the result depends on the angle �S (the spin angle w.r.t.
the plane defined by pT and qT ). We leave the implications of this fact as well as phe-
nomenology for this case for future works. In all these cases one obtains a cancellation
of the imaginary part of the cross-section. Other polarized contributions are possible and
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have yet to be further explored. A more complete list of contributions can be found in
[92].

Treating perturbatively the angular integration as discussed in this section leads to
write eq. 3.100 for the dijet case as

d�

d⇧drT
=

d�U (�⇤g)

d⇧drT
+

d�U (�⇤f)

d⇧drT
+

d�L(�⇤g)

d⇧drT
, (3.143)

where

d�U (�⇤g)

d⇧ drT
=
X

f

�gU
0

HU

�⇤g!ff̄
(ŝ, t̂, û, µ = pT )Jf (pT , R, µJ)J

f̄
(pT , R, µJ)

⇥

Z
+1

0

bdb J0(brT )fg

1
(⇠, b)Rg

⇣
({µk}, ⇣1,0, ⇣2,0)! (pT , p2T , 1)

⌘
�̂Ug (b, R, {µi}),

(3.144)

d�U (�⇤f)

d⇧ drT
=
X

f,f̄

�fU
0

HU

�⇤f!gf
(ŝ, t̂, û, µ = pT )Jf (pT , R, µJ)Jg(pT , R, µJ)

⇥

Z
+1

0

bdb J0(brT )ff

1
(⇠, b)Rq

⇣
({µk}, ⇣1,0, ⇣2,0)! (pT , p2T , 1)

⌘
�̂U
f

(b, R, {µi}),

(3.145)

d�L(�⇤g)

d⇧ drT
=
X

f

�gL
0

HL

�⇤g!ff̄
(ŝ, t̂, û, µ = pT )Jf (pT , R, µJ)J

f̄
(pT , R, µJ)

⇥

Z
+1

0

bdb J0(brT )h?

1 (⇠, b)Rg

⇣
({µk}, ⇣1,0, ⇣2,0)! (pT , p2T , 1)

⌘
�̂Lg (b, R, {µi}),

(3.146)

where Rf,g are products of evolution kernels to be described in the next section, and �̂U,L
f,g

are the result of �b angular integration and can be written as

�̂Ug = IgU
const.

+ as(µC)C
U

f
(b, R, µC) + as(µC)C

U

f̄
(b, R, µC) + as(µ0)S

U

�g(b, ⇣2, µ0), (3.147)

�̂U
f

= IfU
const.

+ as(µC)C
U

f
(b, R, µC) + as(µC)C

U

g (b, R, µC) + as(µ0)S
U

�f
(b, ⇣2, µ0), (3.148)

�̂Lg = IgL
const.

+ as(µC)C
L

f
(b, R, µC) + as(µC)C

L

f̄
(b, R, µC) + as(µ0)S

L

�g(b, ⇣2, µ0). (3.149)

The functions C and S in eq. 3.147-3.149 are the result of the �b integration in collinear-
soft and dijet soft functions. For the heavy meson case we have just contributions from
gluon scattering,

d�

d⇧drT
=

d�U (�⇤g)

d⇧drT
+

d�L(�⇤g)

d⇧drT
, (3.150)

and we have to change J
f,f̄
! H+ and Cf ! JQ!H in eq. 3.144-3.146. In the case of

angular modulation the cross-sections can also be written as in eq. 3.143-3.150, with the
correct values of the functions Iconst., C and S. The non-perturbative e↵ects are in all
cases encoded in the evolution kernels, TMD and jet functions. In the next section we
describe how the evolution kernels are defined.
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3.5 Evolution kernels and scale choices

The evolution kernels appearing in eq. 3.143-3.150 are

Rg

⇣
({µk}, ⇣1,0, ⇣2,0)! (pT , p2T , 1)

⌘
= RJf

(µJ ! pT )2RCf
(µC ! pT )2

⇥R
g

F

⇣
(µ0, ⇣1,0)! (pT , p2T )

⌘
R

q

S

⇣
(µ0, ⇣2,0)! (pT , 1)

⌘
, (3.151)

Rq

⇣
({µk}, ⇣1,0, ⇣2,0)! (pT , p2T , 1)

⌘
= RJf

(µJ ! pT )RJg(µJ ! pT )RCf
(µC ! pT )

⇥RCg(µC ! pT )Rq

F

⇣
(µ0, ⇣1,0)! (pT , p2T )

⌘
R

g

S

⇣
(µ0, ⇣2,0)! (pT , 1)

⌘
,

(3.152)

where RJf,g
is a jet function kernel, RCf,g

is the one of collinear-soft functions, R
q,g

F
the

one of TMD and finally R
qg

S
is the one of the dijet soft function. In the heavy quark case,

the evolution kernels are parameterized like in eq. 3.151 with the usual changes Jf ! H+

and Cf ! JQ!H . The kernels for single-scale evolution have a standard form and a review
up to NLL is given in [102],

Ri(µi ! pT ) = eKi(µi!pT )

⇣ µi

mi

⌘
!i(µi!pT )

, i = {Cf , Cg, Jf , Jg, JQ!H , H+} (3.153)

where

!i(µi ! pT )
���
NLL

= �
�0
i

�0


ln r +

✓
�1
�0
�
�1
�0

◆
↵s(µi)

4⇡
(r � 1)

�
, (3.154)

Ki(µi ! pT )
���
NLL

= �
�0
i

2�0
ln r �

2⇡�0
i

(�0)2


r � 1� r ln r

↵s(pT )

+

✓
�1
�0
�
�1
�0

◆
1� r + ln r

4⇡
+

�1
8⇡�0

ln2 r

�
, (3.155)

with r = ↵s(pT )/↵s(µi) and

�0Cf = �4CF , �0Cg = �4CA, �0Cf/g = 0, mCf/g
=

Re��E

b
,

�0Jf = 4CF , �0Jg = 4CA, �0Jf = 6CF , �0Jg = 2�0, mJf/g
= pTR,

�0J = �4CF , �0J = 4CF , mJ =
mQ/pT e��E

b
,

�0+ = 4CF , �0+ = 2CF , m+ = mQ, (3.156)

Initial scales µi choice is given in sec. 3.6. The TMD kernel is considered here in the
⇣-prescription described in [33] and implemented in the code Artemide [81] that we use,

R
q,g

F
({µ0, ⇣0}! {µf , ⇣f}) =

⇣ ⇣f
⇣µ(b, µf )

⌘�Dq,g(b,µf )

. (3.157)

In the next paragraph we define a ⇣-prescription also for the dijet evolution kernel R
g

S

⇣
(µ0, ⇣2,0)!

(pT , 1), which is the only missing part.
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3.5.1 ⇣-prescription for dijet evolution kernel

The angular independent kernel of the dijet soft function is obtained as a solution of
a coupled system of di↵erential equations, reported in eq. 3.115, that are formally very
similar to the TMD ones [94, 93]. The anomalous dimensions are given by

�̄S�g
(µ, ⇣) = �cusp

h
2CF ln

⇣µ2

µ2
0

⌘
� CA ln

⇣ ⇣

⇣�g
2,0

⌘i
+ ���g

S
, (3.158)

�̄S�f
(µ, ⇣) = �cusp

h
(CF + CA) ln

⇣µ2

µ2
0

⌘
� CF ln

⇣ ⇣

⇣�f
2,0

⌘i
+ ���f

S
, (3.159)

where

µ0 =
2

be�E
, ⇣�g

2,0
=
⇣4p2

T

ŝ

⌘ 2CF

CA , ⇣�f
2,0

=
⇣4p2

T

ŝ

⌘CF+CA

CF

⇣ t̂

û

⌘CF�CA

CF , (3.160)

and ��S are the non-cusp SF anomalous dimension, which is known up to three-loops for
the gluon-channel and up to one-loop for the quark-channel and are reported in appendix.
The anomalous dimension and the rapidity anomalous dimension (RAD) in eq. 3.108 and
eq. 3.109 satisfy also

�
d

d ln ⇣
�̄S�i

(µ, ⇣) =
d

d ln µ
Di(µ, b) = �cusp(µ) (3.161)

The evolution for the SF takes the general form

R
i

S({µi, ⇣i}! {µf , ⇣f}) = exp

Z

P

⇣
�̄S� i(µ, ⇣)d ln µ�Di(µ, b)d ln ⇣

⌘�
(3.162)

with i = q, g and {µi, ⇣i} and {µf , ⇣f} being the initial and final points of factorization and
rapidity scales. The integration path P is an arbitrary path in the {µ, ⇣}-plane. Eq. 3.161
ensures that the evolution kernel is only path-independent when one knows the complete
perturbative expansion of the anomalous dimensions. Since this is not the case the path
independence is broken. In order to partially restore the path independence we proceed
as in [33] defining a ⇣-prescription also for the dijet soft function evolution kernel. The
⇣-prescription provides a way to choose the initial scale ⇣i of the evolution kernel as a
function of µ and b so that the SF does not depend on the initial scale µi. This is done
by taking the integration path through a null-evolution line in the {µ, ⇣}-plane and then
taking a fixed-µ evolution.

To find the null-evolution line we interpret the pair of di↵erential equations 3.161 as
a two-dimensional gradient equation rF = EF , where E = (�S(µ, ⇣),�DS(µ, b)). The
null-evolution line is then an equipotential line of the field E. In particular, there is
a special null-evolution line that passes through the saddle-point {µsaddle, ⇣saddle} of the
evolution field. We find that the saddle point is exactly µsaddle = µ0 and ⇣�i

saddle
= ⇣�i

0
. If

we parameterize the null-evolution line as {µ, ⇣µ(b)}, the value of ⇣µ is given by

�S�i
(µ, ⇣µ(b)) = 2DS�i

(µ, b)
d ln ⇣µ(b)

d ln µ2
, (3.163)
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which is solved perturbatively order by order in ↵s. The perturbative solution takes the
form

⇣�g
µ, pert

(b) =
⇣ µ

µ0

⌘ 2CF

CA ⇣�g
0

ev
�g

(µ,b), (3.164)

⇣�f
µ, pert

(b) =
⇣ µ

µ0

⌘CF+CA

CF ⇣�f
0

ev
�f

(µ,b), (3.165)

where

v�i(µ, b) =
1X

n=0

ans (µ)v�in (Lµ), Lµ = ln
�
Bµ2e2�E

�
, (3.166)

v�g
0

(Lµ) = 0, (3.167)

v�g
1

(Lµ) =
2CF

CA

h
�
�0
12

L2

µ +
�2
2CF

� d(2,0)

�0

i
, (3.168)

v�g
2

(Lµ) =
2CF

CA

h
�
�2
0

24
L3

µ �

✓
�1
12

+
�0�1
12�0

◆
L2

µ +

 
�0

�2
2CF

2�0
�

4�0d(2,0)

3�0

!
Lµ

�

�2
2CF

�1 � d(2,0)�1

�2
0

+
�3
2CF

� d(3,0)

�0

i
, (3.169)

v�f
0

(Lµ) = 0, (3.170)

and we are using the following notation

Di(µ, b) = Ci

1X

n=1

ans (µ)
nX

k=0

Lk

µd(n,k), ��S(µ) =
1X

n=1

ans (µ)�n, (3.171)

�(as) = �
1X

n=0

an+2

s �n, �cusp(µ) = Ci�cusp(µ) = Ci

1X

n=0

an+1

s (µ)�n, (3.172)

with Ci = CF , CA for quark and gluon channel respectively. Notice that v0 vanishes as it
is proportional to the LO non-cusp AD, which is zero for the SF. The non-cusp AD is not
known beyond LO for the quark channel.

The RAD is a function of b and therefore has important non-perturbative corrections
in the large-b region. These corrections can be implemented as a model. The way to
proceed is to solve 3.163 for a generic non-perturbative RAD. The equation is solvable but
it is di�cult to obtain the cancellation of perturbative logarithms in the small-b region.
Following [33] we use the perturbative solution for the small-b region and move to the
exact (generic RAD) solution for large-b:

⇣µ(b) = ⇣pertµ (b)e�b
2
/B

2
NP + ⇣exactµ (b)

⇣
1� e�b

2
/B

2
NP

⌘
, (3.173)

with BNP being the b value where non-perturbative (NP) e↵ects become important (⇠ 2.5
GeV�1). We have already discussed the perturbative solution to eq. 3.163. For the exact
solution we find

⇣�g
µ, exact

(b) =
⇣µ2

µ2
0

⌘ 2CF

CA ⇣�g
0

e�g
�g

(as,DS)/DS , (3.174)
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⇣�f
µ, exact

(b) =
⇣µ2

µ2
0

⌘CF+CA

CF ⇣�f
0

e�g
�f

(as,DS)/DS , (3.175)

where

g�i(as, DS) =
1

as

�0
2�2

0

1X

n=0

ans g�in (DS), (3.176)

g�g
0

=
2CF

CA

h
e�p
� 1 + p

i
, (3.177)

g�g
1

=
2CF

CA

h�1
�0

✓
e�p
� 1 + p�

p2

2

◆
�
�1
�0

�
e�p
� 1 + p

� i
, (3.178)

g�f
0

=
CF + CA

CF

h
e�p
� 1 + p

i
, (3.179)

g�f
1

=
CF + CA

CF

h�1
�0

✓
e�p
� 1 + p�

p2

2

◆
�
�1
�0

�
e�p
� 1 + p

� i
, (3.180)

and p = 2�0DS/�0.
Finally, the evolution kernel that provides the evolution from the null-evolution line

and that passes through the saddle-point to the final ⇣ point is given by

R
q,g

S
({µ0, ⇣0}! {µf , ⇣f}) =

⇣ ⇣f
⇣µ(b, µf )

⌘�Dq,g(b,µf )

, (3.181)

and if we consider the evolution from an arbitrary initial scale we take

R
i

S({µi, ⇣i}! {µf , ⇣f}) =
R

i

S
({µ0, ⇣0}! {µf , ⇣f})

Ri

S
({µ0, ⇣0}! {µi, ⇣i})

. (3.182)

with i = q, g. This discussion concludes the analysis of all terms that appear in the
factorization theorem and the scale prescription. We are now ready for the implementation
in the code Artemide [81].

3.6 Phenomenology

In order to test the phenomenology developed in the previous sections we consider the
case of the EIC. In [98] we already studied the coverage of the EIC and we concluded that
the most favorable case is given for a value of mass energy for dijet production around
p

s = 140GeV and central rapidity, ⌘1 = ⌘2 = 0. Typical values for jet radii and momenta
at EIC are respectively R ⇠ 0.7 and pT ⇠ Q/2 ⇠ 20 GeV. To simplify the discussion we
show plots integrated over Bjorken variable x (the longitudinal fraction of momentum ⇠
that enters in the TMDPDFs is ⇠ ⇠ 2x) in the allowed kinematic intervals. For the case
of central rapidity we have x 2 (0.0859, 0.5). The cross-sections that we plot are

Z
xmax

xmin

dx
d�

dxd⌘1d⌘2dpTdrT

���
⌘1, ⌘2, pT

(3.183)
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and its value is presented as a function of the small transverse momentum rT . The cross-
sections and the error bands are obtained by using and preparing specific moduli for the
code Artemide [81]. In particular, we use the TMD and the TMD evolution kernels already
coded in Artemide, which come from the fit [32], while the new functions studied in this
work are included in this code for the first time. We use the PDF set NNPDF31. The gluon
TMD is not fitted yet, however in Artemide there is a parameterization for it. The code
takes into account that the contribution of linearly polarized gluons is highly suppressed
because in the small-b regime the matching of the linearly polarized gluon TMD onto the
gluon PDF starts at order ↵1

s and not at order ↵0
s like other distributions. In ref. [39] the

cross section obtained in this way agrees with Pythya 8 and current experimental results
for the Higgs transverse momentum spectrum, which are however not very precise. The
non-perturbative e↵ects are expected to be important in the high-b region and they should
not alter the small-b behavior of this distribution. Notice also that the non-perturbative
e↵ects play a role in controlling the behavior of the distribution around the Landau pole
at large-b, which means a further suppression e↵ect at large-b (as we also observe in the
case of unpolarized distributions). Summing up, given the current perturbative and non-
perturbative knowledge of TMDs, at this stage we prefer not to push for a hypothetical
non-perturbative enhancement of the contribution of linearly polarized gluon TMD.

C J S
Bi

NP
(GeV�1) 2.5 2.5 2.5

C J

bmax (GeV�1) 0.5 0.3

Table 3.1: Values of non-perturbative parameter BNP and bmax prescription chosen for
collinear-soft function, heavy meson jet function and dijet soft function. Impact of the
varition of BNP is shown in fig. 3.6.

The factorization that we propose in general needs information of the non-perturbative
e↵ects in several functions. For the dijet case we have

C(b, R; pT ) = RC(b, R; pT , µC)C
pert(b, R; µC)f

NP

C (b, R), (3.184)

S�i(b; pT , 1) = RS({µ0, ⇣0}! {pT , 1})Spert
�i

(b; µ0, ⇣0)f
NP

S (b), (3.185)

where the functions with su�x pert refer to their perturbative part in the MS scheme
which is currently known at one loop. Similarly for the HHP case we need

J (b, mQ/pT ; pT ) = RJ (b, mQ/pT ; pT , µJ )J pert(b, mQ/pT ; µJ )fNP

J (b; mQ). (3.186)

The non-perturbative e↵ects are parameterized as

fNP

i (b) = exp
⇣
�

b2

(Bi

NP
)2

⌘
, i = C, J , S. (3.187)

The values of Bi

NP
define the non-perturbative model and we have tested several combi-

nations as shown in fig. 3.6. Higher values of Bi

NP
are more sensitive to the perturbative

series in the low transverse momentum spectrum, and in general, provide higher values of
the observables. In unpolarized TMD cases, we have usually that typical values of Bi

NP

are around 1-3 GeV�1 so we find it reasonable to fix their values as in tab. 3.1.
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The factorization scales µC for dijet and µJ for HHP are chosen to minimize pertur-
bative logarithms and to not hit the Landau pole of the strong coupling constant,

µC = 2e��E

⇣1

b
+

1

bmax

⌘
, (3.188)

µJ =
1

2
e��E

⇣1

b
+

1

bmax

⌘
. (3.189)

This scale choice deserves some comments. In the dijet case, the scale choice does not
include the dependence on the jet radius R. Similarly, the mass of the ratio mQ/pT does
not enter the collinear-soft function and heavy meson jet. In all cases, this means that
there is not a complete cancellation of the logarithms of these functions. The reason is
that the �b integration imposes some constraints on the choice of scales. In fact, the
function A({µi}) defined in eq. 3.123, which depends on the initial scale choice for the
soft function, collinear-soft function and heavy meson jet, needs to be A > �1/2 in order
to have a well defined angular integration. Because of this constraint, some scale choices
could be considered, for instance

µC =
Re��E

b
, µJ =

mQ/pT e��E

b
, (3.190)

can not be used. As a result in our approach we only partially resum the logs in the
collinear-soft function and the heavy meson jet in order to maintain the structure of ⇣-
prescription and double scale evolution in the soft function that is described in sec. 3.5.
This leads to the initial scales in eq. 3.188, 3.189.

