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Abstract

This thesis has been divided into two parts of different proportions. The first part is the main
work of the candidate. It deals with the optimization of chemical reactors, and the study of
the effectiveness, as it will explained in the next paragraphs. The second part is the result of
the visit of the candidate to Prof. Hdim Brezis at the Israel Institute of Technology (Technion)
in Haifa, Israel. It deals with a particular question about optimal basis in L? of relevance in
Image Proccesing, which was raised by Prof. Brezis.

The first part of the thesis, which deals with chemical reactors, has been divided into
four chapters. It studies well-established models which have direct applications in Chemical
Engineering, and the notion of “effectiveness of a chemical reactor”. One of the main
difficulties we faced is the fact that, due to the Chemical Engineering applications, we were

interested in dealing with root-type nonlinearities.

The first chapter focuses on modeling: obtaining a macroscopic (homogeneous) model
from a prescribed microscopic behaviour. This method is known as homogenization. The
idea is to consider periodically repeated particles of a fixed shape Gy, at a distance €, which
have been rescaled by a factor a. This factor is usually of the form az = Cpe®, where o > 1
and C is a positive constant. The aim is to study the different behaviours as € — 0, when
the particles are no longer considered. It was known that depending of this factor there are
usually different behaviours as € — 0. First, the case of big particles and small particles are
treated differently. The latter, which have been the main focus of this chapter, are divided
into subcritical, critical and supercritical holes. Roughly speaking, there is a critical value
o such that the behaviours @ = 1 (big particles), 1 < a < o*(subcritical particles), ¢ = *
(critical particles) and & > o* (supercritical particles) are significantly different.

The main focus of the thesis has been in the cases o > 1, although some new results
for the case o = 1 have been obtained (see [DGCT15; DGCT16]). In the subcritical cases
we have significantly improved the regularity of the nonlinearities that are allowed, by
applying uniform approximation arguments (see [DGCPS17d]). We also proved that, when
the diffusion depends on the gradient (p-Laplacian type) with p greater than the spatial
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dimension, no critical scales exists (see [DGCPS17b]). Also, this thesis includes some
unpublished estimates which give a unified study of these cases, and provide some new
insights. The newest and most relevant results in this sections are the ones obtained for
the critical case. The state of the art in this field was dealing only with the case in which
the shape of the particles (or holes), Gy, is a ball. In this direction we have shown that
the case of maximal monotone graphs behaves as expected, providing a common roof for
results with Neumann, Dirichlet and even Signorini boundary conditions (see [DGCPS17a;
DGCPS17c]). In this case we have shown that the “strange” nonlinear term appearing in the
homogeneous problem is always smooth, even when the microscopic problem is not. This
behaviour can be linked to Nanotechnological properties of some materials. Furthermore, we
have managed, for the time in the literature, to study the cases in which Gy is not a ball (see
[DGCSZ17]). In this last paper, the techniques of which are very new, gives some seemingly
unexpected results, that answer the intuition of the experts. The results mentioned above
were obtained by applying a modification of Tartar’s oscillating test function method. The
periodical unfolding method has also been applied by this candidate, in some unpublished
work, and this was acknowledged by the authors of [CD16].

The contributions presented in this chapter improve many different works in the literature,
and it has been presented in Table 1.1. The work in this chapter has been presented in the
international congress ECMI 2016 (Spain, 2016) and Nanomath 2016 (France, 2016). At
the time of presentation of this thesis a new paper dealing with the critical case and general
shape of the particles has been submitted for publication.

The second chapter deals with a priori estimates for the effectiveness factor of a chemical
reactor, which is a functional depending of the solution of the limit behaviour deduced in
Chapter 1. This problems comes motivated, for example, by the application to waste water
treatment tanks. Once we have obtained a homogeneous model, our aim is to decide which
reactors are of optimizer in some classes, and also provide bounds for the effectiveness.
In this direction, we have dealt with Steiner symmetrization, which allows us to compare
the solution of any product type domain € x €j, which would represent the chemical
reactor, with a cylinder of circular basis, B x Q,, where |B| = |Q1]. In this direction we have
published two papers [DGC15b; DGC16] dealing with convex and concave kinetics, which
extends the pioneering paper [ATDL96]. The work in this chapter has been presented in
the following congresses: MathGeo 2013 (Spain), 10th AIMS Conference in Dynamical
Systems, Differential Equations and Applications (Spain, 2013), Nanomath 2014 (Spain,
2014), Mini-workshop in honour of Prof. G. Hetzer (USA, 2016).
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The third chapter deals with direct shape optimization techniques. This can be organized
into two sections: shape differentiation and convex optimization. Shape differentiation
is a technique that, given a initial shape Qg characterizes the infinitesimal change of the
solution of our homogeneous problem when we consider deformations (14 6)(£). In this
directions two papers have been published. First, we studied the Fréchet differentiable case,
that requires the kinetic to be twice differentiable (see [DGC15a]). This was a first step to
the problem in which we were interested, the case of non-smooth kinetic. In this setting, the
solution may even develop a dead core (see [GC17]). Another of the techniques of direct
optimization we applied was the convex optimization of the domain Gy. If we only allow the
admissible set of shapes G to be convex sets, then we have some compactness results, that
guaranty that there exist optimal sets in this family (see [DGCT16; DGCT15]). The work
in this chapter has been presented in the 11th AIMS Conference on Dynamical Systems,
Differential Equations and Applications (USA, 2017).

The fourth chapter deals with linear elliptic equations with a potential, —Au + Vu = f,
where the potential, V, “blows up” near the boundary. This kind of equations appear as a
result of the shape differentiation process, in the non-smooth case. The problems with a
transport term, Vu - b, —Au+ Vu - b+ Vu is studied, in collaboration with Profs. Jean-Michel
Rakotoson and Roger Temam. Different results of existence, uniqueness and regularity of
solutions of this equations are presented (see [DGCRT17]). One of this results is the fact
that, shall the blow up of the potential V be fast enough, the condition Vu € L' can act as
a boundary condition for u. Some unpublished results are included in this chapter, which
improve some of the results of [DGCRT17], in a limit case, by applying an extension of the
argument in [DGCRT17] suggested recently by Prof. Brezis to this candidate, and which
have not been published. The work in this chapter has been presented in the 11th AIMS
Conference on Dynamical Systems, Differential Equations and Applications (USA, 2017).
At the time of submission of this thesis a new paper improving the results of [DGCRT17] is

under development.

The fifth chapter develops the second part of the thesis, and includes results obtained
during the 2017 visit to Prof. Brezis (see [BGC17]). They improve some previous results by
Brezis in collaboration with the group of Prof. Ron Kimmel. We showed that the basis of
eigenvalues of —A with Dirichlet boundary conditions is the unique basis to approximate
functions in Hé in L? in an optimal way.



Besides the contributions in this thesis, this candidate has also developed other projects.
The author published, jointly with Prof. Bri and Nufio, a paper [BGCN17] which involved
the simulation of the fractional Laplacian in bounded domains, and their study by new
statistical physics techniques. Besides this work, the candidate studied the modeling of
Lithium-ion batteries, and is about to publish work on the well-posedness of the Newman

model. This was presented in the 11th AIMS conference on Dynamical Systems (USA,
2017).



Resumen en castellano

Esta tesis se ha divido en dos partes de tamafios desiguales. La primera parte es la compo-
nente central del trabajo del candidato. Se encarga de la optimizacién de reactores quimicos
de lecho fijo, y el estudio de su efectividad, como se expondrd en los siguientes parrafos. La
segunda parte es el resultado de la visita del candidato al Prof. Hdim Brezis en el Instituto
Tecnolégico de Israel (Technion) en Haifa, Israel. Se entra en una pregunta concreta sobre
bases 6ptimas en L2, que es de importancia en Tratamiento de Imédgenes, y que fue formulado

por el Prof. Brezis.

La primera parte de la tesis, que estudio reactores quimicos, se ha dividido en 4 capitulos.
Estudia un modelo establecido que tiene aplicaciones directas en Ingenieria Quimica, y la
nocion de efectividad. Una de las mayores dificultades con la que nos enfrentamos es el
hecho que, por las aplicaciones en Ingenieria Quimica, estamos interesados en reacciones de
orden menor que uni (de tipo raiz).

El primer capitulo se centra en la modelizacion: obtener un modelo macroscépico (ho-
mogéneo) a partir de un comportamiento microscopico prescrito. A este método se le conoce
como homogeneizacion. La idea es considerar particulas periédicamente repetidas, de forma
fija Go, a una distancia €, y que han sido reescaladas por un factor ae. La expresion habitual
de este factor es a, = Cpe*, donde o > 1 y Cy es una constante positiva. El objetivo es
estudiar los diferentes comportamientos cuando € — 0, y ya no se consideran las particulas.
Primero, los casos de particulas grandes y particulas pequeiios se tratan de formas distintas.
Este segundo, que ha sido el central en esta tesis, se divide en subcritico, critico y supercritico.
En términos generales, existe un valor o* tal que los comportamientos de los casos o = 1
(particulas grandes), 1 < o < a* (particulas subcriticos), &« = a* (particulas criticos) y
o > o (particulas supercriticos) son significativamente distintos. El objetivo central de la
tesis han sido los casos o > 1, aunque se han obtenido también algunos resultados para el
caso o = 1 (ver [DGCT15; DGCT16]). En el caso subcritico hemos mejorado significati-
vamente la regularidad de las no-linealidades permitidas, por argumentos de aproximacion
uniforme (ver [DGCPS17d]). También hemos demostrado que, cuando la difusién depende

del gradiente (operadores de tipo p-Laplaciano) con p mayor que la dimensién espacial,
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entonces no existen escalas criticas (ver [DGCPS17b]). Ademads, esta tesis incluye esti-
maciones no publicadas que dan un estudio unificado de estos casos, e introducen nuevas
perspectivas. Los resultados mds nuevos y mds relevantes en estas secciones son los que
se refieren al caso critico. El estado del arte en este campo era lidiar s6lo con el caso en
que la forma de la particula es una esfera. En esta direccion hemos mostrado que los grafos
maximales mondtonos se comporta como era de esperar, dando un techo comun a los resulta-
dos con condiciones de frontera Neumann, Dirichlet e incluso Signorini (ver [DGCPS17a;
DGCPS17c]). En este caso hemos demostrado que el término “extrafio” en el problema
homogéneo es siempre regular, incluso cuando la no-linealidad del problema microscépico
no lo es. Este comportamiento se puede enlazar con propiedes Nanotecnoldgicas de algunos
materiales. También hemos conseguido estudiar el caso en las particulas no son esferas, si no
que tienen una forma mas general (ver [DGCSZ17]). En este dltimo articulo, que emplea
las técnicas muy nuevas, se dan algunos resultados de aspecto aparentemente inesperado,
pero que satisfacen la intuicion de los expertos. Todo los resultados presentados en el texto
precedente son obtenidos utilizando modificaciones del método de funciones test oscilantes
de Tartar. El método de desdoble periddico (periodical unfolding en inglés) también ha sido
usado por el candidato, en un trabajo sin publicar, y ha sido reconocido en los agradecimien-
tos de [CD16]. Las contribuciones de este capitulo mejoran muchos trabajos previous, como
se ha presentado en la Tabla 1.1. El trabajo de este capitulo se ha presentado en los congresos
internacionales ECMI 2016 (Spain) y Nanomath 2016 (France).

El segundo capitulo trata sobre estimaciones a priori del factor de efectividad de las
reacciones quimicas: un funcional que depende de la solucién del problema limite obtenido
en el Capitulo 1. Este problema viene motivado, por ejemplo, por la aplicacion en reactores
de tratamiento de aguas residuales. Una vez que se ha obtenido el problema homogeneizado,
nuestro objetivo es decidir qué reactores son optimizadores de este funcional, y dar cotas para
la efectividad. En este sentido, hemos trabajado con la optimizacion de Steiner, que permite
comparar reactores de la forma Q; x €, con reactores cilindricos de la forma B x €2;, donde
|B| = |Q1|. En esta direccion se han publicado dos trabajos, [DGC15b; DGC16] lidiando
con no-linealidades convexas y céncavas. El trabajo de este capitulo se ha presentado en
los siguientes congresos: MathGeo 2013 (Espana), 10th AIMS Conference in Dynamical
Systems, Differential Equations and Applications (Espafia, 2013), Nanomath 2014 (Espaia),
Mini-workshop in honour of Prof. G. Hetzer (USA, 2016).

El tercer capitulo trata con técnicas de optimizacién de formas directas. Se ha organizado

en dos secciones: diferenciacion de formas y optimizacién convexa. La diferenciacion de
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formas es una técnica que, dado un una forma inicial Qy, caracteriza el cambio infinitesimal
de la solucién de nuestro problema homogeneizado cuando se considera una deformacion
(I+6)(Qo). En esta direccion se han publicado dos articulos. Primero hemos estudiado la
diferenciabilidad en el sentido de Fréchet, que requiere que la cinética sea dos veces derivable
(ver [DGC15a)). Este fue un primer paso hacia el problema en que estdbamos interesados, el
caso no-suave. En este contexto, la solucién puede desarrollar un dead core (ver [GC17]).
Otra de las técnicas que hemos usado es la optimizacién convexa directa del dominio Gy. Si
solo consideramos el conjunto admisible de formas G dentro de la familia convexa, entonces
podemos obtener la existencia de extremos (ver [DGCT16; DGCT15]). Este trabajo ha sido
presentado en el 11th AIMS Conference in Dynamical Systems, Differential Equations and
Applications (USA, 2017).

El cuarto capitulo trata con ecuaciones elipticas con un potencial, —Au + Vu = f, donde
el potencial, V, “explota” cerca del borde. Este tipo de ecuaciones aparecen como resultado
del proceso de diferenciacion de formas del Capitulo 3, en el caso en que aparece un dead
core. El problema con un término de transporte, b Vu, fue también estudiado. Se obtuvieron
diferentes resultados de existencia, regularidad y unicidad de soluciones (ver [DGCRT17]).
Uno de los resultados mds sorprendentes es que si V explota suficientemente rapido, entonces
la condicién Vu € L', que se suponia habitualmente como piiramente técnica, se convierte en
una condicién de contorno Dirichlet homogénea. Los resultados expuestos en esta tesis se
han presentado en el 11th AIMS Conference in Dynamical Systems, Differential Equations
and Applications (USA, 2016). Se incluyen en esta tesis algunos resultados no publicados,
sugeridos por Hidim Brezis, que mejoran a los publicados en algunos casos. En el momento

del déposito se estd trabajando en un borrador que mejora, atin mas, estos resultados.

El quinto capitulo desarrolla la segunda parte de la tesis, e incluye resultados obtenidos
durante la visita en 2017 al Prof. Hdim Brezis (ver [BGC17]). Se mejoran algunos resultados
previos con el grupo de Ron Kimmel, sobre la existencia y unicidad de bases Optimas para

representacién de funciones H'! en L2.

Ademas de las contribuciones incluidas en esta tesis, el candidato ha desarrollado otros
proyectos. El candidato ha publicado, conjuntamente con Antonio Bru y Juan Carlos Nufio,
un articulo [BGCN17] que incluye la simulacién numérica de un laplaciano fraccionario en
un dominio acotado, y su estudio mediante técnicas de fisica estadistica. Ademads de este

trabajo se ha estudiado la modelizacién de baterias de ion-Litio, y se va a publicar un trabajo
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sobre la buena formulacién del modelo de Newman (problema abierto desde 1971). Este
ultimo trabajo se presento en el congreso 11th de la AIMS (USA, 2016).
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Notation

Roman Symbols
age The size of particles in the homogenization process. Usually a = Cpe?
B(x,R) Ball centered at x of radius R

¢"(Q) where n € NU {eo}. Space of n times differentiable functions with continuous

derivative.

¢ (Q) Space of n times differentiable functions with continuous derivative and compact

support.

©per(Q) where Q is an n-dimensional cube, space of functions that can be extended by

periodicity to a function in C"(R")
& Effectiveness factor
F(A) Space of all functions f: A — R

g(u) Kinetic of the homogeneous problem for u. Chapters 2, 3 and 4

of _ (n—p pilcnfp
= <ﬁ) 0o ®n
p—1
R n_
Ho = <C0(P*1)>
n Spatial dimension

W1P(Q) Space of functions such that u € L () and Vu € (LP(Q))".
WO1 7(Q) Closure in W!'»(Q) of the space €°(Q)

WP(Q,T) where I C dQ. Closure in W7 (Q) of the space of functions f € € (Q) such
that suppf NI'=0
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Lp
loc

Wpléf (Q) where Q is an n-dimensional, space of functions in WP that are periodic in Q, i.e.

(Q) space of functions such that they are in W' (K), for every K C Q compact

they can be extended by periodicity to a function in Wll’p (R™)

oc

Y In Chapter 1 it will represent a cube of side 1. Either, Y = [0, 1]" or (—%, %)” depending

on the case
Greek Symbols
o Power such that ag = Cye*

B(e) Corrector order of the boundary term in homogenization. Usually B(g) = &77.
Chapter 1

B(w) Kinetic of the homogeneous problem for w. Chapter 2, 3 and 4
B*(g) Critical value of B(g). B*(€) = al~"&". Chapter 1.
dQ  Boundary of the set Q

] Empty set

€ Small parameter destined to go to zero
n Ineffectiveness factor
Q Generic open set. Its smoothness will be specified on a case by case basis

w, Volume of the n-dimensional ball

df  Partial derivative of function f

o(u) Kinetic of the problem for u. Chapter 1.

Superscripts

* In Chapter 1 critical value. In Chapter 2 and onwards decreasing rearrangement
* Schwarz rearrangement

# Steiner rearrangement

Subscripts

£ In functions or sets will indicate that it refers to the nonhomogeneous problem.
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* Nondescript rearrangement

Other Symbols
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= Comparison of concentrations
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Acronyms / Abbreviations

CIF  Cauchy’s Integral Formula

DCT Dominated Convergence Theorem

div  Divergence operator. For a differentiable function f : R" — R its definition is div f =
af
i=1 3

ODE Ordinary Differential Equation

PDE Partial Differential Equation
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Optimization of chemical reactors






Introduction

Rutherford Aris and the definition of effectiveness.

The monographs of R. Aris [Ari75] and Aris and Strieder [AS73] model the behaviour of
chemical reactions in terms of partial differential equations. Their works are amongst the
first to consider the microscopic behaviour of the system, and derive from it the macroscopic

properties.

In their book, Aris and Strieder model a Chemical Reactor by an open set Q. In it, they
model the concentration of a Chemical Reactant by a spatial function ¢ = ¢(x). For the
constituent equation they introduce an spatial diffusion term div(D,Vc¢) and a reaction term
r(c) (the amount of reaction that is produced as a function of the amount of reactant). Their

spatial model results:
div(D,Vc) = r(c) in Q.

This equation alone is ill-posed, since there are many solutions of this problem. To fix a
single one another equation needs to be considered. The author choose to allow a flux in the
boundary of dQ. The full model results:

div(D,Vc) = r(c) in Q,
D.ii-Ve=ke(cy—c), ondQ,

)

where k. is a permitivity constant of the boundary and c is a maximum concentration of the

reactant admitted by the solvent.

One of the novelties in the mentioned book is the they also propose a model, which we
will call non homogeneous, in which the reactor contains many microscopic particles, which

they model by an open domain G of R" (usually n = 2 or 3). In this model that the reaction



is taking place on the boundary of the particles. The following model comes up:

div(D,Vc) =0, 0)
D.ii-Ve=ke(cp—c), 0Q (2)
D.ii-Ve = #(c), oG

where QO = Q \ G and G represents pellets and 7 is a reaction rate, possibly different from r.

They represent the situation as Figure 1.

Lo (eva) de ! 7/

Fig. 1.5.1. Random spheres of radius a. The void region ¥, reaction zone ¥" — ¥, the
interface 8%, and the unit normal vector n to ¥ are shown. The minimum
distance from the point x in the void to the reactive interface is ¢(x). The regions
about the point x of radius ¢ + a from which spheres are excluded, and the
adjacent shell of thickness de in which at least one sphere center is found are
also indicated.

Fig. 1 Domain as portrayed in [AS73]. In a small change of notation we have considered €2
instead of V and Q instead of V.

Aris and Strieder define the effectiveness factor of the chemical reactor as

1
©=1ale) e

for the homogeneous problem, where c is the solution of (1) and

= s |
9%#(cs) Joa

for the non-homogeneous model, where c¢ is the solution of (2).

~>

()



Another novelty in the work of Aris and Strieder is that, albeit by naive methods, they
show which model of type (1) we must consider once we if we consider a constituent equation

of form (2) (and viceversa).

This effectiveness factor is a very relevant quantity. There is a lot of mathematical
literature dedicated to it (see, e.g., [BSS84; DS95]). It will be the main quantity under
investigation in Chapters 2 and 3, through very different techniques.

Amongst other things, they were interested in the behaviour of the effectiveness in the

different domains and, in particular, in choosing domains of optimal effectiveness.

g;:ﬁm

Fig. 4.5.1. Plot of effectiveness factor y, for a cylinder vs. ¢ where R is the radius of a sphere
having the same volume. (Note that this ¢ is R¢,).

Fig. 2 Image showing some (probably estimated) curves of the effectiveness factor & as a
function of the shape parameters of the cylinder. Extract from [AS73]

Roughly speaking, the aim of Chapter 1 is to properly define the set €, to study in which
sense we can pass from the equation over Q to the equation over Q and in which sense we

can pass from & to &.

A comment on the notation

The first part of this thesis applies techniques for different problems from different fields of
Applied Mathematics, which involve different communities. Whenever possible, we have

tried to be consistent along the paper, but in some cases this would have made reading more



inconvenient for some of the specialists. In particular the use of ¢, g and 8 changes between
Chapter 1 and the rest.

In Chapter 1 we define we as the solution of (1.9), and the ug = 1 — w, as the solution of
(1.12). Then, under some assumptions, we show that iie to u, which is the solution of (1.180).
This will be the relevant function studied in chapter 2 and onwards. In this setting we define
the effectiveness as (1.14) and (1.15). Then, in Chapter 2 and onwards, w is the solution of
(2.1), whereas u = 1 — w is the solution of (2.2), and the effectiveness is defined as (2.3) and
(2.4).



Chapter 1

Deriving macroscopic equations from
microscopic behaviour: Homogenization

1.1 Formulation of the microscopic problem

Let us present the precise mathematical formulation of the problem we will be interested in,

and that is directly motivated by the problem proposed by Aris.

1.1.1 Open domain with particles

Fig. 1.1 The domain Q.

Let us set up the geometrical framework. Let Q C R" be an open set (bounded and regular,
for simplicity), and let the shape of a generic inclusion (in our setting a particle, but it applies
also to the case of a hole) be represented by a domain Gg be an open set homeomorphic to
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a ball such that Gy C Y = (0,1)" (i.e., there exists a invertible continuous map ¥ : U — V
between open sets of R", U and V, where Gy C U and V contains the open ball of radius one,
W¥(Gy) is the ball and ¥~ is continuous).

Considering the parameter € > 0 the distance between the equispaced particles, we will

typically be set in the following geometry

Gf =¢i+aeG, ieZ" (1.1)

re={icz: G cal, (1.2)

G =G, (1.3)
i€Ye

st = 96, (1.4)
leTg

Q. =Q\G". (1.5)

We will sometimes consider that
ag = Cpe”. (1.6)

The parameter o¢ > 1 indicates the size of the particle relative to the repetition. We will also

use the notion of periodicity box

Y =¢€i+eY. (1.7)
Y =3
eY
Go GE“’GO

Fig. 1.2 The reference cell Y and the scalings by € and €%, for @ > 1. Notice that, for o > 1,
€%G (for a general particle shaped as G() becomes smaller relative to €Y, which scales as
the repetition. In most of our cases Gy will be a ball B (0).
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1.1.2 Governing equation

We will consider that there is no diffusion inside G¥, but it can be seen as a catalyst agent,

producing a reaction on its boundary

—div(A8Vn®) = f¢ Q.
A®Vwe -n+B(€)6(we) = 8% Se, (1.8)
wf =1 0Q.

Here 6 is the reaction kinetics, typically a nondecreasing function. Notice that dQf =
dQUSE. The parameter 3(€) modulates the intensity of the reaction, and its value shall be
precised shortly.

We will also deal, in this problem, with nonlinear diffusion

_APWS = ng QS7
d
Ve L B(e)6(W) = &5 S, (1.9)
v,
wt=1 0Q,

where p > 1 and

—A,w = div(|Vw[P2Vw)
aw

v, = |[Vw|[P2Vw-n.

The quasilinear diffusion operator —A,, represents the cases in which the diffusion coefficient
depends of |Vw| (see [Dia85] and the references therein). Notice that for p =2 we get
the usual, linear, Laplacian operator. However, for p > 2 the operator becomes degenerate
(the diffusion coefficient vanishes when |Vw| = 0) and for 1 < p < 2 the operator becomes

singular (the diffusion coefficient is unbounded as |Vw| — 0).

A change in variable Boundary condition w = 1 is not nice in terms of functional spaces.

We will thus choose the change in variable

ug =1 —weg. (1.10)
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With the change of variable in mind we can rewrite (1.8) as

—div(A®*Vu®) = f* Qe,
AfVue -n+B(e)o(ug) = g% Se, (1.11)
ut*=0 2Q,
and (1.9) as
_Apus :fs Q€7
8”6 £ £
S L Ble)olu) =g Se. (112
Vp
ut* =0 0Q,
where
ou)=6(1)-6(1—u), ff=6(1)-7 g =6(1)-2" (1.13)

1.1.3 Effectiveness and ineffectiveness

As motivated by the definition of Aris we define the effectiveness of the non-homogeneous

problem as
1 R
Ee(Q,Go) = —— | &(we). (1.14)
|Sel Js.
Since in this chapter we will deal with ue rather than wg let us define the ineffectiveness
functional
1
Ne(Q,Gp) = — [ o(ue). (1.15)
Se| /s,
We have that
ng(Q,GO):G(1>_éag(Q,GO). (1.16)

Hence, in terms of convergence and optimization, analyzing one of the functionals is exactly
the same as analyzing the other one.

1.1.4 Maximal monotone operators. A common roof

In some contexts, it is desirable to substitute the condition

dug

8_\/I,+B(8)G(u8>:00n58 (1.17)
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by the Dirichlet boundary condition
ug =0 on Sg, (1.18)

or even the case of Signorini type boundary condition (also known as boundary obstacle
problem)

Uge 2 0 Sg,
avpug+ﬁ(8>60(ug) ZO Sg, (1.19)
Ug (avpug+ﬁ(8)60(u8)) :0 Sg.

There is a unified presentation of this theory, using (1.9). The idea is to use maximal monotone
operators (see [Bré73] or [Bro67])

Definition 1.1. Let X be a Banach space and 6 : X — Z2(X’). We say that ¢ is a monotone
operator if, for all x,X € X,

(x—%E—E)yyy >0 VEcokx),Eco®). (1.20)
We define the domain of ¢ as
D(o) ={x€ X :0o(x)# 0}. (1.21)

Here 0 is the empty set. We say that o is a maximal monotone operator if there is no other
monotone operator ¢ such that D(c) C D(0) and o(x) C o(x) forall x € X.

It can be shown that any maximal monotone operator in R is given by a monotone
functions, the jumps of which are filled by a vertical segment. It is immediate to prove the

following:
Proposition 1.1. Let 6 € € (R) be nondecreasing. Then G is a maximal monotone operator.
Furthermore

Proposition 1.2. Let 6 : R — R be a nondecreasing function, and let (x,), be its set of

discontinuities. Then, the function

() = o(x) x€R\{x,:neN}, (122)
[o(x;),0(x")] x=x,for someneN,

is a maximal monotone operator.
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Boundary condition (1.18) can be written in terms of maximal monotone operators as
(1.17) with

0 x<O0,
cx)=¢R x=0, (1.23)
0 x>0.

One the other hand, (1.19) can be written as (1.17) with

0 x <0,
G(X) = (—0070] x:O, (124)

G()(x) x> 0.

Of course, the use of maximal monotone operators escapes the usual framework of classical
solutions of PDEs. We will present the definition of weak solutions for this setting in Sec-
tion 1.4.1.

Another advantage of maximal monotone operators is the simplicity to define inverses.
For 6 : R — Z(R) we define its inverse in the sense of maximal monotone operators as the
map 6~ : R — Z(R) given by

o l(s)={xeR:sco(x)} (1.25)

1

It is a trivial exercise that o' is also a maximal monotone operator.

1.2 An introduction to homogenization

The main idea of this theory is to consider an inhomogeneous setting -be it due to some
oscillating term in the equation or because of the domain itself- and decide which homoge-
neous equation can approximate the result in a “mean field approach” in order to “remove”
these obstacles. Usually, studying the heterogeneous medium is not feasable, whereas the

homogeneous equation can be easily undestood.

In order to fix notations, let us define some Sobolev spaces. For  a smooth set we define

the space

WhP(Q)={f:Q— R: forall K C Q compact , f € W'P(K)}. (1.26)

loc
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For I' C dQ we define

whr

WP QIT)={fe€=(Q): f=0onT} . (1.27)

Some particular cases deserve their own notation:

W, 7 (Q) = WP (Q,0Q),
H'(Q.T)=w'3(Q),
Hy (Q) =Wy (Q).

Finally, for a cube Q, we define

WLP(Q) = {f € WI'P(Q) : f can be extended by periodicity to Wl’p(R”)}. (1.28)

per loc

The theory of homogenezation is very broad and has been adapted to deal with many
problem, from fluid mechanics to Lithium-ion batteries (see, e.g., [BC15]). Many books can
be found which aim to give an introduction to this extensive and technical field (see, e.g.,
[BLP78; SP80; CD99; Tar10]).

In this Chapter we aim to give a comprehensive study of the problem in which the domain
Q contains some inclusions (or holes). This kind of problem, for which the literature is quite

extensive, is known sometimes as the problem of “open domain with holes”.

1.2.1 Some first results

To illustrate, in a very simple example, how some of the ideas work, let us go back to one the
earliest results in homogenization. The idea behind the following example is a G-convergence
argument (owed to Spagnolo [Spa68]).

Example 1.1. Let a : R — R be a [0, 1]-periodic function such that 0 < @ <a < f3, f €
L*(0,1) and a®(x) = a (%) . We consider the one dimensional problem

d [ .dug
— (fd—b;) —f xe(0,1),
ug(0) = ue(1) =0.

(1.29)

By multiplying by ue and integrating, we have that the sequence u; is bounded in H(; 0,1),
and therefore

Mgéuo
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in H;(0,1) and, by the same argument
a®Vue = & — &

is convergent in H'(0,1) (since f € L?) and, in the limit

d o\
_E(é )=f x€(0,1), (1.30)
u(0) = u(1) =0.

holds. It is well-known that, for 1 € L?(0,1), h () = folh in L?(0,1). Hence, up to a
subsequence,

1 I
Vu,g:—égé/ —dx-&° (1.31)
at o alx)
in L7(0,1). Hence £ = ——- x%’ and thus u satisfies
JO a(x)
d 1 d
= “|=r xe)
dx fo —dxdx (1.32)
u(0) =u(1)=0.

The term ag =

I 11 y is sometimes known as effective diffussion coefficient. This concludes
0 a4
this example.

One of the many works in homogenization in dimension higher than one is due to J.LL
Lions [Lio76], which contains a compendium of different references (e.g. [Bab76]). The
focus of this work is the problem of oscillating coefficients

Afug=f, Ay =div (A (g) Vv) (1.33)

where A = (g;;) is a matrix, a;; = aj; € L([0,1]") and are extended by periodicity. This
models the behaviour of a periodical two phase composite (a material formed by the inclusion
of two materials with different properties). This work is, no doubt, based on previous results,
for example by Spagnolo (see, e.g., [Spa68]) on the limit behaviour of problems — div(Auy)
as Ay = Ac.

The different approaches are very well presented in [BLP78] and [CD99].
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1.2.2 Different techniques of homogenization

Here we will briefly present some of the most relevant methodologies applied in homoge-

nization. Most of them have been applied to our problem, as we will see later.

Multiple scales method One of the possibilities in dealing with the limit consists on

considering an expansion -which is known as asymptotical expansion- of the solutions as

ug(x) = ug <x,g>+8u1 (x,%)%—--- , (1.34)

and deriving the behaviour from there. This method, which is now known as multiple scales

method 1is still very much in use to these days (see, e.g., [Dia99; BC15]).

This kind of argument work in two steps. First, a formal deduction of the good approxi-
mation and a later rigorous proof. In particular, they use repeatedly the computation that, if
v=v(x,&) then

J 1

S 9dv, 1
a—Xi(v(x,e x))—a—Xi(x,e x)+¢€

1 gg' (x,€"1x). (1.35)

Substituting (1.34) into —div(A®u®) = f and gathering terms the is seen that

e (x) = up(x) + €€ <§> NVug+€*0 : D*ug+--- , (1.36)

and the equations for u, é and 6 can be found explicitly. The second part of this kind of
argument is to estimate the convergence. It can be shown that

|

Detailed examples can be found, e.g., in [CD99, Chapter 7], [BLP78] or, for the case of the
elasticity equation, [OSY92].

(S

Cez,

ug(x) — (uo(x) +eé <g> Vuy+ €26 :D2u0> (1.37)

e

The I'-convergence method This method introduce by De Giorgi [DF75] and later devel-
oped in [DD83; Dal93]. The essential idea behind the I'-convergence method is to study the
problem in its energy form and study the conditions under which convergence of the energies
implies convergence of their minimizers, the solutions of the elliptic problems. Here we
present some results extracted from [Dal93].
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Definition 1.2. Let X be a topological space. The I'-lower limit and I"-upper limit of a

sequence (F;,) of functions X — [—oo, 0| are defined as follows

(r ~ lim E}oan) (x) = SR liminf inf £, () (1.38)
(T — limsup Fn) (x) = sup limsup inf F,(y) (1.39)
oo UeN (x) n—+eo YEU

where .4 (x) = {U C X open : x € U} . If there exists F : X — [—oo,+oo] such that F =
I'—liminf, , o F, =T'—limsup,_. . F, then (F,) we say that F;, I'-converges to F', and we
denote it as

F=T— lim F,. (1.40)

n——+-oo

For the length of this section we will note

F' =T —liminfF,, (1.41)
n—y+oo

F" =T —limsupF,,. (1.42)
n—+oo

The results that make this technique interesting for us are the following:

Theorem 1.1. Suppose that (F,) are equi-coercive in X. Then F' and F" are coercive and

inf F'(x) = liminf inf F,(x). (1.43)

xeX n—+o0 xeX

Proposition 1.3. Let x,, be a minimizer of F,, in X and assume that x,, — x in X. Then

F'(x) = liminf F;, (x,), F"(x) = limsup Fy,(x,). (1.44)

n—oo Nn—yoo

In the context of homogenization we are mainly interested in the behavior of functionals

Fe(u,A) = /AfG’”(x)’D”(x)) uewhr(a), (1.45)
—+oo

otherwise,

where p > 1.

Assume f = f(y,Du) satisfies the following

i) For every x € R” the function f(x,-) is convex of class %'
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ii) For every & € R" is measurable and Y-periodic (where Y is the unit cube).

iii) There exists ¢c; € Ri=0,---,4 such that ¢; > ¢o > 0 and

col&lP < f(x,8) < c1l€]P + o, (1.46)
g—g(x,é)‘ < e3|EP ey (1.47)
Then, let
fle) = int [ 70nE+Du)ay (148)
vEW,E (Y)JY

Then for every sequence €, — 0 we have that F,, I'-converges to F the functional defined by

1,
uA) = /Afo(Du) uecWP(A),

Fo(u, (1.49)
oo otherwise.
Function fy can be characterized in a more practical manner.
Proposition 1.4. We have that
&) = [ £0.0v())ay (1.50
where u is the unique function that
( 17p n
Ve VVloc (R )7
Dv is Y — periodic,
(1.51)

fY Dv=Z¢,
Ldiv(D¢ f(y,Dv)) = 0 in R" in the sense of distributions.

Applying this method we can obtain the same result as in Example 1.1 in a way that can
generalized to higher dimension

Example 1.2. Letn=1and Q =Y = (0,1). Let us consider solutions of problem for the
operator —div(a()u®). We consider the energy function

f(x,8) Za@) €. (1.52)
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Let us characterize v given by Proposition 1.4. Since (av')’ = 0 we have that that v/ = %,

where k is a constant. Taking into account that fol v = & we deduce that

B 1
= —
fo ﬁdx

é.

ao

Therefore

_ : ANT la a(z) 2_ 2 e 2
&) = [ a0y = [ aly)Baaviel = ai [ vl
= aol& %,

where the effective diffusion is given by the coefficient

B 1
=
Jo ﬁdx

ao

Hence, as we previously showed in Example 1.1, the limit of this kind —div(a(3)u®) is
—div(apu). Depending on the space X we consider, we can fix one type of boundary

condition or another. This completes this example.

In [Dal93] examples in higher dimensions are presented. This method was applied to
our cases of interest, with some modification, by [Kai89] and [Gon97]. The details of this
last paper (which is extremely synthetic and skips most of the computations) are given in
Appendix 1.A.

The two-scale convergence method The two-scale method was introduced by Nguetseng
[Ngu89] and later developed by Allaire [Al192; All194]. The central definition of the theory is
the following:

Definition 1.3. Let (v¢) be a sequence in L?(Q). We say that the sequence ve two scale
converges to a function vy € L?(Q x Y) if, for any function v = w(x,y) € PD(Q; 65 (Y))
one has

lim vg(x)V/(x,f) :ﬁﬂ[)/l/vo(x,y)l//(x,y). (1.53)

e=0 /0 &

By taking ¥ = y/(x) in the previous definition it is immediate that

1
VSAVOZ—/VO('a)’)dy (1.54)
Y| Jy
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weakly in L?(Q). The key point of this theory is to study the convergence of functions of the
type ¥(x, %), and then apply them suitably to the weak formulation.

Tartar’s method of oscillating test functions This method is due to L. Tartar (see [Tar77;
Tar10; MT97]). The idea behind it is to consider the appropriate weak formulation and select
suitable test functions @¢, with properties that, in the limit, reveal weak formulation of the

homogeneous problem.

This is, basically, the general method applied to obtain the results of this thesis. As well
shall see, its is not a straightforward recipy, and the choice of test function and their analysis
can become a very hard task. Many detailed examples will be given in the following text.

Perhaps the most illustrative, due to its simplicity, is Section 1.5.7.

One of the main difficulties that rise with this method in domains with particles or holes
is the need of a common functional space, since ue € LP(Q¢). This leads to the construction
of extension operators Py : W7 (Q,) — W1P(Q), that will be discussed in Section 1.5.1.

The periodical unfolding method The periodical unfolding method was introduced by
Cioranescu, Damlamian and Griso in [CDG02; CDGOS]. It consists on transforming the so-
lution to a fixed domain Q x Y. The case of particles (or holes) was considered in [CDGO08;
CDDGZ12; CD16]. The latter paper acknowledges the contribution of the author of this

thesis.

Let us present the reasoning in domains with particles (or holes). The idea is to decompose
every point in Q as a sum
x=[xly +{x}y (1.55)

where [x]y is the unique element in Z" such that x — [x]y € [0, 1)". That is, we have that |-y

is constant over Y.

We define the operator
Tes: 9 € LX(Q) = T 5(9) € P(QXR)

as

) (8 {ﬂyqte&) (x,2) € Qe x lY,

Te 5(0)(x,2) = 6 (1.56)

0 otherwise,
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where

Q¢ =interior| ) €(&+Y)]. (1.57)
ez
e(&+Y)CQ

Notice that .7, 5(¢)(x,z) is piecewise constant in x. The boundary of G/ corresponds to

Qe X aGO.

The big advantage of this approach is that it removes the need to construct extension
operators. Therefore, it allows to considers non-smooth shapes of Gy. This method as
shown very good result, and the properties of .7 s(u¢) are well understood, at least in the

non-critical cases.

1.3 Literature review of our problem

Let us do a comprehensive review of the literature. Let us understand why. Recall the
definition (1.2), (1.3) and (1.5). In a moderate abuse of notation, which will not lead to

confusion let us use the notations:
* If a € R, |a| will indicate its absolute value.

e If A C R" is a set of dimension m (i.e. m = n if the domain is open, m =n — 1 if
A = dU for U open, etc.) then |A| will indicate its m-dimensional Lebesgue measure.

* If A is a finite set, then |A| will indicate its cardinal (i.e. the number of the elements).

We also introduce two notations. Given (ag)e~0, (be)e>0 sequence of real number we define

ag ~be = lim 2 € (0, +oo) (1.58)
£e—0 bg

ae <be = limZE —0. (1.59)
£e—0 be

First, we estimate | Y¢|. Since

Q- | (ej+ey)
JETe

—0, (1.60)

we have that

o
= — 1 1.61
Tele" ~ Teller] (161
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as € — 0. Hence
[Ye|~e™". (1.62)

We can therefore compute

Ge| = | | (ej+aeGo) (1.63)
JeTe
= [Ye||aeGo|
~ e "y
~ (age~ )" (1.64)

We see that the the case a. ~ € is different from the case a. < €. In the first case, known, as
case of big particles, |G¢| has a positive volume in the limit. We will show that this volumet-
ric presence affects the kind of homogenized diffusion. The diffusion coefficient becomes a
function of Gy. However, it has been shown that when a; < €, case known as case of small

particles, we have no volumetric contribution, and, as we will see, the diffusion is not affected.

Under some conditions, it has been reported that the case ag < € presents a critical scale

ay that separates different behaviour (the precise values and behaviours will be given later):

* In the subcritical case a; < ae < € the nature of the kinetic is preserved

* In the critical case a¢ ~ aj the nature of the kinetic changes. This effect is known as

the appearance of an strange term.

* in the supercritical case a; < aj the problem behaves, in the limit, as the case o = 0.

This case is not very relevant, as we will see in Section 1.5.7.

All of this problems have undergone extensive work, and Table 1.1 presents a detailed
literature review, focusing on the case studied in terms of a. and the regularity of o. We

hope this table puts the contributions of the author to this field in context.

1.3.1 Homogenization with big particles a; ~ €

Dirichlet boundary conditions on the particles. The first work in this direction is [CS79].
It deals with problem (1.12) with p = 2 but fixing the value of u¢ in G? to a constant not
necessarily zero rather than the Neumann boundary condition. This paper introduces the

extension operator

Pe:{uc H'(Q.) :u= const. on dG¢, u=0o0n dQ} — H} (Q) (1.65)
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such that
[Pevll ) < ClvIig o, (1.66)

The advantage for the perforated domain problem is that P.u, are all defined in the same
space Hé (Q), and therefore the convergence is easy to establish. In this paper the authors
study several structures for matrix A¢ in (1.11). The authors show that Pzugz — u, the solution
of

div(agVu) = f Q,

u=20 0Q,

(1.67)

where qg is an effective diffusion matrix that depends of Gy. The nature of this result is

similar to Example (1.1).

Neumann boundary conditions on the particles Later [CD88a] dealt with problem (1.12)
with p = 2 (equivalently (1.12) with A® =1) in the case ¢'(u) = au and g*(x) = g (£ — j) in
8Gé. Their approach is an asymptotic expansion (this method is known as multiple scales
method, see [SP80]).

If [, g(y)dS = 0 they consider
u®(x) = up(x,y) + €uy (x,y) + - - (1.68)
where y = . Otherwise they perform the expansion
~1

ut(x) =€ u_1(x,y) +up(x,y) +€uy (x,y) +---. (1.69)

The result is that Peugz — u, the solution of

Z u_ o7l )/ if Jor 8(:)ds =0, (1.70)
gi — .
7 3 8x, Y| [578(»)dS otherwise,
where g;; is given as
1 ax;

Y\T| Y\T dy
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and x; are the solutions of the so-called cell problems:

—Axi =0 inY \ T,
_a(;g;ty,-) =0 ondT, (1.72)
Xi Y -periodic.

The surprising conclusion is that ug — ug in the first case, but éue — u_1 in the second.

The nonlinear problem was later studied by Conca, J.I. Diaz, Timofte and Lifidn in
[CDTO03; CDLTO04]. Their technique, which involves oscillating test functions, requires the

introduction of extension operators
Pe:{uc H' (Q¢) :u=00ndQ} — H} (Q) (1.73)

such that (Pgu)|q, = u. This techniques allows for a fairly general class of nonlinearities o,

but not all can be considered. In particular, they consider the following cases ¢ = o(x,v)

do
‘W(x,v) <C(1+v]9), ogq<nf2 (1.74)
or
lo(x,v)| <C(1+v9), 0<qg< ”2. (1.75)
n_
The result is, naturally, that Peug — u in H(; (Q), where u is the solution of
—div(ag(Go)Vu) + [9Gal ou)y=f inQ
0170 [Y\Gol ’ (1.76)
u=20 on dQ,
and
ao(Go) = (gij) (1.77)

is the effective diffusion matrix, where ¢g;; are given by (1.71).

The same results as in [CDLT04] were obtained in [CDZ07] applying the unfolding
method (developed for this case in [CDZ06]). The advantage of the unfolding method is that

it reduces the regularity constraints on 97T
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1.3.2 Homogenization with sub-critical small particles a; < a; < €

The first result in this direction can be found in [CD88b]. The difficulty of this case is to
understand the behaviour of the integrals f(¢) |, s, ASE€— 0. The theory in [CD88Db] is rather
comprehensive for the case p = 2. In their work the authors detect that, for p = 2, there
exists values a;, depending on the spatial dimension, such that the behaviour changes. The
term critical case already appears in this text. However, they are unable to specify what

happens in this case.

The work in understanding the behavior of the boundary integral under the different
situation of p and regularity of ¢ has been incremental over the last decades (see table 1.1). In
Section 1.5.2 we present a unified approach that covers most of the results for the sub-critical
cases. Through approximation techniques, developed in [DGCPS17d] and briefly presented
in Section 1.5.5, the non smooth cases can be treated.

1.3.3 Homogenization with critical small particles

Dirichlet boundary condition First, Hruslov dealt with the Dirichlet homogeneous bound-
ary condition on the holes [Hru72] (see the higher order case in [Hru77]) in a rather convoluted
an functional way. In 1997 a measure theoretic analysis dealt the appearance of “strange

term” in [CM97]. This later paper was much easier to understand.

The Neumann boundary condition The linear Neumann boundary condition was stud-
ied first in the homogeneous setting: [Hru79; Kai89; Kai90; Kai91]. The linear setting,
o (u) = Au, was studied later in [0S96] (see also [0S95]).

In [Kai89; Kai91] (see also [Kai90]) an analysis of the nonlinear critical and subcritical
cases is made by Kaizu, who is unable to properly characterize the change of the nonlinearity
in the critical case. The first paper to properly study this case, and characterize the nature
of the new (“strange”) nonlinear function, is [Gon97], which applies the technique of I'-
convergence when Gy is a ball, smooth ¢ and n = 3. The very surprising result is the
following

Theorem 1.2. Let Gy be a ball and assume
i)n=3a.=e*a<3=a* B(e)=e 7V~ B*(€). Thatisy=2a -3

ii) 92 >C>0
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iii) There exists a nonnegative function a € 65°(Q) such that
u
p(x,u) = 2/ o(x,s)ds+a(x) > 0. (1.78)
0
Then, Peug — u in H& (Q) where u is the solution of the problem

{—Au+4nc(x,u) =/ Q (1.79)

u=0 2Q,
and
o(xu) 2<o<3,
Clx,u) = (1.80)
H(x,u) a=7y=3,

being H is the (unique) solution of functional equation
H(s)=o0o(s—H(s)). (1.81)

However, there are a few steps that are not clearly justified in the paper. The computations
of this paper have been detailed and explained in this thesis (as unpublished material) and
correspond to Section 1.A.

The case of general n, non smooth ¢ and —A,, were later studied in detail. This different
problems introduce a different number of difficulties, and are a larger part of the work
developed by the author of this thesis. For many years, the only case of Gy that was
understood was a ball:

* The usual Laplacian in R" for n = 3: [Gon97]
* The usual Laplacian in R” for n > 2: [ZS11] [ZS13]
* The p-Laplace operator and 2 < p < n: [SP12] [Pod10] [Pod12] [Pod15].

n

* n-Laplacian for n > 2: The critical size of holes in the case p < n is ag = €.
Naturally, this critical exponent OC; blows up as p — n. As it turns out, a critical case

also exists for the case p = n, and this was studied in [PS15].
* Roots and Heaviside type nonlinearity: [DGCPS16] .

* Signorini boundary conditions: [DGCPS17a]
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* Maximal monotone operators and 1 < p < n: [DGCPS17c]. This result covers all the

previous cases under a common roof.

In 2017, the author of this thesis jointly with J.I. Diaz, T.A. Shaposhnikova and M.N. Zubova
[DGCSZ17], considered (for the first time in the literature) the case of Gy not a ball. The
structure of the limit equation is unprecedented in the literature.



[0’ (u)| < C(1+ul")
. 0<ki <0<k lo’(s)] < ClufP~! I
Dirichlet c=0 c=2Au or Signorini o mm.g.
o(x,u) € ¢! (o(x,u) — o (x,v)) > Clu—v|P
lo()| < C(1+ul")
4 [CDLT04]
23 p=2 a=1 [Cs79] [CD88a]

5

= [CDZO07] (see also [CDZ06])
2 [Gon97] (N =3) X .
o] p=2 [CD88b] [0S96] [SP12] [Kai89],[DGCPS17d] [JNRS14] [Kaio1]
2 [ZS11][ZS13]
& l<a< Lt
= 2<p<n —
E b n=p [DGCPS17d]
- l<p<2 [Pod15]
é p=n de 7— — 0 [Podolskii and Shaposhnikova (to appear)]
% e 1T
& p>n a>1 [DGCPS17b]

[Gon97] (N =3) X X
p=2 n [Hru72] [CM97] [0S96] [SP12] [Kai89] [JNRS11] [Kai9l], [DGCPS17c]
8 R [ZS111[ZS13]
S
k= 2<p<n Gy aball o= |ul?u GPPS15
= u 0 (o=u""u) . ! [DGCPS17c]
3 I<p<2 [DGCPS17c] [DGCPS16] [DGCPS17a]
I§ o= _"
= p=2 n—p [DGCSZ17]
g G not a ball
%7} s
p=n — = C#0 [PS15]
8757 n—1

Table 1.1 Schematic representation of bibliography for the homogenization problems (1.11), (1.12). Where « is present a; = Cpe®.

Gray background represents new results introduced by this thesis.
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1.4 A unified theory of the case of small particles a, < ¢

1.4.1 Weak formulation

When o : R — R we usually define a weak solution of (1.12) as a function ug € WP (Q,,0Q)
such that

|Vu8|p_2Vug-Vv+ﬁ(8)/ o(ug)v= fev—l—ﬁ(s)/ gfv (1.82)
Qe

Qe Se Se

for all v € WP (Qe,dQ). In Section 1.1.4 we introduced the concept of maximal monotone
operator. When ¢ is a maximal monotone operator this definition is no longer valid, since

0 (ue(x)) may be multivalued. We change the previous equation by

Definition 1.4. We say that u, € W7 (Q,,dQ) is a weak solution of (1.12) if there exists
& € LP(S¢) such that & (x) € o(ug(x)) for a.e. x € Sg and

\Vu£|p2Vug'Vv+[3(8)/ fv:/ f%—i—ﬁ(e)/ g%, (1.83)
Q¢ Se Q¢ Se

for all v € WP (Qg,0Q).

Uniqueness of this kind of solution is a direct consequence of the monotonicity of o (see,
e.g., [Dia85]). However, it is not easy to show directly that there exist solutions of (1.12) in

this sense. The energy formulation is much better for this task.

1.4.2 Energy formulation

Let us start by considering the usual case 0 : R — R. In this setting it is standard to define
the energy functional over W!*(Q,,dQ) as

1 E E
Je() =;/S2£er\p+ﬁ<e>/g€w<v>— N v—ﬁ<s>/&g w184

where ¥(s) = [, o(7). It is common to say that the energy formulation for (1.12) is

Jg(l/lg) — min Jg(V). (1.85)
VEW P (Qe,0Q)
For smooth o it can be shown that the unique solution u, of (1.12) is the unique minimizer
of this functional. One possible way to give a meaning to (1.12) is to use this formulation.
For that we recall the concept of the subdifferential:
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Definition 1.5. Let X be a Banach space and J : X — (—co, 40| be a convex function. We

usually define the domain of J as
D(J) ={x € X :J(x) # +oo}. (1.86)
We define the subdifferential of J as the map dJ : X — Z2(X’) given by
J(xg) ={E € X :J(x) —J(x0) > (£,x—xp) Vx € X}. (1.87)

As is turns out, for every maximal monotone operator ¢ defined in R there exists a convex
function ¥ such that ¢ = d¥. Furthermore, this ¥ can be chosen uniquely under the extra
condition ¥(0) = 0.

This energy formulation connects directly with the concept of weak solution. The
subdifferential A = dJe is given by the set of dual elements & such that

Ewy= [ v2vr v ple) [ Ew- [ B [ gw sy
Q¢ Se Qe Se
where & (x) € o(v(x)) for a.e. x € S¢ (see, e.g., [Lio69]).

The weak formulation of (1.12) is, precisely,

Agug 3 0. (1.89)

1.4.3 Formulation as functional inequalities

Let us prove the equivalence between the weak and energy formulations:

Lemma 1.4.1 (Chapter 1 in [ET99]). Let X be a reflexive Banach space, J : X — (—oo, +o0]
be a convex functional A = dJ : X — P (X') be its subdifferential. Then the following are

equivalent:
i) uis a minimizer of J,
ii) ue€ D(A) and 0 € Au.
If either hold, then

iii) For everyv € D(A) and & € Av

(&,v—u) >0. (1.90)
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Furthermore, assume that J is Gateaux-differentiable on X and A is continuous on X then

ii1)) is also equivalent to 1)).
Remark 1.1. Naturally, if there is uniqueness of iii) then the i)-iii) are also equivalent.

Remark 1.2. One should not confuse condition iii) with the -very similar- Stampacchia
formulation (see e.g. [Dia85]). For a bilinear form a and a linear function G the Stampacchia
formulation is

a(u,y—u) > G(v—u) (1.91)

for all v in the correspondent space, whereas in formulation iii) we have a(v,v —u).

From Lemma 1.4.1 we can extract some characterizing equations of the weak solution,

which will be useful later.

Proposition 1.5. Let ue be a minimizer of Je. Then

) _
/Q£|Vu£]p Vug -V(v—ue)+ € 7/ (P(v) —P(ue)) z/Qef(v—ug), (1.92)

Se

there exists & € o(v(x)) such that

/ VVP 2V (v —ue) +Ble) [ E(—ue) > / fo—ue),  (1.93)
Qe Se Q¢
and

/ |Vv|p_2Vv-(v—ug)+l3(8)/ (P(v) —W(ue)) > flv—ug), (1.94)
Qe

Sg QS
hold for all v € W17 (Qg, 0Q).

Proof. Let us assume that ue is a minimizer of Je;. Considering characterization iii) of

Lemma 1.4.1 we have that

/ |Vv]p2Vv-Vw+[3(8)/ Ew> [ ffw (1.95)
Qe Qe

Se

for some & such that &(x) € o(ug(x)). Since ¥ is convex and ¢ = d¥ we have that
W) —P(ue) > E(v—ue). (1.96)

Hence, (1.92) is proved.
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Equation (1.93) can be obtained by considering the Brézis-Sibony characterization of the
weak of (1.12) (see Lemme 1.1 of [BS71] or Theorem 2.2 of Chapter 2 in [Li069]). Finally,
let us prove (1.94). Consider the map x € R" — |x|? € R. It is a convex map with derivative
D|x|? = p|x|P~2x. Hence, for a,b € R" we have that

jal? — bl > p|b|?~*b- (a—b). (1.97)

Hence
b —|a|P < p|b|P%b- (b—a). (1.98)

Considering b = Vv and a = Vu, we have that
[VV? = [Vue|P < p|Vv[” Vv (v—Vue). (1.99)

Taking into account this fact and that u, is a minimizer of J; we have that

os1<v>—f<ue>=§ / (V)7 — [Vae ) + B (e) / (W)~ Wue)— [ Flo—ue)

Qe Se Qe
(1.100)
1
<o [ Qv = 1Vue) +Be) [ (#0) )~ [ s-we) oD
P JQ, Se Qe
Thus, we have obtained (1.94). O

Under some conditions, one can show that these Variational Inequalities are, in fact,
equivalent to the definition of weak and energy solutions. Since we will not need this, we

give no further details here.

1.5 Existence and uniqueness of solutions

To prove the existence of solutions we can use Convex Analysis to prove the existence of
minizers of ug, or consider a very strong theorem. To state in its broadest generality we
introduce (following Brezis, see [Bre68]) the definition

Definition 1.6. Let V be a reflexive Banach space. We say that A : V — V' is a pseudo
monotone operator if it is bounded and it has following property: if #; — u in V and that

limsup(7 (u;),u;—u) <0,
j>-tes
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then, for all v € X,
liminf(T (u;),uj —v) > (T (u),u—v). (1.102)

jorteo

We can now state the theorem

Theorem 1.3 ([Bre68], also Theorem 8.5 in [Li069]). Let A : V — V' be a pseudo-monotone

operator and @ a proper convex function lower semi-continuous such that

there exist vy such that ¢(vy) < e and

_ (1.103)
(Au7u VO)+(P(M) —)007 as ||u” 3 oo,

el

Then, for f € V', there exists a unique solution of the problem
(A(u)—f,v—u)+o(v)—@(u) >0, Yvev. (1.104)

Uniqueness is a routine task. Let us give a sketch of proof, when o is a maximal monotone
operator and p > 2. Assume that u}, u2 satisfy (1.83). Considering the difference between

the two formulations
/ (|Vul|P~2Vul — |Vi2|P=2Vu2) - Vv + B(¢) / (E1—E>v=0. (1.105)
Qg Sg

Taking v = u} — u2, since (&' — E2)(ul — u2) we have that

IV(ul —u2)|P <O0. (1.106)
Qe
There ul — u2 is a constant. This constant is 0, due to the boundary condition. This concludes

the proof.

We provide a complete proof of existence and uniqueness Considering the weak formula-

tion the following result is immediate.

Proposition 1.6 ({[DGCPS17d]). Let p > 1. Then, for every € > 0 there exists a unique weak
solution of (1.12) ue € W''P(Q¢,dQ). Furthermore, there exists a constant C independent
of € such that

Vil ) < ULy + BB (@) imis): (1107

Some extra information can be given about the pseudo-primitive ¥ (u).
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Proposition 1.7 ((DGCPS17c]). There exists a unique ug € WP (Qe, Q) weak solution of
(1.92). Besides, there exists K > 0 independent of € such that

IVtellr (a0 +& T (ue) s,y < K- (1.108)

1.5.1 Extension operators

In order to introduce a definition of “convergence” we will need to construct an extension
operator so that all solutions are extended to a common Sobolev space. If we do this correctly

we will be able to take advantage of the compactness properties of this common space.

Let A C B. We say that P is an extension operator if P: F(A) = {f:A — R} — F(B)
and has the property that P(f)|4 = f. Let p > 1. We will say that a family of linear extension

operator
Pe:WhP(Q,) = WhP(Q) (1.109)

is uniformly bounded if there exists a constant C > 0, independent of &, such that
Lp
|]Pgu||W01,p(Q) < CHMHWOI.p(QE) Yue WHP(Qg). (1.110)

A family of operators with this property, for 1 < p < +oo, was constructed in [Pod15]. The

idea is to apply the following theorem

Theorem 1.4 (Theorem 7.25 in [GTO1]). Let Q be a C*~"! domain in R", k > 1. Then (i)
€= (Q) is dense in W*P(Q), 1 < p < +oo and (ii) for any open set Q' DD Q there exists a
linear extension operator E : WoP(Q) — W(;C’p (Q') such that Eu = u in Q and

1Eullyirry < Cllullyrrq) (1.111)
where C = C(k,Q,Q’).
We consider a large ball B such that Y € B and the linear extension operator
E:WLr(v\ Gy) — Whr(B) (1.112)

such that
||EM||W1,p(B) SCOH”HWIP(Y\G()) (1113)

In particular,
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Let us scale it down by ag:
Ee ;W'Y ((gj+ag¥)\GL) — WP (Y,Go) 5 W' (B) = W'P(gj+acB). (1.115)

Notice that, rather than Yg \ Gé we are considering the ag-rescale of Y. By a simple change
in variable we observe that

||VE8,J'”||LP(£]'+B) <C ||u||Lp((8j+a£Y)\Gé)' (1.116)

Letu € Wol’p (Q¢). Let us consider extend by 0 outside €, i.e.

u(x) xeQe,
ii(x) = ®) ¢ (1.117)
0 xeR"\Q
We then define
Ec iu(x) xe€ej+acY,je e,
Pau) = § 2" St = e (1.118)
u(x) otherwise.

This is well defined, since the sets €+ acY does not overlap for € small. It is clear that P is
linear, P.u = u in Q¢ and, by considering the sum over the space decomposition, we have
the uniform bound (1.110), so Peu € WP (Q). Since the boundary behaviour has not been
modified, Peue € WO1 P (Q). We can conclude

Lemma 1.5.1. Let Gy € €% such that Gy € Y. Then, there exists a uniformly bounded

Jamily of linear extension operators (1.109).

1.5.1.1 Extension operators and Poincaré constants

We will use the existence of a Poincaré constant for WO1 7(Q), Cp q. such that

Vo), W EW,"(Q). (1.119)

Vllzr @) < Cpo

This constant C), ¢ 1s known to exist for every domain €2 bounded. However, it is not trivial
to show that all domain Q¢ have a common constant. The following result is very often used
in the literature but it is seldom stated. In [DGCPS17b] we took the time to prove it.

Theorem 1.5 ([DGCPS17b)). Let p > 1. If there exists a sequence of uniformly bounded

extension operators in WO1 " then there exists a uniform Poincaré constant for WP (Qg, 0Q),
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in the sense that
[l (o) < ClIVUllri, — Yu€ Wy P (Q¢) and € > 0, (1.120)
where C does not depend of €. In particular, let
IVPeul| o) < Kpl| Vil o,y Vi€ Wy P (Qe), (1.121)

hold and C,, o be a Poincaré constant for Wol’p(Q). Then, C = K,C) 0.

1.5.1.2 Convergence of the extension

Hence, the solution u¢ can be extended, and Peu, is a bounded sequence in wlp (Q). Thus,
it has a weak limit. The focus of the theory of homogenization is to characterize the equation

satisfied by the limit function.

1.5.2 On treating the boundary measure and the appearance of a criti-

cal case

Treating the sequence of integrals |, S, is a delicate business. Before we begin their study

rigorously, we will start by providing some intuitive (informal) computations.

1.5.2.1 An informal approach

Let us focus first on (1.11). Its weak formulation reads
/ ASVugV(p-i—ﬁ(s)/ o(us)p = fgq)-i—ﬁ(e)/ gt (1.122)
Qg Sg Qg Sg

Let us see how the coefficient B(€) is decisive for the limit behaviour. First, we should keep
in mind that (1.61). For a continuous function ¢ € ¢! (Q) we have, since |0G¢| = a2 1|9 Gy|
that

pe) [ o=Be) Y [ o=ple) ¥ (otiacii+ [ . (G-

i€Ye i€Ye

(1.123)
=) (B at oG +af). (1.124)

i€Ye
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If
ﬁ (S)ag_l ~ 8’1’

(1.125)

we have (almost) a Riemann sum in the first term, except for the term Ygi N dQ # O (but this

part has no contribution as € — 0). We check immediately that

0] < [|¢'||e-2 diam (G ) |9GF | B(€) < |9'[|2 diam (G )[0GoB(e)a !

=2¢’||.. diam(Go)B (€)az
=2||¢’|| diam(Gp)ac€".

Hence, we can expect that

c/gqo B(e) ~ B (e).
0

B(e) < B*(e),
teo B(e) > B7(e),

ﬁ(e)/sew

where, recalling (1.125),

as € — 0. Notice that

‘SE| =

U (SJ'+3(“£G0))| = |Y¢||9(acGo)| ~ & "ap ™" ~
JEY:

Therefore, up to constants, this is an average

1
B*(¢) / should behave like — [ .
Se [Sel Js.

If there is any good behaviour, the only expectable result is that

1 . 1/
Sel Js. 19 Ja

This is true, at least, for constant functions.

B(e)’

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)

Remark 1.3. In particular, if we consider the case ae = Coe®, B(€) =& ¥ and B*(e) =&~V

we can expect that
>k

Y =o(n—-1)—n.

(1.131)
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Thus, if B(€) is too small we cannot expect any reaction term in the limit equation,
hence (in some sense) it becomes uninteresting. If B(€) is too large then there the reaction

dominates the diffusion, we write

Ble)'B'(e) [ VuvppiCe) [

Q¢ Se

olu)p=Be) '8 (e) [ fo+p (o) [ &0
’ (1.132)
and we see the diffusion term disappear in the effective equation.

This good intuitions are not always true. In Theorem 1.6 we will see some assumptions

under which this intuitions hold.

1.5.2.2 A trace theorem for a.Gy in €Y

The most difficult part of this analysis is the study of the boundary measure |, s, as well as
the unexpected properties of the diffusion in the critical case. The following estimate will
be fundamental to our study. The proof can be found for p =2 and n > 2 in [CD88b] and a
different proof [OS96] in the case of balls. Here we extend the proof in [CD88b] to the case of
p > 1and n > 2. Some of the following results were for 1 < p < n were presented in [Pod15].

In the following pages we present a unified analysis of the different cases, similar to that
of [CD88b], but including the cases p # 2.

Lemma 1.5.2. Let u € W'P(Ye), p > 1. Then

/ u|P < Ca! 8”/|u|p+T8/Wu|p (1.133)
asGp Ye Y,
where
ag p<n,
e\"!
Te ~ ¢ In (—) p=n, (1.134)
Ae
er p>n,

and C is a constant independent of € and u.

Proof. Let

Be = B(0,¢€) \ (asGo) (1.135)
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and let ¢ € € (B¢). Since Gy is star shaped then we can represent it in polar coordinates as
dGo={(p,0): p = D(8),6 € O}, (1.136)

where © = [0,27] x [ %, Z]" 2,
Go P

Fig. 1.3 The domain Gy and its representation in polar coordinates.

The Jacobian can be written as p”~'J(0). Let us write u in polar coordinates as y(p,0) =
u(x). Then, as in [CD88b],

/ ulPdx = ! / 12(ae®(6),0)|7J(6)F(6)do, (1.137)
as Gy ®

where

n 2
F(Q):H\/CID(G)2+ (%) : (1.138)

We write, for any p > a,P(6) and 6 € ®

p ax
1(a:2(0).0) = x2(p.0)~ [ F(r.0pn
ag®(0) 91

For p > 1, due to convexity

p
2(ac®(6),0)[” < 27 [x(p, O)| +27! / IX (1. 0)ai
az®(9) Ot
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K dt
/|
asP(0)

6O

On the other hand
8% dx
- l‘ 9 l t
s / 71 v
asP(0) azd(0
p—1
< t_%dt
asP(0)
Taking
by =min®(0) by = maxP(0)
0cO
we get

|2 (ae®@(0),0)” < 2P~ x(p,0)|" +2° 'z

where

Ix

ot

(1,0)

p
Lt
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Integrating over B we obtain

// % (ae®(6),0)Pp" " J(0)F(6)dpd

0O asP
P
<o / / %(p.0)" "~ IFdpde
42° 1//r8 / ' (,0) t"_ldt p" '\ JFdpd6
0O acd
S2’”//Ix(p,9)!”p“Jded9
0 acd
p
—1 3% nfl
+2P 7 e | Te 5 —=(t,0)| t" 'dt | JFdpdo,
® £ ®(6)
where .
Te = p"ldp. (1.139)

bias

We can estimate the integral we wanted by

//\% ae®(8),0)["p" " 1J(6)F(6)dpdd

p
>t [ [ las®(6),0)"(6)F(6)dpas

O asP

= ’L’3.,sH‘PH€p(8(a5G0))’

where .
Te =/ p"ldp. (1.140)
b

20¢
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1

Since 73 T2 ¢ is bounded we can conclude the estimate on |[u|1r(5(q,G,))- On the other hand
1 ( 1711—]1
n—1 n—1 p=
(e (e Y e [ e
T = p=T ~<{In (i) p=n, (1141
€ g
In (b P ) p=n, |
1 =1
€ G ! p>n,
which concludes the proof. [

Remark 1.4. It is not surprising that the W!"(Q) for Q C R” behaves differently. For
example, radial solution solution of A,u = 0 in R” includes In|x|, whereas for any other
p-Laplacian radial solutions are of power type.

From this point forward we will assume that

Gy is star-shaped. (1.142)

1.5.3 Behaviour of |, S, and appearance of a;

Define function Mg (x) as the unique Y¢ - periodic built through the solution of the boundary

value problem

Apmg = e x € Ye = €Y \ aeGo;
dy,me =1 x€d(a:Go) = s% /mg(x)dx =0. (1.143)
avpmgzo xang\Sg; Ye

where [L¢ is a constant defined so as to satisfy the integrability condition

el |dGy|

= . 1.144
1= (ase 1)'[Gol (-

Ue

That is
Me(x) = mg(x— PY), xeY,. (1.145)

The aim of this section is to prove the following result

Theorem 1.6. Assume that a; < €,

BE)IMe|7;q,) = O (1.146)
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as € — 0 and let
Po = lim ueB(€). (1.147)
e—0

Then, for all sequence ve € LP(Q) such that ve — v in LP(Q) we have that
B(€) /ngS — Bo/vdx (1.148)
Se Q
as € — 0.

Function m, has the nice property of allowing us to write, for any test function ¢ €
wlp (Ye),

/|Vm£|p szgV(pdx—i—/(pds—,ug/q)dx (1.149)
SO

We will use the following fact

Lemma 1.5.3. Let p > 1. Then
1
IVmel|7, y,) < Ca ™" (67" + 7). (1.150)

Proof. Setting in (1.149) @ = m, and the definition of mg(x), we obtain

p
‘/ meds /mgdx>
Ye

p
|m£|ds—|—‘u£ X 0)

HVmellp + Me

[\
/\/\/\/_\
af”
3
oM
s
N——
|
N——
S

1ds> ||mg||1£p(sg)
1)(p—1)

<Ciaf" ™V lme |7,
1 1 n

< Cpal VPV g l(e e 1 4y + Tell Vel sy, )

< ng(nfl) (7P + 1) HVmEHZ,(YE) (1.151)

which concludes the proof. [
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We have that
p(n—1) —n+p
dag € . —1\p—n
—az(pfl) = (age™") (1.152)
which in the case ag = Cpe?® results in
p(n—1) —n+p
&
% =gl (1.153)
Qg
Using the previous estimates we get:
Corollary 1.1. Let p > 1. Then
Cag p <n,
1
8 n
[V < Cagln(a—) p=n (1.154)
€
l
Ca el =y p>n
This allows us to write the following result:
Corollary 1.2. Let a; < €. Then, since |Ye| ~ 7",
C(agefl)% l<p<nm
1
\|VM8||LP(UjY8_,) < Clage Hin(az'e)n p=n, (1.155)
C(ags_l)zill p>n
Corollary 1.3. Let ve € WP (Q¢,0Q). Then,
B(S)/vg=p8+ﬁ e Y vgdx (1.156)
S JjeYe
where
0.< pe < CB(e)|IMel 7y by - (1.157)

and C depends only on Q and ||vel|y1.p(q,)-
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Proof.

B(e) / e=Be) ¥ / div(| VM2V Mve) =

Se

8

— / \VMI|P 2V MIVvedx+
]GTS

Z (A, MI)vedx =
JjEYe
v{

e) Y [ |VMUPAVMIVvedx+

jeYEYej
e) Y ,ug/vgdx (1.158)
jeYe .
v
Using Holder’s inequality
8)/\VM8\p_l\va\dx§ CB(&) Mell2y - (1.159)
Q¢
which concludes the proof. 0

This is the reason why critical scales appear in the homogenization process for p < n
and none can appear when p > n. The critical case occurs when pe # 0. In particular, if
pe — C # 0 (where p; is the quantity given by (1.156)) then the critical case rises, as we will

see in Section 1.5.8.

Proof of Theorem 1.6. Due to Corollary 1.3 and

Y /Avg—/vg < |vellore |@\ | Y| =0 (1.160)
jexe /Y Q jeYe
which completes the proof. ]

Also, this explicit computation explains the a priori strange formula for the critical scales.

Consider the good scaling 3*(¢).
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Corollary 1.4. We have that

pony,
Ca.’ €r p <n,
-1 n=1
ﬁ*(S)HMSHZn(QS) < Celn (aglg) n p=n, (1161)
Ce p>n.

Remark 1.5. The right hand side of (1.161) is rather significant. As will see immediately in
Theorem 1.6, the fact that this right hand goes to 0 as € — 0 is a sufficient condition for the
integrals to behave nicely in the limit, and thus will see later that we are in the subcritical
case. A priori, these estimates need to be sharp. However, as will see in Section 1.5.4, it is

sharp, and a; is the value such that the RHS of (1.161) converges to a constant.
Remark 1.6. If a; = Cye® and B (&) = & (*("=1)=") then the result implies that

8_7/v8d5—>C8_1|8Go|/vdx (1.162)
Q

Se

ase—>0if0¢<#. Ifoc>#then
87/V8d5—>(). (1.163)
Se

1.5.3.1 LP — L4 estimates for S,

It is obvious that there are L” — L9 estimates for S¢, in the sense that, if 0 < p < ¢, for every
€ > 0 there exists a constant C¢ such that

(/ yv|P)pgcg (/ w)” W € L9(Se). (1.164)
Se Se

The interesting question is whether we can do this with uniform constant Ce. The fact is that
such results are true, but we have to be careful with the choice of constants. We will use this

in the following sections.

Lemma 1.5.4. Let 0 < p < q. Then, there exists C, independent of €, such that

(e [ W)'l’ <c(pe | W); WeLl(s).  (1165)
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1.5.4 The critical scales a;
It has been long present in the literature that the critical size of holes in the case 1 < p < nis

at =g, (1.166)
We will see in Sections 1.5.6, 1.5.7 and 1.5.8 that the three situations are entirely different.
This critical value aligns precisely with estimate (1.161). As indicated in Remark 1.5, aj is
the value such that the RHS of (1.161) converges to a constant. If we write a; = Cpe?, this
critical exponent o* = # blows up as p — n.

As it turns out, a critical case also exists for the case p = n, and this was studied in [PS15].

The critical choice, as presented in that paper, is the one that satisfies

B(e)ai e — (Y, (1.167)

——C3, (1.168)

where Cj,C, # 0. Again, estimate (1.161) is sharp. Although this a bit more convoluted.
Equation (1.167) only indicates B (€) ~ B*(¢€). Let us read (1.168) carefully
1

B(e)"TaeIn %
1

1
Be) Taeln &

1~ —

~Y

Since D¢ ~ 1 is equivalent to D% ~ 1 we have that

1~ B(e)mTagin =
ag

_1.n €
~a, €mTagln —
dg

~gnTIn—,
Ae
This is exactly what we anticipated in (1.161). Again, aj is the value such that the RHS of

(1.161) converges to a constant. We can give the critical scale explictly

ai=ge € " (1.169)
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We point out that this critical scale is not of the form a} = €%, but rather the convergence to

0 of ag is much faster as € — 0.

For p > n we deduce that there exists no critical scale. In [DGCPS17b] the authors first
noted that no critical scale in the realm a, = €* may exist. The estimates in this thesis go
much further. Since, for p > n, the RHS of (1.161) always converges to 0 we can guaranty
that no g, critical may exist. In this sense we can say that, for p > n, a; = 0. With this no-
tation, the cases p > n in Theorem 1.7 are a direct improvement of the results in [DGCPS17b].

To summarize, going forward we will keep in mind that the critical scale is precisely

egn-r I<p<n,
ai={get ™ p=n, (1.170)
0 p > n.

1.5.5 Double approximation arguments

In the process of homogenization is typically more convenient to work with a function ¢
that is as smooth as possible. Many authors have only stated their results for such smooth
o. Since the central theme of this thesis deals with root-type o, it was one of our aims to
develop a framework to extend the result to general 6. A natural way to do this, which has
been successful in the past, is to consider uniform approximations. This is the subject of this

section.

The following comparison results are obtained in [DGCPS17d]. They allow us to extend
the results proved for o smooth to the case of ¢ non as smooth.

Lemma 1.5.5 ((DGCPS17d]). Let 6,6 be continuous nondecreasing functions such that
0(0) = 0 and u, i be their respective solutions of (1.12) with f€ = f € LP (Q) and g€ = 0.
Then, there exist constants C depending on p, but independent of €, such that

i) fl<p<?2

S}

P

#(R) (nguil@) + HVﬁEHi;(ZE))
(1.171)

¥ (e — ie) | o) < CB(£)B* () o — 6

ii) If p > 2 then

IV (ue = 2e) |17,y < CB(E)B*(€) |0 = 614 m)- (1.172)
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We need to study a sufficiently large family of functions ¢ so that the uniform R
approximation by smooth functions is possible. The following condition seems to fit our
purposes:

(1) —o(s)| < C(|t —s|*+ |t —s[P)  Vi,sER, (1.173)

for some 0 < a < 1 and p > 1. It represents “local Holder” continuity, in the sense that
there is no need for the function to be differentiable. On the other hand, as |s — | — +oo, the
function o behaves like a power, and then ¢ can be non sublinear at infinity.

We have the following approximation result:

Lemma 1.5.6. Let 6 € € (R), nondecreasing and there exists 0 < a < 1, p > 1 such that
(1.173) holds. Then, for every 0 < & < % there exists o5 € € (R) (piecewise linear) such
that

|os — ollg®) <6, (1.174)
0< o} <DS"w, (1.175)

where D depends only on C, o, p.

The idea now is to consider the solution u, 5 of problems

—Apugj = f¢ Qe,
Oy, e 5+ Os(ues) =85 Se, (1.176)
u£75 =0 aQ..

The process is the following. Pass to the limit as € — 0 for 6 fixed, and characterize the limit
of the solution Peu, 5 as € — 0 to some function us. Then study the limit of function ug
as 6 — 0 to a certain function u, the equation for which can be obtained through standard
theory. The idea is to construct uniform bounds, that allow us to show u is the limit of Pgue.

We will see an example of application of this reasoning in the following section.

1.5.6 Homogenization of the subcritical cases a; < a; < €

In this section we will study the limit behaviour for

1 <p<+oo ay < ag < €. (1.177)
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Due to the definitions of By (see (1.147)) and e (see (1.144)) we have that
Bo = [9Go| lim B(e)B*(e) " (1.178)
£—0

The aim of this subsection will be to prove the following result:

Theorem 1.7. Let 1 < p <n, f€ = f e LV (Q) g8 =g e W' (Q), a> < ac < &, 6 € €(R)
nondecreasing such that 6(0) = 0 and

lo(v)| <C(1+|ulP™h). (1.179)

Then the following results hold:

i) Let By < +oo. Then, up to a subsequence Pzug — u in WO] P(Q), where u is the unique

solution of

{_Apu+ﬁ06(u) =f+Bg «, (1.180)

u=>0 Q.

ii) Let By = +o0, g =0 and 6 € €. Then, up to a subsequence Peug — u in Wol’p(Q)
and u satisfies

u(x) € 6 1(0) (1.181)

a.e. in Q. In other words, o(u(x)) =0 for a.e. x € Q. In particular, if © is strictly

increasing then u = Q.

The regularity of ¢ will be the key difficulty of our approach. As mentioned in the
previous section, let us first study the smooth case.

Remark 1.7. When a; = Cye? and ¢z = €7 then it is easy to compute that
Bo =19Go|Cy . (1.182)

This coefficient is obtained in all cases.

Smooth kinetic Just the estimates on the normal derivatives allows to homogenize the
noncritical case directly if ¢ is a uniformly Lipschitz continuous function, since in that case
the sequence o (ue) in W17 (Q,, Q) is bounded, and we can pass to the limit in the standard
weak formulation. However, a further analysis allows to do so in many different settings.
Even the case of 6 monotone nondecreasing such that 6(0) = 0 and ¢’ locally bounded

is easy to understand. Then, we can pass to the limit in formulation (1.93). If we consider test
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functions v € WO1 ”(Q), then o(v) € WO1 (). From the definition of (1.12) it is immediate
that ||Vug||W1,p(Q) is bounded and hence that Peue — u in W7 (Q;). Then, if B(g) ~ B*(¢)
0

/|Vv\p_2Vv~(v—u)dx+ﬁo/ oc(v)(v—u)> [ fvdx. (1.183)
Q Q Q¢

The case B(g) > (&) can be studied in a even easier way. In the weak formulation we

get

B (e)B(e)”! / Vite|PVite - Vo + B (€) / ol =B ©B(e) " [ fr (1184

Qe Se

for any v € W!7(Q¢, 8Q). Then, at least for 6 € W!*(R) monotone nondecreasing such
that 6(0) =0,as € - 0

/ o(ug)v=0. (1.185)
Q

Hence o(ug) = 0. It is important to remark that in the previous literature the limits were
identified to ue = 0, but this is only because o is required to be strictly increasing (see Table
1.1).

Non smooth Kinetic The case of 6 € % (R), nondecreasing and ¢(0) = 0 and the case
B(£)B*(€)~! — 0 can be treated thanks to the approximation Lemma 1.5.5. In essence

lue — e 5llw1» < Cllo — o5 (1.186)

for some power o > 0, where oy is smooth. Hence, as € — 0, Peug 5 — ug in WLP(Q),

where ug is the solution of

—Ayug + Poos(ug) = f+ Q,
pits + Bo0s (us) = f+ Pog (1.187)
us = 0 Q.
Furthermore, Peue — u in W1 (Q), and the uniform comparison holds in the limit
Hu—u5||W1,p SCHG—GgHg. (1.188)

It is easy to show that, as § — 0, we have that us — i in W'?(Q), the solution of (1.180).
As we pass 6 — 0 in (1.188) we deduce that u = u.
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1.5.7 Homogenization of the supercritical case a; < a},

As mentioned before this case is not very relevant. The proof is very simple. Here we present
briefly the proof by Shaposhnikova and Zubova in [ZS13].

Theorem 1.8. Let 6 € WH>(R) and let us us consider ug the solution of (1.12) for p =2,
where € = f € L*(Q) and g¢ = 0. Let az < aj. Then, Peug — u in H} (Q), where u is the
unique solution of

—Au=f Q,

u=0 Q.

(1.189)

Remark 1.8. Notice that the previous result is independent of (¢g). If g # 0 then, due to
Proposition 1.6 we should consider only the cases B(€) < B*(g) and B(€) ~ B*(€).

Proof. We already know that Peu, — u in H} (Q) independently of 3(¢), due to Proposition
1.6, since g = 0. Let
Ky = max |y|.
0 e ]

Let us define, for j € Y, functions l//,g eCy (Q) such that 0 < l//g <1 and

0 if [x—P!| > 2Koae,

. Vi < Kag', (1.190)
1 if |x—P!| < Koag,

vi(x) =

and let
ve= Y Vi (1.191)

JEYe

It is clear that ye = 1 in Gé Due to the size of the support, it is also easy to check that
ve —»0 inHY(Q). (1.192)

Let ¢ € Hj(Q). Taking @(1 — ) as a test function in the weak formulation of (1.12) for
p = 2, we have that

[ vuev(e( -y Ble) [ otuett—ve) = [ fott-ve. (1193
Q¢ Qe

Se

Since (1 — y,) =0 on S¢ we have that

B(e) | oluo1—ve)=0. (1.194)
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On the other hand @ (1 — y¢) — @ in H' we have that the limit as € — 0 of equation (1.193)

/VuV(p:/fgo. (1.195)
Q Q
This completes the proof. ]

1S

Remark 1.9. As it is clearly seen in the proof, the information of the limit weak formulation
is revealed by the choice of a specific sequence of test function. The auxiliary function yg
oscillate, by construction, with the repetition of particle. This is precisely why this method is

known as oscillating test function.

In the following sections we will present the results obtained by the author in the critical

cases.

1.5.8 Homogenization of the critical case when Gyisaballand 1 < p <

n

In this section we will study the behaviour for

l<p<n  ag=Cye” Be)=¢e7 o=

- y=a(n—1)—n.

In this cases, the limit behaviour is the solution of the following problem:

—Apu+ o7 |Hu)|P2H (u) = Q
g/ |H ()| H () = f 196)
u=0 Q.
where
n—p -l
o = ( ) C, "o, (1.197)
p—1
and H is the solution of the functional equation
BolH (x,5)|P2H(x,s) = 6 (x,s —H(x,s)) — g(x) (1.198)
p—1
n—p
Boy=| —F—— (1.199)
’ (CO(P—l))

where ¢°(x) = B (&)g(x)-

As it can be seen in Table 1.1 there are many previous works in this direction. The term
|H (u)|P~2H (u) is usually refered to as strange term in homogenization. Since ¢ and H are
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different functions it can be said that the nature of the reaction changes. This change of
behaviour between the critical and subcritical cases has driven some researchers to make a
connection between this critical case and the unexpected properties of well-studied elements
when presented in nanoparticle form. For example, while a presentation as of gold as
microparticles is inert (behaviour at microscale and macroscale coincide), some studies have

shown that gold nanoparticles are, in fact, catalysts (see [Sch+02]).

1.5.8.1 Weak convergence

This case is the trickiest. In this direction we first studied the case of power type reactions
o (u) = |u|9"'u, where 0 < ¢ < 1. The case g = 0 corresponds to the case of the Heaviside
functions (which needs to be understood in the sense of maximal monotone operators). In
this direction we published [DGCPS16]. The results and techniques applied in these cases
were later generalized in [DGCPS17c], that deals with a general maximal monotone operator
and 1 < p < n. We dealt firstly with the case g =0, 6 = o(«) and Gy is a ball.

The good setting for this equation is the energy setting, and we consider the definition of
solution (1.94).

As its turns out, equation (1.198), which can be rewritten for maximal monotone operators
as

BolH(s)|P72H(s) C o(s —H(s)), (1.200)

has the following nice property

Lemma 1.5.7. Let 6 be a maximal monotone operator. Then (1.200) has a unique solution

H, a nondecreasing nonexpansive function R — R (i.e. 0 < H' < 1 a.e.).

In fact, function H can be written in the following way
H(r)=(I+0""00,,)"'(r), (1.201)

where
©np(5) = Byls|Ps. (1.202)

and 4 is given by (1.199)
We proved the following

Theorem 1.9 ([DGCPS17¢)). Letn >3, 1 <p<n, oo = nfp, Yy=oa(p—1) and Gy be a
ball. Let ¢ be any maximal monotone operator of R? with 0 € o(0) and let f € LP/(Q).
Let ug € Wol’p(Qg, Q) be the (unique) weak solution of problem (1.12) where f€ = f and

g% = 0. Then there exists an extension iig of ug such that iie — u in WO1 P (Q) as € — 0 where
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uec WO1 P(Q) is the (unique) weak solution of the problem (1.196) associated to the function
H, defined by (1.201).

We seek to apply oscillating test functions of the form v = v — H(v)W,, where v is a test

function of the limit problem. For this we define the auxiliary problem

we(x—P!) x€BL\Gl,
We=140 x ¢ U;BL, (1.203)
1 XEUjGé,

where Pg is the center of ng = sj—i-e[—%, %]”, Bé =B <ng, %) , Gé =B (Pg,a,;) and we is
the solution of

—Apwe =0 ag < |x| < Z,
Wwe =0 x| = 2, (1.204)
we =1 x| = ae.
This function can be computed explicitly
n—p _np
wel) = LT &) - (1.205)
o - ()

The profile of this radial function can be seen in Figure 1.4

we ()

!
|
|
|
|
|
|
|
|
|
1
Qe

||
’
Fig. 1.4 Function wg
For1<g<p
n(p=q)
/ VW, |9dx < Ke » 7 (1.206)
Q
hence

strongly in W 9(Q) if 1 < g < ,
We — 0 { glyinWo"(@)if 1 =g <p (1.207)

weakly in W, 7 (Q2).
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The second statement may not seem obvious. However, in WP the norm is bounded, and
hence there must exist a weak limit. This limit must coincide with the W4 limits for ¢ < p,

and therefore must be 0.

Theorem 1.10 (Theorem 1.2 in [DGCPS17c]). Let 1 < p < n and ug € Wol’p(Qg, dQ) be a
sequence of uniformly bounded norm, v € €°(Q), h € W' (Q) and let

Ve = V—]’le. (1208)
Then
lim /|va|p_2va-V(vg—u8)dx =lim (I ¢e+he+he), (1.209)
e—0 e—0 ) 5
Qe
where
Ie— / VoP2Vy- V(v — e )dx (1210)
Qe
be= —8_7%’0/|h|p—2h(v—h—u5)d5 (1.211)
Se
Le=—Ae€ ), / [P h(v — ue)dS, (1.212)
jere 4
ot/

and A¢ is a bounded sequence. Besides, if ii¢ is an extension of ug and iig — u in Wol’p (Q)
then, for any v € WO1 P(Q)

£—0

lim/|Vv|P_2Vv-V(v—th—ug)dx:/|Vv|p_2Vv-V(v—u)dx. (1.213)
Q¢ Q

Applying the convexity inequality
W(v—H(v)) —W(ue) < BolH(v)[">H(v) (1.214)

(this is the reason why %o|H (v)|P~2H(v) € o(v — H(v))) and hence the good choice is
h = H(v). Thus, we show that we have Peue — u in W!P(Q) and u satisfies that, at least for
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vewl=(Q),
/ IVV[P=2Vy- f(v—u) —hczf/ |H(W)|[P2H(v)(v —u) > / v, (1.215)
Q Q Q
with &7 given by (1.197) which is enough to conclude the result.

1.5.8.2 Some examples

A relevant case in the applications corresponds to the Signorini type boundary condition
(1.19), which can be written with the maximal monotone operator (1.24), given

H(s) = Hols) s 20, (1.216)
s s <0,
where
PBo|Ho(s)|""*Ho(s) = 0o(s — Ho(s)), s>0. (1.217)

This result was obtained previously in [JNRS14] by ad hoc techniques. In [DGCPS17¢c], we
provide it as a corollary of a more general theory.

1.5.8.3 Strong convergence with correctors

It was known in the literature that, at least for smooth o,
“l/l_(ug—H(ug)Wg)l‘Wl,p(Qg7aQ) —0 (1218)

as € — 0. Nonetheless, it seems that no one had noticed that W, converges strongly to 0 in
Wl for g < p. From this fact, we deduce immediately that

[t — ve|lwia,.00) = 0, for g < p. (1.219)

In the case of Signorini boundary conditions we proved the strong convergence (with
the corrector term for ¢ = p and without it when g < p), which, for the case 1 < p < 2, was
published in [DGCPS17a].
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1.5.9 Homogenization of the critical case when G is not a ball and
p=2

For many years, several authors have tried to find a functional equation similar to (1.198)

for the case in which Gy is not a ball. In [DGCSZ17] we proved that such equation does not

exist in a strict sense. Nonetheless, a equation of form (1.196) still holds, but with a more

complicated function H.

Let G be diffeomorphic to a ball, p = 2 and ag = Coe® . Then, for any given constant
u € R, we define w(y; Go,u), for y € R"\ G, as the solution of the following one-parametric
family of auxiliary external problems associated to the prescribed asymmetric geometry Gy

and the nonlinear microscopic boundary reaction o (s):

AW =0 if y € R"\ Go,
dyw—Coo(u—w) =0, ifye dGo, (1.220)
w—0 as |y| — oo.

We will prove in Section 4 that the above auxiliary external problems are well defined and, in
particular, there exists a unique solution w(y; Go,u) € H' (R"\ Gy), for any u € R.

Definition 1.7. Given Gy, we define Hg, : R —R by means of the identity

Hg,(u) := . Ay, W(y; Go,u) dSy
0

(1.221)
= Co/ o(u—w(y;Go,u))dSy, foranyu e R.
9Go

Remark 1.10. Let Gy = B;(0) := {x € R" : |x| < 1} be the unit ball in R”. We can find the
solution of problem (1.220) in the form w(y; Go,u) = ﬁ“_(‘blz)’ where, in this case, 77 (u) is

proportional to Hyp, () («). We can compute that

HGo(”) = 3G 8VW(u,y) dSy
0

— | -2Hgwas,
9Go

= (n=2)7(u)o(n),
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where @(n) is the area of the unit sphere. Hence, due to (1.221), .7 (u) is the unique solution

of the following functional equation
(n—2)7(u) = Coo(u— 7 (u)). (1.222)

In this case, it is easy to prove that H is nonexpansive (Lipschitz continuous with constant 1).
As mentioned before, this equation has been considered in many papers (see [DGCPS17c]
and the references therein).

In [DGCSZ17] we proved several results on the regularity and monotonicity of the
homogenized reaction Hg,(u) below. Concerning the convergence as € — 0 the following

statement collects some of the more relevant aspects of this process:

Theorem 1.11. Let n > 3, a. = Coe™ ¥, Y = -5, 0 a nondecreasing function such that
6(0) = 0 and that satisfies (1.223).

lo(s)—o(t)| <ki|s—t|* +ka|s—t] Vs,r €R, forsome0< <1, (1.223)

Let ug be the weak solution of (1.12) with p =2, f€ = f € L*(Q) and g = 0. Then there
exists an extension to Hy(Q), still denoted by ue, such that ug — ug in H'(Q) as € — 0,
where ug € H} (Q) is the unique weak solution of

—Auo+C6‘*2HG0(uo) =f inQ,
up =0 on 0Q.

(1.224)

Remark 1.11. Since |Hg, (u)| < C(1+ |u|) it is clear that Hg,(uo) € L*(Q).
Lemma 1.5.8. Hg, is a nondecreasing function. Furthermore:
i) If o satisfies (1.223), then so does Hg,.
ii) If 6 € €%%(R), then so is Hg,.
i) If 6 € €' (R), then Hg, is locally Lipschitz continuous.

iv) If 6 € WI=(R), then so is Hg,.
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1.6 Homogenization of the effectiveness factor

We conlude the theoretical results in this chapter by presenting some results on the conver-
gence of the effectiveness factor. They can be found in [DGCT16].

Here, as in [CDLTO04], we consider the following regularity assumptions:

g’V < C(1+]v]9), 0§q<n"j, (1.225)

and we consider the strictly increasing and uniformly Lipschitz condition:
0<k <g'(u) <k. (1.226)

We proved the following result, which seems to fulfill the intuitions expressed by Aris in his
many works on the subject:

Theorem 1.12 ([DGCT16]). Assume that p =2, a; = Coe®, 1 < a < "5 and
e Ifa =1, (1.225),
e  If1<a< 1 (1.226),

Then i {
— | o(ug) > — | o(u as € — 0. (1.227)
5./, ey e

This result was later improved in

Theorem 1.13 ((DGCPS17d]). Let p > 1, a} < ag < €, B ~ B* and © be continuous such
that 6(0) = 0. Let ug and u be the solutions of (1.12) and (1.180). Lastly, assume either:

i) © is uniformly Lipschitz continuous (6’ € L*), or

ii) 0 € €(R) and there exists 0 < o < 1 and q > 1 such that we have (1.173) and

(o(t)—o(s))(t—s) >Clt—sl|9, Vt,s € R. (1.228)

Then (1.227) holds.

Remark 1.12. As we have seen, the behaviour of f Se in the critical case is more convoluted.
Thus, a convergence of type (1.227) should not be expected. However, results of similar
nature, applying the strong convergence with corrector (1.218) are work under development.
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1.7 Pointwise comparison of solutions of critical and non-

critical solutions

Since we do not have a natural definition of effectiveness in the critical case, the claim that
it is “more effective” than the non critical case -a claim that is often made in the Nanotech-
nology community- is difficult to test. However, we know that, for the non critical cases the
effectiveness is increasing with the value of w. Thus, we have studied whether we can find a

pointwise comparison of the critical and noncritical limits.

Assume in (1.9) that g = 0. Then (1.12) becomes

—Apl/ig =0 X € QS7
dy e +€ Yo (ug) =€ 76(1) x €S, (1.229)

Notice that the presence of we = 1 on dQ is translated to a source in Sg for ug. When ag ~ aj,

the strange term H is the solution of
%’0|H(s)|p*2H(s) =o(s—H(s))—6(1). (1.230)
Then we converges weakly in whr (Q) to weyt, the solution of

_Achrit + d|h(wcrit)|p_2h<wcrit) =0 Q,
Werit = 1 09,

(1.231)

and A is given by
|h(W)|P72h(w) = 6(1) — |H(1 —w)|[P2H(1 —w). (1.232)

In the noncritical cases, aj < az = Cpe* < €, we know that an extension of w, converges
weakly in W17 (Q) to Wnon_crit, the solution of

_APWnon-crit + ,Q/ACAF(WnOn-Crit) =0 Q’ (1.233)

Whon-crit = 1 8Q,

with o7 = C3 1|9 Go|.
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We showed, first in [DGC17] under restricted assumptions and later in [DGCPS17c], that
a pointwise comparison holds. We stated the following theorem:

Theorem 1.14 ([DGCPS17c]). Let n > 3,p € [2,n), ag ~ a;, f£=0and 6 € €(R) non
decreasing such that 6(0) = 0 Then, we have that

Werit 2 Wnon-crit- (1.234)

The critical case produces a pointwise ““ better” reaction.

1.8 Some numerical work for the case o = 1

To obtain explicit numerical solutions of the different homogeneous and nonhomogeneous
problems COMSOL Multiphysics was applied!. Also, using the LiveLink tool, it allows to
create a Matlab code that we have used to generalize the construction of the obstacles in our

domains.
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Fig. 1.5 Interfase of the COMSOL software

I'The author wishes to thank Carlos Arechalde Pérez, Pablo Cafiones Martin, Denis Coccolo Gongora, Nadia
Loy and Amarpreet Kaur for their work during the IX Modelling Week UCM 2015, where the images were
produced under the guidance of this author.
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1.8.1 Numerical solutions of the non-homogeneous problem

We have simulated that each pellet is inside a periodicity cell. The input parameter of the
function is &, the side of this periodicity cell, that has four times the area of the pellet. Figure

1.6 shows what happened if we change the value of €

0 02 04 06 08 1 12 14 18

(e=1

06 06 04 02 0 02 04 06 08

0 02 04 08 08 1 12 14 18

Fig. 1.6 Level set of the solution of (1.8) for A* =1, 6(u) = u and a¢ = €. Different values
of €, of domain Q and G are presented
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1.8.2 Numerical solutions of the cell problem

The cell problem has solutions which are rather characteristic. If the domain Gy is symmetric
with respect to the axis so is the solution. Due to the periodic boundary conditions, is usually
not easy to simulate the solution with “black box™ software.

(a) x1 solution (b) x> solution

Fig. 1.7 Level set of the solutions of (1.72) for G a square

‘Surface: Dependent variable u (1) ‘Surface: Dependent variable u (1)

1 ir
09 09
08 B 08
o7 o7t
08 08
05 05
04 0t
03 03
02 02t
01 j o1
o = 0

0 02 04 08 08 1 0

(a) Circular inclusions (b) Square inclusions

Fig. 1.8 Two obstacles 7', and the level sets of the solution of the cell problem (1.72)

1.8.3 Numerical solutions of the homogeneous problem

From all of the nonhomogeneous simulations, the most interesting results are obtained for the
smallest €, because we can see that diffussion in this case is pretty similar to the homogenized

problem, as we expected, because of the theoretical results.
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Fig. 1.9 Level sets of the solution of the homogenized problem (1.76), corresponding to the
different cases in Figure 1.6

1.8.4 Approximation of the numerical solutions

The L? convergence is guarantied by the theoretical results.
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Fig. 1.10 L? norm convergence of g — u

Nonetheless, the L™ convergence has never been proven in the theorical setting. However,
the numerical solutions seem to converge.
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Fig. 1.11 L™ norm convergence of ugz — u
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1.8.5 Convergence of the effectiveness
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(a) Squares inside square (b) Hexagons inside hexagon (c) Circles inside circle

Fig. 1.12 Convergence efectiveness result: Red line shows the value of non homogeneous
problem. Blue line shows the convergence of the homogeneous problem as a function of the
value n = % Notice the order of magnitude in the graphs.
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Appendix 1.A Explanation of [Gon97]

The first paper to properly characterize the change of nonlinear kinetic is [Gon97], which
applies the technique of I'-convergence when Gy is a ball. However, there are a few steps that

are not clear (at least to a part of the community). We will try to clarify them in this section.

1.A.1 A I'-convergence theorem

First, we introduce a I'-convergence theorem proved in [Gon97] under ad-hoc assumptions.

More general statements of similar nature can be found in [Dal93].

Theorem 1.15 ([Gon97]). Let X¢,X be Hilbert spaces and ®¢ and ® be functionals in these

spaces. Let us assume that ®¢ satisfy the following conditions:

i) There exists O > 0 such that
e (u+v) > Pe () + Le (u;v) +C||v]|¢ Vu,v € Xe (1.235)

holds, where Lg is the linear functional with respect to v given by the Fréchet differential

of ®¢ at a point u,

ii) ug € Xe is a minimizer of ¢ such that
@, (0) > D (uf) > Cy||ue||> — Cr (1.236)

where C| and Cy are constants.

Suppose there exists a set M C X that is everywhere dense in X and operators Pg : X¢ —
X,Re : M — X¢ satisfying the conditions

i) [[Pew®|| < Cl[we|le, vw* € X
ii) PeRew — w weakly in X as € — 0, for everyw € M
iii) limg_g®PeRcw = Dw, forallw e M
iv) For any Y¢ € X¢ such that P;Y; — Y weakly in X and any w € M

Tim |Le (Rew; ¥2)| < ¥ ([[w]) |7l (1.237)
e—0

where ¥ (t) is a continuous function of t > 0.
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Then Pzu® — u weakly in X as € — 0 and u is a minimizer of ®.

With Goncharenko’s notation P is a sort of extension operator (at least asymptotically),

where R, is an adaptation operator.

1.A.2 Proof of Theorem 1.2

The result stated by Goncharenko is Theorem 1.2. Let us prove this result.

The choice of spaces is, naturally,
X=H}(Q) Xe=H'(Q0Q) M=C}Q). (1.238)

Let us define

Vg - {VEX&‘ . %+GS(V) :O,Sg}.

The main argument of the paper is to show the I'-convergence of the energy functional. We

define the energy function to be minimized by the solutions:

CIDS(VS):/S2€(|Vv£|2+2f£vs)dx+/ £~Tp(v)dr.

Se

It is easy to check that &, satifies the hypothesis of Theorem 1.15. The technique of the

proof by Goncharenko passes by the construction of the following operator
Re : M =%*(Q) — V¢

which imposes the boundary condition to any C? functions. Let ¢(¢) be continuous (0 < ¢ <
1) and such that

Let us suppose there is only one particle, a ball of center 0. Let us say we want a behaviour
of the type

w(x;) €% —scale,
Rew ~ ¢ w(x)+Few(x) €—scale,

w(x) 1 —scale,
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for some operator Fg, to be defined later. Then we can define R in three parts

[

Rew=1(x)+ 0v0) v () + et (221,

S(X

each one of them captures the behaviour in three different zones. Since the particle is a ball

we can try with a operator F¢ that yields radial functions: Fgw(x) = Few(|x|).

Let us impose the condition R,w € V. The definition of this function in the paper comes
out of the blue to serve its purpose. We wanted here to explain the rationale behind this
choice. First, in a neighbourhood of {|x| = €%} = G2 we find that

|X|
¢ <€_a - 17
So in this neighborhood

3
Rew(x) = w(xg) + Few(x), e¥ < x| < gé‘a.

Therefore

VRew(x) = <st>'<|x|>ﬁ

and, on {|x| = €%}, we have

+ & 70 (Rew(x)) = (Few)' (€%) + € Yo (w(0) + Few(e?®)).

where, we remind that ¥ = 2o — 3. Hence, it will be useful to take Fzw a function such that
¢’ = —¢>. This is, precisely ¢ (s) = %. If Few(|x]) = —%g' (so that the derivative later on has

a nice sign) we have that
Afe 20 — 872a+36(w(0) _Asgfa).

Hence
Afe™3 = o (w(0) —Afe™%).

Now take BE = A3 then
Bf = o(w(0) + Bte>~%),
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in the limit the equation would become

The previous reasoning explains the following choices. When o0 = y = 3 let us take
A% = Ag® where A is the solution of the implicit equation

A=oc(w(0)—A).
Since H is the solution of (1.81) we have that
A =H(w(0)).
On the other hand, for a < 3 let us choose simply A = o (w(0)).

Eventually

Rew=ww(x) + (0) - w0 (21 ) = T (1))

e |x| €

It is important that we do not loose the notion that 0 < A¢ < e, Eventually, since the particles

are balls located at the points x;

Ne) NE)  ge
w(x) =w(x wilx; |x x1| A 4|x_xl.|
Ren) =)+ X s =i (H ) = B 2o ().
where
AE=AEd, A= o(w(x)) a<3, .
H(w(x;)) =3.

The deduction of the estimates of the convergence were also not detailed in Goncharenko’s

paper. We give the details in the following lines. We have that

VRew :VW+A§)(_VW(X))¢ (M) +N(8)(W(xi)_w(x))¢,(Ix—x,-|> X —x;

pat e |x — x;|e®

(1.240)

N(e)  4e Alx — x; N(e)  pe 4lx — x: -
+)y — <p( X x’|>—. ‘.(p’( x x’|> x_x’g. (1.241)
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When integrating the squares of the above (which is easily done is spherical coordinates)

only a couple of terms survive: for sure the terms without ¢ and, from the ones with ¢ only

A? 4|x — x;|
\x—xi\z(p €

is to be significant. Let us see how. First we integrate

AE Alr—x\ | se [C51 [4r\
dx = A2e o) R4
/QS |x—xi|2(P( € ! /8a rA(p € rar

1
1
= AZ¢° /a ls—2<p(4s)ds~A286*“.
€

the most singular one, the term

The other terms go to 0 as €7, p > 3 and so

N(e)
/ |R8w|2dx:/ |w|2+ZC8P:/ wf>+ceP™3,  p>3,
Q¢ Q¢ i=1 Qe

and
N(e)
|VRew|?dx = / VwlP+ Y Ae? %+ Ce?, p>3,
Q¢ Q¢ i=1

since A; = H(w(x;)) as the author says

N(e)
¢ (Rew) = / (IVW]* + +2f°Rew)dx + ) A7e®“
QE

i=1

+ / & Tp(Rew)dl + E(€,w)
Se

N(e)
:/ (VWP + 2 Rew)dr+ Y A2
QF i=1

& 72/ p(w(x;) —A;eé*)dl +E(e,w).

leTg

where E(g,w) goes to 0. Classical integration results guaranty the convergence of the
Riemann sum. When o =3

N(e)

Y 42650 = Y H(w(a)e o [ sty
' i=1 l Q

i=1
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Notice that, if o¢ < 3, then

N(e) N(e)

Y A7 =Y o(w(x))*e —0.

i=1 i=1
On the other hand

p(x o <3,
e 'Y [ pwx)—Aigs *)dl — 4n 2 (1.242)

i€Ye ) G /p o =3.

Thus, the I'-limit is

p(x) 2< o <3,
:/ IVw|? +2fw+ (1.243)
Q Hw(x))?>+p(x—w(x) a=3.

Hence, we see the appearance of the “strange term” for o = 3. If & < 3 then we do not have
this term, as it is noted on the paper. Surprisingly, note that the strange comes out of the

diffusion operator. Applying Theorem 1.15 we conclude the proof of Theorem 1.2.






Chapter 2

Optimizing the effectiveness:
symmetrization techniques

From this chapter on, due to the common practice of notation in this fields, which does not
coincide with the practice the homogenization community will use the notation that follows
for the homogeneous problem derived in the previous section:

—Aw+B(w)=Ff inQ,
w=1 on dQ.

2.1)

As we will play now with different domains € we will denote this solution wg. By introducing

the change in variable u = 1 — w the problem can be reformulated as

—Au+g(u)=f inQ,
u=>0 on dQ,

(2.2)

where g(u) = B(1) — B(1 —u) and f = B(1) — f. In this case we write the effectiveness
factor as:

1
£(9) =g [ Blova)ds 23)
and the ineffectiveness n(Q) = (1) — &(Q) as
1
n(Q) = 0 Qg(ug)dx- (2.4)

Roughly, we aim to find extremal sets 2 which maximize and minimize this functional,

applying rearrangement techniques.
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2.1 Geometric rearrangement: Steiner and Schwarz

As stated by Polya and Szegd [PS51] symmetrization is a geometric operation invented
by Jakob Steiner! (see [Ste38] for the original reference). The original idea of Steiner
symmetrization, as presented in [PS51] is purely geometrical: Considering a body B and a
plane construct another body B* such that:

* it is symmetrical with respect to the plane and

* for every line perpendicular to the plane, the intersections between it and the bodies B

and B* have the same lengths.

This process is shown to not increase the surface area, and to maintain the volume unchanged
(this is simply a consequence of Fubini-Tonelli’s theorem). By taking different planes we

can deduce that, for fixed volume, a convex domain is a minimizer of surface area.

Later H. Schwarz? applied a similar method, but in which symmetrization was taken
with respect to a line. As Steiner did with is symmetrization, Schwarz proved that Schwarz
symmetrization leaves the volumen unchanged but diminishes (in the sense that it never
increases) the surface area. In particular, Schwarz rearrangement can be obtained as a limit
of Steiner symmetrizations. This was done for convex bodies in [PS51, p. 190], [Lei80, p.
226], and for non convex bodies in [BLL74].

For some reason, the original definition of Schwarz symmetrization was diffused in the
literature, as noted by Kawohl in [Kaw85, p. 16]:

Polya and Szeg6 distinguish between Schwarz and point symmetrization.
Their definition of "symmetrization of a set with respect to a point" coincides
with our [in his book] definition of Schwarz symmetrization and is commonly
refered to as Schwarz symmetrization [Ban80b; Lio80; Mos84].

We will present later the definition as it commonly used nowadays. Let us start by saying a

few words about isoperimetric inequalities.

1Jakob Steiner (18 March 1796 — 1 April 1863) was a Swiss mathematician who worked primarily in
geometry.

2Karl Hermann Amandus Schwarz (25 J anuary 1843 — 30 November 1921) was a German mathematician,
known for his work in complex analysis. Do not confuse with Laurent-Moise Schwartz (5 March 1915 — 4 July
2002), a French mathematician. The later pioneered the theory of distributions, which gives a well-defined
meaning to objects such as the Dirac delta function.
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2.2 Isoperimetric inequalities

As mentioned in the previous section, one of the most classical result obtained via sym-

metrization techniques is the isoperimetric inequality:

From all n-dimensional bodies of a given volume, the n-ball is the one of least

surface.

In the plane the solution was believed to be the circle from the time of Kepler. However the
first succesful attempt towards proving this result mathematically in dimension 2 was made
by Steiner in 1838 (see [Ste38]). This isoperimetic inequality in the plane can be written as
follows. Let Q be a smooth domain in R2, let A be its surface area and L its perimeter. Then

4TA < L7 (2.5)

Of course, equality holds for the circle. The surprising fact is that holds only when the

domain is a circle.

Since this initial result there has been substancial research in this direction. For example,
Hurwitz in 1902 applied Fourier series (see [Hur0O1]) and, in 1938, E. Schmidt made a proof
using the arc length formula, Green’s theorem and the Cauchy-Schwarz inequality (see
[Sch39]).

A generalization of the isoperimetric inequalities is already well known. It can be written

in the following terms:

Theorem 2.1 (Federer, 1969 [Fed69]). Let S C R”" be such that S has finite Lebesgue measure.
Then 1
nof L'(S)" " < M"1(3S) (2.6)

where @y, is the volume of the n-ball, M is the Minkowski content and L" is the Lebesgue

measure.

In [Tall16; Ban80a; Rak08; BK06] the reader can find a survey on the study isoperimetric

inequalities.

This geometrical inequality is equivalent to a result which is of interest to the specialist

in Partial Differential Equations: the Sobolev inequality

n—1
1 A\ 7
naoy; (/ \u|nl> g/ \Vu|,  VYueWH(R". (2.7)
R” R~
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2.3 From a geometrical viewpoint to rearrangement of func-

tions

Once a particular type of rearrangement ., of a set Q is understood there is a natural way to
define the rearrangement of a function u : QQ — R. Consider the level sets:

Q. ={xeQ:u(x)>c}, ceR. (2.8)
One can define the rearrangement u, of u as:
Ut Qy — R ui(x) =sup{c e R:x € (Qc)«}. (2.9)

Over the years, several other different types of rearrangements have been developed, an
applied with success to different types of problems, with particularly good results in geome-
try and function theory, specially in PDEs. A catalogue of this techniques can be found in
[Kaw85] (although there are many others excelent references, e.g., [Rak08; Ban80b]).

As noted in [PS51] both Steiner and Schwarz symmetrization reduce the Dirichlet integral

of functions vanishing in the boundary. Informally
/ Vi, |? g/ \Vu|?>,  ifu=0ondQ (2.10)
Q. Q

This immediately appeals to the imagination of the PDE specialist. What seemed as a purely

geometrical tool becomes a functional one.

2.4 The coarea formula

Symmetrization is the art of understanding the level set. The following result, known as the
coarea formula, allows us to make consider level sets as domain of integration in Fubini-
Tonelli theorem-like change of variable. For smooth functions it follows directly as a change
of variables. A more general form it was stated by Federer in [Fed59] for Lipschitz functions
and for bounded variation functions by Fleming and Rishel in [FR60]. We present the result
as it appears in Federer’s book [Fed69].
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Theorem 2.2. Let u be a Lipschitz function. Then for all g € L' (Q) then

[ etwrvutoi= [ ( / _I(I)g<x>dﬂn_1<x>> a @1

where H,, is n-dimensional Hausdorff measure.

The usual formulation is the particular case g = 1. This formula, jointly with the

isoperimetric inequality, gives a proof of the Sobolev inequality for W11 (R") given by (2.7).

2.5 Schwarz rearrangement

2.5.1 Decreasing rearrangement

For the purpose of this thesis we will focus mainly on two types of rearrangements: Schwarz
and Steiner rearrangements. In particular we will be interested in studying this rearrangement
as a tool in studying the Laplace operator, and other operators in divergence form as a first
step for the consideration of problem (2.1). First, we introduce the (modern) definition of

Schwarz symmetrization

Definition 2.1. Let Q C R". We define the Schwarz rearrangement of Q as
Q* = B(0,R), such that |Q*| = |Q]. (2.12)

where B(0,R) as ball centered at 0 of radius R.

The process of symmetrization for this kind of problems was introduced by Faber [Fab23]
and Krahn [Kra25; Kra26] in their proof of the Rayleigh’s conjecture, which can be stated in
the following terms

Theorem 2.3 (Rayleigh-Faber-Krahn). Let

v 2
A(Q)= min Jol Z’. 2.13)
ueH (@) [ou

Then
A(Q) > A(QY). (2.14)
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In modern terms A (Q) is, of course, known as the first eigenvalue for the Laplace operator,

and A (Q) can be though as the smallest real number such that

—Au=Au, Q,
u=0, 0Q,

(2.15)

has a nontrivial solution. The nontrivial solutions of this problem are known as eigenfunction.

They will be used extensively in Part II.

Definition 2.2. Let u : Q — R be a measurable function. We define the distribution function
of u, i : [0,400) — [0, +00), as

u(e) = fxeQ:fu(x)| > 1} (2.16)
and the decreasing rearrangement of u, u* : [0,+o) — R as
u*(s) =sup{r >0:pu(r) >s}. (2.17)
Definition 2.3. We introduce the Schwarz rearrangement u* of u as
u*(x) = u"(o,|x]") (2.18)
where @, represents the volume of the n-dimensional unit ball.

2.5.2 The three big inequalities and one big equation

There are several inequalities involving these rearrangements which will be of a great impor-
tance for us.
The Hardy-Littlewood-Polya inequality is very import since it allows to bound products

in L2. Tt can be stated as follows

Theorem 2.4 (Hardy-Littlewood-Polya, 1929 [HLP29]). Let Q be a measurable subset of

R"™ and f,g be non negative measurable functions. Then

G|
/ fg < frg" (2.19)
Q 0

The second remarkable inequality is Riesz’s inequality . It is very useful in order to make

a priori comparisons with Green’s kernel
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Theorem 2.5 (Riesz, 1930 [Rie30]). Let Q be a measurable subset of R" and f,g be non

negative measurable functions. Then
| ost-yhidsty < [ @ @20)
R2xR" R xR?
Both results, and further techniques, were compiled in one of the references text in the

subject [HLP52].

Only a few years after the first appearance of these two results, in 1945, Polya and
Szego publish [PS45], were they introduce the following inequality, to prove that the capac-
ity of a condenser diminishes or remains unchanged by applying the process of Schwarz

symmetrization.

Theorem 2.6 (Polya-Szego [PS45]). Let u: R" — RT in WP (R") where 1 < p < oo. Then

/|vu*|1’§/ Vul?. 2.21)
R” R”

This result was also useful in the proof of the Choquard conjecture by Lieb [Lie77].

The collaboration between Polya and Szego continued in time, and they updated [PS51]
over several editions. This is a reference text in isoperimetric inequalities and the use of

different rearrangements in Mathematical Physics.

The final inequality could be one the most important in the theory, because it is used to
convert the original PDE for u to a PDE for .

Theorem 2.7 ([BZ87]). Let u € W for some 1 < p < oo. Then the following holds:

i) WU is one-to-one.

ii) u*o (%)i =1d.

iii) We can decompose [l as

~+oo
() = |{r € Q: [Vl = 0,u(x) > 1} + / / Vil ldH" s, (2.22)
t u=l()
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iv) For almost all t,

du —1 _
o< < —dH""! e tER. 2.23
< S / oz ,  aele (2.23)
{xeQ:u(x)=t}

Equality holds in the previous item if |Vu| # 0.

v) For almost all t, Cfl—ﬁl < 0.

2.5.3 Concentration and rearrangement

Even though the stronger results show that we have a pointwise comparison u* < v this is
not the case in general. However, there is a property much nicer in terms of rearrangements:
the concentration. This term, which appears frequently in the mathematical literature, must
not be confused with the chemical concept of concentration. As will see from the following

definition they are entirely different.

Definition 2.4. Let Q be an open set of R” and let w € L'(Q)),¢ € L' (Q,), Q| = |Q].
We say that the concentration of ¢ is less or equal than the concentration of Y, and we denote
this by ¢ X y if

t t
/ q)*(s)dsS/ v*(s)ds, vt € [0, |Q]]. (2.24)
0 0
Equivalently,
/ ¢*(x)dx§/ v (x)dx. (2.25)
B, (0) B,(0)

The following lemma is a very important result. It allows to understand the importance

of convex functions in symmetrization.

Lemma 2.5.1. Let y,z € L'(0,M), y and z nonnegative. Suppose that y is nonincreasing and

t 1
/ y(s)ds < / z(s)ds, Vr € [0,M]. (2.26)
0 0
Then, for every continuous non decreasing convex function ® we have

/t¢(y(s))ds < /tCI)(z(s))ds, vt € [0,M]. (2.27)
0 0

Applying this result it is possible to obtain the following properties (see [HLP52; HLP29;
RF88; CR71; ATL89]).
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Proposition 2.1. Let Q1,Q; be Borel sets in RN R respectively such that | Q1| = |Q;| and
O; € L}r (Q)) (i.e. it is is in L' and non-negative). Then, the following are equivalent:

i) o1 X

ii) F(¢1) = F(¢) for every nondecreasing, convex function F on [0,+) such that
F(0) =0.

iii) Forall y € L'NL>(Q)
(5]
Py < / QY = ey (2.28)
Q 0 o)
iv) For all w nonincreasing on (0,|Q1]), w € L' N L*(0,|Q])
Q] ||
/0 RS ; QY. (2.29)

2.5.4 Schwarz symmetrization of elliptic problems

It is precisely in 1962, in a book in honor of Polya edited by Szegd [Wei62] that Weinberger
extends the results by Faber and Krahn to obtain isoperimetric results for the Dirichlet

problem with general elliptic self adjoint operator

N
L="Y 0 (aij(x)d). (2.30)

ij=1

In 1976 Bandle [Ban76a] gives a pointwise estimates of the decreasing rearrangements of
the solution of —Au + au + 1 with Dirichlet boundary condition. In 1978, in [Ban78], she
gives estimates on the Green kernel. In the same year Alvino and Trombetti [AT78] present

result similar to Weinberger’s for degenerate (non elliptic) equations.

In 1979 Talenti [Tal79] apply Schwarz symmetrization techniques, to improve upon the

results of Weinberger and Bandle. He focuses on non linear elliptic equations of the form

—div(a(x,u,Vu)) +glx,u) =0 Q,
u=nh 0Q,

(2.31)

under the hypothesis

i) There exists A : [0,+9) — R convex such that :
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D) a(x,u,6)-&=A(5])
ii) A(r)/r—0asr—0

il) g is measurable and
(g(x,u) — g(x,0))u =0 (2.32)

iii) h € L™(Q) and
/A(Why) < oo, (2.33)
Q

In the case h = b a constant Talenti introduces the “rearranged problem”

ATy — o,
1V( \Vv|2 V) .fk (234)
v=">b o0Q*.

He manages to prove, for the first time in literature, that we can compare pointwise u* with a
different solution (which is easier to compute analytically). In fact

uw* <v, a.e. QF (2.35)

Notice that, if a(x,u, &) = &, the operator is the usual Laplace operator and A(&) = &2.

In 1980 P.L. Lions [Li080] provides a simpler proof of this result in the linear case with
h = 0 and extends the estimates to operator in the form A = Lu + ¢ were L is second order
elliptic and ¢ : Q — R. He compares the problems

—Au+ = Q’ —Av+ F\rxy, (VK — O*
u+cu=f ond v+ () v —(c7)v=f* (2.36)
u=>0 0Q, v=0 20Q*

where ¢**(x) = ¢**(wy,|x|) and ¢**(s) = ¢*(]Q| —s). This last function is known as the
increasing rearrangement of ¢. Analogously to the Schwarz rearrangement ¢** represent
represents the unique radial increasing function with the same distribution function as |¢| (it
can be defined by analogy to the Schwarz rearrangement).

| F< [ Fo) 37)

Lions shows that,
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for all function F : R, — R positive, increasing and convex. Besides, if ¢ < 0, we have that
u <v, a.e. Q. (2.38)

At the end of this paper Lions indicates that some nonlinear cases are immediately
covered by the linear case, by simply taking a sequence of solutions —Au,, | = g(u,) and
applying the comparison, since g(u,)* = g(u};). Around the same time, in 1979, Chiti in
[CP79] (see [Chi79] in Italian) proved a similar result, by using a limit of simple functions.

However, his result was presented as a Orlicz norm result, rather than as a PDE result.

The ideas behind both [Tal79] and [Li080] is explained very elegantly in 1990 by Talenti
in [Tal90]. By applying the Hardy-Littlewood-Polya inequality, the isoperimetric inequality
in R” and the coarea formula one the boundary value problem can be rewritten in terms of a
ODE for the distribution function

1 1 1-1 1)
na)n1 u(r)' B (na)nl 20 ) < / g(s)ds. (2.39)
0

w'(t)

Returning to a chronological order, in 1984, in the more general context of Mathematical
Physics, Mossino publishes a book [Mos84] which contains a number of interesting state-
ments on elliptic problems. However, none of the results are necessary to the interest of this
Thesis.

In 1985 Diaz in [Dia85] polishes some of the previously presented rearrangement tech-
niques, in order to obtain estimates for free boundaries that rise in problem (2.40), when g is
not a Lipschitz function. The results are extended to the p-Laplace operator and the regularity
hypothesis are simplified. The following theorem is stated:

Theorem 2.8. Let u,v be the solutions of problems

—div(A(x,u, Vi) +8(u) = fi  Q,
u=0 0Q,

(2.40)

and

_Apv+g<v) = f2 Qa
v=0 2Q,

(2.41)
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where
i) A is a Caratheodory function such that A(x,u,&) > |&|P
ii) g is continuous non decreasing such that g(0) =0
i) fi € LY (Q) such that f; >0
v) fh e Lp,(Q*) such that f> = f5
v) Jofi < Jo £ forallt €0,]Q]

Then

[awr< [a0n. repal 242

In particular, for any convex nondecreasing real function ®

/M%M§/¢MM- (2.43)
i *

Notice that, in this more general setting, the result is not as strong as in the case withouth
the absortion. We do not have a pointwise comparison of #* and v. Behind the proof is the

following lemma

Lemma 2.5.2. Let u be the solution of (2.40). Then u* is absolutely continuous in [0, |Q|]

- CZ;* (s) < (%) i V;ff(e)de - /Osg(u*(e))de} : (2.44)

nwgys

and

Let v be the solution of (2.41), then equality holds if g, is radial.

In the proof of this lemma there are two main ingredients. The first is a general statement
on the distribution function.

Lemma 2.5.3. Let 7 € WO1 P(Q), 2> 0. Then if u(t) = |[{x € Q: z(x) > t}| one has

1
nw,gu@”nlg(—d—“(t))” _4 / VaolPdx | (2.45)
{z(x)>1}

The second one is a particular computation on an integral of the solution of problem
(2.40).
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Lemma 2.54. Let u € WO1 P(Q) be a nonnegative solution of (2.40). Then the function
Y(t) = / A(x,u,Vu) - Vudx (2.46)
{u(x)>1}

is a decreasing Lipschitz continuous function of t € [0,+o0), and the inequality

d¥ w(t) 1 (t)
0<——(1) < / fi(s)ds —/ g(u*(s))ds. (2.47)
dt 0 0
The last assertion of the theorem is a consequence of the Lemma 2.5.1.

Finally in 1990 Alvino, Trombetti and Lions, in [ATL90], prove the result for a general
operator in the form

Lu= —div(A(x)Vu) + V(b(x)u) +d(x) - Vu+c(x)u (2.48)

under weak restriction on the operators. For completeness, and under the general operator
—div(a(x,u, Vu)), jointly with Ferone in [AFTL97], they extend the Polya-Szegé inequality
and some of the previous lemmas to a more general context. As a corollary of their analysis

they manage to obtain an comparison of the form u* < C,v.

2.5.5 Schwarz rearrangement of parabolic problems

The application of rearrangement techniques to parabolic equations was considered for the
first time in 1976 by C. Bandle in [Ban76b]. This result was announced in 1975 in a Comptes

Rendus note (see [Ban75]). The compared problems in this case are

du dv N
E—Au:f(x) Q % (0,00), E—Av:f*(x), Q" x (0,00),
=0 dQ % [0,400),> ad 9y, =0 Q" x [0, +oo),
u(-,0) =up Q v(+,0) =g Q*,

(2.49)
where € has to be piecewise analytic. As described in the text:

The proof is based on a differential inequality and uses very much a system of
curvilinear coordinates defined by the level surfaces of u(x,#). The introduction
of those coordinates requires a strong assumption on the regularity of u(x,z).
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Let u, fi be the distribution functions of u# and v respectively. By defining

t a
H(a,t) = / w(t,s)ds,  Alar) = / i(t,5)ds. (2.50)
0 0
Then
( aH a2H ( aFI 82H
_W / f ds > O _W 8612 / f
H(0,¢) =0, H(0,t) =0,
a—H(O 1) = (x,1) @(0 t) = maxv(x,?)
aa ’ - mﬁaxu X,1), aa ) - xe@‘) X,1),
oH B oH
a—a(|Q|7f)—07 \a_a(|g|,l):()'
(2.51)

From this we can conclude that u < v.

After this initial result, that worked only for smooth classical solutions some general-
izations appeared. In 1982 J. L. Vazquez showed similar results for the porous medium
equation: u; —A@(u) = f (see [Vaz82]). Mossino and Rakotoson in 1986 (see [MR86])
obtained a similar result under weaker regularity by considering the directional derivative of

the rearrangement, a technique that first appeared in [MT81].

A generalization comes in 1992, by Alvino, Trombetti and P.L.. Lions in [ALT92], by
applying the techniques in [MR86], simple properties of the fundamental solution and
semigroup theory (in particular the Trotter formula which will be introduced in Section
2.7.3), which allows to reduce the regularity condition on the data and the solution. They

obtain the expect comparison between the problem:

9 — div(A(x,1)Vu) +alx,)u= f(x,t) Qx(0,T),
u=0 Q% (0,T), (2.52)
u = up Q X {0}7

under the assumptions

aij,a € L*(Qx (0,T)),f € L2(Qx (0,T)),up € L*(Q),

2.53
dv € L*(0,T), o > 0,VE € R": EA(x,1)E > v(1)|E|> > al €, (253
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and the problem
& —v(O)Av+{a1 —arv=g(x.1) Q% (0,T),
v — 0 89* < (O,T), (254)
v =} Q* x {0}.

under the assumptions

a; € LT (Q* % (0,T)),v € L3 (Q*),g € L2(Q* x (0,T)),
ap,—ay, g are spherically symmetric, nonincreasing (2.55)

with respect to |x|, for almost all € (0,7T),

As stated in [ALT92] the result reads:

Theorem 2.9. Let u be the solution of (2.52) under hypothesis (2.53) and v the solution
(2.54) under hypothesis (2.55). Assume further that,

up <vo, a (t) 2ax(t), f(t)=<qr),

(2.56)
Jo(a1)™ <[5 (@), forallr €10,|Q]], fora.e. 1 € (0,T)

Then, forallt € [0,T],
u(t) 2 v(t) (2.57)

(in the sense of Definition 2.4).

2.6 A differentiation formula

Most results in PDEs using symmetrizaqtion techniques pass by the consideration of differ-

entiation formulas of the following function

H(s,y) = / f(x,y)dx. (2.58)
{u(x,y)>t}
In 1998 Ferone and Mercaldo in [FM98] state a second order differentiation formula for

rearrangements (citing works in Steiner rearrangement, [ATDL96], which we will present in
the following section)
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Theorem 2.10. Let Q = Q' x (0,h) u be a nonnegative function in W>(Q), were p > n+1
and let f be Lipschitz in Q. Assume that

{x € Q:|Vu| =0,u(x,y) € (0,supu(-,y))}| =0, Vy € (0,h). (2.59)

Then we have

i) Foranyy € (0,h), H is differentiable with respect to s for a.e. s > 0 and

oH _ f(X y) n— 1

u(xy)=t
ii) For every fixed s, H is differentiable with respect to y and
du J(x,y) 1
)d — dH""™ 2.61
= [ P [ FoenfEHariw. e
u(x,y)>t u(x,y)=t

From this we can extract the following corollary, which is of capital importance in

symmetrization.

Corollary 2.1. Let u € W"(Q x (0,h)) be nonnegative. Then

0%u P 3_; 2 -
u(x7y)>/\u*(5’y) a_yz(x,y)dx— 57 / u (G)dc—/u(w)_ . %dH (x) 2.62)
Ju 2 .
! / a_\yv(qu) dH" " (x) / ‘Viu‘dH”_l(x)
=) (r) = (59)
(2.63)

2.7 Steiner rearrangement

The idea of the Schwarz rearrangement (in the modern definition) is to consider radially
decreasing functions. A smart analysis of the pros and cons of performing this symmetrization
is presented in [ATDL96]:

On the one hand, these results [on the Schwarz symmetrization] make the prob-

lem of determining a priori estimates easier by turning it into a one-dimensional
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problem; on the other hand, by this symmetrization process, the differential prob-
lem may lose properties that arise from the symmetry of the data with respect to
a group of variables. In order to preserve this kind of symmetry, it is usefull to
check whether comparison results hold when a partial symmetrization such as

Steiner symmetrization is used.

In 1992 Alvino, Diaz, Lions and Trombetti introduce a new definition of Steiner sym-
metrization, which differs slightly from the one in [PS51]. We will follow this new definition.
We point out that the new definition (which we give in precise terms below) can be obtained,
as it was the case in of Schwartz symmetrization, as a limit of Steiner symmetrization per-

pendicular to a hyperplane, in the sense presented in [PS51].

The idea behind this (new) Steiner rearrangement is to symmetrize radially only in some

variables, and therefore only works in product domains Q = Q' x Q”.

Definition 2.5. Let
Q=0'xQ" c R" x R™. (2.64)

We usually refer to the variables in Q' as x, and to the variables in Q" as y. We define the

Steiner rearrangement of € with respect to the variables x as
Q" =B(0,R) x Q"  where |B(0,R)| = |Q|, (2.65)

where B(0,R) C R™ is the ball centered at O of radius R.

Remark 2.1. Notice that
QFf = (@) xQ". (2.66)

We can define the functional rearrangement as follows:

Definition 2.6. Let Q = Q' x Q" Cc R x R™, i : Q' — R be a measurable function. We
define the distribution function of u, W : [0, 4o0) x Q" — [0,+e0), as

u(t,y) =NHx e Q: |u(x,y)[ >}, (2.67)
and the decreasing rearrangement of u, u* : [0,+) x Q" — R as

u(s,y) =sup{r >0:pu(t,y) >s}. (2.68)
Finally we introduce the Steiner rearrangement of u as

W' (x,y) = u* (@n, |x|"M,y),  (x,y) € Q¥ (2.69)
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where @, represents the volume of the n-dimensional ball.
Remark 2.2. Notice that
uf(x,y) = (u(- ) (x),  (xy) € (@) x Q" =" (2.70)
Naturally, the Steiner rearrangement shares, for every y, the same properties as the

Schwarz rearrangement.

2.7.1 Steiner rearrangement of elliptic equations

As announced in [ADLT92], in [ATDL96] Alvino, Trombetti, Diaz and P.-L. Lions prove the
following result

Theorem 2.11. Let

"0 Ju no9d du
Lu = _i7jz_18_xj (all( 7y)8_xl> _h7kz1 8_yk (bhk(x>y>8 1)
no9 u nong u
- 5 (G 5 | — — | dni(y)=— 2.71
;;meﬁ);EMOMM) @)

and let u be a weak solution of the Dirichlet problem

Lu=f Q,
u=0 JQ.

(2.72)

We assume the following:
i) Coefficients a;j,bp,cin,dp and f belong to L™ (Q),
ii) (ellipticity condition) there exists v > 0 such that, for every (§,1) € R" X R™ and a.e.

(x,y) € Q

Z a;j(x,y)&i6; + Z bk () MMk
hok=

i,j=1 1

+§Z émh+22dh, 0)&im = |EF +vinl®, 273)

i=1h=

iii) Q= Q' x Q" open, bounded subset of R" and R™, respectively.
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Let v be the weak solution of the problem

A =S A (a2 = 9,

(2.74)
v=0 0Q*.
Then we have, for any y € R™
S N
/ u*(o,y)do < / v(o,y)do. (2.75)
0 0

The proof of this result is highly technical. It uses, as it was the cases in previous results
in the literature, the differential geometry behind the level sets, considering specially the case
of C! solutions. Besides, in the effort of taking about the most general elliptic operator, the

presence of subscripts i, j, h,k makes the work quite baroque.

In 2001 Chiacchio and Monetti in [CMO1] (see also [Chi04]) introduce lower order terms
to same equation. They deal with operators in the form:

m a m
=AU Z 8x, ; 8_ IZ" 3x, ; ] )
(2.76)
Later, in 2009, Chiacchio studies the eigenvalue problem (see [Chi09]).

2.7.2 Steiner rearrangement of linear parabolic problems

By applying [FM98] the following result can be deduced immediately. It is not written

formally in any known paper, however, it is mentioned in [Chi04] and [Chi09].

Proposition 2.2. Let u and v be the weak solutions of

—Au=f Qx(0,T), P _Av=f* Q¥ x(0,T),
u=0 0Qx (0,T), and (v=0 0Q* x (0,T), (2.77)
u(0) = up Q, v(0) = vo QF

and let

N N
Ult,s,y) :/ u*(t,0,y)do, V(t,s,y) :/ v'(t,0,y)do. (2.78)
0 0
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Then, there exists g(s) > 0 such that

Ut_g(S)Uss_AyU S/ f*(67y>d67 Vt—g(s)vss_AyV:/ f*(G,y)dG. (279)
0 0

Hence we deduce that

Proposition 2.3. Fora.e. yc Q" anda.e. t >0

up(+,y) 2vo(-y) == u(t,,y) 2v.(t,-y). (2.80)

2.7.3 The Trotter-Kato formula

In order to treat our problem we will apply the Neveu-Trotter-Kato theorem, that characterizes
the convergence of the semigroup in terms of the convergence of its generators. The abstract

statement can be found in [Bré73].

Theorem 2.12. Let (A") and A be maximal monotone operators such that D(A) C N,D(A™).
Let S, and S be the semigroups generated by —A" and —A respectively. The following

properties are equivalent:

i) Forevery x € D(A), Sy(-)x — S(-)x uniformly in compact subsets of [0,4co).
ii) For every x € D(A) and every A >0, (I +AA")"lx — (I+AA) " x.

There is an important corollary to this theorem, that allows us to study the semigroup of
an operator given by a sum of operators as the sequential application of the semigroup of
each of these operators.

Proposition 2.4 ([Bré73, Proposition 4.4 (p. 128)]). Let A, B be univoque maximal mono-
tone operators such that A + B is maximal monotone. Let Sx,Sp,Sa1p be the semigroups

associated to —A,—B,—(A+ B). Let C be a closed convex subset of D(A) N D(B) such that
(I+2AA)~Y(C) c Cand (I+AB)~'C C C. Then, for every x € CND(A)ND(B),

[SA <Z> Sp (;)]"anMB(-)x 2.81)

uniformly in every compact subset of [0, +oo).
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2.7.4 Steiner rearrangement of semilinear parabolic problems

In [DGC15b] and [DGC16] J.I. Diaz and myself apply Proposition 2.3, the Trotter-Kato

theorem (in the form of Proposition 2.4) and explicit comparisons of the pointwise ODE

y + g(u) = f (2.82)

to obtain the following symmetrization results. The proofs can be found in the corresponding
papers collected in the Appendix.