Finally, for the dijet soft function, we use the b⇤-prescription in the same way as for
the TMDPDF:

µS =
2e��E

b⇤
, b⇤ =

bp
1 + b2/b2max

. (3.191)

Concerning the theoretical errors, the scale variations in collinear-soft and heavy meson
jet function are the main source. This is due to the non-cancellation of logs in the functions
by the choice of the initial scales. The choice of the values bmax for collinear-soft function
and heavy meson jet account for the convergence of our perturbative result. A more
consistent way to treat the resummation of these scales is left for future work, involving
the refactorization of these functions.

For functions that do not depend on b the initial scale choice does not require a
prescription or NP-model and it is dictated by the cancellation of the logarithms. For the
jet function and the H+ matching coe�cient, we have

µJ = pTR, µ+ = mQ. (3.192)

We use a NP-model for the rapidity anomalous dimension that enters the exact solution
for the null-evolution ⇣µ line as it is explained in sec. 3.5. In particular, we use the same
model that has been used for TMDPDF in [32]

D
NP

F,S = c0bb
⇤, c0 = 2.5 · 10�2. (3.193)

This model dictates how the rapidity anomalous dimension behaves in the large-b region
and is used for both dijet soft function and TMDPDF when performing double-scale
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Figure 3.6: Impact of BNP variation over dijets and heavy meson total cross-section. Leg-
end correspond to (BS

NP
, BC

NP
) and (BS

NP
, BJ

NP
) for dijet and HHP production respectively

evolution. While a color re-scaling of the non-perturbative models for gluon TMDPDF
and gluon channel soft function with respect to their quark analogs is possible, we observe
that this change does not have a significant impact on the cross-section and, therefore, we
choose to keep the same model for both quarks and gluons.

3.6.1 Phenomenological results

In this section, we show our results for the di↵erential cross-section for both dijet and
heavy hadron pair production processes. Di↵erential cross-sections are shown with error
bands coming from scale variation of the di↵erent final and initial scales of the functions
appearing in our factorization formulas. Scale variation bands are obtained by changing
the considered scale by a factor of 2 up and down relative to its central value.

Results for dijet production

In fig. 3.7 we show the impact of the change of jet radius, jet transverse momentum (hard
scale) and jet pseudorapidity over the total dijet cross-section. We show that for the
variation of the jet radius, we see a change of around 20% on the cross-section from the
central value when taking the jet radius to be ±0.2 from R = 0.7. For pT there is a
variation of an order of magnitude in the total cross-section when taking ±5 GeV from
20 GeV. This corresponds to Q = 30, 40, 50 GeV respectively. Finally, for pseudorapidity
variation, we obtain an order of magnitude di↵erence above and below when compared
to the central rapidity case. Positive rapidities (⌘i = 0.5) correspond to Q ' 53 GeV
while negative rapidities (⌘i = �0.5) correspond to Q ' 32 GeV, so both pT and ⌘ plots
are consistent. Notice that the total dijet cross-section is not symmetrical for both jet
rapidities as for the quark channel we have both a quark and gluon jet in the final state.
Every other plot is obtained taking R = 0.7, pT = 20 GeV and ⌘i = 0.

In fig. 3.8 the result for the cross-section including quark and gluon channels is shown.
We consider the contribution of linearly polarized gluons in a separate panel to show that
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Figure 3.7: Impact of the variation of the jet radius (R), hard scale jet transverse momen-
tum (pT ) and jet pseudorapidity (⌘i) for dijet production. For pseudorapidity variation
legend is shown referring to (⌘1, ⌘2) pair, dashed and dotted lines correspond to negative
and positive rapidity respectively.

� � � � � � �
���

���

���

���

���

���

� � � � � � �
���

���

���

���

���

���

� � � � � � �
���

���

���

���

���

���

� � � � � � �
���

���

���

���

���

���

-�
-�
-�
�
�
�
�
�

-�
-�
-�
�
�
�
�
�

-�
-�
-�
�
�
�
�
�

-�
-�
-�
�
�
�
�
�

Figure 3.8: Cross-sections for dijet production at EIC with error-bands coming from scale
dependence in collinear-soft factor (CSF), hard factor (Hard), jet distributions (Jet) and
Wilson coe�cients (OPE). Rows correspond to contributions from linearly polarized gluons
(top) and total cross-section (bottom). Notice that the contribution from linearly polarized
gluons is much smaller than the total cross-section.

p
s = 140 GeV, R = 0.7, pT = 20

GeV, ⌘1 = ⌘2 = 0.
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Figure 3.9: Cross-sections for HHP production at EIC with error-bands coming from scale
dependence in hard factor (Hard), heavy meson jet function (bHQET), heavy meson jet
function matching coe�cient (Hard+) and Wilson coe�cients (OPE). The rows correspond
to contributions from total cross-section (top) and linearly polarized gluons (bottom).
Notice that the contribution from linearly polarized gluons is much smaller than the total
cross-section.

p
s = 140 GeV, pT = 20 GeV, ⌘1 = ⌘2 = 0.
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Figure 3.10: Angular modulation contribution for dijet production at EIC with error-
bands coming from scale dependence in collinear-soft factor (CSF), hard factor (Hard),
jet distributions (Jet) and Wilson coe�cients (OPE).

p
s = 140 GeV, R = 0.7, pT = 20

GeV, ⌘1 = ⌘2 = 0.
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Figure 3.11: Angular modulation contribution for HHP production at EIC with error-
bands coming from scale dependence in hard factor (Hard), heavy meson jet function
(bHQET), heavy meson jet function matching coe�cient (Hard+) and Wilson coe�cients
(OPE).

p
s = 140 GeV, pT = 20 GeV, ⌘1 = ⌘2 = 0.

their contribution is completely negligible, being a factor 103-104 smaller. This leads to
the conclusion that the contribution from the linearly polarized gluons can be neglected
when considering the unpolarized cross-section.

The angular modulation asymmetry is shown in fig. 3.10, being around 5%.

Results for heavy hadron production

The analysis for HHP has followed similar steps of the dijet case when possible. The
di↵erential cross-section including all channels is plotted in fig. 3.9. A separate analysis of
the contribution of linearly polarized gluons shows also in this case that they are completely
negligible being suppressed by a factor 102-103. The angular modulation asymmetry is
shown in fig. 3.11, being around 5%.



Chapter 4

Background field method

In chapters 1 and 2, we introduced SCET and outlined the methodology for achieving
TMD factorization within its framework. In this chapter, an alternative approach for
the development of factorization is presented, particularly suited to address higher power
corrections, the background field method. This chapter is a review of the work presented
in refs. [103, 104], which serves as the foundation for the novel work presented in chapter
5. In particular, this chapter is an introduction to factorization through the background
field method and the systematic inclusion of power corrections, which we develop for the
case of dijet production in SIA in chapter 5. For further details, we encourage readers to
check the findings presented in ref. [103].

The history of TMD cross-section factorization dates back to the seminal works of
refs. [13, 35, 14]. Recent advancements in achieving TMD factorization involve the utiliza-
tion of specialized regulators for rapidity divergences and e↵ective field theory [94, 17, 25],
as well as the background field method [103]. In these studies, TMD factorization emerges
through the expansion of the cross-section in powers of �, representing the ratio of a small
transverse momentum qT and the scale Q of the hard scattering process.

Confining our focus to the leading power in this expansion and conducting perturbative
calculations for the renormalization group energy evolution, researchers have successfully
extracted unpolarized TMDs up to the next-to-next-to-next-to-next-to-leading logarithmic
(N4LL) order [105, 106]. This currently stands as the highest logarithmic order employed
to determine a nonperturbative distribution. Additionally, the TMD formalism has been
applied to theoretically predict the Z-boson transverse momentum distribution at the
same order [107].

In principle, comparable accuracy can be attained for other spin-dependent distribu-
tions described by TMD factorization. This is attributed to the spin-independence of the
TMD evolution kernel [88, 87, 108, 109, 110], cusp anomalous dimension [111, 112], and
hard factors [113, 114, 115, 116], all of which do not vary with spin.

With the cross-section exhibiting high theoretical precision at the leading power, recent
progress has been made in delving into the exploration of hadron structure at higher
orders of �. These power corrections are anticipated to provide valuable insights into our
comprehension of hadrons and their intrinsic properties [117, 103, 118, 104, 119, 120, 121].
The necessity for power corrections becomes evident, especially given the per-mille-level
accuracy achieved in recent DY measurements at the LHC.

73
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Furthermore, SIDIS and e+e� experiments, such as EIC [122], EIcC [123], and Belle,
are typically conducted at low energy, where power corrections tend to be more substan-
tial [124]. In summary, incorporating power corrections holds the potential to enhance
precision in various experimental scenarios. The process under consideration here plays a
crucial role in discerning the impact of non-leading power e↵ects.

Recent advancements have paved the way for investigating power corrections within
the TMD formalism. Currently, a comprehensive set of operators up to NLP is available,
as detailed in [103, 118]. The evolution properties of these operators have been thoroughly
examined in previous studies [103, 120], a�rming the validity of factorization for the Drell-
Yan and Semi-Inclusive Deep Inelastic Scattering processes up to NLP precision.

Nevertheless, the inclusion of additional non-perturbative operator matrix elements
in the cross-section suggests the presence of new non-perturbative physics. Additionally,
the factorized formula for the cross-section introduces extra divergences characteristic of
sub-leading-power factorization, demanding careful treatment.

In this chapter, we provide a brief overview of the process involved in obtaining fac-
torization beyond the leading power using the background field method.

Essentially, the background field method consists of the separation of QCD fields into
dynamical and background components and the subsequent integration of the dynamical
ones. The background field method proves particularly advantageous in calculating power
corrections since it directly computes the operator expansion from the functional integral,
eliminating the need for a matching procedure common in many other approaches. This
allows a systematic analysis of the operators involved at each step.

In the same way as we did in chapter 2, we consider the Drell-Yan case as an instructive
example and we comment on the generalization needed to apply factorization to SIDIS
and SIA. Thus, let us consider here the hadronic tensors for DY:

Wµ⌫ =

Z
d4y

(2⇡)4
e�i(yq)

X

X

hp1, p2|J
µ†(y)|XihX|J⌫(0)|p1, p2i, (4.1)

where Jµ(y) = q̄�µq(y) is the elecromagnetic current and q(y) is a quark field. Substitut-
ing the electromagnetic current with the electro-weak current merely alters the tensorial
structure without impacting the factorization process. Similarly, it is easy to generalize
the factorization procedure for SIDIS or SIA as it remains mostly identical, with the only
distinction lying in the boundary conditions for the fields.

For completitude, we summarize here some of the notation and kinematics used before
and during this chapter. The kinematics of the process is defined by the photon momentum
qµ, and the hadrons momenta pµ

1
and pµ

2
. Once again, we use light-cone coordinates and

assume that hadrons are massless,

p21 = p22 = 0. (4.2)

Hadrons momenta define two light-cone directions, which we traditionally denote as nµ

and n̄µ with (nn̄) = 1,

pµ
1

= n̄µp+
1
, pµ

2
= nµp�

2
. (4.3)
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The invariant mass of the virtual photon is

Q2 = q2 = 2q+q� � q2T , (4.4)

where q2
T

= �qµ
T
qTµ > 0. The TMD factorization is derived in the limit

Q2
� ⇤2, Q2

� q2T , (4.5)

where ⇤ is a typical low-energy QCD scale. It implies that the light-cone components of
qµ are large q+ ⇠ q� ⇠ Q. Additionally, we suppose that q+/p+

1
and q�/p�

2
are fixed,

which corresponds to a non-small-x regime.

4.1 Field modes and e↵ective operators

The considered hadronic tensors exhibit two causally independent sectors engaged in the
exchange of real emissions. In such cases, the functional integral can be expressed using
Keldysh’s method [125]. We introduce two sets of QCD fields, denoted as causal and
anti-causal fields (notated with superscripts (+) and (�), respectively). These fields fol-
low standard quantization rules, featuring time-ordered and anti-time-ordered evolution
operators for causal and anti-causal fields respectively. At the future boundary, the val-

ues of the fields coincide: limt!1 q(+)(t, x) = limt!1 q(�)(t, x) and limt!1 A(+)

µ (t, x) =

limt!1 A(�)

µ (t, x). On the perturbative level, this results in a real-particle propagator con-
necting (+) and (�) fields, equivalent to the conventional Feynman rules for cut diagrams.

Following this method we can express non-time-ordered operators as a functional in-
tegral. The hadronic tensor is rewritten as

Wµ⌫ =

Z
d4y

(2⇡)4
e�i(yq)

Z
[Dq̄(+)Dq(+)DA(+)]

Z
[Dq̄(�)Dq(�)DA(�)] (4.6)

⇥ ⇤(�)

p1
 ⇤(�)

p2
eiS

(+)
QCD�iS

(�)
QCD J†(�)

µ (y)J (+)

⌫ (0) (+)

p1
 (+)

p2
,

 p represents the wave function of the hadron (constructed in the distant past), and SQCD

denotes the QCD action. The superscript (±) specifies that the element is exclusively
composed of causal or anti-causal fields.

Now we need to identify the relevant field modes. Let us consider the scaling of the
fields, in particular, for a hadron with the momentum along the n or n̄ direction we have

{@+, @�, @T } qn̄ . Q{1, �2, �} qn̄, (4.7)

{@+, @�, @T } qn . Q{�2, 1, �} qn, (4.8)

{@+, @�, @T } Aµ

n̄ . Q{1, �2, �} Aµ

n̄, (4.9)

{@+, @�, @T } Aµ
n . Q{�2, 1, �} Aµ

n. (4.10)

In its particular kinematic sector, the background fields consist of regular QCD fields,
therefore obeying the equations of motion of QCD.

The use of the . symbol in these equations signifies that the fields incorporate all
momenta within the corresponding boundaries. This stands as a fundamental distinction
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Figure 4.1: Regions of field domains in the plane of light-cone momentum components.
Figure credited to V. Moos, I. Scimemi and A. Vladimirov, ref. [103]

in the background approach compared to SCET. In SCET, field modes are defined within
boxes of momentum around a specific scale that labels the fields. Another distinction lies
in the absence of modes scaling as {@+, @�, @T }q ⇠ Q{�,�,�}q, the so-called soft modes
in SCET nomenclature.

As usual, we distinguish “good” and “bad” spinor components of the quark field, this
is

qn̄/n(x) = ⇠n̄/n(x) + ⌘n̄/n(x), (4.11)

where

⇠n̄(x) =
/̄n/n

2
qn̄(x), ⌘n̄(x) =

/n/̄n

2
qn̄(x), (4.12)

⇠n(x) =
/n/̄n

2
qn(x), ⌘n(x) =

/̄n/n

2
qn(x). (4.13)

We recall the scaling of the fields with the parameter �. For quark fields we have

⇠n̄/n ⇠ �, ⌘n̄/n ⇠ �
2. (4.14)

For gluon fields we have

A+

n̄ ⇠ 1, Aµ

n̄,T
⇠ �, A�

n̄ ⇠ �
2,

A+

n ⇠ �
2, Aµ

n,T
⇠ �, A�

n ⇠ 1. (4.15)

The background-field method involves a separation of QCD fields into dynamical and
background components, followed by the integration of the dynamical ones. TMD factor-
ization is characterized by the background field having two distinct components: collinear
and anticollinear. Quark and gluon fields separate as follows:

q(±)(x) = �(±)(x) + q(±)

n (x) + q(±)

n̄ (x),
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A(±)

µ (x) = B(±)

µ (x) + A(±)

nµ (x) + A(±)

n̄ µ (x), (4.16)

where � and B are the dynamical components that cover the remaining part of the Hilbert
space, as shown in fig. 4.1. The integration measure is split as

[Dq̄DqDA] = [D�̄D�DB][Dq̄n̄Dqn̄DAn̄][Dq̄nDqnDAn], (4.17)

for ± fields respectively. The separation of field modes is executed while maintaining gauge
invariance. The Lagrangian exhibits invariance solely under the gauge transformation of
all fields by the same transformation parameter, irrespective of any power counting consid-
erations. However, the gauge transformation for the background field and the dynamical
field can be disentangled by employing the background gauge technique [126, 127]. In this
way, the gauge fixation condition for the dynamical field is expressed as:

[@µ�
AC + gfABC(A(±)B

n̄µ + A(±)B

nµ )]B(±)µC = Dµ[A(±)

n̄ + A(±)

n ]B(±)µ = 0, (4.18)

where Dµ is the covariant derivative. Opting for this choice o↵ers the advantage of allowing
independent transformations for the background fields. Additionally, in the region where
the momenta of the collinear and anticollinear fields do not overlap, we treat them as
totally independent fields, and thus their gauge transformations are also independent.