Theorem 2.13 ([DGC15b]). Let g be concave, verifying

T

/ 90w VIm0 (2.83)
0 8(0)

Let h € W'(0,T), such that h(t) > 0 for allt € (0,T), f € L*(0,T : L*(Q)) with f >0 in

(0,T) and let uy € L*(Q) be such that ug > 0. Let, u € C([0,T] : L*(Q))NL*(8,T : H} (Q))

andv € C([0,T]: L*(Q*))NL*(8,T : HY(Q)), for any 8 € (0,T), be the unique solutions

of

5 —Auth(t)g(u) = f(t), inQx(0,T),

(P) qu=0, on dQ x (0,T),

u(0) = uo, on Q,

\

(

5 —Av+h(t)g(v) = f4(1), in Q% (0,T),
(PH {y = 0, on Q% x (0,T),
V(O) = VO, on Q#,

\

where vy € L*(Q%), vo > 0 is such that

S S
[ uitoao < [itoao,  wse .
0 0

Then, for any t € [0,T] and s € [0, |Q’[]

N S
/ u*(t,o,y)do §/ vi(t,0,y)do.
0 0

Theorem 2.14 ([DGC16]). Let B be a concave continuous nondecreasing function such
that B(0) = 0. Give T > 0 arbitrary and let f € L*(0,T : L*(Q)) with f > 0in (0,T) and
let wo € L*(Q) be such that 0 <wo < 1. Letw € C([0,T] : L>(Q)) N L*(8,T : H}(Q)) and
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z€C([0,T): LXH(Q*)NL*(8,T : HL(QY)), for any § € (0,T), be the unique solutions of

(25 Aw+AB(w) = f(1) inQx (0,T),

(P){w=1 on dQ x (0,T),
w(0) = wy on Q,

(% At ABR) = f*0), in Q% (0.T),

(P*) Sz=1, on 9Q* x (0.T),

Kz(O) = 20, on Q¥

where 7o € LZ(Q#), 0 <zo <1 is such that

(o4 o4
/ z0(0,y)do < / wy(o,y)do, Vs €10,|Q|] and a.e. y € Q".
N N

Then, for anyt € [0,T], s € [0,|Q’|] and a.e. y € Q"

lof (o]
/ Z*(t,0,y)do < / w(t,0,y)do. (2.84)
N S

In terms of the comparison of the effectiveness we have the following consequence:

Corollary 2.2. In the assumptions of Theorem 2.16, for any t € [0, 4o0) we have

/ ﬁ(z(t,x))dxﬁ/ﬁ(w(t,x))dx. (2.85)
of Q

We include now an unpublished alternative proof to one given in [DGC15b]. Let us

define S4 as the solution of

u+Au=0, (0,T)xQ
u=20, x€dQ (2.86)

u = u, t=0

and S ()up = u(t). If we solve in Q" the semigroup operator will be called S%. For the
remainder of the text § : R — R is a nondecreasing function, and if A = 3 then A represents

the Nemitskij operator associated to 3 in the sense that Au = S ou.
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Proposition 2.5. Let f € L*(Q) and ug < vy . Then, for a.e. t € (0,T)

S_a-p(t)uo < 8%\ u(t)vo. (2.87)

Proof. We proceed as in [Ban76b]. We write a parabolic inequality for U(¢,0,y), whereas

for V the equality holds and the result follows from the comparison principle. 0

Proposition 2.6. Let 3 be convex and uy < vo. Then, for a.e. t € (0,T)
S (t)uo = Sk (1)vo. (2.88)

Proposition 2.7. Let f € L*(Q) and ug < vo. Then, for a.e. t € (0,T)

S_avpr(thuo < 8* 5 5 w(t)vo (2.89)

Proof. The Trotter-Kato formula applies
(5-ars (%) Sp <§l>>nu0 — S_prp—s(t)uo, (2.90)
(8" e (5) st (%))nvo =5 (0o, (2.91)

Thus, by applying the previous propositions

a5 ()= (ar (DS ()0 e

as n — oo in L2(Q) and L?(Q*) uniformly in ¢ for ¢ € [0, T]. Hence, the comparison holds
in the limit. L

Proof of Theorem 2.16. Let us first assume that f € €'([0,T]; L*(Q)). Let us split [0, 7] in n

parts 7;; = .- T and let f" be a piecewise constant function, given by

f'(t) = f(tf) fort € [t 17, 1).

Take the mild solution «". Since f is piecewise constant, a simple induction argument shows

that we can take the semigroups piecewise, for ¢ € [1/,1] )

" " T T
u (t) = S—A-‘—ﬁ—f(f,’:) (l _tk)S_A“’B_f(l]’(l_]) (—) . 'S—A—l-ﬁ—f(o) <;) Uup (293)

n
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Applying the same reasoning for v, we get, for ¢ € [t 1] +1)

n n T T

Applying the formulation (2.93) and (2.94) and Proposition 2.7 finite times we have that, for
ae. t€0,7T]

u' (1) <V(t). (2.95)
It is easy to check that f* — fin L2((0,T) x Q) and (f*)* = (f*)" — f*in L2((0,T) x Q)
(see, for example, [Rak08]). Due to the properties of the equations we have that u,, — u in
L>((0,T) x Q) and v, — v in L?((0,T) x Q). Therefore, the comparison (2.95) holds also
in the limit, which concludes the proof for f € ([0, T];L*(Q)). For f € L*((0,T) x Q) we
take a sequence of functions (") € €([0,T] x Q), f* — f in L*((0,T) x Q). Due to the
continuity of -* : L>(Q x (0,T)) + L?>(Q* x (0, T)) the result follows. O

2.7.5 Steiner symmetrization of semilinear elliptic problems

In [DGC15b] and [DGC16] the proof of the semilinear elliptic problem is done by passing to
the limit in the parabolic problem. If the comparison holds for every time it holds for the

limit elliptic problem. The details can be found in the indicated papers.

Theorem 2.15 ([DGC15b])). Let g be concave, verifying

T
/ ) (2.96)
o &(o)

Let f € L*(Q) with f > 0. Let u € H}(Q) and v € H} (Q") be the unique solutions of

—Au+gu)=f inQ,

P
(P) u=>0, on 0Q

~Avtg(v) =t inQF

(P")
v=0, on 9QF.

Then, for any s € [0,|Q/|] and a.e. y € Q"

S S
/u*(G,y)dGS/ vi(o,y)do.
0 0
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Theorem 2.16 ([DGC16]). Let B be a concave continuous nondecreasing function such that
B(0)=0. Let f € L*(Q) with f >0,0<wo < 1. Let w € H'(Q) and z € H'(Q*) be the
unique solutions of

—Aw+AB(w)=f inQ,

P
) w=1 on 0Q,

—Az+AB(z) = f* in QF,

(P")
z=1 on 9QF,

Then, for any s € [0, |Q|] and a.e. y € Q"

fof o)
/ Z*(G,y)dO'S/ w*(o,y)do. (2.97)

2.8 Other kinds of rearrangements

2.8.1 Relative rearrangement

Another rearrangement technique which has brought a lot of results in the last century is
known as relative rearrangement. We will use its properties in Chapter 4.

Let us define this rearrangement

Definition 2.7. Let u be a measurable function, v € L' (Q) and, for s € [0, |Q|]

2 / v(x)dx, i ‘P(S)‘ 0.
0(s)
w(s) = 5—10(s)| 2.98)
/v(x)dx+ / (v|p(s))*(0)do, if [P(s)| 0.
o(s) 0
where
P(s) = {xeQ:uly) =u' (9}, 299

O(s) ={xeQ:u(x)>u(s)}. (2.100)
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The relative rearrangement of v with respect to u as

_dw

v (s) = g(s) (2.101)

It is known that if v € LP(Q) then [|v;[|»(0,10)) < I|Vl|r(q)- Many other properties can be
found in [Rak88].

One of such results is the following:

Theorem 2.17 (Rakotoson and Temam [RT90]). Let Q be a bounded connected set,
of class C?. Let f € L'(Q) and u € WH(Q). For almost every t € (essinf(u), esssup(u))

(where essinf and esssup are the essential infimum and supremum) we have

d / *
4 P = (1) £ ((0). 2.102)
{xeQiu(x)>t}

Another application of such kind of rearrangement is the obtention of a L™ bound for
semilinear equations given by Leray-Lions type operators (see [Rak87]). The results can be

generalized to weighted spaces, and similar results are obtained (see [RS97; RS93a; RS93b]).

This kind of technique has also been used in Chapter 4 to obtain estimates of very weak
solutions.

We complete this chapter by saying a few words on weighted rearrangements.

Gaussian rearrangement

The previous approaches to rearrangement yields good results in bounded domains. However,
unbounded domains are not covered, since Q* would be the whole of R”. A rearrangement
based on the the Gaussian distribution

¢(x) = (27) " 2 exp (—%) (2.103)

can be applied. It has been used in several papers [BBMPO02; Di 03; CO04] with good results.

The idea is to define a weighted measure to substitute the Lebesgue measure

12, :/ @ <[0,1]. (2.104)
Q
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929

We this definition in mind the can the rearrangement of a set as
QE,, = {x=(x1,---,%,) : x1 > a} such that |Q’3p| =|Q|.
For a function u : Q — R we define

Ho(1) = {x € Q: fu(x)[ > 1}y,
Uup(s) =inf{t > 0: u(t) <s},s €[0,1]

and ugp : Q?,, — R as the only function such that

|{x:Q§p : |ugp(x)\ >thHe=[{xe€Q:|ulx)] >t}

i f

(2.105)

(2.106)
(2.107)

(2.108)

Naturally ug(x) = ug(x1) = u*(k(x1)). This rearrangement is well suited to compare elliptic

problem in which the coefficient are of Gaussian-type. Let us state here the result for the

parabolic problem

Theorem 2.18 ([CO04]). Let u be an analytical solution of

g Ldiv(eVu)=f Q=Qx(0,T),

ot [0}
U = Uy t=0,
u=>~0 Q.

where f € L*(Q, 9) and uy € H} (Q, 9). Let v be the symmetrized solution

P Ldiv(pvy) = f5 Q% x(0,T),

at ¢
V= (MO)EP ! :()7
v=20 Q.

Then,
N N
/Ou*(p(t,c)dcg/o Ve(t,0)do Vs €|0,1].

(2.109)

(2.110)

(2.111)






Chapter 3

Shape optimization

3.1 Shape differentiation

The main goal of this section is to analyze the differentiability, with respect to the domain €,
of the effectiveness factor (2.3)

E(Q) = ’EH/SZB(WQ)dx. (3.1)

For convenience, we will sometimes refer to the ineffectiveness (2.4). This will pass by the
differentiation of functions wq (resp. uqg) defined by (2.1) (resp. (2.2)).

This kind of problem falls within the family of problems already considered by Hadamard
[HadO8] and it has been studied by several authors in the literature (see, e.g., [MS76; Pirl2;
Sim80] and the references therein). In the most general formulation this family of problems
may be associated to the general boundary value problem:

A(D)) = f, inD,
B(u(D))=g, ondD

(3.2)

and the question is to study the differentiability with respect to D of a functional which can
by given generally as

J(D) = /D Clup)dx,

where A, B, C are operators or functions that may contain also some derivatives of up and D
is a domain belonging to a certain class.
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As mentioned before, our aim is to study the differentiability of functional (2.4). We
consider a fixed open bounded regular domain of R", Q, and study its deformations given
by a “small” function 6 : R” — R”, so that the new domain is Q = (I + 0)Qo, where I is the
identity function

I(x) =x. (3.3)

We consider, as it is the case in chemistry catalysis, g and f such that 0 < wgq,ug < 1. Be-
sides the above mentioned references we recall here the articles [Der80] for a linear problem
with a Dirichlet constant boundary condition and [MPM79] where a semilinear equation

arising in combustion was considered (corresponding, in our formulation to take g(u) = —e").

First we studied in [DGC15a] the case in which g (and ) are smooth (in W2 (R)).
Then, in [GC17] we studied some non smooth cases. In particular, due to its importance in
Chemical Engineering, we will discuss the case of root type non linearities. This is much
more difficult, since for this kind on nonlinearity a dead core appears, and therefore the
non-differentiable point of the nonlinearity might be in the range of the solution.

3.1.1 Fréchet derivative when € W2

In order to obtain properties in the sense of derivatives, we consider two approaches, mim-
icking the approach in Differential Geometry. We first consider the global differentiability
of solutions (as it was done in the linear cases in [HPOS5; All07] and for abstract problems
in [Sim80]), which unfortunately requires derivatives in spaces of very regular functions,
and then we take advantage of the differentiation along curves (the approach followed in
[SZZ91]).

Let us recall that, for Q C R”, uq is the unique solution of (2.2) (we assume that the
formulation of the problem leads to the uniqueness of solutions). Let Qg be a fixed smooth

domain. We will work in the family of deformations
Qo =(1I+06)Q (3.4)
where 8 € W>=(R" R"). We will consider the Lagrangian representation of ug, as

o = g, (335)
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and the Eulerian representations
g = ugo(I+8). (3.6)
Notice that
ug : Qg > R ﬁg:Qo—)R.
It turns out that uy simplifies the study of the differentiability of ug and the functional 11 (€)

with respect to Q.

Our proof relies heavily on the Implicit Function Theorem. The application of this theo-
rem requires an uniform choice of functional space, which would require some additional
informations on u. This kind of difficulties in the functional setting is well portrayed in
[Bre99].

For the nonlinearity g we shall consider the following assumptions:

Assumption 3.1. g is nondecreasing.

Assumption 3.2. The Nemitskij operator for g (which we will denote again by g in some
circumstances, as a widely accepted abuse of notation)

G:H'(Q) — L*Q) (3.7)
u — gou (3.8)

is well defined and is of class €™ for some m > 1.

We recall that Assumption 3.2 immediately implies that [DG](v)@ = g'(v)¢ for @,v €
H'(Q) and that, if G is of class €*, with k > 1 then necessarily g(s) = as 4 b for some
a,b € R (see, e.g., [Hen93]).

Our first result collects some general results on the differentiability of the solution ug
with respect to Q:

Theorem 3.1 ((DGC15a)). Let g satisfy Assumption 3.1 and 3.2. Then, the map

WL (R R") — H(Qo)

9'—>ﬁ9
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(where 1ig is defined by (3.6)) is of class €" in a neighbourhood of 0 if f € H*(R") where

[ = min{k,l}. Furthermore, the application

w:WH(RR") — L*(R")

9'—)1/!9

(where ug is given by (3.5) and extended by zero outside Qg ) is differentiable at 0. In fact
W' (0) : Whe(R* R") — H'(Qq) and

' (0)0 + Vug, - 8 € Hy(Q).

Remark 3.1. Since the function is only differentiable at 0 we will simplify write ' to

represent u'(0).

One of the easiests ways to characterize the global derivative is, as usually, to compute

the directional derivatives.

Definition 3.1. We will say that & is a curve of deformations of Qg if
®:[0,7) = Whe(R" R")

is such that det®(7) > 0 and $(0) = 1.

Assumption 3.3. We will say that 0 is a curve of small perturbations of the identity if
®(1) =1+ 6(7) is a curve of deformations and

i) 0:[0,T) — WhH>=(R",R") is differentiable at O (from the right)
ii) 8(0) =0.

Sometimes we will consider higher order derivatives too. We will refer to 6 or &
indistinctively, since they relate by ®(7) =1+ 0(7). It will be common that we consider the
curve of deformations

d(t)=1+16, (3.9)

for a fixed deformation 8 € W!(R”,R"). In this notation we will admit the abuse of no-
tation 6(7) = 76, where naturally both elements are different, but this should not lead to
confusion.

In this terms, the above theorem leads to:
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Corollary 3.1. Let ® be a a curve of deformations of class €*. Then t — Vo(r) Is of class
€' with | = min{m,k}.

Our second result concerns the characterization of #’. We have:

Theorem 3.2. Let g satisfy Assumption 3.1 and 3.2. Let 0 be a curve satisfying assump-

tions 3.3. Then u is differentiable along ® at least at 0. That is, the directional derivative

d

Sz (uo®) exists, and it is the solution u’ of the linear Dirichlet problem

—Au' + A8 (ug,)w' =0 in Qo,
u' = —Vug,-6'(0) on 9.

(3.10)

We point out that the above result shows, in other terms, for 6 € Wl’“(R”,]R”), that
u'(0)6 is the unique weak solution of the Dirichlet problem

—Au' +Ag' (ug,)uw' =0, inQy,
' =—Vug, -0, on dQ.

(3.11)

As consequence we have:

Corollary 3.2. The function u’ : W'=(R" R") — H'(Qy) is continuous. In fact, since due
to Assumption 3.2, the solution u of (2.2) verifies u € WP (Qq) for any p € [1,+oo), then for
any q € [1,+)

|1/(0)(0) |y < c|Vuu- 8 1p(90,) < ¢10]e| Vg, 1r(30y) (3.12)

< (P[] uay w2.r(ag)- (3.13)

Concerning the differentiability of the effectiveness factor functional we have:

Theorem 3.3. On the assumptions of Theorem 3.1, let
n(0) = / g(u(r19)0,)dx. (3.14)
(I+6)Q
Then 1 is of class €™ in a neighbourhood of 0. It holds that

dl’l
A (m) ooy= | —Y _(e@m
A (0)(64,- -, 6) /QO Jo.--d6, (8(0)o) dx. (3.15)
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Its first derivative can be expressed in terms of u
7/(0)(6) = / (¢ (uay )i +div(g(ua,)0)) dx, (3.16)
Q
and, if d€ is Lipschitz,

ﬁ’(O)(G):/ g’(ugo)u’dx—l—g(O)/ 0-nds, (3.17)
Qo (990

where u' = u'(0)(0).
As a direct consequence we get:

Corollary 3.3. On the assumptions of Theorem 3.1, it holds that

n'(6) = @ (/Qog/(ugo)u/ dx—1(0) /{)QO 0-n dS) .

Corollary 3.4. On the assumptions of Theorem 3.1, if ® is a volume preserving curve of

deformations then
1

/ /
=— [ g(ug,)u dx.
Q0] Ja, ’

n'(8)
We point out that if g is Lipschitz (i.e. g € W!>(RR)) then we get that

1(6) = n(0)] =n"(0)(A6)] < clg’loo|ulyy2 |0

The details of the proof of the results in this section can be found in [DGC15a]. They

will be ommited here to speed-up the presentation of results.

3.1.1.1 Functional setting: Nemitskij operators and the implicit function theorem.

Let us formalize what we mean by a shape functional. At the most fundamental level it
should be a function defined over a set of domain, that is defined over a subset € of Z2(R").
Since we want to differentiate this functional we, at the very least, need to define proximity,
that is a way to define the neighbourhood of a set. As it is usual in the literature of shape
optimization we work over the set of weakly differentiable bounded deformations with
bounded derivative, i.e. over the Sobolev space W1 (R", R").

Definition 3.2. We say that a functional I : € C #(R") — R is defined on a neighbourhood
of Qg C R if there exists U a neighbourhood of 0 on W1 (R",R") such that I is defined
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over {(Id+0)(Qo) : 6 € U}. We say that I is differentiable at Qy if the application

Ww=(R%RY) — R
6 — I((Id+6)())

is differentiable at O.

We present a sufficient condition so that Assumption 3.2 holds. This is widely used in the
context of partial differential equations, but as far as we know no reference is known besides
it being an exercise in [Hen93]. That being the case we provide a proof'. Other conditions,

mainly on the growth of g can be considered so that Assumption 3.1 and 3.2 hold.

Lemma 3.1.1. Let g € W>*(R). Then the Nemitskij operator (3.8) (in the sense LP(Q) —
L? (Q)) is of class € for all p > 2. In particular, Assumption 3.2 holds.

Proof. Let us define G the Nemitskij operator defined in (3.8). Consider it G : LP(Q) —
L?(Q) for p > 2. We first have that, for L = max{||g|e, ||g’ ||, ||&" || }

1G () ||L2—/|g 2dx<L/ 1 — v

so that G is continuous. For p > 2 let ¢ € ¥*(Q) we compute

et @) — g(u) — &' (w) |22 = / g/ (u(x))Plo()|2dx

for some function & (x), between u(x) and u(x) + ¢(x), due to the intermediate value theorem.
We have that

18"(6(x)) — &"(u((x))] <LIE (x) — u(x)| < L|g(x)|
() — g (ux))| <2L
() = &' (u(x)| <L2'"%p(x)|%,  VYa € (0,1).

Therefore,
letu+9) sl g ol <1222 [ gl
Let 2 < p < 4 then we have that p =2+ 2o with 0 < o < 1. We then have that

lg(u+ @) —g(u) — ¢ (Wl 2 < L2~ (x)l| %,

I'This candidate is thankful to Prof. J.M. Arrieta for the details of the proof.
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which proves the Fréchet differenciability. For p > 4 we have that L”(Q) < L3(Q). Further-

more, for any given dimension n we can use the Sobolev inclusions H' (Q) «— LP(Q) with

p > 2, proving the desired differenciability.

Some other well-known results are quoted now:

Theorem 3.4. Let g € W''P(R"). Then the map

& :Whe(R" R") — L(R")
0 — go(I+6)

is differentiable in a neighbourhood of 0 and

&'(0) = (Vg)o (I+86).

Theorem 3.5 (|[HPOS5, Lemme 5.3.3.]). Let

g:WI=(R"RY) — LP(R"),
¥ wheRLRY) - WHe(R,R")

continuous at 0 with ¥(0) = I,

WIe(R"R") — LP(R")x L*(R";R")
6 — ((0),¥(6))

differentiable at 0, with g(0) € WI'P(R") and
g (0): W]’”(]R”,R”) — Wl’p(R”)
is continuous. Then the application

& :WL=(R"R") — LP(R")
0 — g(0)o¥(0)

is differentiable at 0 and

6'(0) = ¢'(0) + Vg(0) - ¥ (0).

]

(3.18)
(3.19)

(3.20)
(3.21)

(3.22)
(3.23)

To conclude this section we state a classical result, the Implicit Function Theorem. This

result is typically a direct consequence of the Inverse Function Theorem. In the Banach space
setting this result is originally due to Nash and Moser (see [Nas56; Mos66]). In the detailed



3.1 Shape differentiation 109

survey [Ham82] the author points towards Zehnder [Zeh76] as one of the first presentations

as implicit function theorem.

Theorem 3.6 (Implicit Function Theorem). Let X,Y and Z be Banach spaces and let U,V be
neighbourhoods on X and Y, respectively. Let F : U XV — Z be continuous and differentiable,
and assume that DyF(0,0) € £(Y,Z) is bijective. Let us assume, further, that F(0,0) = 0.
Then there exists W neighbourhood of 0 on X and a differentiable map f : W — Y such that

F(x, f(x)) = 0. Furthermore, for x and y small, f(x) is the only solution y of the equation
F(x,y) =0. If F is of class €™ then so is f.

3.1.1.2 Differentiation of solutions

For the reader convenience we repeat here the general result in [Sim80]:

Theorem 3.7. Let D be a bounded domain such that dD be a piecewise €' and assume
that D is locally on one side of dD. Let ug be the solution of (3.2). Let us use the notation
€k = €H(R",R") and k > 1. Assume that

u(0) € W™P((I1+ 6)D) (3.24)

and that for every open set D' close to D (for example D' = (I1+ 0)D for small 0 in the norm
of 6%), A,B,C: W™= 1P(D") — ' (D) are differentiable and

A:WmP(D') — 9'(D')
B:wm™P(D') - wh(D) (3.25)
C:wmP(D'") — LY(D')

and

¢k — wmp (3.26)
0 — u(®)o(I+0) (3.27)

is differentiable at 0. Then:

i) The solution u is differentiable in the sense that

u: 6k — Wm_l’p(D) is differentiable

loc
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and the derivative (i.e. the local derivative u' in the direction of T) satisfies

dA

E —(up)u' =0, in D. (3.28)

i) If
(60— B(u(8)) o (I+ ) is differentiable at 0 into W' (D),
(i.e. with the WH1(D) topology in the image set)

(3.29)
B(ug) € W>!(D),
\g c W2,1 (Rn)
then u' satisfies

0B ;- 0

E(uo)u = —T-n%(B(uo) —g). (3.30)
iii) If

0 — C(u(0)) o (I+ 0) is differentiable at 0 into L' (D), (331

C(ug) € WH(D),

then 0 — J(0) is differentiable and its directional derivative in the direction of T is:
T—/ —u dx+/ 7-nC(up) dS. (3.32)

3.1.1.3 Differentiation under the integral sign

We shall follow some reasonings similar to the ones presented in [HPOS]. Let us define
Q; = ®(1,Q) and consider a function f such that f(7) € L' (Q;). We take interest on the

map

I:R — R (3.33)
T +— f(t,x) dx—/ f(z,®(1,y))J(7,y) dy (3.34)
Q;

where f(7,x) = f(7)(x) and the Jacobian

J(7,y) = det(Dy®@(7,y)).
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Theorem 3.8. Let ® satisfy Assumption 3.3, f such that
£:00.7) - L'(R")
T = f(7)

is differentiable at 0 and, besides, it satisfies the spatial regularity at T =0
£(0) e WH(RY).

Then, T+ I(t) = [o_f(7) is differentiable at 0 and

ro)= [ s0-+an (f(O)aaif(O)) |

If Qq is an open set with Lipschitz boundary then

o= [ o+ [ son5o.

29

In simpler terms, under regularity it holds that

d

ot

T_O( th(r,x)dx) :/QO {%(O,X)—Fdiv (f(O,x)%(O,x)) }dx. (3.35)

We have some immediate consequences of Theorem 3.8

Lemma 3.1.2. Let g €¢ WHY(RN) and W : [0,T) — W' be continuous at 0 such that ¥ :
[0,T) — L is differentiable at O, and let Z be its derivative. Then

G:00,7) — LYR" (3.36)
T > goW¥(1) (3.37)

is differentiable at 0 and G'(0) = Vg - Z.
Lemma 3.1.3 (Differentiation under the integral sign). Let E be a Banach space and

fiExQ — R (3.38)
(vy) = f(my) (3.39)
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such that

f:E - LY(9Q) (3.40)
v = f(v,) (3.41)

is differentiable at vq. Let

F:E — R (3.42)
Vo /f(v,y)dy (3.43)
Q

Then F is differentiable at vy and

3.1.2 Gateaux derivative when f ¢ W1

Once the case B € W2>(R) is understood, let us focus on the less smooth case § € W= (R).
In this case, we can only prove that the shape derivative exists in the Gateaux sense (which is
weaker than the Fréchet sense).

Theorem 3.9. Let 6 € W!=°(R",R"), B € W1*(R) be nondecreasing such that B(0) =0
and f € H'(R"). Then, the applications

R — L*(Q)

T = Ugice)Q,° ([ +10),
and
R — L*(R")
T = UWit160)Q
are differentiable at 0. Furthermore, ddiﬂrzo is the unique solution of (3.11).
In this chapter we will be particularly interested in the case in which 8’ only has blow-up

at w = 0. Let us define
_dwg

dt =0

v (3.44)
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We can rewrite (3.11) in terms of w

—Av+ B (wo,)v=0 Q,
v+Vwg,-0=0 Q.

(3.45)

Remark 3.2. In most cases, the process of homogenization developed in Chapter 1 leads to
an homogeneous equation (2.1) in which f is the same as the function in the microscopic
problem, and thus it is natural that 3 be singular at 0. However, it sometimes happens that
the limit kinetic is different. In the homogenization of problems with particles of critical size
(see [DGCPS17c]) it turns out that the resulting kinetic in the macroscopic homogeneous
equation (2.1) satisfies B € W', even when the original kinetic of the microscopic problem

was a general maximal monotone graph.

3.1.21 From W2 to Wl>=nN¥!

Let us show that the shape derivative is continuously dependent on the nonlinearity, and thus
that we can make a smooth transition from the Fréchet scenario presented in [DGC15a] to

our current case. For the rest of the paper we will use the notation:

Lemma 3.1.4. Let f € L>(R"), B € W'*(R) be a nondecreasing function such that B (0) =0
and let B, € W**(R) nondecreasing such that B,(0) = 0. Let w, be the unique solution of

_AWn+Bn(Wn) = f QOa

(3.46)
wy, =1 0Q.
Then
wn =wllgi (@) < CllBr = Bll~(r) (3.47)
1w = wllrrzy) < L+ 1B @)1 Bn = Bll=(e)- (3.48)
Furthermore, let B € C'(R)NW1(R) and v,, be the unique solution of
—Avy+ Br(wa)vy =0 Qo, (3.49)

v, +Vw, -0 =0 0Q.

Then, if B, — B in WH>=(R),
vy —vin H'(Q). (3.50)
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Remark 3.3. In (3.47) we used the notation
1Bn = Bllz= = sup |Bu(x) — B(x)].
xeR

It doesn’t mean that either 3, or B are L”(R) functions themselves, but rather that their

difference is pointwise bounded. In fact, this bound is destined to go 0 as n — +oo.

3.1.3 Shape derivative with a dead core

We can prove that the shape derivative in the smooth case has, under some assumptions, a

natural limit when f3 is not smooth.

In some cases in the applications (see, e.g., [Dia85]) we can take f3 so that B'(wgq,) has a

blow up. It is common, specially in Chemical Engineering, that /(0) = +o0 and
Ng, = {x € Q) 1 wq,(x) =0}

exists and has positive measure (see [Dia85]). This is region is known as a dead core. In this
case 3'(wq,) = +oo in Ng,. Due to this fact, the natural behaviour of the weak solutions of
(3.45) is v=01in Ng,. We have the following result

Theorem 3.10. Let B be nondecreasing, B(0) =0, B'(0) = oo,
Bec®R)NE (R\{0}),

and assume that |Ng,| >0, 8 € WL=(R" R") and 0 < f < B(1). Then, there exists v a
solution of

—Av+B'(wa,)v=0 o\ Ng,,
v=0 INg,, (3.51)
V= —VWQO -0 890,

in the sense that v € H'(Qqg), v=0in Ng,, v=—Vwq, - 0 in L*(dQy), B (wg,)v* € L' (Qo)

and
/ ViV +/ B (w)ve =0 (3.52)
Qo\Ng,, Qo\Ng,,

for every @ € Wl (R0 \ Ngy,). Furthermore, for m € N, consider B, defined by

Bu(s) =min{m,B'(s)},  Bu(0) =B (0)=0,
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and let wy,, vy, be the unique solutions of (3.46) and (3.49). Then,
Vm —v, in H'(Q), (3.53)

where v is a solution of (3.51).

The uniqueness of solutions of (3.51) when f’(wgq,) blows up is by no means trivial.

Problem (3.51) can be written in the following way:
—Av+V(x)v=f (3.54)

where V (x) = B’(wq,(x)) may blow up as a power of the distance to a piece of the boundary.
This kind of problems are common in Quantum Physics, although their mathematical treat-

ment is not always rigorous (cf. [Dial5; Dial7]).

In the next section we will show some estimates on 8'(wgq,). Let us state here some

uniqueness results depending on the different blow-up rates.

When the blow-up is subquadratic (i.e. not foo rapid), by applying Hardy’s inequality
and the Lax-Migram theorem, we have the following result (see [Dial5; Dial7]).

Corollary 3.5. Let No, have positive measure and ' (u(x)) < Cd(x,Ng,) ? for a.e. x €
Qo \ N, Then the solution v is unique.

The study of solutions of problem (3.54) in Qy when V € L}O -(Qo) was carried out by
many authors (see [DR10; DGCRT17] and the references therein). Existence and uniqueness
of this problem in the case V(x) > Cd(x,dQy)~" with r > 2 was proved in [DGCRT17].

Applying these techniques one can show that

Corollary 3.6. Let Ng, have positive measure and ' (w(x)) > Cd(x,Ng,)~",r > 2 for a.e.
x € Qo \ Ngy,. Then the solution v is unique.

Similar techniques can be applied to the case B’ (w(x)) > Cd(x,Ng,) 2. This will be the
subject of a further paper?.

2 At the time of writing this thesis, there is a draft of such a paper by this candidate jointly with J.I. Diaz and
J.M. Rakotoson
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3.1.4 Estimates of wq, close to Ng,

Let us study the solution wg, on the proximity of the dead core and the blow up behaviour of

B'(wq,)- First, we recall a well-known example

Example 3.1. Explicit radial solutions with dead core are known when B (w) = |w|¢~'w
(0 < g < 1), Qpis aball of large enough radius and f is radially symmetric. In this case it is

known that Ng, exists, has positive measure and

1 _ _
Ed<x7NQo) 2 Sﬁ/(WQO) SCd(vaQO) g

For the details see [Dia85].

In fact, we present here a more general result to study the behaviour in the proximity of
the dead core, based on estimates from [Dia85].

Proposition 3.1. Ler f =0, B be continuous, monotone increasing such that B(0) =0, w
be a solution of (2.1) that develops a dead core Ng,, of positive measure and assume that
dNg, € €. Define

G(1)=V2 ( /0 t B(t)dt+ oct) % ., where ot = max {0, min H(x)a—w(x)} . (3.55)

x€9Q al’l

and assume that é € L'(R). Then
wo, (x) < W N(d(x,Ng,)), inaneighbournood of Ng,, (3.56)

where ¥(s) = 05%.

Example 3.2 (Root type reactions). Let f =0, B(s) = A|s|"'s with 0 < g < 1 and let Qg
be a convex set such that Ng, exists and satisfies that QNQO € €'. Then

woy (x) < Cd(x, N, ) 7. (3.57)

Furthermore
B’ (wa,(x)) > Cd(x,Ng,) . (3.58)

Remark 3.4. The regularity assumptions on dNg, are by no means trivials. Examples can
be constructed in which this does not hold. However, there are many cases of relevance the

applications in which this regularity holds.



3.2 Convex optimization of the homogenized solutions 117

3.2 Convex optimization of the homogenized solutions

This section includes results published in [DGCT15] [DGCT16].

For the homogenized problem, we have the following optimality result:

Theorem 3.11. Let | <o < 15, 0<0 <|Y

Let us assume that

, C,D be fixed proper subsets of Y and &€ > 0.

Gy satisfies the uniform &-cone property. (3.59)
We define

Uaim = {C C Gy C D : Gy satisfies (3.59) and |G| = 6},
Co(D) ={Go C D : Gy is open, convex and |Gy| = 6}.

Then, at fixed volume 6 € (0,|Y
ness for the homogenized problem (see Chapter 1) in the class of Gy € Uygp, NCo(D).

), there exists a domain of maximal (and minimal) effective-

For small (non-critical) holes, we can characterize the optimizer shape in the class of

fixed volume.

Theorem 3.12. For the case 1 < & < -5, the ball is the domain Gy of maximal effectiveness

for a set volume in the class of star-shaped C* domains with fixed volume.

Remark 3.5. It is a curious fact that Theorem 3.12 is opposed to the homogenization with
respect to the exterior domain €. In this context, when € is a ball has least effectivity, as
can be shown by rearrangement techniques (see [Dia85]). In the context of product domains,
Q = B x Q" is the least effective on the class Q = Q' x Q" for set volume, at least for convex
or concave kinetics as presented in Chapter 2 (see [DGC15b; DGC16; KS80]).

Through standard procedures in weak solution theory, one easily gets several results (see,
e.g., [Bré71a]).

3.2.1 Some auxiliary results for convex domains

For the optimization, we will restrict ourselves to a general enough family of domains, but
in which we can define a topology which makes the family to be compact. It is well known

(see, for example, [Pir84]) that the following result holds true.
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Theorem 3.13 ([Pir84]). The class of closed subsets of a compact set D is compact in &2 (R")

Jfor the Hausdorf{f convergence.

A proof for the continuity of the effective diffusion ag(Gy) (given by (1.77)) under the
Hausdorff distance in U, can be found in [HD95].

Lemma 3.2.1 ([HD95]). If Uuyy, is compact with respect to the Hausdorff metric and if
(G) C Uagm» G§ = Go as m — o, Go € Ugam, then ag(G) — ao(Go) in A4,(R), where ag
is the effective diffusion matrix given by (1.77).

The behaviour of the measure |Y \ G| is slightly more delicate (we include a commentary
even though, in our case, this will be constant). A distance with a definition similar to
Hausdorff metric is the Hausdorff complementary distance

dpe(Q1,Q7) = sup |d(x,Qf) —d(x,Q5)].
xeR”
It has the following property: given open domains (), Q, such that dyc(Q,,,Q) — 0
as m — oo then liminf,, |Q,,| > |Q|. However, lower semicontinuity of the measure of the
boundary (|dGy)) is, in general, false (see [HD95] for some counterexamples). Nevertheless,

the set of convex domains has a number of very interesting properties (see [ Van04]).

Lemma 3.2.2 ([Van04]). The topological spaces (Cg(D),dy) and (Cg(D),dyc) are equiva-

lent.

The continuity of the boundary measure is provided by the following result, proved in
[BGI7].

Lemma 3.2.3 ([BG97]). Let (Q,),Q € Cg(D). If Q1 C Qy, then |0Q| < |dQ2]|. Moreover,
if Q2.0 then |Qp| — Q| and |9Q| — |90

, AS M —» oo,

For the continuity of solutions with respect to Gy, we need the following theorem on the

continuity of the associated Nemitskij operators of g (see, for example, [Dal93] and [Li069]).

Lemma 3.2.4 ([Lio69]). Let g : Q X R — R be a Carathéodory function such that
lg(x,v)| < C(1+|v]9) (3.60)
holds true for g = 7 withr > 1 and t < . Then, the map
L'(Q) — L'(Q) v g(x,v(x))

is continuous in the strong topologies.
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Lemma 3.2.5. Let <7 be the set of elliptic matrices and let g satisfy (3.60) for some 0 < g <
25, Let u(A, A) be the unique solution of

—div(AVu)+Ag(u) = f, inQ,
u=1, on dQ,

Then, the application
o xRy - H' (Q)  (A,A)—u(4,A),

is continuous in the weak topology.

Proof. Let us define G(u) = [ g(s)ds and

JA,;L(@:%/Q(AW)-VH/QAG(V)—/va.

We know that u(A,A) is the unique minimizer of this functional. Let A,, — A and A,,, —
A be two converging sequences. It is easy to prove that u,, = u(A,,,A;,) is bounded in
HI(Q) and, up to a subsequence, u,, — u in H' as m — co. Therefore, fQ(AVu) -Vu <
liminf,, [¢,(AnVim) - Vi We can apply Theorem 3.2.4 to show that G(u,) — G(u) in L!
as n — oo (see details for a similar proof, for example, in [CDLT04]) and we have that
u=u(A,AL). O

Corollary 3.7. The map (I,A) — u, where I is the identity matrix, is continuous in the weak
topology of H'.

Corollary 3.8. In the hypotheses of Lemma 3.2.5, the maps (A,A) — [, g(u(A,1)) and
(I,A) — [o8(u(I,A)) are continuous.

3.3 Some numerical work for the case oo = 1

The following work is part of [DGCT15].

There exists a large literature on the computation and behaviour of the homogenized
coefficient ag(Gy), both from the mathematics and the engineering part (see, e.g., [ABG09],
[HD95], [Kri03]). In these papers, one can find power series techniques and numerical
analysis, generally for spherical obstacles. As it is common in the literature (e.g. [ABG09]),

we use the commercial software COMSOL. As said on the introduction, in Nanotechnology,
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however, it is a common misconception that the measure of the surface alone, |dGy|, is a

good indicator of the effectiveness of the obstacle.

Considering obstacles with some symmetries (for N = 2 it is sufficient that they are

invariant under a 90° rotation) in general, it is well known that
ao(Go) = a(Go)l, (3.61)

where o/(G) is a scalar (see, for example, [ABG09], [Kri03]) and / is the identity matrix in
AN (R). In this case, it can be easily proved that the effectiveness is an decreasing function

of
10 Gy

a(Go)|Y \ Gol

(it is a direct consequence of the comparison principle, see [Dia85]). In fact, this is the

A(Go) = (3.62)

only relevant parameter (once g(u) is fixed) of the equation (1.76). The behaviour of the

effectiveness with respect to the coefficient A can also be numerically computed:

s
a

Fig. 3.1 Plot of 1 as a function of A when Q is a 2D circle.

Let us consider, in dimension two for simplicity, the following obstacles:

Sustace: Dependent varible u 1) Suface: Dependent variableu 1)

(a) Circular particle (b) Square particle

Fig. 3.2 Two types of particle Gy, and the level sets of the solution of the cell problem (1.72)
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We can numerically compute the homogenized diffusion coefficient ap(Gy) via a para-

metric sweep on the size of the particle.

Effective diffusion coefiicient

vt circle

square

L ! ! L L L L |
0z 03 0.4 04 0.6 o7 0.s 09 1
I¥-Tl

Fig. 3.3 The effective diffusion coefficient a(Gy) as a function of |Y \ Gy.

Now, we can couple this with direct computations of |dGy| and compare the behaviour

of both indicators.

square
circle

lar

square

v -7| ¥ -T|

(a) Classical coefficient |dGy|- (b) New coefficient A (Gy)

Fig. 3.4 Coefficients |dGy| and A (Gy) as a function of |Y \ Go|.






Chapter 4

Very weak solutions of problems with
transport and reaction

In studying shape differentiation when the nonlinear kinetic term 3(u) is non smooth we find

that we need to understand problems of the form
—Au+ B’ (up)u = f, 4.1)

where ’(up) blows up in the proximity of the boundary of the dead core. Since ' (ug) is a
priori known (before we study u) we can define V (x) = 8/ (ug). The expected behaviour is,
in the blow up case that V (x) ~ d(x,dQ)~% where o > 0. Thus, we become interested in
the study of the problem

—Au+V(x)u=f. 4.2)

4.1 The origin of very weak solutions

The notion of very weak solution with data f such that fd(-,dQ) € L' (Q) first appears in an
unpublished paper by Brézis [Bré71b], and was later presented in [BCMR96]. Let

O(x) =d(x,0Q), x € Q. (4.3)
If u € €%(Q) is a solution of the following problem

{_Au =58 4.4)

U= up 0Q,
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then, integrating twice by parts we obtain that

/ uAp = / fo— / a 4.5)

for every @ € W*(Q)N WO1 (Q). A fortiori, even if u is not of class €, since, for this
test functions, § € L™(€), the problem (4.5) is well formulated for data f and u such that
f6 € LY(Q) and uy € L'(dQ). Equation (4.5) is known as the very weak formulation of
problem (4.4).

The surprising new result introduced by Brézis in 1971 is

Theorem 4.1 ([Bré71b]). Let f be measurable such that 8 f € L' (Q) and let uy € L' (0Q).
There exists a unique u € L' (Q) such that (4.5) for all € W**(Q) ﬂWOI’M (Q). Furthermore,

there exists a constant C > 0 such that

lull @) < CUI8f |1 @) + ol (90) (4.6)

Moreover, u satisfies that

p)
~ [ 1uip+ [ 5B < [ ppsigntu) (47
Q oQ n Q

forall p € W?>(Q) ﬂWOI’M(Q), where

1 s >0,
sign(s) =40 s=0, (4.8)
-1 s<0,

He goes further in a second result that states the following:

Theorem 4.2. Let f be measurable in Q such that § f € L' (Q), ug € L' () and B monotone

nondecreasing and continuous. Then there exists a unique u € L'(Q) such that 5 (u) €

L' (Q) that satisfies
/5<p+/l3 u)e = /f(p / ”"an (4.9)
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forall o € W>*(Q)N Wol’oo(Q). Furthermore, if u and @i are two solutions corresponding to
) fuo,lo then

lee—atll 1 () + 188 () — 8B (@)l| () < CUISf — 8l () + llto — dollr 9))  (4.10)

where C depends only on Q.

The theory of very weak solutions developed in the 20"-century focused on the use of
weighted Lebesgue spaces. Let L(Q) be the space of measurable functions in Q, u € L%(Q)
and 1 < p < +oo. We define the weighted L? space as

LP(Q,u) = {f cI)(Q): /Q|f|pu < +oo}. 4.11)

However, a more modern theory will require the definition of some interpolation spaces,
known as Lorentz spaces, which allow for sharp regularity results, and have nice embedding
and duality properties.

4.2 Lorentz spaces

In order to get sharper results of regularity we introduce some interpolation spaces. Lorentz
defined the following spaces in [Lor50; Lor51].

Definition 4.1. Given 0 < p,g < oo define

1£1l(p.g) = (/om<t;f*(’)>q?>q g < +oo,

sup 17 f*(r) g = +oo,
>0

and L(P9)(Q) = {f measurable in Q : £l (p.g) < +oo}-

There is an alternative definition of the Lorentz spaces, which is the one we have
considered.

Definition 4.2. Let 1 < p < +oo0, 1 < g < +oo. Letu € L%(Q). We define

V [télu!**(t)]q?r q < +oo,

sup 17 |ufs(t) q =+,
0<t<|Q|

1 t
il = where [ul.() = 1 [ lul.(s)ds.
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We define
LP9(Q) = {f measurable in Q : ||ul|, 4 < +oo}.

These spaces are equal, and their norms equivalent, to the previously defined Lorentz
spaces.

Proposition 4.1 (Corollary 1.4.1 in [Rak08]). Let 1 < p < +o0,1 < g < +oo. Then
LP4(Q) = L9 (Q)

with equivalent quasi-norms.

The functionals || - [[(, 4 do not, in general, satisfy the triangle inequality. However, L7/

is a quasi-Banach space. The following properties are known
Proposition 4.2 ((Gra09]). i) If0< p<ooand 0 < g < r < +oo then L\P9) c LP),
ii) L\PP) = LP forall p > 1.
iii) Let 1 < p,q < oo. Then (L'P9)(Q)) = L?'4)(Q).
iv) If g < r < p then LP>)(Q) N L) (Q) C L"(Q) (even for Q unbounded)
v) IfQ is bounded and r < p, then L'P=)(Q) C L’ (Q)

For the convenience of the reader we include an inclusion diagram for 1 < g <r < p < 4o
and Q bounded:

——

Lp1)c L(Pa)c L) — weak LP

| —

L(r1)c L(r4)c L) —prc  p(ne)

4.3 Modern theory of very weak solutions

Even though very weak solutions have been studied in many different contexts (see, e.g.
[MV13]) the papers most linked with the research in this thesis corresponds to [DR09; DR10].
In [DRO9] the regularity of very weak solutions

“Au=f Q
{ u=Jo (4.12)

u=>0 0Q,
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is studied, which can be formulated as (4.5) when uy = 0, and solutions and its gradients are
shown to be in Lorentz spaces. For the reader’s convenience a brief description of this was

given in Section 4.2.

Later, in [DR10] the authors tackle the problem

—A =f Q
{ utvu=g & (4.13)

u=>0 0Q,

where V > —A,(Q), the first eigenvalue of the Laplacian, which can be written in very weak
formulation as

Vue L'(Q,5),

)
) 1 oo (4.14)
—/uA(p+/Vu(p:/f<p Vo e W NW, 7 (Q).
Q Q Q

In [DR10] the authors prove an existence result for the most general case. As a matter of
fact, they also add a nonlinear term f3(u) to (4.13).
In this chapter Q C R" and
' p

p=—-" (4.15)
p—1

Theorem 4.3 ([DR10]). LetV € L} (Q) withV > —A > — Ay, where A is the first eigenvalue

loc

of L = —div(AVu) where A is symmetric, uniformly elliptic and C%'(Q). Then, there exists
a unique solution u € L”/’“(Q) NWH4(Q,8) for every 1 < g < szl satisfying

VueL'(Q,9),

) Lo (4.16)
/uL(p+/Vu(p:/f(p Vo e W=2NW, " (Q).
Q Q Q

Furthermore
i) [Vullo,s) < CllfllL s

i) ] e ) Il 0.5

iii) The following also holds

(SIS}

q , 1—
[l <l s (15171 0s) @17)
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Nonetheless, since " ¢ L (Q) for r > 1,6~ % ¢ L' (Q, 8) for a > 2. Therefore, we set
out to see what could be done in this case. In [DGCRT17] the author, jointly with J. I. Diaz,
J. M. Rakotoson and R. Temam, solved some cases left open in [DR10].

Theorem 4.4. Let Q be bounded and V > cd(x,dQ) ™%, s > 2. Then there exists a unique
very weak solution u € L' (Q) of the problem

—Au+Vu=f in Q

in the sense that

VueLY(Q,5)
) (4.18)
—/uA<p+/Vu<p:/f<p Yo e W7(Q).
Q Q Q

We will prove this result in Section 4.6.

Remark 4.1. Notice that the uniqueness theorem is stated without imposing any boundary
conditions in a classical way (the test functions have compact support).

Later, Brezis proved the same result for s = 2, in personal communication to the author

during his visit to Technion by an extension of the previous argument.

Theorem 4.5. Let Q be bounded and V > cd(x,dQ) 2. Then there exists a unique u € L' (Q)
such that (4.18)

We will include the details of the proof of this improvement!.

4.3.1 Very weak solutions in problems with transport

In developing the theory, thanks to a very fruitful collaboration with J.M. Rakotoson (U.
Poitiers, France) and R. Temam (U. Indiana, USA) we managed to extend the results to the

problem with a transport term

—Au—{—B-Vu—I—Vu:f Q
u=20 0Q,

(4.19)

where
divb=0 Q,

. (4.20)
b-n=0 0Q.

! At the time of writing, a draft paper containing further improvements is in preparation jointly with J.I. Diaz
and J.M. Rakotoson
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This case is very relevant in incompressible flows. The very weak formulation of this problem

can be written as
/ u(—Ag —B-V(p +Vo)= / fo Yo € W2’°°(Q) ﬂWol’w(Q). (4.21)
Q Q

In order to be very clear about the definition of very weak solution, and the sense in which

we define boundary conditions. We collect now some definitions:

Definition 4.3. LetV, f € L} and b € L"(Q)", satisfy (4.20) in the sense that

/<pvu-i3:—/uwp-z (4.22)
Q Q

for all 9 € W'*(Q) and u € W' (Q) (see an explanation of this definition in Remark 4.2).
Let us define the following types of very weak solutions

* Local very weak solution of (4.19) (i.e. without boundary condition). We say that u
is v.w.s. without b.c. if (4.21) holds for every ¢ € €2(Q).

* Very weak solution of (4.19) in the sense of weights We say that « is v.w.s. with
weight if it satisfies (4.21) holds for every ¢ € €2(Q) and Vu € L' (Q, §).

* Very weak solution of (4.19) in the sense of traces We say that u is v.w.s. with
Dirichlet homogeneous boundary conditions if (4.21) holds for every ¢ € €*(Q) such
that @ =0 on dQ and Vu € L'(Q, §).

We have the following result

Theorem 4.6. Let f € L'(Q,8),V € L. (Q) and b € L' (Q) such that divhb = 0 in Q and

loc
b-n =0 on dQ where either
i) p>nor

ii) p=nand b is small in L' (in the sense that ||b||,,; < K for a constant specified in
[DGCRTI7]).

Then,
i) there exists a very weak solution without boundary condition u € L”/’“(Q).
ii) IfV € L' (Q,8), then there exists a v.w.s. in the sense of traces in u € L" ().

i) If V€ LP'(Q), then there exists a unique v.w.s. in the sense of traces u € L" ().
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v) IfV > c6~ % for some o > 2, then there exists a unique v.w.s. in the sense of weights
ue L"=(Q).

We conclude this statement section by explaining our definition of (4.20).
Remark 4.2. Assume first that B, u, ¢ are smooth, and that b satisfies (4.20). Then

div(u@b) = V(u@) -b+u@divb = V(u@) - b
= uV(p-B#—(qu-l?.

Integrating over Q

/ ugDBﬁ:/uV(p-E—I—/QDVu-B
2Q Q Q

Since b -7 = 0 on dQ we have that (4.22) holds. We can pass to the limit for less smooth
b,u, 9.

4.4 Existence and regularity

We will construct the solution as a limit of problems with cutoff. Let us define the cut-off
operator, for k > 0

T d® |s| <k,
K(s) =19 (4.23)
ksign(s) |s| >k,

and let

4.4.1 Regularity of the adjoint operator —A —1ii-V

Given T € H~'(Q) we focus first on the regularity of the adjoint problem
/V¢V¢—/5-V¢¢+/V¢<p= (T, o) (4.25)
Q Q Q

Vo € Hi(Q).
By applying the Lax-Milgram theorem we can show that
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Proposition 4.3. Let T € H~1(Q), V € L°(Q) satisfying V > —A > — A1 (where A is the
first eigenvalue of —A with Dirichlet boundary condition). Let

W ={pcHYQ): (V+A1)p*cL'(Q)} (4.26)
endowed with
(0 =19l )+ [ (V4207 @27)

Then there exists a unique element ¢ € W such that (4.25) holds for every ¢ € #'. Moreover

A
1913 00 < 7= 1Tl (4.28)

3 A\ 2
(L(V+;L)(p2) S(AI—IA) T || 1. (4.29)

Itis clear that if 7 € H! then there exists a unique solution ¢ € Hj (Q) of

/Q VoV — /Q BV 0u0+ /Q Vo = (T.9),  VoeHN(Q).  (430)

It turns out that ¢ — ¢ strongly in H(} (Q). We can show that the regularity can be improved

Proposition 4.4. Let T € L2 (Q) C H'(Q) and V > 0. Then ¢ € L™(Q) and there exists
a constant C = C(n,Q) such that

19]12-(0) < CITl 31 (431)
Proposition 4.5. Let V € L°(Q) and

Q)" n>3,

T=—divF Felp= - (4.32)
L ¢(Q)? n=2.
Then ¢ € L*(Q) and there exists a constant C = C(n,Q) such that
10112(0) < ClIF L, (433)

Proposition 4.6. Let
i) be LP9(Q) with p > n,

ii) 0<V e L"(Q) where r = %,
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iii) T = —divF where F € LP4(Q) for 1 < g < oo,

Then ¢ € WILP4(Q). Moreover, there exists K,q = K(p,q,n,Q) such that
IVOllLra < Kpg(1+[|bl|ra + [V]]2ra) [ FllLra@y- (4.34)

Proposition 4.7. Ifb.F € LP>(Q)" for p > n then ¢ € €%*(Q) for o =1— %.
As an auxiliary space we will use the spaces of bounded mean oscillation
Definition 4.4. A locally integrable function f on R” is said to be in bmo(RV) if
1 1
[ llbmoyy = sup = [ |f(x)—foldx+ sup — [ |f(x)|dx < e
9] Jo 19l Jo

O<diam (Q)<1 diam (Q)>1

where the supremum is taken over all cube Q C R”" the sides of which are parallel to the

coordinates axes and .
fo=t / F(3)dy.
°" ol Jo

Definition 4.5. A locally integrable function f on a Lipschitz bounded domain € is said to

be in bmo, (Q) (r stands for restriction) if

1
[ fllbmo, (@) = sup —/If(X)—fgldX+/If(X)|dX<+°°, (4.35)
0] Jo Q

O<diam (Q)<1

where the supremum is taken over all cube Q C Q the sides of which are parallel to the
coordinates axes.

In this case, there exists a function f € bmo(RM) such that
ﬂg = f and ||f||bmo(RN) Sco- ||f|‘bmor(§2)' (4.36)

Proposition 4.8. Let b, F € bmo,(Q)" and V € bmo,(Q). Then:
i) bp € bmo,(Q)",
ii) V¢ € bmo,(Q)".
We can even estimate some second order derivatives

Proposition 4.9. Let b € LP4, T,V € LP4(Q) for some p > n and 1 < g < +oo. Then
¢ € W2LP4(Q) and there exists K = K(p,q,n, Q) such that

zl +ceyl[Bllzra + [V [|era

= |T{|Lra, (4.37)
1 — &||b]|Lra

9 llw2ppa <
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where € > 0 is such that &||b||rra < 1 and ce, — +o0 as € — 0.

For the proof of the existence of solutions in Theorem 4.6 the idea is to consider u; the
solution of
— Auy + Bk -Vuy +Viuy, = fi (4.38)

where f; = T o f and by is an approximating sequence in
¥ ={be 67 (Q)":divb=0in Q}, (4.39)

which has adherence in L?P-? the set

V={ eLP4Q)":divb=0in Q,b-7 =0 on dQ}.(4.40)In order to get some uniform
estimate (we want to apply the Dunford—Pettis compactness theorem) we consider the family
of test functions

—AQr g — Zj Vore=xe Q,

(4.41)
org=0 Q.
The previously established regularity result assure that
1
191k lwarn < Cllellna < CIE]S. (442)

From this reasoning we can extract some conclusions (see [DGCRT17] for the details)

/”j§C|E|'1'/fk57 (4.43)
E Q

lutjll e < C /Q 1. (4.44)
/Vkuk5§0(1+||5||ml)/fa. (4.45)
Q Q

With some additional work we show that there exists u € L' (Q) such that
i) u; —uin L1(Q),
ii) Vu € L'(Q) (by applying Fatou’s lemma),
i) Viuxd — Vud in L], (Q),

iv) if V € L'(Q,§), then Vi 8 — Vud in L'(Q).
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This is enough to show that u is a v.w.s. without boundary condition. If V € L' (€, §) then u
is a v.w.s. in the sense of traces. If V > Co % with o > 2 then

+oo>/ \u|v5zc/ |u| 81 (4.46)
Q Q

hence u € L'(Q,57") for some r > 1. For the uniqueness of solutions in this last case we

must set a suitable theory.

4.5 Maximum principles in some weighted spaces

The classical maximum principle states that, if u € ©>(Q) and

—Au<0 inQ,
— u<0. (4.47)
u<o0 on dQ,

We will say that a space X satisfies a maximum principle if

—Au<0 in2'(Q),
— u<0. (4.48)
ueX on dQ,

Since it will be used very subtly in the following sections, we recall the following definition

Definition 4.6. Let u be an integrable function. We say that —Au = f in 2'(Q) if

—/QuA(p:/Qf(p Vo € 6.7 (Q).

To show that some spaces satisfy the property above, let us state an approximation lemma
for the space of test functions.

Remark 4.3. One of the useful properties of (4.47) is that it allows to prove uniqueness of
solutions straightforwardly. Let f € €' (Q). Consider two solutions u; such that

A= f inQ,
ui=0 on dQ.

(4.49)

Then, one immediately proves that u; —uy < 0 and uy —u; <0. Hence u; = uj.

In order to prove the relevant results in this Chapter we will use the following maximum
principle:
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Theorem 4.7. Let u € L' (Q) be such that
_ / VAP <0, Y0, p W T(Q)NWE(Q). (4.50)
Q

Then u < 0.

A very useful result to be used in conjuction with this kind of maximum principle is
known as Kato’s inequality (which was originally published in [Kat72]). To present it we
give the definition of the positive sign function: for s € R

) 1 s>0,
sign_ (s) = 0 c<0 (4.51)
s <0.

Theorem 4.8 (Kato’s inequality as presented in [MV13]). Assume that u, f € L}, .(Q) and
—Au< fin 2'(Q). Then:

i) —Alu| < fsignuin 2'(Q).

ii) —Auy < fsign, uin 7'(Q).
Remark 4.4. It is very important to compare the test functions in (4.50) with the ones of the
definition of —Au < 0in 2'(Q).
4.5.1 Some approximation lemmas

Approximation in WO1 ** with weights In [DGCRT17] we proved the following result,

which is stated for the spaces
W2 (Q,8") = {f e W"™(Q,06") : IK C Q compact such that f =0 a.e. in Q\ K}.

Theorem 4.9. The following density results hold:
i) Let r > m. Then W.""(Q,8") is dense in W™= (Q, 8")
ii) Letr >m—1. Then W.""(Q,8") is dense in WO]’M(Q) NW™=(Q,8").

Remark 4.5. Notice that, without the weights, the results do not hold. If a sequence
(fu) € W7(Q) converges to a function £ in the norm of this space, due to the continuity of
trace f € WO1 ”(Q). Hence, the adherence of W, (Q) with the W™*(Q) norm can not be
the whole space W (Q).
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We will prove that

Proposition 4.10. Let ¢ € W™, then for r > m there exists (¢,) C We™™ such that
8 (3un) = ' (0a9),  lal <rm.
Ifpe W01’°° MW" then
8 (9apn) 5 8 (309), ol <r+1,m.

The proof is based on the existence and bounds of the cut-off function we will define
now. Let y € ¥(R) be a non decreasing function such that 0 < y < 1 and

Let, for x € Q,

We have constructed a function 1 which will be of relevance to us.

Lemma 4.5.1. Let Q be such that 9Q € €?. Then, there exists a sequence of function Mg
such that

i) suppne C {6 > €},
ii) supp(1—mne) C {0 < 2¢},
i) |D%ne(x)| < Ce~lol,

The approximating sequence that we construct to prove Proposition 4.10 is precisely, for
@ € W™=(Q), given by @, = 11 ¢. The details of the proof (which requires several sharp
estimations) can be found [DGCRT17].

Approximation in L' (Q,5)" The mentioned improvement by Brezis is the following.

Theorem 4.10. Let u € L'(Q,57") and ¢ € W>=(Q) W, ™ (Q). Then

/uA((png)%/uA(p. (4.52)
Q Q
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Proof. Taking into account that

AMe@) = NeAQ 42V - VO + QAN (4.53)

we have that

—/ uA(n: Q) :—/ un,gA(p—Z/ ang-qu—/ UPAN;. (4.54)
Q Q Q Q

Using the fact that § € L'(Q), 61 — & in L*(Q) and Ag € L=(Q):

—/unSA(p:—/ %6n8A¢—>—/ §6A(p:—/uA(p.
Q Q Q Q

On the other hand

| 5evneve
(e<5<2¢) O

/”Vne‘V(P‘ <
Q
Jul

<[ s 501Vl Vi

|l

< Ce|[Veli-(a) |

{f<6<2£}F
cof
{e<6<2¢e} 6

Since u/8 € L'(Q) and the Lebesgue measure m({e < § < 2¢}) — 0 we have
/ang-V(p—>0ase—>0.
Q

Due the Hardy inequality in WO1 (Q) we have that % € L*(Q). Therefore

‘/ UPAne
Q

ue
(e<5<2¢1 0 O

<

8%An,

¢ 2 / |u|
< ||= e°|A o —
< C/ M —Q0ase—0.
(e<5<2¢} O

This concludes the proof. 0
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4.5.2 Maximum principle of —A in L! with weights and without bound-

ary condition

In [DGCRT17] we proved a first result in this direction, which we will write following the
definitions in [MV13].

Theorem 4.11 ((DGCRT17]). Let u € L'(Q,87") for some r > 1 be such that —Au < 0 in
2'(Q), i.e.
—/ uAp <0, Vo e 6 (Q), ¢>0. (4.55)
Q

Then u < 0.

Proof. Assume firstthat r > 1. Let ¢ € WO1 “NW2* and let @, € WC27°° be the approximating
sequence constructed in Proposition 4.10 (e.g. 11 ¢ where 1¢ is given by Lemma 4.5.1).

Then
0> —/ uA@, = —/ ud "(A@,)d".
Q Q

Since u6~" € L'(Q) and §"A¢@, — §"A@ in L we can pass to the limit and obtain

0=~ [us g5 =~ [ uap,
Q Q

which proves the result. [

Combining this fact with Theorem 4.8 we have the following result (without boundary
condition)

Corollary 4.1. Let u € L' (Q,877") for some r > 1 be such that —Al|u| < 0 then u = 0.

Prof. Hidim Brezis improved Theorem 4.11 in a personal communication. The proof is a
refinement of the one in [DGCRT17].

Theorem 4.12. Let u € L' (Q,57 1) be such that —Au < 0. Then u < 0.

Proof. Let0 < @ € W2=(Q)N WOI’W(Q). Since 0 < Ne@ € W2 (Q) we can use it as a test

function. We have that

—/QMA(qms) <0.

Therefore, due to Theorem 4.10 and the previous estimates,

0> —/ uA(epne) — —/ uAQ.
Q Q
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Finally, for any ¢ € W2=(Q)N WO1 (), we have that

—/uA(ng.
Q

Due to Theorem 4.7, we have that u < 0.
4.5.3 Maximum principle of —A+5-V in L' with weights
Theorem 4.13 (DGCRT17]). Let i € W) (Q) and bi € L}, (Q) and

Li = —Ai+div(bi) € L] (Q).

Define the dual operator

Then

i) Forall y € 2(Q), y > 0 we have that

/ L'y < / v sign_ (it)Li.
Q Q
That is, Lii, < sign_ (uy)Li in 2'(Q).

i) L(|a|) < sign(a)Li in 2'().

(4.56)

(4.57)

(4.58)

4.6 Uniqueness of very weak solutions of problem (4.18)

We provide here the proof of the extended result Theorem 4.5, which has not been published.

For the proof of Theorem 4.4 can be found in [DGCRT17].

Proof of Theorem 4.5. The existence result was shown in [DGCRT17]. Since the problem is
linear let us show uniqueness for f = 0. Since Vu € L'(Q,5) we have that u € L'(Q,571).
We have that —Au = —Vu in the sense of distributions. Applying Theorem 4.8 we have that

— Alu| < —(signu)Vu=—V|u| <0

Applying Theorem 4.12 we have u = 0.

(4.59)

]



140 Very weak solutions of problems with transport and reaction

4.7 On weights and traces

It was noted on [Kuf85] that some power type weights in L' induce zero trace on continuous
functions L (Q,8") NE(Q) C 6p(Q). This naturally raises the question: Is u§~% € L? for
some o and p a sufficient condition to have uniqueness in an elliptic equation even when the
solution does not neccesarily have a trace? Does the weight work as a trace, even when there
is no trace? A number of results in this directions are provided in [Kuf85], for p > 1

e WEP(Q,5°)

WEP(Q,5%) = Wy(Q,6%)(= G5 (Q) ) (4.60)

and

weWr(Q) and % ELP(Q) < uc WP (Q). 4.61)

In this sense it is natural that something like this might be used as a boundary condition. In

some cases, the fact that the solution is in such a weighted appears naturally.

In fact, due to Theorem 4.12, weights in the form of negative powers of the distance to
the boundary can be used to define “Dirichlet boundary conditions” for elliptic equations and

ensure uniqueness. In particular, our aim is to show that, if we assume

—Au=0in 2'(Q), —Au+Vu=0in 2'(Q),
or
ueL'(Q,671), uel'(Q,671),

then u = 0 in Q.

4.7.1 Weights and Hardy’s inequalities in L' (Q)

The equivalence (4.61), which holds for p > 1 and is useful throughout this Chapter, is
heavily linked with Hardy’s inequality for WO1 P(Q) for p > 1:

p
/ )" < c/ VU Vue €R(Q). 4.62)
o\ o Q
(see [Har25; BM97]). Neither of these results is true for p = 1 (see, e.g., [Psal3]).

The following facts for the case p = 1 are known for a smooth bounded domain in R":

i) Ifu e W' (Q) and —Au =0 in Z'(Q) then u = 0.
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i) fuc WH(Q)and % € L1(Q) then u € W, (Q).
iii) u € W,"' () does not imply % € L'(€Q).
We proved that
iv) If % € L'(Q) and Au =0 in 2'(Q) then u = 0.
The following question” seems natural:

Does it exist a weight function p(x) such that:

uew(Q) = “erL'(Q),
p

and

Au=0in 7'(Q
! 1?9( ) QT (4.63)
%eL(Q)

both hold?

If p(x) satisfies (4.63), we will say that weight % gives a Dirichlet boundary condition in a

generalized sense.

We will focus in the case Q = (0,1) C R. We consider the set of admissible weights:
X ={pe%([0,1]): p(0) = 0,p(1) = 0,p > 01n (0,1)}.
Naturally, the distance to the boundary is a function in this set.

The map u € WO]’] (0,1) — > € L'(0,1) is continuous if and only if there exists C > 0
such that the following Hardy-type inequality is satisfied:

1 1
/|u’|ZC/ ‘—Z‘, Vi € €(0,1). (4.64)
0 0

Remark 4.6. In [Psal3] the author studies the possible nature of weights p such that (4.64)
holds.

We can answer negatively to the question above.

2which was raised to the candidate by H. Brezis in May 2017
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Theorem 4.14. There exists no p € X that satisfies both (4.63) and (4.64) for Q = (0,1).
For the proof we will state several intermediate results.
Lemma 4.7.1. Let p € X satisfy (4.64). Then 1% e L'(0,1).

Proof. For 0 < & <1 define ug = X1 ¢ € BV (0,1), the characteristic function of the
interval [€,1 — €]. We have that u, = §; — 8;_¢ and |u/| = 8 + 8 _¢. By passing to the limit

by an approximating sequence in 6:°(0, 1) and applying the coarea formula (see Section 2.4),

1—81
ZZC/ —.
e p

S
p

This proves the lemma. ]

we write (4.64) as

As € — 0 we deduce that

Al

Lemma 4.7.2. If p € X satisfies (4.63) then % ¢ L.

Proof. 1f % € L! then we can take u = 1 and (4.63) is not satisfied. L]

We have the following extra information:
Lemma 4.7.3. If ¢ L'(0,7) and 5, ¢ L' (3,1) then (4.63) holds.

Proof. Letu € 2'(0,1) be such that ” = 0. Then u(x) = a+ bx for some a,b € R.
Assume, towards a contradiction that u # 0. There exists at most one ¢ € [0, 1] such that
u(c) = 0. We distinguish 4 cases. If no c exists then |u(x)| > D > 0. Then

N >1/1|u]>/11
DJjo p —Jopr

This is a contradiction. If ¢ = 0 then |u| > D > 0in (%, 1). Then

N >1/1|uy>/11
DJi p~Jip

This is also a contradiction. The same happens if ¢ = 1. If ¢ € (0,1) then |u| > D in
(0,e)U(1—¢,1). Then

1/ (% ul | €1 U u
too>— ([ S| Z)>f -+ [ =
D\Jo p 1—e D o P Ji—e P

This concludes the proof. 0
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4.7.2 A decomposition problem

The notions of trace and weighted boundary condition do not inter-relate. A question that

emerges> is the follow:

what happens if we know that a function is the sum of two parts, one satisfying
a boundary condition in the sense of traces and the other one in the sense of
weights (a generalized version of it).

We have the following result:
Proposition 4.11. Let u satisfy the following:
i) Au=0in2'(Q).
i) u=uy+up
iii) uy € Wy (Q)
iv) % eL'(Q).
Then u = 0.

Proof. Since ’%2 € L'(Q), due to Theorem 4.10, it holds that
/ wAMe @) — / U AQ. (4.65)
Q Q
On the other hand, since u; € WO1 1 (Q):

—/ulA(ng(p):/Vulv(ng(p)z/n8Vu1V(p+/(qu1Vn8. (4.66)
Q Q Q Q

Therefore, applying the properties of 1¢ we have that:

[ matmeo)- [ mA«p] < [ 1=neliul( Vol + | lgliVunl[Vnel  (467)
Q Q Q Q
g/]VmV(p\JrC / 8|Vuy|e™! (4.68)
0<2¢e £<6<2¢e
<C /|Vu1|+ / Vi | (4.69)
6<2¢e e<86<2¢e
-0, (4.70)

3Raised by H. Brezis to the candidate (Haifa, June 2017)
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since |Vui| € L' (Q). Therefore

/ulA(ngq))—>/u1A(p. 4.71)

Q Q

Hence

0= / u1A(ne @) + / uA(Ne @) — / ui A + / nAQ = / uAQ. (4.72)
Q Q Q Q Q

We have that
/ uAp =0 Vo e WO1 ’W(Q) ﬂWz’w(Q). 4.73)
Q

Therefore u = 0. L]

Remark 4.7. The conclusion of this result can be useful to prove the uniqueness of solutions

of some suitable non-standard linear boundary value problems.

4.7.3 The L' weight as a trace operator in W4 ¢ > 1

Another approach to this problem is to study whether being in L' (Q, 8 ") does imply having
trace 0 at least for functions in W!»(Q) for p > 1. In this direction, in a more functional

presentation, we have proved the following new result*:

Theorem 4.15. Let Q be a bounded domain of class €. Then, for all r > 1 and q > 1
LY(Q, 8" NWH(Q) = W, (Q), (4.74)

Lemma 4.7.4. Let 1" = -2~ n > 2 and o« > 1. Then, there exists cq such that for u €

n—1’

LY(Q,6- %) nW1(Q) one has

1 1
P 1—L o o
< W& 0 % 1 i — . (475
</Q ) < callull17, (/QM y) : <p<m1n{06,a_1+1*} (4.75)

Proof. By Holder’s inequality

a— 1_§ %
/ lulfPo=* :/ |u|p(1_é)5_p|u]§ < (/ |u|pEXP1)) (/ |u|5_a> : (4.76)
Q Q Q Q

We impose that

u\p

0

pla—1)
o—p

4This candidate thanks J.M. Rakotoson and J.I. Diaz for their coversation on this topic.

<1 4.77)
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which is exactly the condition on the statement. 0

Proof of Theorem 4.15. Let g < min {oc, %ﬁr‘l* } Then % e L4 and therefore u € Wohq. If

g > min {oc, a%itl*} first we observe that the result holds for g in the previous case and

hence we see that u € WO1 “9(Q). Therefore
ue Wh(Q)Nw, Q) = W, (Q). (4.78)

This proves the result. [

Remark 4.8. Notice that we have substituted L? to L' in the known result (4.61).






Part 11

A problem in Fourier representation






Chapter 5
Optimal basis in Fourier representation

This chapter presents work developed while on a visit to Prof. Hdaim Brezis at Technion -
Israel Institute of Technology in Haifa, Israel in April-July 2017. The candidate wishes to
extend to Hidim Brezis his warmest thanks for the hospitality and the mentoring. The visit
and the work led to the publication of [BGC17].

5.1 A problem in image representation

While studying compression of meshes for 3D representation Ron Kimmel and his group

stumbled upon the following question, of a strict mathematical nature:

Which is the basis of L?(Q) that provides the best finite dimensional projections
of functions in Hj (Q)?

First, we need to define the term “optimal basis”. It is natural to define as optimal a basis
b = (b;) of L*>(Q) such that, for all m > 1,

2
<ow|[VFIZ  VfeH)(Q). (5.1)
12

=Y. (fbi)bi

m
i=1

with optimal constants ;. This technique led the group of Ron Kimmel to the publication of
several paper in this direction, in collaboration with Hdaim Brezis (see [ABK15; ABBKS16]).



150 Optimal basis in Fourier representation

5.2 The mathematical treatment

In the works above the authors had shown that, in a bounded smooth set Q C R”, an optimal
basis for Hé (Q)-representation in the sense of (5.1) was formed by the eigenfunctions e; of
the Laplace operator

—Ae; = Aje; inQ,

ei=0 on dQ,

(5.2)

where 0 < 4} < A, < A3 <--- is the ordered sequence of eigenvalues repeated according to
their multiplicity.

It is a classical result that

Theorem 5.1. We have, for allm > 1,

_ 91

Vf e HY(Q). (5.3)
A‘n—i-l

Hf ﬁ(f, e

12
The proof of this fact is tremendously simple, due to the orthogonality of the eigenfunc-
tions. Indeed

2 2

m +o0 +o0
Hf_ Z(f7€i>el = Z (f7€i>ei = Z (f? el)
i=1 12 i=m+1 12 i=m+1
and
+o0 +o0 +o0
VAL =Y Ai(f.e)*> Y A(f.e)* > Amsr Y, (frei)
i=1 i=m+1 i=m+1

Combining these expressions yields the result.

The authors of [ABK15] and [ABBKS16] have investigated the “optimality” in various
directions of the basis (e;), with respect to inequality (5.3). Here is one of their results

restated in a slightly more general form:

Theorem 5.2 (Theorem 3.1 in [ABK15]). There is no integer m > 1, no constant 0 < o < 1
and no sequence (W;)1<i<m in L*(Q) such that

2

vl <oV Ve H(Q). (54
m+-1

[ g

12
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The proof in [ABK15] relies in the Fischer-Courant max-min principle (see, e.g., [Lax02]
or [Wei74]). For the convenience of the reader we present a very elementary proof based on
a simple and efficient device originally due to H. Poincaré [P0i90, p. 249-250] (and later
rediscovered by many people, e.g. H. Weyl [Wey12, p. 445] and R. Courant [Cou20, p.
17-18]; see also H. Weinberger [Wei74, p. 56] and P. Lax [Lax02, p. 319]).

Suppose not, and set

f=cirer+crer+ -+ cpem+ cpr1emit (3.5
where ¢ = (c1,¢2, -,y Cme1) € R The under-determined linear system

of m equations with m 4 1 unknowns admits a non-trivial solution. Inserting f into (5.4)

yields
m+1 m m+1
M1 Y ¢f S @Y Aici < 0hpir Y. €. (5.7)
i=1 i=1 i=1
Therefore Z;":ll 12 = 0 and thus ¢ = 0. A contradiction. This proves Theorem 5.2. [

The authors of [ABBKS16] were thus led to investigate the question of whether inequality
(5.3) holds only for the orthonormal bases consisting of eigenfunctions corresponding to
ordered eigenvalues. They established that a “discrete”, i.e. finite-dimensional, version
does hold; see [ABBKS16, Theorem 2.1]. But their proof of “uniqueness” could not be
adapted to the infinite-dimensional case (because it relied on a “descending” induction). It
was raised there as an open problem (see [ABBKS16, p. 1166]). The following result solves
this problem.

Theorem 5.3 ((BGC17]). Let (b;) be an orthonormal basis of L*(Q) such that, for all m > 1,

VA7
)vm+l

2
<
12

Hf— Y (f,bi)bi Vf € Hy(Q). (5.8)

i=1

Then, (b;) consists of an orthonormal basis of eigenfunctions of —A with corresponding

eigenvalues (A;).

In fact, a more general result, which was introduced in [BGC17] as a remark, also holds:
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Theorem 5.4. Let V and H be Hilbert spaces such that V- C H with compact and dense
inclusion (dimH < 4o0). Let a:V xV — R be a continuous bilinear symmetric form for
which there exist constants C, > 0 such that, for allv €V,

a(v,v) 20,
a(v,v) +CPl > a|vly.

Let 0 < A < Ay < - be the sequence of eigenvalues associated with the orthonormal (in

H) eigenfunctions ey,e>,--- €V, ie.,
a(ei,v) = Ai(ej,v) Ywev,

where (-,-) denotes the scalar product' in H. For everym > 1 and f €V :

2
m

=Y (ei,fei

i=1

<a(f.f) (5.9)

Afm—O—l

H
Let (b;) be an orthonormal basis of H such that for allm > 1 and f € V

2

Am+1 <a(f,f). (5.10)

=Y (bi, f)bi
i=1

H

Then, (b;) consists of an orthonormal basis of eigenfunctions of a with corresponding

eigenvalues (A;).

Remark 5.1. When dimH < o0 and V = H this result is originally due to [ABBKS16]. The
proof of “rigidity” was quite different and could not be adapted to the infinite dimensional

case. It was raised there as an open problem.

This more general formulation allows us to cover some of the most relevant situations in

the applications:

* For the optimal representation of function in H'(Q) we must take

H=L*Q), V=H(Q), a(f,h):/Vf~Vh+u/fh (5.11)
Q Q

'We point that, in this general setting, it may happen that A; = 0 (e.g. —A with Neumann boundary
conditions); and A; may have multiplicity greater than 1
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where U is a positive constant. Then, e; are solutions of

—Ae;+ e = Aie

# (5.12)
% —
on — 7"

Notice that, depending of the choice of bilinear product, we have a different choice of

eigenfunctions.

* Let .# be a compact Riemmanian manifold without boundary. Then one can choose
H=1L*(#), V=H(A), a(f,h):////ng-Vgh (5.13)

where g is the Riemmanian metric. Then, the basis are the solutions of
—Age; = Ae;. (5.14)

where —A, is the Laplace-Beltrami operator. Since there is no boundary, there is no

boundary condition.

The basic ingredient of our proof is the following lemma, the proof of which is based on

Poincaré’s magic trick:

Lemma 5.2.1. Assume that (5.8) holds for allm > 1 and all f € H}(Q), and that
A < At (5.15)
for some i > 1. Then
(bj,ex) =0, Vj,ksuchthat 1 < j<i<k. (5.16)

Applying this lemma we can quickly complete the proof in the case of simple eigenvalues.

Since A; < A, then, by the lemma,
(bl,ek) =0 Vk > 2. (5.17)
Thus b = te;. Next we apply the lemma with A, < A3. We have that

(br,ex) =0 Vk>3. (5.18)
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Also, we have that
(bz,el) ::|:<b2,b1) =0. (519)

Therefore by, = +e,. Similarly, we have that b; = +-¢; for i > 3.

5.3 Connection to the Fischer-Courant principles

It is a very relevant part of the proof in [BGC17] that (5.3) can be understood under the light

of the Fischer-Courant principles. In particular, if one considers the functions

0 # f € span(ey,- - ,em)L
then, automatically,

Vil
Ay < WA 2
" 17122

Recall that the usual Fischer-Courant max-min principle asserts that for every m > 1 we have

Vf € span(ey, - - ,em)L,f7é 0, Vm>1. (5.20)

\v4 2
A,m_‘_l = max 1 ” f|2’L2 5
mcrr(@) o4reri@) (1117
M linear space fe ML
dimM=m

(5.21)

(see, e.g., [Lax02] or [Wei74]). Therefore, in some sense our basis b must be a maximizer of
(5.21) for every m > 1.

Applying the same technique as in the proof of our Theorem 5.3, we can prove the

following:

Proposition 5.1. Let (b;) be an orthonormal sequence in L*>(Q) such that, for every m > 1,

. BN\ZiE
mil =  min 5 where My, = span(by,by, -+ ,by,). (5.22)
oxfery(@) || f172
feMy,

Then, each b; is an eigenfunction associated to A;.

The natural way to establish eigen-decomposition is through a compact, symmetric

operator A : H — H. The resolvent operator of Dirichlet problem A = (—A)~!: f + u where
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u is given by the weak solution of

—Au=f Q
u=0 Q.

(5.23)

satisfies this properties with H = L?(Q), due to the compact embedding H'(Q) — L2(Q).

For simplicity, we will consider , its eigenvalues. Notice that

1
Aei = 7Lel~ — Iei = A_le,'. (5~24)
i

Thus, we get that
1
— -1 g
(=)™ = - (5.25)

The spectral theorem guaranties that A = (—A)~! has a basis of eigenvalues that expand
L?(Q), and the existence of a sequence of positive eigenvalues u,, — 0. However, this

guaranties the spectral decomposition for —A.

The Courant-Fischer principles are usually written in the literature for Rayleigh quotient

A
Ra(x) = (H;’é). (5.26)

of A = (—A)~!, rather than (—A). On the other hand, (5.21) is written in terms of R_4.
Nonetheless, once the eigendecomposition of A is established, Theorems 5.2 and 5.3 and
(5.20) gives us a direct proof of (5.21).

Remark 5.2. The Rayleigh quotients R_, and R(_p)-1 do not seem to be directly related.
Notice that

(—Au,u) HVMHZZ

Roalu) = - (5.27)
2=, = Tl
(Af.f)  (u,—Au)
R ai(f) = - (5.28)
o U=, il
Vul2,

— 5.29
1A, 29
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where (5.23). Nonetheless, notice that

R_A(ei) = ll', (530)
1
R(_A)—l (e,-) = x (531)

<

5.3.1 Some controversy about the Fischer-Courant principles

Principle (5.21) has several different presentations in the literature. Currently, there are two
main presentations, which are due to Fischer in 1905 [Fis05] and Courant in 1920 [Cou20)].

For the rest of the section we will focus on compact symmetric operators defined over the
whole Hilbert space H. Many of the references provide sharper results, and only simplified
versions are stated here.

Let us, first, state the principles as Lax does in [Lax02]. This appears to be the commonly

accepted nomenclature.

Theorem 5.5. Let A be a compact symmetric operator in a Hilbert space H and let [, be its

eigenvalues. Then, the following statements hold:

 Fischer’s principle:

Wn = max min Ry (x), (5.32)

m XESm

where S, is any linear subspace of H of dimension m

* Courant’s principle:
= mi R . 5.33
H = min max A(x) (5.33)
Remark 5.3. It is important to notice that (5.33) with (5.21) are both the Courant principle

even though max and min are in reverse order. This is due to (5.25). This relates strongly to
Remark 5.2.

However, Weinberger in [Wei74] assigns the credit differently. Here, (5.32) is named
Poincaré’s principle (see [Wei74, Theorem 5.1]), due to Poincaré’s seminal paper [P0i90] in
1890, in which he starts the theory of eigen-decomposition. Also, (5.33) is named Courant-
Weyl’s principle (see [Wei74, Theorem 5.2]) and it is written in a slightly more general
way

W = min sup Ry (x). (5.34)

. ll [ 7li’_VL veH
linear functionals [, (v)=...=[,(v)=0
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Notice that, in infinite dimensional spaces, a linear functional /; need not be continuous, so it
not be written /;(v) = (w,v) for some w € H. Hence, there are many more functionals in this

characterization. In Weinberger’s text, the name of Fischer does not appear.

The inclusion of the name of Weyl is due to his paper [Wey12] in which he proves the
asymptotic behaviour of eigenvalues (see also [Wey11]). Some books, e.g. [WS72], go as far
as stating the following:

An even more important variational characterization, the maximum- minimum
principle, is claimed by Weyl, who used some of its consequences in his famous
theory of asymptotic distribution of eigenvalues [W31, W32]. Later, Courant
applied the principle contained in Weyl’s fundamental inequality to a fairly
general typical situation [C2].

In [WS72] (where the authors use A as the operator with increasing eigenvalues, and thus in
direct conflict with [Lax02]) the following is stated.

Lemma 5.3.1 ([Wey12], as extracted from [WS72]). Let A be a symmetric, compact operator.
Let p1,---, pm—1 be any arbitrary vectors in H. Then

max RA(f) > W (5.35)

(f7pl):'":(f7pm71):0
The proof again passes by the use of Poincaré’s magic trick. This, which is presented in
[WS72] as “Weyl’s lemma” must not be confused with what is usually called Weyl’s lemma,
that is the regularity of functions such that —Au = 0 in 2’(Q). From this result the author

extracts the proof of Courant’s principle.

5.4 Some follow-up questions

In [WS72] the problem of whether the equality can hold in (5.35) for a finite orthonormal
set b = (by,---,by) is studied. This question was also answered in [BGC17] in some of the
relevant cases.

Remark 5.4. After the publication of the paper the authors were made aware of the interest
of this question by many authors. The terminology employed by the specialists in this field is
n-widths. See, e.g., [Pin85; EBBH09; FS17] and the references therein.

Let us present merely the case in which only N = 2.
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Remark 5.5. Assume that b = b; € L?(Q) is such that ||b||,2 = 1 and

1
If = (fb)bl2 < VS VS € Ho(@): (5.36)
Of course, (5.36) holds with b = e¢;. From Lemma 5.2.1 we know that (5.36) implies that
(e2,b) =0. (5.37)

Clearly, (5.37) is not sufficient. Indeed, take b = e3. Then, (5.37) holds but (5.36) fails for
f = e1. We do not have a simple characterization of the functions b satisfying (5.36). But
we can construct a large family of functions » (which need not be smooth) such that (5.36)
holds. Assume that 0 < A; < A, < A3. Let x € L?>(Q) be any function such that

(e1,%) =0, (5.38)
(e2,%) =0, (5.39)
lx||2. = 1. (5.40)
Set
b=ae +ex o’+e*=1, with0<e<l. (5.41)

Then, there exists & > 0, depending on (4;)<;<3, such that for every 0 < € < & (5.36) holds
(see [BGC17])).

Remark 5.6. In the general setting of Theorem 5.4 it may happen that 0 = A; < A,. Suppose
now that b € H is such that |||z = 1 and

1= (f.B)bI < %za(f,f) VeV, (5.42)

Claim: we have b = +e;. Indeed, let f = e; in (5.42) we have that

A
ler = (e1,b)bl7 < 5~ =0. (5.43)
2

Therefore b = +e;.
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On the influence of pellet shape on the effectiveness factor

of homogenized chemical reactions
J. 1. Diaz¥ D. Gémez-Castro* and C. Timofte!

Abstract— One of the most popular principles of Nanotechnology, especially in the context of composite media, says, roughly
speaking, that one of the reasons for the optimality of certain composite media comes from the fact that when the size of the small
particles decreases (maintaining a prescribed total volume) then their total surface increases and this leads to peculiar properties
which cannot be observed when the particles are big. What is really relevant in this context is a suitable balance between the
total surface and the homogenized diffusion. In order to fix ideas, we consider the case of adsorption chemical reactions on the
surface of a set of particles in a periodic composite structure (medium). We know that the solution of our problem converges
to the solution of a related homogenized semilinear elliptic problem. Our main goal is to study the behaviour of the so-called
effectiveness factor 7. for the chemical reactions, defined at the microscale, and to establish the relation between this factor and
the corresponding one 7 defined for the homogenized problem. Moreover, we shall study the effect of the shape of the pellets
(in particular, their total surface |0T'| and the homogenized diffusion coefficient ao (7)) in the homogenized effectiveness factor.

We prove the existence of an optimal convex shape of the particles for the effectiveness functional.

Introduction

Let © be an open bounded connected set in RY and let us
insert in it a set of identical periodically distributed obstacles
T¢. Let us denote the resulting domain by €2° ¢ being a small
parameter related to the characteristic size of the obstacles. We
assume that the size of the obstacles is of the order of (¢). In
such a domain, we shall study a semilinear problem involving
diffusion and suitable chemical reactions taking place on the
boundary of the inclusions. There exists a critical size of the
inclusions that separates different asymptotic behaviours of the
solution of such a problem. We shall discuss here only the case
of the so-called big particles. The case of small particles and,
in particular, the interesting case of critical particles will be
addressed in a forthcoming paper. Under suitable hypotheses,
it is well-known that the solution of our problem converges, as
€ goes to zero, to the solution of a new elliptic PDE, containing
an extra-term generated by the chemical reactions taking place
on the surface of the particles.

Our main goal is to study the behaviour of the so-called
effectiveness factor 1. and to establish the relation between this
factor and the corresponding one defined for the homogenized
problem. We shall be also interested in analyzing the effect
of the shape of the particles (in particular, their total surface
|0T'| and the homogenized diffusion coefficient ao (7)) in both

functionals. We shall prove the existence of convex shapes
which maximize the effectiveness.

One of the most popular principles of Nanotechnology, es-
pecially in the context of composite media, says, roughly
speaking, that one of the reasons for the optimality of certain
composite media comes from the fact that when the size of
the small particles decreases (maintaining a prescribed total
volume) then their total surface increases and this leads to pe-
culiar properties which cannot be observed when the particles
are big (see e.g. [22], [18] and [5]).

We show some numerical experiments in which this ratio is
not the only relevant parameter, but rather the one given by a
balance between the measure of the surface of the pellets and
their shape.

1 Problem setting

Let Q ¢ RY, with N > 3, be a bounded connected open set
such that |02 = O and let Y = (—3, 3)" be the reference cell
in RV, Let ¢ be a real parameter taking values in a sequence
of positive numbers converging to zero. ¢ represents a small
parameter related to the characteristic size of the particles. Let
T be another open bounded subset of R, with the boundary

OT of class C?. T will be called the elementary particle and
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we assume that 0 belongs to 7" and that 1" is star-shaped with
respect to 0. Since 7" is bounded, without loss of generality, we
can assume that 7 C Y. Letr : Ry — R, be a continuous
map, related to the size of the pellet. We shall assume that
r(g) ~ . These are known as big particles. The case of small
particles, when lim._,gr(¢)/e = Oandr(e) < /2, will be
treated in a forthcoming paper.

REMARK 1 Even though the usual term in homogenization
theory for the inclusions is holes (in order to give the idea that
something has been removed from the domain) here we will
avoid this terminology. For us, these inclusions will be pellets,
for example the ones that can be found in fixed bed reactors
and towers. Therefore, we will refer to these holes as pellets,
particles or even inclusions and obstacles.

For each ¢ and for any vector i € Z~, we shall denote by
T¢ the translated image of r(g)T by the vector ei, i € ZV:
Tf = €i + r(e)T. Also, let us denote by T the set of all the

pellets contained in €2, i.e.
T° = {17 | TfcQ, iz}

and let the number of pellets be n(s) = # {1 eZN . T; 6CQ}

Set Q° = Q \ T¢. Therefore, QE is a periodically perforated
structure with pellets of the size r(¢). Let us notice that the
inclusions do not intersect the fixed boundary 0f2.

Let 5S¢ = U{0T¢ | Tf CQ,i € ZN}. So, 9QF = 0Q U S°. We
shall consider the homogenization of problems in the form

—Aut = f in Q°,
(M) 9 1 p(e)g(u) =0 on 57,
us =1 on 01,

where v is the exterior unit normal to S¢,

(2) g is a maximal monotone graph such that g(0) = 0,
(single-valued or even multivalued) and

3) feLl*(©Q), f=o.

A particular case we shall discuss is the Freundlich isotherm:
) 9(u) = [ul ',

Also, we can consider the limit case of zero order reactions:

€ (0,1].

0 u < 0,
(5) g(u) =14 [0,1] u=0,
1 u > 0.

We address here the interesting cases in which u(e)|S¢| =
O(1). In fact, we can consider that if r(g) = 2, then p(e) =
e 7, v =a(N —1) — N. In our case, i.e. for big particles,
a=1,andsovy = —1.

Through standard procedures in weak solution theory, one
easily gets the following result (see, e.g., [6]).

PROPOSITION 2 (WELL-POSSEDNESS) Under the assump-
tions (2) and (3), there exists a unique solution u € H?(Q)) of

().

PROPOSITION 3 (STRONG MAXIMUM PRINCIPLE) Under
the assumptions (2) and (3), us > 0 in €)..

Proof. . By the maximum principle, we have that u, > 0.
Now, we can apply the comparison principle with u_, the non-
negative solution of

—Au, = f in QF,
=0 on 9N U S¢,
to obtain u. > u, in 2°. For u_, we can apply the bound found
in [15]
u () > ¢ </ f(y) d(y, 09°) dy> d(z,00°), z€Q°,
which proves the result. U

We can see a couples of the steps of the homogenization
process in the following COMSOL simulation.
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Figure 1: Fixed bed reactors with big pellets (r. = ¢) and the
level set of the solution of problem (1) for f = 0, (4) where

p=3 ) =e

2 Homogenization of the state equation

Assume that () = ¢ and either a smooth kinetic

©) g <CA+|"), 0<g¢<

- N -2

or not necessarily a smooth one with bounded growth

M g <CA+ol?),  0<g<

- N-2
Following the theory in [9] and [10], the solution u* of problem
(1), properly extended to the whole of {2, converges weakly in
HY(Q),ase — 0,t0u € HY(Q), i.e. u® — u, where u is the
unique solution of the following homogenized problem

—div (ap(T)Vu

u=1

in 2,
on 0f).

+ %g(u) =f



On the influence of pellet shape and dimensional size on the effectiveness factor of chemical reactions

The proof of existence and uniqueness of a weak solution for
this problem can be found, e.g., in [12]. Here, ao(T) €
My (R) is the classical homogenized matrix (see, e.g., [9]).
If we write ag(T") = (¢;5). then

1 8xj
Gij = 6ij + 7o dy,
! ! Y\ T Y\T y;

where y; are the solutions of the so-called cell problems:

—Ax; =0 inY \T,
©)) Badud) g on 9T,
Xi Y -periodic.

For the corresponding result in the case of small particles, we
refer to [16]. Let us mention that in the critical case, i.e. the
case in which r(g) = ¢V/(N=2)  the extra-term arising in the
homogenized equation is defined in terms of the solution of a
functional equation involving the nonlinear function g.

2.1 Effectiveness and homogenization

For the case of smooth kinetics, we shall assume that g(0) = 0
and we shall impose growth condition (6) on the nonlinearity
g. Inspired by the definition given in the linear case p = 1 by
the chemical engineer R. Aris (see [1] and [2]), we define the
notion of effectiveness of the pellet in this more general setting
as follows:

1
(10) ne(T) = m/s g(uc)do.

= 2N

This is well defined since g(u®) € W, (), = e e

Definition (10) can be naturally extended to the homogenized
case, as follows

1
(a1 nT) = a7 [ otwyda.
€ Jo
PROPOSITION 4 Fore — 0, it follows that n.(T) — n(T).
Proof. From [8] (see also [9]), it holds that
ase — 0.

g(u(z))d,
Q

Since, by explicit computation,
n(e)eV |

Sl = n(e)|o(eT)| =
0T, when the cells tend to cover the total volume,

n(e)|Y|eN =n(e)|eY| — |9, ase—0,
we have that |S:|e — |Q]|0T|, as € — 0. Hence, as ¢ — 0,

57 /L st @)de = g [ atwar = o),

Ne (T) =

which proves the result. O

573

REMARK 5 It is an open problem whether or not this conver-
gence remains true under more general nonlinearities g. Our
proof of the convergence relies on [8], in which one requires
differentiability of g(u®). We can define the effectiveness 7). by
means of g(trs_(u®)). However, the proof, in essence, requires
that we consider trg_(g(u*)). It is our belief that a proof of the
general case might need an extension of the results in [8] or a
completely new approach.

REMARK 6 The convergence remains true for the kinetic (4)
in the case of domains in which there exists § > 0 such that
u® > § uniformly on ¢, that is, no dead core exists. For the
solution u, the region where v = 0 (which might have positive
measure) is known in the literature as a dead core. Conditions
for the existence and location of a dead core in this and other
kinds of equations can be found in [12], [4] and the references
therein. In the case when a dead core exists, even though the
limit theorem does not apply, the strong maximum principle
(Proposition 3) suggests that the effectiveness is higher prior to
the homogenization process.

3 Existence of optimal pellet shapes

Once we know the effect that a general obstacle 71" causes, it
seems reasonable to perform domain optimization. First, we
show an abstract result of existence of optimal hole shape. We
will focus on the homogenized model (8). Our main result is
the following one:

THEOREM 7 Let0 < 0 < |Y|, C, D be fixed proper subsets
of Y and € > 0. Let us consider the hypothesis

(12) T satisfies the uniform £-cone property.

We define

Uadam ={C C T C D : T satisfies ,(12) and |T| = 6},
Cy(D) ={T C D : T is open, convex and |T| = 0}.

At fixed volume 6 € (0,|Y']), there exists a domain of maximal
effectiveness in the class of T € Uggm N Cy(D).

REMARK 8 Optimization of the effectiveness considering the
homogenized domain €2 (the chemical reactor) has also been
studied (see [13], [14] and the references therein). In this
situation, the existence of a dead core affects the effectiveness
negatively.

REMARK 9 Dealing with the optimization of the domain {2,
there exist no optimal shapes considering a general frame-
work (see [4], [14]). We conjecture that new results may be
also obtained by applying methods analogous to the ones that
follow.
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REMARK 10 As in [9], the problem in which we consider
reactions inside the pellets can also be addressed. Let us
consider the system of equations

—DjAu® = f in Q°,
—DpAve +ag(v?) =0 inQ\ Q,
_Df%u: :Dpaavj on 5°,
u® = v° on S¢,
uf = on 992,

with a, Dy, D, > 0 and f € L?(). If we introduce the
matrix A = Dyxy\7r+ Dpxr where I is the identity matrix in
M (R), then the homogenized problem for big pellets is (see
9D

in ,

—div (A°Vu) + a%g(u) =f
on 0%,

u=1

where A° = (agj) is the homogenized matrix, whose entries

are defined as follows: a?j = [y (aij + a %)dy, in terms of

the functions x;, i = 1, ..., N, Y-periodic solutions of the cell
problems —div(AV (y; + x;)) = 0. In this context, the results
would be analogous and the proofs perhaps even simpler.

We see in (8) that the effect of 71" is present in three terms:
aop(T),|0T| and |Y \ T|. Therefore, any sensible choice of
topology for the set of admissible domains 7" in a search for
optimal obstacles must make this expressions continuous.

A logical choice of topology in the space of shape is the one
given by the Hausdorff distance

dp (21, Q2) = sup{ sup d(x,s), sup d(z,Q1)}.
e €
For the optimization, we will restrict ourselves to a general
enough family of domains, but in which we can define a
topology which makes the family compact. It is well known
(see, for example, [23]) that the following result holds true.

THEOREM 11 ([23]) The class of closed subsets of a com-
pact set D is compact for the Hausdorff convergence.

A proof for the continuity of the effective diffusion under the
Hausdorff distance in U4, can be found in [17].

LEMMA 12 ([17]) If Uugm, is compact with respect to the
Hausdorff metric and if T,, — T, (T,,) C U, asn — oo,
T € Uadm, then ag(Ty,) — ao(T) in My (R).

The behaviour of the measure |Y — T'| is slightly more delicate
(we include a commentary even though, in our family, this will
be constant). For this, a distance with a definition similar to
Hausdorff metric, the Hausdorff complementary distance

dHC(QhQQ) = Suﬂg) ‘d(.’L‘,Qi) —d(.’IJ,Q;)‘,
zER™

has the following property: for open domains, dge(Q,,Q) —
0 as n — oo implies liminf, |Q,| > |Q|. However, lower
semicontinuity of the measure of the boundary (|0T) is, in
general, false (see [17] for some counterexamples). Neverthe-
less, the set of convex domains has a number of very interesting
properties (see [24]).

LEMMA 13 ([24]) The topological spaces (Cy(D),d) and
(Co(D), dge) are equivalent.

The continuity of the boundary measure is provided by the
following theorem, proved in [7].

LEMMA 14 ([7]) Let (2,,),92 € Cp(D). If Q1 C Qq, then

|0€Y| < |09Q2|. Moreover, if Q,, 40, then |92, — || and
|09, — |09, asn — oo.

For the continuity of solutions with respect to 7', we need the
following theorem of continuity of Nemitskij operators (see,
for example, [19], [11] and [21]).

LEMMA 15 ([21]) Let G : Q@ — R — R be a Carathéodory
function such that (7) with q = % withr > 1 andt < oo.
Then, the map

L"(Q) = LY(Q) v G(x,v())
is continuous in the strong topologies.

LEMMA 16 Let A be the set of elliptic matrices and let g
satisty (7). Then, the application

AxRy — HY(Q) (AN = u,
where u is the unique solution of

{ —div(AVu) + A\g(u) = f,

u=1,

in §2,
on 0f),

is continuous in the weak topology.

Proof. . Let G(u) = [, g(s)ds and

1
Jax(v) :i/Q(AVv)-VU%»/Q)\G(U)f va'

We know that u(A, A) is the unique minimizer of this func-
tional. Let A,, — A and \,, — ) be two converging sequences.
It is easy to prove that u,, = u(A,,\) is bounded in H*()
and, up to a subsequence, u,, — u in H! as n — oo.
Therefore, [,(AVu)Vu < liminf, [,(AnVu,)Vu,. We
can apply Theorem 15 to show that G(u,) — G(u) in L
as n — oo (see details for a similar proof, for example, in [9])
and we have that u = u(A, \). O

COROLLARY 17 In the hypotheses of the previous lemma,
the map (A, \) — [, g(u(A, X)) is continuous.
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With these tools, we can prove now our main result.

Proof. of Theorem 7 First, we have that Lemmas 12 and 14
imply that the application T' — (ao(T'), A(T')) is continuous.
Then, Corollary 17 implies that 7' — n(T') is continuous.
Therefore, since Cy(D) is closed and U,gy, is compact, by
Lemma 12 we have the compactness of Uygmm N Cy(D) and
the existence of maximizers.

4 Effectiveness for obstacles with some symme-
tries. Numerical experiments

There exists a large literature on the computation and behaviour
of the homogenized coefficient ao(T"), both from the mathe-
matics and the engineering part (see, e.g., [3], [17], [20]). In
these papers, one can find power series techniques and numeri-
cal analysis, generally for spherical obstacles. As it is common
in the literature (e.g. [3]), we use the commercial software
COMSOL. As said on the introduction, in nanotechnology,
however, it is a common misconception that the measure of
the surface alone, |97, is a good indicator of the effectiveness
of the obstacle.

Considering obstacles with some symmetries (for N = 2
it is sufficient that they are invariant under a 90° rotation)
in general, it is well known that ao(T) = «(T)I, where
a(T) is a scalar (see, for example, [3], [20]) and I is the
identity matrix in My (R). In this case, it can be easily
proved that the effectiveness is an decreasing function of
MNT) = 10T|/(a(T)|Y \T|) (it is a direct consequence of
the comparison principle, see [12]). In fact, this is the only
relevant parameter (once g(u) is fixed) of the equation (8). The
behaviour of the effectiveness with respect to the coefficient A
can also be numerically computed:

Figure 2: Plot of 7 as a function of A when €2 is a 2D circle.

Let us consider, in two dimensions for simplicity, the following
obstacles:
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‘Surtace:Dependert varae 1)

(a) Circular inclusions (b) Square inclusions

Figure 3: Two obstacles 7', and the level sets of the solution of

the cell problem (9)

We can numerically compute the homogenized diffusion coef-
ficient ap(T") via a parametric sweep on the size of the obstacle.

Effective diffusion coefficient

0 circle
square

02 03 04 05 0.6 07 08 03 1

Figure 4: The effective diffusion coefficient (7). Circular
particles in red and square particles in blue

Now, we can couple this with direct computations of |07'| and
compare the behaviour of both indicators.

square
circle

X square
circle a

vir

(a) Classical coefficient |0T).
of the concentration |Y \ 7|

Figure 5: Coefficients |0T| and A(T"). Circular particles in red
and square particles in blue

Since |[Y'\ T'| = 1 — 6 and since 7 is monotone decreasing with
respect to A, what Figure 5 represents is a comparison between
the effectiveness of circular and square pellets for different 6.
We can conclude that, in the computed cases, circular pellets
are more efficient. This could have also been deduced solely

(b) New coefficient A(7") as a function
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from the consideration of |0T|. However, even though the
relative order is not affected, what we see in Figure 5 is that
the behaviour close to minimum and maximum admissible 6
(which correspond with § = 0 and the pellet touching the
boundary of the cell) on each is radically different (notice the
steepness). The fact that the circle appears to be more effective
contrast with the fact that in the homogenized reactor ) a
sphere is worst (see [4], [13], [14]).
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THE EFFECTIVENESS FACTOR OF REACTION-DIFFUSION
EQUATIONS: HOMOGENIZATION AND EXISTENCE OF OPTIMAL
PELLET SHAPES
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ABSTRACT. We study the asymptotic behaviour of the so-called effectiveness factor ne
of a nonlinear diffusion equation that occurs on the boundary of periodically distributed
inclusions (or particles) in an e-periodic medium. Here, ¢ is a small parameter related to
the characteristic size of the inclusions, which, in the homogenization process, will tend
to 0. The inclusions are modeled as homothecy of a fixed pellet T, rescaled by a factor
r(e). We study the cases in which r(g) = O(e®), known as big holes, for @ = 1, as well as
non-critical small holes, for 1 < a < ﬁ We will prove the existence of some convex
shapes which maximize the effectiveness of the homogenized problem. In particular, we
deduce that for small holes the sphere is the domain of highest effectiveness.

1. INTRODUCTION

We study the asymptotic behaviour of the so-called effectiveness factor n. of nonlinear
diffusion equations for which a reaction occurs on the boundary of periodically distributed
inclusions (or particles) in an e-periodic medium.

To be more precise, let @ € RY, with N > 3, be a bounded connected open set such
that [0 = 0 and let Y = (—3, 3)" be the reference cell in RY. Let T' be another open
bounded subset of RY, with the boundary 9T of class C2. T will be called the elementary
particle. We assume that 0 belongs to T" and that T is star-shaped with respect to 0. Since
T is bounded, without loss of generality, we can assume that T C Y. We point out that,
even though the usual term in homogenization theory for inclusions is holes (in order to
give the idea that something has been removed from the domain), here we will avoid this
terminology. For us, these inclusions will be pellets, for example the ones that can be found
in fixed bed chemical reactors and towers. Therefore, we will refer to these holes as pellets,

particles or even inclusions and obstacles.
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Homogenization of the p-Laplacian with Nonlinear Boundary
Condition on Ciritical Size Particles: Identifying the Strange Term
for the Some non Smooth and Multivalued Operators’
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Abstract—We extend previous papers in the literature concerning the homogenization of Robin type bound-
ary conditions for quasilinear equations, in the case of microscopic obstacles of critical size: here we consider
nonlinear boundary conditions involving some maximal monotone graphs which may correspond to discon-
tinuous or non-Lipschitz functions arising in some catalysis problems.
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Papers [2—10] were devoted to the study of asymp-
totic behavior of the solution to the boundary value
problem for the p-Laplacian (p € [2,n)) in €-periodi-
cally perforated domain with nonlinear Robin-type
boundary condition that contains function o(x,u). It
was supposed there that 6(x, «) is a smooth function of
it’s arguments, monotone by variable u. In this paper
we extend the method introduced in [3, 4, 7—10] to
deal with the problems with more general conditions
on the function o(x,u). As in all papers in which the
holes are of critical size and the adsorption parameter
has a critical power of € (we will precise this later) we
observe a change in the nature of the nonlinearity. Our
aim is to present this change in the case

o) = Clul"'u, 0 < g < 1, which is not differentiable
at 0, and in the case when ¢ is the maximal monotone
operator for the Heaviside function, which is a mul-
tivalued operator, and p € [2, n). In a further paper [12]
we extend the arguments to the case of general maxi-
mal monotone graphs ¢ and p € (1, n).

! The article was translated by the authors.
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Let Q be a bounded domain in R”, n > 2, with a

smooth boundary 0Q andlet Y = (—% , %) . Denote by

G, the unit ball centered at the origin. For § > 0 and
0<e<1 we define sets 8B ={x8'xe B} and
Q. ={xe Qp(x,0Q) > 2e}. Let a, = Cye” where
o > 1 and C, is positive number. Define

G, = @G, +¢) = | JG,
JeY, JeY,

Y, ={je Z"(a,G, +&) N Q, # D},
Y] =de™, d =const >0, Z" is the set of vectors z

where

with integer coordinates. Define Ysj =¢Y +¢j, where
j€ Y, and note that G/ c ¥,/ and center of the ball

G/ coincides with the center of the cubeY,’. Define

Q =Q\ G, S, =0G, 0Q =0QUS,.
Consider the problem
—Au, = f, xel,
—a\,pu8 € s_ycq(ug), xe S, (D)
u, =0, xeodQ,
where Au= div(Vu|’ *Vu), pe(2,n),

dy,u = IVul”*(Vu,v), v is the outward unit normal
Yy=o(p—-1). We that

p' _ P
ferr@.p =ty

vector to S, suppose
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Function 6,(A), g € [0,1], is the maximal mono-
tone continuous mapping [11], that depends on
parameter g

0, A<O,
c,M) =401 Le (0D, (2)
I, A>1.

We note that 6, () is the maximal monotone map-
ping for the Heaviside function, i.e. multivalued func-
tion

0, A<DO,
co(A) =4[0,1, A =0, (3)
I, A>0.

Boundary conditions of this type correspond to the
presence of so called chemical reaction of order g on
the boundary of cavities [5, 6]. The motivation to trun-
cate the powers comes from the chemical modeling, in
which concentrations impose range in [0, 1], but it

also corresponds to the case f € L™(Q), for which the
solution is bounded.

Applying monotonicity tools (see, e.g., [11]) it is
easy to see that problem (1) is equivalent to ask for

u, € W (Q,,0Q), satisfying the integral inequality
[1V27 2V 4,90 - up)ax

Q

7 [y, 0~ w,)ds 2 [ 10— u)dx,
S, Q

13

)

for any arbitrary function ¢ e whe (Q,,0Q), where
vy, (A) for g € (0,1] is the primitive of 5. For g € (0,1]
we have that

0, A <O,
xq+1
v, (A) = , Le (0,0, Q)
qg+1
— L, A>1
qg+1
and if ¢ = 0 then
0, A <0,
Yo(A) = {k, A0 (6)

Space W "7(Q,,0Q) is the closure in W "*(Q,) of
the set of infinitely differentiate functions in Q., that
vanish near the boundary 0Q.

It is well known that problem (1) has unique weak
solution (see., e.g. [1, Theorem 8.5]). The following
estimation is valid

el oy & Mol s, gy < K (7

DIAZ et al.

where constant K here and below is independent of €.

Let H () be the function given through functional
equation

BH|’H, e c,M-H,), (8)

where B, = const > 0. Note that, for any prescribed A
equation (8) has unique solution. In the case if g = 0

0, A <O,
L
Hy(\) =42, 0<A< B, )
L 1
B,”", A > B,""
and if ¢ € (0,1] then
0, A <O,

-
H,M) =)'\, 0<A<1+B,"",
1 1

B,”",  A>1+B,"",

(10)

where b,(s) is the strictly monotone function given for
s 2 0 by

1 p-l

b(s)=s+Bjs? =\ (11)

Note that, in both cases, H, q(k) is bounded and
Lipschitz continuous.

Denote by 7, a W " -extension of function u, (see
[10]). Using estimate (7) we get following inequality

<K. (12)

Therefore, there exists a subsequence (denoted as
the original sequence), such that € — 0:

”as"W"”(Q)

W' (Q). (13)

The following theorem gives a description of the
limit function u.

i, — u weakly in

Theorem 1.
n
n—p
the problem (1). Suppose that H (M) is the function given

p—1
n—»o

Let n>23, pel2,n, qe€]0,1],

Y =o(p —1) and u, is the weak solution of

o=

by equation (8), in which B, =[ Cy". Then

the limit function u, introduced in (13), is the weak solu-
tion of the problem

{—Apu + A(n, p)\H )" H ) = f,
u=0,

xe Q,

14
xe BQ.( )

which is understood as a function u € Wol”’ (Q) satisfying
the variational inequality
DOKLADY MATHEMATICS 2016
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I|V VPV vV(v — u)dx +
Q
+ A [IH, 0 H ) (v = wydx >
Q

> If(v — u)dx,
Q

for am arbitrary function ve Wol’” (QQ). Here,

p-1
A(n, p) = (’;__?) C; "w,, with , the surface area of

the unit sphere in R".

Proof. (a) Consider the case ¢ = 0. Denote

B, = BO_ 7T Note that the integral inequality in the case
when ¢ = 0 has the form

[1Vil" 2V u,V(0 = u)ax

Q
: (15)
+e77[ O —u)ds 2 [ £(0 - udx,

Se Q¢
where ¢ is the positive part of functiond, ¢ = 6" — ¢~
From (15) we conclude

+
€

8—“/

(16)

. <
L(Se)

Using the monotonicity of function [AJ’°A for
p > 1 we derive inequality for u,

[IV0IVoV(© - up)dx

Q
E (17
v O —udds 2 [ £ - udx,
Q

Sz‘, €

that is valid for an arbitrary function ¢ € W, ”(Q).
Let us take a test function in inequality (17)

0(x) = v(x) = We(x) Hy (v(x)),

where v € C;'(Q), H,y(\) is given by the formula (9),
function W, (x) is defined as follows

sj, xeTsj\Gej, je Y,

w
W(x) =11, xe G, (18)
0, xeR"\ Jrv.

JEY,
Here, 7./is the ball of radius e/4 center of which

coincides with the center P.of G/,

j|(p—n)/ (p=1) (p—n)/(p—1)
< x— P/ —(e/4
WEJ(X) — | € | ( / )

aép—n)/(p—l) _ (8/4)(11—")/(17—1)

DOKLADY MATHEMATICS Vol.94 No.1 2016

389
Note that

W, —0 weakly in W""(Q) (19)

as € — 0. Using that
v=Hyv) s vel0,B]

v< Hy(v) &v<0,

v>Hy(v) & v>B
and q)+|5E =(v-H,v) =v-Hyv) if v> Hyv)
we get

e [0 —uds

Se
<e? [ w-B-udds-e7 [ wls (20)
SeN{v>By} Sen{ve(0,B))}

Substituting introduced test function in inequality
(17) and using (19) and (20), we get that the limit as
€ — 0 of the left-hand side of the inequality (17)
doesn’t exceed the limit of

j IV? 2V vV(v — u,)dx
Q
+e7 I v — B, —ul)ds
Sen{v>By}
—e [ was= Y [IVwIPPwlH T @D
S.n{ve(0,B,)} JeYedG!
X Hy(v — Hy(v) —ug)ds
- Z I IVwl|”20 Wl H |" > H (v — u,)ds.
JeYeT/

The limit of the right-hand side of inequality (17) is
equal to

[rev - uwax. (22)
Q

Consider the integrals over S, included in the
expression (21):
=2 [IVWlPPauwllHy |7 Hy(v = Ho(v) - uo)ds
JEY aG{

+e! I (v—-B —ul)ds—¢7" I u, ds

SeN{v>B} Sen{ve(0,B))}
_ B _
=7 2 [|H " Hy(v — Hy(v)
(1 - 0{'x-:)

SE

—u)ds +e7 j (v — B, —u])ds
SeN{v>B}

-g I u.ds

Sen{ve(0,B))}
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_ - 2
——¢ 7(1 - I |H ()" Hy(v)ug ds
- s‘YBoleo(v>|”‘2Ho(v> (v = Hy(v) - u)ds  (23)
SE
_ B o, o,

" leo<v)|P *Hyv) (v = Hy(v) = u))ds

—e J' ulds +e7! j (v — B, —ul)ds

Sen{ve(0,B))}
-__By

(1 - Ocs)

SeN{v>B}

[1E,nN 2 oz ds

3

— Be” J' By\(v — B, —u])ds
SeN{v>B}

+¢7'B, j v’ ulds

Seni{ve(0,B,))

e j |How) "> Hy) (v = Ho(w) — u?)ds
+e” j (v—B, —ul)ds—¢"

SeN{v>B}

I usds

S.N{ve(0,B))}

= —¢” I |Ho ()" Hy(v)ug ds

(1—

e f ul (1= Byv”™ (x))ds

Sen{ve(0,B))}
o.Bie ™’ -
= S BE [ o) Hyw) v = Hy(w) - )
€ Sg
e OB’ p-2 +
=gt =SB [ ) = Hy ) = s,
- Ue
where
JE=—-¢7" JlHo(V)|p 2Ho(v)”  ds

(1—

o

Sen{ve(0,B))}

(24)
u; (1 — Byv" Nds <0,

and o, = 0ife — 0.

Using that e |ju

< K, we get that the limit of

the expression (21) doesn’t exceed the limit of the fol-
lowing expression

el s,

DIAZ et al.

I|V VPPV vV(v — u)dx
U , (25)
= > [1VwiP 0, wllH P Hy () (v — u)ds.
JeYedT/
Using an equality proved in [3] we get
lim Y j Vw7720, wi | H (P2 H o (v — u,)ds
0 /GTeaT/
= —A(n p)[|Hy 0" Ho() (v - ).
Q
It follows from (20)—(26) that u satisfies inequality,

for any v e W, ”(Q),
J|V VP2V vV(v — u)dx + A(n, p)

(26)

o (27)
x J.|H0(V)|”72H0(V) v — w)dx > j (v - uydx.

Taking v = u+Aw, with we W,”(Q) arbitrary,
and making A — 0, since H,is Lipschits continuous
and bounded, we get that u is a weak solution of prob-
lem (14) for ¢ = 0 in the usual sense.

(b) Now we consider the case g € (0,1]. In this case
we make similar reasoning. We set ¢ = v — W H ,(v)
in inequality (17) as a test function, where H (}A) is
defined by (10). Further, we only need to explain the
method of the comparison of the integrals over .S,,

included in the obtained variational inequality. Note
that in this case variational inequality has the form
[IV0IVo(vo - Vuydx + &7
QE‘
x [, @ —w,@)ds = [ £6—u)dx,

SE QE

(28)

where

&7 [y, () — v, (w))ds

Se

<e™ J. ((V - Hq(v))qJrl _ ”ZH st

+1 +1
Sen{ve(0,14+B)}N{ue (0,1} a q

+¢e7

f v - H, (v)™ s

qg+1
S, ve(0,1+B,) )N, <0}

_ g+l
J. [(v L. u, + q st

S {ve(0,14B) N >1}

q uq+l
[ Y A i A
g+1 qg+1

Sen{r>1+ B} (0,1)}

+¢!

+¢e7

DOKLADY MATHEMATICS Vol. 94 No.1 2016
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[ [t
qg+1

SeN{v>14B N {u, <0}

+e7! J v-H, - 4 _y +-9 |gs.
q+1 qg+1

We substitute the test function in (17) and we con-

sider the remaining integrals over .S, in the left-hand
side of variational inequality (17):

SeN{v>14Bin{u>1}

= > [ 1VwlP Wl H P H (7 = H o) — u)ds

JeYedg!

— g IBOH:_I(V) (v — H,(v) —u)ds

Se
(30)
3108 o J.H” ') (v - H,(v) - ul)ds
_gt B IH‘” Zds.
1_
Note that

et I ByH! ) (v — H (V) — u])ds

— ¢ J' (v—-H, ()"
SeN{ve(0,1+B)) }N{uge(0,1)}
X (v —H, (v)—u)ds
—e | (v = H,(")'(v = H,(v) - u;)ds

Se{ve(0,1+B) e >1}

_eV J'

SeN{ve(0,1+B)) N <0}

]

SeN{v>1+ BN {u <0}

(v — H,(v)"ds (31)

(v — B))ds

. j (v — B, — u,)ds
SeN{v>1+BiN{uee(0,1)}
—&77 .f (v — B, —u,)ds.

SN+ B N{u>1)

Next we compare integrals over the same subsets of
S, in the left-hand side of inequality (17). We have

DOKLADY MATHEMATICS Vol.94 No.1 2016

I, =¢

€

| (v-H,)"  u
q+1 qg+1

€

- (v=H, )" +(v- Hq(v))qug}ds
(32)

q+l q+l
e f(q(v H, "™ |

o qg+1 q+l

—u (v — Hq(v))q]ds,

where M, = S, n{ve (0,1 + B)} N {u, € (0,1)}. Using
Young’s inequality we get

- H g+l g+l
o B

-H 1<
u(v — H,(v)) P

Therefore,

I, £0. (34)

The remaining integrals over subsets of S, are con-
sidered in the similar way and we establish that the
sum of all integrals over the corresponding subsets of
S, is non-positive. Therefore, the limit function u sat-
isfy variational inequality

I|Vv|p_2V vV(v — u)dx + A(n, p)

Q
x [ 0w —wdx = [fr—w),
Q Q

for an arbitrary function v € Wol”’ (Q2). Again taking

v =u+Aw, with we W,"”(Q)arbitrary, and making
A — 0 we obtain that u is a weak solution the usual
sense.
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HOMOGENIZATION OF VARIATIONAL INEQUALITIES
OF SIGNORINI TYPE FOR THE p-LAPLACIAN
IN PERFORATED DOMAINS WHEN p € (1,2)

J.1. DIAZ, D. GOMEZ-CASTRO, A.V. PODOLSKIY, AND T.A. SHAPOSHNIKOVA

Works [6, 4] are concerned with the investigation of the asymptotic be-
havior of the solution of the variational inequality for the p - Laplace op-
erator, where p € [2,n) and e-periodically perforated domain with nonlin-
ear Robin type boundary condition. In the present work we investigate
a similar homogenization problem for the p - Laplacian in the case when
p € (1,2). It is known (see [2]) that for this values of p the considered prob-
lems describe the motion of non-Newtonian fluids. This type of diffusion
is also used to describe certain problems of Newtonian fluids in turbulent
regime (see, e.g., [3]). The operator also has some interest in the context

on non-linear elasticity.

Let € be a bounded domain in R"”, n > 3, with a smooth boundary 0f2.
Denote Y = (—1/2,1/2)" and let G be the unit ball centered at the origin.
For 6 > 0 we define and a given set B C R" we define 6B = {z|6 "'z € B}.
We also define, for j € Z", G = a.Gy + &7,

Q. ={r €Qlp(x,00) > 2}, G.=|] ¢

JeTe
(where 0 <& << 1), a. = Cpe®, a = ;5 and
T, = {j ez (aEG’oJrsj)ﬂﬁ_g#@}.

It is easy to check that |Y.| = de™" where d > 0 is a constant. Finally, let
us define Y7 = €Y + ¢4, j € Y. (where we point out that GL ¢ Y7 and
that the center of the ball G/ coincides with the center of Y7) and

Q. =0Q\G.,  S.=0G., 00 =0QUS..

Date: September 30, 2016.



2 J.1. DIAZ, D. GOMEZ-CASTRO, A.V. PODOLSKIY, AND T.A. SHAPOSHNIKOVA

In this setting we consider the following nonlinear diffusion problem

—Ayu. = f, x € (.,
_aupus € 8770‘(“6)7 YIS SE? (1)
u. =0, x € 01,

where p € (1,2), Ayu = div(|VulP~*Vu), 8, u = |VulP"*(Vu,v) and with
v the outward unit normal to S; and vy = a(p—1), f € L (), p = 1%,
and o the following maximal monotone graph

O'()()\), A>0,
O-(A) - (_007 0]7 A= 07 (2)
0, A <0,

where oy € C'(R), 09(0) = 0, o4(\) > k; > 0 and k; is a constant.

We note that boundary value problem (1) with a function such as o(\)
in the boundary condition corresponds to the problem with the one-sided

restrictions, i.e. Signorini type problem

u: > 0,
Oy, ue + € Yog(ue) > 0 and

Ue (O, ue + € T09(u:)) =0, on S..

Let us define the following functions

A
00 = [ oulryar 3)
w1320

This convex l.s.c. function ¥ has ¢ as its subdifferential, in the sense that

ZP()\) - ¢(N) < 6()‘ o ,LL), V)‘a JUBS R7§ S U(A) (5)

This is typically denoted o = 9. The weak solution of the problem (1) is

defined as a function

u, € K. = {g € W'(Q.,0Q) : g >0 a.e. on S.},
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satisfying the integral inequality

1902V (6 - wde =7 [ (506) - duc))ds

Q.

Se
> [ 16~ w)ds (6
Qe
for any arbitrary function ¢ € K..

Let H(A) be the solution of the functional inclusion
Bo|H|P?H € o(\ — H), (7)

where By > 0 is a constant. In the case of ¢ as in (2), inclusion (7) has a

unique solution of the form

H) = { T A= ®)

where Hy(A) is the solution of the functional equation
By|Ho|P"2Hy = oo(A — Hy). (9)

Note that Hy(0) = 0. If we decompose u = u™ — u~ where u™,u~ > 0 are

the positive and negative parts of u then we have
H(u) = Ho(u™) —u™,  [H(u)"?H(u) = [Ho(u") 7 Ho(u™) — |u™["7u”
Also,

Lemma 1. For every s # 0, 0 < H'(s) < 1. In particular, H is a Lipschitz

continuous function.
Proof. If Hy(s) <0, since 0¢(0) =0, a{(s) > k1 >0
0 > Bo‘H0|p_2H0 — 0'0(5 — Ho(S)) > kl(S — Ho(S))

then s < 0. So, for s > 0, H(s) = Hy(s) > 0. Hence, for s > 0
ByHy(s)Pt = 0¢(s — Hy(s)). Differentiating with respect to s, for s > 0
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which is in (0,1). Since, for s < 0, H(s) = s we finish the proof. O

Remark 1. In if o is given by (2), H(s) < s for all s € R. For s <0 this
is obvious and for s > 0 we point out that H(0) =0 and H'(s) < 1.

Let 4. € Wy (Q) be a W'? — extension of u,, that satisfies the following
inequalities
[ucllwir) < Kllucllwieq), VUl < Kl Vel @), (10)
Considering (6) it is easy to check that

IVtel| o) < K.

Hence, using this inequality and estimations (10) we conclude that there

exists a subsequence (denote as the original sequence), such that as e — 0
a. —u  weakly in W, (Q). (11)

We will use systematically that the function
, - ()Y — (Y, £ €% (12)

is continuous in the strong topology (see [8]).

The following theorem gives us the description of function uw. What is
remarkable in it is that a sequence of variational inequalities converges
to the solution of a single-valued quasilinear equation with a Lipschitz

absortion term.

Theorem 1. Let o = ni_p, vy=ap—1), pe(1,2), n > 3. Suppose that
u. € WHP(Q.,00) is the weak solution of the problem (1), where o(\) is
given by formula (2) and u. € Wol’p(Q) is a WlP-extension of u. satisfying
(10). Then, the function u defined in (11) is a weak solution of the following
problem

(13)

u=0, x € 010,

where function H(X) is given by formula (8), Ho(\) is a solution of the
equation (9) for By = <w>plcé_p, A(n,p) = (w)plc’g_pwn and wy,

{ —Agu+ A(n,p)|[H(w)P2H(u) = f, z€Q,

p—1 p—1
15 the surface area of the unit sphere in R".
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We will use the following auxiliary function W, defined as follows

(

wi, reTi\GLjeT.,
w.=<{1 xeG,
0, zeR"\ |J TY,

jeTe

\

where w/! is the solution of the following value problem

prg — O, T € Tg \5}3‘7
wl =1, x € 0GY,
w! =0, x € JTY,

and T? denotes the ball of radius /4 which center coincides with the center

of cube Y. Tt is easy to show that

/|VW5\qu < Kenr—a)/(n=p). (14)

Q.

where 1 < ¢ < p. W. = 0in Wy %(Q) ¢ — 0, for ¢ < p. Also, the W,”
norm is bounded, so it has a weakly convergent subsequence. The limit of
that sequence must be its W,'? limit, hence W. — 0 weakly in W,"(Q) as
e — 0.

Proof of Theorem 1. Taking into account (3) and using the monotonicity
of function |A\[P72\ for p > 1, from inequality (6) we derive that u. satisfies

the following inequality

IVoIP VoV (p—u)dr+e7 | og(d)(p—u)ds > | f(p—ue)dz, (15)
/ / /

Se

for any function ¢ € K..

Let v € W1>°(Q) and let us consider ¢ = v — W.H (v) as a test function,
where H(\) is defined by (8). Notice that ¢|s. = v — H(v) > 0 due to
Remark 1, and hence ¢ € K.. Let us define 1. = ¢ — 1., and rewrite (15)
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as I} + I? > I3 where

~ [ 90~ WHE)PVids

Q.

2o / o(v— Ho)uds TP = / o
Q.

Se

Let us define

§1=0,(V(v—=W.H())), & =,(Vv) &=,(V(IWH(v))),

We write I1 J1 + J2 + J3 where

Jg:/(fl—(&—&a))'v%a JEQ/&-W-, JSQ/@-WE.

Q.

Lemma 3 below implies the inequality [§; — (& — &) < C(‘&Hfﬂ)%—l-

Hence, we can write

T < K / Vol [V WH @) 7 ([T WH W) + Vo + Vi) de
Qe
<K [(1VelF IVOVH@)F + 90T VOV H @)
Qe

+ Vol T [V(WH @) Z V] ) do

<K [ (VW V9w ) da
Qe

Applying Holder’s inequality for p on the second term

PA SK{VW Hp*,;il +|\wg|\m(m (/ |VW€|5> }_>O
Q

as € — 0 by taking into account that £, 5= +1 < p and estimate (14). More-

over, convergence (11) implies

lim J? = / Vo2 VoV (v — u)da. (16)
E—
Q
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Consider J3. Splitting V(W.H(v)) = W.VH(v) + H(v)VW,, since

W.VH(v) = 0 in LP(Q)Y, ®, is continuous and . is bounded in WP
we have that

) 31 .
lg% J? = ll_{% Q,(H(v)VIW) - V..
Q.

On the other hand, it is easy to check that

lim [ [V VW V(H@)P2H(0)0.) = lin / B,(H(0)VIV.) - Vib..
0. Q.

Hence

ﬁ=—/wmv%meVWMWMH@w—MHm—%MWH%
Qe

where a. — 0 ase — 0. From Green’s formula we derive that J? = K1+ K?

Kl=-%" / Oy w! | H ()| 2 H (0) (v — H(v) — u.)ds

€ vp e
eY .
J 88G§

3

Ke=- Z / Oy, w!|H(v)[P2H(v)(v — u.)ds + a.
I o

Taking into account that

| (n — p)e s
o, wl| = ; 17
"o = (p— DCo(1 — o) a7
‘ _ p)22(n=1)/(p=1) 1 (n=P)/(P=1) _1/(p—1)
| = _n=p) “ S (18)
rclory (p—1)(1 — ke)

where k. — 0 as ¢ — 0 and that v = «a(p — 1) we obtain, taking into
account (9) that

K+ 1?2=¢7 :a(v — H(v)) — Bo|H()|P2H(v) | (v — H(v) — u.)ds + S

lv_[P2u_ | (—u.)ds + k. < fe

/
_ e 5/ 0P 20| (vy = H(v,) = uc)ds + B
/
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where 5. — 0 as ¢ — 0 since u. > 0 on S..

We will use the next lemma to pass to the limit in K} (see [10]).

Lemma 2. Let u. € Hj (Q) and u. — ug as € — 0 in H}(Q), then

Ne
22("_1)52 / udS — wn/uod:c —0,e =0,
j=1

ot , Q

where wy, is the surface area of the unit sphere in R".

Due Lemma 2 we deduce that

K! — A(n,p) / |H(v)|P2H (v)(v — u)dz, ase — 0 (19)
0

-1
where A(n, p) = <Z%’f>p Cy Pwy,. From (15)-(19) we derive that u satisfies

following inequality

/ |VulP2VoV (v — u)dz + A(n, p) / |H(v)|P2H (v)|P%(v — u)dx
0 0

> /f(v — u)d. (20)

This inequality implies that u is a weak solution of the problem (13). O

In the next theorem we will prove convergence in the norm of space
W, P(€2.) of the solution of the problem (1) with a corrector to the solution

of the homogenized problem.

Theorem 2. Let o = ni_p, vy=alp—1), p € (1,2), n > 3. Suppose that
u. € WHP(Q,) is a weak solution of the problem (1) and u is a weak solution
of the problem (13) possessing the additional smoothness u € WH®(£).
Then

|V (ue + WoH (u) — w)| pros) — 0, ase— 0 (21)
In particular, since W. — 0 in W14(Q) for ¢ < p, we have, for all ¢ < p

|V (ue = w)||La.) = 0, e—0
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Remark 2. Under some smoothness hypothesis of og and f, u € W1(Q)
is often achieve. See [5, 1,9, 7].

Proof of Theorem 2. Inequality (6) implies that

/ VP2V V(6 — u)de + e / 00(6)(6 — u)ds

Q.

Se
> / £(6 — we)da. (22)
Qe

In inequality (22) we substitute ¢ = u — W.H(u) and in the weak for-

mulation of problem (13), namely,
[ 1vap 2V Vo A [ 1H@P 2 Hwe = [ 1o
Q Q Q

we take, as a test function, v = —W., where V. = u — W_.H (u) — u. and u.

is a WlP-extension u. on Q. Let us define,
& = 0p(Vue), & = Pp(Vu)

By adding the two expressions we obtain I7 + I5 4+ I5 > I where

i-[E-e)-ve. 5 [e v
G.

Q.

== [ ou—H@w)Y. - Atn.p) / [H () 2H (u) .

Se
Ge
It is clear that I5, I — 0 as ¢ — 0 due to weak convergence and the fact
that |G<| — 0. We define
&5 = p(V(W-H (u))), §1 = Pp(V(u— W-H(u)))

We decompose I} = Jj + J5 + J5

Jf=/(£i—€i)-V\I'a J§=/(§Z—€z+§§)-v% J§=—/s§w5
Q.

Q. Q.
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Applying Lemma 3 we have that

512 O [ 19l (9O () 7 [~ WoH ()~ w)lde = 0, 5= 0.
Q.

On the other hand, we can write

:_Z/a Wl | H () [P~ 2H (u) U.ds—

T.
e

— Z /(9l,pwg|H )P2H (u)W.ds + 6.,
€Y e pa

where 0. — 0. Therefore, J5 + I35 — 0 as ¢ — 0, due to the explicit
expression of 9, w! and H. So, finally, J{ — 0. We will use the following

inequality (see [2]). For all 1 <p <2 and &, n € R"

2
\5\2|§p +7\7| g < (6776 =P n)(€ ). (23)

Hence, for £ = £ and n = £, we deduce that

IV (ue — u+ W.H (u))|? 5 o
C/ |Vu€|2*p + \V(u — WEH(U))P p — /(51 54) VU, = ‘]1 -0

€ €

as € — 0. Using Holder’s inequality (21), which concludes the proof. [
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APPENDIX A. AN AUXILIARY LEMMA

Lemma 3. Let p € (1,2), n > 2. Then there exists constant C = C(n,p)
such that for all a,b € R™ following inequality is valid

p—1
2

o= b 2(a = b) ~ (|20 — b *)| < C(Jallp]) *
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Proof. Without loss of generality we can assume that |a| > [b] > 0. Let

w= v =qh lul =l =1, & =u-v, € €[-1,1], k = {if = 1. The

desired inequality in written in these new variables takes the following form
[ku — v|P2(ku — v) — (" "'u —v)| < CEP~V/2,
By squaring this inequality we get

Rk, &) = (K* — 2k + 1)1 4 k20D 4 1 — 2k~ ¢
—2(k? = 2kE + D)DK 41— ke — kP16 < PR,

Consider function

f(l{?,f) = ﬁlifi§> — kp1 (1 — % + %)p—l 4Pl gl 26—
_ 2(1 B %& N %)(1)—2)/2(]#9—1 k2% kY,

Decomposing functions (1 — 2¢/k 4+ 1/k?)% for 8 = p — 1,(p — 2)/2 in
Taylor series as k — oo, k > 1+ /2, and equating the coefficients of
corresponding degrees, we obtain

Fh,€) = k' 4 B 1o 1),

where a and f depend only on p and £. Hence, f(k,§) — 0 as k — oo.
Thus there exists k; > 1 + /2 such that f(k,&) < 1 for all k& > ki,
€] < 1. It’s easy to show that function f(k,&) is continuous on the set
D = {(k,&|1 <k < k,|¢| < 1}. So there exists a positive constant M

that depends on p such that (l?giXD |f(k,&)] < M. Hence, function |f] is
£)e

bounded by max(M, 1) for all permissible k& and €. O
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0. Introduction

We will study asymptotic behaviour as ¢ — 0 of the solution to the boundary value problem associated

with the p-Laplace operator in an e-periodically structured domain with a nonlinear Robin-type condition

specified on the boundary of the periodic subdomains. This kind of domains include the so called perforated

media as well as the case of isolated particles distributed in a periodic way. This second case arise quite often

in Chemical Engineering. Here we consider a non-critical size of the perforations or particles. The objective

of this paper is twofold. First, a homogenized problem is constructed and a theorem is proved stating weak

convergence as € — 0 of the solution of the original problem to the solution of the homogenized one. The

closest papers in the literature are [31,32] where the case p = 2 was considered, [17-19,26] dedicated to the
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case 2 < p < n and [11] where the case p > n was investigated. In contrast to the mentioned papers we
consider here that the reaction function ¢ needs not be smooth. In order to achieve this result we introduce
uniform approximation arguments, that allow us to deal with such reaction functions.