Taking into account the definitions and considerations, the hadronic tensor is written
as

Wµ⌫

unsub.
=

Z
d4y

(2⇡)4
e�i(yq) (4.19)

⇥

Z
[Dq̄(+)

n̄ Dq(+)

n̄ DA(+)

n̄ ][Dq̄(�)

n̄ Dq(�)

n̄ DA(�)

n̄ ]eiS
(+)
QCD[q̄n̄,qn̄,An̄]�iS

(�)
QCD[q̄n̄,qn̄,An̄]

⇥

Z
[Dq̄(+)

n Dq(+)

n DA(+)

n ][Dq̄(�)

n Dq(�)

n DA(�)

n ]eiS
(+)
QCD[q̄n,qn,An]�iS

(�)
QCD[q̄n,qn,An]

⇥

Z
[D�̄(+)D�(+)DB(+)][D�̄(�)D�(�)DB(�)]eiS

(+)
QCD[�̄,�,B]�iS

(�)
QCD[�̄,�,B]

⇥ ⇤(�)

p1
 ⇤(�)

p2
J†(�)

µ [�̄+ q̄n̄ + q̄n, ...](y) J (+)

⌫ [�̄+ q̄n̄ + q̄n, ...](0) (+)

p1
 (+)

p2
eiS

(+)
int

�iS
(�)
int ,

where in the square brackets we denote the field content of each term. The “unsub”.
label indicates that this expression includes the unsubtracted overlapped region shown in
fig. 4.1, which we will address later. The term accounting for cross-mode interactions is

Sint = SQCD[ ̄+ q̄n̄+ q̄n, ...]�SQCD[q̄n̄, qn̄, An̄]�SQCD[q̄n, qn, An]�SQCD[ ̄, , B]. (4.20)

The cross-mode interaction term can be divided into four di↵erent terms: Snh, which
characterizes the interaction between collinear fields and hard fields; Snn̄, representing
the direct interaction between collinear and anticollinear fields; and Snn̄h, capturing the
interaction among all fields simultaneously. Each action Snh and Sn̄h corresponds to the
standard QCD action with background field [127], while Snn̄h and Snn̄ are specific to
the composite background scenario. It is worth noting that Snn̄ = O(�3), reflecting the
power-counting of the fields.
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Following the parton model we can assume p1 =  p1 [q̄n̄, qn̄, An̄] and p2 =  p2 [q̄n, qn, An]
and then integrate over the hard mode, yielding

Wµ⌫

unsub.
=

Z
d4y

(2⇡)4
e�i(yq) (4.21)

⇥

Z
[Dq̄(+)

n̄ Dq(+)

n̄ DA(+)

n̄ ][Dq̄(�)

n̄ Dq(�)

n̄ DA(�)

n̄ ]eiS
(+)
QCD[q̄n̄,qn̄,An̄]�iS

(�)
QCD[q̄n̄,qn̄,An̄]

⇥

Z
[Dq̄(+)

n Dq(+)

n DA(+)

n ][Dq̄(�)

n Dq(�)

n DA(�)

n ]eiS
(+)
QCD[q̄n,qn,An]�iS

(�)
QCD[q̄n,qn,An]

⇥ ⇤(�)

p1
[q̄n̄, qn̄, An̄] ⇤(�)

p2
[q̄n, qn, An] J µ⌫

eff
[q̄n̄, q̄n, ...](y) (+)

p1
[q̄n̄, qn̄, An̄] (+)

p2
[q̄n, qn, An],

where J
µ⌫

eff
[q̄n̄, q̄n, q̄s, ...] depends on all collinear and anticollinear background modes and

is defined as

J
µ⌫

eff
[q̄n̄, q̄n, ...](y) =

Z
[D�̄(+)D�(+)DB(+)][D�̄(�)D�(�)DB(�)] (4.22)

⇥J†(�)

µ [�̄+ q̄n̄ + q̄n, ...](y)J (+)

⌫ [�̄+ q̄n̄ + q̄n, ...](0)eiS
(+)
QCD[�̄,�,B]�iS

(�)
QCD[�̄,�,B]eiS

(+)
int

�iS
(�)
int .

The e↵ective operator satisfies

J
µ⌫(y) = J

†⌫µ(�y), (4.23)
@

@yµ
J

µ⌫(y) = 0, (4.24)

which are consequences of symmetry and transversality of the hadronic tensor.

4.2 Process dependence and gauge fixation

The e↵ective operator in eq. 4.22 is gauge-invariant and maintains gauge invariance term
by terms in the power expansion. By choosing an appropriate gauge fixing for collinear
and anticollinear fields, we can largely simplify calculations in intermediate steps. In
particular, we adopt light-cone gauges for background fields.

nµA(±)

n̄,µ(z) = 0, n̄µA(±)

n,µ(z) = 0. (4.25)

This choide eliminates O(1) gluon components in eq. 4.15. Consequently, the power count-
ing for operators increases with the number of fields in the operator, significantly simpli-
fying the computation process.

The light-cone gauge conditions outlined in equation (4.25) alone do not eliminate
all gauge freedom, allowing for possible z⌥-independent transformations (in the A± =
0 gauge). To address the remaining gauge freedom, specific boundary conditions are
imposed on the components of the gluon field. In particular, we impose the following set
of boundary conditions:

lim
z�!L

Aµ

n̄(z) = 0, lim
z+!L̄

Aµ

n(z) = 0, (4.26)
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with

(L, L̄) =

8
<

:

(�1,�1), for DY,
(+1,�1), for SIDIS,
(+1, +1), for SIA.

(4.27)

The value of (L, L̄) is the only di↵erence between processes at the operator level. The
gauge-fixing condition in eq. 4.25 can then be inverted, yielding

Aµ

n̄(z) = �g

Z
0

L

d�Fµ+

n̄ (z + n�), Aµ

n(z) = �g

Z
0

L̄

d�Fµ�

n (z + n̄�), (4.28)

where Fµ⌫ is the gluon field-strength tensor.
Once the computation is finished and the result is expressed in terms of Fµ⌫ , the explicit

form of the gauge-invariant operator can be recovered by incorporating gauge links to the
fields following the rules

qn̄(z) ! [Ln +1T , Ln + z][Ln + z, z]qn̄(z),

q̄n̄(z) ! q̄n̄(z)[z, Ln + z][Ln + z, Ln +1T ], (4.29)

Fµ⌫

n̄ (z) ! [Ln +1T , Ln + z][Ln + z, z]Fµ⌫

n̄ (z)[z, Ln + z][Ln + z, Ln +1T ],

where 1T in an infinitely distant point in the transverse plane, and [a, b] is a straight
Wilson line

[a, b] = P exp


�ig

Z
b

a

dzµAµ

n̄(z)

�
, (4.30)

and analogously for anticollinear fields.

4.3 E↵ective operators

In this section, we show the computation of the e↵ective operator, accounting for next-
to-leading power and leading order in perturbation theory. First, we show the tree order
operator for LP as an example and then we move to the tree order for the NLP opera-
tor. We establish the tree order of the NLP e↵ective operator and provide the essential
definitions.

Throughout the evaluation process, it is important to remember that ultimately, the
operators are inserted into matrix elements, where certain ones may vanish (for example,
due to non-zero fermion number or non-singlet color representation). Such operators can
be disregarded without exhaustive consideration. At each stage, we encounter a series
of terms with increasing power and, therefore, only terms adhering to the desired power
counting are retained in the final analysis.

4.3.1 Tree order for LP

We start with the decomposition of the electromagnetic current into collinear, anticollinear
and dynamical fields:

Jµ[�̄+ q̄n̄ + q̄n, ...] = q̄n̄�
µqn + q̄n�

µqn̄ (4.31)



80 CHAPTER 4. BACKGROUND FIELD METHOD

+�̄�µ�+ q̄n̄�
µ�+ q̄n�

µ�+ �̄�µqn̄ + �̄�µqn

+q̄n̄�
µqn̄ + q̄n�

µqn

In the equation presented here, we observe distinct contributions:

1. The first line represents the leading tree-order contribution.

2. The second line involves fields � to be paired with those from SQCD/int, contributing
to NLP and NLO, addressed in the subsequent section.

3. Terms in the third line feature two fields from the same collinear sector, yielding
disconnected contributions to matrix elements unless additional fields are extracted
from Sint. Non-vanishing contributions from these terms occur earliest at N4LP.

Thus, we keep only the first line and perform the multipole expansion

q̄n̄�
µqn(y) + q̄n�

µqn̄(y) (4.32)

= q̄n̄(y�n + yT )�µqn(y+n̄ + yT ) + q̄n(y+n̄ + yT )�µqn̄(y�n + yT ) + O(�4).

where the terms in O(�4) contains derivatives, such as y+q̄n̄
 �
@��µqn. We now decompose

the field q into “good” and “bad” components as in eq. 4.11:

q̄n̄�
µqn + q̄n�

µqn̄ = ⇠̄n̄�
µ

T
⇠n + ⇠̄n�

µ

T
⇠n̄ (4.33)

+n̄µ⇠̄n̄�
+⌘n + nµ⇠̄n�

�⌘n̄ + nµ⌘̄n̄�
�⇠n + n̄µ⌘̄n�

+⇠n̄

+⌘̄n̄�
µ

T
⌘n + ⌘̄n�

µ

T
⌘n̄,

The first, second, and third lines in eq. 4.33 are O(�2), O(�3), and O(�4) respectively.
This term represents the LP term of EM current. Thus, the LP term is

Jµ

LP
(y) = ⇠̄n̄(y�n + yT )�µ

T
⇠n(y+n̄ + yT ) + ⇠̄n(y+n̄ + yT )�µ

T
⇠n̄(y�n + yT ). (4.34)

The final e↵ective operator, including causal and anticausal fields, is given by

J
µ⌫

LP
(y) = [⇠̄(�)

n̄ (y�n + yT )�µ
T
⇠(�)

n (y+n̄ + yT ) + ⇠̄(�)

n (y+n̄ + yT )�µ
T
⇠(�)

n̄ (y�n + yT )] (4.35)

⇥ [⇠̄(+)

n̄ (0)�⌫T ⇠
(+)

n (0) + ⇠̄(+)

n (0)�⌫T ⇠
(+)

n̄ (0)].

The quark fields ⇠ are operators of twist-1. Therefore, J
µ⌫

LP
(y) adheres to a (1+1)⇥(1+1)-

twist classification, as per the nomenclature employed in background field derivations.
Let us delve into the concept of definite twist: the geometrical twist is character-

ized as the ”dimension-minus-spin” of a specific operator. An operator possessing a
definite geometrical twist belongs to an irreducible Lorentz group, ensuring it remains
distinct from operators with di↵erent geometrical twists. This crucial attribute is pre-
served by perturbation theory, thereby allowing operators with definite geometrical twists
to evolve independently, with their matrix elements representing distinct physical observ-
ables. The twist-decomposition involves an algebraic procedure, involving symmetrization
and anti-symmetrization of indices, initially formulated for local operators but adaptable
to non-local ones as well. In our context, the twist-1 operator consists of a single “good”
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component of either quark ⇠ or gluon field Fµ+ (where µ represents a transverse index)
accompanied by a semi-infinite Wilson line. Given a TMD operator denoted ON,M (where
N and M denote the geometrical twist of each component), its TMD twist is defined as
twist-(N + M). TMD operators, and consequently TMD distributions, bearing distinct
(N, M) labels do not mix, with their matrix elements representing unique combinations
of independent nonperturbative functions.

Thus, we can rewrite this expression so that it includes TMD operators:

J
µ⌫

LP
(y) =

�µ
T,ij

�⌫
T,kl

Nc

⇣
O

li

11,n̄ O
jk

11,n + O
jk

11,n̄ O
li

11,n

⌘
(4.36)

where (i, j, k, l) are spinor indices, and O are TMD twist-(1+1) operators have the argu-
ment ({y�, 0}, yT ) defined as

O
ji

11,n̄
({y�, 0}, yT ) = ⇠̄(�)

n̄,i
(y�n + yT ) ⇠(+)

n̄,j
(0), (4.37)

O
ji

11,n̄({y�, 0}, yT ) = ⇠(�)

n̄,j
(y�n + yT ) ⇠̄(+)

n̄,i
(0), (4.38)

and respectively for anticollinear operators. This expression is widely recognized and forms
the foundation for the LP TMD factorization, as discussed in, for example, [21, 128, 18].
The matrix elements of operators O11,n̄ and O11,n̄ correspond to the quark and anti-quark
TMD distributions, respectively. At this point, we have arrived at the same equations
obtained for LP using SCET, with the remaining task being the application of Fierzing
transformations to derive unpolarized and polarized TMD distributions.

4.3.2 Tree order for NLP

The NLP part of the e↵ective operator emerges solely through the combination of an LP
current with the NLP segment of another EM current. The NLP contribution can be
constructed in two di↵erent ways:

• Pairing a “good” and a “bad” component of the quark fields from the second line of
equation (4.33). This corresponds to diagrams A and B in fig. 4.2.

• Having three “good” field components, such as ⇠̄AT ⇠. Acquiring such a term requires
extracting an interaction term from eiSint . This corresponds to diagrams C, D, E
and F in fig. 4.2.

We do not go into the detailed computation of each diagram and further discussion
can be found in ref. [103]. Evaluating each diagram we obtain the NLP EM current and
the result can be split into the following parts

Jµ

NLP
= Jµ

101 + Jµ

110 + Jµ

21
+ Jµ

12
+ Jµ

21;8 + Jµ

12;8. (4.39)

We have two distinct types of terms in this expression. On one hand, we have derivatives
of twist-1 operators

Jµ

101(0) = �nµ

Z
0

L

dz�
h
⇠̄n̄(z�n)

 �
@T ⇠n(0) + ⇠̄n(0)

�!
@T ⇠n̄(z�n)

i
. (4.40)
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⌘̄n̄

⇠n A

⇠̄n̄

⌘n
B

⇠̄n̄

⇠n

An̄

C

⇠̄n̄

⇠n

An

D

An̄

⇠n

⇠̄n

E

⇠̄n̄

An̄

⇠n

F

Figure 4.2: Diagrams contributing to the tree order of vector current at NLP. The blobs
indicate the type of background field. The blue lines are the dynamical fields. Credit to
V. Moos, I. Scimemi and A. Vladimirov, ref. [103].

On the other hand, we have terms containing operators of twist-2 and twist-1

Jµ

21
(0) = ign̄µ

Z
0

L̄

dz+
h
⇠̄n̄(0)An̄,T (0)⇠n(z+n̄)� ⇠̄n(z+n̄)An̄,T (0)⇠n̄(0)

i
(4.41)

� ignµ

Z
0

L

dz�
h
⇠̄n̄(z�n)An̄,T (z�n)⇠n(0)� ⇠̄n(0)An̄,T (z�n)⇠n̄(z�n)

i
,

Jµ

21,8(0) =
ig

2

Z
0

L

dz�
h
⇠̄n̄(z�n)�+�⌫T�

µ

T
tA⇠n̄(0)� ⇠̄n̄(0)�+�µ

T
�⌫T tA⇠n̄(z�n)

i
AA

n,⌫(0), (4.42)

where A is the color index in the adjoint representation and tA is the generator of SU(Nc).
The expression for Jµ

110 , Jµ

12
and Jµ

12,8 are obtained from Jµ

101, Jµ

21
and Jµ

21,8 by exchanging
n $ n̄. The terms Jµ

21,8 and Jµ

12,8 originate from diagrams E and F. However, they do
not contribute at the NLP level because the formation of a color-neutral TMD operator
necessitates another operator in the adjoint representation. In order to rewrite the NLP
in a simpler form, we can define an inverse derivative operator:

1

@+
f(x) =

Z
0

L

dz�f(x + z�n),
1

@�
f(x) =

Z
0

L̄

dz+f(x + z+n̄). (4.43)

The terms in the NLP current can then be rewritten as

Jµ

101 = �nµ⇠̄n̄

 �
@T
 �
@+
⇠n � nµ⇠̄n

�!
@T
�!
@+
⇠n̄, (4.44)

Jµ

21
= ig⇠̄n̄An̄,T

 
n̄µ

�!
@�
�

nµ

 �
@+

!
⇠n � ig⇠̄n

 
n̄µ

 �
@�
�

nµ

�!
@+

!
An̄,T ⇠n̄, (4.45)

the operators Jµ

101 and Jµ

110 can be combined with the LP current eq. 4.34 in the following
way

Jµ

11
= JLP + Jµ

101 + Jµ

110 (4.46)

= ⇠̄n̄�
µ

T
⇠n + ⇠̄n�

µ

T
⇠n̄ � nµ⇠̄n̄

 �
@T
 �
@+
⇠n � nµ⇠̄n

�!
@T
�!
@+
⇠n̄ � n̄µ⇠̄n

 �
@T
 �
@�
⇠n̄ � n̄µ⇠̄n̄

�!
@T
�!
@�
⇠n.
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The e↵ective operator at the NLP level is obtained by combining LP and NLP terms of
electromagnetic currents. We obtain

J
µ⌫

NLP
= �

nµ�⇢
T,ij

�⌫
T,kl

+ n⌫�µ
T,ij

�⇢
T,kl

Nc

⇣ @⇢
@+

O
li

11,n̄O
jk

11,n +
@⇢
@+

O
jk

11,n̄O
li

11,n

⌘
(4.47)

�
n̄µ�⇢

T,ij
�⌫
T,kl

+ n̄⌫�µ
T,ij

�⇢
T,kl

Nc

⇣
O

li

11,n̄

@⇢
@�

O
jk

11,n + O
jk

11,n̄

@⇢
@�

O
li

11,n

⌘

+ig
�ij�⌫T,kl

Nc

(
O

li

21,n̄

 
n̄µ

�!
@�
�

nµ

 �
@+

!
O

jk

11,n �O
jk

21,n̄

 
n̄µ

�!
@�
�

nµ

 �
@+

!
O

li

11,n

+O
li

11,n̄

 
n̄µ

�!
@�
�

nµ

 �
@+

!
O

jk

21,n �O
jk

11,n̄

 
n̄µ

�!
@�
�

nµ

 �
@+

!
O

li

21,n

)