The case when the size of particles is non critical is characterized by the fact that the homogenized
problem contains the same nonlinearity as the nonhomogeneous problem. As we will see, if the condition is
Onue + B(e)o(us) = 0 on the boundary of the inclusions (see (3)), then the homogenized interior equation
contains a reaction term of the form Ao (u) (see (19)). However, there are critical cases in which the nature
of the nonlinearity changes. More precisely, the limit equation for the interior contains a reaction term of the
form AH (u), where H is different from o, instead of the term Ao(u) in (19) (see [9,10,12,17-20,25,29,32]).
For further reference see [18,17,19]. In the critical case, due to the technique used, the considered inclusions
are balls whereas in this noncritical case a general shape is considered.

The second main result of the paper is the analysis of the asymptotic limit of the effectiveness functional
(as introduced by Aris, see [2,3]), which extends results in [13,14] to the cases p # 2 and o Hélder continuous.

1. Statement of results
1.1. Problem setting

Let © be a bounded domain in R", n > 2, with a smooth boundary 0f2 and let Y = (—%, %)” Let Gy

be a smooth open set such that Gy C Y. For § >0 and B C R" let B = {x € R" : 6 "'z € B}. Fore > 0
we define Q. = {z € Q|p(z,00) > 2¢}, where p is the distance function. Let a. > 0, define the set of

inclusions

G. = U (asG0+€j): U Gé

JEY, JEY,.

where Y. = {j € Z" : (a.Go + €j) N 65 # 0}, Z" is the set of vectors z with integer coordinates. Define
Y/ = eY + ¢4, where j € T, and note that G- C Y. Finally, we define

Q. =Q\G., S.=0G., 09.=00US..
Notice that the number of inclusions is of the order of ™", in the sense that

tim L=l — o). (1)

e—0 g1
Throughout this paper we will write
e € b, < lim aebg1 =0
e—0
ae ~be <= lima.b-! € (0, +00).
e—0
We will consider that the sizes of the particles are smaller than their repetition, in the sense that

a. K €. (2)

Sometimes, this case is known as tiny holes (in our case they can be thought of as tiny particles). We
consider the problem of nonlinear diffusion in ). with a nonlinear reaction taking place on S;:
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—Apue = f(x), z € Q,
Oy, ue + B(e)o(ue) = Ble)g, x €S, (3)
Ue = O, x € 697

where Apu = div(|VulP~2Vu), 8, u = |VulP~(Vu,v), v is the outward unit normal vector to S. , o is a
continuous nondecreasing function such that ¢(0) = 0, f € L¥ (Q) and g € W>°(Q) and, for every ¢ > 0,
B(g) is a nonnegative constant.

This problem can be obtained as a change of variable u = 1 — w, o(u) = (1) — 6(w) of the following
problem, which appears in Chemical Engineering in the design of fixed-bed reactors (see, for example, [30])

—-Ayw. = f(z), x € Q,
Oy, we + f(e)d(we) =0, z €S, (4)
we = 1, x € 002.

In this setting, a typical nonlinearity in the applications is ¢(w) = |w|?~!w with 0 < ¢ < 1. This kinetics is
not locally Lipschitz and therefore the approaches in the literature do not apply directly to this case.
A quantity of great interest in the applications is the effectiveness, which can be expressed as

1 -
£.(2,Go) = m/a(we) as, (5)
5 g
in the nonhomogeneous case and as
1
£(0.G0) = o [otw) da. (6)
Q

in the homogenized case. It represents the ratio of the actual amount of reactant consumed per unit time
in © to the amount that would be consumed if the interior concentration were everywhere equal to the
ambient concentration. A high effectiveness is desirable in most applications. For isothermal and endothermic
reactions, we see that 0 < &, < 1. This definition was introduced by Aris in the linear case (p = 2 and
o = Au, see [1,21,3]). The study of this functional is equivalent to the study of the ineffectiveness

1 1
"= S/ o) ds. 0= Q/ o(u) d. (7)

The mathematical properties have widely been studied, see [4-8]. The aim of this paper is to prove that
ne —»nase— 0.

1.2. Weak formulations

Let us define the energy functional

J.(v) = %/ywp dz + 5(@/@(@) ds — /fv dz — B(e) /gv as (8)

5 SE
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where ®(s) = [ o(r)dr. Its subdifferential A. = 8.J. is given by

(Av,w) = / VolP~2Vo - Vi dz + B(e) /J(v)w ds — /fw dz — B(e) /gw ds. (9)
Q. Q.

€ €

We say that u. is a weak solution of (3) if Acu. = 0. However, o(u.) is usually not a well behaved sequence
(in the sense that it may not converge in H'(Q)). We would rather work with an equivalent formulation
that does not include it. In this direction, we have the following characterization of minimizers:

Lemma 1 (Chapter 1 in [16]). Let X be a reflexive Banach space, J : X — (—o0,+00] be a conver functional
A=0J: X — P(X') be its subdifferential. Then the following are equivalent:

i) w is a minimizer of J,
ii) we D(A) and 0 € Au.

If either hold, then
ili) For every v € D(A) and £ € Av
(&v—u)>0. (10)

Furthermore, assume that J is Gateauz-differentiable on X and A is continuous on X then iii) is also
equivalent to i).

Remark 1. Naturally, if there is uniqueness of iii) then the i)—iii) are also equivalent.

Remark 2. One should not confuse condition iii) with the Stampacchia formulation (see e.g. [6]). For a
bilinear form @ and a linear function F' this function is

a(u,v —u) > G(v—u) (11)

for all v in the correspondent space, whereas with this formulation we have a(v,v — u). The advantage of
the representation we consider is that one of the elements can be taken constant as € — 0.

We will say that u. is a weak solution of (3) if it is a minimizer of J. in WP(£,, Q).
Proposition 1 (/26/). Let p > 1. Then there ezists an extension operator
P.: WP (Q.,0Q) — W, P(Q). (12)
Furthermore, there exists a constant C independent of € such that
|V Pouc| o) < Cl|Vue| e (q)- (13)

Hence, there exists a subsequence of the original sequence P-u. that admits a weak VVO1 P(Q) limit, which
we will define as u. The aim of this paper is to characterize u.
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1.3. Homogenization of solutions for 1 <p <mn

We state two approximation lemmas, which are key to our arguments.

Lemma 2. Let o € C(R) be nondecreasing such that o(0) = 0. Then there ezists o. € C*(R) non decreasing
such that 0.(0) =0 and || — 0¢||ec < €.

Let us define the critical values of a. and 8, for 1 <p <n
ar =en-», B*(e) = az (" Vem, (14)

which separates different asymptotic behaviours of the solution. We focus on the cases a. > a}, since the
critical case is a. ~ a}. Notice that

S| = [Tel|a:0Go| = al | Te][0G0|. (15)
Taking into account (1) we get
|Se|
—— — 1. 16
ERBIHEEN 1o

The value B* separates the behaviours as shown by the following theorem. In fact, let us define
o = 10Go| lim 5()5°()™. a7)
Theorem 1. Let 1 < p <n, g € WH>(Q), af < a. < ¢, 0 € C(R) nondecreasing such that o(0) =0 and
lo(v)] < CA+[oP~H). (18)
Then the following results hold:

i) Let By < +00. Then, up to a subsequence P-uz — u in Wol’p(Q), where u is the unique solution of

—Apu+ foo(u) = f+ fog  ©,
u=20 0f.

(19)

ii) Let Bg = +o0, g =0 and o € C1. Then, up to a subsequence P.u. — u in Wol’p(Q) and u satisfies
u(z) € o~ *(0) (20)

a.e. in Q. In other words, o(u(x)) = 0 for a.e. x € Q. In particular, if o is strictly increasing then
u = 0.

Remark 3. In particular, if 3y = 0 then the limit problem does not contain any reaction term. If a, = Cpe®
and f(g) = e~ we have
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0 v < a(n—p)—n,
Bo = Cg_1|8Go| v =a(n—p)—mn,

+o0 v > aln—p)—n.
Remark 4. The same result holds for p = n, where the condition on the size a. is
en-1 In(ate) — 0, ase — 0 (21)

(see [27]) and for p > n, where a critical size of inclusions doesn’t exist so there is no condition on a*
(see [11]). We can write the critical size for any p > 1 as:

n

gn—»p if 1 <p<n,
0= e ifp—n, (22)
0 if p>n.
The value of 5* is still
B(e) = azt" Ve, (23)

1.4. Homogenization of the effectiveness factor when p > 1

We conclude by stating a theorem on homogenization of the effectiveness functional that improves pre-
vious results by the authors (see [13,14]). We give conditions so that

1
|5 |

/a(ug) ds — Iiﬂ\ o(u)dz  ase— 0, (24)
Se Q

To achieve this we need a stronger approximation result for the family of Holder-continuous functions.

Remark 5. If ] is a bounded interval then C*(I) € C%%(I). This is not true if I is unbounded. For example,
all functions in C%%(R) are sublinear. We introduce the following condition

lo(t) —a(s)] < C(|t —s|*+ [t — s|P) Vi, s € R, (25)

that represents “local Holder” continuity, in the sense that there is no need for the function to be differen-
tiable. On the other hand, as |s — t| — 400, the function o behaves like a power, and then ¢ can be non
sublinear.

Lemma 3. Let o € C(R), nondecreasing and there exists 0 < o < 1, p > 1 such that (25) holds. Then, for
every 0 < & < 15 there exists 0. € C(R) (piecewise linear) such that

o —allem) <e, (26)

1

0<ol < Dea, (27)
where D depends only on C, a, p.

Theorem 2. Let p > 1, a < a. < &, f ~ B* and o be continuous such that o(0) = 0. Let u. and u be the
solutions of (3) and (19). Lastly, assume either:
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i) o is uniformly Lipschitz continuous (o' € L*), or
iif) o € C(R) and there exists 0 < a <1 and g > 1 such that we have (25) and

(o(t) —o(s))(t—s) > C|t —s|?, Vt,s € R. (28)
Then (24) holds.

Remark 6. If 0 < ¢ < 1 root functions: o(s) = |s|971s do not satisfy (28). However, the following cut-off to
a linear function does satisfy (28):

[s]"7 s Is| < so,
o(s) = where s§ = oo + Aso. (29)
o0+ As |s| > so,

Hence, the results in this paper hold for (s) = |s|71s where 0 < ¢ < 1 holds, at least for bounded solutions.
We point out that in many context in the applications u is bounded (e.g. if f is a bounded function). For
example, in Chemical Engineering u typically represents a concentration, so 0 < u < 1.
2. Auxiliary results and estimates
2.1. Estimates on the boundary integrals

First let us introduce a uniform trace information in S..

Proposition 2 (/26/). Let p > 1 and assume (2). Then

i) There exists C, independent of €, such that, for u € WHP(Q.,09), it holds that

5*(5)/|u|p ds < C’/]Vu|p dz. (30)
Se Qe
ii) If ve — v in Wy () and a* < a. < €, then
ﬂ*(s)/ve dS — |0Gy| /v dx. (31)
Se Q

Remark 7. Notice that the natural trace on S, f s - dS, is not well behaved in order to pass to the limit (in
the sense if ug € Hj(Q) and ug(z) > Cp > 0 in some set A C Q of positive measure, then [¢ ug dS — 400
as € — 0). However, the average over Se, IS—lal f s, dS, behaves much better, as it is shown by Proposition 2.

Lemma 4. Let 0 < r < s. Then, there exists C, independent of €, such that

B*e) [ Ju|"dS | <C|p* [ |u*dS]| . (32)
/ /

Proof. Let ¢ = 2 > 1. Then ¢’ = *—. Applying Holder’s inequality we find that

s—r’

T s—r

/yu\’” ds<cC /\u|5 ds (5/1 ds
SE € €
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/w dS < C*(e)ata /yus ds Sg =

§C75W@/WPM? WWﬂ&Dtr
Se

s

SCLN@/WP%',

Se

which concludes the result. O
With these results we can prove that

Proposition 3. Let p > 1. Then, for every e > 0 there exists a unique weak solution of (3) u. € WHP(Q.,00).
Furthermore, there exists a constant C independent of € such that

IVl oy < Ol @y + BEB E) gl e m)- (33)

Proof. Considering u. as a test function in the weak formulation of (3)

/\We!” < /fus+ﬁ(6)/gue (34)
Qe Qe Se

< | fue+B(e)Bi(e) ' Bi(e) | gue (35)
/ f

8-
< C(Ifllpw + B(e)BE(E) ™ lglzoo) I Vue| Lo (36)

This proves the result. O
2.2. Characterization of solutions

The proof of the furthermore statement in Lemma 1 can be found in [16]. In fact we state the following
characterization, which could improve the regularity required, but that we do not apply due to the applied
homogenization techniques.

Lemma 5 (Proposition 2.2 of Chapter II in [16]). Let us assume that J = Jy + Jo and Jy and Jo being
l.s.c. convex functions on a convex set C into R, Jy being Gateauz-differentiable with differential J;. Then
if u € C, the following three conditions are equivalent:

i) w is a minimizer of J;
ii) For everyv e C

(J1(u),v —u) + Jo(v) — Jo(u) > 0; (37)

iii) For every v € C

(J1(v),v —u) 4+ Ja(v) — Ja(u) > 0. (38)
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We have the following lemma, which is classical (see, e.g. [6]):
Lemma 6. Let 1 < p < +00 and o be a nondecreasing function. Then if

X = W'P(Q,,00) C={veX: o) ecL(S.)}
J(v) = Ec(v) Av = Acv

/|Vv\p da:—/fvdx— /gvdS

J] (v /yvmp 2V - Vw dx—/fw dm—ﬁ(a)/gw ds

e

or

X =Wh?(Q), C={veX: : dM) eL(N)}

J=J1+Js
Jl(v):1/|Vv\pdx—/fvdx—50/gvdx
P2 Q Q

1
(J{(v), w) :z—)/|VU|p_2Vv-Vw d:c—/fw dx—ﬁo/gw dx
Q Q Q

Ta(v) = fo / (v) da

Q

J5(0) (w) = fo / o (w)w dz,

Q

we have that Jy,Jo : C — R, Jy is convex, Jy is Gateaux differentiable. Furthermore, if (18) holds then
C =X, Jy is Gateauz-differentiable in X and J' is continuous on X.

Remark 8. The furthermore statement in Lemma 1 was first proved in [15]. Condition (18) is given by the
fact that, v +— G(v) is L"(Q) — L*(Q) is continuous if |G| < C(1 + |v|7). Notice that, for r = p and t = p’

we have 7 = p — 1. In this case, J satisfies the continuity condition for L — L', which is enough to make

J continuous. It is likely that (18) is purely a technical requirement so that iii) implies i).
2.8. On the coercivity of the p-Laplacian, when 1 < p < 2

We will need the following auxiliary lemma, that deals with the coercivity of the p-Laplace operator:
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Lemma 7. Let 1 < p < 2 and u,v € WH?(Q). Then

[V(u—) - o p ’
— )P P P\3=p
/'v(“ WA= C | Fapr 0o /(W“' vy do
Q Q Q
2
<C /(IWHW — |VoP~2V0) - V(u — v) dz
Q
2—p
x /(VU‘Zp + ‘Vv]pr)ﬁ dx ) (39)

Q

Proof. The first inequality is a direct consequence of the Holder inequality

b
2

dx

’v(u _ U)|p 2—p 2—p
! (uler+ fwopnE V)

2—p

p

V(u—v)? ’ _ P
= /!Vu‘lz—(wr !V)|v\2—p d /(|VU|2 P+ |Vol*P)77 da ,
Q Q

and the second one is due to the estimate for vectors, £, € R™, not both zero:

& < C(InfP~2n - &%) - (n—€)
ez=7+ [p=e = N LG

this concludes the proof. O
2.4. Comparison of solutions with different kinetics
We have the following comparison lemma for the solutions:

Lemma 8. Let 0,6 be continuous functions, o satisfies (28) for some q > 1 and let u. and G. be the

corresponding solutions of (3) with 8 ~ B*. Then

q

B(e) / Jue — |7 ds < Cllo — 6] &, (40)
SE

Proof. We use u — @ as a test function, and via the monotonicity of ¢ we have

Be) / (o(w) - o(@)(u— 4) dS < / IV (u— @) dS + () / (0(u) — o(@))(u — @) dS
Q.

Se Se

Se

< lo = &llemBE) / ju — 4] dS

Se

Q=

< Ollo — élle | AE) / fu — aj7 dS
Se
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Due to (28) we have that

Q=

B(e) / lu— @] dS < Cllo — 6llem | B / u— a7 dS
S, Se

1—1
q

5(e) / - a7dS| < Ollo—élewm,
Se

which concludes the result. O

Lemma 9. Let 0,6 be continuous nondecreasing functions such that o(0) = 0 and u, 0 be their respective
solutions of (3). Then, there exist constants C depending on p, but independent of €, such that

i) Ifl<p<?2
2
IV (e = @)ooy < CBEB () o = lle (IVuclfto,, + IVali,)) - (41)
ii) If p > 2 then
IV (ue — @)% b,y < CBE)B* (€)M lo = Fllecey- (42)

Proof. By considering the difference of weak formulations we can write, for the test function us — ug,

/ (Vual? Vs — Ve P2Vun) - V(g — ur) da + Be) / (02 (1) — 0a(w1)) (uz — u1) dS
Q Se

= B(e) /(01(U1) — oa(u1))(ug —uq) dS.

Se

Applying monotonicity, Proposition 2 and Lemma 4

/(|VuQ|p_2VuQ — |Vur|P72Vuy) - V(ug — uy) dz
%)

B =

< BE)llon — o1 lloB () | B7(6) / juy — ual? dS
Se

< OB(e)lloz — ollee (€)M IV (U1 — ug)| Lr ()

Part ii) follows directly. Let us prove part i). Applying Lemma 7 we have that

[NIS]

IV (ur = ua)l[fs < C (B(e)B(e) ™ oz = onllool|V (w1 — u2)l|zr)

2—p

X /(\Vu1]2p + | Vug|?7?)255 da
o)
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V(s ua)lar < CBEF @) ow = ol | [ (Fur7 +[VuaP7)757 o
Q

SN

< CBEF () low = olloe (IVuLl? + [ VualF7) "
which proves the result. O

2.5. Proof of the approximation lemmas

There is extensive literature on the approximation of functions in bounded intervals, in particular approx-
imation that preserve the monotonicity. For example, it is known that Bernstein polynomials of a monotone
function are also monotone, and the convolution with a positive kernel also preserves global monotonicity.
Finer results are known as to the approximation of functions which are piecewise monotone by functions
that share their monotonicity (i.e. comonotone functions. In this direction see, e.g. [22-24,28]).

One of the canonical options in this direction is the Yosida approximation, but, in general this only
converges pointwise. This is natural, since one can approximate a discontinuous function by Lipschitz
continuous ones, and therefore the limit cannot be uniform. We choose, locally, a convolution with mollifiers.

Proof of Lemma 2. Let 0. € C'([—1,1]) be an approximation of ¢ such that

oe0 =0 in {-1,0,1},
loz0 = alle-11)) < €

0<,0 is nondecreasing.

This can be done, since, for example, the convolution of ¢ with nonnegative mollifiers are nondecreasing.
Let 0.1 € C'([1,2]) be an approximation of ¢ in [1,2] such that

'(fg,l =0 in {1,2},
0271(1) = 02,0(1)7

loen —allequay < e,

0,1 is nondecreasing.

We proceed analogously in [n,n + 1], [—(n+ 1), —n] for n € N. We finally construct o. € C'(R) by matching
the pieces. O

Proof of Lemma 3. Let ¢ < 7 and § = (%)% < 1.If |z — y| <9 then

lo(z) —o(y)] < D(|lz —y|* + |z — y|”) < D(6% + ")

<2D6% =e.
We define

o:(nd) = o(nd), n ez (43)
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and linear in (n,n + 1). Since o is nondecreasing so is o.. For x € [§(n — 1), dn] we have

|o(z) — o (z)] < |a(m) —o(0n)| +|o(0n) — oc(2)]

< 5 +|o=(6n) — oc(z)|

Sg—i—(agdn —0.(6(n—1)))
€

25—1— o(on) — o(6(n —1)))

€, f

-2 2

=e.

On the other hand, for x € (6(n — 1),0n) we have

o(0n) —o(d(n —1))

0<ol(x) = 5

<O 46771 < D',
which concludes the result. O
3. Proof of Theorem 1

Proof of Theorem 1. We rewrite the problem, due to Lemma 1 as

/ Vol 2V0 - V(v — ) de + B(e) / o (v)(v — u.) dS

Q. Se

/f v—u.) de + e )/ (w—u)dS VoeW Q). (44)

Se

Let us start by considering o € C!(R). If either 3y = +o00 and g = 0 or By < 400, we can apply Proposition 3
to show that P.u. are uniformly bounded in W,"*(Q), and therefore there exists u € Wy (Q) and a
subsequence of P.u. (denoted as the original sequence) such that

P.u. = u in W, () as € — 0. (45)

Then it is known that (see [26,29,32]), for v € Wy *°(Q) we have

/|Vv|p V- V(v —u.) dx—>/|va v V(v —u) dz

/fv—ug d:L‘—>/fv—u

B*(e) /a(v)(v —ug) dS — [0Gy| /a(v)(v —u) dz
Q

Se

5

B*(e) /g(v —ue) dS — |0Gy| /g(v — u.) dz,
Q

Se
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as e — 0. If By < +00 we can pass to the limit in (44) as € — 0 and obtain

/ |Vo|P~2Vv - V(v — u) dz + Bo /a(v)(v —u) dz

Q Q

> [ flo—u)dz+ By | g(v—u)dz Yo € W™ (Q). (46)
fro-nen

Q

Applying density, Lemma 6 and Lemma 1 this is equivalent to u being a solution of (19).
If By = +00 and g = 0 then we write (44) as

83 [19072V0- Vo —w) do+ %) [0 - u) as

Q. Se

Zﬂ%@ﬁ@>{/fw—uadm

By passing to the limit we obtain

/J(U)(v —u.)dz >0, veWy™(Q).
Q

Again, applying Lemma 1 we deduce the result.

Let o € C(R) and 8y < +00. By Lemma 2 there exist nondecreasing functions (o,,,) C C*(R) such that
om(0) =0, o, — o in C(R). Let ue , and u,, be the solutions of (3) and (19) with kinetics o,,, which by
the previous proof satisfy

Poug y — up, in Wol’p(Q) as € — 0. (47)
Applying Lemma 9 we have that

IV (e = tme) llri@) < CBE)B () om —ollewy — if1<p<2,

IV (e = tme) [0y < CBEB @) om —ollewy  2<p<n.
Passing to the limit as ¢ — 0 in these estimates we get

IV (u—um) [[2r@) < Cllom — ollem) ifl<p<2,

IV (= wn) 5y < Cllowm —ollew ~— if2<p<n.

By uniform boundedness there exists & € W, ?(Q) such that u,, — @ in W?(Q) as m — +oo. By continuity
of the equation with respect to the kinetics we know that @ is the solution of (19). From the previous estimate
we have that u = 4, which concludes the proof. O

Remark 9. Notice that condition (18) is only used to show that (46) implies that u is a solution of (19).
However, if we show that (46) has a unique solution then condition (18) can be removed. Also, if u is
bounded then this condition can also be removed.
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4. Proof of Theorem 2

Proof of Theorem 2. Applying the results of this paper for the case 1 < p < n, which extend naturally to
p =n (see Remark 4) and [11] for the case p > n we have that P.u. — u in Wol’p(Q).

First, let us suppose that o’ € L°. Then o (u.) is bounded in W (€., Q). Hence, it is easy to show that
P.o(u:) — o(u) in W, (). Hence, applying Proposition 2 we have the result for ¢ uniformly Lipschitz.

Let o € C%*(R) such that (25), (28) are satisfied. According to Lemma 3 there exist a sequence of
nondecreasing functions (o,,) C C(R) such that o], € L* and o, — o in C(R).

Let ue m, be the corresponding solution of (3) with kinetics o,,. Then we have

‘/D’(e) [ otw ds = 5) [ antuem) ds

Se

< B(e) / 0/(1te) — ()] S
Se

Se
< B(e) / 0(ue) — o (uem)| S + B(e) / 10/(tte ) — T (1t )] S
Se

Se

< CB(e) / te — e ml® A4S + B(E)IS:l0 — omlleq
S

%
<C|Be) / ue = uem|?dS |+ B(e)[Selllo — omllew)
Se
<C (o = omlda + o = omllem ) -
In particular, taking any m € Z we show that up to a subsequence the following convergence holds

1
|Se|

/U(u) dsS — no as e — 0.
Se

Ne =

Applying the first part of the proof, we have that

1 =1
=g [ ) | < € (lo = aullGh + o =l
Q

Due to Lemma 9 we have that, as m — 400, u,, — u in LP(Q). Also, due (25) we have that o(u,,) — o(u)
in L1(2). Hence

lom(um) = a(u)l[Lr@) < llom(um) = o(um)llLr@) + llo(um) = o(w)llL o)

< llom = olle@ + llo(um) = o)L @)

Therefore, o, () — o(u) in L*(). Hence,

1
Ny = 9] /J(u) dz.
Q

Since every convergent subsequence of (7.) has the same limit 7y we conclude the proof. 0O



1612 J.I. Diaz et al. / J. Math. Anal. Appl. 455 (2017) 1597-1613

Acknowledgments

The research of the first two authors was partially supported by the project ref. MTM2014-57113-P of the
DGISPI (Spain) and as members of the Research Group MOMAT (Ref. 910480) of the UCM. The research
of D. Gémez-Castro was supported by Grant FPU14/03702 from the Ministerio de Educacién, Cultura y
Deporte (Spain).

References

[1] R. Aris, On shape factors for irregular particles—I, Chem. Eng. Sci. 6 (6) (1957) 262-268.

[2] R. Aris, The Mathematical Theory of Diffusion and Reaction in Permeable Catalysts, Oxford University Press, Oxford,
1975.

[3] R. Aris, W. Strieder, Variational Methods Applied to Problems of Diffusion and Reaction, Springer Tracts Nat. Philos.,
vol. 24, Springer-Verlag, New York, 1973.

[4] C. Bandle, A note on optimal domains in a reaction—diffusion problem, Z. Anal. Anwend. 4 (3) (1985) 207-213.
[5] C. Bandle, R. Sperb, I. Stakgold, Diffusion and reaction with monotone kinetics, Nonlinear Anal. 8 (4) (1984) 321-333.
[6] J.I. Diaz, Nonlinear Partial Differential Equations and Free Boundaries, Pitman, London, 1985.

]

[7] J.I. Diaz, D. Gémez-Castro, Steiner symmetrization for concave semilinear elliptic and parabolic equations and the obstacle
problem, in: Dynamical Systems and Differential Equations, AIMS Proceedings 2015 Proceedings of the 10th AIMS
International Conference, Madrid, Spain, American Institute of Mathematical Sciences, 2015, pp. 379-386.

[8] J.I. Diaz, D. Gémez-Castro, On the effectiveness of wastewater cylindrical reactors: an analysis through Steiner sym-
metrization, Pure Appl. Geophys. 173 (3) (2016) 923-935.

[9] J.I. Diaz, D. Gémez-Castro, A.V. Podol’skii, T.A. Shaposhnikova, Homogenization of the p-Laplace operator with nonlinear
boundary condition on critical size particles: identifying the strange terms for some non smooth and multivalued operators,
Dokl. Math. 94 (1) (2016) 387-392.

[10] J.I. Diaz, D. Gémez-Castro, A.V. Podol’skii, T.A. Shaposhnikova, Homogenization of variational inequalities of Signorini
type for the p-Laplacian in perforated domains when p € (1,2), Dokl. Math. 95 (2) (2017) 151-156.

[11] J.I. Diaz, D. Gémez-Castro, A.V. Podolskii, T.A. Shaposhnikova, Non existence of critical scales in the homogenization
of the problem with p-Laplace diffusion and nonlinear reaction in the boundary of periodically distributed particles
in n-dimensional domains when p > n, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM (2017),
http://dx.doi.org/10.1007/s13398-017-0381-z.

[12] J.I. Diaz, D. Gémez-Castro, A.V. Podol’skiy, T.A. Shaposhnikova, Characterizing the strange term in critical size homog-
enization: quasilinear equations with a nonlinear boundary condition involving a general maximal monotone graph, Adv.
Nonlinear Anal., to appear.

[13] J.I. Diaz, D. Gémez-Castro, C. Timofte, On the influence of pellet shape on the effectiveness factor of homogenized
chemical reactions, in: Proceedings of the XXIV Congress on Differential Equations and Applications XIV Congress on
Applied Mathematics, 2015, pp. 571-576.

[14] J.I. Diaz, D. Gémez-Castro, C. Timofte, The effectiveness factor of reaction—diffusion equations: homogenization and
existence of optimal pellet shapes, J. Elliptic Parabolic Equ. 2 (1-2) (2016) 119-129.

[15] I. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (2) (1974) 324-353.

[16] 1. Ekeland, R. Temam, Convex Analysis and Variational Problems, Society for Industrial and Applied Mathematics, 1999.

[17] D. Gémez, M. Lobo, E. Pérez, A.V. Podolskiy, T.A. Shaposhnikova, Homogenization for the p-Laplace operator and
nonlinear Robin boundary conditions in perforated media along (n - 1)-dimensional manifolds, Dokl. Math. 89 (1) (Jan
2014) 11-15.

[18] D. Gomez, M.E. Pérez, M. Lobo, A.V. Podolsky, T.A. Shaposhnikova, Homogenization of a variational inequality for the
p-Laplacian in perforated media with nonlinear restrictions for the flux on the boundary of isoperimetric perforations:
p equal to the dimension of the space, Dokl. Math. 93 (2) (2016) 140-144.

[19] D. Gémez, M.E. Pérez, A.V. Podolskiy, T.A. Shaposhnikova, Homogenization for the p-Laplace operator in perforated
media with nonlinear restrictions on the boundary of the perforations: a critical case, Dokl. Math. 92 (1) (2015) 433-438.

[20] M.V. Goncharenko, Asymptotic behavior of the third boundary-value problem in domains with fine-grained boundaries, in:
A. Damlamian (Ed.), Proceedings of the Conference “Homogenization and Applications to Material Sciences”, GAKUTO,
Nice, 1995, Gakkdotosho, Tokyo, 1997, pp. 203-213.

[21] D. Luss, N.R. Amundson, On a conjecture of Aris: proof and remarks, AIChE J. 13 (4) (1967) 759-763.

[22] D. Newman, Efficient co-monotone approximation, J. Approx. Theory 25 (3) (1979) 189-192.

[23] E. Passow, L. Raymon, Monotone and comonotone approximation, Proc. Amer. Math. Soc. 42 (2) (1974) 390-394.

[24] E. Passow, L. Raymon, J.A. Roulier, Comonotone polynomial approximation, J. Approx. Theory 11 (3) (1974) 221-224.

[25] A.V. Podol’skii, Homogenization limit for the boundary value problem with the p-Laplace operator and a nonlinear third
boundary condition on the boundary of the holes in a perforated domain, Dokl. Math. 82 (3) (2010) 942-945.

[26] A.V. Podol’skii, Solution continuation and homogenization of a boundary value problem for the p-Laplacian in a perforated
domain with a nonlinear third boundary condition on the boundary of holes, Dokl. Math. 91 (1) (2015) 30-34.

[27] A.V. Podol’skiy, T.A. Shaposhnikova, Homogenization for the p-Laplacian in an n-dimensional domain perforated by very
thin cavities with a nonlinear boundary condition on their boundary in the case p = n, Dokl. Math. 92 (1) (2015) 464-470.

[28] J.A. Roulier, Monotone approximation of certain classes of functions, J. Approx. Theory 1 (3) (1968) 319-324.



J.I. Diaz et al. / J. Math. Anal. Appl. 455 (2017) 1597-1613 1613

[29] T.A. Shaposhnikova, A.V. Podolskiy, Homogenization limit for the boundary value problem with the with the p-Laplace
operator and a nonlinear third boundary condition on the boundary of the holes in a perforated domain, Funct. Differ.
Equ. 19 (3-4) (2012) 1-20.

[30] I. Stakgold, Reaction—diffusion problems in chemical engineering, in: Nonlinear Diffusion Problems, in: Lecture Notes in
Math., vol. 1224, 1986, pp. 119-152.

[31] M.N. Zubova, T.A. Shaposhnikova, Homogenization of boundary value problems in perforated domains with the third
boundary condition and the resulting change in the character of the nonlinearity in the problem, Differ. Equ. 47 (1) (2011)
78-90.

[32] M.N. Zubova, T.A. Shaposhnikova, Averaging of boundary-value problems for the Laplace operator in perforated domains
with a nonlinear boundary condition of the third type on the boundary of cavities, J. Math. Sci. 190 (1) (2013) 181-193.






Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 178, pp. 1-25.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

CHANGE OF HOMOGENIZED ABSORPTION TERM IN
DIFFUSION PROCESSES WITH REACTION ON THE
BOUNDARY OF PERIODICALLY DISTRIBUTED
ASYMMETRIC PARTICLES OF CRITICAL SIZE
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TATIANA A. SHAPOSHNIKOVA, MARIA N. ZUBOVA

ABSTRACT. The main objective of this article is to get a complete charac-
terization of the homogenized global absorption term, and to give a rigorous
proof of the convergence, in a class of diffusion processes with a reaction on the
boundary of periodically “microscopic” distributed particles (or holes) given
through a nonlinear microscopic reaction (i.e. under nonlinear Robin micro-
scopic boundary conditions). We introduce new techniques to deal with the
case of non necessarily symmetric particles (or holes) of critical size which leads
to important changes in the qualitative global homogenized reaction (such as
it happens in many problems of the Nanotechnology). Here we shall merely
assume that the particles (or holes) Gé, in the n-dimensional space, are dif-
feomorphic to a ball (of diameter a. = Cpe?, v = ﬁ for some Cy > 0). To
define the corresponding “new strange term” we introduce a one-parametric
family of auxiliary external problems associated to canonical cellular problem
associated to the prescribed asymmetric geometry Go and the nonlinear mi-
croscopic boundary reaction o(s) (which is assumed to be merely a Holder
continuous function). We construct the limit homogenized problem and prove
that it is a well-posed global problem, showing also the rigorous convergence
of solutions, as € — 0, in suitable functional spaces. This improves many
previous papers in the literature dealing with symmetric particles of critical
size.

1. INTRODUCTION

It is well-known that the asymptotic behaviour of the solution of many relevant
diffusion processes with reaction on the boundary of periodically “microscopic” dis-
tributed particles (or holes) is described through the solution of a global reaction-
diffusion problem in which the global reaction term (usually an absorption term if
the microscopic reactions are given by monotone non-decreasing functions) main-
tains the same structural properties as the microscopic reaction (see, for instance,
[3]) and its many references to previous results in the literature).

A certain critical size of the “microscopic particles” may be responsible of a
change in the nature of the homogenized global absorption term, with respect to
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the structural assumptions on the microscopic boundary reaction kinetic. It seems
that the first result in that direction was presented in the pioneering paper by V.
Marchenko and E. Hruslov [15] dealing with microscopic non-homogeneous Neu-
mann boundary condition (see also the study made by E. Hruslov concerning linear
microscopic Robin boundary conditions in [12, 11]). A —perhaps— more popular
presentation of the appearance of some “strange term” was due to D. Cioranescu
and F.Murat [2] dealing with microscopic Dirichlet boundary conditions (see also
13)).

This change of behavior from the microscopic reaction to the global homo-
geneized reaction term is one of the characteristics of the nanotechnological effects
(see, e.g., [20]) and it does not appear for particles of bigger size (relative to their
repetition) than the critical scale (see, e.g., [6] and the references therein). The to-
tal identification of the new or “strange” reaction term is an important task which
was considered by many authors under different technical assumptions. In the case
of nonlinear microscopic boundary reactions the first result in the literature was
the 1997 paper by Goncharenko [10] (see also the precedent paper [13]). The identi-
fication (and the rigorous proof of the convergence in the homogenization process)
requires to assume that the particles (or holes) are symmetric balls of diameter
a. = Coe”, v = 25, for some Cy > 0. Many other researches were developed for
different problems concerning critical sized balls (see [22, 18, 5] and the references
therein). Recently, a unifying study concerning the homogenization for particles
(or holes) given by symmetric balls of critical order was presented in [7]: the treat-
ment was extended to a microscopic reaction given by a general maximal monotone
graph which allows to include, as special problems, the cases of Dirichlet or nonlin-
ear Robin microscopic boundary conditions. The case of particles of general shape
when n = 2 was studied in [19], with the limit behaviour being similar to the case
of spherical inclusions and n > 2.

The main task of this paper is to get a complete characterization of the homog-
enized global absorption term in the class of problems given through a nonlinear
microscopic reaction (i.e. under nonlinear Robin microscopic boundary conditions)
and for non necessarily symmetric particles (or holes). Here we will merely assume
that the particles (or holes) GZ are a rescaled version of a set Gy, diffeomorphic
to a ball (where the scaling factor is a. = Cpe?, v = -5 for some Cy > 0). To
define the corresponding new “strange term” we introduce a one-parametric family
of auxiliary external problems associated to canonic cellular problem, which play
the role of a “nonlinear capacity” of Gy and the nonlinear microscopic boundary
reaction o(s) (which is assumed to be merely a Holder continuous function). We
construct the limit homogenized problem and prove that it is well-posed global
problem, showing also the rigorous convergence of solutions, as € — 0, in suitable
functional spaces.

2. STATEMENT OF MAIN RESULTS

Let €2 be a bounded domain in R™ n > 3 with a piecewise smooth boundary 0f2.
The case n = 2 requires some technical modifications which will not be presented
here. Let Gg be a domainin Y = (—%, %)”, and Gg be a compact set diffeomorphic
to a ball. Let Cp,e > 0 and set

n
n—2

a. = Cpe® for a = (2.1)
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For 6 > 0 and B a set let B = {x|d 'z € B}. Assume that ¢ is small enough so
that a.Gog C €Y. We define Q. = {x € Q| p(x,00) > 2¢ }. For j € Z™ we define

Pl =¢j, YJ=Pl +cY, GI=P! +a.Gy.
We define the set of admissible indexes:
T.={jez":GinQ #0}.

Notice that | Y| = de~™ where d > 0 is a constant. Our problem will be set in the
following domain:

G-=J G Q=0\G.
JEY:
Finally, let
0N =5 U090, S.=0G..
We consider the following boundary value problem in the domain 2.
—Au. = f, x €,
Oue +e "o(u) =0, z€S8;, (2.2)
u. =0, x €N,

where v = a = 25, f € L*(Q), v is the unit outward normal vector to the

boundary S, d,u is the normal derivative of u. Furthermore, we suppose that
the function o : R — R, describing the microscopic nonlinear Neumann boundary
condition, is nondecreasing, o(0) = 0, and there exist constants k1, k2 such that

lo(s) —o(t)] < ki|s —t|* + kals —t] Vs,t€R, forsome0<a<1.  (2.3)

Remark 2.1. Condition (2.3) means that o is locally Hélder continuous, but it
is only sublinear towards infinity. This condition is weaker than u € C%%(R) or o
Lipschitz, that correspond, respectively, to ky = 0 and k; = 0.

Remark 2.2. Condition (2.3) on o is a purely technical requirement. This kind
of regularity can probably be improved. In particular, as shown in [4, 7] the kind
of homogenization techniques and result that will be presented later can be expect
for any maximal monotone graph o.

For any prescribed set Gp, as before, and for any given u € R, we define
w(y; Go,u), for y € R™\ Gy, as the solution of the following one-parametric family
of auxiliary external problems associated to the prescribed asymmetric geometry
Gy and the nonlinear microscopic boundary reaction o(s):

—A,w=0 ifyeR"\ G,
Oy, w — Coo(u —w) =0, if y € dGy, (2.4)
w—0 as |yl — oo
We will prove in Section 4 that the above auxiliary external problems are well
defined and, in particular, there exists a unique solution w(y; Go,u) € H HR™\
Gyo), for any u € R. Concerning the corresponding “new strange term”, for any

prescribed asymmetric set Gy, as before, and for any given u € R we introduce the
following definition.
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Definition 2.3. Given Gy we define Hg, : R =R by means of the identity

Hg,(u) :== o 0y, W(y; Go,u) dS,

(2.5)
= CO/ o(u—w(y; Go,u))dSy, for any u € R.
dGo

Remark 2.4. Let Gy = B1(0) := {z € R" : |z| < 1} be the unit ball in R”. We

can find the solution of problem (2.4) in the form w(y; Go,u) = IZ{I%’ where, in

this case, H(u) is proportional to Hp, (o)(u). We can compute that

HG()(U‘) = Py aV@(uay) dSy

= / (n—2)Hg,(u) dSy
9Go
= (n — 2)H(u)w(n),
where w(n) is the area of the unit sphere. Hence, due to (2.5), H(u) is the unique
solution of the following functional equation
(n —2)H(u) = Coo(u — H(u)). (2.6)

In this case, it is easy to prove that H is nonexpansive (Lipschitz continuous with
constant 1). This equation has been considered in many papers (see [7] and the
references therein).

We shall prove several results on the regularity and monotonicity of the homog-
enized reaction Heg,(u) in the next section. Concerning the convergence as € — 0
the following statement collects some of the more relevant aspects of this process:

Theorem 2.5. Letn > 3, ac = Coe™?, v = "5, 0 a nondecreasing function such
that o(0) = 0 and that satisfies (2.3). Let ue be the weak solution of (2.2). Then
there exists an extension to HE (), still denoted by u., such that u. — ug in H*(Q)

as € — 0, where ug € HE(Q) is the unique weak solution of
—Aug + Oy *Hgy (uo) = (2.7)
Uy = 0 09. '

Remark 2.6. Since |Hg,(u)| < C(1 + |u]) it is clear that Hg,(ug) € L?(£2).

3. ON THE &-GLOBAL PROBLEM

Some comments on the well-posednes and some a priori estimates concerning
the e-global problem (2.2), when the nondecreasing function o € C(R), ¢(0) = 0
satisfies (2.3), are collected in this section. We start by introducing some notations:

Definition 3.1. Let U be an open set and I' C 992. We define the functional space

H'(U)
HYU,T) ={f eC=(U): flr =0} :

Thanks to well-known results (see, e.g. the references given in [7]) there exists a
unique weak solution of problem (2.2): i.e. u. € H'(Qc, 09) is the unique function
such that

/ VuVodz +5*7/ o(ug)pdS = / feod, (3.1)
Q. Qe

Se
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for every o € H'(Q,09Q). As a matter of fact, in order to get a proof of the
convergence of u. as € — 0, under the general assumption (2.3), it is useful to recall
that, thanks to the monotonicity of o(u), we can write the weak formulation of
(2.2) in the following equivalent way (for details see [6]):

o, Vo -V(p—u)de+e 7 /SE a(©)(p —us)ds > /szs flo —ue)da, (3.2)

for every p € H}(Q).
Concerning some initial apriori estimates, we recall that we can work with u. €
H}(Q) given as an extension of u. to 2 such that

el < Klluecllmi.),  1Vaellre) < Kl[Vuellr2(a.), (3.3)

where K does not depend on €. The construction of such an extension is given,
e.g., in [17] (the WP equivalent, for p # 2, can be found in [18]).

Now, considering in the weak formulation (3.1) the test function ¢ = u., and
using the monotonicity of o, we obtain

IVue|Z,q.) < K. (3.4)

where K does not depend on . From (3.4) we derive that there are a subsequence
of u. (still denote by @.) and ug € H}(Q) such that, as ¢ — 0, we have

U, —ug weakly in H}(9), (3.5)
U. — ug strongly in L?(Q). (3.6)

In Section 4 we characterize the limit function uy € HE(Q).

4. ON THE REGULARITY OF THE STRANGE TERM

4.1. Auxiliary function w. The existence and regularity of solution in domains
O =R"\ Gy (4.1)

which are commonly known as exterior domains, has been extensively studied (see,
e.g., [9] and the references therein).
Based on the rate of convergence to 0 as |y| — +o0c we consider the space

K
X={we L. (0): Vw e L*(0), w|og, € L*(0Gy), |w| < W} (4.2)

It is a standard result, known as Weyl’s lemma, that any harmonic function is
smooth (of class C*°) in the interior of the domain. It was first proved for the whole
space by Hermann Weyl [21], and later extended by others to any open set in R™
(see, e.g., [14]).

Remark 4.1. Notice that w(y; Go,u) = —w(y; Go, —u) is a solution of (2.4) that
corresponds to o(s) = —o(—s). Hence, any comparison we prove for u > 0 we
automatically prove for u < 0.
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4.1.1. A priori estimates.

Lemma 4.2 (Weak maximum principle in exterior domains). Assume that w € X
is such that

-Aw <0 D(0),
Then w < 0 in O.

Proof. Let R > 0. Consider Or = ONBg. SIHCC w € X then w < Ivl" —m—z. Using the
hypothesis w < 0 on 0Gy and this fact, Rn —=2— on d0g. We can apply the standard

weak maximum principle for weak solutions in Og to show that w < Rn =& on Op.
As R — +00 we prove the result. O

Analogously, we have the strong maximum principle.
Lemma 4.3. Let o nondecreasing, u € R, @ € X be a weak solution of (2.4). Then
min{0,u} < @ < max{0,u} (4.3)

Proof. For u = 0, w = 0 follows from a monotonicity argument. Assume u > 0.
Let 1 € WH*°(R) non-increasing such that

'(/)(S){l 8<§

0 s>1

and consider the test function ¢ = (w — u)_u/}(@). Then

/IV — )] ¢( (xaGO dx +/(W—u)+w(

:CO/ olu—w)(w—u)ydS <0
0Gy

Vw - Vddx

and
d(m E)Go))
’ / —u)y 7 ——=  “Vw-Vd dx’ dz

/{R<d<R} E|Vw| dx

2 / /
< C(/{§<d<R};|2dx)l 2(/@\Vw\2dx)l ’
< R; (/o |Vw|2dm)1/2 — 0,

as R — oo. Therefore,

d(z,0G
os/<d<§|ww—u>+2dxs/ V(o — ) 2 (220G o,

d(z aco))
R
/ (w—u)4

Vw - Vddz.
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As R — +o0o we obtain that
/ |V(w —u)q|*dz = 0. (4.4)
o

In particular (w — u)4 > 0 is a constant. Since, as |y| — +o0o we show that the
constant must be (—u); = 0 we deduce that w —u < 0.
If u < 0 we apply the previous argument with &(s) = —o(—s). O

Lemma 4.4. Let u € R, w € X such that w < u in 0Gy and —Aw < 0 and

Ko = max [z]|" 2.
z€0Gy
Then
Kou —
w < 2 vy e O

Proof. Notice that

max w(z)|z|""% < u max [2|"? = Kyu.

z€0Gy z€0Gy
Then
w < Kou y € 0Gy.
ly|" =2
Since w — % is subharmonic and tends to 0 as |y| — 400, we can apply the

ly
weak maximum principle to deduce that

K()u
wlv) < f s

This proves the result. O

A

y € R™\ Go.

By the same argument it is easy to prove that any classical solution @ € C2(O)N
C(0) is, in fact, in X. Furthermore, we have an explicit expression of the K in the
definition of X for the solutions of (2.4):

Lemma 4.5. Let w € X be a solution of (2.4). Then

vy € O. (4.5)
Lemma 4.6. Let Ry = maxag, |y|, W € X be a weak solution of (2.4). Then
- Klul

max |Vw(y; Go,u)| < ——F———

|y|:R| (y 0 )I (R—Ro)nil

where K does not depend on u or R.

VR > Ry (4.6)

Proof. Let |yo| = R. Let B be a ball centered at yo of radius R;RO. In B we have
lyl > B—Ro Gince 22 is a harmonic function, and applying Lemma 4.5, we have

2 ox;
0w 1 [ 0% 1
oz, (yo) = E & O, Y= E o wy; dS,
20 (1 0Bl Klul Kl
0z 1 = B (R=Ro)"2 = (R— Ro)" '

This completes the proof. [
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4.1.2. Uniqueness, comparison and approximation of solutions.

Lemma 4.7. Let u € R, 01,09 be two nondecreasing functions such that o1 < o9
in [0, +00) and let wy,wq € X satisfy (2.4). Then wy < ws.

Proof. We subtract the two weak formulations, and consider ¢ = (w; — ws)+ as a
test function. We obtain that

/ V(w1 — wa)4|?da = (o1(u —wy) — o2(u — wa))(wy —we)4 dS
R"\GO 0Go

Thus, in the set {wy < w;} we have that u — wy >« — w; and, hence,
oo(u —we) > oo(u —wy) > o1(u — wr),

S0
o1(u—wy) — oa(u —wy) < 0.

Thus, since (w1 — wz)4+ > 0 a.e. in dGy, we have that
/ |V (wy —ws) 4 |*da < 0. (4.7)
R"\G()

Hence (wq —wz)4+ = ¢ constant. Since (wy; —wz)y — 0 as |y| — +oo, we have that
¢ = 0 and thus w; < ws. O

Corollary 4.8. There exists, at most, one solution w € X of (2.4).

Lemma 4.9. Let 01,02 € C(R) be two nondecreasing function. Let w;(+; Go,u) € X
be a solution of

—Ayw; =0 ifyeR™\ G,
0y, w; — Cooi(u—w;) =0, if y € 9Go, (4.8)
w; » 0 as|y] — occ.
Then
IV (@1 = @2) 220y < Clullloy = o2l o= (1), (4.9)
where
I ={u—w(y;Go,u) : y € R"\ Go} C R, (4.10)
and C is independent of u.

Proof. By taking as test function ¢ = w; — Wy in the weak formulation of these
equations we have that

IV (@1 — @) 720y < [ V(@1 — @) do
© =/

+ (Ug(u—’L/U\Q) —O'Q(u—i/ﬁl))(’l/ﬂ\l —ﬁg)dS
8Go

= (Ul(u—’L/U\l)—O'Q(U—’l/ﬁl))(l/l)\l—’&;g)ds
9Go

< Jloy —az||oo/ (@1 — @] dS
0Go

< Clulllor — o2|co-

This completes the proof. [
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4.1.3. Existence and regqularity.

Lemma 4.10. Let u € R and o uniformly Lipschitz. Then, there exists w € X a
weak solution of (2.4). Furthermore, W satisfies (4.5).

Proof. Let us assume that u > 0. Let A > 0, and consider p > 0 such that
F:z— Coo(u—2z)+ pz
is nondecreasing. Let wy = 0. We define the sequence wy, € H'(O) as the solutions
of
—Awpyr + Awgpg1 = Ay, O,
Oywis1 + pwg1 = F(wg)  0Go,
wr+1 — 0 |y| = 4o0.

This sequence is well defined, since A > 0 applying the Lax-Milgram theorem.
Indeed, if wy, € H'(O) then F(wy) € HY?(8Gy) so that w41 € H(O).

Let us show that 0 < wy < wir1 < w a.e. in O and 0G for every n > 1. We
start by showing that 0 < wy. This is immediate because F(0) = Coo(u) > 0.
Let us now show that, if wr_1 < wg then wy < wiyi. Considering the weak
formulations:

/ Vwg+1Vode + )\/ Wwi1v de + ,u/ wv dS
@) 1] len
= )\/ wk+1vdx—|—/ F(wg)vde
@] 9Go
we have that

/ V(wg — wiy1)Vode + )\/
(@)

o

(4.11)

(wr — wr1)pdr + ,u/ (wr — wgy1)vdS
Clel

_ A/O(wk,l ~wvdz + /8% (F(wi_1) — Flwy))vdS

Consider v = (wr — wr4+1)+ > 0. We have that wi—1 < wy therefore w1 —
wg, F(wg—1) — F(wy) < 0. Hence

[ 19— wna)sP o+ a [ = v Pdosp [ wia)a P dS
O (@]

Go
= )\/O(wk —wiy1)vdr + /ac:o (F(wg—1) — F(wg))vdS <0

so that (wr — wry1)+ = 0. Hence wy < wg41 a.e. in O and in 9Gy. With an
argument similar to the one in Lemma 4.3, one proves that wi+1 < u a.e. in O and
0G).

The sequence wy, is pointwise increasing a.e. in (0. Therefore, there exists a
function w such that

wr(y) S w(y) ae O. (4.12)
Taking traces, the same happens in dGy. Hence
wr(y) S w(y) ae. 9Gy. (4.13)

Thus F(wy) / F(w) a.e. in L?(0Gp). Since F(w) < F(u) and dGp has bounded
measure, we have that

F(wy) — F(w) in L*(dGy). (4.14)
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We have that
—Awgy1 = Mwg —w41) <0 O.
Hence, wy, are all subharmonic. Then, since wr — 0 as |y| — 0 and wi € X and
wg < u on 0Gy, by Lemma 4.4 we have that
0 < wy, < 20U
ly["—2
in particular w, € X. Passing to the limit we deduce that

Kou
|y =2

0<w< ye O

Hence w — 0 as |y| — +o00. Applying an equivalent argument to the one in Lemma
4.9 we have that Vuwy, is a Cauchy sequence in L?(O)". In particular, there exists
¢ € L*(O)™ such that

Vuwg — € in L*(O)™.
Consider @’ C O open and bounded. Then we have that

/ |Vwk\2dys/ Von 2 dy
o’ (@)

[ty < o

Hence, there is convergent subsequence in H'((’). Any convergent subsequence
must have the same limit, so wy — w H'(O'). In particular

E=Vw ae O.

Since this works for every O’ bounded we have that Vw € L*(O)", hence w € X,
and

is bounded, and

Vw, — Vw in L*(O)".

Using this fact and (4.14), we can pass to the limit in the weak formulation to
deduce that

—Aw=0 O,
0
67’: = C()O’(u — w) 8G0
In particular, a solution of (2.4). The same reasoning applies to case u < 0. (]

Corollary 4.11. Let 0 € C(R) be nondecreasing be such that

lo(u)] < C(1+ |ul). (4.15)
Then, there exists a unique solution of (2.4).
Proof. Let us assume first that u > 0. Let o, € C(]0, |u]) be a pointwise in-
creasing sequence that approximates ¢ uniformly in [0, |u|]. Since o, is Lipschitz,
then @,, exists by the previous part. Because of Lemma 4.7, the sequence @,, of

solutions of (2.4) is pointwise increasing. Since we know that, we have that @, < u
then, for a.e. y € O, W,,(y) is a bounded and increasing sequence

Wi (y) / w(y).
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for some w(y). In particular

K
0wl < s

lyl
Applying as in the proof of Lemma 4.10 we deduce that w € X and it is a solution of
(2.4). The proof for u < 0 follows in the same way, by taking a pointwise decreasing
sequence oy,. (I

y € O.

With the same techniques we can prove the following (applying that v — w > 0
for w > 0 and u — w < 0 for u < 0):

Lemma 4.12. Let u € R, O’ C O bounded, o,0,, be nondecreasing continu-
ous functions such that o(0) = o,(0) = 0 and |om| < |o| and 0, — o in
C([—2|ul, 2|ul]). Then:

Wy (-3 Go, 1) — W(-; Go,u)  strongly in H(O'). (4.16)

Furthermore,

(1) If u>0 then W, /W a.e. y €O andy € 9G,.
(2) If u <0 then Wy, (@ a.e. y €O andy € IGy.

4.1.4. Lipschitz continuity with respect to wu.

Lemma 4.13. For every y € R" \ Gy, W(y; Go,u) is a nondecreasing Lipschitz-
continuous function with respect to u. In fact,

[W(u1; Go,y) — W(y; Go, uz)| < Jur —ug| Vur,uz €R, Vy € R*\ Go.  (4.17)
Furthermore, for every y € 0Gy, 8,w(y; Go, u) is also nondecreasing in u.

Proof. Let us consider first that o € C*(R). We have that @(-; Gg,u) € C(O)NC?(O)
for every u € R and the equation is satisfied pointwise (see [14]).
Let us first consider u; > uy. We want to prove the following

0 < @(u1; Go, y) — W(y; Go,u2) < ur — up (4.18)
9y w(u1; Go,y) > 0,W(y; Go, uz). (4.19)

That
w(u1; Go,y) = W(y; Go, uz). (4.20)

follows from the comparison principle. Indeed, let us plug @w(u1; Go,y) in the equa-
tion for w(y; Go, u2):
—Aw(ur; Go,y) =0 R™\ Go,
O, W(u1; Go,y) — Coo(ug — w(ur; Go,y))
= Co (o(u1 — W(ur; Go,y)) — o(uz — wW(y; Go,uz))) >0 9Gy,
w(u1; Go,y) = 0 |y| = +o0.

(4.21)

Therefore, w(u1; Gy, y) is a supersolution of the problem for w(y; Go,us). Applying
the comparison principle we deduce (4.20).
We define

g(ut,u,y) = W(ur; Go,y) — W(y; Go, uz) > 0. (4.22)
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The function g is the solution of the following elliptic problem:
Ayg=0 ifyeR"\ Gy,
0v,9 — Co (U(Ul — w(u1; Go,y)) — o(uz — w(y; G07U2))) =0 ifyedGo, (4.23)
g—0 asly| = oco.
Let us consider the boundary condition for y € 0Gy:
auyg(y) = Co(o(u1 — W(u1; Go,y)) — o(uz — W(y; Go, uz)))
multiplying by u; — us — g(u1, u2,y), and applying the monotonicity of o, we have
(9vg(y))(u1 —u2 — g(y)) 20 Vy € 9G. (4.24)

Let ¢g(yo) = maxpg, g for some yo € 0Gy. By the strong maximum principle
9(yo) = maxgn\ g, 9. Hence g(y) < g(yo) for y € R™ \ G and we have

9v,9(y0) = 0.
Assume, first, that o is strictly increasing. We study two cases. If 9,,g(yo) > 0
then, by (4.24),
upr —uz > g(yo) = g(y) Yy € R"\ Go.
If 8,9(yo) = 0 then, by (4.23),

U(Ul - ’@(yo; GOvul)) = U(UQ - ID(yo; G07U2))
Uy — @(yo; Go,u1) = U2 — @(yo; GO,UQ)
up —ug = g(yo) > g(y) Yy € R"\ Go.
Either way, we deduce that (4.18) holds. Hence,
o(ur — w(ur; Go,y)) > o(uz — w(y; Go,u2)) Yy € 0Go

0 (4.19) holds. This concludes the proof when o is strictly increasing.

Let o be a nondecreasing function and U = max{|u1|, |uz|}. We consider an ap-
proximation sequence o, of o in [—2U, 2U] by strictly increasing smooth functions
such that |o,,| < |o|. Consider W, as defined in Lemma 5.7. We have that

w; — w(y; Go,u;) € [—2U,2U] Vi=1,2,Vy € R"\ Gj.

By the previous part w,, satisfies (4.18) and (4.19). Applying Lemma 4.12 we have
a.e.-pointwise convergence Wy, (u;,y) — W(u;,y) for i = 1,2, up to a subsequence,
as m — +oo. Therefore (4.18) and (4.19) hold almost everywhere in y. Since @
is continuous, (4.18) and (4.19) hold everywhere. This concludes the proof in the
case up > us.

If uy < up we can exchange the roles of u; and us in (4.18) to deduce (4.17).
This concludes the proof. O

4.1.5. Auziliary function @!. We conclude this section by introducing the following
function:

Definition 4.14. Let u € R, j € T, and € > 0. We define

—_pJ
TG, u) (4.25)

@ (w; Go,u) = i
€
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It is clear that this function is the solution of the problem
AW =0 R"\ G,
Op ! — e Vo(u—w!)=0 0GI (4.26)

@ =0 |x| — +o0.
We have the following estimates:
Lemma 4.15. Let e, >0 and x € 0T2,. Then

Klu| _ Klula? _ Klu ,

|@(x; Go, u)| < TS s S (4.27)
ae
where K does not depend on r,|u| or .
Lemma 4.16. Fore,r > 0 be such that a. < 35-. Let x € OT2.. Then
g K
wl(x;Go,u)| < u's, 4.28
Vwl(z; G < | .
rne
where K does not depend on r,e or j.
Proof. By the definition of @! we have
iy . — PJ
Vwl(z; Go,u) :agl(Vw)(x = ;Go,u)
€
Therefore, for x € 0T,
i _/x— PJ KlulaZ?!
|Vaw!| :as_l!Vw(I E)} < /.|u|a6 —
e <|%| _ R0>
Klujaz=> _ Klula2~?
T (re—acRy)"N T ()"
K|ul
< E.
— pn—1
This completes the proof. (I

4.2. Properties of Hg,.

Lemma 4.17. Hg, is a nondecreasing function. Furthermore:

(1) If o satisfies (2.3), then so does Hg, .

(2) If o € CO*(R), then so is Hg,.

(3) If o € CL(R), then Hg, is locally Lipschitz continuous.
(4) If o € WH(R), then so is Hg,.

Proof. Let us prove the monotonicity of Heg,(u) given by (2.5). Let u; > us. By
applying (4.19) we deduce that Hg,(u1) > Ha, (u2).
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Assume (2.3). Indeed, taking into account (4.17) we deduce
|Hao(u) = He, (0)]

<Co [ lotu= @y Gow) - oo ~ By Go.v))| 45,
0Go
< ookl/ (ju ol + l(s: Gow) — d(w: Go))) " a5, (429)
0Go

- ookg/ (1 = ol + |B(y: Gosu) — @(y; Go,v)|) S,
8G0
< Kq|u — v]* + Ka|u — v

In particular, if u € C%*(R), then ky = 0 and Ky = 0.
Assume now that o € C'(R). Let uy,us € R. We have that, for y € 0Gy
|0, W(u1; Go,y) — Oy, W(uz2,y)|
= Colo(ur — W(u1; Go,y)) — o(uz — W(y; Go, u2))|

< C1o"(©)|(Jur = uzl + [@(u1; Go,y) — @(y; Go,u2)] )

< Clo’ (©)lur — uzl.
for some £ between u; — @W(y; Go, u1) and uy — W(y; Go, uz). Since |W(u,y)| < |ul,
for every K C R compact there exists a constant C'x such that

|0, W(y; Go,ur) — O, W(y; Go, uz)| < Cklur —uz| Vui,ug € K.
Therefore,
|He,(u) — He, (v)] < Cklur —ug|  Vuy,uz € K.

Let 0 € WH°(R). By approximation by nondecreasing functions o, € W N(C!,
we obtain that

10y, W(y; Go, u1) — By, W(y; Go, uz)| < 2[|0"[|ocu1 — usl. (4.30)

Therefore,
|Hg, (1) — Hg, (v)] < 2|07l 00| 0G0l |ur — ua|  Vui,us € R. (4.31)
This completes the proof. (I

Lemma 4.18. Let u € R. Let 0,0, be nondecreasing continuous functions such
that 0(0) = 0,,(0) = 0 satisfy (2.3) with the same constants k1, ks and a, |o,,| < |o]
and o, — o in C([-2U,2U]) for some U > 0. Then

HG(),m d HG(] m C([—U, U]) (4.32)
Proof. Let u € [0,U]. By Lemma 4.12 we know that
U — W (y; Go,u) \y u — W(y; Go,u) for a.e. y € Gy.

In particular, due to the dominated convergence theorem, Hg, m(u) — Hg,(u).
An equivalent argument applies to u € [—U, 0]. Hence

Hgy.m — Hg, pointwise in [-U, U].

Since all o, satisfy (2.3) with the same k1, k2, r, we know that H,, satisfies (4.29)
with the same K, Ky and a. Hence, Hg, » is an equicontinuous sequence. Ap-
plying the Ascoli-Arzela theorem we know that the sequence is relatively compact
in C([-U,U]) with the supremum norm. It has, at least, a uniformly convergent
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subsequence. Since every convergent subsequence has to converge to Hg,, we know
that the the whole sequence Hg, m converges to Heg, uniformly in [-U, U]. O

Remark 4.19. When 9Gy is assumed C? it is possible to develop other type of
techniques (which we shall not present in detail here) showing the existence and
uniqueness of solution w(y; Go,u). Indeed, the existence of W(y; Go,u) can be built
through passing to the limit after a truncation of the domain process (with the
artificial boundary condition w(y;Go,u) = 0 on the new truncated boundary).
The maximum principle for classical solutions (see, e.g. [14], [8, p.206] or [1])
allows to get universal a priori estimates which justify the weak convergence and
thanks to the monotonicity of the nonlinear term in the interior boundary condition
the passing to the limit can well-justified. In addition, it can be proved (see the
indicated references) that the limit is also a classical solution on the whole exterior
domain. Moreover, the same technique (i.e. the maximum principle for classical
solutions) implies the comparison, uniqueness and continuous dependence of the
solution w(y; G, u).

5. PROOF IN THE SMOOTH CASE o € C}(R)

5.1. Auxiliary function wl. To pass to the limit as e — 0 in (3.2) we need some
auxiliary functions.

Definition 5.1. Let u € R, ¢ > 0 and j € Y.. We define the function w!(-; G, u)
as the solution of the problem

Aw! =0 ifze Tsj/4 \Gié7
Oy, w! — e Vo(u—wl)=0 ifxecdGl, (5.1)
wl =0 ifre 8T€j/4,
where
T ={zx €R": |z — P! <r}, (5.2)
PJ is the center of Y. Finally, we define

i(z;Go,u) fxeT!,\GLjeT.,
Wefas Gy ) = § 2G0T T\ G E T (53)
0 if 2 € R*\ Ujer.T/,,.

Applying the comparison principle we obtain the following result.

Lemma 5.2. Let u > 0. Then 0 < wi(-;Go,u) < @0l(;;Go,u). If u < 0 then
Wl (5 Go,u) < wi(;Go,u) <0,

Remark 5.3. Note that, if u = 0, then wi(-; Gg,0) = 0.

Let us prove some properties of W, (z; Go, u). First, we introduce the following
lemma.

Lemma 5.4 (Uniform trace constant). There exists a constant Cp > 0 such that,
foralle >0

EJ//@G” |f|2dS§CT/7_ 7_|Vf|2daz: VfEHl(TgM\Gig,aT%) (5.4)

T, 4\G=
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Proof. First, we extend f to H}(Y?) where Y7 =ej + €Y. In [17] we find that

ev/aG_glngC(/Yg |f|2+/yg |Vf|2). 5.5

Since f = 0 on 9Y7, taking f(y) = f(P? +¢ey), we have
[1ira=c [ 197k (5.6)
Y Y

Since V, f = svyf we have

2 2 2
[e<e [ v (57)

Hence, the result is proved. d
We have some precise estimates on the norm of W,:
Lemma 5.5. For all u € R, we have
IVWellZ ) < K (Jul + [ul?), (5-8)
IWellZaq,) < K (Jul + [ul*)e?. (5.9)

Proof. Let u € R be fixed. If we take w! as a test function in weak formulation of
problem (5.1) we obtain

/Tf - |ng|2 de —e™7 /BGj o(u— wg)wg ds = 0.
e/4 € €

We rewrite this as follows:

/ \ng\Zd:U—l—E*V/ o(u—w?)(u—wl) dSZE*“’/ o(u—w!)uds.
//:\G? oG oG1

Since o is nondecreasing we have that
IV0lars ey <Nl [ lotu = wd)las,
9G1
Because of (2.3) and that |s|* < 14 |s| for every s € R, we have

6_7/ lo(u—wl)|dS < k:ls_v/ |u—wg|°‘dS+k2€_7/ lu —wl|dS
9Ge le Cle

< k1e70GY| + (k1 + kz)f”/ u—wl|dS.
0GL

: ; c? 2, 1 32
Applying Lemma 5.4 and that, for every a, b, C' € R it holds that ab < 5-a“+ 55207,
we obtain

(k1 + kQ)E_’Y/

1 .
lu— wl|dS < eClOGI] + ——— —7/ lu— wl*dS
pYe 207 |ul PYe

1

ilel 12, a0

< C‘u|€n + 5 2| | ”V( wé)”L%Tg“\GZ)
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Therefore,

1 ,
[Vw ) < K (Jul + ul*)e™ + 5||Vw§|\2

.o v
elzaers i L2(0G1)"

Thus, we have

[Vl < K(ful + [uf*)e™.

2 . N
L2(T, \GY)
Adding over j € T, and taking into account that #Y. < de™", we deduce that
(5.8) holds. Using Friedrich’s inequality we obtain

g2 : 2 g2 )
Hw5||Lz(Tg/4\G§) S € K||vw8||L2(TEJ/4\G§)7
so (5.9) holds. This completes the proof. O

5.2. Auxiliary function v! = w! — @I. Let us define:
vl = w! — @, (5.10)
This functions is the solution of the problem
Avi =0 ifxe Tg/4\52,
o) — e V(o(u—wl) —o(u—ad)) =0, ifxcdGl, (5.11)
v =~ (x;Go,u), ifxc 8Tg/4.

Lemma 5.6. The following estimates hold

Z HV(wé(:z:, GO?“) - {U\g(xv GO?“))Hiz(TJE‘ \G?) < K(|u| + ‘u|2)527 (5‘12)
JEY. 1
3wl (w; Go,u) — @ (a; Go,u)n;(m\@) < K(|u| + Ju?)e?. (5.13)
JEY. ‘

Proof. From Lemma 5.2 it is clear that
[vd(w; Go,w)| < |@(2; Go,w)| Vo eT?,,\ GL (5.14)
Integrating by parts vJ(Av?) and using (5.11) we deduce that
/ - |va|2d:v—5_7/ (o(u—wl) —o(u—m))v!dS
T, \G

8G2

=

:—/ ' (3va)@§(z;Go,u)dS
o

T4
By the monotonicity of o and applying Green’s first identity, we have

Jnz . — TN (e
”VUEHLQ(T;M\GJE) < /aTj (8yv€)w8 (.Z', Go,u) ds

c/4

_ /  VeiValde+ / (0,071 dS.
I AT o1,

Applying Lemmas 4.15 and 4.16 we have
[v2 (23 Go, w)| < |@ (23 Go, u)| < K[ule?.
V! (x5 Go, u)| < Klule
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for all x € Tg /80 where K does not depend on e. Since v/ is harmonic, denoting
Tf:{zER”:|x—z| <r} we have

@)= 7 / 0% o) = &
a/l6| z, 8351 em

for all z € TEJ/4 \ Tg, since T4 C T’ 2\ T ¢ Hence, we have

oo,

[ (@uaas] < K(jul + JuP)"
oTY
8

/ UgvidS‘ < Klule.
8sz/16

Vol Vil dx’ < K (Ju| + [u|?)e"*2,

From this we deduce that

(12
||V’Ug||L2(TEj/4\G£)

< K (Jul + [uf?)em*2.
From Friedrich’s inequality,

10212, sy < K Clul + uf2)em 4,

Then, adding over j € Y. we obtain

J|12 ) ) 2\ _2
Z HVUEHL2(T5/4\Gé) < K(|U| + |U| )5 )

JEY .
S eI s oy < Bl + )
JeTe
This estimates completes the proof. (I

5.3. Convergence of integrals over UjeysaTgM

Lemma 5.7. Let Hg,(u) be defined by formula (2.5), ¢ € C§°(Q) and he,h €
H(Q) be such that he — h in H} () as ¢ — 0. Then, we have that

~im > / y (0,23 Go. o(P2) @) a5 = G2 [ e (0(e) hie)

e—0
jET
. (5.15)
where v is an unit outward normal vector to Tg/4.
Proof. Let us consider the auxiliary problem
AW =pl zeY? \Ti/m j€e e,
0,09 = 0,w! (x;Go, p(P?)) x € dT?,
(5.16)

~0,00 =0 x €Y,
<0§>YEJ\T£/4 = Oa
where v is a unit inwards normal vector of the boundary of Y7 \ Tsj 40 We choose,

against the convention, the inward normal vector so that it coincides with the unit
outward normal vector of T” /4 \ G in their shared boundary. We changed the sign
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accordingly. The constant y? is given by the compatibility condition of the problem
(5.16):

e/4

=— [  0,@wl(x;Go,p(P?))dS
oG1L

= *CL?_2 auy@(¢(Pg)7y) dSU’

9Go

Therefore,

i = —ar*He, (¢(P)) _ —Cy—*He,(¢(P7))
: |Y\T10/4|5n |Y\T10/4| ,

From the integral identity for the problem (5.16) we obtain

o vepd = [ eide- [ (0,80 Go.0(P2) 84S (517)
YI\T? YI\T?,, orl,,

Applying Lemma 4.16 and using the estimates from [17], we deduce

/ (B, @ (3 Go, 6(P))) 00| dS
8Tg/4

gmqs(Pg‘)le/j 10.]dS

e/4
. n—1 .
< K|o(P])|e" % 11020 1 ors

n41

) T )
< K|p(P!)|e = {5 ZHQg”Lz(YEJ\TiM)+\/g”veg”L2(yg’\T§/4)}

< K|¢(P!)le

nt2 i
2 Hveg HLz(YE\Ti/‘;)'

In particular, since |¢(P?)| < ||¢||oc We can make a uniform bound, independent of
j and . Thus, we have

IV, gy < K™% (5.18)
Adding over j € T, we have
> / |V# P de < Ke2. (5.19)
jer. JYI\TL

Hence, by the definition of 67, we obtain

p> /aTgM (0,82(2; Go, 6(P?)) ) he dS sz

JEY. €Y.

/. _ plhe da
YT,

Sh> / VOV da| < Kelhell, 0,00
jex. YT,

Therefore,

: ST (e J —1; J
lim 3° /f?T"/4 (8ng(x,G0,<b(P€))) hEdS—hm]zT: /Ysj\muehgdx.

e—=0
jEY: j €
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From the definition of p? we deduce

Cn 2
3 [ whedet g 30 [ Ha(o(@) heda
JET. Y\T] 17, jer. YYI\T!,,

con- 2 )
e /Y\T (Ha(@(P9)) ~ Ha,(6(x)) e .

Using (4.17) we obtain

|5 [, - HoulotP2) ~ Hoy otephe o

=,
< Kl m| [ 0,005 Go, 6(P) — 00,0001 Gi,0(0)) d,
= Kl max| [ o(6(P2) ~ @005 Go. o)
—a(¢<Pg>—w<y;Go,¢< 7)) ds,|
< K mae (| (y: Go, 6(P2)) — (y: o ()|
+|@: Go,0(P2)) = 4 Go, 6())| )

< Kmax (|o(P) — 6(a)| +[0(P2) — 6()|")

< K(a:+ad)—0 ase—0.

Hence

. ; oy
iy 32 et 3

| Heg, (d(x))he dz.
JET. 174V jer,

\T

From [16, Corollary 1.7] we derive

Cn72
hmoi cde=Cn2 hdz.
I /, - 0o heda = G | Hey(@@hda

This completes the proof. (I

Lemma 5.8. Let Hg,(u) be defined by formula (2.5), ¢ € C§°(Q) and he,h €
H}(Q) be such that he — h in H}(Q)) as e — 0. Then, we have

—lim > /6 , (8wl (23 Go, $(P))) he dS = CJ~ /Q Hey(¢(x))hdz.  (5.20)

e—=0
€Y

Proof. Using Lemma 5.6 and applying Green’s identity we obtain

T /M (0, (2 Go, 6(P2)) — Bt (s Go, 6(P2)) ) . S

JEY.

=—Z/6T d,vlh.dS

JEY .

E—— Z / VvﬁVhE dz + &,Ughg ds
jerx. /T\GE oG
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= VulVh. dx
jex, 7T u\Ge

+e_72/ (o(p(P?) — wl) — o(¢(P?) — @)) hedS.

JEY

From Cauchy’s inequality and the properties of v we have

JjeEY, jeEY:

< Ke.

Using the estimates from Lemma 5.6 we deduce

= / o(6(P2) ~wl) — o(6(P) — @) he ds|

JEY:
<e™? Z/ 10| oo ([—2l1 ¢l o 21181 o0]) [VE ]| 2| AS
JEY.
< Ke™? Z/ [vl||he| dS

JEY
< Kee 2| hel|y(s.)
S KEHthan(Q),

where K depends on ||¢||~. Therefore,

> /aTJ (92 (w3 Go, 6(P2)) = Dy wl (w3 Go, 6(P2))) he dS| < Ke.

JEY, e/4

From this inequality and Lemma 5.7 we deduce that

fg%Z/aT 6w (2; Go, $(P )))h s

JETY e/4

:fg%Z/M aw I (a3 o, (P )))h s
=€y~ [ Ho,(6() hde

This completes the proof.

5.4. Proof of Theorem 2.5 for o € C}(R). Let ¢ € C5°(2). We define

= We(z; Go, Ps] Y:Ej Eg,'QTg
(o) = | W Goo(P) Y2\ GEje
0 Q\Ujer. Y, j €Y.,

| Z/ Vil Vhede| < Y IV gy, + Ve
\ai
c/4

21

(5.21)

(5.22)
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We have that W.(+¢) € HL(Q) and W.(-;¢) — 0 in H(Q) as ¢ — 0. Using
o =¢— We(x;9) as a test function in inequality (3.2) we obtain

/ V(6 — Welas 6)V (6 — We(2:0)) — ue) da

> / o6 — wl (x5 Glo, §(P1)))(& — wl (x5 Go, o(PL)) — u)dS  (5.93)

JEY .
> / £ — Wel2: 6) — ue) da.
Q.

Taking into account that w!(x;Go,u) is a solution of the problem (5.1), we can
rewrite this in the form

VoV (¢ — Welw; ¢) — u.) dz

Q.

- Z Oyl (2:Go, o(PY)) (¢ — ue) dS

JjeY,
- 2; /6 _, COP2) —ul(r: Go, 6(P2))(6 — i G, 6(FD)) ~ ) 1S
(5.24)
+ wj; /6 g 09— w3 Go, 9P — wi(w; Go, (FY)) ~ue) dS - (5.25)
> /ﬂ £ — Wel@: 6) — ue) da.

We choose the boundary condition for wi so that (5.24) cancels (5.25) out in the
limit. We observe that

7 3 [ (o600 —ud(a: o, oPD) — o9 — ka3 Go, 0(P)))

JEY,

x (¢> — wl(x; Go, $(PI)) — ue) dS‘

<e’ Z/ ol oo (0,0 1Vl Lo (@) ac @ — wl (5 Go, ¢(P2)) — ue| dS
jeEY:
< Ka. — 0,

where U = 2||¢||c and K depends of ||¢||. Taking this into account we have

/ VoV(6 — We(r;6) - ue) da

B Z/ By w! (z; Go, d(P9)) (¢ — ue) dS (5.26)

JEY,
flo— WE(x§ ¢) — ue) dz — pe.
Q.
From Lemma 5.5 we have

lim VoV (¢ — Wela; @) — ue) da = / VoV (o — up) dz, (5.27)
Q

e—=0 Q.
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iy [ 0= Wela; ) ) = JRIEn (5.28)

Applying Lemma 5.8 for h. = ¢ — u. we have

~lim Y- /8 " (v (@ Go, 0(P2)) ) (9—e) dS = C /Q Ha, (¢())(6— uo)dz

e—0
jer
Therefore ug satisfies the inequality
/VW’—wdeW2/H% -m@mz/jw—wmm

Q

for any ¢ € H}(Q). Therefore, u € H}(Q) satisfies the identity

/ VuoVede + cg;*?/ Hg, (up)¢dx = / fodz,
Q Q Q

where ¢ € H} (). Thus, u is a weak solution of (2.7). This completes the proof of
the Theorem 2.5 when o is C1(R). O

6. PROOF IN THE HOLDER-CONTINUOUS CASE

Let 0 € C(Q2) be satisfying (2.3). Applying [6, Lemma 2] we deduce there a
sequence of nondecreasing functions o5 € C1(R) such that o5(0) = 0, |os| < |o|
and o5 — o in C(R). Therefore o5 satisfies (2.3). Applying the result in the previous
section, we have that

Pouc s — us in H'(Q). (6.1)
where u; is the solution of (2.7) with Hs instead of Hg,.

By the approximation lemmas in [6] we have

[V (ue — e s)ll20.) < Cllos — ol (6.2)
Therefore,
19t — )20 < Cllos — olloc (6.3)
Since, by Lemma 4.18, Hs g, converges uniformly over compacts to HG, applying
standard methods (see Lemma 7.1) we deduce that us — Uy, where Uy is the
solution of (2.7). Notice that, due to Lemma 4.17, we have that, if ug € L*(Q)
then Hg, (ug) € L*(9).

By uniqueness of the limit ug = u and it is the solution of (2.7). This completes

the proof of Theorem 2.5 in the general case. (]

7. APPENDIX: A CONVERGENCE LEMMA

Lemma 7.1. Let H,,, H : R — R be nondecreasing functions that satisfy (2.3) with
the same constants ki, ks, and such that H,, — H uniformly over compacts. Let
Um, u be the corresponding solutions of (2.7) with H,, and H respectively. Then

Upy — u in HE(). (7.1)
Proof. We have
/ |V, | de < C/ |f|? dx (7.2)
Q Q

Therefore, up to a subsequence, there is a weak limit in H}(2), let this be u. A
further subsequence guaranties that

Uy — 0 in L*(),
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Um — U a.e. Q.

Let = € Q such that u,(z) = u(z) in R. In particular the sequence is bounded so
Hp (um (u(x))) — H(u(z)) because of the uniform convergence over compact sets.
Hence

Hp(uy) = H@) ae. in Q. (7.3)
On the other hand, we have

|Hm(um)\ < k1|um|a + kg‘um‘ <ki+ (Iﬁ + k2)|um|,

/Q‘H(um)|2d$§C(|Q|+/Q\um\2dx)
SC(|Q|+/Q|f\2dx)

Hence, up to a subsequence, there exists He L?(Q) such that
Hp () — H in L*(Q).

By Egorov’s theorem, we have that, for every § > 0 there exists A; measurable
such that |As| < § and H,, () — H(uw) uniformly Q\ As. Since Hp, (un,) — H in
L2(2\ As) we have that H(u) = H a.e. in Q\ As. Hence H(u) = H in a.e. £, so

Hpp(tp) — H(w) in L?(9).

By passing to the limit in the weak formulation we deduce that u = u. O
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Abstract In previous works, the homogenization of the problem with p-Laplace diffusion
and nonlinear reaction in the boundary of periodically distributed particles in n-dimensional
domains has been studied in the cases where p < n. The main trait of the cases p < n is
the existence of a critical size of the particles, for which the nonlinearity arising of the limit
problem does not coincide with the non linear term of the microscopic reaction. The main
result of this paper proves that in the case p > n there exists no critical size.

Keywords Homogenization - p-Laplace diffusion - Non-linear boundary reaction -
Non-critical sizes
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1 Introduction

The main goal of this paper is to study the behaviour arising in the homogenization process
applied to chemical reactions taking place on fixed-bed nanoreactors, at the microscopic
level, on the boundary of the particles
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_Apus = f(x) X € £2,
_avpug S g_ya(ug) X € Sg, (1)
ug =0 x € 092,

for a very general type of chemical kinetics (here given by the maximal monotone graph o of
R2). Here the diffusion is modeled by the quasilinear operator A yu, = div(|Vu,|? “2Vu,)
with p > 1. Notice that p = 2 corresponds to the linear diffusion operator, and that p # 2
appears in turbulent regime flows or non-Newtonian flows (see [2]). The “normal derivative”
must be then understood as 8,)17 us = |Vug|? ~2Vu, - v, where v is outward unit normal vector
on the boundary of the particles S, C 9€2;. In fact we shall consider the structural assumption

n<p<-4ooandn > 3. (2)

In previous works, the cases where p < n have been studied (see [3-6,9,10,12] for the
details). The main trait of this cases is the existence of a critical size of the particles, for
which the non linear term arising of the limit problem does not coincide with the non linear
term of the microscopic reaction. If the size of the particles is larger than this critical size
then the limit problem is of the form

—Apu+Ao(u) = f 3)
u=~0 a2
where A > 0. If the size of the particles is critical, the limit problem becomes
—Apu+BHw|P?Hw) = f Q (4)
u=20 02

where B > 0 and H is the solution of functional equation depending only on o, n and the
shape of the particle.

The main result of this paper proves that for p > n there exists no critical size. That is, the
solution u, converges to the homogenized solution u of problem (3) where A is a constant
that will be specified later.

The plan of the rest of the paper is the following: Sect. 2 will be devoted to the statement
of the main results, whilst Sects. 3 and 4 are devoted to the proofs.

2 Statement of results

Definition 1 (Perforated domain 2.) Let 2 be a bounded domain in R"”, n > 2, with a
smooth boundary 9€2 and let Y = (—1/2, 1/2)". Denote by G a smooth open set such that
Go C Y.For8 > 0and B an open set we define 6 B = {x | 8§~ !'x € B}.Fore > 0 we define
55 ={x € Q|p(x,0R2) > 2¢}. Let a, = Coe®, where o > 1 and Cj is positive number.
Define

Ge= |J@Go+ep = 6L, (5)

jeYe JjEeT,

where T, = {j € Z”. 2 (aGo +¢j) N 58 # 0}, 7" is the set of vectors z with integer
coordinates. Define Y{ = ¢Y + ¢j, where j € Y. Itis clear that Gj. cY f . Define

Qe = Q\Gs, S = 0G,, Q2 = dQ U S,.

It can be checked that | Y| = de ™", for some constantd > 0, in the sense that | Y, |/e™" — d
ase — 0.
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In this geometry we consider the problem

_Apue = f(x) x € S,
Bupug +eVo(u,) =0 x €8, (6)
Mg == 0 X € 89,

where Aj,u = div(|Vu|P~2Vu), dy,u = |Vu|P~2(Vu, v), v is the outward unit normal

vector to Sg and o is a nondecreasing function such that 0(0) = 0 and f € Lp/(Q). In this
paper we will be interested in the case p > n and o > 1. B
We define W17 (Q,, dQ) as the closure in W7 of {f € C®(Q,) : flsq = O}.

Definition 2 Let (2;) be a sequence of domains 2, C 2 C R"” and Q2 C 92, where 2 is
bounded. We say that the sequence has a uniformly bounded sequence of extension operators
in W7 if there exists a sequence (P.) where:

P WhP(Q,) — WP (Q) (7)

where Pou|q, = ue forevery u € WLP(Q,) and there exists K » > 0 independent of & such
that

IVPeulpr@ < KpllVullLr(q,), forevery &> 0. (8)
Applying the techniques in [8] we can prove that

Lemma 1 The sequence (2) has an uniformly bounded sequence of extension operators.

We will use the existence of a Poincaré constant for W(} P (£2), Cp @, such that

1,
liLr) < CpallVollir, ve W, (Q). )]

In fact we can also show the following, which is seldom stated

Theorem 2 Let p > 1. If there exists a sequence of uniformly bounded extension operators
in W(; ' then there exists a uniform Poincaré constant for WP (S, dQ). In particular, if (8)

holds and C, g is a Poincaré constant for WO1 P (£2), then, K, C) q is a Poincaré constant
for WhP(Q,, 992).

Proof We simply indicate that
lvllLr@,) < IPsvllr@) < CpallVPvlLr) < CpaKpllVullLr (e, (10)
which concludes the proof. O

Our aim is to prove the following results

Theorem 3 Letn < p < +00,a > 1, 0 be a continuous nondecreasing function such that
0(0) =0, u, be the solution of (6) and let

y* =amn—-1)—n. (11)

Then, Poug — u in W(}’p(Q) where u € W(;’p(Q) is the unique weak solution of one of the
following problem
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1. If y = y* then

—Apu+ Ao (u) = f, R, (12)
u=20 02
where A = CJ3Go.
2. If y < y* then
—Aju=f Q
pu=rf (13)
u=0 Q2.

Lemmad4 Letn < p < +00,a > lando = 0. Then Pou, — u in W&’p(Q) where u is
the unique solution of (13) (equivalently (12) for o = 0).

Theorem 5 Letn < p < 400, > 1,y > y*ando € C' (R) nondecreasing function such
that o (0) = 0. Then, there exists u € Wg "P(Q) such that, up to a subsequence, Pou, — u in
Wy ?(Q) and

o(u(x)) =0, a.e.x € Q. (14)

In other words, u(x) € o ~1(0) fora.e. x € Q.

Remark 1 In this setting (p > n) there exists no critical exponent «*. This is quite natural

since, for p < n the critical exponent results «* = = I The case p = n was done in [9].

We will use the following comparison result, which will be proved later

Lemma 6 Let p > 2and letuyg, il be the solutions of (6) with o and & continuous functions.
Then,

A —1 Pk N
IV (e — )|} piq,) < Ce 7 llo —Gllem- (15)

Remark 2 Since any function v € whr(Q), p > n is Holder with the estimate

() — v < Clx =y "7 [ Vollirgy, if [x, y] C (16)
where [x, y] = {Ax + (1 — Ay) : & € [0, 1]}, we have that (Pgu,) is uniformly Holder

continuous, and therefore (i) is also uniformly Holder continuous.

We need some information on the traces on S;. We can compute the following lemma,
analogous to results in [8] which, for the proof, points to [7].

Lemma7 Let p > nandu € WLP(Y,) where Y, = eY\a.Go. Then,

/ u|PdS < K (a;}—le—" lulPdx + a? el |Vu|pdx> (17)
a:So Y,

Y,

where K is independent of ¢.

Remark 3 In particular, if a, = Coe® we have

/ ulPdS < K(aV*/ |u|de+ag—lsP—"/ |Vu|pdx> (18)
a.So e e

This explains the choice of y*. If p < n then a?_lsp ~" is replaced by af ~!. In that case

-1
ag

—1 _
— = Cl 7 e pmmtn, (19)
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For the cases p < n this exponent is the one that produces the appearance of a critical case,
which corresponds to @ = *—. In the case p = n a similar expression exists, but is more
self-involved (see [9]).

The following result will be instrumental in the proof. Nonetheless it has a great intrinsic
mathematical value.

Proposition1 Letp >n, o> 1, y*=a(n—1) —nandv, — vin Wol’p(Q). Then

s—y*/vgds N A/vdS (20)
Se Q
where
A= Cl3G!. (21)

This result does not hold if p < n, and this causes the appearance of a term known as
strange term, first noticed by Cioranescu and Murat for the linear problem [1], and which
has been well documented also in the nonlinear case (see, e.g., [6,12]).

The technique for the proof of this result uses the following auxiliary result. Define function
M, (x) as Y.—periodic solution of the boundary value problem

Apm«E i Mg, X € Y = 3Y\_as(g'0§ B Cg—lsot(n—l)—nlaGOl

avpms =1, x€d(a:Go) = Sg’ y Mg = 1 - (a g_l)an | )

dy,me =0, x € Y:\S; ¢ 0

and /mg(x)dx = 0. (22)
Ye

This has the nice property of allowing us to write, for any test function ¢ € W17 (Y,)

—/leglp_ZVm5V<pdx+f¢dS:M5/¢dx. (23)
Y 50 Y

Denote by ng the center.of the ball Gg = ng + a.Go. Let ng denote the ball of radius

¢ /4 centered at the point Pl . Let M] = mo(x — P]‘? ) be the solution of the boundary value
problem. We will use the following fact, which we will prove later

Lemma 8 The following estimate holds

n—1

) < Clage™Hr (24)

3 Proof of Proposition 1

Proof of Lemma 8 Setting in (23) ¢ = m, and applying Theorem 2, Lemma 7 and the
definition of m.(x), we obtain
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p
2
”Vmelllz;v(ys) = /mgdS + e /mgdx
NY Ye
p—1
-D(p—1
= /1dS Imellypespy = Crad"™ V™ Vlmel g
S?

= C2a§n_l)(p_l) (03_18_"||ms||€p(y5) + ai’_lep_"IIVmallip(yg)>

< Cs (af(”_l)gp_” + aé’(n—l)gp—n> ||Vma||lzp(y8) (25)

< Caal " VP Vmel] ) (26)
Finally, we have the following inequality

n—1

p—n
IVmellLoy,) < Kal™ epoD. (27)

Hence, since #Y, < Ce™" we get the estimate

n—1
IV M| ) < Clage™)r T, (28)

Lr;v!

which concludes the proof. O

Remark 4 Notice that from (25) to (26) we apply that p > n. In the case p < n the other
term is dominant, and hence the comparison is [|[VM,|rr < Clase V)7 (see [8]).

Let Mg (x) be a restriction of function M, (x) on ng . Using the definition of Mg (x), we
can make the following transformations

8_y/vgdS: e Y | div((VM] P2V M]v.)dx
S, jETSYSj
=7 Y | IVMI|PT*VM]Vv.dx

jETgyj

+e7 > | (ApM])vedx
JEYe j
v/

=&V Y [ IVM{|P7*VM]Vv.dx
JEY: s
YJ

+e77 Z we [ vedx (29)

JEY, Yaj
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Using (28), we get

p—1

&
e_Vf|VM€|p_1|va|dx <Cs7? /|VM€|de
Qe Qe

< Cgmr=Dtngn=lgl=n _ cg, (30)

Therefore, we have
. — i\p—2 i
lim ¢ v ZfWMgV’ VM! - Vvedx =0 (31)
JeTsng
and, finally, we use the fact (see [13]) that, since v, — v in WI’Z(SZ) we have
23 Mgfvgdx - cg—1|aGo|/vdx. (32)
J€Ye Q

1
Remark 5 Notice that, for p < n estimate (30) transform into Ce »

appearance of a critical o (see [8]).

(n=e(n=p)) producing the

4 Proof of Theorem 3

First, let us prove the auxiliary lemma

Proof of Lemma 6 By considering the difference of weak formulations we can write, for the
test function u| — u»

/(|w2|p—2w2 — |Vui|P72Vuy) - V(uy — uy)dx
Q

+e77 /(UZ(MZ) —oo(u1))(ua —up)dS

Se
=e 7 /(Ul(ul)—UZ(MI))(MZ—Ml)dS- (33)
Se
For p > 2 itis true that (see [11] or [2, Lemma 4.10])

V(@ — uz)lllzp(gg) <l|e7’ f(UZ(ul) —o1(ur))(uy —u1)dS (34)

Se

1

<& |Se|7 oz — otlleollur — uzllLres,) (35)

_Y
< C¢ rlloa —otlleollur —uzllLrcs,), (36)

since |S;| < Ce™ 7. By applying Lemma 7 we deduce that
p _r r*
V@ — MZ)”Lp(Qg) <Ke 7|o1 —o2llect ”

x (llur — uallLr () + V@1 —u)llzria,)) - (37)
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Applying the uniform Poincaré inequality we deduce

*

IV @1 = u)ll] pq,y < Ke' 7 flor = o2llooll Vit — u2)llr(g,)- (38)

which concludes the proof.
We consider the weak formulation

/ |Vu8|p_2Vug - Vvdx +8_Vf0(u8)vdS = / fuvdx, Vve W(;’p(Q). (39)
Qe Se Qe

Since u, is a weak solution and p > n we have that
IV} i,y < 1F e (40)

Therefore (u.) is a bounded sequence in WLP(Q,). Hence (Pyu,) is a uniformly Holder
sequence in €2, and therefore uniformly bounded

luelle) < Psugllc) < C, forsome C > 0. (41)
Hence we have that
/ |Vug|P~>Vu, - Vodx — / |VulP~2Vu - Vudx, (42)
e Q
fvdx — / fudx. (43)
Q. Q

Proof of Theorem 3 First let us assume that y < y™*. Let u, o be the solution corresponding
too = 0. Then

* 1

.
lue — ueollwrry < €70 o124 (44)

where K is a compact such that || Peug| oo, || Petteollre € K C R. Then Pu, — ug the
solution of (13) by applying Lemma 4.

Assume that y = y*. We startby consideringo € C!(R). Since the solutions are uniformly
bounded and continuous, we have that

lo" (ue)llees,) < llo’(uele@ < C (45)
since o’ is continuous. Notice that o (P.u,) = P, (o (uz)) on Q.. Hence
IV(oue)llLr@.) < llo"we)lle I VuellLr@,) < C. (46)

Therefore there exists & € W17 () such that Pso (1) — 6. Since p > n the convergence
is also in the sense of C(L2), and therefore & = o (). Hence, we conclude that for v e W7
we have

8_7’*/ o(ug)vdS — A/ o(u)vdx. (47)
s Q
Then, limit becomes

/ |Vu|p_2Vu - Vudx —I—A/a(u)vdx = / fvdx, Yve Wol’p(SZ). (48)
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Let 0 € C(RQ). Let us consider an approximating sequence o € C!, 671(0) = 0 and
os — o inC([—M, M]) as § — 0 where ||P5u8||c(§) < M for all £ > 0. We have that

-1
lue = ueslly,, < Cllos — o lleq—m.m- (49)
Passing to the limit we have that
-1
lu — M6||€V1,p < Cllos — o lleq—m,m)> (50)

where ug satisfies (12), with o instead of 0. As § — 0 the sequence us — w where w is the
solution of (12). Therefore, due to (50) we have that u = w, which concludes the proof. O

Proof of Theorem 5 If y > y™* we write

S / Vite|P~2Vu,Vodx + &7 /a(ug)vdS Xas / fudx, D
Qe Se Q¢

for all v € W,” (). Hence, in the limit

A/o(u)v dx =0, Yve W' Q). (52)
Q

Thatis o(u(x)) = 0 for a.e. x € 2. O
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1 Introduction

A well-known effect in homogenization theory is the appearance of some changes in the structural modelling
of the homogenized problem for suitable critical size of the elements configuring the “micro-structured” ma-
terial. It seems that the first result in this direction was presented in the pioneering paper by Marchenko and
Hruslov [27]. A more popular presentation of the appearance of some “strange terms” was due to Cioranescu
and Murat [4]. Both articles dealt with linear equations with Neumann and Dirichlet boundary conditions,
respectively. Since then many papers were devoted to different formulations, e.g., more general elliptic partial
differential equations (possibly of quasilinear type), Robin type and other boundary conditions of different
nature, etc. It is impossible to mention all of them here (a few of them will be mentioned in the rest of the
introduction) but the reader may imagine that the nature of this “strange term” may be completely different
according to the peculiarities of the formulation in consideration (something that was already indicated at
the end of the introduction of the paper by Cioranescu and Murat [4]).
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2 —— |.l.Diazetal., Characterizing the strange term in critical size homogenization DE GRUYTER

The main goal of this paper is to characterize the change of structural behavior arising in the homogeniza-
tion process when applied to chemical reactions taking place on fixed-bed nanoreactors, at the microscopic
level, on the boundary of the particles

~Apue = f(x), x € Qg,
-0y, Uz € €7V0(Ug), X€Se, (1.1)
us =0, x € 0Q

for a very general type of chemical kinetics (here given by the maximal monotone graph o of R?). Thanks
to this generality on the maximal monotone graph g, our treatment also includes the case of microscopic
Dirichlet boundary conditions. In this way we unify the treatment of apparently different formulations, which
before were considered separately.

The diffusion is modeled by the quasilinear operator Apu, = div(|Vue|P~2Vu,), with p > 1. Notice that
p = 2 corresponds to the linear diffusion operator, and that p # 2 appears in turbulent regime flows or non-
Newtonian flows (see [8]). As it is well known, this operator appears in many other contexts and is one of the
best examples of quasilinear operators leading to a formulation in terms of nonlinear monotone operators
(see, e.g., [1, 7, 26]).

The “normal derivative” must be then understood as 9y, us = |Vue [P=2Vu, - v, where v is the outward unit
normal vector on the boundary of the particles S, ¢ 0Q.. In fact, we will consider the structural assumption

l<p<n, n=x=3.

The cases p > n are completely different, see [31, 32] (see also, for instance, the study made for a general
monotone quasilinear equation with Dirichlet boundary conditions in [7]).
As mentioned before, the generality assumed on the maximal monotone graph o of R? allows to treat, in
a unified way, different cases as the case of Dirichlet boundary conditions, which corresponds to the choice
of o given by
D(0) = {0} and 0(0) = (-co, +00) (1.2)

(see, e.g. [1]), and the case of nonlinear Robin type boundary conditions, which corresponds (see, e.g. [24])
to the case in which D(o) = R and o is a continuous nondecreasing function.

The domain Q. ¢ R" is assumed to have an e-periodical structure. Since our main goal is to get a very
precise description of the so-called “strange term” in the homogenized problem, we shall assume that the par-
ticles are balls of radius a, = Coe®, where a > 1. One of the interesting properties that arise from our precise
characterization is that there is uniqueness of solutions of the homogenized problem. This was not always
proved in previous results (cf. the general framework considered in [7], and how their characterization, given
in their Lemma 5.1, is not enough to get the uniqueness of solution of their homogenized problem). The con-
sideration of particles of a general shape is a difficult task, especially the exact identification of the “strange
terms”. A similar formulation to the one considered in this paper for that case can be obtained, at least for
continuous o, and has been the subject of a different paper (see [15]).

The problem has two different parameters: a, the size of the particles, and y, the normalization factor of
the boundary condition on S,. When they have critical values

n

a:n—p’ y=an-1)-n=a(p-1),

then our main result in this paper shows that the homogenized problem involves a different distributed chem-
ical kinetics nonlinearity:

{ ~Apu + AIHWP?HW) = f(x) inQ, (1.3)
U=0 on 0Q,
where 1 n-p\r-1 _np

“(po1) e o
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DE GRUYTER J.1. Diaz et al., Characterizing the strange term in critical size homogenization =—— 3

and H: R — R is given by

Hr)=(I+010,,) (1), (1.5)
with
Onp(s) = BolslP2s forseR
and n-p \p-1
Bo = (m) , (1.6)

where w;, is the surface area of the unit sphere in R". We show that, for any maximal monotone graph o, H is
a nondecreasing contraction, and thus the existence, uniqueness and continuous dependence of solutions
of the homogenized problem is consequence of well-known results on monotone operator theory.

The change of behavior from the nonlinearity of type ¢ in the nonhomogeneous problem to the nonlin-
earity H in the homogeneous problem is one of the characteristics of the nanotechnological effects (see, e.g.,
[33]) and does not appearif 1 < a < # (see [5, 34]).

Before presenting the details of the notation used above, let us mention that our main aim is to provide a
common roof and extend (under different points of view) some previous results in the literature concerning
different structural assumptions (i.e., the functions ¢ and H) after the homogenization process.

The case of Robin boundary conditions d,u + B(€)a(u) = 0 on S, was first studied by Marchenko and
Hruslov in a series of papers dealing mainly with the linear case o(u) = Au, see [19-21, 27]. Some references
on different choices of smooth functions ¢ can be found in [6, 18, 22, 24, 25, 29, 37] and the references
therein. For further references, see [13, 16, 17, 23]. Some previous results by the authors [11], formulated
there for some not necessarily Lipschitz functions o and p € [2, n), will be here extended to the case a general
maximal monotone graph ¢ (which includes the case of Dirichlet boundary conditions) and p € (1, n).

The special case of Dirichlet boundary condition u, = 0 on Sg, covered by (1.2), gives 0~1(s) = 0 for any
s € R, and so H(r) = r for any r € R. Therefore, the “strange term” arising in the homogenized equation be-
comes A|ulP~2u. This was shown for p = 2 in the pioneering paper by Cioranescu and Murat [4]. However,
even in this simple case, the treatment in [7] for the case p # 2 is not as sharp as in our case. In [7], Dal Maso
and Skrypnik do not provide an explicit expression for this strange term. In fact, their characterization (see
[7, Lemma 5.1]) does not guaranty uniqueness of solutions of the homogenized problem.

The case of the boundary condition

U >0, Onpue+e0o(ue) 20, u(Onue+&0o(ug))=0 onsSe,

which was studied for smooth ¢ in [22] by ad hoc techniques, is also covered by the common proof provided
in this paper, by taking
(-00,0] ifu=0,

oo(u) ifu>0.

D(o) = [0, +00), o(u) = Jl

Seealso [12, 28].

The choice of the critical values of @ and y might appear arbitrary. Let us give some reasons why this
is a good choice. First, if N(¢) is the number of particles, then N(¢) ~ ™. It is easy to see that |S;| =
N(g)|0(asGo)| ~ D= where G is the unit ball centered at 0. Let us analyze the choice of y. If we
consider the reaction term on the weak formulation, with o(u.) a bounded sequence in L* and v a bounded
test function, then
J o(ug)v dS ~ g~@n=1-m J o(uz)vdS
Se Se

1
|Sel
is a bounded sequence. Hence, if the sequence u;, is bounded in L* and v is a bounded test function, then
e’ J o(ug)vdS
Se

can only be expect to tend to either O or +co if y # a(n — 1) — n, and hence we will lose the reaction term on
the equation on the homogenized equation or we lose the equation altogether. If the macroscopic behavior
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4 — |.|.Diaz et al., Characterizing the strange term in critical size homogenization DE GRUYTER

is given by a reaction diffusion equation (with nontrivial reaction), then the choice scaling y as € — 0 can be
no other.
The appearance of the critical value of a has to do with a property of traces. It is known (see [30]) that

J lulP dS < K(ag‘le‘” Ilulp dx +al™ J’IVuII’J dx).

agSO Yg YS

As it turns out, the critical scale is the one in which both terms in the right-hand side have the same order of
convergence. Notice that, in the critical case a = #, we havey = a(p - 1).

Notice that for a Newtonian fluid in R? (n = 3, p = 2), the critical size corresponds to a = 3. Obviously the
critical value of a is an increasing function of p. Therefore, for non-Newtonian dilatant fluids or a Newtonian
flow in turbulent regime (p > 2), our assumption means a > 3, the particles are tiny with respect to their
repetition, whereas for pseudoplastic fluids (p < 2), the critical particles satisfy a < 3, and hence are not so
tiny with respect to their repetition.

A relevant application of our results is the following. Let us consider the usual formulation in Chemical
Engineering (see [9, 35]) with a constant external supply

-Awg =0, X € Qe,
oywe +£7g(we) =0, xe€S,
we =1, x € 0Q),

where g is a nondecreasing real function such that g(0) = 0. In order to adapt our results, we introduce the
change in variable u = 1 — wand o(u) = g(1) — g(1 — u), and the problem becomes

-Au, =0, x € Qg,
Ovus +&7V0(ue) = €77g(1), x€S,,
ug =0, x € 0Q.
Notice that the presence of w, = 1 on 0Q is translated to a source in S, for u.. We will see later (Theorem 6.2)
that the new equation for H, when a = %5, is
n-2
C—OH(S) =o(s - H(s)) - g(1), (1.7)
that is,
_ (,yn-2 -1 -
H(u) = (g (_Co )+ Id) (1-uw),

so that an extension of w, converges weakly in H(Q) to wc, the solution of
~AWeit + Ah(Werit) =0 in Q,
Werit = 1 on o0Q,

and h is given by
n-2

h(w) = <g’1( )+ Id>_1(w).

Notice that in the case of Neumann problems, o(s) = O for any s € R, and although ¢~ is a well-known
maximal monotone graph, the more direct identification of the “strange term” H(u) is obtained trough the
implicit equation (1.7), since in this case we get that
Cog(1)

n-2

H(s) = - forany s € R.

_n_

-0, we will show that an extension of w, converges weakly in H LQ) to

In the noncritical cases, 1 < a <
Whon-crit, the solution of
{ —AWnon-crit + A§(Wnon-crit) =0 in Q,

Wnon-crit = 1 on 0Q,
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with A = CZ7!0Go. Finally, we will show in Theorem 6.3 that
Werit 2 Wnon-crits

so we have a pointwise “better” reaction in the critical case [10]. We point out that a different criterion to
establish the optimality of the reaction in terms of the so-called “chemical effectiveness” was considered by
the authors in [14].

The plan of the rest of the paper is the following: Section 2 will be devoted to the statement of the main
results, Section 3 contains the proof of the existence results for equation (1.1) and the characterization of H,
Section 4 is devoted to the proof of the main result, Theorem 2.4, and Section 5 contains the proof of the
auxiliary Theorem 2.9, which studies the limit of the diffusion. We conclude the paper with Section 6, where
we study the noncritical case and the pointwise comparison of its homogenized solution with the critical
case.

2 Statement of the main results

Let Q be a bounded domain in R", n > 3, with a smooth boundary 0Q, and let Y = (—%, %)". Denote by
Go = B1(0) the unit ball centered at the origin. This plays a crucial role in the proof. As far as we known, no
results are known in the critical cases if G is not a ball. For § > 0 and € > 0, we define sets B = {x : 6 "1x € B}
and Q, = {x € Q : p(x, 0Q) > 2¢}. Let

ae = Coe”,

where a > 1 and C is a given positive number. Define

Ge = | J(a:Go +&j) = | GL,

jeYe jeYe

where Y, = {j € Z" : (a:Go + €j) N Q¢ # 0}, N(g) = [Ye| = 7™, and Z" denotes the set of vectors z with integer
coordinates. Define Y. = €Y + ¢j, where j € Y, and note that E]E C ?L and center of the ball G. coincides with
the center of the cube Y. Our “microscopic domain” is defined as

Qr =Q\Gg, Se=0G:, 0Q;=0QUS;,.

We define the space Wé P (Q, 0Q) as the completion, with respect to the norm of W-?(Q,), of the set of
infinitely differentiable functions in 55 equal to zero in a neighborhood of 0Q, that is,

WP (Qe, 0Q) = {u € WHP(Qg) : u = 00on Q).

Concerning the solvability of problem (1.1), we start by introducing the notion of weak solution. Since
we assume that 0: R -P(R), where P(R) denotes the set of subsets of R, we recall, by well-known results
(see, e.g., [2]), that

o is a maximal monotone graph of R?, 0 € ¢(0), (2.1)

and that there exists a convex lower semicontinuous function ¥: R — (-00, +00], with ¥(0) = 0, such that
o = 0V is its subdifferential. We also know that if we define

D(0) = {r € Rsuch that o(r) + 0},
where ¢ denotes the empty set, and
D(¥) = {r € Rsuch that ¥(r) < +oo},

then D(0) ¢ D(¥) c D(¥) = D(0).

In the rest of the paper we will always assume that f € L? (Q), where, as usual, p’ = 5T
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Since u; is the minimizer of the following energy functional in WHP(Q,, 0Q) (see [1, 26]):

E(u) = lequ dx + &7’ j Y(u)dS - jfu dx,

Q. Se Q.
we consider the following definition of weak solution.

Definition 2.1. We will say that u, € WP (Q,, 0Q) is a weak solution of problem (1.1) if u.(x) € D(¥) for a.e.
x € S, and forall v e WHP(Q,, 0Q), we have

j VUelP 2V, - V(v — up) dx + £ j(‘l’(v) _W(u)dS > J fv - ug) dx. 2.2)
Qs Ss QS

The existence and uniqueness of a weak solution to problem (2.2) is an easy consequence of well-known
results:

Proposition 2.2. There exists a unique u, € WP (Q,, 0Q) weak solution of (2.2). Besides, there exists K > 0
independent of € such that
IVuellzra,) + €7 I (ue)lLis,) < K. (2.3)

The homogenized problem will involve the function H: R — R given by (1.5). Let us present some of the
properties satisfied by H.

Lemma 2.3. If o0 satisfies (2.1), then the function H defined by (1.5) is a nondecreasing nonexpansion on R
(i.e., a nondecreasing Lipschitz continuous function of Lipschitz constant L < 1). Moreover, this function H is
the unique function H: R — R satisfying the relation

BolH(r)IP2H(r) € o(r — H(r)) foranyr e R. (2.4)

Concerning the homogenized problem (1.3), we point out that since H is a nondecreasing nonexpansion on R,
for the parameters A and By, given by (1.4) and (1.6), and for f € LP' (Q), there exists a unique weak solution
u € Wy (Q) of problem (1.3). Moreover, |H(u)[P~2H(u) € L”' (Q). For the proof it is enough to set V = W,?(Q)
and define the operator A: V — V' by

(Av, w) = JIVVI"‘ZVV -Vwdx + J’A|H(V)|p_2H(V)W dx foranywe V. (2.5)
Q Q

Notice that, since H is Lipschitz, H(v) € LP(Q) for any v € L?(Q). Then A is a hemicontinuous strictly mono-
tone coercive operator, and the existence and uniqueness of a weak solution u is standard (see, e.g., [26]).

We will make fundamental use of the following reformulation of a weak solution. Since the limit operator
A: V- V' with V= Wé’p (Q), given by (2.5), is hemicontinuous and monotone, we can use the Brezis—
Sibony characterization (see [3, Lemma 1.1] or [26, Chapter 2, Theorem 2.2]), that is, u € Wé’p (Q) is a weak
solution of (1.3) if and only if

JIVvlp‘ZVv V(v —u)dx + J BolHW)P2HW)(v - u) dx > Jf(v ~u)dx foranyve Wy (Q). (2.6)
Q Q Q

The main result of this paper is the following convergence result.

Theorem 2.4, Letn>3,1<p<n,a= % and y = a(p - 1). Let 0 be any maximal monotone graph of R?,
with 0 € 0(0), and let f € LP'(Q). Let u, € Wé’p(Qg, 0Q) be the (unique) weak solution of problem (1.1). Then
there exists an extension i, of u. such that ii, — u in Wé’p (Q) as € — 0, where u € Wé’p (Q) is the (unique)
weak solution of problem (1.3) associated to the function H, defined by (1.5).

Remark 2.5. The case n = 2 can be studied by similar techniques, although some of the computations vary.
In particular, the critical value of a does not verify the same formula.

The other key result we will prove in this paper is Theorem 2.9 below, the statement of which requires some
preliminary lemmas. The extension ii, of solutions u, can be obtained by applying the methods of [30].
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Lemma 2.6. Let Q. be the domain defined above and let 1 < p < n, n > 3. Then there exists an extension oper-
ator P.: WL-P(Q,) —» WL-P(Q) such that
IPcullwirq) < Cillullwira,),
IV(PewllL, ) < C2llVullL,q,)-
Moreover, by applying this extension theorem and the methods introduced in [30], we can prove the following
useful estimates.
Lemma2.7. (i) Letu € Wé’p(Qg, 0Q), p > 1 and n > 3. Then there exists positive constant C such that
lulrr,) < ClVullrr,)
(ii) Letu € WY-P(Y,) be such that jY u = 0. Then
lullze(y,) < Ki€llVullre(y,),
where the constant K, is independent of €.

Thanks to the a priori estimate (2.3) and the properties of the extension operator P, : Wé P(Q,, 00) - WhP(Q),
we know that and there exists u ¢ Wé P (Q) such that

Peu; —u in WP (Q).

The difficult task is to show that u € Wé ’P(Q) is the weak solution of problem (1.3) such as it is ensured in
Theorem 2.4.

Motivated by this and (2.6), we will also use the fact that if u, € Wé’p (Q¢, 0Q) is the weak solution of
problem (1.1), then

Jwvv’—zw V(v -ug)dx+ €7 J(‘I/(v) _W(u,))dS > j Fv = up) dx 2.7)
QE ss QE
for any test function v e WHP(Q,, 0Q).
The problematic term, in order to pass to the limit, is the boundary integrals over S.. Here we will follow

a technique of proof introduced by the last author (Shaposhnikova) in collaboration with different co-authors
(see, e.g., [28, 34, 37]), which can be applied in different frameworks.

Lemma 2.8. Letz, € Wé’p(Q)for some p > 1, and assume that z. — zg in Wcl)’p(Q) as € — 0. Then
22D Z j z:dS — wp jzo dx

j€Ye 5 )
el4

—0 ase— 0,

where wy, is the surface area of the unit sphere in R".

This lemma (which we remark is independent of a and y, see the proof in [37]) is the key point of the ho-
mogenization technique in the critical case. It is based in the general idea that if P’ is the center of the ball
GJS ={xe Y’ |x — P’ | < a.} and if T] denotes the ball of radius /4 centered at the point Plg, then we can get
several explicit estimates on the solution w’s(x) forj=1,..., N(¢) of the auxiliary cellular boundary value
problem

Apwh=0, xeTh\GL,
wi=1, xeoGl, (2.8)
w’; =0, X € aTj .

One of the many remarkable properties of this cellular problem is that its (unique) weak solution, w{g, is

radially symmetric (recall that Gg is a ball) and satisfies that ava’ is constant on aT’ and on aG] Due to the
divergence theorem,

J|leé|p_2VM/i~VZ dx = J zavaé ds + J zavaé dS foranyz e WhP(TL\ GL).

Gl oT. oG
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Furthermore, we can make explicitly several computations. Hence, we have an explicit way to compare the
reaction term on S, with an auxiliary term on balls with radius Ce, and Lemma 2.8 becomes very useful.
Another key idea of our proof is to relate a general test function v € Wé’p (Q), used to check the limit
characterization (2.6), with some suitable correction v., which is a better fitted test function in the micro-
scopic weak formulation (2.7). In fact, by density, it will be enough to do that with a smooth test function
v € CX(Q). We will construct such adaptation among test functions in the form v, = v - hW,, where, for the
moment, h € W5 (Q) without any other property, and, which is crucial, W, € Wé"x’(Q) defined as

wh, xeT\GL j=1,...,N() =Y,
We=141, xeG,g, (2.9)

N(€) mj
0, xe]R"\U].:ig T

with wjg the solution of the auxiliary cellular boundary value problem (2.8). The following technical result
will explain why the function H, arising in the limit problem (1.3), was taken in this concrete form (more
precisely, so that (2.4) holds), different from the boundary kinetics o.

Theorem 2.9. Letu, € Wé’p(Qs, 0Q),1 < p < n, be a sequence of uniformly bounded norm, and let v € C°(Q),
he Wh(Q)and v, = v — hW,. Then

lim ( J VVelP 297, - V(ve - ug) dx) = lim(Ty e + Do+ I0),
g £

Qe
where
L= IIVVIP‘ZVV V(v - ug) dx, (2.10)
Q,
Lo =78, thlp‘zh(v —h-u)ds,
Se
Lye=-Ae Y j \P-2h(v - u,) dS, 2.11)
e o

with A, being a bounded sequence, see (5.1). Besides, if i, is an extension of u. and it; — u in Wé’p (Q), then,
forany v e WP (Q),

liII(l) J’IVVIP*ZVV V(v = hW, - ug) dx = JIVVIP*ZVV V(v —u)dx.
E—
Qe Q

The aforementioned corrector term in the form hW,, where h € WH®(Q,, 0Q) will be taken to satisfy the
condition h(x) = H(v(x)) for a.e. x € Q, with H given by (2.4). These conditions rise naturally so that the term
I, ¢ above cancels out with the reaction term.

Remark 2.10. In general, it is expected that the convergence ii. — u can be improved to strong convergence
by adding a corrector term. In fact, if o is smooth, it is known that u, — H(u.)W. — u strongly in Wé’p (Q)
(see, e.g., [37]). It is possible to adapt these arguments to the case of some maximal monotone graphs as, for
instance, the one given by the Signorini boundary condition (see [12]).

3 Existence of u; and characterization of the function H

Proof of Proposition 2.2. Consider the Banach space V = Wé’p (Qg, 0Q). Let A;: V — V' be the operator de-
fined by
(Agv, W) = JIVvlp‘ZVv -Vwdx foranyw e Wé’p(Qg, 0Q).
Qe
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Then A is a hemicontinuous strictly monotone coercive operator [26]. Define ¢ : Wé’p (Qg, 0Q) — (00, +00]
by
e {ey fs W(trs, (u))dS iftrs, (u(x)) € D(¥) fora.e. x € S,
¢-(u) = ¢

+00 otherwise.

It is clear that ¢¢ is a convex lower semicontinuous function with ¢¢ # +co. Since f € V', we have that u, is
a weak solution of problem (1.1) if and only if

(Ae(ue) = fov—ug) + °(v) — *(ue) =0 forallv e V.

Thus, the existence and uniqueness of a weak solution u, of problem (1.1) is consequence of [26, Chapter 2,
Theorem 8.5].
In order to prove the a priori bound (2.3), let v € Wé P (Qg, 0Q). Then, we have

J |[Vug|P dx + &7 J W(ug)dS < J |Vug P 2Vug - Vvdx + £/ J Y(v)dS - J flv —ug)dx.
Q. Se Q. Se Qe
Given § € (0, 1), we apply Young’s inequality, ab < 8lalP’ + Cs|b|?, to get
J.IVuglp*ZVug -Vvdx<é J-IVuglp dx + Cs JIVVIP dx.
Q. Q. o
Therefore, since ¥ > 0, taking v = 0 and applying Holder’s and Poincaré’s inequalities, we have
(1= O)IVuclly o,y + € I¥Uzrs,) < jfug dx < Clfl g IViellzrcan)
Q.
which leads to the result. O

Proof of Lemma 2.3. Let Oy p(s) = Bols|P~2s for s € R. Since o~! is also a maximal monotone graph of
R?, for any p > 1 and By > 0, the graph 071 0 0, is also a maximal monotone graph of R?. Indeed, let
D(o~1) = [a, b] for some —co < a < b < +00, and let (61)° be the principal section (i.e., the nondecreasing
function) of the graph o~'. This means that

(0 H%(r) =info~'(r), rela,bl.
Then, since 0y, is strictly increasing, olo 0y,p is a monotone graph,
D(07 0 Opp) = [0,5(a),0,5,(0)] and (67! 0 0,,)° =(071)° 0 Op,p.
In particular, if 0~ is multivalued in some point ¢ € (a, b), then 67! o ©,, ,(c) is the full interval
070 Onp(€) = [(67)°(On,p()7), (67 1)°(On,p()")],

and this implies that 0=t o Oy,p is a maximal monotone graph of R? (see [2, Example 2.8.1]).

Now, since 671 o @, is also a maximal monotone graph of R?, we know that (I + 671 0 ©,,,) is an injec-
tive application such that R(I + 071 © ©, ,) = R (see [2]). Thus, if H is defined by (1.5), then H is a nonexpan-
sion on R (see [2, Proposition 2.2]). Hence,

(I+07 0 @np)(H(1) =7

for any r € R and, in consequence,
H(r)+ 071 0 O p(H(r) = 1.

In other words,
07 0@ p(H(N) =1~ H(r).
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This implies that r — H(r) € D(0) for any r € R and that ©,,,(H(r)) € o(r — H(r)) for any r € R, which proves
that H(r) satisfies relation (2.4). Moreover, from the definition of H, it is obvious that H is nondecreasing (in
fact if o is strictly increasing, then H is also a strictly increasing function).
On the other hand, such function H(r) is the unique function satisfying relation (2.4), since applying the
inverse graph
0 te@pnpoH>(I-H)

implies that (I + 01 0 ©y,,) o H = I, and so, necessarily, H = (I + 0! 0 ©,,,)"1. Of course, from the implicit
formula, H is strictly increasing. O

4 Proof of Theorem 2.4

Since Gy is ball, it is easy to see that

wh(x) = X = Pel 7 - WM_T . xeTh\d, (4.1)

(Coe®) 7 = (/4) >t

is the unique solution of (2.8).

Lemma 4.1. If W, is defined by (2.9), then the following estimate holds:

JIVWSI‘J dx < Ksn(:%;q) forany 1 < q < p. (4.2)
Qe
In particular,
We—0 inWiP(Q)ase — 0.

Proof. Estimate (4.2) is an explicit computation. For g = p, we obtain from it that, up to a subsequence, there
exists Wy € Wé’p(Q) such that W, — W, in Wé’p(Q). For g < p, we have that W, — 0 in Wé’q(Q), hence
Wy = 0. O

Proof of Theorem 2.4. Let v € €2(Q) and h = H(v), with H: R —R given by (1.5). Then h € W1 (Q). Let
Ve=v-hW; ¢ W(l,’p(Qg, 0Q), with W, ¢ Wé’OO(Q) defined by (2.9). Due to (2.7), we know that u, satisfies
the inequality

Jwvdp—zwg V(ve - ug)dx + &7 J (P(ve) - W(up)) dS J f(ve - ug) dx.
Q. Se Qe
Since W, — 0in LP(Q) (due to the compact inclusion), by Theorem 2.9, we can deduce that
lim [11,8 ihp+le+e” j(\y(vg) _ W) dS] > lim j F(ve - ug) dx = j v —u) dx.
E— E—
Se Q. Q
Since H: R — R satisfies (2.4), by applying that if & € 0¥(sp) = 0(s0), then ¥(s) - ¥(so) > &(s — sp), we can
write
Le+e? J(‘P(Va) - W(u)dS=¢"" J[‘I’(V ~ H(v)) - ¥(ug) - BolHW)P?H(v)(v - H(v) - us)] dS < 0,
Se Se
since Bo|H(v(x))[P~2H(v(x)) € a(v(x) — H(v(x))) for any x € Q. We can pass also to the limit in (2.10) and
(2.11) to get that

JIVVIP_ZVVV(V —u)dx+ J BolHW)PZHW)(v - u) dx > J fv -u)dx,
Q Q Q

and since v € C2°(Q) is arbitrary, by density, this also holds for every v € Wé P (Q). Hence, we get that u is the
unique weak solution of (1.3). O
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5 Proof of Theorem 2.9

The proof of Theorem 2.9 for p = 2 can be found in [36], and for 2 < p < n in [34]. Here we will complete the
proof for 1 < p < 2. We need some auxiliary results.

Lemma 5.1 ([12]). Let 1 < p < 2. Then there exists positive constant C = C(p) such that the inequality
la-bP*@-b) - (la]’*a - b]’?b)| < C(lallb))z

is valid for alla, b € R".

By using this result, we prove the following lemma.

Lemma5.2. Letl<p<2,n>3,ve Wcl)’oo(Q) andg € Wé’p(Q).Letng e WLP(Q) be such that IVnelra) — 0
forsome q € [1, p) as € — 0. Then

lincl)( J|V(V -ne)P2V(v-ne) - Vo dx) = lincl)( JIVVIP‘ZVV Ve dx - J IVNeP~2Vne - Vo dx).
£— £

Q¢ Q, Q¢
Proof. By Lemma 5.1, by applying Holder’s inequality, we have

\ IIV(V - NP 2V(v = ne) - Vo dx — (VIP2Vv = [V P72 V1) - Vo dx]

QS p-1 p-1
< € [ 1917 1907 [Vepl dx
Qe
p1 1
< K||VV]e IV 2z, Y, + ,
1 Vviies ’lallL%(Qg)ll <P||LPTl(Q€)
since 1 < 2= < p. This proves the result. O

We have all the tools we need for the proof of Theorem 2.9.

Proof of Theorem 2.9. As said before, it is enough to consider the case p € (1, 2). Applying Lemma 5.2, we
obtain

tim( [ 1V7el2Vve - V(v - o) dx) = lim(e + 2.0)

£— £

Q.
where
Jie= J’IVVII’*ZVV V(v - hW, — ug) dx,
Q.
Toe = [IVRWOP 2V (RWe) -V - hW, - o) d.
Q.
Moreover,
lim J1 , = lim (11,8 + J|Vv|p_2Vv V(W) dx) —lim 1.
-0 -0 -0
Q¢
On the other hand,

lim J5,e = 1in%( J VWPV W, - V(v — AW, — ug) dx)
E— E—

~lim( Y [ vwlr o wlinghe - uds+ Y [ 9wlp 2ol 2 he - k- ue) dS),

JEYe jEYe

oG

where 0,g is the usual normal derivative of g. Using (4.1), we get

1

22 ot oy
(n-p)2r7Cy ert

aVWIS|aT£ = EW{S

= (- 1)(1 - (Coe®)rte B2 )
/ d (n-p)err
avwlslaG]g = _E £ r—a = TR TETR
- (p- 1)C0(1 — (Coe®)p-Tg p-127p1 )
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Therefore,

. Y p-2 B Y n-p\r=1 1p,po ) L _ )
limJo.c = lim(Ace Y [ 10P2hov - u s - [((5=2) cEPInp )~ h-uo) ds - 0.,

. 1
JeYsaTi Se
where s
n-p\r-1 24M=2(C
Ag = ( ?) n-p (Z—p 2n-2p 1 (5'1)
p- (1 - (Coe®)r e p 12751 )P~
and o
— -n 2n-2p
1-(1-al eri2 7T Pt n_pipi
g - 1-(-ae : 2) (=2 e’yj|h|1”2h(v—h—u€)d$.
_ —= p-n n-2p . _ —
Cl1-al et P g
It is an easy (but tedious) task to check that
lim Q. =0,
-0
which concludes the proof. O

6 Noncritical case and pointwise comparison of
homogenized solutions with the critical case

For A c R™, let C(A) denote the space of continuous functions on A.

Theorem 6.1. Letn>3,pe[2,n),1<a< %,f € L®(Q) and r € C(Q). Let also o € C(R) be nondecreasing

such that o(0) = 0 and let u. be the solution of

—Apus =f, x € Qg,
Oy,ue +€V0(us) =e’r, xe€S,, (6.1)
u:, =0, x € 0Q.

- . 1, . .
Then ity — unon-crit in Wy, P(Q), where unon.-crit 1S the solution of

{ -Apu+Ao(u) =f+Ar inQ, 6.2)

u=0 on oQ,

with A = CE 0G|

Proof. Assume first that
0<k< o' < ks.

Then the result holds by [34, Theorem 3].

Applying the estimates in [29], we check that (P.u.) is bounded in Wé " (Q), hence there exists a limit &
such that, up to a subsequence, P.u, — i strongly in L?(Q) and weakly in Wé Q).

Let M be such that [[uellz=(q,) < M (see [8]). Let o5 be a sequence such that 0 < k1,5 < 0§ < kz,5 and
0s — 0in C([-M, M]) as § — 0. Let u, 5 be the solution of (6.1) with g5. We can check, again from estimates
in [29], that

lue — ue sllir () < Cllo - oslleq-m,m-
Passing to the limit as € — 0, indicating that P.u, s — us in W(l)’p (Q), where uy is the solution of (6.2) with
05, we have that
- usle) < Cllo - oslleq-—m,m-
It is easy to check that us — u in L?(Q), where u is the solution of the problem with o. Therefore, P.u, — u
inlP(Q)ase - Oand u = u. O
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Theorem 6.2. Letn>3,p e [2,n),a= -2, f e L®(Q)andr € C(Q). Let also ¢ € C(R) be nondecreasing such

n-p’
that 0(0) = 0 and let u, be the solution of (6.1). Then ity — Uit in Wé’p(Q), where Ui is the solution of

~Apu + AlH(x, )P 2H(x,u) = f inQ,
u=0 on oQ,

and H is the solution of
BolH(x, s)Ip‘zH(X, s)=o0(s-H(x,s))-r(x) a.e.inQ.

Sketch of proof. We can apply the same reasoning as before and the fact that Hs — H, in the sense of maximal
monotone graphs, as g5 — o in C([-M, M]). O

Theorem 6.3. Assume the conditions of the two previous theorems, f = 0 and r(x) = g(1) = 1. Then, we have
that ucit < Unon-crit-

Proof. The condition on f and r guarantee that O < u < 1 in both cases. It is easy to check that H is increasing,
and H(s) < O for s € [0, 1]. It is easy to establish the following inequality on the zero order terms:

BolH(s)P2H(s) = A(a(s) - g(1)).

Therefore, applying the comparison principle (see, e.g., [8]), we have the result. O
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A Mathematical Proof in Nanocatalysis: Better
Homogenized Results in the Diffusion of a
Chemical Reactant Through Critically Small
Reactive Particles

Jesus Ildefonso Diaz and David Gémez-Castro

Abstract We consider a reaction-diffusion where the reaction takes place on the
boundary of the reactive particles. In this sense the particles can be though as a cata-
lysts, that produce as change in the ambient concentration we of a reactive element.
It is known that depending on the size of the particles with respect to their periodic
repetition there are different homogeneous behaviors. In particular, there is a case
in which the kind of nonlinear dynamics changes, and becomes more smooth. This
case can be linked with the strange behaviors that arise with the use of nanoparti-
cles. In this paper we show that that concentrations of a catalyst are always higher
when nanoparticles are applied.

1 Introduction

We consider a reaction-diffusion problem in which the reaction takes place on the
boundary of the inclusions. In this sense the inclusions can be though as a catalysts,
that produce as change in the ambient concentration w, of a reactive element. This
is standardly modeled as

7AW8 =0 987
ang+€7yg(Wg) =0 Sg, (1)
we =1 0Q,
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where g is a nondecreasing function such that g(0) = 0, Q¢ is a perforated domain,
dQ, =S UJdQ, R. Aris defined (see, e.g., [1]) the effectiveness of a reactor Q as

1

:@ < g(W8)~ 2)

Ne
In the case where the particles are large (in a sense that would be precised later), the
the problem can be though homogenous, as 2, — 2 then w — w (in a sense that
would be precised lated), where the effective problem results
—Aw+Agw)=0 Q, 3)

w=1 2Q,

for a certain constant A. In this setting Aris defined the effectiveness for the effective
problem as

1
=1l /Q g(w)dx. @

This kind of problems, when g is not Lipschitz, has been shown to develop, in some
cases, a region of positive measure {x € Q : u(x) = 0}. This region, which is some-
times known as a dead core, has been studied in [2, 5].

Nonetheless, when the holes are of a sufficiently small size with respect to their
repetition, the behaviour of the limit changes and becomes

(&)

—Aw+Bh(w)=0 Q,
w=1 00,

and 4 is a new nonlinearity, which we will introduce later, and B > 0 is a constant.

This change in behaviour, which is related to the pioneering paper [3], will be
linked to new surprising properties that arise with the use of nanoparticles (see [11]).
In this setting, the good definition for the effectiveness of the limit problem is un-
clear.

The aim of this paper is to show that homogenized problem is more effective in
the case associated with nanoparticles than the other cases. It represents a mathe-
matical proof of some experimental facts in the literature.

2 Statement of results

Let Q be a bounded domain in R”, n > 2, with a smooth boundary dQ and let
Y = (—1/2,1/2)". Denote by Gy = B;(0) the unit ball centered at the origin. For
8 >0and & > 0 we define B = {x|5 'x€ B} and Q; = {x € Q|p(x,0Q) > 2¢}.
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Let
ag = Coe”, (6)

where o0 > 1 and Cj is a given positive number. Define

Ge = |J (aeGo+ej) = | J GL,
JEY: JEYe

where Xp = {j € 2" : (aeGo + £]) N Qe # 0}, |Xs| = de", d = const > 0, Z" is
the set of vectors z with integer coordinates. The reference cell is represented by
Figure 1.

Fig. 1 The reference cell Y and the scalings by € and €%, for @ > 1. Notice that, for o > 1, €*T
(for a general particle shaped as 7') becomes smaller relative to €Y, which scales as the repetition.
In our case T will be a ball B, (0).

Define ng = &Y + ¢, where j € 1; and note that 5é C 7£ and center of the ball

G{; coincides with the center of the cube ¥¢. Our “microscopic domain” is defined
as
Q¢ = Q\ Ge, Se = dGe, 0Q; =9dQUS;,

which can be represented as in Figure 2.
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Fig. 2 The fixed bed reactor, i.e., the domain ;.

We define the space W!”(Q¢,dQ) be the completion, with respect to the norm
of W!P(€Q,), of the set of infinitely differentable functions in Q, equal to zero in a
neighborhood of 0Q.

We are interest in understating the comparison of the limits of (1) when o €
(1,;%5) and & = "5, which are known as the subcritical and critical cases in ho-
mogenization. The case o = 1 was studied in [4]. In order to do this, we consider

the change in variable u = 1 —w, o(u) = g(1) — g(1 — u) we have

—Aue =0 Qe,
avug + S_YO-(Ug) = g_yg(l) Sg7 (7)
Ug =0 3.(2.

Studying the family of solution (u)e~0 is difficult, since they are not defined in the
same domain. We consider a family of linear extension operators (see [10])

Pe:{uc H'(Q¢):u=0,02} — Hj () )

such that
IVPeul| 20y < [ Vull 2 (qy)- (€))
We define the different possible limits:

o Ifaxe (17 ﬁ) the ¥ = Upop-crit, which for A = C(')”l , satisfies

{ —Anon-crit +A0-(unon—crit) = Ag(l) Q, (10)

Unon-crit = 0 Q.

o If a = "5 then uc, which for B = (n — 2)Ch 2w, = %A satisfies
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_Aucrit+BH(ucrit) =0 Q, (11)
Uerit = 0 29,
where H is the solution of the functional equality
n—72
o 1) = ols—H(s)) —&(1). (12)

We will start by indicating that, in the sense of maximal monotone graphs, in the
particular case of 6(u) = g(1) — g(1 —u) one has

Lemma 1. Let 6 be a maximal monotone graph, then the solution H of (12) is given

by y
H(u)=— <g_1 (nc_o2> +Id> (1—u). (13)

Hence H(u) <0 for every u € [0,1].

Remark 1. Notice that, in particular, in equation (5) we have

h(w) = (g“ (”C_OZ> +Id)1 (w) (14)

which is a nondecreasing function such that 2(0) = 0.

Lemma 2. Let 6 be a bounded maximal monotone graph of [0,1] X R, then H is
non-expansive in [0, 1] (and hence Lipschitz continuous).

Proof. 1f 6 € €'([0,1]), differentiating (12) with respect to s we derive

o'(s ~ H(s)
2+ /(s —H(s)

H'(s) = € (0,1). (15)

Hence,
|H(t) —H(s)| < [t — s (16)

for all ¢,s € [0,1]. If o is a maximal monotone graph, let o5 € ¢([0,1]) be an
approximation in the sense of maximal monotone graphs c5 — o. In particular,
Hs — H pointwise, and hence

\H(t) —H(s)| < [t —s| (17)
which concludes the proof. 0O

We have the following homogenization result.

Theorem 1 ([12]). Let o > 1, Y= o(n— 1) —n and 6 € €' (R) be such that 6(0) =
0 and
0<ki <0'(s) <k (18)
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and let ug be the weak solution of (7). Then, the extension Peue converge as € — 0

Unon-crir f & € (1,25
Pty — non-crit f ( n> ,1_2) ; (19)
Ucrit ifoo= %5,

strongly in Wol’p(.Q)for 1 < p <2 and weakly in H} ().
Since, in our case 0 < ue < 1 then we can have a simple corollary:

Corollary 1. Let o € %([0,1]), nondecreasing and such that o(0) = 0, then (19)
weakly in H} (Q).

Proof. Applying the estimates in [9] we check that (Peue) is bounded in HJ (),
hence there exists a limit 7 such that, up to a subsequence, Peue — £ strongly in L2.