+ig
�µ
T,ij

�kl

Nc

(
O

li

12,n̄

 
n̄⌫

�!
@�
�

n⌫

 �
@+

!
O

jk

11,n �O
jk

12,n̄

 
n̄⌫

�!
@�
�

n⌫

 �
@+

!
O

li

11,n

+O
li

11,n̄

 
n̄⌫

�!
@�
�

n⌫

 �
@+

!
O

jk

12,n �O
jk

11,n̄

 
n̄⌫

�!
@�
�

n⌫

 �
@+

!
O

li

12,n

)
,

where �ij is the Kronecker delta for spinor indices. All derivatives are with respect to the
coordinate y and act only on the subsequent operator. To derive this expression we have
used the identity

⇠̄n̄,j(y
�n + yT )

 �
@⇢
 �
@+
⇠n̄,i(0) = ⇠̄n̄,j(y

�n + yT )

�!
@⇢
�!
@+
⇠n̄,i(0) =

@⇢
@+

Oij

11,n̄
({y�, 0}, yT ), (4.48)

Here, we assume that the total derivatives of TMD operators can be eliminated since
they do not contribute to the forward matrix elements. TMD operators of twist-(1+1)
have the arguments ({y�, 0}, yT ). All TMD operators of twist-(1+2) and (2+1) have
argument ({y�, y�, 0}, yT ) and ({y�, 0, 0}, yT ) respectively. Finally, the TMD operators
of twist-(1+2) and twist-(2+1) are defined as

O
ji

21,n̄
({y�, y�, 0}, yT ) = [⇠̄(�)

n̄ A(�)

n̄,T
(y�n + yT )]i⇠

(+)

n̄,j
(0), (4.49)

O
ji

12,n̄
({y�, 0 , 0}, yT ) = ⇠̄(�)

n̄,i
(y�n + yT )[A(+)

n̄,T
⇠(+)

n̄ (0)]j , (4.50)

O
ji

21,n̄({y�, y�, 0}, yT ) = [A(�)

n̄,T
⇠(�)

n̄ (y�n + yT )]j ⇠̄
(+)

n̄,i
(0), (4.51)

O
ji

12,n̄({y�, 0 , 0}, yT ) = ⇠(�)

n̄,j
(y�n + yT )[⇠̄(+)

n̄ A(+)

n̄,T
(0)]i. (4.52)

4.3.3 Gauge invariant expressions for TMD operators

The definitions in eq. 4.49-4.52 are given in light-cone gauge. They can be written in
gauge invariant form using the relations in eq. 4.28. The elementary building blocks are
the semi-compact operators of twist-1 and twist-2 can be generalized as

U1,n̄(z, b) = [Ln + b, zn + b]⇠n̄(zn + b), (4.53)

Uµ

2,n̄
({z1, z2}, b) = g[Ln + b, z1n + b]Fµ+

n̄ [z1n + b, z2n + b]⇠n̄(z2n + b), (4.54)
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where index µ is transverse, with the transverse link omitted. The operator Uµ

2,n̄
has open

spinor and vector indices and is more general than the operator appearing at NLP, which
is contracted in the following way

U2,n̄({z1, z2}, b) = �TµUµ

2,n̄
({z1, z2}, b), (4.55)

Additionally, we define the barred operators

U1,n̄(z, b) = ⇠̄n̄(zn + b)[zn + b, Ln + b], (4.56)

U
µ

2,n̄({z1, z2}, b) = g ⇠̄n̄(z1n + b)[z1n + b, z2n + b]Fµ+

n̄ [z2n + b, Ln + b]. (4.57)

The TMD operators can then be rewritten as products of semi-compact operators. The
twist-(1+1) operators are

O11,n̄({z1, z2}, b) = U
(�)

1,n̄ (z1, b)U
(+)

1,n̄
(z2, 0), (4.58)

O11,n̄({z1, z2}, b) = U (�)

1,n̄
(z1, b)U

(+)

1,n̄ (z2, 0). (4.59)

The twist-(2+1) and twist-(1+2) operators are

O21,n̄({z1, z2, z3}, b) = U
(�)

2,n̄ ({z1, z2}, b)U (+)

1,n̄
(z3, 0), (4.60)

O12,n̄({z1, z2, z3}, b) = U
(�)

1,n̄ (z1, b)U
(+)

1,n̄
({z2, z3}, 0), (4.61)

O21,n̄({z1, z2, z3}, b) = U (�)

2,n̄
({z2, z1}, b)U

(+)

1,n̄ (z3, 0), (4.62)

O12,n̄({z1, z2, z3}, b) = U (�)

1,n̄
(z1, b)U

(+)

2,n̄ ({z3, z2}, 0). (4.63)

Note the positional enumeration within the operators O21,n̄ and O12,n̄. This enumeration is
arranged such that the gluon field consistently occupies coordinate z2. All these operators
act as matrices in spinor space while acting as singlets in color space. The operators O are
linked to O through charge conjugation. The matrix elements of these pairs define quark
and antiquark TMD distributions, as illustrated in reference [128].

The definitions outlined in eqs. 4.53 through 4.57 are provided within the conventional
QCD basis. However, in the context of SCET literature, one typically employs

U
µ

2,n̄
({z1, z2}, b) = �i[Ln + b, z1n + b]

 �
Dµ

n̄[z1n + b, z2n + b]⇠n̄(z2n + b), (4.64)

U
µ

2,n̄({z1, z2}, b) = i ⇠̄n̄(z1n + b)[z2n + b, z2n + b]
�!
Dµ

n̄[z2n + b, Ln + b], (4.65)

where D is the covariant derivative. The operators O in eq. 4.49-4.52 are defined with
replacement of U ! U:

O21,n̄({z1, z2, z3}, b) = U
(�)

2,n̄ ({z1, z2}, b)U (+)

1,n̄
(z3, 0). (4.66)

Both operators O and O are related as

ONM,n̄({z1, z2, z3}, b) = �
@

@z2
ONM,n̄({z1, z2, z3}, b), (4.67)

where N and M are 1 or 2. The relation (4.67) can be inverted

ONM,n̄({z1, z2, z3}, b) = �

Z
z2

L

ONM,n̄({z1,�, z3}, b). (4.68)
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4.3.4 E↵ective operator in momentum space

Typically, TMD distributions are defined within the mixed momentum-coordinate repre-
sentation. Specifically, they undergo a Fourier transformation solely in light-cone coordi-
nates. This approach resembles parton densities, which are defined in terms of momentum
fractions, and it maintains a straightforward structure of TMD evolution, which remains
diagonal in transverse-position space. Here we also define

U1,n̄(z, b) = p+

Z
dxeixzp+U1,n̄(x, b), (4.69)

U2,n̄({z1, z2}, b) = p2+

Z
dx1dx2e

i(x1z1+x2z2)p+U2,n̄(x1,2, b), (4.70)

where x1,2 is a shorthand notation for (x1, x2), which can be interpreted as the fraction
parton’s momentum, and p+ is the momentum of the hadron. For TMD operators we
define

O11,n̄({z, 0}, b) = p+

Z
dx eizxp+O11,n̄(x, b), (4.71)

O11,n̄({z, 0}, b) = p+

Z
dx eizxp+O11,n̄(x, b), (4.72)

OMN,n̄({z1, z2, z3}, b) = p2+

Z
[dx] ei(z1x1+z2x2+z3x3)p+OMN,n̄(x1,2,3, b), (4.73)

OMN,n̄({z1, z2, z3}, b) = p2+

Z
[dx] ei(z1x1+z2x2+z3x3)p+OMN,n̄(x1,2,3, b), (4.74)

where (M, N) are (2, 1) or (1, 2) and

Z
[dx] =

Z
dx1dx2dx3 �(x1 + x2 + x3). (4.75)

Once the matrix elements are taken, the values of x are restricted x 2 [�1, 1] for parton
distributions. The relation between the operators O and O is simplified in momentum
space:

OMN,n̄({z1, z2, z3}, b) = p2+

Z
[dx] ei(z1x1+z2x2+z3x3)p+

i

x2p+
OMN,n̄(x1,2,3, b).(4.76)

The terms contributing to the NLP EM current can then be rewritten as

Jµ

11
(x, x̃) = U1,n̄(x)�µ

T
U1,n(x̃) + U1,n(x̃)�µ

T
U1,n̄(x) (4.77)
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⌘
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Jµ

21
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i

x2p
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1

✓
n̄µ

x̃p�
2

�
nµ

(x1 + x2)p
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1

◆�
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�
,

(4.78)



86 CHAPTER 4. BACKGROUND FIELD METHOD

Jµ

12
(x, x̃1,2) =

i
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✓
nµ

xp+
1

�
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�
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(4.79)

Here, x2,1 = (x2, x1), and the repeating argument yT is omitted for conciseness. It’s note-
worthy that the arguments x1 and x2 are arranged such that x1 represents the momentum
fraction of the quark or antiquark, while x2 represents the momentum fraction of the
gluon. Finally, we take the Fourier transform of the e↵ective current

J
µ⌫

e↵
(q) =

Z
d4y

(2⇡)4
e�i(qy)

J
µ⌫

e↵
(y), (4.80)

yielding

J
µ⌫

e↵
(q) =

Z
d2b

(2⇡)2
e�i(qb)

(Z
dxdx̃�

✓
x�

q+

p+
1

◆
�

✓
x̃�

q�

p�
2

◆
J

µ⌫

1111
(x, x̃, b) (4.81)

+

Z
[dx]dx̃�

✓
x̃�

q�

p�
2

◆✓
�

✓
x1 �

q+
1

p+
1

◆
J

µ⌫

1211
(x, x̃, b) + �

✓
x3 +

q+
1

p+
1

◆
J

µ⌫

2111
(x, x̃, b)

◆

+

Z
dx[dx̃]�

✓
x�

q+

p+
1

◆✓
�

✓
x̃1 �

q�

p�
2

◆
J

µ⌫

1112
(x, x̃, b) + �

✓
x̃3 +

q�

p�
2

◆
J

µ⌫

1121
(x, x̃, b)

◆

+...

)
,

where
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1111
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In twist-(1+2) and twist-(2+1) operators, the argument is denoted as x = (x1, x2, x3). It
is worth noting that the operators J

µ⌫

1211
and J

µ⌫

2111
correspond to J

µ⌫

1112
and J

µ⌫

1121
with the

interchange of n and n̄.
For twist-(1+2) TMD operators, the values of x1,2,3 lack definite signs. The momentum

conservation delta function determines the value (and sign) of only one of them, while the
other two variables undergo integration and can assume positive or negative values.

These expressions were derived considering the insignificance of the global positioning
of the currents for DY, SIDIS and SIA processes.

4.4 Soft overlap

Up to this point, our analysis has presumed complete independence between collinear and
anticollinear fields. This assumption enables the imposition of individual gauge-fixing con-
ditions and the separation of fields into distinct gauge-invariant TMD operators. However,
it is crucial to acknowledge the existence of a segment within the functional integration
phase space where collinear and anticollinear fields merge into a single background field.
In fig. 4.1, this particular area is depicted with diagonal shading, representing the so-
called soft region (or glauber region in the SCET terminology). Fields within this region
(denoted by s) satisfy the following counting scheme:

{@+, @�, @T }qs . Q{�2,�2,�}qs, (4.87)

{@+, @�, @T }Aµ

s . Q{�2,�2,�}Aµ

s . (4.88)

The soft region is double-counted in the functional integral. It is important to emphasize
that the double-counting issue within the soft region does not impact the TMD factor-
ization process described. Rather, each TMD operator exhibits an unresolved rapidity
divergence. While these rapidity divergences are anticipated to cancel between collinear
and anticollinear TMD operators, they persist due to the overlapping of the soft region.
Several approaches have been proposed to address this challenge, but we take the following
approach:

The product structure of the functional integral allows to deal with the double-counting
by dividing it with the functional integral over soft modes. The resultant factor is com-
monly referred to as the soft factor [94, 17] or zero-bin subtraction [7], which has already
been described in chapter 2. However, there exists no universal method to determine
the soft factor operators at higher powers. It is plausible that such a straightforward
multiplicative structure does not hold for higher power operators.

In order to determine the soft contribution we split the soft parts of collinear and
anticollinear fields

qn̄(x)! qn̄(x) + qs(x), qn(x)! qn(x) + qs(x), Aµ

n̄(x)! Aµ

n̄(x) + Aµ

s (x), (4.89)

and similar for other components. Next, we isolate the soft fields into a single factor,
disregarding power-suppressed contributions. For instance, in the case of the first term of
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the LP e↵ective operator in eq. 4.36

⇠̄(�)

n̄ �µ
T
⇠(�)

n ⇠̄(+)

n �⌫T ⇠
(+)

n̄ ! (4.90)
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s �µ
T
[L̄n̄ + yT ,�y+n̄ + yT ](�)

s (⇠(�)

n + q(�)

s )

⇥(⇠̄(+)

n + q(+)

s )[0, L̄n̄](+)

s �⌫T [Ln, 0](+)

s (⇠(+)

n̄ + q(+)

s )

= ⇠̄(�)

n̄ �µ
T
⇠(�)

n ⇠̄(+)

n �⌫T ⇠
(+)

n̄ ⇥ eSLP(yT ) + O(�4),

where [a, b]s is the Wilson line with the soft gluon field. The operator for the LP soft
factor is

eSLP(yT ) =
trc
Nc

[L̄n̄ + yT , yT ](�)[yT , Ln + yT ](�)[Ln, 0](+)[0, L̄n̄](+). (4.91)

The trace is performed with respect to color indices.
The operator eS is the soft part of the LP e↵ective operator. Therefore, the soft

component corresponding to the functional integral at the LP level is determined by the
vacuum matrix element of eq. 4.91, under the assumption that the hadrons do not carry
soft partons.

SLP(yT ) =
trc
Nc

X

X

h0|[L̄n̄ + yT , yT ][yT , Ln + yT ]|XihX|[Ln, 0][0, L̄n̄]|0i, (4.92)

which is called the soft factor. This is the same soft factor obtained in chapter 2. To
remove the double counting from the LP term, eq. 4.34, we divide TMD operators by the
soft factor

O
li

11,n̄O
jk

11,n !
O

li

11,n̄
O

jk

11,n

SLP(yT )
. (4.93)

It is important to note that the issue of overlapping modes does not a↵ect TMD factor-
ization. Therefore, the substitution in eq. 4.93 remains valid to all orders in perturbation
theory.

A similar analysis can be done for operators contributing to J
µ⌫

NLP
. We encounter two

main scenarios: operators featuring derivatives (the first and second lines in eq. 4.47), and
operators with an additional field Aµ

T
(other lines in eq. 4.47). In both cases, we find that

the contribution from the soft overlap equals the LP soft factor given in eq. 4.92, as the
presence of a derivative of a soft Wilson line or an additional factor Aµ

s inevitably elevates
the power counting. Consequently, the subtraction of the soft region for NLP operators
follows the same format as for LP operators, as shown in eq. 4.93. Namely,

@⇢O
li

11,n̄O
jk

11,n !
@⇢Oli

11,n̄
O

jk

11,n

SLP(yT )
, O

li

12,n̄O
jk

11,n !
O

li

11,n̄
O

jk

12,n

SLP(yT )
, (4.94)

and similarly for other terms of e↵ective operator eq. 4.47. The LP soft factor is indepen-
dent of y± and thus does modify convolutions in J

µ⌫

e↵
at NLP.

The equivalence of soft factors between LP and NLP operators yields the following
implications:
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• LP and NLP operators should exhibit identical rapidity divergence, consequently
yielding the same rapidity anomalous dimension.

• LP and NLP operators must share the collinear divergent part of UV renormaliza-
tion.

Indeed, these divergences arise in the interaction of soft modes, and they are canceled by
the soft factor. This can be seen in detail in ref. [103]. �-regularization is used to regularize
rapidity divergencies appearing in the soft factor in the same way already described in
chapter 2.

As stated at the beginning of this section, this approach does not hold in principle
when going to higher powers and a more systematic procedure should be developed.
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Chapter 5

Dijet production in SIA at NLP

In this chapter, we build upon the background field method introduced in chapter 4. In
particular, we use to describe in detail the NLP in a semi-inclusive annihilation process.
We focus on TMDs in the final state and work with jets rather than hadrons because they
can be described in perturbation theory. The results presented in this chapter constitute
one of the main results of this thesis along with the results presented in Chapter 3.

It is advantageous to explore cross-sections with minimal non-perturbative QCD e↵ects
to facilitate direct tests of NLP operators and gain insights into the formalism. In pursuit
of this goal, we investigate NLP e↵ects using jets as the final states of hadronic interactions.
Jets are particularly suitable for this purpose as they are infrared-safe quantities, and their
properties can be predominantly determined perturbatively1. This is in contrast to T-odd
jets in references [129, 130], which necessitate a nonperturbative hypothesis.

Specifically, our focus lies in examining the impact of NLP corrections on dijet pro-
duction in e+e� collisions. This approach presents an opportunity to scrutinize NLP
factorization at e+e� colliders like LEP and Belle. Furthermore, its extension to SIDIS
will be particularly valuable at facilities such as the EIC [131].

The utilization of jets within TMD factorization has been explored in various studies,
as evidenced by works such as [132, 133, 134, 78, 79, 135, 91, 136, 137, 138, 139, 140].
Notably, references [78, 79] have primarily focused on verifying the consistency of TMD
factorization theorems with jet definitions and algorithms. These studies emphasize the
critical role played by the definition of the jet axis and radius in establishing factorization.

The conventional jet definition faces challenges related to non-global logarithms, arising
from its sensitivity to whether soft radiation becomes clustered into the jet or not, thereby
limiting overall accuracy. In contrast, recoil-insensitive schemes, such as the Winner-
Takes-All (WTA) jet axis [141], mitigate this issue by being insensitive to such e↵ects,
enabling high-precision calculations.

In this study, we address two key inquiries. Firstly, we aim to identify the novel jet
functions arising from additional operators at NLP. Secondly, our objective is to derive
the factorized expression for the cross-section in terms of jet functions and hard-matching
coe�cients. The insights gained from these answers enable us to investigate the impact
of NLP corrections on transverse-momentum-dependent measurements, including angular

1Our jet functions may receive nonperturbative corrections suppressed by ⇤2
QCD/q

2
T , which should not

be confused with the qT /Q power corrections we consider here.
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asymmetries. In particular, we observe that to elicit a non-vanishing contribution from
NLP operators, there must be a breaking of symmetry between the energetic radiation
directed into two distinct directions. In the context of dijet production, achieving this
asymmetry can be facilitated, for instance, by employing two di↵erent (recoil-free) recom-
bination schemes.

Despite the intricacy of the subject matter, we endeavor to present the material in a
didactic manner. The process selection and the chosen jet definitions serve to significantly
reduce the number of independent distributions and simplify the evolution compared to
the original papers [142, 103, 143, 121], as illustrated in eq. 5.72. In this regard, this work
can also be regarded as an introductory overview of the exploration of next-to-leading
power e↵ects in transverse momentum dependent factorization.

5.1 Kinematics

The process that we consider in this paper is the annihilation of an electron and positron,
with momenta ` and `0, into two jets with momenta P1 and P2,

e�(`) e+(`0)! j1(P1) j2(P2) X . (5.1)

We assume a large jet radius, such that all collinear final-state particles are clustered in
one of the two jets, and any radiation outside the jets X is soft2. At lowest order in the
electromagnetic coupling, this process proceeds by the electron and positron annihilating
into an intermediate photon with momentum q = ` + `0, which subsequently creates a
quark-antiquark pair that produces two jets. In the following, we assume that the jet
algorithm yields massless jet momenta, P 2

1
= P 2

2
= 0 (as in the WTA recombination

scheme), and we introduce light-like vectors n and n̄ such that

Pµ

1
= P�

1
nµ, Pµ

2
= P+

2
n̄µ, and n · n̄ = 1. (5.2)

In order to introduce our observables, we define two planes, which we will refer to
as the transverse and perpendicular planes. The transverse plane is orthogonal to the
two outgoing jets and the perpendicular plane is orthogonal to the intermediate photon
momentum q and one of the outgoing jets. These planes can be described in terms of the
metric tensors that project onto the corresponding sub-spaces,

gµ⌫
T

= gµ⌫ �
1

P1 ·P2

�
Pµ

1
P ⌫

2 + Pµ

2
P ⌫

1

�
, (5.3)

gµ⌫
?

= gµ⌫ +
Q2

(P2 ·q)2
Pµ

2
P ⌫

2 �
1

P2 ·q

�
qµP ⌫

2 + Pµ

2
q⌫
�
, (5.4)

and we define the transverse and perpendicular components of a vector v as

vµ
T

= gµ⌫
T

v⌫ , vµ
?

= gµ⌫
?

v⌫ . (5.5)

2To be precise, we assume QR � qT , such that the transverse momentum measurement restricts the
collinear radiation to be inside the jets.
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Figure 5.1: Kinematics of the dijet production in e+e�.

Note that, by construction,

Pµ

1,T
= Pµ

2,T
= 0 , qµ

?
= Pµ

2,?
= 0 . (5.6)

We sometimes write two-dimensional vectors in boldface notation, where it is implied that
the two-dimensional metric has positive signature. As we mostly encounter transverse
vectors, we suppress the subscript T , e.g. b = bT .

We now list the variables that we use to describe the cross-section, which is the same
as in ref. [144] for the massless case:

zi =
Pi · q

` · q
, y =

P2 · `

P2 · q
, Q2

T = �q2T = �gµ⌫
T

qµq⌫ , Q2 = q2 , (5.7)

as well as an azimuthal angle

cos�1 =
`? · P1?

|`?||P1?|
or cos↵ =

` · q

|`||q|
. (5.8)

The angles �1 and ↵ are not independent. It is natural to use the former in the center-of-
mass frame and as depicted in fig. 5.1, while it is convenient to use the latter in the frame
where the jets are exactly back-to-back. They are related by

cos�1 = ± cos↵

s

1�
Q2

T

Q2

y

1� y
sin2 ↵+

QT

Q

r
y

1� y
sin2 ↵ = cos↵+ O

⇣QT

Q

⌘
. (5.9)

All dot products of four-vectors can be expressed in terms of the observables listed above.
While the above expressions are Lorentz invariant, the interpretation we now give

is valid for the (di-lepton) center-of-mass frame: First of all, the zi (i = 1, 2) are the
energy fractions of the two jets. The variable y corresponds to the angle ✓2 between the
momentum of the jet and the lepton, y = (1� cos ✓2)/2. Next, �1 is the azimuthal angle
between the perpendicular component of jet 1 and the electron momentum `. Finally,

Q2

T = �Q2 +
z1z2Q4

2P1 ·P2

⇡
1

4
✓212Q

2 , (5.10)
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where ✓12 is the angular decorrelation of the two jets. These angles are shown in fig. 5.1.
Note that the invariant mass Q of the collision is not an observable, but it is determined
by the initial state of the experiment.

In this chapter, we consider the large jet radius limit, where z1 = z2 = 1 up to power
corrections, so we will not be di↵erential in them. This leads us to consider the following
cross-section

d�

dy d2q
=
⇡↵2

emQ2
q

Q4
Lµ⌫W

µ⌫ , (5.11)

where Lµ⌫ and Wµ⌫ are respectively the leptonic and hadronic tensor. The leptonic tensor
reads

Lµ⌫ = 2
�
`µ`

0

⌫ + `0µ`⌫
�
�Q2gµ⌫ + 2i�e ✏µ⌫⇢�`

⇢`0� , ✏0123 = 1, (5.12)

and in this chapter, we neglect the lepton helicity contribution proportional to �e. Our
main focus is thus on the hadronic tensor, which contains all QCD e↵ects. For this, the
recent work of ref. [103] opens the door to a more systematic study of the hadronic tensor
up to NLP, and this is the subject of the next section.

The case of two hadrons (instead of jets) has been studied before, especially in relation
to Belle experiment, see the reviews in refs. [124, 145, 146, 147]. The distributions in this
case were classified in ref. [144], and mass corrections to kinematics have been included in
ref. [148].

5.2 Factorization at NLP

The goal of this section is to obtain a factorized expression for the cross-section in terms
of a set of jet functions and hard functions. The expression we obtain holds at the bare
and unsubtracted level, and we postpone the discussion of renormalization and overlap
subtraction for the next section.

To obtain a factorized expression for the cross section we first expand the hadronic
tensor up to next-to-leading power using the TMD operator product expansion method.
The complete and un-expanded hadronic tensor for the process under consideration is
given by,

Wµ⌫(q) =

Z
d4y

(2⇡)4
eiq·y

X

X

h0| Jµ †(y) |Jn

algJ
n̄

algXi hJ
n

algJ
n̄

algX| J⌫(0) |0i , (5.13)

where Jµ(y) is the electromagnetic current

Jµ(y) =  ̄(y)�µ (y) . (5.14)

Since we assume a large jet radius, all energetic final-state particles are clustered into one
of the two jets and X only contains soft radiation. The explicit notation that we use for
the power expansion of the hadronic tensor is

Wµ⌫(q) = Wµ⌫

LP
(q) + Wµ⌫

NLP
(q) + O

⇣ 1

Q2

⌘
. (5.15)
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In order to arrive at our final expressions for WLP,NLP, we proceed in several steps,
starting from the TMD operator expansion method and the basis of operators in sec. 5.2.1.
In particular, we list a set of operator building blocks that have definite twist, which allow
for a clean separation in terms of power counting. We use these definitions in sec. 5.2.2,
to obtain the power expansion of the product of currents in eq. 5.13 in position space
(indicated by the tilde)

W̃
µ⌫(y) = Jµ†(y) J⌫(0) = W̃

µ⌫

LP
(y) + W̃

µ⌫

NLP
(y) . (5.16)

Next, we include the external jet states and Fourier transform back to momentum space,
to obtain an expression for the hadronic tensor in terms of a set of jet functions with open
spinor indices. In sec. 5.2.3, we apply Fierz relations to obtain a set of jet functions with
closed spinor indices, and use discrete symmetries and Lorentz decomposition to simplify
and reduce the basis of jet functions, resulting in just one new jet function at NLP.
Sec. 5.2.4 contains the final expression for the hadronic tensor in terms of jet functions,
as well as its contraction with the leptonic tensor.

5.2.1 Operator basis

In this section, we include the necessary operators for our derivation. Most operators have
already been included in the previous chapter, but we include them here for completitude.
We make use of the TMD operator product expansion [103]. In this method, background
fields are introduced for the two collinear directions

 (x) = �(x) + qn(x) + qn̄(x) , Aµ(x) = Bµ(x) + Aµ

n(x) + Aµ

n̄(x) . (5.17)

The background fields qn, qn̄, Aµ
n, Aµ

n̄ are used to construct our operators, while the fields
�, Bµ are purely dynamical. As usual, we decompose the quark background fields into
“good” and “bad” components,

qn̄(x) = ⇠n̄(x) + ⌘n̄(x) , qn(x) = ⇠n(x) + ⌘n(x) , (5.18)

where

⇠n̄(x) =
/̄n/n

2
qn̄(x), ⌘n̄(x) =

/n/̄n

2
qn̄(x),

⇠n(x) =
/n/̄n

2
qn(x), ⌘n(x) =

/̄n/n

2
qn(x) , (5.19)

such that each field has a definite power counting (⇠ ⇠ �, ⌘ ⇠ �2). The collinear and anti-
collinear regions overlap in the soft region. To avoid the double counting of this region
its contribution must be carefully subtracted. We discuss the subtraction of the overlap
region in sec. 5.3.1.

Using the background fields one can construct a set of building-block operators of
definite twist (dimension minus spin),

U1,n̄(y�, b) = [Ln + b, y�n + b] ⇠n̄(y�n + b) ,

U1,n(y+, b) = [L̄n̄ + b, y+n̄ + b] ⇠n(y+n̄ + b) , (5.20)
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U2,n̄({y�
1

, y�
2

}, b) = g [Ln + b, y�
2

n + b] �T,⇢F
⇢+

n̄ (y�
2

n + b)[y�
2

n + b, y�
1

n + b] ⇠n̄(y�
1

n + b) ,

U2,n({y+
1

, y+
2

}, b) = g [L̄n̄ + b, y+
2

n̄ + b] �T,⇢F
⇢�

n (y+
2

n̄ + b)[y+
2

n̄ + b, y+
1

n̄ + b] ⇠n(y+
1

n̄ + b) .
(5.21)

Here, the first subscript on the operator denotes the twist of the operator and the second
subscript denotes the collinear sector to which the operator belongs. These operators
contain Wilson lines, which we denote by

[a, b] = P exp


�ig

Z
b

a

dzµ Aµ(z)

�
. (5.22)

The gauge field appearing in the Wilson line matches the collinear direction under consid-
eration, e.g. An (An̄) for the Wilson line in U2,n (U2,n̄). The operators in eqs. 5.20 and 5.21
will enter the matrix-element definition of the jet functions. Note that these operators are
process-dependent via their dependence on L and L̄, with L = �1 for incoming partons
and L = +1 for outgoing partons. Since we consider jet production, we set L = L̄ = +1
from now on. In the Wilson lines, we introduce the �-regulator whenever necessary (see
refs. [103, 30] for more details).

Operator basis at LP

At the lowest order in the power expansion of the product of currents in eq. 5.16, for which
the result is shown in sec. 5.2.2, the following combinations of operators appear

O
ij

11,n̄
({y�, 0}, yT ) = ⇠̄(�)

n̄,j
(y�n + yT ) ⇠(+)

n̄,i
(0) ,

O
ij

11,n
({y+, 0}, yT ) = ⇠̄(�)

n,j
(y+n̄ + yT ) ⇠(+)

n,i
(0) ,

O
ij

11,n̄({y�, 0}, yT ) = trc
⇥
⇠(�)

n̄,i
(y�n + yT ) ⇠̄(+)

n̄,j
(0)
⇤
,

O
ij

11,n({y+, 0}, yT ) = trc
⇥
⇠(�)

n,i
(y+n̄ + yT ) ⇠̄(+)

n,j
(0)
⇤
. (5.23)

The (±) superscript denote causal and anti-causal fields from the Keldysh formalism [125].
The color indices of the fields are contracted, which is made explicit for O11 by the color
trace trc, and i, j are spin indices. The gauge invariance in the expressions above is restored
using the building-block operators in eqs. 5.20 and 5.21, by

O
ij

11,n̄
=
⇥
U1,n̄(y�, yT )

⇤(�)

j

⇥
U1,n̄(0, 0)

⇤(+)

i
,

O
ij

11,n
=
⇥
U1,n(y+, yT )

⇤(�)

j

⇥
U1,n(0, 0)

⇤(+)

i
,

O
ij

11,n̄ = trc
�⇥

U1,n̄(y�, yT )
⇤(�)

i

⇥
U1,n̄(0, 0)

⇤(+)

j

 
,

O
ij

11,n = trc
�⇥

U1,n(y+, yT )
⇤(�)

i

⇥
U1,n(0, 0)

⇤(+)

j

 
. (5.24)

Operator basis at NLP

At next-to-leading power in the expansion of eq. 5.16, one finds contributions from the
following operators

O
ij

21,n̄
({y�, y�, 0}, yT ) =

⇥
⇠̄(�)

n̄
/A
(�)

n̄,T
(y�n + yT )

⇤
j
⇠(+)

n̄,i
(0) ,
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O
ij

21,n
({y+, y+, 0}, yT ) =

⇥
⇠̄(�)

n
/A
(�)

n,T
(y+n̄ + yT )

⇤
j
⇠(+)

n,i
(0) ,

O
ij

21,n̄({y�, y�, 0}, yT ) = trc
�⇥

/A
(�)

n̄,T
⇠(�)

n̄ (y�n + yT )
⇤
i
⇠̄(+)

n̄,j
(0)
 

,

O
ij

21,n({y+, y+, 0}, yT ) = trc
�⇥

/A
(�)

n,T
⇠(�)

n (y+n̄ + yT )
⇤
i
⇠̄(+)

n,j
(0)
 

,

O
ij

12,n̄
({y�, 0, 0}, yT ) = ⇠̄(�)

n̄,j
(y�n + yT )

⇥
/A
(+)

n̄,T
⇠(+)

n̄ (0)
⇤
i
,

O
ij

12,n
({y+, 0, 0}, yT ) = ⇠̄(�)

n,j
(y+n̄ + yT )

⇥
/A
(+)

n,T
⇠(+)

n (0)
⇤
i
,

O
ij

12,n̄({y�, 0, 0}, yT ) = trc
�
⇠(�)

n̄,i
(y�n + yT )

⇥
⇠̄(+)

n̄
/A
(+)

n̄,T
(0)
⇤
j

 
,

O
ij

12,n({y+, 0, 0}, yT ) = trc
�
⇠(�)

n,i
(y+n̄ + yT )

⇥
⇠̄(+)

n
/A
(+)

n,T
(0)
⇤
j

 
. (5.25)

To write these in terms of the building-block operators we need to do a few manipulations.
First we replace the transverse gauge fields that appear here by a field strength via the
following relations,

Aµ

n̄(y) = g

Z
1

0

dz� e�z
�
�
+

Fµ+

n̄ (y + z�n) , Aµ

n(y) = g

Z
1

0

dz+ e�z
+
�
�

Fµ�

n (y + z+n̄) ,

(5.26)

which introduces a �-regulator for rapidity divergences. Subsequently, we apply the fol-
lowing identity

Z
1

0

dz e�z� f(z) = �i

Z
1

�1

d⇠
1

±⇠ � i�±
E

Z
dz

2⇡
e±i⇠q

±
z f(z) ,

where a positive �±
E

= �±/q± ensures that the integral is well defined and shows how �
regulates rapidity divergences. Note that in this identity the sign of ⇠ may be chosen freely
as it is integrated over all values. It turns out that it is convenient to choose +⇠ for the
O21 operators and �⇠ for the O12 operators, as the jet functions that will be built from
these operators then have support for ⇠ 2 [0, 1]. This convention di↵ers from earlier work,
and allows for several simplifications in our case.

The above manipulations allow us to express the operators in eq. 5.25 in the NLP
hadronic tensor in terms of the building-block operators in eqs. 5.20 and 5.21 as follows,

O
ij

21,n̄
= �i

Z
d⇠

1

⇠ � i�+
E

Z
dz�

2⇡
ei⇠(z

�
�y

�
)q

+ ⇥
U2,n̄({y�, z�}, yT )

⇤(�)

j

⇥
U1,n̄(0, 0)

⇤(+)

i
,

O
ij

21,n
= �i

Z
d⇠

1

⇠ � i��
E

Z
dz+

2⇡
ei⇠(z

+
�y

+
)q

� ⇥
U2,n({y+, z+}, yT )

⇤(�)

j

⇥
U1,n(0, 0)

⇤(+)

i
,

O
ij

21,n̄ = �i

Z
d⇠

1

⇠ � i�+
E

Z
dz�

2⇡
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�
�y

�
)q

+
trc
�⇥

U2,n̄({y�, z�}, yT )
⇤(�)

i

⇥
U1,n̄(0, 0)
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j

 
,

O
ij

21,n = �i

Z
d⇠

1

⇠ � i��
E

Z
dz+

2⇡
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+
�y

+
)q

�
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�⇥

U2,n({y+, z+}, yT )
⇤(�)

i

⇥
U1,n(0, 0)

⇤(+)

j

 
,
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O
ij

12,n̄
= i
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+ ⇥
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� ⇥
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⇤(�)

j

⇥
U2,n({0, z+}, 0)
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⇤(+)

j

 
.

(5.27)

We have omitted the space-time arguments on the operators on the left-hand side as they
are the same as in eq. 5.25. The sign in front of i� di↵ers between O12 and O21. As we
will see, their matrix elements are related by complex conjugation.