Let 05 be such that it satisfies Theorem (1) and o5 — ¢ in €([0,1]) as & — 0.
Let u; s the solution of (7) with 05. We can check, again with estimates in [9] that

l[ue — ue 5l 12(0e) < Cllo = 05l (0.1)- (20)

Passing to the limit as € — 0

& —usll 120y < Cllo — o5l (o,1))- 1)
On the other hand, applying the theory of maximal monotones graphs, it is easy to
check that Hg the solution of (12) with o} satisfies Hs — H in the sense of maximal
monotone graphs. In both cases, then, it is easy to check that us — u in L> where u
is the solution of the problem with H or ¢. Therefore uy —uase—0. 0O

It is known already (see [8]) that, for the non critical cases the effectiveness behaves
as expected
Ne — 1N, as e —0. (22)

However, the noncritical case the dynamics changes. Therefore it is not clear
whether it is natural to define the effectiveness in the usual way. Nonetheless, we
can give a pointwise inequality. Let s and unon-crit be the solutions of (11) and
(10)

Theorem 2. Let 6 € €([0, 1]) be such that 6(0) = 0. Then

Ucrit S Unon-crit- (23)

Proof. Since H(s) < 0 we have that

BH(s) = (n—2)Ci *w,H(s) = C1 ' w, ngozH(u) (24)
=Cy oy (o(s—H(s))—g(1)) =A(c(s—H(s)) —g(1))  (25)
> A(o(s)—g(1)). (26)

Therefore, applying the comparison principle, ucit < Unon-crit- U
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Remark 2. Therefore, if g € €(]0,1]), the concentration w in the critical case is
always larger than in the non critical cases

Werit = Wnon-crit- 27

We have a pointwise better reaction.

Remark 3. This kind of result has been proved in many different cases. In particu-
lar, for non smooth ¢ in the form of a root or a Heaviside function and nonlinear
diffusion in the form of a p-Laplacian see [6]. The case of Signorini type boundary
conditions can be found in [7].

Acknowledgments

The research of D. Gémez-Castro is supported by a FPU fellowship from the Span-
ish government. The research of J.I. Diaz and D. Gémez-Castro was partially sup-
ported by the project ref. MTM 2014-57113-P of the DGISPI (Spain).

References

1. R. Aris and W. Strieder. Variational Methods Applied to Problems of Diffusion and Reaction,
volume 24 of Springer Tracts in Natural Philosophy. Springer-Verlag, New York, 1973.

2. C.Bandle, R. Sperb, and 1. Stakgold. Diffusion and reaction with monotone kinetics. Nonlin-
ear Analysis: Theory, Methods and Applications, 8(4):321-333, jan 1984.

3. D. Cioranescu and F. Murat. A Strange Term Coming from Nowhere. In A. Cherkaev and
R. Kohn, editors, Topics in Mathematical Modelling of Composite Materials, pages 45-94.
Springer Science+Business Media, LLC, New York, 1997.

4. C. Conca, J. I. Diaz, A. Lifian, and C. Timofte. Homogenization in Chemical Reactive Flows.
Electron. J. Differ. Equ., 40:1-22, jun 2004.

5. J. 1. Diaz. Nonlinear Partial Differential Equations and Free Boundaries. Pitman, London,
1985.

6. J. L. Diaz, D. Gémez-Castro, A. V. Podol’skii, and T. A. Shaposhnikova. Homogenization of
the p-Laplace operator with nonlinear boundary condition on critical size particles: identifying
the strange terms for some non smooth and multivalued operators. Dokl. Math., 94(1):387—
392, 2016.

7. J. 1. Diaz, D. Gémez-Castro, A. V. Podol’skii, and T. A. Shaposhnikova. Homogenization
of variational inequalities of Signorini type for the p-Laplacian in perforated domains when
p € (1,2). Dokl. Math., To appear, 2017.

8. 1.1. Diaz, D. Gémez-Castro, and C. Timofte. The Effectiveness Factor of Reaction-Diffusion
Equations: Homogenization and Existence of Optimal Pellet Shapes. J. of Elliptic and
Parabolic Eq., 2:117-127, 2016.

9. A. V. Podol’skii. Homogenization limit for the boundary value problem with the p-Laplace
operator and a nonlinear third boundary condition on the boundary of the holes in a perforated
domain. Dokl. Math., 82(3):942-945, dec 2010.

10. A. V. Podol’skii. Solution continuation and homogenization of a boundary value problem
for the p-Laplacian in a perforated domain with a nonlinear third boundary condition on the
boundary of holes. Dokl. Math., 91(1):30-34, 2015.



11.

12.

Jests Ildefonso Diaz and David Gomez-Castro

S. Schimpf, M. Lucas, C. Mohr, U. Rodemerck, A. Briickner, J. Radnik, H. Hofmeister, and
P. Claus. Supported gold nanoparticles: in-depth catalyst characterization and application in
hydrogenation and oxidation reactions. Catal. Today, 72(1):63-78, 2002.

M. N. Zubova and T. A. Shaposhnikova. Homogenization of boundary value problems in
perforated domains with the third boundary condition and the resulting change in the character
of the nonlinearity in the problem. Differ. Equ., 47(1):78-90, 2011.



Pure Appl. Geophys.
© 2015 Springer Basel
DOI 10.1007/s00024-015-1124-8

[ Pure and Applied Geophysics

@ CrossMark

On the Effectiveness of Wastewater Cylindrical Reactors: an Analysis Through Steiner
Symmetrization

J. 1. Diaz' and D. GoMEZ-CasTRO!

Abstract—The mathematical analysis of the shape of chemical
reactors is studied in this paper through the research of the opti-
mization of its effectiveness # such as introduced by R. Aris around
1960. Although our main motivation is the consideration of reac-
tors specially designed for the treatment of wastewaters our results
are relevant also in more general frameworks. We simplify the
modeling by assuming a single chemical reaction with a monotone
kinetics leading to a parabolic equation with a non-necessarily
differentiable function. In fact we consider here the case of a single,
non-reversible catalysis reaction of chemical order ¢,0<g <1 (i.e.,
the kinetics is given by fi(w) = Aw? for some 4 > 0). We assume
the chemical reactor of cylindrical shape Q = G x (0,H) with G
and open regular set of R? not necessarily symmetric. We show
that among all the sections G with prescribed area the ball is the set
of lowest effectiveness (¢, G). The proof uses the notions of
Steiner rearrangement. Finally, we show that if the height H is
small enough then the effectiveness can be made as close to 1 as
desired.

Key words: Wastewater treatment, chemical reactor tanks,
effectiveness, Steiner symmetrization.

1. Introduction

One of the most important problems on environ-
ment in Geosciences is the treatment of wastewater
flows. Most industrial wastewater treatments are
carried out in a series of cylindrical-type tanks. In
some of them a diffusion-reaction process takes place
specially in the trickling filter phase in which
wastewater flows downward through a bed of rocks,
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gravel, slag, peat moss, or plastic media reacting on a
layer (or film) of microbial slime covering the bed
media. The process (see , e.g., RODRIGUEZ et al. 2012;
VICENTE et al. 2011; Rosas et al. 2014 and its refer-
ences) involves adsorption of organic compounds in
the wastewater by the microbial slime layer, diffusion
of air into the slime layer to provide the oxygen
required for the biochemical oxidation of the organic
compounds. In this paper, we shall assume that an
ideal homogenization process was applied (by pass-
ing to the limit ¢ — O on the porosity of the solid bed)
so that the chemical reaction can be assumed as
distributed over all the reactor cylinder (see, e.g.,
Conca et al. 2003, 2004 and their references). Sim-
plifying the modeling process we arrive to the
consideration of a single, non-reversible catalysis
reaction of g-order on a chemical reactor Q of
cylindrical shape

Q=G x (0,H),

with G an open regular set of R? (or more in general
R™) not necessarily symmetric. We point out that, in
spite of the abovementioned motivation, our mathe-
matical results can be applied to a larger framework
(for instance the own structure of the set () can be
taken much more in general (see Sect. 3). It is useful
to separate the boundary of Q in its lateral parts 0; Q
and its horizontal parts 0,Q, so that 9,QQ = 0G
x (0, H) and 0, consists in the union of the top and
bottom boundaries: 0,Q = (0,Q)" U (8,Q), with
(0,Q)" = Q x {H} and (0,Q), = G x {0}. We shall
use also the notation x = (x,y) with x = (x;,x) € G
and y € (0,H). A similar notation can be introduced
if R? is replaced by R" and (0, H) by a set in R™.

In order to fix ideas we shall consider here the
following parabolic model

W Birkhauser
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& Aw + AB(w) =0 in (0,+00) X Q,
w= on (0,+00) x 9,Q,

& — (1 —w) on (0,400) x 0,Q,
w(0,X) = wy(x) in Q,
(1)
where
pw) =wi, 0<g<l
(g is called reaction order), 4 > 0,
wo € LC(Q), 0<wy<I1, (2)

n denotes the unit normal exterior vector to 0,Q and
the Robin coefficient p is taken in a generalized way as
u € [0, +oc]. In fact, we assume that the value of y can
be different for the top or the bottom surfaces , i.e.,

u
p=1q"
Ho

So, very often p; = 0 (which corresponds to the case
of an open tank) and/or p, = +oco (which must be
understood as a Dirichlet type boundary condition
w =1 on (0,400) x (0,Q), and that corresponds to
a tank alimented also from the bottom).

The limit case, the case of 0-order reactions,
g = 0, can also be considered (see Remark 5) with
the help of some special multivalued maximal
monotone graph of R?. We also mention that some
larger generality can be considered also concerning
the differential operator (see Remark 5).

As mentioned before, as proved in Conca
et al. (2004), this is the limit as ¢ — 0 of the fol-
lowing models

on (0,Q)" = G x {H},
on (0,Q), = G x {0}.

—Awf =f inQ°
Wp (@) =0 on ' (3)
w, =1 on 0Q,

where Q° is a domain with fixed obstacles (which due
to the chemical implications we will call pellets),
where ¢ > 0 has to do with the size of each obstacle
and S° represents the boundary of the pellets and 0Q
the boundary of the reactor. This kind of problem is
an intuitive model of fixed bed reactors. In this sense
problem (1) can be seen as a homogenized problem
for fixed bed reactors. This can model a large num-
ber of process in Geosciences.

Pure Appl. Geophys.

Due to one of those “gifts” of interdisciplinarity,
problem (1) also models the heat energy stored by the
Earth. The so-called Sellers model considers the averaged
surface atmospheric climate proposing the equation:

ow
v Aw + f(u) = QH (u).

In the above model, the functions H and f§ are
assumed Lipschitz continuous. There is a different
model proposed by Budyko in which the function
H is assumed to be discontinuous but we shall not pay
attention here to this case (see Diaz 1996). The
techniques presented in this paper (mainly the
application of the Trotter—Kato formula and its con-
sequences) are extensible to the Sellers model, since
the operator is omega-accretive (see BENILAN et al.,
unfinished manuscript).

We shall also consider, as by-product of our
results concerning the parabolic problem, the asso-
ciated stationary problem (formally obtained when
making t — +00)

—Aw + f(w) =0 in Q,
on 0,Q, (4)
on 0,Q.

w=1
w_ (] —
on 1( w)

The main optimality element in the study of the shape
of such chemical reactors is given in terms of a notion
introduced in 1957 by R. Aris (see references in
STrIEDER and Aris 1973): the so called effectiveness
factor which is defined as

n(t: G, H) ::ﬁ /Q Blw(z,x))dx.

In a pioneering work, R. Aris presented, in his book
(STrIEDER and Aris 1973), in collaboration with W.
Strieder, the study of a linear model (g = 1) for a finite
number of catalyst particles, which they always con-
sider spherical. Here we will consider cylinders of
arbitrary basis and reactions of order less or equal than
one, which are much more frequent in practice, but
which result in non-linear models requiring delicate
mathematical tools. We recall that when 0 <g <1 the
solutions may give rise to a dead core, an interior
region where no reaction is taking place. This dead
core, which can be defined, for a given ¢ >0, as

N, (1) = {x € Q: w(t,x) = 0}.
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We shall not give here estimates on the size and
location of the dead core regions (see Sect. 4,
Remark 4). Obviously, the presence of dead cores
affects negatively the global effectiveness, and is to
be avoided in the shape optimization process. Intu-
itively, it represents volume where no catalyst is
present, and thus no reaction is taking place.
Although more realistic models may incorporate
more complex and sophisticated aspects that the ones
here presented, our main goal is to give a conceptual
justification of why these reactors are wide and low.
In fact, we shall prove here that among all the sec-
tions G, with prescribed area, the ball is the set of
lowest effectiveness #(z : G, H) (Theorem 2.1). Our
proof uses the notions of Steiner rearrangement. In
contrast to that, we shall also show that if the height
of the tank H is small enough then the effectiveness
can be made as close to 1 as desired (Theorem 2.2).
The organization of this paper is the following:
the above main results are stated in Sect. 2 where
some numerical experiences are commented. Sec-
tion 3 is devoted to the proof of Theorem 2.1. The
notion of Steiner rearrangement of a function is
introduced and several properties showing the com-
parison in mass of the Steiner rearrangement of the
solution of problem (1) and the solution of the
“symmetrized problem” are given. In particular, we
show how the so-called Trotter—Kato formula can be
applied even under non-autonomous formulation.
Finally, Sect. 4 contains the proof of Theorem 2.2 as
well as a series of remarks on more general frame-
works in which our main results remain valid.

2. Main Results and Some Numerical Experiences

Thanks to the maximum principle, it is clear that the
solution w of (1) must satisfy that 0 <w(z,x) <1 for
a.e. x € Qand for any 7 > 0. Then, in which follows, it
will be useful to introduce the change of unknown
u = 1 — w for which the problem may be rewritten as

W — Au+2g(u) = 2p(1) in (0,+00) x Q,
u=0 on (0,+00) x 0,
— 5= on (0,+00) x 9,Q,
u(0,x) = up(x) on Q,

(5)

where

g(u) = p(1) = (1 —u). (6)

Thus, we can assume that g is a continuous increasing
function with g(0) = 0. We recall that the existence
and uniqueness of a weak solution u € C([0,400) :
LY(Q)) N L*((0,+0c0) x Q) is today a well-known
result. Moreover, it is also known that when t — 400
then u(t,") — us(+) in L*(Q) (see e.g., Diaz 1994
and its references).

We shall start by giving a rigorous proof of the
well-known principle (from an experimental point of
view) that among all cylindrical reactors with pre-
scribed volume the one with a circular section is the
least effective:

Theorem 2.1  For fixed basis volume |G|effective-
ness is least on an circle. That is, let A > 0 and let B
the ball centered at the origin and let G be any

other n-dimensional open regular set such that
|G| = |B| = A. Then

n(t:B,H)<n(t: G,H).

Moreover, the same inequality holds for the associ-
ated stationary problems.

Remark 1
effectiveness is compared with the one on a ball of R>
having the same volume than €, the proof of the
above theorem for the stationary case seems quite
complicated without proving first the analogous result
for the associated parabolic problem. That was one of
our motivations not to simplify our formulation to the
easier case of the stationary problem.

In contrast to the case in which the

In order to illustrate the conclusion of Theorem 2.1
we produced a numerical experience concerning a
particular (one-parametric) family of elliptic cylinders
G, x (0,H). The elliptic cylinders are assumed with a
prescribed volume V. So, given the lower semiaxis a,
the greater semiaxis b, is given by the identity
nab, = % In other words, the ellipse family is defined
by the parameter a through the expression

G = {(xnxﬁ €R*: (’;‘)2+<2‘Z>2= 1}’ (7)

14

b, =——.
Hrna

The image below shows a minimum of the effec-

tiveness over this one-parametric family of elliptic
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cylinders Q, = E, x (0,1), in which if we choose
V = nH and so the value a =1 corresponds to the
case of a circular section (Fig. 1).

Our second main result deals with the pure
Dirichlet problem (i = 400) and gives a detailed
statement of the well-known principle (from an
experimental point of view) that among all cylindri-
cal reactors with the prescribed volume low reactors
are very effective. We introduce the auxiliary func-
tion € C*(Q) given as the unique solution of

{—A¢:1 in Q,

Yy =0 on 0Q. ®)

Theorem 2.2 Assume p = +oo. Let V =|Q| =
|G|H = AH > 0 be a fixed volume and let By be the
ball of RN centered at the origin such that |By| = A.
Assume also

1 —wo(x) <AY(x) ae. xeQ.
Then
n(:G,H)—1 asH — 0. 9)

More precisely, for any t > 0 and a.e X € Q
1> B(w(t,x)) =1

s 2/(N+3)
V(A +2(N+1))2N +1)" 7 i
TN
(10)
(a) A —-2-05
0.95
el
09rF
0.851
0.8

(b)

= 08

-0.2 0 02 04 06 08 1 12 14 16
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The above estimate holds also for the solution of the
associated stationary problem (4).

In order to illustrate quantitatively conclusion 2
we produced a numerical experience concerning the
family of symmetric cylinder reactors B, x (0,H).
Motivated by the special case considered in
Aris (1975) (see its Figure 4.5.1) when computing
curves for this phenomenon lfor the linear case g = 1,
we have taken H = y~2(%)° and r = y(3)" with y a
variable parameter. In the next figure we can see how
H — 0 implies n — 1 (Fig. 2). We can also see how,
in this case, 1 — 1 as ¢ — 0 (this is because, for this
volume, no dead core exists even in the worst case
scenario).

Remark 2 The numerical experiences were pro-
duced by using a semi-implicit iterative algorithm
[see SpIGLER and VIANELLO 1995 for a proof of the
convergence in an abstract framework which includes,
as a special case, problem (1] under the conditions
assumed in this paper). The chosen scheme applies
finite differences in time and finite elements in space.
The time discretization for time step 4 is

— hg(uy).

The scheme is chosen implicit in time on the diffu-
sion so that the operator in u,. | is coercive, and thus
the sequence is uniquely determined in H}(Q).
However, the method is explicit in the non-linearity,

Upi1 — hAu, | = uy,

091 M

085

| M

4+q=02
07| > 9=05
—A-q=07
0.65 : : : ‘
0.5 0.6 0.7 0.8 0.9 1

Figure 1
Effectiveness factor for a family of ellipses with the same area. a Time evolution of the effectiveness for two cylinders, one circular @ = 1 and
one elliptical a = 0.5 both of the same volume, with initial condition wg = 1 on Q. b Effectiveness for the elliptic problem for different values
of G, and ¢
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0.95}
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0.85f
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—4—q=0.2
0.7/|——a=05
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—¥—q=09
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H

0.65
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Figure 2
Effectiveness for the elliptic problem on cylinder with varying
aspect ratio. Simulation

which makes the problem linear in u,,;, thus
allowing for faster simulations. The implementation
of the finite element method was performed through
the automated library FEniCS, which meshes simple
domains in two and three dimensions, constructs the
continuous Galerkin finite elements necessary and
solves the linear systems.

3. The Circular Section is the Least Effective: Steiner
Symmetrization. Proof of Theorem 2.1

The proof of Theorem 2.1 will use some
inequalities on Steiner symmetrization obtained in
ALvINO et al. (1996). As a matter of fact, we shall
improve also a previous result by the authors (Diaz
and GOMEz-Castro 2014a) corresponding, essen-
tially, to the case ¢ > 1. It turns out that our result
remains true under a more general setting by
replacing the vertical space R by R™. We start by
recalling that given a general measurable function
h:RY x R™ — R, with N,m> 1, for a fixed y € R”
we can define the Steiner distribution function u,, :
R x R™ — R by means of

(1, y) = [{x € RY : [h(x,y)| > 1}].

The Hardy-Littlewood—Polya decreasing rearrange-
ment A* : [0, +00) x R" — R is given as

h*(s,y) = sup{t > 0 : (1, y) > s}
=inf{r > 0: p,(t,y) <s}.

It is well known that if @ represents a generic mea-
surable subset of RY x R™ then

s

/ h*(o,y)do = sup / h(x,y) dx. (11)
0 lo|]=sJ

Finally, for y € R" prescribed, we define the Steiner

symmetrization of s with respect to x as

h#(XLy) = h*(wN’X‘Nay)a

where wy is the measure of the N-dimensional ball.
The basic idea underlying Steiner symmetrization is
to consider the integral of the function over slices.
Given s > 0 and y € R™ we take very particular sli-
ces of the form

G(y) = {x e R" :u(x,y) > u*(s,y)},

where |G(y)| =s (by construction of u*). Variable
s should formally be included in the definition but
this will not lead to confusion.

Explicit calculations can be performed in simple
cases. The following figure provides and example of
the exact distribution function and Steiner rear-
rangement for the function

0, (e 9)| > 1,
u(x,y): 2(1—)62—_)72), %Sy(%)’)‘ﬁlv
1, |(x,y)| > 1.

In this section we shall use a more general
framework. We introduce the following notations
(Fig. 3):

Q=0 x Q'

and (x,y) € Q' x Q" for an arbitrary point (note that
in our initial framework Q' = G and Q" = (0, H)).
We shall denote by B a ball such that |B| = |Q'| and
then we introduce

QFf =B x Q.

Remark 3 In the case where we rearrange with
respect to all variable, i.e., no y is presented (and, in
an abuse of notation m = () the symmetrization is
know as Schwarz symmetrization. Since it will be
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(a) (b)
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(c)

Figure 3
Computation of Steiner symmetrization. a Function u. b Distribution function u. ¢ Steiner rearrangement u*

useful to use both symmetrizations, for Schwarz
rearrangement we will use the notation u. We also
introduce the truncation at level y € Q" as

uy(x) = u(x,y), (x,y)€Q xqQ".

Is clear from the definition that,

iy (s) = u'(s, ).

For the case where time is introduced, even though
the application is written u(t, x, y) we will never
rearrange with respect to .

The image below (Fig. 4) shows an artistic
comparison between Steiner and Schwarz sym-
metrizations for the function

10252 1052
— e 10x*—5y“—10z (1

u(x,y,z) —x)x(1 = y)y(1 - 2)z,

(x,y,2) € [0,1]°.

This function has a single maximum point, and we
show cross cuts of symmetrizations.

Our main result leading to the conclusion of
Theorem 2.1 is the following:

Theorem 3.1 Let f§ be a concave continuous non-
decreasing function such that B(0) =0. Give
T > Oarbitrary and let f € L*(0,T : L*(Q))with f >0
in (0, T) and let wy € L*(Q) be such that 0 <wy < 1.
Let 6>0 be fixed and we C([0,T]: L*(Q))N
L2(,T : H)(Q))and z € C([0,T] : L*(Q%)) N L2(5,
T : H)(Q%)) be the unique solutions of

& — Aw + p(w) =f(r) in Qx(0,7),

(PR w=1 on 0Q x (0,7),
w(0) = wp on €
& _ Az+2p(z) =f*(1), in QF x (0,T),
(P*) z=1, on 0Q% x (0,T),
Z(O) = 20, on Q#a

where 7o € LZ(Q#), 0<zy<1 is such that

| (o4
[ atemes [ wienae
Vs € 0,|Q|]andae. y € Q.

Then, for any t € [0,T], s € [0,|Q|] and a.e. y € Q"

'] 1]
/ 7*(t,0,y)do < / w'(t,0,y)do. (12)
S S

In terms of the comparison of the effectiveness we
have the following consequence (which will be proved
in Sect. 3) leading to the proof of Theorem 2.1:

Corollary 3.2
for any t € [0,+00) we have

In the assumptions of Theorem 3.1,
Bt x)ix< [ pwlex)ex (13)
o Q

The interest on the above two results is that the
conclusions remains true for the associated stationary
problems.
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(@) (b)

(¢

Figure 4
Comparison of Steiner and Schwarz rearrangements of a given function. a A given measurable function on Q = [0, 1]3, which we choose
constant on the boundary. b Steiner symmetrization with respect to (x, y). ¢ Schwarz symmetrization

Corollary 3.3
parison given by (12) and (13), respectively, remain
valid for the solutions of the corresponding stationary
problems.

The mass and effectiveness com-

As mentioned before, Theorem 3.1 extends pre-
vious result by the authors (Diaz and GOMEz-
Castro 20144a). For the proof of this result we apply,
essentially, the same techniques as in the cited article,
but with some refinements concerning the nature of
the non-linear term f(w) (i.e., g(u) in the equivalent
formulation (5)). In contrast to our work (Diaz and
GOmEZ-CasTrO 2014a) we shall work with the
increasing rearrangement. We start by recalling the
following simple property: if f:[0,|Q|]] = R is a
real function such that 0 <f <L then (L —f)"(s) =
L —f*(|Q'| — s) and in particular

s ||
/0 (L—f(t)'di =1 - /| £ (e

Q|—s

(the proof can be found, for instance, in
Mossino 1984).

As in Diaz and GomEz-CasTro (2014a), we shall
prove the above theorem by means of the Trotter—
Kato formula. So we shall need to consider previ-
ously two auxiliary problems. The first problem
corresponds to the associated linear diffusion
problem:

Proposition 3.4 Ler 0 <wy,z90 <1

& — Aw =0, (0,T) x Q
A w=1, (0,T) x 0Q
w =W, {0} x Q
& _Az=0, (0,T)x Q¥
(A" z=1, (0,T) x 907
7= 29, {0} x QF
and
(o (of
/ zo(0,y) do < / wg(o) do, s € [0,|Q].
Then

| |
/ 7 (t,0,y) do < / w(t,0,y) do,
s € [0,]9Q].

Proof Let us consider u=1—w and v=1-—z2
Then u and v are solutions of the problems

& Au =0, (0,7) x Q
(B)g u=0, (0,T) x 0Q
u = u, {0} x Q
& _Av=0, (0,7)xQ"
(B")S v =0, (0,T) x 0Q*
v =y, {0} x Q%

where now ugy, vy >0 are given as uy = 1 — wy and
vo = 1 — z¢. Since, for any 7 € [0, |Q'|], we have that
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then

T T
[ sty do< [ ito) do
0 0

Under this conditions, it is proven in CHIACCHIO
(2004) that, for any # >0 and for any t € [0, |Y[], we
have the comparison

/u*(t,a,y)dag/ vi(t,0,y)d . (14)
0 0

The key idea the proof of the result in CHIAC-
cHIO (2004) is to integrate each term of the equation
of problem (B) over the sets Q(s) = {x € R :
(x,y) € Qandu(tx,y) > u*(t,s,y)} for each r>0
and to use the differentiation formula

O*F 0%u
> / ; (15)
yi0y;/ i Jas \idy;/ ;i

N
F(t,s,y)—/ u(t,0,y)do.
0

where

Inequality (15) was proved for the first time in the
literature in the paper (ALvINO et al. 1996) (see also
an alternative proof in FERONE and MErRcALDO 1998).
In CuiaccHio (2004) we find the application of this
formula to the parabolic problem (with the additional
proof of the comparison with respect the formula
obtained for the case of radially symmetric sections).

Applying (14), finally we arrive to the conclusion

since
(o] T T |
/ z*:L—/v*gL—/u*:/ w*.
Q|- 0 0 Q|-
which concludes the proof. ]

The second auxiliary problem corresponds to a
distributed non-linear ordinary differential equation.

Proposition 3.5 Let ff be a concave continuous

non-decreasing function such that $(0) = 0. Let u, v

satisfy

Pure Appl. Geophys.

w; + Ap(w) =0, Qx(0,7),
(B) { W = wy, Q x {0},
(B#) 2+ Ap(z) =0, QO x (0,7),
Z = 2o, Q* x {0}.

Assume

|| ||
/ %mwws/ Wi (@, y)do,

Vs € [0,|Q]], aeyeQ”.

Then we have

(o4 ]
/ Z(t,0,y)do < / w'(t,0,y)do
N S
Vt > 0,5 € [0,]|Q]], ae. ye Q"
Proof For any ¢>0 and y € Q" prescribed, let

Wy (2, X), Z.y(2,x) be the solutions of the (e, y)-para-
metric family of semilinear parabolic problems

W gAw+ 2B(w) =f,(1)  in Q x(0,T),
(P(e,y))g w=1 on 0Q x (0,7),
w(0) = (wo), on Y,
& eAz+P(z) =f(r) in Bx(0,T),
(P*(e,y))q z=1 on 9B x (0,T),
2(0) = (z0)y on B.

Notice that the diffusion operator is only dependent
of the x-variables. Then, by Theorem 1 of Diaz
(1991) we know that, for any ¢ >0 and y € Q"
prescribed,

lof I
/S Zey(t,0)da < /S Wey(t,0)do (16)
Ve > 0,5 € [0, ||

Moreover, we can know apply Theorem 3.16 on
Brezis (1973)

in C([0,T]: L*(B)),
in C([0, T] : L*(G)).

Zey — 2y ase— 0

Wey — Wy as ¢—0

Then, passing to the limit in (16) we get

| o
/ Zy(t,0)do < / wy(t,0)da
Vi >0,s € [0, Q]
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Finally, it is enough to observe that since y € Q" is
prescribed then the Schwarz rearrangement wy (¢, o)
coincides with the Steiner rearrangement w*(z, a,y)
(see Remark 3) and the result holds. ]

3.1. Proof of Theorem 3.1.

Proof of Theorem 3.1 The special case f =0 is
easier. Since we know

|| ']
/ z(0,y) do < / wy(a,y) do, Vs, Vy
T T

applying Propositions 3.4 and 3.5 inductively we get
(o4 ¢ nooqx
L1 G)se() ] a0
‘Q ‘ t t n *
< [ (50 G () w10 0
. n n

where S, is the semigroup associated to problem
(A) and analogously for Sg, Sp, Sy# , Sg+ , and
Sp#.Taking limits, applying the Trotter—Kato formula
(see Proposition 4.3 Brezis 1973) and applying con-
vergence under the integral sign we get

/ [Sp(1)20]" (0, y)do < / '[Spe (W] (6, y)do
0 0

for any 7 € [0, T], for any s € [0, |Y'|] and a.e. y € Q".

For the case f # 0 and time dependent, the Trot-
ter—Kato formula can be also applied (see, e.g.,
VUILLERMOT et al. 2008). In fact, to deal with the
affine case f(¢) # 0 we shall use a “reduction of order
technique”
LAN et al. (unfinished manuscript). We point out that
by an approximation argument and then passing to
the limit process we can assume, without loss of
generality, that in fact f € H'(0,T; L*(Q)). We shall
argue by using the formulation of the problem with
homogeneous Dirichlet condition, that is u =1 —w
as unknown, for the case of the general set Q and with
v=1—z as unknown for the ball Q¥. We also
introduce the following notations:

F(0) = 2B(1) = f(1).

and given any function 6 € H'(0, T; L*(Q)), for a.e.

€(0,7) we define the function O(t+-)¢€
H'(0,T;L*(Q)) by the application s—0(t +s). We
the vectorial Ut) =

argument which can be found on BENI-

also introduce function

(u(t),f(t+-) € Q) x H'(0,T;L*(Q)). We pro-
ceed in a similar way for the case of the domain
Q% we define V(1) = (v(t),f#(t +-)) € L*(Q")x
H'(0,T; L*(Q%)). Then, it is easy to see that U, V are
the respective unique solutions of the “autonomous
vectorial problems”

Wy LU =0, t€(0,7)
{ U(0) = (uo,f)
Y LV=0, €(0,7)
{V(O) = (vo.f%)
where
L(u, &) = (—Au+gu) — £(0+),&).

Here &' represents s1mply the derivative of &. We can
use a decomposition L= Ll +L2 in the following
way:

Li(u,&) = (=Au+ h(1)g(u),0),
Lo(u,) = (—&(0+ ), &).

Let us define the problems
ou | 7 v T
S +LiU=0, S+ LV=0,
<c>{ PR <c#>{ NP
U(O) - (Mo,f), V(O) - (V07f )a
v ﬁQV =0,

<D>{%_7+i2U:9’, <D#>{ g A
U(0) = (uo.f). V(0) = (vo.f4),

and the correspondent solution operators

Sc(t)(uo.f) = (Sp(t)uo,f),
Scr (1) (vo.f*) = (Sp(t)uo,f7),

Sp(0) (w0, f) = <uo+ / £ ds,f>
S (1) (v, 1%) = <vo+ / (s de#)

Let Q be the projection operator such that
u(t) = QU(r). Let us study OS¢ and QSp. Since, for
any ¢t € [0, T], for any s € [0,|Q|] and a.e. y € Q"

/ (o, y) do < / vi(a,y) do,
0 0

we have, by the above explicit formulas (for the first
component we apply the similar proof as in the case

=0
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|10 5.1 (0:9)a0
< [0 5c 000 (000
|10 50001 (0,00
< [0 50000 (0.3

By applying an induction argument again we get
[ o(se(2)5n(2)) o] e
< [ le(se: ()30 () 0] (7000

Finally, since all the operators are maximal monotone
operators on their respective Hilbert spaces, we can
take limits by applying the Trotter—Kato formula
(which justify the convergence of the limits) and the
result holds. ]

3.2. Proof of Corollary 3.2: End
of the Proof of Theorem 2.1

For the proof we shall need a classical result.

Lemma 3.6 (Harpy et al. 1929) Let
y,Z2€ LY(0,M), y,7>0 a.e.. Suppose y is non-in-
creasing and

/OS)?(J) do < /0 2(0) do, Vs € [0,M].

Then, for every continuous non-decreasing convex
Sfunction ® we have

/ " 0(5(0)) do < / " 0(3(0)) do Vs € [0, M].
0 0

Proof of Corollary 3.2 Applying the theorem and
Lemma 3.6 to

O(s) = (1) — (1 —s),
¥(o) =1-2(Q] - a,y),
o) =1-w(Q]-0,y)
we get that
1| (o

(z*(t,0,y))do <

N N

(w*(t,0,y))da.

Pure Appl. Geophys.

It is a classical result (see Mossino 1984) that for F
Borel and u measurable it holds that

/ Flu) = /0 ey

In particular, the comparison holds between w and z.
All that remains is to integrate on Q”, apply Fubini’s
theorem and the result follows. L

3.3. The Elliptic Case

Proof of Corollary 3.3 Since there is uniqueness of
solutions for the stationary problem (4) then, by
applying Corollary 3 of Diaz (1994) we get that
w(t) — win H'(Q), as t — +oo (with w the unique
solution of problem (4) with u = 400, i.e., the
Dirichlet problem w = 1 on 0Q). Moreover, since the
application u—u* is continuous with respect to the
convergence in L' (see e.g., MossiNo 1984) we get
that the mass comparison is stable by passing to the
limit as + — +o0 and the result holds.

4. Proof of Theorem 2.2 and Further Remarks

We shall use the function # = Ay is a supersolu-
tion (we recall that iy is given by (8)). We shall apply
the following previous result in the literature due to
BanpLE (1985):

Theorem 4.1 Let Q C R" be an open bounded set
of measure V- = |Q| such that Q is contained between
two parallel (n — 1)-dimensional hyperplanes at
distance 2p and let \ be the solution of problem (8).
Then

5% < cvp?

with

_n

(4+2m)m) ¢

C =
mlw,

(17)

Proof of Theorem 2.2 Thanks to the assumption on
the initial datum, since we are dealing with the
Dirichlet problem [u=4o0c0 in (5)] and
0<u=1-w<1,0<g(u) <1, we get that u = Ay
is a supersolution of problem (5). Then, applying
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Theorem 4.1 to Q = G x (0,H), i.e., withn =N + 1
and 2p = H, we get that

lell < 0.12(0)) — 05 as H—0,
and, in particular
essinf f(w) — 1, as H— 0.

(0,7)xQ

More precisely, for any >0 and a.e x € Q

Nl 2/(N+3)
V(2N +6)(2N + 1) 2 Jie
N1 ’

1> B(w(x,1)>1— <
(18)

which proves the assertion for the case of the para-
bolic problem V=|Q|=|G|H is
prescribed). In the case of the associated stationary
problem, since we know that w(t) — w in H'(Q), as
t — +o0 (see the proof of Corollary 3.3) then, by the
dominated Lebesgue theorem we know that
B(w(r)) — p(w) in L>(Q), as t — +oo and thus the
estimate (18) remains valid replacing f(w(f)) by
p(w) (since the bounds are independent of 7). [J

(even if

Remark 4 We shall not enter in this paper in the
study of the free boundary (the boundary of the dead
core) associated to the solutions w(f) and w of the
parabolic and elliptic problems (1) and (4), respec-
tively. We recall that the key assumption for the
formation of such free boundary is the condition
0<g<1. We send the reader to the monographs
Diaz (1985) and ANTONTSEV et al. (2001) for an
extensive treatment with numerous references.

Remark 5 All the results of this paper can be
extended to more general frameworks according
different point of views. For instance, with respect to
the diffusion operator it is possible to replace the
Laplacian operator —Aw by a general second-order
elliptic operator of the type

Lu=— ZN:% (aij(x’y) %) - i 6i (bhk(y) 6%)
Sha o) S o)

o (19)

with bounded coefficients (here we followed the
notation of Sect. 3). In that case, the comparison via

Steiner symmetrization is made with respect the
solution (on a cylinder of symmetric section) asso-
ciated to the operator

No special change in the statements arises if the
operator Lu involves transport first-order terms of the

type
“ ou
b —
kE::l k(y) e

Quasilinear terms with respect to the x-variable (that
is, those in which Steiner symmetrization is per-
formed) can be allowed, too. The presence of
transport terms in the x-variable can also be consid-
ered, but then the expression of the rearranged
operator L#y must be modified (see,e.g., CHIACCHIO
and MonNEetTI 2001 and its references). On the other
hand, it is still an open problem how to deal with
quasilinear terms in the y-variables. We point out that
Theorem 4.1 (which play a fundamental role in the
proof of Theorem 2.2) was obtained in Ban-
DLE (1985) for the case of a general second-order
elliptic operator of the type (19). Concerning the
reaction term f(w) = w4, the results of this paper can
be extended also to the case ¢ = 0 by means of the
consideration of the maximal monotone graph of R?
given by

p(w) =0if w<0, f(w)=1if w>0 and p(0)=][0,1].
(20)

(see, e.g., Diaz 1985, Chapter 2). As a matter of fact,
the proof of Proposition 3.5 (an thus Theorem 3.1)
remains valid under the same assumptions on f that
Theorem 1 on Diaz (1991), i.e., f non-decreasing
function with $(0) = 0 and such that

p =P+ B> (21)

where f3; is concave and f3, is convex. The results can
be extended also to the
some porous media type equations (associated to a
linear operator Lu) in the spirit of the framework
presented in Diaz (1991, 1992, 2001). It is also pos-
sible to extend the results to the more realistic case of
suitable coupled systems of the type

“enthalpy formulation” of
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& — dyAw + Ry (w,u) =0 in (0, +00) X Q,
% — duAl/l + RZ(W, l/l) =0 in (07 +OO) X Qu

under suitable structural assumptions on the coupling
reaction terms Ry (w,u) and Ry(w,u) (see Theorem 3
of Diaz 1991 for d,,d, >0 and Diaz and Stak-
GoLp 1994 for d,, > 0 and d, = 0). Some results on
the Steiner rearrangement for the case of Neumann
boundary conditions can be found in FeEroNE and
MEercAaLDO (2005) and ChiaccHio (2004).

Remark 6 It can be shown (see BANDLE and VER-
NIER-PIRO 2003) that, in spite of Theorem 2.2,
domains Q of optimal effectiveness do not exist for
reactions f(w) = w? with 0 <g < 1. Nevertheless, for
the limit case of zero order reactions [with f(w)
given by (20)] any result proving that there is no dead
core for a concrete QO shows that the effectiveness
attains its maximum value for this domain Q (several
criteria for the non-formation of the dead core were
given in Chapter 2 of Diaz 1985).

Remark 7 The study of the optimality of the
effectiveness factor in terms of shape differentiation
on Q is the main object of the paper (Diaz and
GOMEZ-CasTrO 2014b).
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STEINER SYMMETRIZATION FOR CONCAVE SEMILINEAR ELLIPTIC
AND PARABOLIC EQUATIONS AND THE OBSTACLE PROBLEM
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Instituto de Matemadtica Interdisciplinar and Dpto. de Matematica Aplicada
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ABSTRACT. We extend some previous results in the literature on the Steiner rearrange-
ment of linear second order elliptic equations to the semilinear concave parabolic prob-
lems and the obstacle problem.

1. Introduction. In this paper we extend some previous results in the literature on the
Steiner rearrangement of second order semilinear parabolic problems of the type

94 — Au+h(t)g(u) = f, in (0,T) x €,
u=0, on (0,7) x 09,
u(0) = uo, on Q,

where € is a bounded open subset of RV, h € W1°(0,T) is such that h(t) > 0 for all
t € (0,7T) and g is a concave continuous nondecreasing function such that g(0) = 0 satisfying
that .

/d—“<oo, vr > 0. (H)

o 9(o)

We recall that the existence and uniqueness of a weak solution u € C([0,7] : L?(2)) N
L2(5,T : H}(Q)) for any 6 € (0,T) can be obtained, for instance, by the application of the
theory of maximal monotone operators in L2() (see [6], [2] and [4]).

Let us start by recalling that given a general measurable function v : R” x R™ — R, with
n,m > 1 and n+m = N, for a fixed y € R™ we can define the function p, : R x R" — R
by means of

ol ) = o € R < [o(, )| > ).
The Hardy-Littlewood-Polya decreasing rearrangement v* : [0, +00) x R™ — R is given as

v*(s,y) =sup{t > 0: p,(t,y) > s} =inf{t > 0: p,(t,y) < s}.
It can be shown that, if w represents a generic measurable subset of R™ x R™
S
/ v*(o,y) do = sup /v(x,y) dz, ae. yeR™ (1)
0 lwl=s Jw
Finally we define the Steiner symmetrization of v with respect to = as

v (2,y) = v*(wal2|",y), ae yeER™,
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where w,, is the measure of the n-dimensional ball (see details, for instance, in [10], [11]).
The basic idea underlying Steiner symmetrization is to consider the integral of the func-
tion over slices. We take very particular slices of the form
G(y) ={z eR™ :u(z,y) > u"(s,y)}

where |G(y)| = s (by construction of u*). Variable s should formally be included in the
definition but this will not lead to confusion.
We shall use the following notations:
Q=0 x Q"
is a product domain, where (z,y) € ' x Q. We shall denote by B a ball such that |B| = ||
and then we introduce
QF =Bx Q" Q" =(0,|]) x Q"
Our main result is the following:

Theorem 1.1. Let g be concave, verifying (H). Let h € W>°(0,T), such that h(t) > 0 for
allt € (0,T), f € L?(0,T : L?(Q)) with f > 0 in (0,T) and let ug € L?(Q) be such that
up > 0. Let u € C([0,T],L*(Q)) N L3S, T : H}(Q)) and v € C([0,T] : L*(Q#)) N L*(5,T :
H} (%)) be the unique solutions of

G — Au+ h(t)g(u) = f(t), inQx(0,T),

(P) qu=0, on 92 x (0,T),
U(O) = Uo, on 97
9 Av+ h(t)g(v) = f#(1), in QF x (0,T),
(P*) v =0, on 90% x (0,T),
v(0) = vo, on QF,

where vy € L2(Q%), vo > 0 is such that

/ ug(o,y)do < / vy (o, y)do, Vs € [0,]]] and a.e. y € Q".
0 0

Then, for any t € [0,T] and s € [0, |V|]
/ u*(t,o,y)do S/ v*(t,0,y)do a.e. ye .
0 0

The main idea of the proof is to use a generalization of the Trotter-Kato formula and
to decompose the process in two different steps: the parabolic case without any absorption
term (g = 0) and the consideration of the auxiliary distributed ODE

€(0) = &o.
Theorem 1 extends previous results in the literature on the comparison of Steiner rear-

rangements which until now were merely related to linear problems (see [1], [13], [7], [8], [9]
and their references). The case in which g is convex is considered in [12].

2. Some definitions on the Steiner symmetrization. We recall that Hardy’s inequality
and (1) provides us with the estimate

flzyy) dz < / f*(o,y) do, ae. y € R™.
Q(y) 0

Now, let u be a measurable function. We define the auxiliary function

F(s,y) :/ u*(o,y) do, a.e. y € R™.
0
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From the definition of the rearrangement we have that
F(s,y) = / u(z,y) dz, ae. yeR™.
Qy)

In [1] it was shown that:

Lemma 2.1. Let F be defined as before and let u be regular enough. Then,

oF / du
Wi Jaw) i

< 0*F >> / 0%u
0y:9y; ) — \Jaw) 9¥i0y;

The results in [1] where presented on the stationary case and without non linear pertur-
bation (the integro-differential equation which results is very difficult to treat by maximum
principle arguments). Now, we may consider ¢, the time variable as a first y component, we
may extend all of the above to the evolutionary case. It, then, holds that

oF ou
ot Oty O

in the sense of matrices.

and the analogous for the second derivative, which we will not need. This is also a conse-
quence of other results ([3], [14], [15]).

To conclude the definitions we define the concentration relation as
S S
u<v= / u*(o,y) do < / v*(o,y) do, a.e. y € Q' for any s € [0, |€]].
0 0
Although it is not strictly a result on symmetrization the following lemma (see, e.g., [10])
is a very useful tool for what follows.

Lemma 2.2. Lety,z € L*(0,M), y,z > 0 a.e., suppose y is non-increasing and

/Osy(a) dog/osz(o) do, Vs € [0, M].

Then, for every continuous non-decreasing function ® we have

/Sq)(y(a)) do < /5‘1)(2(0)) do seo,M]
0

0
Written in terms of the concentration relation the above property can be read as

y<z = ¢(y) < 2(2)

for any function ® convex and increasing.

Extending the above concentration relation we can define
Definition 2.3. Let Q; = Q and Q3 = Q#. Let
Si : L2() — C([0,T) : L*(S%))

We say that the pair (S7,S2) is Steiner concentration monotone if given u; € L?(€;) we
have that
up S us = S1(t)ur < Sa(t)us, for any t € [0, 7.

It will be useful to recall that if (uf) € L?(;) are two L2- convergent sequences such
that u!, — v’ and ul < u2 then u' < u?.
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3. Steiner comparison for linear parabolic equations and for a distributed non-
linear ODE. We first compare the semigroup of a linear equation an its Steiner sym-
metrization, to show they are Steiner concentration monotone pairs. The following result
can be proven by using as fundamental ingredient the proof for the elliptic case: see [8] for
a detailed proof.

Proposition 1. Let
9u_Au=0, in(0,T)xQ,

(4) u =0, on (0,T) x 99, ,
u(0) = uo, on §,
9 _Av=0, in(0,T)x Q%
(A*) {v=0, on (0,T) x ON#,
v(0) = vp, on QF,

and let S and Saz be their associated L? semigroups on 0 and Q# respectively. Then
(Sa,Sa#) is a Steiner concentration monotone pair. That is, if

/OS ug (o, y)do < /OS vy (o, y)do, Vs € [0,|€]], a.e. y e Q"
then we have
/OS u*(t,o,y)0 < /OS v*(t,0,y)0 vt €10,T],Vs € [0,|]], a.e. y € Q”,
where u = SA(-)ug and v = Sa#(+)v.
Concerning nonlinear distributed ODEs we have:
Proposition 2. Let g be concave verifying (H) and let h € L*(0,T), h > 0. Let u,v satisfy

(B) 9u 4 h(t)g(u) =0, in (0,T) x 9,
u(0) = uo, on €, ’

v(0) = vo, on QF.

Finally, let Sp and Sp# be their associated evolution Green operators (i.e. the associated
semigroups if h(t) is constant). Then (Sp,Sp#) is a Steiner concentration monotone pair.
That is, if

(B#) {3@’+h(t)g(v)=0, in (0,T) x Q#,

/5 uy(o,y)do < /S vy (o, y)do, Vs € [0,|€Y]], a.e. y € Q"
0 0
then we have
/S u*(t,0,y)do < /S v*(t,0,y)do vt >0,s €[0,|Q]], a.e. yeQ”,
0 0
for the solutions u = Sp(-)ug, v = Sp#(-)vo.
Proof. In a first step we assume, in addition that g is Lipschitz continuous and g(0) =& > 0.

Let
¢ do t
@(f):/o %U), \I/:<I>_1, H(t):/o h(o)do.

It is easy to check that
(Sp(t)u)(z,y) = U(R(uo(x,y) — H(t),  (Sp#(t)v)(z,y) = U(P(vo(z,y) — H(t)).



STEINER SYMMETRIZATION 383

For these solutions
1S5 (0o (Try) =H{z € R" - u(t, z,y)| > 7}
={z € R" : ug(x,y) > ®(V (T + H(t)))}|
=fhuo (P(U(7) + H(t)), y)-
Since ®, ¥ are monotone increasing then
($5(0000) (5:0) =int (7 > 02 g (@(V(r) + 010) < )
=inf{®(¥(0) — H({)) : ptuy(0,y) < 5}

= (\I/(inf{a >0t g (0,y) > s}) — H(t))

—0 (a5 (5.0)) — 1)) = wt.500)

Therefore, u* satisfies

ou*
h(t ) =0.
5 +h(t)g(u’)
Now let w = e*u, then we have by the lemma w* = e*u*, and so we have that w* satifies
88% + eMh(t)gle Mw*) — Mw* = 0.

We choose A large enough so that e’ h(t)g(e *w) — Aw be nonincreasing function on u for
every t € (0,7). Analogous calculations provided information on z = e*v. Let

T = sup{t : / u*(t,o,y) < / v*(t,0,y)0,Vs € 0, Q/]} > 0.
0 0
Since e h(t)g(e Mw) — Aw is concave, for t < T, we apply lemma 2.2 and get
d ° * *
G [ @ty - ko
0

= /OS h(t)(eMh(t)g(e M2) — Xz — (eMh(t)g(e ™ Mw) — Mw))do < 0.

So, we get
S

et /Os(u*(t,a, y) —v*(t,0,y))do = /0 (W (L, 0, y) — 2*(t, 0, 3))do < 0

and the result follows once ¢ is Lipschitz continuous and ¢(0) = €.

In the general case since g is associated to a maximal monotone graph of R? we can
approximate it by its Yosida approximation (which is still concave and satisfies (H)) and
we get the result by passing to the limit. Finally we make ¢ | 0 and use the continuity of
solutions with respect to g (see [5] and [4]). O

4. Proof of the main theorem. The special case f = 0 and h(t) = h independent on ¢
is easier. Since we know

/ ug(o,y) do S/ vy (o, y) do, Vs, Vy
0 0

applying Proposition 1 and Proposition 2 inductively we get

Fl () ] e
< /O KSA# (;) Sy <;>)nvo} (0,y) do
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where S4 is the semigroup associated to problem (A) and Sp is the semigroup associated
to problem (B) and analogously for S4# and Sp«.

Taking limits, applying the Trotter-Kato formula (see [5]) and applying convergence under
the integral sign we get

S

/ Sp(t)uo)* (0, )do < / (S (w0l (0, y)do
0 0

for any ¢t € [0,T], for any s € [0,]|Q|] and a.e. y € Q. For the case f # 0 and h(¢t) time
dependent the Trotter-Kato formula can be also applied (see, e.g. [16]). In fact, to deal with
the affine case f(t) # 0 we shall use a "reduction of order technique” argument which can
be found on [4]. We point out that by an approximation argument and posterior passing to
the limit process we can assume, without loss of generality, that in fact f € H'(0,T; L?(£2)).
Now, let us define f(t +-) € HY(0,T; L*(Q)) : s = f(t+ ) and U(t) = (u(t), f(t+-)) €
L2(Q) x HY(0,T; L3(Q)), V(t) = (v(t), f#*(t+-)) € L2(Q#) x H'(0,T; L?>(Q2#)). Let us note
that U is the unique solution of

9 L LU =0, te(0,T) W LV =0, te(0,7)

U(O) = (U’O: f) V(O) = (UO: f#)
where R

L(u,§&) = (=Au+ h(t)g(u) — £(0),£).

We can use a decomposition L = Ly + Lo in the following way:

Li(u,€) = (—Au+h(t)g(u),0),  La(u,&) = (=£(0),¢).
Let us define the problems

W+ LU=0 WLV =0
ot ’ # ot ’
) {U(O) ), € ){V(m ~ (0. 5.
(D) %—F.ZQU:O, ’ (D#) %—I—EQV:O,
U(0) = (uo, f). V(0) = (vo, f#),

and the correspondent solution operators
Sc(t)(uo, f) = (Sp(t)uo, ), Sc#(t)(vo, f#) = (Sp(t)uo, f),

Sp (0 )= (w0 + [ tf(s)ds,f), Spe (e, 1#) = (v0+ | t s ).

Let @ be the projection operator such that u(t) = QU(t). Let us study Q@S¢ and QSp.

Since
S

/ ug(o,y) do < / vy(o,y) do,  for all s € [0,]Q|] and a.e. y € Q"
0 0

we have, by the above explicit formulas (for the first component we apply the similar proof
as in the case f = 0)

/ Q Se(tyuol* (0, y)do < / 1Q Ses (Huol* (0,y)dor

/ 1Q Sp(t)us)* (0. y)do < / [Q Sp# (Bvo]* (0, 9)do
0 0

By applying an induction argument again we get

[ o (2o (2)) o] ome
< /0 {Q <Sc# (2) Sp# (2)) vo} (0, 5)do.
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Finally, since all the operators are maximal monotone on their respective Hilbert spaces, we
can take limits, apply the Trotter-Kato formula to justify the convergence of the limits and
the result holds.

5. Remarks and applications. We point out that the main result applies to the parabolic
obstacle problem:
u Ay — f(t,z) >0, u>0 }

" T T in (0,7) x €,

(b — A f(ta)u =0 (0.1)
u =0, on (0,T) x 09,
u(0) = uo, on 2,

assumed ug € L%(Q), ug > 0 and f € L?(0,7 : L*(2)). The main argument is it can be
reformulated in terms of

% Au+tBu) 3 f(tz) +1, in(0,T) x €,

u=0, on (0,T) x 09,
u(0) = g, on €,
where 8 is the maximal monotone graph of R? given by
0, r <0,
ﬁ(’l’) = (—OO, 1]7 r= 07
{1}, r >0,

and that (u) can be approximated by a sequence 8y (u) of non decreasing concave functions
satisfying (H) (take, for instance, 8 (u) such that 8 (u) = u* if u > 0). It is well known
that the correspondent solutions uy converge strongly in C'([0,7] : L?(£2)) to the solution u
of the obstacle problem and so the comparison of the associated Steiner rearrangements is
mantained after passing to the limit.

Finally, we also mention that the associated nonlinear elliptic equation

—Au+g(u) = f(z), inQ
u =0, on 0N

can be considered in this framework (since we can write u(x) = lims_, o, u(t, z) for some suit-
able u(t, x) solution of a nonlinear parabolic problem for which we can apply Theorem 1.1).
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ABSTRACT. In applications it is common to arrive at a problem where the
choice of an optimal domain is considered. One such problem is the one asso-
ciated with the steady state reaction diffusion equation given by a semilinear
elliptic equation with a monotone nonlinearity g. In some contexts, in partic-
ular in chemical engineering, it is common to consider the functional given by
the integral of this nonlinear term of the solution dived by the measure of the
domain € in which the pde takes place. This is often related with the effec-
tiveness of the reaction. In this paper our aim is to study the differentiability
of such functional as study connected to the optimality of the best chemical
reactor.

1. INTRODUCTION AND STATEMENT OF RESULTS

The main goal of this article is to analyze the differentiability, with respect to
the domain Q, of the effectiveness factor

1
e =i | Alwa)is
9] Jo
where wq is the solution of the problem arising in chemical catalysis [2, 3]

—Aw+ B(w) = f, inQ,

1.1
w=1, on dN. (1.1)

The model can be obtained in different ways, including homogenization techniques:
see, e.g. [6] and [5]. By introducing the change in variable u = 1 — w the problem
can be reformulated as
—Au+g(u)=f, inQ,
g(u) = f (12)
u=0, ondN.
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where g(u) = B(1) — B(1 —u) and f = B(1) — f. In this case instead of the
effectiveness factor we can study n(Q2) =1 —£(Q)

0 = & [ glun)dr, (13)
12 Jo
where ugq is the solution of (1.2). In the chemical context this factor represents the
amount of reaction taking place.
This kind of problems fall with the family of problems studied by several authors
in the literature (see, e.g. [18, 19, 20] and the references therein). In the most
general case this family of problems may be described by:

A(u(D)) = f, in D,
B(u(D))=g, ondD

and the functional can by given generally as

J(D) = /D Clup)dz,

where A, B,C may contain also some derivatives of up. In this paper we shall
concentrate our attention in problem (1.2) and we shall provide elementary and
direct proofs of results which could be obtained from the general theory but under
stronger assumptions (see, for instance, the statement taken from [20] which is
reproduced here in Section 2).

As mentioned before, our aim is to study the differentiability of functional (1.3).
We consider a fixed domain open bounded regular set of R", €y, and study its
deformations given by a function 6 : R™ — R", so that the new domain is = (Id+
0)Qy. We consider, as it is the case in chemistry catalysis, g and f such that 0 <
u < 1. We also mention that this kind of differentiation result also appears in many
other contexts. Besides the above mentioned references we recall here the articles
[7] for a linear problem with a Dirichlet constant boundary condition and [17] were
a semilinear equation arising in combustion was considered (corresponding, in our
formulation to take g(u) = —e*).

To obtain this properties in the sense of derivatives, we consider two approaches,
mimicking the approach in differential geometry. We first consider the global dif-
ferentiability of solutions (as it was done in the linear cases in [15, 1] and the most
general case in [20]), which unfortunately requires derivatives in spaces of too reg-
ular functions, and then we take advantage of the differentiation along curves (the
approach followed in [21]).

Let us call, for simplicity, uq the solution of (1.2). This corresponds to the
Lagrangian understanding of the problem in the sense that the functional under
study is study in terms of the direct domain ). However, we can consider the
Eulerian understanding of the problem by recalling that in this family of domains,
Q = (Id + 0)Qo, we can introduce a new function vy : Qy — R defined by

ve = (I +0)"wrr0)0, = wiroyn, © (I +90), (1.5)
simplifying the study of the differentiability of ug and the functional 7(Q2) with
respect to €.

Our proof relies heavily on the Implicit Function Theorem. The application of
this theorem requires an uniform choice of functional space, which would require
some additional information on w. This kind of problems in the functional setting
is well portrayed in [4].

(1.4)
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For the nonlinearity g we shall consider the following assumptions:
Hypothesis 1.1. ¢ is nondecreasing

Hypothesis 1.2. The Nemitskij operator for g (which we will denote again by ¢ in
some circumstances, as a widely accepted abuse of notation) G : H}(Q) — L?(Q)
defined by

G(u)=gou (1.6)
is of class C™ for some m > 1.

We recall that Hypothesis 1.2 immediately implies that [DG](v)e = ¢'(v)p for
©,v € HY(Q) and that if G is of class C¥ with k > 1 then necessarily g(s) = as +b
for some a,b € R.

Our first result collects some general results on the differentiability of the solution
ug with respect to €:

Theorem 1.3. Let g satisfy Hypothesis 1.1 and 1.2. Then, the map W1>°(R" R") —
H(% (QO)7
60— Vo

(where vy is defined by (1.5)) is of class C! in a neighbourhood of 0 if f € H*(R™)
where | = min{k,l}. Furthermore, the application u : W12 (R" R") — L2(R"),

0 = u(r+o(00))

(where ug is extended by zero outside (I + 6)(Q)) is differentiable at 0. In fact
' WEHR (R R") — HY(Q) and

u/'(0)0 + Vug, -0 € H} (Q).

As in differential geometry, to compute a derivative we can take two routes. The
first one is to show the existence of a global derivative, and this allows to compute
some properties of our functions. The other one, is to compute the derivative along
curves.

Definition 1.4. We say that ® is a curve of deformations if ® : [0,T) — W1°°(£y)
with det ®(7) > 0.

Hypothesis 1.5. We will say that 6 is a curve of small perturbations of the identity
(with direction V) if ®(7) = I + 6(7) is a curve of deformations and

(1) 6:[0,7) — Whe(R") is differentiable at 0,

(2) 6(0) =0,

(3) 9(0)=V.

Sometimes we consider higher order derivatives too. We will refer to 6 or ®
indistinctively, since they relate by ®(7) = I +6(7). Thus, the above theorem leads
to:

Corollary 1.6. Let ® be a a curve of deformations of class Ck. Then T +— Vg(r) 18
of class C! with | = min{m, k}.

Our second result concerns the characterization of «'.
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Theorem 1.7. Let g satisfy Hypothesis 1.1 and 1.2. Let 0 be a curve satisfy-
ing assumptions 1.5. Then u is differentiable along ® at least at 0. That is, the
directional derivative <= (uo ®) ezists, and it is the solution u' of

—Au' 4+ g (ugy)u' =0 in Qo,

1.7
u = —Vug, -V, on dQ. (L.7)

We point out that the above result shows, in other terms, that u/(0)8 is the

unique weak solution of
—Au’' + A\g'(ug,)u' =0, in Qo, 18
' = —Vug, -0, on 0Q. (18)

As consequence we have the following result.

Corollary 1.8. The function v’ : WH°(R", R") — H(Q) is continuous. In fact,
since the solution u of (1.2) u € W2P(Q) for anyp € [1,+0o0) then for any q € [1,p],

[u'(0)(0)|q < clVu -0 r(a00)
< c|0]oo|Vug,| Lr(a00)
< e(p)|0]oc [t lw2r(9q)-

Concerning the differentiability of the effectiveness factor functional we have the
following theorem.

Theorem 1.9. Under the assumptions of Theorem 1.3, let

i0) = [ glursongds. (19)
(I+6)Q20
Then n is of class C"™ in a neighbourhood of 0. It holds that
d’ﬂ
™ (0)(6y, -+, 0 :/7 Jo) da. 1.10
A0 0) = [ o) o) da (1.10)
Its first derivative can be expressed in terms of u,
7(0)(0) = /Q (¢ (ug )’ + div(g(ug,)8)) dz, (1.11)
0
and if OG is Lipschitz
7(0)(6) :/ ¢ (g, )i dz+ g(0) [ 6-nds, (1.12)
Qo 90

where u' = u/(0)(0).
Corollary 1.10. Under the assumptions of Theorem 1.3 it holds that

1

7' (0) = m(/ﬂ g (ug, )u’ dz — n(0) 0- ndS).

a9

Corollary 1.11. Under the assumptions of Theorem 1.3 if ® is a volume preserving
curve then

1
n'(0) = — g (ugy)u' dz .
1920 Ja,
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We point out that if g is Lipschitz (i.e. ¢ € W°(R)) then we obtain

n(0) = n(0)] = 7" (0)(AO)] < clg'locltulw22 0]

This allows to get some generalizations of the last result in cases in which the
absorption term g is not so regular, as for instance when f(w) = w? and ¢ € (0,1).
Nevertheless, if there is a non-empty dead core (in the literature the dead core is
defined as {x € Q : wq(x) = 0} where wq is the solution of (1.1)) some additional
arguments must be developed, in the line of [14], where some unbounded potentials
are considered. This will the subject of a separated paper by the authors [12].

We end this paper by presenting, in Section 5, some applications of the above
results in terms of the Schwarz and Steiner symmetrization as well as by illustrating
them for some special families of domains by means of some numerical experiences.

2. FUNCTIONAL SETTING: NEMITSKIJ OPERATORS AND THE IMPLICIT FUNCTION
THEOREM

Let us formalize what we mean by a shape functional. At the most fundamental
level it should be a function defined over a set of domain, that is defined over € C
P(R™). Since we want to differentiate we, at the very least, need to define proximity,
that is a way to define neighbourhood of a set. As it is usual in the literature of shape
optimization we work over the set of weakly differentiable bounded deformations
with bounded derivative, the Sobolev space W1 (R™ R™).

Definition 2.1. We say that J is defined on a neighbourhood of Q4 C R"™ if
there exists U a neighbourhood of 0 on W°(R™, R™) such that J is defined over
{(Id +0)() : 0 € U}. We say that J is differentiable at € if the application
Whee (R R") — R,

0 J((Id+6)(Q))
is differentiable at 0.

We present a sufficient condition so that Hypothesis 1.2 holds. This is widely used
in the context of partial differential equations, but as far as we know no reference
is known besides it being an exercise in [16]. That being the case we provide the
usual proof. Other conditions, mainly on the growth of g can be considered so that
assumptions 1.1.1.2 holds.

Lemma 2.2. Let g € W»>(R). Then the Nemitskij operator (1.6) in the sense
LP(Q) — L2(Q) is of class C* for all p > 2. In particular, Hypothesis 1.2 holds.

Proof. Let us define G the Nemitskij operator defined in (1.6). Consider it G :
LP(Q) — L2(Q) for p > 2. We first have that, for L = max{||g||cc, |9’ llscs /9" [lcc }

IG(u) - G(v)]72 = /Q lg(u) — g(v)[Pdx < L/Q u —v|*da2
so that F' is continuous. For p > 2 let ¢ € C*(Q) we compute
lg(u+¢) = g(u) — g’ (Welz: = /Q l9'(€(2)) — g’ (ul(@)) | () *da
for some function £ by the intermediate value theorem. We, of course, have that

lg'(€(x)) — ¢ (u((x))| < LIg(x) —u(z)| < Llp(z)]
lg'(€(x)) — ¢ (u(x))] < 2L
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l9'(€(x)) = g'(u(@))] < L2'~%|p(2)|*, Vo€ (0,1).

Therefore,

lg(u+ @) — g(u) — g’ (wye 32 < L2272 / @)+ da.
Q
Let 2 < p < 4 then we have that p = 2 + 2a with 0 < o < 1. We then have that

lg(u+ ) = g(u) = g'(w)ell = < L2l p(2) ]| 15

which proves the Frechet differentiability. Of course for p > 4 we have that
LP(Q) < L3(2). Furthermore, for any given dimension n we have Sobolev in-
clusions H(Q) < LP(Q) with p > 2, proving the differentiability. O

Some other well-known results are quoted now.

Theorem 2.3. Let g € WHP(R™). Then the map & : WH>°(R",R") — LP(R")
given by 6 — go (I +0) is differentiable in a neighbourhood of 0 and

&'(0) = (Vg)o (I +6).
Theorem 2.4 ([15, Lemme 5.3.3.]). Let g € WHP(R™),
U WhHee(R™ R™) — WH°(R", R")
continuous at 0 with W(0) = I, WH(R", R") — LP(R™) x L*°(Q),
0 — (9(0),¥(0))
differentiable at 0, with g(0) € WP(R") and
g'(0) : Whe(R™,R") — WHP(R")
continuous. Then the application ® : W12 (R, R") — LP(R™),
&(0) = g(0) o ¥(6)
is differentiable at 0 and
8'(0) = g'(0) + Vg(0) - ¥'(0).
To conclude this section we state a classical result.

Theorem 2.5 (Implicit Function Theorem). Let X,Y and Z be Banach spaces
and let U,V be neighbourhoods on X and Y, respectively. Let F' : U xV — Z
be continuous and differentiable, and assume that Dy F(0,0) € L(Y, Z) is bijective.
Let assume, further, that F'(0,0) = 0. Then there exists W neighbourhood of 0 on
X and a differentiable map f: W — Y such that F(x, f(x)) = 0. Furthermore, for
x and y small, f(z) is the only solution y of the equation F(x,y) = 0. If F' is of
class C™ then so is f.

3. DIFFERENTIATION OF SOLUTIONS. PROOF OF THEOREMS 1.3 AND 1.7

For the reader convenience we repeat here the general result in [20]:

Theorem 3.1. Let D be a bounded domain such that 0D be a piecewise C' and
assume that D is locally on one side of OD. Let ug be the solution of (1.4). Let us
use the notation C* = C*(R™,R") and k > 1. Assume that

u() € W™P((I +0)D) (3.1)
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and that for every open set D' close to D (for example D' = (I +60)D for small 6’
in the norm of C*),

A:W™P(D'") — D'(D)
B:w™?(D' (D)
C:wmr(D"(D')
A,B,C: W™ P(D') — D'(D) differentiable
and C* — W™P: 0+ u(0) o (I + 0) is differentiable at 0. Then:

(1) The solution is differentiable in the sense that u : C* — W "P(D) is
differentiable and the derivative the local deriative u' in the direction of T
satisfies

(3.2)

g—i(uo)u’ =0, inD. (3.3)

(2) If 0 — B(u(0)) o (I + 0) is differentiable at 0, into WHY(D), B(ug) €
W2Y(D) and g € W2L(R"™), then u' satisfies
%8 (wopu' = —7 -0 (B(uo) — g). (3.4
(3) If 0 — C(u(0)) o (I + 0) is differentiable at 0 into L*(D), and C(ug) €
WHY(D), then 0 — J(0) is differentiable and its directional derivative in
the direction of T is:

oJ acC
%(O)T— /Dau dac+/8DT~nC(uo)dS. (3.5)

Let us prove now our first contribution.

Proof of Theorem 1.3. We take several steps. For simplicity, allow the notation
Qg = (I +6)(Q0).
We first check that vy satisfies
—div(A(0)Vv) + NJgg(ve) = (fo (I +0))Jy
in H~1(Q), where
A(0) = Jo(I +DO)" M I+ Do), Jy=det J(I+90).