5.2.2 Expansion of the hadronic tensor

The aim of this section is to write the hadronic tensor in terms of matrix elements of the
building-block operators in sec. 5.2.1. For this, we first consider the power expansion of
the product of currents in eq. 5.16 in position space. Following [103], the leading power
contribution can be written at leading perturbative order as

W̃
µ⌫

LP
(y) =

1

Nc

(�µ
T
)ij(�

⌫

T )kl
⇣
O

li

11,n̄ O
jk

11,n + O
jk

11,n̄ O
li

11,n

⌘
. (5.28)

For brevity we suppressed the space-time arguments of the operators, but they are the
same as in eq. 5.24. At next-to-leading power more operators appear and the expression
for the hadronic tensor is a bit more involved,
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, (5.29)

where again we have considered the leading perturbative order and have suppressed the
space-time arguments of the operators for brevity. The non-trivial Wilson coe�cients
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that enter beyond leading order in perturbation theory involve a convolution in the light-
cone positions, so we prefer to include them only when switching to momentum space in
eq. 5.31. As explained in more detail in ref. [103], two di↵erent types of power corrections
can be distinguished in eq. 5.29, those involving derivatives of twist-2 operators (kinematic
power corrections) and genuine twist-3 contributions.

At this point we are ready to write the hadronic tensor in momentum space, including
the Wilson coe�cients and external states, allowing us to pass from operators to jet
functions. To switch to momentum-space, we note that the inverse derivatives that appear
in eq. 5.29 can be treated using the following identity,

Z
dy±

2⇡
eiy

±
q
⌥ 1

@⌥
f(y±) =

i

q⌥

Z
dy±

2⇡
eiy

±
q
⌥

f(y±) . (5.30)

Since the background fields of the di↵erent collinear sectors are not coupled at this order
in the power counting, the matrix elements factorize and the result for the hadronic tensor
can be written in terms of products of jet functions,
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Here, C1 and C2 are matching coe�cients that can be calculated in perturbation theory.
These coe�cients arise when the current operator is written in terms of the background
fields, and we follow the definitions of [103], and the symbol J denotes jet functions
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with open spinor indices. At leading order in perturbation theory Ci = 1, consistent with
eqs. 5.28 and 5.29. The coe�cient C1 is known up to three-loops [115] (see also [149, 112]),
while the coe�cient C2 is calculated up to NLO in [103], section 6. For definiteness, the

C2 in eq. 5.31 is related to the one in ref. [103] by C2(⇠, 2q+q�) = C[103]
2

(x1 = ⇠, x2 = �⇠).
The bounds of the ⇠ integral arise from the range over which the jet functions have support.

The jet functions that appear above are defined in terms of matrix elements of the
building-block operators in eqs. 5.20 and 5.21. The twist-2 jet functions are given by
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and the twist-3 jet functions are defined as
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and we have introduced for convenience

⇠̄ = 1� ⇠ . (5.35)

Note that whether the operator appears in the amplitude or conjugate amplitude is de-
termined by whether the operator is causal or anti-causal. From now on we drop these
superscripts on the operators.

5.2.3 Jet function definitions

The next step in the factorization is to define a minimal set of (bare) jet functions that
have no open spinor or Lorentz indices, as the set of jet functions in sec. 5.2.2 contains
redundancy.

First, to get rid of the open spinor indices, we apply the Fierz relations in app. B.1.
This gives rise to four twist-2 jet functions with no Lorentz index
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and eight twist-3 jet functions with one open Lorentz index,
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(5.37)

The factor 2Nc accounts for averaging over the spin and color of the initial quark field. The
di↵erent overall sign between J21,n and J21,n̄ is chosen because ✏µ⌫

T
= ✏µ⌫⇢�n⇢n̄� changes

sign when n$ n̄.
Discrete symmetries provide an additional reduction of independent jet functions. Jet

algorithms are spin-independent and respect the C,P and T symmetries of QCD. This
allows us to derive that the LP jet functions satisfy,
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reducing the number of independent twist-2 jet functions down to two, one for n and one
for the n̄ direction. For the twist-3 jet functions we have
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and similarly for J q̄

12
. This reduces the number of independent twist-3 jet functions from

eight down to two. Since the quark and anti-quark distributions are identical we will
drop the corresponding label from now on. The minus signs appearing in the complex
conjugation cancel when performing the decomposition in eq. 5.40. Thus the signs in
eq. 5.37 were chosen precisely such that these symmetry relations do not contain minus
signs.

Both the NLP jet functions and the derivatives of the LP jet functions that appear in
the hadronic tensor carry an open (transverse) Lorentz index. To achieve a fully factor-
ized formula for the hadronic tensor we must decompose these objects into the available
structures bµ and ✏µ⌫

T
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This final step removes all open Lorentz indices from the jet definitions. Since all functions
now only depend on the magnitude of b, we can perform the angular integration using the
following identities,
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Applying the above decomposition to the definitions presented in eqs. 5.33 and 5.34,
the final expressions for the jet functions read,
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where the trace is over both the color and Dirac indices. The jet functions for the n-
collinear sector can be obtained by replacing n$ n̄.
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5.2.4 Factorization

Starting from eq. 5.31, we now apply the relations and definitions of the previous section
to obtain a factorized expression for the hadronic tensor,
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Here, H1 and H2 are defined in terms of the Wilson coe�cients and are referred to as the
hard functions
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2) . (5.46)

There are two things to note here. First, note that the hard function H2 is complex-valued
for the process we consider here. Second, we have replaced the arguments 2q+q� of the
Wilson coe�cients by Q2, as this replacement can be made up to power corrections (these
are kinematic power corrections, see ref. [150]). For this latter point, it has been shown
that higher-power corrections in fact lead to the replacement 2q+q� ! Q2 in the Wilson
coe�cients, as expected by Lorentz invariance.

Next, we combine the hadronic tensor with the leptonic tensor to obtain the cross-
section for e+e� ! 2 jets. In the above expression, the hadronic tensor is decomposed
into several Lorentz structures. As an intermediate step, we record the following results
for the contractions between these Lorentz structures and the leptonic tensor,
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Note that the power-suppressed contributions coming from the two Lorentz structures
are identical, making it experimentally impossible to distinguish between the di↵erent
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types of power corrections. Combining the full expression for the hadronic tensor of
eq. 5.45 with the leptonic tensor in eq. 5.12, we find that the cross-section is given by

d�

dy d2q
=
⇡↵2

emQ2
qNc

Q2
(2� 4y + 4y2)

Z
1

0

d|b|
2

J0(|b||q|)

2⇡
H1(Q

2) J11,n̄(b2) J11,n(b2)

�
⇡↵2

emQ2
qNc

Q2

QT

Q
4 cos(�1) (1� 2y)

p
y(1� y)

⇥

⇢Z
1

0

d|b|
2

J0(|b||q|)

2⇡
H1(Q

2) J11,n̄(b2) J11,n(b2)

+ 2

Z
1

0

d|b|
2

J1(|b||q|)

2⇡|b||q|
H1(Q

2)
h
J 0

11,n̄(b2) J11,n(b2)� J11,n̄(b2) J 0

11,n(b2)
i

� 2

Z
1

0

d|b|
2

J1(|b||q|)

2⇡|b||q|

Z
1

0

d⇠H2(⇠, Q
2)

⇥

h
J21,n̄(⇠,b2) J11,n(b2)� J11,n̄(b2) J21,n(⇠,b2)

i
+ c.c.

�
. (5.48)

Note that in the above expression, the hard functions and jet functions are bare and
unsubtracted quantities.

5.3 Subtraction and renormalization

In the previous section, we arrived at a factorized expression for the cross-section in
terms of a set of jet functions and Wilson coe�cients. We still need to treat the soft
overlap between the collinear and anti-collinear regions and renormalize all ingredients.
Furthermore, the above result for the cross-section contains some divergences, known in the
literature as special rapidity divergences and endpoint divergences, that require treatment.
In this section, we discuss the overlap subtraction and the resulting cancellation of these
divergences, as well as the renormalization of the jet functions. For other cases, a scheme
needs to be developed for treating endpoint divergences [151, 152, 153].

First, in sec. 5.3.1, we discuss the subtraction of the overlap region. In summary,
the lack of a clear boundary between the collinear and anti-collinear regions gives rise to
rapidity divergences, which cancel once the overlap region has been properly subtracted.
In the method employed in this work, not all divergences cancel after the overlap region
has been subtracted. These remaining special rapidity divergences already enter at lowest
order in as = ↵s/(4⇡), and are contained in the kinematic and higher-twist corrections. As
a consequence, ill-defined convolutions between plus distributions and logarithms appear
in finite terms at higher orders in perturbation theory, which are commonly referred to
as endpoint divergences. We discuss the subtraction and cancellation of these divergences
in sec. 5.3.2. The treatment of the overlap region is one of the main di↵erences between
the approach in SCET and the TMD operator expansion, which we compare in sec. 5.3.3.
Finally, the renormalization of the jet functions and the corresponding evolution equations
are discussed in sec. 5.3.4.
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5.3.1 Overlap subtraction

As mentioned in sec. 5.2.1, the two collinear regions overlap in the soft region, which
is doubly counted. The presence of this overlap has been extensively discussed in the
literature about TMD factorization [94, 17, 25], and it has a similar treatment in the
background field method [103].

In the TMD operator expansion method, the overlap between the collinear and anti-
collinear regions can be subtracted for bare operators by making the following replacements

O11,n̄O11,n !
O11,n̄O11,n

SLP

, @⇢O11,n̄O11,n !
@⇢O11,n̄O11,n

SLP

, O21,n̄O11,n !
O21,n̄O11,n

SLP

,

(5.49)

with similar replacements for the other combinations of operators that appear in eq. 5.29.
Using the �-regulator, the overlap factor is identical for both the leading twist and sub-
leading twist operators, and is given by the soft function

S
bare

LP (b2, ✏, 2�+��) =
1

Nc

trc
�
h0| [1n̄ + b, b][b,1n + b][1n, 0][0,1n̄] |0i

 
. (5.50)

The overlap subtraction as presented in eq. 5.49 happens at the level of the product
of two operators from the di↵erent collinear sectors, and the rapidity divergences cancel
between the On, On̄ and S. However, it is desirable to express the cross-section in terms
of ingredients that are each individually free of rapidity divergences. To define a rapidity-
finite jet function, it is necessary to implement this subtraction by absorbing a square root
of the soft function into each of the jet functions. To do this we use the fact that the soft
function can be separated into two pieces,

S
bare

LP (b2, ✏, 2�+��) =
q

Sbare

LP

�
b2, ✏, (�+

E
)2⇣
�q

Sbare

LP

�
b2, ✏, (��

E
)2⇣
�
, (5.51)

where

�+
E

=
�+

q+
, ��

E
=
��

q�
, and ⇣2 = (2q+q�)2 , (5.52)

and ⇣ is referred to as the rapidity scale. Using the above identity, the overlap subtraction
procedure can be implemented by making the following replacements

Jbare

11,n̄ (b2, ✏, �+
E

)!
Jbare
11,n̄

(b2, ✏, �+
E

)
q

SLP(b2, ✏, (�+
E

)2⇣)
= Jbare,sub

11,n̄
(b2, ⇣, ✏) , (5.53)

J 0 bare

11,n̄ (b2, ✏, �+
E

)!
J 0 bare
11,n̄

(b2, ✏, �+
E

)
q

SLP(b2, ✏, (�+
E

)2⇣)
, (5.54)

Jbare

21,n̄ (⇠,b2, ✏, �+
E

)!
Jbare
21,n̄

(⇠,b2, ✏, �+
E

)
q

SLP(b2, ✏, (�+
E

)2⇣)
, (5.55)

and similarly for the n-collinear direction. After the subtraction procedure, the leading-
power jet function Jbare,sub

11
is free of rapidity divergences but depends on the rapidity scale

⇣. The dependence on ⇣ will be discussed in sec. 5.3.4.
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5.3.2 Special rapidity and endpoint divergences

The subtraction procedure of the TMD operator expansion method does not cancel all
rapidity divergences. Specifically, J 0

11
and J21, which respectively correspond to the kine-

matical and higher-twist corrections, still contain divergences. These divergences can be
subtracted and cancel in the cross section between the n and the n̄ sectors. We now
discuss the cancellation of these divergences separately for the kinematic and higher-twist
corrections.

Higher-twist correction

For the twist-3 jet functions J21(⇠,b2) divergences appear in the convolution with H2

in eq. 5.48 as ⇠ ! 0. In most of the literature this is referred to as the problem of
endpoint divergences, while in the TMD operator expansion literature these divergences
are considered part of the special rapidity divergences. In the case of TMD factorization,
di↵erent methods for treating these divergences exist and we compare the two in sec. 5.3.3.
In this work, we subtract the singular behavior of the jet functions as ⇠ ! 0 by means of
a sub-leading-power soft function. This ensures that the integral of the hard function and
the twist-3 jet function is well defined. This was first discussed in refs. [154, 155, 156],
which focused on SIDIS.

The key insight is that in the limit ⇠ ! 0 the gluon field strength becomes soft. In
the soft limit, the gluon decouples from the collinear sector and the field strength can be
factored out of the collinear matrix element. As a result, the limit ⇠ ! 0 is captured by

lim
⇠!0

Jbare

21,n̄ (⇠,b2) S
bare

LP (b2) Jbare

11,n (b2) = Jbare

11,n̄ (b2)Sbare

21,n̄(⇠,b2)Jbare

11,n (b2) + . . . , (5.56)

where . . . denotes terms that are regular as ⇠ ! 0 and a similar expression holds for
the opposite collinear sector. In this expression, the jet functions on the right-hand side
are the familiar twist-2 jet functions and S21,n̄ is an NLP soft function. The NLP soft
functions for the two collinear sectors are defined as

Sbare

21,n̄(⇠,b2, ✏, �+
E

, 2�+��) = +
b⇢

⇠ � i�+
E

Z
dy�

2

2⇡
ei⇠y

�
2 q

+ 1

Nc

tr
h
h0| [b + y�

2
n +1n, b + y�

2
n]

(5.57)

⇥ [b + y�
2

n, b + y�
2

n +1n̄]gF ⇢+(y�
2
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,
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tr
h
h0| gF ⇢�(y+

2
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⇥ [b + y�
2

n +1n, b + y�
2

n][b + y�
2

n, b + y�
2

n +1n̄]Sn̄ |Xi

⇥ hX| [1n̄, 0][0,1n] |0i
i
. (5.58)

This definition follows from replacing the collinear field strength operator in the O21

operators in eq. 5.29 by soft field strength and following the same steps as in sec. 5.2.
Note that, strictly speaking, this derivation requires the introduction of a background
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field for the soft modes, although the soft function drops out in the final result for the
NLP case we consider here.

Using eq. 5.56, we can subtract the singular behavior from the jet functions in the
⇠ ! 0 limit

Jbare,sub

21,n̄
(⇠,b2, ⇣, ✏) =

Jbare
21,n̄

(⇠,b2)
q

SLP(b2, ✏, (�+
E

)2⇣)
� Sbare

21,n̄(⇠,b2, ✏, �+
E

, ⇣) Jbare,sub

11,n̄
(b2, ⇣, ✏) .

(5.59)

Note that the subtracted jet function is regular as ⇠ ! 0. As a result, its convolution with
the hard function is well-defined and free of any endpoint divergences.

The divergent ln �±
E

and singular 1/⇠+ parts of the jet function are now contained
in the subtraction terms, which cancel in the hadronic tensor between the two collinear
sectors as the jet functions only appear in the combination

J21,n̄(⇠,b2) J11,n(b2)� J11,n̄(b2) J21,n(⇠,b2) .

For this cancellation to work, one needs the two soft functions in eq. 5.57 to be identical,
which is only the case if

�+
E

= ��
E

, (5.60)

see ref. [118]. Note that this constraint arises beyond the leading order in as, where
the hard function contains terms involving ln ⇠. Summarizing, the special rapidity and
endpoint divergences in the higher-twist correction can be subtracted and canceled between
the n and n̄ sector on the condition that the rapidity regulators for the two sectors are
related.

Kinematical correction

For the kinematical correction, only the following combination of jet functions appears
after the subtraction procedure of sec. 5.3.1 has been performed,

J 0 bare
11,n̄

(b2, ✏, �+
E

)
q

SLP(b2, ✏, (�+
E

)2⇣)
Jbare,sub

11,n
(b2, ⇣, ✏)� Jbare,sub

11,n̄
(b2, ⇣, ✏)

J 0 bare
11,n

(b2, ✏, ��
E

)
q

SLP(b2, ✏, (��
E

)2⇣)
. (5.61)

Special rapidity divergences also appear in this expression because the derivative that
defines J 0

11
is taken before the soft function is divided out.

As for the higher-twist correction, the divergences in the above expression can be
cancelled between the two collinear sectors. To see this we first define a subtracted jet
function J 0

11
,

J 0 bare,sub

11,n̄
(b2, ⇣, ✏) = b⇢@⇢J

bare,sub

11,n̄
(b2, ⇣, ✏) . (5.62)

that is free of any rapidity divergences, because we take the derivative after subtracting.
Using this definition, one can write

J 0 bare
11,n̄

(b2, ✏, �+
E

)
q

SLP(b2, ✏, (�+
E

)2⇣)
= J 0 bare,sub

11,n̄
(b2, ⇣, ✏) +

1

2
Jbare,sub

11,n̄
(b2, ⇣, ✏)

b⇢@⇢SLP(b2, ✏, (�+
E

)2⇣)

SLP(b2, ✏, (�+
E

)2⇣)
,

(5.63)
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where the special rapidity divergences are contained in the second term. Inserting this in
eq. 5.61, we see that the rapidity divergent terms combine as follows,

b⇢@⇢SLP(b2, ✏, (�+
E

)2⇣)

SLP(b2, ✏, (�+
E

)2⇣)
�

b⇢@⇢SLP(b2, ✏, (��
E

)2⇣)

SLP(b2, ✏, (��
E

)2⇣)
= 2b⇢@⇢D(b) ln

✓
�+
E

��
E

◆
, (5.64)

where the expression on the right-hand side can be obtained using the exponentiation of
the soft factor with D(b) the Collins-Soper kernel. We thus see that the special rapidity
divergences for the kinematical corrections cancel. In fact, if one takes �+

E
= ��

E
, as required

by the cancellation of divergences for the higher-twist corrections, the subtraction terms
cancel altogether.

5.3.3 Discussion of special rapidity and endpoint divergences

The subtraction of the overlap region and the cancellation of special rapidity and endpoint
divergences is treated di↵erently in SCET [118, 154, 155, 156] and the TMD operator
expansion literature [103, 143, 104]. Here we compare the two approaches.

In SCET, a soft mode is included explicitly, and its contribution to next-to-leading
power leads to a family of soft functions [118]. At the level of bare matrix elements,
however, the contributions of these soft functions cancel in the cross-section and as a
result, no NLP soft factor needs to be introduced. Nevertheless, these soft functions
can be used to subtract the overlap regions and define subtracted TMD distributions at
NLP [154, 155, 156]. On the other hand, in the TMD operator expansion method, no
soft mode is included and the overlap between the regions is subtracted by the same soft
function that appears at leading power. The main consequence is that in this method,
at NLP, not all rapidity divergences are canceled by the subtraction procedure. The
divergences that remain after the subtraction procedure are referred to as special rapidity
divergences. This includes the singular behavior in the higher-twist corrections that appear
as ⇠ ! 0, which in the literature are commonly referred to as endpoint divergences.

For both approaches, the remaining divergences cancel in the cross-section between the
n and n̄ sectors. However, the subtraction and cancellation of the divergences are formu-
lated di↵erently between the two methods. In this work and in the SCET literature, it is
formulated at all orders in perturbation theory by means of a soft matrix element. After
the singular behavior of the jet functions has been subtracted, the divergent subtraction
terms cancel in the combination
Z

1

0

d⇠H2(⇠) J11,n̄(b2, ⇣)
S21,n̄(⇠,b2, �+

E
, 2�+��)� S21,n(⇠,b2, ��

E
, 2�+��)

SLP(b2, 2�+��)
J11,n(b2, ⇣) .

(5.65)

Since the hard function contains logarithms of ⇠ at higher orders in perturbation theory,
the only way for the divergences to cancel in the above expression is to have �+

E
= ��

E
.

The above cancellation holds at the bare and renormalized level, however, for the latter,
the distributions for the n and n̄ sectors have to be evolved together from the same initial
to the same final scale.

In refs. [143, 104, 105], on the other hand, the cancellation of special rapidity diver-
gences is formulated order-by-order in perturbation theory. In ref. [104] a subtracted
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distribution is defined by

J21(⇠,b
2) = J21(⇠,b

2)�
⇥
R21 ⌦ J11

⇤
(⇠,b2) , (5.66)

where R is to be constructed order-by-order in ↵s such that the convolution between
J21 and H2 is finite. Note that we have converted their expression to our notation.
At leading order in perturbation theory, the hard function contains no terms involving
ln ⇠, and so no constraint on the rapidity regulators arises. However, at higher orders in
perturbation theory one would run into additional divergences coming from the integral
of ln ⇠ in the hard function with the 1/(⇠ � i�±

E
) in the jet functions, leading to ln2 �±

E
. It

is the cancellation of these additional divergences that constrains �+
E

= ��
E

. We, therefore,
conjecture that if the approach of ref. [104] is extended to higher orders, one would find
such a constraint.

5.3.4 Renormalization and evolution

The subtracted jet functions defined above are at the bare level and require renormaliza-
tion. Since renormalization and evolution takes place at the operator level, it is indepen-
dent of the recoil-free jet algorithm that is employed.

For the twist-2 jet functions the renormalization is multiplicative, and we define the
renormalized jet function as

J11,n̄(b2, µ, ⇣) = ZJ11(⇣, µ, ✏) Jbare,sub

11,n̄
(b2, ⇣, ✏) . (5.67)

The renormalized jet functions depend on a renormalization scale µ and their evolution is
given by

d

d ln µ2
J11(b

2, µ, ⇣) =
1

2


�cusp ln

✓
µ2

⇣

◆
� �V

�
J11(b

2, µ, ⇣) . (5.68)

Here, �cusp is the cusp anomalous dimension and �V is the anomalous dimension of the
quark vector form factor, which to one-loop are given by,

�cusp = 4asCF + O(a2s) , �V = �6asCF + O(a2s) . (5.69)

The same equations apply to J 0
11

as the renormalization and evolution kernels do not
depend on b.

The renormalization and evolution of the twist-3 operators is well known [142, 157, 158,
159, 104] and involves a convolution in the momentum fraction ⇠. A few simplifications
allow us to recast the evolution presented in refs. [142, 104] in a more elegant form.
Since we consider large radii jets, our twist-3 jet functions depend on a single momentum
fraction ⇠. In our case, ⇠ is restricted to the interval [0, 1], which can be shown by
inserting a complete set of states in between each field that enters the matrix-element
definition of the jet function. Because of this constraint, the mixing between di↵erent
regions of momentum fraction space and mixing between T-even and T-odd contributions,
as discussed in ref. [104], is absent in our case. Following this, the renormalized twist-3
jet functions can be expressed as

J21,n̄(⇠,b2, µ, ⇣) =

Z
1

0

d⇠0 ZJ21(⇠, ⇠
0, µ, ⇣, ✏) Jbare,sub

21,n̄
(⇠0,b2, ⇣, ✏) , (5.70)
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and the evolution reads

d

d ln µ2
J21,n̄(⇠,b2, µ, ⇣, �+

E
) =

Z
1

0

d⇠0 �J21(⇠, ⇠
0, µ, ⇣) J21,n̄(⇠0,b2, µ, ⇣, �+

E
) . (5.71)

The anomalous dimension for the twist-3 jet functions has been calculated to one-loop
order [142] and is given by

�J21(⇠, ⇠
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. (5.72)

The subtracted and renormalized jet functions also depend on the rapidity scale ⇣, in
addition to their renormalization scale dependence. For all jet functions the rapidity scale
dependence is described by the Collins-Soper kernel, but for J 0

11
there is an extra additive

term as the Collins-Soper kernel depends also on b. The rapidity evolution is given by

d

d ln ⇣
J11(b

2, µ, ⇣) = �D(b2, µ) J11(b
2, µ, ⇣) , (5.73)

d

d ln ⇣
J 0

11(b
2, µ, ⇣) = �D(b2, µ) J 0

11(b
2, µ, ⇣)� 2

dD(b2, µ)

d lnb2
J11(b

2, µ, ⇣) , (5.74)

d

d ln ⇣
J21(⇠,b

2, µ, ⇣) = �D(b2, µ) J21(⇠,b
2, µ, ⇣) , (5.75)

where D(b2, µ) is the Collins-Soper kernel.

In principle, one could worry about the role of the subtraction term in the evolution.
Specifically, one could argue that the introduction of subtraction terms alters the anoma-
lous dimension. However, the contribution of the subtraction term cancels between the
two jet functions in the cross-section. Therefore, as long as one evolves the jet functions
from the two collinear sectors together, the presence of the subtraction term will not have
an e↵ect on phenomenology.

5.4 Ingredients at order as

In the previous sections, we obtained a factorization formula for the hadronic tensor in
terms of a set of jet functions. While the factorization relies on a recoil-free jet axis, the
form of the factorization and the above definitions are independent of the precise choice.
In order to make a theoretical prediction for the cross-section, however, the jet functions
must be calculated for a specific jet axis. We discuss the jet axes we consider in sec. 5.4.1,
and we will present the calculation of the corresponding jet functions in sec. 5.4.2.
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5.4.1 Jet algorithms

In this work, we consider the jet axes defined through the En-recombination schemes,
with the special case of the winner-take-all (WTA) axis corresponding to the n ! 1
limit. This is a direct generalization of the pn

T
-scheme [160, 161] to e+e� collisions. In

principle, these axes also depend on the clustering, e.g. anti-kT vs. Cambridge/Aachen,
but this distinction is not relevant at the order we are working, where the final state in
the fixed-order jet function contains at most two partons3. The resummed jet function
will of course contain the dominant e↵ect of multiple emissions.

For all axes, we consider the large radius limit, such that all final-state particles will
be clustered into the jet. For this reason, we write the final state of the jet function as
|Jalgi. The jet axis enters our calculation as follows

|Jalgi hJalg| = (2⇡)d�1
X

X

�(d�2)
�
Palg

J

�
|Xi hX| . (5.76)

Here X is the collinear final state produced by the fields, and the prefactor cancels that
of the phase-space integral over the total jet momentum. Our transverse momentum
measurement is encoded in the transverse position of the fields, by fixing our coordinate
system such that the jet transverse momentum Palg

J
vanishes. This allowed us to use the

same operators as in other transverse momentum measurements.
We now present the specific formulae to determine the transverse momentum of the

jet for the En scheme, which depends on the number of particles in the final state. In the
case where the final state consists of a single parton with momentum k, we simply have
PJ = k. When the final state contains two partons with on-shell momenta k1 and k2,
respectively, the 3-momentum of the jet in the En-scheme is given by

~PE
n

J =
k0
1

+ k0
2q

(k0
1
)2n + 2(k0

1
)n�1(k0

2
)n�1~k1 ·~k2 + (k0

2
)2n

⇥
(k0

1)
n�1~k1 + (k0

2)
n�1~k2

⇤
, (5.77)

where the complicated prefactor arises from the condition that the resulting 4-momentum
is massless. However, up to NLP, we can approximate ~k1 ·~k2 ⇡ k0

1
k0
2
, since their angle is

small due to being in the same collinear direction. This leads to

PE
n

J =
k0
1

+ k0
2

(k0
1
)n + (k0

2
)n
⇥
(k0
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n�1k1 + (k0

2)
n�1k2

⇤
+ O

⇣Q3

T

Q2

⌘
. (5.78)

We will restrict ourselves to n > 1 for which the resulting jet axis is recoil-free and
our factorization analysis is justified. For n = 1, PE

n

J
is simply the total transverse

momentum of particles in the jet, and thus not recoil-free. The WTA recombination
scheme corresponds to the n!1 limit, in which case eq. 5.78 simplifies to

PWTA

J = ⇥(k0

1 � k0

2)
k0
1

+ k0
2

k0
1

k1 +⇥(k0

2 � k0

1)
k0
1

+ k0
2

k0
2

k2 . (5.79)

3This dependence has been studied in ref. [79] at order a2
s using EVENT2 [162].
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5.4.2 Calculation

We now calculate all jet functions to first order in as. For convenience, we summarize
their definitions here. The bare and unsubtracted jet functions are defined as
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with U1 and U2 defined in eqs. 5.20 and 5.21 and similar definitions hold for the jet
functions in the n direction. The subtracted jet functions are given by
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with
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Finally, the renormalized jet functions are given by
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Bare jet functions

The (leading-order) matrix elements that are required in this calculation are given by

h0| U1,n̄(y�, b) |q(p)i(0) = eib·pe�iy
�
p
+

u(p) , (5.84)
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Figure 5.2: Diagrams for the matrix elements that enter the calculation of the twist-2 jet
function at NLO (left and middle) and the twist-3 jet function at LO (right). The double
line represents the Wilson line, and the ⌦ denote insertions of the quark field (at the
corners) and gluon field strength (on the double line). The diagrams that give a vanishing
result are not shown.
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with the relevant diagrams shown in fig. 5.2. The index a on the polarization vector
indicates the color of the gluon (though technically is not part of the polarization). We have
omitted the virtual corrections, as the virtual correction to J11 vanishes in dimensional
regularization, and the virtual correction to J21 is exactly zero. Inserting the expressions
in eq. 5.84 in eq. 5.80, we find to order as
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These expressions only depend on the details of the jet algorithm through Palg

J
.

From here, one performs the integral over k using �(d�2)(Palg

J
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components of p and k. For the En scheme,
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The remaining integral over p in J11 can then be performed by using
Z

dd�2p
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and the integral that appears for J21 can be obtained by di↵erentiating with respect to b.
Finally, we perform the integral over ⇠ for J11,n̄ and expand the result in ✏
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Subtraction and renormalization

To obtain the subtracted and renormalized jet functions at first order in as, we need the
LP and NLP soft functions and the renormalization factor ZJ11 to order as. We do not
need the one-loop expression for ZJ21 at this order. The LP soft function with � regulator
has been calculated to one-loop order in ref. [17], and the result reads
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The renormalization factor for J11 is given by
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The NLP soft function can be calculated from its matrix element definition. At lead-
ing order only one diagram contributes, depicted in fig. 5.3. The diagrams that do not
contribute are two virtual diagrams which vanish in dimensional regularization and a real-
emission diagram that vanishes because n2 = n̄2 = 0. The remaining diagram results
in
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The integrals over k+ and k� can be performed using the delta functions and the remaining
integral over k can be performed using eq. 5.90. The final result for the NLP soft function
reads
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Figure 5.3: The only diagram contributing to the NLP soft function at leading order.
The ⌦ denotes the field strength operator and the double lines represent the Wilson lines.

Final results

We now present the final results for all the ingredients of the cross section to first order
in as. The subtracted and renormalized jet functions read
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Note that since J21 and J 0
11

only start at order as, the renormalization does not e↵ect
them at this order in perturbation theory. The WTA axis corresponds to the n ! 1
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The twist-3 jet function J21 is shown in fig. 5.4 for n = 2, 3 and 1 (which corresponds to
WTA). By dividing J21 by as, we removed dependence on the renormalization scale. Note
that these jet functions have a singularity at ⇠ = 1

2
arising from the En scheme. However,

since the hard function is smooth at this point, there is a cancellation between ⇠ = 1

2
+ �⇠

and ⇠ = 1

2
� �⇠ to yield a finite result (principle value). For completeness, we also present

the one-loop results for the hard functions,
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Figure 5.4: The twist-3 jet function J21 in eq. 5.98, divided by as, as function of x for
n = 2, 3,1.



Conclusions

This thesis represents a significant contribution to the understanding of transverse mo-
mentum dependent distributions (TMDs) and their pivotal role in unraveling the intri-
cate structure of hadrons and the distribution of quarks and gluons within them. We
have underscored the fundamental importance of TMDs across a spectrum of theoretical
frameworks and experimental contexts.

Our exploration has not only explored the theoretical intricacies of TMDs but has
also provided concrete methodologies for their study within the framework of factoriza-
tion theorems. By delving into processes such as Drell-Yan, semi-inclusive deep inelastic
scattering (SIDIS), and semi-inclusive annihilation (SIA), we have demonstrated the uni-
versality and versatility of TMDs in describing a diverse array of phenomena in high-energy
particle physics.

Moreover, the intricacies of factorization have been enriched by a dual approach, nav-
igating through the realms of soft-collinear e↵ective theory (SCET) and the background
field method. By extending our analysis to next-to-leading power in the small transverse
momentum expansion, we have advanced the frontier of theoretical understanding within
this field, laying the groundwork for future developments.

The original contributions of this thesis have been multifaceted. Firstly, our detailed
investigation into dijet production in SIDIS has not only shed light on the sensitivity
of this process to gluon TMDs but has also highlighted its potential as a target for fu-
ture experimental endeavors, particularly at facilities like the Electron-Ion Collider (EIC).
Secondly, our work in establishing factorization theorems for dijet production in SIA at
next-to-leading power represents a significant milestone in the theoretical toolkit available
for studying jet production processes and NLP contributions.

In particular, we have established a new factorization theorem for dijet and heavy-
meson pair production in DIS which can be valuable in the quest of processes with a
clear sensitivity to gluon TMDs. The factorization involves a new soft function, which we
have calculated at one-loop, and whose anomalous dimension has been deduced at two
and three loops from consistency relations. All the calculations have been performed with
the �-regulator, combined with standard dimensional regularization. The cross-section is
sensitive to both unpolarized and linearly polarized gluon TMDs and a new TMD soft
function is presented in the factorization theorem.

The influence of this new soft function is certainly an element that should be studied
in the future. In particular one should understand how large is its non-perturbative
contribution to the cross-section and whether it appears in multiple processes, i.e. whether
it is a universal quantity.

117
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The evolution of the functions that appear in the factorization theorem is non-trivial
and we propose an original solution, which is generic and independent of the resummation
framework. We also note that it is consistent with the ⇣-prescription of TMD [33] which we
implement in this work. The used prescription allows us to separate the evolution kernels
from other scale-independent factors in the cross-section so that in our final computations
we can use some results already coded in the literature. This is the case for the TMD and
their respective evolution kernels extracted from DY and SIDIS data and presented in the
code Artemide [81].

The phenomenological analysis that we have performed has revealed several issues
that need further study in the future. Estimating the errors due to scale dependence,
we have found that several functions need a higher loop calculation to achieve su�cient
precision for the low-energy jets that will be available at EIC. This is the case for instance
of the collinear-soft function that appears in the dijet process and more urgently on the
heavy hadron jet function. The fact that the perturbative convergence of these functions
is limited to small values of the b may lead to consider also a re-factorization of these
functions, such that the small-b e↵ects are separately resummed. This possibility can
eventually be considered in future works.

In all cross-sections, we have found a contribution of unpolarized and linearly polarized
gluon TMD. For both of these distributions, we have used their re-factorization in coe�-
cient functions and collinear PDF studied at higher loops in the literature [30, 39, 84, 163].
In accordance with this well-tested procedure, the linearly polarized gluon contribution re-
sults to be particularly suppressed in all considered cases, because its matching to collinear
PDF starts at order ↵1

s, instead of ↵0
s like the unpolarized distributions. The e↵ect of this

suppression is particularly evident in the estimate of the angular modulation of cos 2�r
asymmetry that is here estimated to be around 5%. The study of next-to-leading power
e↵ects is beyond the purpose of the present work, therefore further study is necessary to
confirm the magnitude of this asymmetry.

A source of uncertainty in our prediction comes from the usage of models for many
functions that have not been yet compared against data. In this case, we have studied
several possibilities with simple Gaussian models, assigning values to the non-perturbative
parameters according to an educated guess. The models do not alter the overall conclusions
about scale choices or precision but can have some e↵ect on the shape of the curves that
we have computed. Only a strict comparison with data or eventual lattice calculations
can finally resolve this issue.

As a result of this study, we can see that the extraction of gluon TMDs from dijet
processes at the EIC is conditioned yet by the possible theoretical and experimental pre-
cision. In particular, the linearly polarized gluon TMD appears generally too suppressed
and hardly accessible if one uses the usual matching of TMDs onto their collinear counter-
part distributions. Nevertheless, the discussed theoretical issues can potentially be solved
or improved in future studies.

On the other hand, our study on the next-to-leading power contributions to dijet
production in dilepton annihilation marks an advancement in the theoretical arsenal for
investigating jet production phenomena and NLP contributions.

With the exceptional precision of the Large Hadron Collider and the forthcoming
Electron-Ion Colliders, there has been a surge in interest surrounding TMDs, o↵ering a
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unique opportunity to explore these distributions with unprecedented accuracy. A deeper
exploration needs a heightened precision in their theoretical depiction, demanding a deeper
understanding of the factorization theorem for cross-sections di↵erentially dependent on
transverse momenta.

In the work presented, we examine specific facets of the recently developed operator
basis contributing to the di↵erential cross sections at the next-to-leading power (NLP). Our
focus has been on jets, which provide an infrared and collinear safe observable computable
within perturbation theory. To simplify the description, we have limited ourselves to large
radii ensuring that all energetic radiation remains confined within the jets. Utilizing a
recoil-free jet recombination scheme, we can avoid non-global logarithms.

We have also explored how higher twist operators emerging at NLP contribute to
the characterization of jets, introducing novel measurable e↵ects. These aspects have
been described through the prism of a e+e� ! 2 jets process, notable for its theoretical
simplicity and experimental relevance. The culmination of our analysis has yielded the final
factorized hadronic tensor, obtained by beginning with its power expansion, decomposing
it into spin structures, and applying discrete symmetries. Notably, this has marked the
first determination of the contribution of a twist-3 operator to a jet.

We have observed that NLP e↵ects manifest in e+e� ! 2 jets solely when the two jets
exhibit dissimilarity, such as when employing distinct recoil-free jet algorithms or replacing
a jet with a hadron. Furthermore, we have computed the twist-3 jet functions utilizing
the WTA axis and En recombination schemes at leading order in perturbation theory.
We have discussed their overlap subtraction and renormalization, noting the role of the
soft factor in describing the overlap, and the subsequent cancellation of special rapidity
divergences.

Moreover, we have simplified the evolution equation initially derived at the operator
level in ref. [103], making it much simpler in our specific scenario. Several aspects of this
study hold relevance for future applications. Particularly, the measurement we consider
allows for a significant simplification of the NLP formalism, rendering it more accessible.
Although the process described can be measured in the Belle experiment, a detailed phe-
nomenological analysis has been left to future studies. Additionally, exploring the impact
of the nonperturbative e↵ects studied on QCD research at the Future Circular Collider
(FCC) presents an intriguing avenue. Importantly, our NLP jet analysis stands to en-
hance measurements of hadron structure at the EIC. Furthermore, our framework can be
naturally extended to describe polarized targets at the EIC.

In conclusion, this thesis stands as a testament to the profound impact of TMDs on
our understanding of particle physics. By elucidating factorization theorems and exploring
novel processes, we have not only expanded the boundaries of theoretical knowledge but
have also paved the way for future experimental investigations.
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Appendix A

Dijet production in SIDIS

A.1 Elements of factorization

In this section, we some useful functions involved in the factorization for the dijet produc-
tion in SIDIS case

A.1.1 Hard function

The hard kernel can be found in [89, 90, 91]. The µ-dependent part for both channels is
given by
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A.1.2 Jet function

The definition of the jet function is as in [164],
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where the symbol ? refers to the plane orthogonal to v and whose trasverse components
are obtained with the tensor ⌘?
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= g↵� � (v↵v̄� + v̄↵v�). The perturbative calculation of

the jet function can be found in [83] and is given by
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The finite corrections di,alg
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are given by
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where di,kT
J

is the same constant for all kT -type algorithms (kT , anti-kT , and C/A).

A.1.3 Collinear-soft function

The collinear-soft function can be found in [75] and is given by the following matrix
element,
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where v is a Euclidean, two dimensional, transverse component of light-like four-vector vµ

pointing along the direction of the jet. The normalization constant NR is simply the size of
the representation for SU(Nc) of the Wt and Un Wilson lines. For quark jets (fundamental
representation) we have NR = Nc and for gluon jets (adjoint representation) we have
NR = N2

c � 1. The function ⇥alg. ensures that only contribution from outside the jet will
contribute to the jet-imbalance. At NLO the bare collinear-soft function is given by
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A.1.4 Beam function

The quark, anti-quark and gluon beam functions are given in [30] by
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(A.8)

where ⇠ = (⇠+, 0�, b)n. The repeated color indices a (a = 1, . . . , Nc for quarks and
a = 1, . . . , N2

c � 1 for gluons) are summed up. The representations of the color SU(3)
generators inside the Wilson lines are the same as the representation of the corresponding
partons. The Wilson lines W̃ T

n (x) are rooted at the coordinate x and continue to the
light-cone infinity along the vector n, where it is connected by a transverse link to the
transverse infinity (that is indicated by the superscript T ). The TMDs are obtained from
the beam functions B̂i as explained in sec. 3.1.4.
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A.2 Anomalous dimensions

In this appendix, we collect from the literature the anomalous dimensions of the elements
of the cross-section needed to obtain the dijet soft function anomalous dimension at two
and three loops for the �⇤g-channel, as explained in 3.91. We follow the standard procedure
of separating all anomalous dimensions into a term proportional to the cusp anomalous
dimension and a non-cusp term. We first give the three-loop cusp which applies to all
functions and then proceed to give the non-cusp term for each function separately. The
anomalous dimensions we give here are the ones that correspond to the renormalization
group equation in 3.57.

A.2.1 The cusp anomalous dimension and � function

�icusp (as) = 4Ci

X

n

�[n]ans , �cusp(↵s) =
1

Ci

�icusp(as) = 4
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n

�[n]ans , (A.9)

where
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and for i = f, g we have Cf = CF and Cg = CA. The �-function is given by
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A.2.2 bHQET heavy-quark jet function

As explained in 3.73, the heavy-quark jet function factorizes into a bHQET hard function
H+ and a bHQET jet function JQ!Q. Their anomalous dimension are given by

�J = �2�qcusp ln
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+ 2��J .

�+ = �qcusp ln
µ2

m2

Q

+ 2��+ (A.13)

The non-cusp anomalous dimensions for the hard function and the jet function are known
up to two-loops [73] and are given by
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Their sum is known up to three loops and is given by
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A.2.3 TMDPDF

The universal TMDPDF anomalous dimension is given in [30] by

�F = �icusp ln
µ2

⇣1
� �iV . (A.16)
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The non-cusp anomalous dimension for the TMDPDF is known up to three loops and is
given by
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A.2.4 Hard Function

The hard function H�⇤g anomalous dimension is given in [89] by

�H = (2CF + CA)�cusp ln
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(A.19)

The non-cusp anomalous dimensions is given by
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A.2.5 Dijet soft function

The dijet anomalous dimension for the �⇤g-channel is given by eq. 3.92. The non-cusp
three-loop anomalous dimension is given by
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A.3 Soft function integrals and �-regulator

In this section, we give a pedagogical review of the integrals needed to obtain the dijet soft
function result at NLO. The integrals are introduced in 3.32. The real diagrams are shown
in fig. 3.4 and are the only ones contributing to the soft function. The virtual diagrams
vanish, as we show in this section, and are not shown in this work. In the following, we
use d = 4� 2✏.

Real diagram n - vJ

The integral we need to compute is given by the expression
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Z
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. (A.22)

Using the delta to integrate over k� we get
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Completing the square, the denominator can be written as
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We change variables k0
! k � k+

v
+
J

vJ . In this way, the integral simplifies to the following

expression,
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This allows us to perform each integral separately, which leads us to the final result of the
integral,
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Real diagram v1 - v2

The integral we need to compute is given by
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Using the delta to integrate over k� we get
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We use Feynman parametrization in order to rewrite the denominator,
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In our case, we identify
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In this way, the denominator can be rewritten the following way:

xA + (1� x)B = [k � k+R1(x)]2 + k2
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We can perform a change of variables k0 = k � k+R
µ

1
(x) and the integral simplifies as

follows,
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We perform a Mellin-Barnes transformation in order to be able to integrate over k and
k+ separately,
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In this way, we integrate over k and get
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Next, we integrate over k+,
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We integrate in z using residues. We close the integration path to the right side of the
imaginary axis and sum all the residues due to �(�z) and �(�✏� 1� z). The residues are
given by the expressions
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for n = 0, 1, 2, ... We then arrive at the sum
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Now, we perform the x integral, where remember that the x dependence is through the
R1(x) and R2(x) functions. Finally, we perform the sum over n and arrive at the final
result:
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where Ab is given in 3.35.

Virtual diagram n - vJ

The integral for this diagram is given by

IvirtualJB =
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We begin integrating over k�. This integration restricts k+ values to be negative (k+ < 0),
otherwise all poles would be located in the negative part of the imaginary axis (due to
v+
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> 0), and the integral would vanish. In this way, we get
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Completing the square and performing the same change of variable as in the real diagram
n� vJ , we get
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This integral vanishes due to the integral over k being a scaleless integral, which is set to
zero in dimensional regularization. This was expected as the result of real diagram n� vJ
has no IR divergent part.

Virtual diagram v1 - v2

The integral that has to be computed is given by
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. (A.42)

First, we integrate over k�. We get a di↵erent result depending on the sign of k+, which
leads to the addition of ✓(k+) and ✓(�k+),
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Ivirtual12 = I1 + I2. (A.45)

Both integrals are computed the same way, so we focus in one of them, I1 for example.
Here, we use Feynman parametrization in order to rewrite the denominator,
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In our case, we identify
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In this way, the denominator can be rewritten the following way:

xA + (1� x)B = R1(x)[k � k+E1(x)�E2(x)]2 + k+F1(x) + F2(x), (A.48)

where
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We can perform a change of variables k0 = k�k+E1(x)�E2(x) and the integral simplifies
to
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We can integrate over k we get
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Finally, integrating over k+ we have
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which evaluates to zero if we perform the integration over x. The term I2 is zero for the
same reason, we can compute it following the same steps. This means

Ivirtual12 = 0. (A.53)

A.4 Hard prefactors

The hard prefactors for each channel are given in ref. [92]. We include in this section the
ones relevant to our cases
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where
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and A and B factors are given by
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where D is defined as

D = 1 + z(1� z)
Q2

p2
T

. (A.65)
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Appendix B

Dijet production in SIA

B.1 Fierz relations

The jet functions defined in eqs. 5.33 and 5.34 have open spinor indices. These spinor
indices are at first contracted between the jet functions for the two di↵erent collinear
directions, see eq. 5.31. To remove contractions between di↵erent jet functions and obtain
our factorized hadronic tensor, we apply the following Fierz relations
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Inserting these expressions in eq. 5.31, many of the above Dirac structures lead to vanishing
expressions. Due to the collinear nature of the jet functions, only structures that contain an
explicit �+ or �� survive (see eq. 5.19). Moreover, because the jet algorithm/measurement
is spin-independent and due to parity symmetry, we are left with
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where the “. . . ” are terms in eq. B.1 which give a vanishing contribution when inserted
into eq. 5.31.



Abstract

This thesis studies in detail two novel processes where transverse momentum dependent
parton distribution functions (TMDPDFs or TMDs) play a crucial role. These two pro-
cesses are dijet production in semi-inclusive deep inelastic scattering (SIDIS) and dijet
production in semi-inclusive annihilation (SIA).

Parton distribution functions (PDFs) play a pivotal role in unraveling hadron structure
and provide insights into the longitudinal momentum distribution of quarks and gluons
inside hadrons. However, they lack crucial insights into their transverse momentum dis-
tribution. This limitation led to the development of TMDs, which can be understood as a
generalization of PDFs and constitute a more comprehensive framework for characterizing
the three-dimensional structure of hadrons. TMDs are indispensable for understanding
phenomena involving the intrinsic transverse motion of partons, such as the spin structure
of the nucleon and the orbital angular momentum.

We delve into TMDs through two complementary approaches: Soft Collinear E↵ective
Theory (SCET) and the background field method. SCET constitutes the traditional way
of tackling transverse momentum dependent physics. The development of the e↵ective
theory allows us to derive general properties of TMD distributions. On the other hand,
the background field method has recently been used as an alternative approach to describe
TMD processes and is particularly suitable for deriving higher-power corrections. We
provide a review of both theoretical approaches and use them to describe distinct cases
sensible to TMDs. We also provide a review of TMD factorization theorems. Factorization
theorems allow us to write a particular cross-section in terms of a product of universal
functions that describe each of the energy scales in a given process. For the case of TMDs,
we describe how factorization leads to their proper definition and their evolution following
renormalization group equations and double-scale evolution.

The novel work of this thesis consists on analyzing TMD distributions in two distinct
processes: dijet production in SIDIS and dijet production in SIA.

For SIDIS, we develop a theoretical framework for factorization for the first time as well
as providing phenomenological predictions. The SIDIS process is sensible to gluon TMDs,
which are di�cult to access from other similar processes. Additionally, the factorized
cross-section depends on a soft function that appears in this process for the first time and
we compute up to next-to-leading order (NLO). The soft function describes soft radiation
emitted by the hadronic states. We also give a prescription on how to evolve this soft
function following renormalization group equation and dealing with double-scale evolution,
as the soft function depends on an extra rapidity scale in the same way the TMDs do.
We perform a phenomenological study of the cross-section of the given process, describing



the contribution of each of the channels in the process and including a consideration
of theoretical errors. Our findings exhibit promising potential for measurement at the
forthcoming Electron Ion Collider (EIC).

In the case of SIA, we establish factorization at next-to-leading power (NLP) in the
small transverse momentum expansion for the first time following the background field
prescriptions. The SIA process is interesting as it depends on TMD jet states, which
largely simplifies computations and expressions at NLP, letting us present the results in
a didactic manner. We observe that to obtain a non-vanishing contribution from NLP
operators, there must be a breaking of symmetry between the energetic radiation directed
into the two distinct directions.

This thesis contributes novel insight through the study of these two new processes and
shows the profound impact of TMDs on describing particle physics as well as pointing to
future experimental research of the presented results.



Resumen

Esta tesis estudia en detalle dos procesos originales en los que las funciones de distribución
de partones dependientes del momento transverso (TMDPDF o TMD, por sus siglas en
inglés) juegan un papel fundamental. Estos dos procesos consisten en producción de dijets
en semi-inclusive deep inelastic scattering (SIDIS) y producción de dijets en semi-inclusive
annihilation (SIA).

Las funciones de distribución de partones (PDF, por sus siglas en inglés) tienen un
papel fundamental en la descripción de la estructura hadrónica y de la distribución longi-
tudinal de momento de los quarks y gluones dentro de los hadrones. Sin embargo, carecen
de información sobre su distribución de momento transverso. Esta limitación da lugar al
desarrollo de las TMD, que pueden ser entendidas como una generalización de las PDF
y constituyen un marco más completo para describir la estructura tridimensional de los
hadrones. Las TMD son indispensables para comprender fenómenos que implican el movi-
miento transverso intŕınseco de los partones, tales como la estructura de esṕın del nucleón
y su momento angular orbital.

Exploramos las TMD a través de dos enfoques complementarios: Soft Collinear Ef-
fective Theory (SCET) y el método del background field. SCET constituye el enfoque
tradicional para lidiar con distribuciones dependientes del momento transverso. El desa-
rrollo de la teoŕıa efectiva nos permite obtener propiedades generales de las TMD. Por otro
lado, el método del background field ha sido utilizado recientemente como enfoque alter-
nativo para describir procesos dependientes del momento transverso y es particularmente
útil para obtener contribuciones de ordenes superiores (NLP, por sus siglas en inglés).
Presentamos una revisión de ambos acercamientos teóricos y los utilizamos para describir
distintos casos sensibles a las TMD. A su vez, tambien presentamos una revisión de los
teoremas de factorización de TMD. Los teoremas de factorización nos permiten escribir
una determinada sección eficaz en términos del producto de funciones universales que des-
criben cada una de las escalas de enerǵıa presentes en un determinado proceso. En el caso
de las TMD, describimos como la factorización nos lleva a su definición adecuada y su
evolución siguiendo las ecuaciones del grupo de renormalización y la evolución de doble
escala.

El trabajo original de esta tesis consiste en el análisis de las distribuciones TMD en
dos procesos: producción de dijets en SIDIS y producción de dijets en SIA.

Para el caso de SIDIS, desarrollamos un marco teórico para la factorización por primera
vez a la vez que ofrecemos predicciones fenomenológicas. El proceso SIDIS es sensible a las
TMD de gluones, el acceso a las cuales suele ser complicado en otros procesos similares.
Además, la sección eficaz factorizada depende de una función soft que aparece en este



proceso por primera vez y que calculamos hasta primer orden (NLO, por sus siglas en
inglés). La función soft describe la radiación soft emitida por los estados hadrónicos. A
su vez, ofrecemos una prescripción sobre como evolucionar esta función soft siguiendo las
ecuaciones del grupo de renormalización y la evolución de doble escala. Esto último se debe
a que la función soft depende de una escala de rapidity adicional de la misma forma que
lo hacen las TMD. Por último, llevamos a cabo un estudio fenomenológico de la sección
eficaz del proceso, describiendo la contribución de cada uno de los canales e incluyendo
una discusión de los errores teóricos. Nuestras conclusiones apuntan a potencial para su
medición en el futuro Electron Ion Collider (EIC).

Para el caso de SIA, establecemos la factorización a NLP en la expansión para pequeños
momentos transversos por primera vez siguiendo el método del background field. El proceso
SIA es interesante ya que depende de jets TMD, los cuales simplifican los cálculos y
expresiones a NLP. Esto nos permite presentar los resultados de una forma didactica.
Podemos observar que para obtener una contribución distinta de cero por parte de los
operadores a NLP, necesitamos una ruptura de la simetria entre la radiación emitida en
las dos direcciones relevantes.

Esta tesis constituye una contribución original al estudio de estos dos nuevos procesos
y muestra el profundo impacto de las TMD en la descripción de la fisica de particulas
a la vez que señala haćıa la posibilidad de futuras investigaciones experimentales de los
resultados presentados.
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