For that, consider for a given ¢ € H{ () the auxiliar function pg = o (I+60)~! €
H} () by definition of ug we have

/ (VugVo + Ag(uo)pe) dx = / feodS Vo€ H(Q).
Qg Qg

Then by a change of variable, the result follows.
Let us define the operator F': W1 x H(Q) — H~ (), by
F(0,v) = div(A(0)Vv) + Aog(v) — (f o (I +0))Js
of class C! (or C™) in a neighbourhood of # = 0. On that direction we check
e € Wh* s Jy = det(I + D) € L™ of class C* since § € W™ —
I+ DO € L*(R™, M,,) and det is a polynomic operator.
e 0 e Wh™ s (I+DO)~" =3 -,(~=1)1D? € L®(R", M,,) is C*,
o (Av) € L®(R", M,,) x H}(G) — —div(AVv) € H~}(G) is C* since it is

bilinear and continuous.
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e Through the lemma 6 — k() = (f o (I +6))Jy € L*(R™) C H *(Qp) is C*

so F € C'. Note that, if f =0 then F € C™.
It holds that
DyF(0,0)p = —Ap + Ag'(u(- : 0)y

and, since ¢’ > 0, we have that D,(0,v) : H}(G) — H~1(G) is a isomorphism
by Lax-Milgram’s theorem. Through the implicit function theorem (theorem 2.5)
there exists a map 6 € W1 — v(0) € H}(Qo) of class C is f € H(R™) and C™
if f =0 such that

F(0,v(0))=0.
If we we consider uniqueness for the elliptic problem we find that
v(0) = vy.
Simple substitution returns ug. By Theorem 2.4 we have the differentiability of
U. ([

Once this is done we can make explicit calculations for the directional derivative.

Proof of Theorem 1.7. Let us now characterize the directional derivative. Let 6 €
WL be fixed, let us call v’ = u/(0)(0) and let ® a curve of perturbations of the
identity with V' = 6. We differenciate on the variational formulation

fodr = / (—urAp + Ag(ur)p) dv ¢ € C°(2)
R™ R™
to obtain

0= / (—u' Ap + Mg' (ug)u'@) dz, ¢ €CX(Q) (3.6)
Qo

(observe that h(z) = Ag’(up(z)) is a known function). This means that v’ is a very
weak solution of the aforementioned equation (1.8). Since we know that v’ € L?(R")
we can apply regularity theory for this equation.

For the boundary condition vy = 0 on 9, for all § and therefore v/ = 0, 9.
Since v, = u, o ®(7) we have

u' + Vug, -0 = v € Hy(Q)
which provides the boundary condition. Therefore, we have
| udgiag ) do= [ (Tus,-00ug) dS, weC@)  @1)
Qo aQ0

we can obtain a Kato type inequality to shows uniqueness of very weak solutions
(see [13]). For the regularity we apply the following classical trick. Since «’ is know
we can take f = —Ag'(ug)u’ € L*(Q) and /) = —Vu -0 € L?(99Q) and find z the
unique solution in H*() of

~Az=f, inQ

z=1, on df)
classical theory. Then z is a very weak solution of (3.7) and, by uniqueness, u'(0) =
z € HY(Q). O

Remark 3.2. In the case that further regularity is necessary v € H} N H™ then
deformation must taken in W . A theory analogous to that on [15] for higher
differentiability can be obtained for the non-linear case.
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4. DIFFERENTIATION THE FUNCTIONAL. PROOF OF THEOREM 1.9 AND ITS
COROLLARIES

We shall follow a reasoning similar to the one presented in [15]. Let us define
Gy = ®(t,G) and consider a function f such that f(7) € L'(G;). We take interest
on the map I : R — R,

I(r) = /G flrvz) de = /G F(r, @ (7)) (7. 9) dy (4.1)
where f(r,z) = f(1)(2),

J(1,y) = det(Dy®(7,y)).

Theorem 4.1. Let ® very assumptions 1.5, f such that f : [0,T) — LY(R") is
differentiable at 0 and

f(0) e WHL(RN).
Then, T+ I(1) = [ f(7) is differentiable at 0 and
o) = / £(0) + div(F(O)V).
G

If G is an open set with Lipschitz boundary then

1'(0) = /G 1)+ /a INIOIN%

In simpler terms, under regularity it holds that

T—o(/c,; f(r,w)de) /Qo{gi(o,x)eriv (f(o,x)%‘f(o,x))}dx. (4.2)

We have some immediate consequences of Theorem 4.1

9
or

Lemma 4.2. Let g € WHYRY) and ¥ : [0,T) — WhH* be continuous at 0 such
that U : [0,T) — L is differentiable at 0, and let Z be its derivative. Then the
mapping [0,T) — L*(R™),

T go¥(r)
is differentiable at 0 and G'(0) = Vg - Z.

Lemma 4.3 (Differentiation under the integral sign). Let E be a Banach space
and f: E x Q — R be such that f : E — L'(Q)

fl@) = f(z,)
is differentiable at vog. Let F : E — R,

F(I):/ﬂf(w,y)dy-
Then F is differentiable at xo and
DF@) = [ PP,

Now we can prove the third of our main results.
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Proof of Theorem 1.9. 1t is classical that we can differentiate under the integral

sign
/ ft, z)dx
Q

with respect to t as many times as f is differentiable, and that the integral commu-
tates with the derivative. This shows the derivability with vJy under the integral
sign. For the remaining equations we have to be a little more subtle and apply the
previous theorem. Let f(7) = g o u,. From the know formulas we must compute

f'(7) = (g o uo)u/

Thus
ool ([ stunyae) = [ 4o +div (a(u0)2(0)) o

If Qg is Lipschitz then

7=0

9]
or </ g(ur)df”) :/ g'(wo)u'z +g(0) [ ©'(0)-ndS.  (4.3)
(97' =0 G, Qo a9
Equation (1.10) is guaranteed since g(v) : W1 — H}(Q) — L1(Q) is C, and so
we can differentiate under the integral sign. (I

To show equation (1.10) we need a formula of differentiation under the integral
sign

Proof of Corollary 1.10. Given the functional

1
I(Q):@/ngugdx

If we do not impose constant volume we have also to differentiate the volume
measure
() = S0 9 Mren)dr

Js (@ dr

over a curve of deformations ®(7) we have, applying the formula of differentiation
of fractions

g
dr

1 d
= (10, = d
=0 |QO|2 (| O‘dT (\/@(G) ge U(I)(QU) x)

. (/QO div @'(0) ~ndz) (/{;(G)goutb(ﬂo)d$>)a

which, once simplified, gives the result. (I
The proof of Corollary 1.11 relies on the following Proposition.

Proposition 4.4. Let ®(7) be a volume preserving family of deformations of Qg
in the sense of Hypothesis 1.5. Then

/ div®'(0) dz = 0.
Qo
If G is Lipschitz then
/ ®'(0) -ndS =0.
Qo
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Proof. Define G, = ®(, 7); then

c:/ ldx.
G

r

From this and theorem 4.1 we obtain
01

0= — +div (1®'(0)) dz,

| g v (9/) dr

which proves the first part of the result. The second is an immediate consequence
of the divergence theorem. (|

Remark 4.5. Note that the condition ®(0) = I is paramount. For example con-
sider the family of deformations

2(7)(,y) = (L4 7))
These are isovolumetric deformations of any circle centered at 0, and of course
®(0) = 0. We can compute
1
(1472

This is only zero at 7 = 0 (that is where ®(7) = I) even though the transformations
are isovolumetric at any given 7.

divd'(r) =1

Remark 4.6. For generalizing to the case g = g(x,u), we need to assume that the
Nemitskij operator G : WH>°(Q) x HL(Q) — L?(Q2),
G(®,v) = g(®(2), v(x))
is C™ and that
g

av (x7v) — O

In this case the operator on the implicit function theorem will be
F(0,v) = —div(A()v) + (I + )" v)Jp = f g

with derivative

DLF(0, )¢ = ~(Ap)(w) + 02 (2,0(a) ().

5. APPLICATIONS

Rearrangement techniques: Schwarz and Steiner symmetrization. From
Schwarz symmetrization we know (see e.g. [8], [9]) that, if g is either concave or
convex and 6 is volume preserving then 7(6) < n(0) (that is: the sphere is the least
effective reactor). Therefore

/ g (o)’ = i7(0) = 0.
G

For the Steiner symmetrization we know that, as we have proven in [10], for
concave g, and in [11], for convex g (note that this is equivalent to concave f3), the
following holds:
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Theorem 5.1. Let g be a concave or convexr continuous nondecreasing function
such that g(0) = 0. Let f € L*(Q) be nonnegative, i.e. f >0, and |B| = || with
B a ball. Then

(Y x Q") <n( x B). (5.1)

So, for G = B x G5 3 (z,y), we have for all deformations § = (61,0) with 6,
volume preserving and g convex or concave,

[t = [ 2 | (6w +div(g(uo)o)
- /G 2 /B (g (uo)u’ + diva(g(uo)6h)

LA oo+ [ on)
:/GQ/BQI(UO)UI
:/Gg/(uo)u/'

Whenever the Nemitskij operator for g is of class C2 we get
77/(0)(0) =0, T]N(O)(Q,Q) <0.

Applying the bounds for 7'(0) we have as consequence an a priori estimate of the
effectiveness factor in terms of the value of the functional for a circular cylinder:

Proposition 5.2. If B is a ball such that |B| = || then
(B x Q") = c(p)|gss|ulw2#]000 < (€ x Q") <n(B x Q7).

Effectiveness on ellipses, different values of q
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FiGURE 1. Effectiveness on isovolumetric ellipses with smaller
semiaxes a, for the kinetic g(u) = 1 — (1 —u)'/4.

Numerical experiments. The following numerical experiments were performed
with COMSOL Multiphysics.
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Solution in elliptic cylinder Curve of the effectiveness

FI1GURE 2. Effectiveness on elliptic cylinders with smaller semiaxes
a, for the kinetic g(u) = 1 — (1 —u)/9, 0 < ¢ < 1 (this kinetic
corresponds to B(w) = w?, which is known in chemistry as the
Freundlich isotherm).
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Solution in rectangular cylinder Surface of the effectiveness for h = 10
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F1GURE 3. Effectiveness on rectangular cylinders [0,a] x [0,] x
[0, h], for the kinetic g(u) =1 — (1 — u)? and h = 10.

Example 5.3 (Schwarz symmetrization). Let g = g1 + g2 where g1 is convex
and g2 is concave. It is well known, see [8] and [9], that a sphere is the least
effective reactor for our problem in each isoperimetric family (to be more precise,
isovolumetric families). We can see this in terms of derivatives through a family of
ellipses

®(z,y,7) = (a(r)z, a(=7)y)
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FIGURE 4. A triangular cylinder.

for a regular such that a(0) = 1, even when we have no volume conservation. It
turns out that since this is a symmetric curve of linear transformations we have
that

I(r) =I(-7).

Since we have differentiability it must hold that I’(0) = 0. Since we have that this
is a minimum and we are able to differentiate twice I”(0) = 0.

Example 5.4 (Steiner symmetrization). The same computations hold for trans-
formations
q)(xv Y, =, T) = (a(T)I7 a‘(iT)y, Z)

This is a particular case of the results in [10] and [11]. If we consider a (uni-
parametric) family of elliptic cylinders of fixed height then we have the analogous
result .

We can even do this analysis on two parametric families, for example in square
or triangular cylinder were we consider both dimensions on the basis.

This analysis can be repeated over other families, like triangular cylinders with
results of the same exact nature.
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SHAPE DIFFERENTIATION OF
A STEADY-STATE REACTION-DIFFUSION PROBLEM
ARISING IN CHEMICAL ENGINEERING:
THE CASE OF NON-SMOOTH KINETIC
WITH DEAD CORE

DAVID GOMEZ-CASTRO

ABSTRACT. In this paper we consider an extension of the results in shape differentia-
tion of semilinear equations with smooth nonlinearity presented in Diaz, J.I., Gémez-
Castro, D.: An Application of Shape Differentiation to the Effectiveness of a Steady
State Reaction-Diffusion Problem Arising in Chemical Engineering. Electron. J. Dif-
fer. Equations. 22, 31—45 (2015) to the case in which the nonlinearities might be less
smooth. Namely we will show that Gateaux shape derivatives exists when the nonlin-
earity is only Lipschitz continuous, and we will give a definition of the derivative when
the nonlinearity has a blow up. In this direction, we will study the case of root-type
nonlinearities.

1. INTRODUCTION

In this paper we consider the shape differentiation of a family of diffusion-reaction
problems introduced by Aris in the context of optimization of chemical reactors depend-
ing on the spatial domain (see [1]). It was later shown that the model can be rigorously
deduced as a limit of different nonhomogeneous microscopic models (see [3, 4]). In
particular we will be interested in the solutions of problem

{—Aw +B(w) = f, nQ,

(1.1)
w =1, on 012,

and their behaviour as we deform the domain €.

It will be sometimes useful to consider the change in variable u = 1 — w, g(u) =

B(1) — B(1 —u) and f = B(1) — f, so that we have u = 0 on the boundary. After this
change in variable we have that u is the solution of

{—Au—i—g(u) = f, in,

(1.2)
u =0, on 0f).

These functions will be sometimes denoted ug, wqo when different domains are considered.

2010 Mathematics Subject Classification. 35J61, 46GG05, 35B30.
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In [8] (see also [15, 13, 14]) the authors showed that, if 3 € W2>®(R) and f € L*(Q)
then the maps

WheR"R") — HLQ)
0 — U(H_Q)QO(I—I-Q)
WhHe(R",R") — L*R")

0 — ugyen,

where the extension by 0 is considered in R™ \ €, are Fréchet differentiable at 0. Fixing
6 € WL (R" R") it was shown in [8] that the directional derivative (the derivative of

Ur = U(14r9)0 With respect to 7, ‘Z‘—TT = CZ”—TT\TZO) is the solution of the following problem
_Adur / dur _ in O
{dm e =0 (1)
ar = —VUQ . 9, on 89
Notice that, since u = 1 —w, we have that d;—; = —ddw—;. Hence, taking into account that
g (u) = —f'(w), we have that
—A%=z 4 B (we) %= =0, inQ, (1.4)
dd% = —Vuwq -0, on 0f2. '

The aim of this paper is to extend this kind of results to the case when 8 ¢ W2, First,
we will show that, when 8 € W1 then the Gateaux shape derivative exists. However,
if 5 is not locally Lipschitz continuous, the solution of (1.1) might develop a region of
positive measure

Nq ={z € Q: wq(z) =0}. (1.5)
This region, known as dead core, was studied at length in [5, 2]. It is a necessary
condition for the existence of this region that '(wq) = +o0o. Hence, equation (1.4)
cannot be understood immediately in a standard way. In this setting, we will show that
there exists a limit of the previous theory.

2. STATEMENT OF RESULTS

For the rest of the paper @ C R™ will be a fixed domain, of class C?, and n > 2.
2.1. Existence and estimates of shape derivatives.

2.1.1. Eristence of Gateaur derivative when 3 € W1, In [8] the authors prove the
existence of a shape derivative in the Fréchet sense when 8 € W2 (R). Nonetheless, as
is it usually the case, the equation for the derivative is well defined in a straightforward
way when 3 € WL°(R). In fact, the following result shows that, if 3 € W1°°(R) rather
than W2 (R), then the shape derivative exists only in the Gateaux sense, which is
weaker than the Fréchet sense.

Theorem 2.1. Let § € WL°(R* R"), 3 € WH°(R) be nondecreasing such that 3(0) =
0 and f € HY(R™). Then, the applications

R — L*Q)
T = Uggre) © (L +T70),



SHAPE DIFFERENTIATION: NON SMOOTH CASE 3

and
R — L*R")
T = UT470)Q

are differentiable at 0. Furthermore, ”Z‘—HTZO is the unique solution of (1.3).

Remark 2.2. In most case, the process of homogenization mentioned in the introduction
gives an homogeneous equation (1.1) in which B is the same as in the microscopic limit,
and thus it is natural that B be singular. However, it sometimes happens that the limit
kinetic is different. In the homogenization of problems with particles of critical size (see
[9]) it turns out that the resulting kinetic in the macroscopic homogeneous equation (1.1)
satisfies B € W1, even when the original kinetic of the microscopic problem was a
general maximal monotone graph.

2.1.2. From W?> to W1 N C!. Let us show that the shape derivative is continuously
dependent on the nonlinearity, and thus that we can make a smooth transition from the
Fréchet scenario presented in [8] to our current case. For the rest of the paper we will
use the notation:

dw;
v dr =0

Lemma 2.3. Let f € L?*(R"), B € WLH(R) be nondecreasing functions such that
B(0) = 0 and let B, € W?®(R) nondecreasing such that 3,(0) = 0. Let w, be the

unique solution of

(2.1)

—Awy, + fp(wp) = f Q, (2.2)
wy, =1 o09.
Then
[wn = wl[gr () < Cl|fn = BllLes (2.3)
lwn — wll2(9) < CA+ 18] Lo)[IBn — Bllzoe-
Furthermore, let 3 € C*(R) N WL2(R) and v, be the unique solution of
—Auwvy, ; n)Un = Q,
U + B, (wp)vy =0 (2.5)
Up + Vw, -0 =0 on.
Then
v — v in HY(Q). (2.6)

Remark 2.4. In (2.3) the notation
18n = Bllzee = sup|Bn(z) — B()|
z€R

does mean that either (3, or [ are L (R) functions themselves, but rather that their
difference is pointwise bounded, and, in fact, this bound is destined to go 0 as n — +o0.
We will use this notation throughout the paper.
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2.1.3. Shape derivative with a dead core. We can prove that the shape derivative in the
smooth case has, under some assumptions, a natural limit when S8 not smooth.

In some cases in the applications (see [5]) we can take § so that ' (wq) has a blow
up. It is common, specially in Chemical Engineering, that 8'(0) = +o0o0 and Ng exists
(see [5]). In this case f'(wq) = +oo in No. Due to this fact, the natural behaviour of
the weak solutions of (1.4) is v = 0 in Ng. We have the following result

Theorem 2.5. Let 8 be nondecreasing, 3(0) =0, 5'(0) = +o0,
B eCR)NCHR\{0}),

and assume that |[Ng| > 0, 0 € WH2(R™, R") and 0 < f < B(1). Then, there exists v a
solution of

—AU—I—ﬁ’(wQ)U =0 Q\ Ng,
v=20 ONq, (2.7)
v=—Vwgq -0 01,

in the sense that v € HY(Q)), v = 0 in N, v = —Vwg - 0 in L?(09Q), B'(wq)v? € LY(Q)
and

/Q\NQ VoV + o\ B (w)ve =0 (2.8)
for every ¢ € WE>(Q\ Ng). Furthermore, for m € N, consider By, defined by
Br(s) =min{m, #'(s)},  Bm(0) = B(0) =0,
and let wy,, vy, be the unique solutions of (2.2) and (2.5). Then,
U — v, in HY(Q), (2.9)
where v is a solution of (2.7).

The uniqueness of solutions of (2.7) when ('(wq) blows up is by no means trivial.
Problem (2.7) can be written in the following way:

—Av+Vo=f (2.10)

where V = f8/(wq) may blow up as a power of the distance to a piece of the boundary.
This kind of problems are common in Quantum Physics, although their mathematical
treatment is not always rigorous (cf. [6, 7]).

In the next section we will show estimates on 5’ (wq). Let us state here some unique-
ness results depending on the different blow-up rates.

When the blows is subquadratic (i.e. not too rapid), by applying Hardy’s inequality
and the Lax-Migram theorem, we have the following result (see [6, 7]).

Corollary 2.6. Let Ng have positive measure and ' (u(z)) < Cd(x, Ng)~2 for a.e.
x € Q\ Nq. Then the solution v is unique.
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The study of solutions of problem (2.10) in Q when V € L} (Q) by many authors
(see [11, 10] and the references therein). Existence and uniqueness of this problem in
the case V(x) > Cd(x,00)~" with r > 2 was proved in [10]. Applying these techniques

one can show that

Corollary 2.7. Let Nq have positive measure and [3'(u(z)) > Cd(x,Nq)~",r > 2 for
a.e. © € Q\ Nq. Then the solution v is unique.

Similar techniques can be applied to the case 3'(u(z)) > Cd(x, Ng)~2. This will be
the subject of a further paper.

2.2. Estimates of wq close to Ng. Let us study the solution wq on the proximity of
the dead core and the blow up behaviour of ' (wq). First, we present a known example

Example 2.8. Ezplicit radial solutions with dead core are known when B(w) = |w|9 ™ w
(0 < q<1), Qisa ball of large enough radius and f is radially symmetric. In this case
it is known that Nq exists, has positive measure and

1
5d(:c,NQ)*2 < B'(wgq) < Cd(z, Ng)~2.
For the details see [5].

In fact, we present here a more general result to study the behaviour in the proximity
of the dead core, based on estimates from [5].

Proposition 2.9. Let f =0, 8 be continuous, monotone increasing such that 5(0) = 0,
w be a solution of (1.1) that develops a dead core Ngq of positive measure and ONg € CL.
Assume that

G(t) = V2 (/t,@(T)dT + at) : ,  where @ = max {0, rre%% H(x)g—::(x)} . (2.11)
0 T
is such that & € L'(R). Then
wa(z) < U (d(z, No)),  where U(s) = 05 % (2.12)

in a netghbournood of Ng.

Example 2.10 (Root type reactions). Let f = 0, B(s) = A|s|9!s with 0 < ¢ < 1 and
Q be convex such that Nq exists and ONq € Ct. Then

wo(z) < Cd(x, No) T, (2.13)
Furthermore
B'(wa(z)) > Cd(z, No)~>. (2.14)
3. PROOF OF THEOREM 2.1
For the rest of the paper let us note
Ur = U(1470)0- (3.1)

Notice that ug = ugq.
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Let us define U, = u(jyr0p00 (I +70) € H}(Q). Again Uy = up = ug. We have that
[ AU e+ [ oWt = [ fred. (3.2)

Q Q Q
where J. is the Jacobian of the transformation. f; = fo (I + 70) and A, is the
corresponding diffusion matrix (see [8] for the explicit expression). Fortunately, J > 0

and, for 7 small, we have that & - A& > Apl¢|? for some Ag > 0 constant. Considering
the difference of the weak formulations of U, and Uy = ug we have that

[ AW, —w0) Ve + [ (o)~ gluo) o = [ (5T = Do
Q Q Q
+ /Q (I — 4,)VueVe

+ [ (= Dgluo)e.

Hence, due to the monotonicity of g, we have that

(e, el )

-
Since fr, A; and J; are differentiable at 0, there is weak H{(Q) limit. Hence, the limit
is strong in L?(Q2). Therefore, the function

Jr—1

Vo) 12 +\

L2 L L

ur = U, o (I+710)"" (3:3)
is differentiable with respect to 7 € R with images in L?(f2) at 7 = 0. Besides,
du. du
1 T _ 7 .
Hy(Q2) > ol B TZO—i—Vuo 6. (3.4)

To characterize the derivative, we differenciate on the variational formulation

fo= / (—urAp + g(ur)p) Vi € C°(Q).
Rn R»

Considering the difference of the equations for u, and ug and diving by 7

oz/n (—“T_qungrg(“T)_g(“‘))go) (3.5)

T T
_ Ur — UQ <_A(P + g(ur) — g(uo) SO) ) (3.6)
R T Ur — UQ
Notice that
Ur) — glug
‘g( 7') g( ) < HQIHLOO-
Ur — UQ

Therefore, up to a subsequence, W;)i:iguo) converges weakly in L?(€2). On the other

hand since u, — ug pointwise, again up to a subsequence, so

g(uT) - g(uO)

! .e. in €. 3.7
p— — ¢ (up) ae. in (3.7)
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Via a Césaro mean argument we have that the weak L? limit and pointwise limit coincide.
Hence, passing to the limit in L?(Q)

du,
0=
/Q dr

Therefore ddLTT is the unique solution of (1.3). O

(—Ap+d'(u)p), ¢ eC(Q). (3.8)

7=0

4. PROOF OF LEMMA 2.3

By considering the difference of the weak formulations we have that

| Vwn =)V + [ Bulwn) = Bu()e = [ (Bw) = Bulw))e.
Taking ¢ = w,, —w, and using the monotonicity of 3,, we have that
IV (win = w)||72 < 1|Bm — Bl Lo [wm — wl| 1)
Using Poincaré inequality and the embedding L! < L? we have that
l[wm —wllz2 < C|Bm — Bl Lo
By considering the equation
[A(wm — w2 = [1B(w) = B (wm)l| 2
< |1B(w) = Blwm)llz2 + [1B(wm) = B (wm)| 2
< 181z llwm — wllzz + [|Bm — Bl
Hence, to deduce (2.4) we apply that
[wm — w2 < C(|A(wm — )12 + [wm — w|[L2).

Considering the difference of the weak formulations of the problems for v, and v we
have that

| Vn =090 = [ (8w =B (wn)vn)e

/ (W)U + / ﬁ (v —vm)p
= | (B'w) = B (wn)vmp + [ (8 () = Bru(wn) v
+ / B (w)(v — v (4.1)

for all ¢ € H}(£2). Considering the test function ¢ = vy, — v + V(w,, — w) -0 € HI(Q)
we have, applying (2.4)

|19 = o) < O+ wom = wle)
X (U4 18 (w) o) wm — ] 2
+ llomll 2 (185 + Bl + 18 (wm) = B (w)l|=>)).
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We cannot guaranty that || 5 (wm,)—5'(w)]| goes to zero. However it is, indeed, bounded
by 2||5’||ee. On the other hand, taking into account the boundary condition
[om = vllL2(60) < CIV (wm —w)llr290) < Cllwm —wllg2@) < CllBm — Bl = 0. (4.2)
Hence, there is a weak limit o € H*(Q)
U — v — 0 in HY(Q). (4.3)
Due to (4.2) we have that © € H(Q). Taking into account (4.1) and the fact that
B (wm) — B'(w) a.e. in Q, have that
/ VoV + / Blw)ie =0  Yoe HAQ). (4.4)
Q Q
Taking ¢ = 0 € H}(2) as a test function we deduce that © = 0. O

5. PROOF OF THEOREM 2.5

We start by pointing out that, due to the condition on f we have that 0 < w,, < 1.
Since By, 5 in [0, 1] we have wy, is pointwise decreasing (see [12]). Hence, there exists
a pointwise limit w such that w,, \, w a.e. in . In particular 0 < w < 1. Due to the
Dominated Convergence Theorem we have that

Wy, — w in LP(Q) V1 <p < 4o0. (5.1)
Let U C Q be an open neighbourhood of 09 such that U N No = () and U € C2. Then
wy = igfw > 0. (5.2)

We have that w,, > w > w;. We have that 8 € C!([w,1]) and, hence, 3, — 3 in
C!([wy, 1]). Therefore
B (wm) — B(w) in LP(Q\U) V1< p < +oo, (5-3)
Since || wp || g1 < C(1+||Bm(wm)|| 12 + || f]|22) We have that w,, — w in H(Q), and thus
that w is the unique solution of (1.1). Applying this
Awy, = B (W) — f — Bw) — f = Aw in LP(Q\ U). (5.4)
Thus
l[wm — wHHz(Q\U) < C(|A(wm — w)Hp(Q\U) + [|wm — w||L2(Q\U)) — 0. (5.5)
Hence o
Wy, — w in H2(Q\ T).
In particular
Vw,, — Vw in Hz(9Q)".
Since 3], € L>®(R) we take the “shape derivative” v, solution of (2.5), which is well
defined. Let us find their limit.
Let us show we show that
B (W) — B'(w) a.e. in Q. (5.6)

First, let * ¢ Ng. Then 3 is C! in w(z). Therefore 5'(wp,(z)) — B'(w(z)). Hence,
the sequence f'(wy,(x)) is bounded, so f'(wn,(x)) < mg for some mg large. Thus
Bl (wp(z)) = ' (wm(x)) for m > my. Hence the convergence is proved for z ¢ Ng.
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Let x € Ng. Then f'(w(z)) = 4o00. Since wy,(z) — w(x) then ' (wp,(x)) — +oo. In
that case, we have that

B (wm () = B(wm(x)) Am — Fo00 = B(w(z)).
This completes the proof of (5.6).
Let us show that sequence (vy,,) is bounded in H!(Q2). There exist two open sets Uy, U; C
Q such that 9Q C Uy, Ng C Uy, Uy NU; = (. There also exists a smooth transition
function ¥ such that ¥ = 0in Uy and ¥ = 1 in U;. Let us define g,, = YVw,,-0 € H'(Q).
Then ¢ = vy, +9gm € HE(Q) and it can be used as a test function in the weak formulation.
Hence

[ V0nV o+ g) + [ Brulm)om(em + gm) = 0.
Q Q

Therefore, through standard arguments

/|Wm|2+/5 (wn)v /vang /5 (Win)VimGm
(/ wunf) (fwonr)
(fntomt)” (f sutoms)
3 ([ 170+ [ wn)i)
+C ([ 1Vanl+ [ Batwn)st).

Since 3!, (wy,) is uniformly bounded in L>(Q\Up) we have that the sequence is bounded:

(/ |va|2+/ﬂ W) ><C(/Q\ng|2—|—/Qﬂ;n(wm)g72n> <c

In particular, there exists v € H'(Q) such that, up to a subsequence,

U — v in HY(Q).

IN

| /\

Also, due to Fatou’s lemma
/ B (w)v? < C. (5.7)
Q

Since A'(w) = +o0 in N we have that v = 0 a.e. in Ng. For ¢ € WLh>(Q\ Ng) we
have that

/ Vo,V + / (Wi )V = 0. (5.8)
Q\Ng

Let us consider the compact subset K = suppy C Q \ Ng. Let us show that §'(w,,) —
B (w) in L?(K). We have 0 < wy < w < wy, in K. Due to the Dominated Convergence
Theorem we have that ), (wy,) — 8'(w) strongly in LP(K) for 1 < p < +o0.

Hence, by passing to the limit we deduce that

/ VoV + B (w)vp = 0. (5.9)

This completes the proof. O
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6. PROOF OF PROPOSITION 2.9
Let us consider xg € dNg and
W(t) = waq(xzo + tn(xo)) (6.1)

where n(xg) represents the normal vector to ONg at xg. Due to Theorem 1.24 in [5], we
have that

wq(z)
Ve < [ s(s)ds + ol (62)

for all 2 € Q. Hence

aw ‘dW

AR bl

dt — | dt
< |Vwaq(zo + tn(zg))| < G(wa(xo + tn(xo)))
= G(W(1)).

= |Vwq(zo + tn(zo)) - n(xo)|

Thus, W is a solution of the following Ordinary Differential Inequality

Cr(t) < GW (1)),
A &
Let us consider W, the solution of
L= (1) = G(We(1),
{v:l(O) =ec. (6.4)

This problem has a unique smooth solution, since G € C*(R \ {0}) N C(R) is strictly
increasing and G(0) = 0. In fact, solving this simply separable O.D.E., we obtain that

W.(t) = Ut 4+ T(e)). (6.5)
Due to the monotonicity of G we have that
W(t) < We(t) Vt=>O0. (6.6)
Passing to the limit as ¢ — 0 in (6.5) we have that
W(t) < UL(1). (6.7)

Hence, since we can parametrize a neighbourhood of 9Nq by (z,t) € dNg X (—Ag, Ao) —
x + tn(x), we deduce that

w(x) < U (d(z, Ng)) (6.8)
at least in a neighbournood of dNg. This proves the result. U
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Abstract

In this paper we prove the existence and uniqueness of very weak solutions to linear
diffusion equations involving a singular absorption potential and/or an unbounded convec-
tive flow on a bounded open set of IRY. In most of the paper we consider homogeneous
Dirichlet boundary conditions but we prove that when the potential function grows faster
than the distance to the boundary to the power -2 then no boundary condition is required
to get the uniqueness of very weak solutions. This result is new in the literature and must
be distinguished from other previous results in which such uniqueness of solutions without
any boundary condition was proved for degenerate diffusion operators (which is not our
case). Our approach, based on the treatment on some distance to the boundary weighted
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1 Introduction

In this paper we want to develop a weighted space approach to study the existence, uniqueness
and regularity of linear diffusion equations involving singular and unbounded coefficients of the
type

—Aw+1U-Vw+Vw=fonQ, (1)
where V is a very singular potential being in general non negative and locally integrable. To fix
ideas, we shall consider mainly the case of Dirichlet boundary conditions

w =0 on 09, (2)

but our weighted space approach can also be adapted to the case of Neumann boundary conditions
and, what is more remarkable, to the case of no boundary conditions on 99 (but still getting
the uniqueness of solutions) for some specially singular potentials (see the subsection 4.2 in
section 4). Here Q is an open bounded smooth (for instance with 99 of class C%1) of RY,
N > 2, (the case N = 1 and u =constant is considerably simpler) . The external forcing term
f(z) will be assumed such that

fe Ll (;9) (3)
where the weight in this space is given by

§(x) = d(z, 09) (4)

(sharper results will require some slight restrictions to (3) (see for instance section 4.3). We recall
that (3) is optimal in the cases V =0 and @ = 0 as it can be shown by explicitly computing the
Green kernel for special domains.

Although we shall indicate later the detailed assumptions on the data, we anticipate now that
we shall always assume that the convective flow vector @ satisfies

on 9 (5)

e LNQ)N, divi=0 in D'(Q) and

w-n=0
where 77 denotes the unit exterior normal vector to 9. Notice that, due to (5), the weak solution
notion adapted to equation (1) is equivalent to the one defined for the treatment of the equation
in divergent form that is

—Aw+div(@w)+Vw=f in Q. (6)

It is well-known that the mathematical treatment of diffusion equations such as (1) (or (6))
leads to quite satisfactory results (in view of some applications) when the data f, @ and V are
assumed to be bounded. Nevertheless, the main interest of this work concerns the limit cases
in which V(z) is assumed to be a singular function (mainly with its singularity located on 9)
and/or when 4 is an unbounded vector (satisfying (5)). Let us indicate some relevant applications
leading to the consideration of such limit cases :

1. The vorticity equation in fluid mechanics. Equation (1) can be derived from the stationary
Navier-Stokes in 2D

—Ad+ (@-V)i+Vp=F (7)
taking the curl of the equation and setting
f=F-F, w=curl @ -k, (8)

where £ is the last element of the canonical basis in IR® (see e.g. [46]). Nevertheless, as far
as we know no satisfactory theory is available in the literature under the general condition
that F' -k € LY(Q;0).



2. Schridinger equation with singular potentials. It is well-known that the consideration of
the bound states 1(x,t) = e~ *Flw(x) leads to the stationary Schrédinger equation

—Aw+V(z)w = Ew in RY. 9)

The Heisenberg uncertainty principle makes specially interesting the consideration of po-
tentials which are critically singular on 02 more precisely, such that

V(z) > a.e x € Q, (10)

o(z)*’

w
— = 0 on 01, so that we can assume that w =0

on
on RY — Q (see [15, 16]). Here we shall not consider any eigenvalue problem like (9) but

the study of (1) for potentials V(x) satisfying (10) will be very useful for later works in
this direction.

for some ¢ > 0, which implies that w =

3. Linearization of singular and/or degenerate nonlinear equations. For many different pur-
poses, it is very convenient to “approximate” the solutions of quasilinear diffusion equations
of the type .

— Ap(w) + div (¢(w)) + g(w) = f(z) in Q (11)
by the solutions of the associated linearized equation. This is what appears, for instance,
in the study of the stability of the associated parabolic or hyperbolic equations and also
in some control problems associated with (11). Usually, it is assumed that ¢ is a strictly
increasing function. So by considering 6 := p(w) we get

— AG+div (¥(0)) + h(h) = f(2) in €, (12)
with

13
o gopt (13)

{J:]R_”RAC §=dopt,
Now, assume that 0, (z) is a given solution of (12), satisfying, for instance, 6., = 0 on 9.
Then the “formal linearization” of equation (13) around the solution 8 () coincides with
equation (1) when we take

i(x) = P (0o (@)
and

V(z) =k (0o (2)).
What makes difficult the study of the corresponding problem (1) is the fact that in many
cases relevant in the reaction-diffusion theory (see e.g. [26]) functions ¢/ (r) and A'(r)
present a singularity at r = 0 and so, at least on 02, the coefficients 4 and V are singular.
A qualitative information on the behavior of 0 (z) near 99 allows us to get the precise
information about the singularities of @ and/or V' near 02 (Which, for instance, is of the
type (10)).

4. Shape optimization in Chemical Engineering. When dealing with the problem of shape
optimization for chemical reactors and applying technics of shape differentiation, it was
shown that if g € W2°°(IR), then the solutions ug of the problem

—Au+gu)=f, Q (14)
u=1, o9,



are differentiable with respect to the domain in the sense of Hadamard [25] and after de-
veloped in Murat and Simon [32, 43] and the derivative v’ in the direction of a deformation
6 € WH(IR",IR") is the solution of the problem

15
' +0-Vu e H Q). (15)

{—Au’ + ¢'(up)u’ =0,
Applying the theory developed for the general case (1), we can give a meaning to the
shape derivative if the domain is not smooth as, for example, for root type kinetics (see
[17, 24]). These nonlinear terms g(u) are known in chemistry as Freundlich kinetics and
have signifiant importance. Once again, taking V (z) = ¢ (uo(z)) we arrive to problem (1).

Some previous papers dealing with data in L!(2;6) and/or singular potentials (with usually
@ = 0) are [20, 18, 37, 1, 29, 40, 6] (see also the references therein).

We also mention that sometimes it is possible to get conclusions for the stationary problem
(1) (with @ = 0) through the consideration of the associated evolution equations (see e.g. [7], [8]
and its references).

In this paper we shall work with the notion of “very weak solutions” (v.w.s.) of problem (1).

Definition 1.1. (Very weak solutions of problem (1)).
Let f be in L1(Q;6) and @ € L™ 1(Q)N with div (@) = 0 in D'(Q), @-7 = 0 on 99Q, V measurable
and non negative function. A very weak solution w of (1) is a function w € LY () satisfying

Vw e L'(Q;6) and /w[—A¢—ﬁ-V¢+V¢]dm=/f¢dx, (16)
Q Q

for all ¢ € C%(Q) with ¢ =0 on 99, if V € L1(Q;9), or for all ¢ € C2(Q) if V € L}, ().

Notice that we look for a function in the space LY "OO(Q) where N’ = % instead of

w € L'(Q) as usual, in order to get more general assumptions on % and V.

We also also point out that our study will be concentrated in the case of “absorption” po-
tentials V(z) > 0 a.e. x € Q. In fact, as we shall see later, the study is also applicable to some
general potentials such that e.g. V(z) > —\ with 0 < A < A1 (A1 being the first eigenvalue of
the Laplacian on © with zero Dirichlet boundary condition). As we shall show, this does not
induce a restriction on the growth of the singularity of such absorption potentials near 92 (in
contrast with the well-known results for negative potentials, see e.g. [7]).

The detailed definition of the Lorentz spaces LP'4(£2) and some other spaces which we shall
use in our study will be the object of Section 2 of this paper. Other preliminary results and the
statement of some of our main conclusions will be also presented there.

The proof of the existence and uniqueness of a very weak solution (v.w.s.) for (1) needs a
deep study of the dual problem associated with (1)

{—A¢—ﬁ~V¢+V¢:T in Q, an

=0 on 0.



Notice the change of sign in the convection term. We anticipate that in some cases no boundary
condition will be assumed on ¢.

In Section 3, we discuss, depending on V and #, the existence and the regularity of the
solution of the dual problem. After this, we shall be concerned with the existence of the very
weak solution in LN (Q) N L'(; V§), when V > 0 is locally integrable. We will show that the
very weak solution w of equation (1) under zero Dirichlet or Neumann boundary condition has
its gradient in the Sobolev-Lorentz weighted space W1L1+ﬁ’°°(Q; d) in particular we shall get

the estimate
constant

/ §(z)de < ———— forall A >0, (18)
{@:| Vo] (2) <A} Atw
under the mere assumption @ € L™1(Q)N. Thus, we can conclude that Vw € L}, ().

The question of uniqueness of v.w.s. given by (16), when V is only in L}, () is one of the
major difficulties in this general framework. When V is sufficiently integrable, say V € LY1(),
then we derive the uniqueness thanks to the regularity of the dual problem. If V is only locally
integrable, but V is bounded from below by ¢d~", r > 2 near the boundary, then the v.w.s.
is unique even when no boundary condition is specified on 9Q (but we additionally know that
Vw e LY(Q;0)).

The uniqueness proof relies on the L'(;6)-accretiveness property of the operator (see [36])
Tw = —AwG+div (@w) when @ € LY(Q;6~")NW,>! (Q). This is given through the following local
version of the Kato’s type inequality

/ wiT*Ydr < / Ysign , (@)Twdz, whenever Tw € L}, (), 1 € D(Q), (19)
Q Q

and a special approximation of test function ¢ in C?(Q) by a sequence of functions of the type
on(z) = 6(z)"hn(z) with h € C2(Q2) and r > 0 (see Lemma 4.4). We point out that, besides
the concrete interest of (19) in itself; such an inequality has many consequences since it allows
to apply the semigroup operators theory on suitable functional spaces.

Concerning very weak solutions (where no differentiability is asked to the function w), a natural
question (originally set by H. Brézis in 1972 when @ = 0) is then : when should we have |Vw| in
L(Q)? The answer to this question will require some suitable additional integrability conditions
on f and 4.

Note that for proving some additional integrability for the very weak solutions w is a delicate
task. Indeed, we shall show that for some special cases of i € C%*(Q), a > 0, there exists
f € L1 (Q;6) such that ||w|[,~ = +00 when N > 3.This leads to an additional question : under
what conditions could we improve the integrability of w, to say w € LY '(Q)? The answer to this
question is also one of the main results of this paper.

Before stating the study of the main equation (1), we shall recall some notations and functional
spaces that we shall use.

2 Notations, preliminary definitions and results

Before stating our main results concerning equation (1) we need to recall some notations and
some functional spaces which are relevant for the study of the “dual problem” (17) under very
general regularity assumptions on the coefficients « and T



Definition 2.1. ( bmo(IRY)) [23].
A locally integrable function f on IRY is said to be in bmo(]RN) if

1 1
s e / F(@) - folde + sup = / (@) dz
o<diam (@)<1 Q] Jo diam (Q)>1 Q] Jo

= ||f||bmo(IRN) < +o009,

where the supremum is taken over all cube Q C IRY the sides of which are parallel to the
coordinates axes.

Here fo = 7 /Q F(w)dy.

Definition 2.2. ( bmo,(£2) ) [11, 12].
A locally integrable function f on a Lipschitz bounded domain {2 is said to be in bmo,(Q2) (r
stands for restriction) if

sup ﬁ /Q F(@) — fglde + / 1F(@)]dz = |1 ]lomo, (@) < +00. (20)

O<diam (Q)<1

where the supremum is taken over all cube ) C €2 the sides of which are parallel to the coordinates
axes. B
In this case, there exists a function f € bmo(IR") such that

7, = £ and 1 llomoqm) < e - [1F1lbmo 0)- (21)

Remark 1.

The above definition adapted to the case where the domain €2 is bounded, is equivalent to the
definition given in [12, 11]. The main property (21) is due to P.W Jones [27].

This extension result implies that bmo, (€2) embeds continuously into L.,,(€2) (a space which we
shall introduce below in Definition 2.5.)

Definition 2.3. (Campanato space £V ((2).)
A function u € L2V (Q) if

1

_ 3

l|lullr2Q) +  sup {r N/ lu — uy|? dx} = [|ul[ g2.v () < +o00.
o€, >0 Q(zo,m)NQ

Here
1

= u(z) dz.
|Q(J)0, T) n Q' Q(zo;r)NN

Uy :

In fact the two above definitions are equivalent :

Theorem 2.1. [40]
For a Lipschitz bounded domain €2 one has

L3N (Q) = bmo,(Q), with equivalent norms.

We set
LO(Q) = {v : @ = IR Lebesgue measurable}

and we denote by LP(2) the usual Lebesgue space 1 < p < +o00. Although it is not too standard,
we shall use the notation WP(Q) = WLP(Q) for the associate Sobolev space. We shall need
the following definitions:



Definition 2.4. (of the distribution function and monotone rearrangement.)
Let u € L°(2). The distribution function of u is the decreasing function

m=my : R~ [0,
my = my(t) = measure {z : u(z) >t} = [{u > t}|.
The generalized inverse u, of m is defined by

ux(s) = inf {t ({u >t} < 3}, s €10,]9|

and is called the decreasing rearrangement of u. We shall set Q. =|0, || [.
We recall now the following definitions :

Definition 2.5.
Let 1<p< 400, 0<qg< +0:
e If ¢ < +00, one defines the following norm for u € L%((2)

1 q dt g 1 [t
lullpg = lallna i= | [ [t ulee0] §| " shere fulooto) = § [ tiltoin
Q. 0

o If g = +00,
1
ullpoo = sup 7 fule(t).
0<t<|Q
The space LP1(Q) = {u € LO(Q) : [|ullp,q < —l—oo} is called a Lorentz space.
olfp=g=+4o0,  L=(Q)=L>Q).
The dual of L1(Q) is called Ly, (2)
Remark 2. We recall that LP9(Q) C LPP(Q) = LP(Q) for any p > 1, ¢ > 1.

For a > 0, we define

L, () =¢v:Q—=1R, sup %<+oo ,

exp 23
0<s<|Q| (1 Lo i)
g
9]

LP(Log L)™ = {f Q- R, /Q [(1—Logﬁ)a|f|*(s)]pds < +oo}.

When there is no possible confusion, we denote by the same symbol the space product V¥ and
V.
We recall also that if v, u € L'(Q), then

Vi = lim —(u + AV — U
AN0 A

exists in a weak sense and it is called the relative rearrangement of v with respect to u. More
precisely, we have the following result (see [31, 35]).



Theorem 2.2.

Let Q be a bounded measurable set in RY, u and v two functions in L'(Q) and let w : Q. — R
be defined by:

w(s) :/{ v(x)dx + /OS—|“>“*(S)| (v

u>u.(s)}

{u=u (s)}) * (U)d07

where v . o is the restriction of v to {u = u.(s)}.
Then ’

(U4 Av)s — us

_dw i LP(Q,)-weak ifve LP(Q), 1 <p< +4oo
A A—=0 ds L>(0,)-weak-star if v € L®()
Moreover, < || ().
5 lLe(a.)

One property that we shall use for the relative rearrangement is the following one:
Proposition 1.

Let v > 0, and u be two functions in L*(Q). Then

(U*u)** g Vs +

There is a link between the derivative of u, and the relative rearrangement of the gradient of

u as it was proved in [35, 41]. We will use only the following result (see [35])
Theorem 2.3.

(a) Let u € Wy''(Q),u > 0. Then

sho1
—ul(s) <

S T
N
Najgy

V] (s)

a.e in €,
and

1
syl

—(|Vulsu)sx(5) a.e. in Q..
Nagy
(b) Let uw € WH1(Q). Then if Q is a Lipschitz connected open set of IR"
—U;(S) < min(87 |Q| — S)Jb

1
Vs (S),
where Q(2) is a suitable constant depending only on .

Note that u, is in W' () under statements (a) and (b) (see [35, 41]).
Let V be a Banach space contained in L}, ,(€2).The norm on V is denoted by || - ||y (or simply
[|-]])- We define the Sobolev space over V, for m € IN by
wmv = {11 € L,.(Q): D €V for any |a| = a1 +... +ay gm}
In particular, W}V = W'V n Wy ()

The following density result can be found in [22, 38, 40]:



Theorem 2.4. (Density)
Let Q be a bounded set of class C*!. Then, the set {p € C%(Q) : ¢ = 0 on aQ} is dense in

{@GWQLP’Q(Q):@zoonaQ}, l<p<+oo, 1 <g< +00.

Remark 3.

Here and along the paper # is at least in LY (Q)Y, div (@) = 0 in D'(Q) and @ - = 0 on 91, if
N >3 and @ € L**4(Q), for some € > 0 if N = 2. The value of @ - 7 on 99 is defined through
the Green’s formula (see [46]).

The following density result can be proved using the same argument as for the LP-case (see
146, 13))

Proposition 2. (Density of smooth functions).
Let 1 < p < 400 and 1 < g < co. Then the closure of the set

V= {a‘ e C®(Q)N : div (@) = 0 in Q}
in LP4(Q)N (resp. (L™ (Log L)*)™, a > 0) is the space
V= {ﬂ' € LP1(Q)N (vesp. (LN (Log L)*)N, a > 0) : div (@) = Oand @ - 71 = OonaQ}.

Due to Proposition 2, a standard approximation argument leads to :

Lemma 2.6.

’ N
For all Lipschitz mappings G : IR, — IR, and for all ¢ € W LY (Q) with N/ = N1 °one has
/(ﬁ-V(é) G(¢)dx = 0.
Q
Lemma 2.7.
For all W € H (), and for all ¢ € H}(Q)
/(U~ Vw) ¢pde = —/ i-Vowdz.
Q Q
Let us remark that,
oif N >3
1 1 1
|/ 7 V@ édz| < |[llo~ V| pal|ll e where — + 2+ L =1, (22)
0 2 "2 N
. . . . 2(2+¢)

e if N = 2 the above inequality holds true after replacing N by 2 4+ ¢ and 2* by —

We shall need the following classical result (see [28]) :

Lemma 2.8.
Let X —.Y < Z be three Banach spaces each continuously embedded in the next one, the first
inclusion is supposed to be compact. Then, for all ¢ > 0 there exists a constant ¢ > 0 such that
Voe X

llolly <ellollx + cel[ol]z.



3 Existence, uniqueness, regularity and results for the dual problem

3.1 Case where the potential V' is only measurable and bounded from
below

We first study the solvability of the dual problem (17) (equivalent to (23) below and the regularity

of its solutions.

The following result, consequence of the Lax-Milgram theorem, is a remarkable fact due to the

low regularity assumed on the data i and V:

Proposition 3.
Let T € H~YQ) (dual spaceof HY()), @ satisfying (5) and let V € L°(Q) satisfying V' > —\
for some A € [0, 1) where \; is the first eigenvalue of —A under the zero Dirichlet boundary

condition. Define W = {gp € H Q) : (V+Ng? € Ll(Q)}, and let W’ denotes its dual.
Then, there exists a unique ¢ € H}(Q2), with (V + X)¢? € L(2), such that

Plve  —A¢p—i-Vo+Ve=TinW. (23)

Moreover,

1
2 Al
lolligior = ([ 196Pae) < 21Tl
1

) 3 A\ ?
([ neae) < (525) 1Tl
Vo € Lioo()-
If furthermore V € L} (Q), then the equation (23) holds in the sense of distributions in D’(£2)

loc

Proof. We endow W with the following norm
(e = el + [ (V+ Nede.
Q
Let us consider the bilinear form on W given by
a(, ) = / Vi - Vipdx — / a - Vippdr + / (V 4+ Nodz
Q Q Q
A wpds, () e W
Q
Then, by Lemmas 2.6 and 2.7
vty = 196 <o [ dos [V nwttezao| [enet s [9ue]. e
Q Q Q Q Q
with ag > 0.

According to the above remark (22), since @ € LY (Q)", the bilinear form is continuous on
W and we have

la(y, o)l < M[Ylwlelw ,

10



with M = 3(1 + ||@||y~). Moreover, since W — H} () < L*(Q) — H~1(Q) — W’ we have

(T, 0y r—mp < || Tl [W]w, Vb € W

Thus we may apply the Lax-Milgram theorem to derive the existence of a unique ¢ € W,
such a(¢, ) = (T, ¢) -1y V¢ € W. The estimate on ¢ follows from (24).
If Ve L}, (Q) then one has

loc

DY) C W.

Moreover, since / (V 4 \)¢?dz is finite, the Cauchy-Schwarz inequality yields
Q

0< /I(V+)\)|¢|dx < (/Q(V-i—)\)¢2dx)é <//(V—|—)\)dm>2 < 400 (25)

for any open set ' relatively compact in €.
Writing

/Q, |V¢|dxg/ﬂl(V—k)\)|¢|dm+)\/ﬂ|¢|dx,

the right hand is finite taking into account (25) and the fact that ¢ € L2(2) . Thus, we have
VQ' ccQ, V¢ e LY ). We conclude that Vo € L1 (Q). O

loc

As usual in some problems of Quantum Mechanics (see e.g. Lemma 2.1 of [15]) it is very
useful to approximate the solution ¢ € H}(Q2) of the dual problem (23) found in Proposition 3 by
a sequence of solutions ¢y, corresponding to a sequence of bounded potentials Vj, approximating
V. Let us define Vi by

Vie = min(V, k).

Proposition 4. (Approximation by bounded potentials).
Let T € H~1(Q), @ and V as in Proposition 3. Then, the sequence ¢ € H}(Q) of solutions of
the problems

(Phvir: [ Vo Voda~ [ Vonods+ [ Viowvde = (T,0), Vo€ HY(®),
Q Q Q
converges to ¢ strongly in Hg (), where ¢ is the unique solution of (P)y,r found in Proposition
3.
Sketch of the proof of Proposition 4. One has, following the arguments of the Proposition 3, that

2 A
loullmg + [ 0+ neae) <2 (5225 ) Tl (26)

Thus, ¢ remains in a bounded set of H}(€). So we may assume that it converges to a function
¢ weakly in H}(Q) and a.e. in Q. The above relation (26) implies that:

3 A
([ nge) el <2 (5255) 1Tl o (27)
Q 1 —

This shows that ¢ € W (where W is the space defined in the proof of Proposition 3). Moreover,
since for all 9 € W we have @ € L*" (Q) (see the above remark), we deduce

lim U - Voppdr = / U - Vodz. (28)
Q

k——+oo Q

11



The sequence (Vi + A)¢pt satisfies Vitali’s condition, since for any measurable subset B C €,

we have
M 2
[0 wowvs] <2 (25 ) Il ( [+ et (29)
and
L (Vi + A) (@) (2)d(2) = (V + A (@)p(2)(2). (30)
Thus
kginoo Q(Vk + N)prpda = /Q(V + N pde. (31)

We then deduce that ¢ is solution of the problem (P)y,r and by uniqueness ¢ = ¢. Therefore,
the whole sequence ¢, converges to ¢ weakly in W and strongly in L2(2).

To prove the strong convergence in HE(Q), let us note, using the equations (P)y, 7 and
(P)v,r, that

1' 2 2 _ 2 — 2 2 .
im /Q|v¢k| dx+/Q(Vk+)\)¢>kdx )\/Q¢> dz+ (T, ¢) /Q(V+>\)¢> +/Q|v¢>| du

k—+oo

Therefore, if we introduce Uy = (Vr; drv/Vi + N) € L2(Q)NFL U, = (Vé; 9/V + \) we have

e Jim Ukl Z2(ayv1 = |Usol T2 ()1

o Uy converges to Uy, weakly in L2()N+1,
Thus Uy, converges to Uy, strongly in L2(Q)N+1. O

Remark 4.
Let us notice that for ¢ € L?(Q) the conditions (V +\)¢? € LY(Q) and |V |¢? € LY(Q), ¢ € L*(Q)
are equivalent. Indeed, since V + A = |V + A,

/Q|V|¢2da:</Q(V+A)¢2dx+A/Q¢2 </9|V|¢2dx+2)\/ﬂ¢2dx.

For this reason, from now, we will assume that A = 0.

Proposition 5.
Under the same assumptions as for Proposition 3 (with A = 0), if T >0, T € L'(Q)n H~1(Q)
then ¢ > 0.

Proof. We have ¢_ € W and

0> —/ |v¢>,|dx_/ V(;de:/Tqde}O.
Q 9] Q

¢_ =0.

Thus

O

For the treatment of (1) we shall need some additional regularity for the solutions of the dual
problem (23) independent of @ or V. We start by proving the boundedness of ¢ by means of
some rearrangement technics ([35] p.126 of Th 5.5.1, see also [45]).

We point out that L21(Q) — H~(Q).

12



Proposition 6. (L°-estimates).

Let ¢ be the solution of (23)when T € L= 1(Q), V > 0. Then ¢ € L>(Q) and there exists a

constant K n(€) independent of @ and V' such that

[|]] o) < KN(Q)HTHL%;(QY

Proof. We shall argue in a way similar to the proof of Theorem 5.3.1 in [35]. According to
Proposition 4 , it is enough to prove the proposition for V' € L3°(€2), and and for T' > 0, since
the equation (23) is linear. Thus ¢ > 0, therefore, in this proof v = |¢| = ¢, but we shall keep
the notation v because in the general case we cannot use anymore this maximum principle. Let
v=|¢|, Gs(0) = (0 — v«(5))+ sign (o), 0 € R, s € Q. The mapping o — G,(0o) is Lipschitz.

Then following Lemma 2.6
[ @ VoG -0
Q

Therefore, we derive
. — 2 — —
/Q V- VGL(0) / R / T(2)Ga(9)(x)dz / V(2)Ga(d)de.

Differentiating this relation with respect to s, we find

d

ds V>0, (8)

IVo|2dz = —v;(s)/ (T(z) = V(x))de < —v(s) /Os T.(0)do

V>0, (8)

where T is the monotone rearrangement of 7' (we use the fact that V' > 0).
Therefore, we arrive at

[IVeI?],, (s) < —vi(s) /OST*(a)da.

Since -
Vel = |Vol, and —,(s) < | Volss(s)
Nozj\‘}

(the PSR property (see Theorem 3 of [35])) and [Vv|., < [[Vv[?] %v, we infer from (32)

*

_9 s
— v (s) < m/o T.(o)do.

Thus, integrating (33) between 0 to |€2|, we find

)
2o

ds

 ,
el < ex [ R T = enITl g

An analogous result can be obtained when T' = —div (F), with F' € LN-1(Q)N.

Proposition 7.

Let N > 2, and let ¢ be a solution of (23)when T' = —div(F), F € LNV Q)N if N > 3,

Fe L2 (Q)2if N =2

Then ¢ € L*°() and there exists a constant Kx(2) > 0 independent of @ and V such that

ol Loy < Kn(Q)||F|r, with Ly = LYY Q)N if N > 3, L*=(Q)? if N = 2.
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Proof. For convenience, we write F' for F. Thanks to Proposition 4, we can use the same test
function G4(¢) as in the proof of Proposition 6. Then

/Q Vo - VG, (6)dx + /Q V(2)Ga(¢)da = /Q F VG (6)da.

We differentiate this equation with respect to s as before, for a.e. s € €),, and find

[IVo]*],, (s) — vi(s) /> " V(z)de = [F-V¢]_ (s). (34)

Since, V' > 0 and v/ (s) < 0, we obtain

[IVol?],,(s) < [IFI?)2,[1VolZ,] 2 (s), (35)
[IVo]*] 2, (s) < [| FIP]Z,(s)- (36)
‘We have as before: -
—l(s) < S [V 2] (s). (37)
Naf
We infer that for a.e. s
3%71 1
—ol(s) < —=[| FP]Z, (38)
Naf

Integrating this relation between 0 and || and using the Hardy-Littlewood inequality (see [35]
p.118-121) we obtain

] 2 L .
CN oN | F|*)2(0)do, if N >3,
llollLe= < /ﬂ (

2,e|[F || L2+ ()25 if N =2.

We conclude as in [35] p. 118-120, Proposition 5.2.2. O

Remark 5. The problem considered in this Section 3.1 was previously considered by other
authors in the special case of U = 6> (see, e.g. [14] and its references), nevertheless we emphasize
that the results of this section must be understood as preliminary results with respect the study
we shall present in the following sections of this paper. In particular, what is specially important
for us is to obtain a continuous dependence estimate with respect to the data (namely the velocity
U, the potential V, and the right hand side f) since we need to carry out several perturbations
of those data in the next sections. As far as we know, such estimates are new in the literature
(and, of course, they were not given in the above mentioned reference).

3.2 Some regularity results with an integrable potential V and bounded
from below

As a first consequence of Proposition 3 and Proposition 7 we can deduce Meyer’s type regularity
giving a better information on the gradient of the solution of (23).

14



Proposition 8. (W!LP%-estimate)
Let N > 2. Assume that there exists p > N and ¢ € [1, +00], such that

Np
N—I—p’

e PN V=0, VelL™(Q), r=
T = —div(F) with F e LP9(Q)".

Then, the unique solution ¢ of the equation (23) belongs to WLP:4(£). Moreover, there exists
a constant K, > 0 independent of @ such that :

IVol|Lra) < Kpg (L ||@l|zea + [[VI[Lra) [[Fl|Leag@-

Proof. (We shall simply write F, Fy, Fy for ﬁ, ﬁo, 131). We first assume that @ € V. We know
from Proposition 7 that ¢ € L>°(Q) and that there exists a constant independent of @, V and F
and V such that

19lloe < Kn(Q)|F||Lr.a0)- (39)

Therefore, there exists a vector field Fy € LP4(Q)N such that
V¢ = —=div (Fo) and [[Fol[zra < Kin(Q)[[V]]Lral[d]]oo,

that is
[[Follzra < Kan()[|V | Lral[Fl|Lr.a(a)-

Setting Fy = F — Fy, we can write (23) as
— A¢p = —div (F1 — 49o). (40)
But, we have @¢ € LP4(Q)" since ¢ € L>(Q) according to the above Proposition 7. Hence
@]l Lr.a(yn < ldl|rallllLe < EN|[F[|zralldl]Lea.
We may apply the W!LP-9 result to (40) (see [42, 9, 2, 36]) to deduce that
IV6llzra < KpllFs — @llra < Kpng(L+ lllzna + [IVIlma)|[Fll o (41)

For the general case, we consider uy, € V such that uy — u strongly in LP9(Q)V. Let ¢ be the
solution of equation (23) where ¢ is replaced by ¢

—Adp — Uk Vor + Vop =T = —div (F).
The sequence (¢4 ), satisfies
okl < Kn|[F[|zra and [[op][gy < [[T[]z-1,

and then (¢ ) converges weakly in H}(£2) to ¢ the solution of (23). Since ¢y, satisfies (41), we
deduce that ¢ also satisfies (41) and (23) . O

As an immediate consequence of the above result.

Propositio_p 9.
Let @ and F be in LP>°(Q)Y for some p > N. Then, the solution of (23) satisfies

¢ € CO(Q) with o = 1 — %.

15



Proof. According to the Sobolev embedding (see [35]), we have

_ N
WP (Q) — C**(Q), with a =1 — o

Now we shall consider the case of more general data « and V.

Proposition 10.
Assume that @ and F are in bmo,. ()" and V is in bmo, (V). Then the solution ¢ of the equation
(23) satisfies

1. ii¢ € bmo,(Q)N
2. V¢ € bmo,(Q)N.

Proof. Since bmo,(2) < LP1(Q) for all p > N and ¢ € [1, +o0], we deduce from Proposition 8
and Proposition 9 that :

peC%(Q) Vae[0,1]and — A¢ = —div (F, — @p),

where F; was defined in the proof of Proposition 8 (see equation (40)). From Stegenga mul-
tiplier’s result, ii¢p € bmo,(Q)" whenever @ is in bmo,(Q)V [44, 47]. Therefore F; — ii¢ €
bmo, (). We may appeal to Campanato’s result [10] to derive then that V¢ € bmo, ()" and

1V6llbmo, < K (1IFllomo, + 1 @llbmo, + [1Fol lomo, )-

O

We shall end this paragraph by proving a W?2LP:4(Q)-regularity result for the solutions of the
dual problem (23) which will lead to interesting conclusions for the direct problem (1).
For this, we shall use the following ADN constant

||v||W2LM(Q)
K> = sup , (42)
pa vEHL (QNW2LP:(Q) ||U||vaQ(Q) + ||AU||LP’<1(Q)

which is finite due to the well-known Agmon-Douglis-Nirenberg’s regularity result combined with
the Marcinkiewicz interpolation Theorem.

We shall improve now the regularity obtained in Proposition 10. We consider ¢y > 0 (fixed) so
that K;q&‘oHﬂ:HLp.q(Q) < %

Proposition 11. (W?LP9(Q) regularity for p > N)

Let ¢ be the solution of (23) when T € L?9(Q2), p > N, q € [1,+0o0]. Assume, furthermore, that
i € LP4(Q)N and V € LP9(Q). Then

¢ € W2LP1(Q).
Moreover, there exist constants cc,, Kpqn > 0 such that

Kpgneey(L+|[V]|pra + ||E||LP’4(Q))
1= Kpqeolltllea

|l w2rra) < ||| Lpoa(e)-

16



Proof. We assume first that @ € V. Arguing as in Proposition 8, since we can assume that
T = div F for suitable F' we get that the solution ¢ of (23)is in W!LP9(Q) and then

~Ap=iVe+T— Ve LPUQ).

By the Agmon-Douglis-Nirenberg regularity results and the Marcinkiewicz interpolation theorem
we deduce that ¢ € W2LP4(2). Moreover, since p > N and ¢ € [1,+00], we have the following
continuous embeddings :

W2LPa(Q) < CL(Q) < LPI(Q).

The first inclusion is compact so we may appeal to Lemma 2.8 to derive that Ve > 0, there exists
ce > 0 such that

IV ¢l < ell@llwzrraca) + celldllLra(a)- (43)
From the equation satisfied by ¢, we have
1AG]|Lra() < lldl]Lra@)|[VOlloo + [[T]|Lra@) + [[VILral[¢lloo, (44)

and using the ADN constant

|llw2rra() < K;q(H(bHLT"q(Q) + ||A¢>||vaq(n))~ (45)

We combine those last three equations and derive that for any € > 0

16llwe oo (1~ eKallallra@) < Kiglldllzoa(1+cellllzno) )
+K;q||T||Lp,q(Q)(1 + ||V||Lp,q)K2N. (46)
Next, we consider %, € V such that 4}, — @ € V. Then, choosing ¢ = gy > 0 such that

eoKp, st}ip [|tk]|Lroa(0) < g0 we deduce from relation (46) that ¢ corresponding to the solution

of (23), that is —A¢y — Uk - Vo + Vg = T € L9(€2), belongs to a bounded set, of W2?LP4(2)
when k varies. Therefore, the strong limit ¢ in C1(€) is the solution of (23) and it satisfies also
the relation (46) for all € €]0,&¢]. From Proposition 6, we have

|0l Lra() < En(|T||Lra0)- (47)

Combining relations (46) and (47) with € = &g, we derive the result. O

The case where p = N can also be treated in the same way provided that the norm of 4 in
LN-1(Q) is small enough in the sense that

@]y < 0K for some 6 € [0,1], (48)
Ky, = K sup INE2IES (49)

sei@nw2LN1 @) [|9llwerva

Proposition 12. (Regularity in W2LY:1(Q)).

Let ¢ be the solution of (23) when T' € LY1(Q), V € LN1(Q). Assume that 7 satisfies relation

(48). Then ¢ € W2LN:1(Q). Moreover, there exists a constant K’ () (independent of @) such

that

KN+ [[V][L~a)
1= KR (][ v

l|ollw2oniq) < T~ (q)-

17



Proof. The proof follows the same argument as for the proof of Proposition 11. Nevertheless,
the embedding WLM* C C(Q) is not compact and this explains the condition (48). O

There are many other spaces between the space LP}(Q) and LY-1(Q) for which we can obtain
a regularity result for the second derivatives of ¢.

Here we want only to consider the space A = (LY (Log L)¥)N for 8> N — 1.

Indeed this space is included in LY:1(Q) and contains LP(2) for all p > N.

Theorem 3.1. (Regularity in W2LN(Q)).

Let T and V be in LY (), @ € A, div (&) = 0 and @ -7 = 0 on 9€2. Then the unique solution ¢
1

of (23) belongs to W2LY (Q) and choosing € > 0 such that e||i]|s < 3 there exists a constant

K. > 0 such that
K (14 |[al[a + [[V]lz~)

1 —ella]]a

l[llwzrv @) < T~ (-

The proof firstly depends on the following Trudinger’s type embedding :

Lemma 3.1. (Trudinger’s embedding)
We have

WaLN(Q) < L&, ().
Moreover, for all v € Wi LN (Q2)

«(T . 1
sup vl (t) — < Ko||[Vl|pvq), with Ko =

t<|Q Ql\ v
| <1+L0g%> No

Proof. According to the pointwise Sobolev inequality for the relative rearrangement, we have for
u = |v| (see Theorem 2.3)

2z

1
sv1

— |Vl (s). (50)
ay
We integrate this formula from ¢ to || knowing that u.(|2|) = 0, and using the Hélder inequality,

we get
1

1 12 1, 1 1\ ¥
wt) < —— [ sF I Vulu()ds < —— (Log Z) " [ Valualln. 651)
Na} Jt Naj t
Therefore from (51), implies using Theorem 2.2
Uy (T 1 1
sup O« L Valually < —|IVulls.
Noagy Noay

1
t<|Q Q\ v
. <1+Log%>

The key result for the proof of Theorem 3.1 is the following compactness inclusion :
Theorem 3.2. (Compact inclusion for Wi LN (1)).
1
WELYN () is compactly embedded in L, () for o > N

exp
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Proof. Let (u), be a bounded sequence in W}LY(Q). We may assume that u, — u in
Wi LN ()-weakly and almost everywhere in Q. Let ¢ = Max ||u,, — ul| 1, < oo
n L

exp

For € > 0, there exists § > 0 such that

¢ — < e forall t <9.
QN
(1 + Log u)
t
Therefore, we have : if t < §
|u’ﬂ — U||*S§T) a XX c T <€
] o\
<1+L0g : ) <1+Log|7)
if ¢ > 0 then, since |u, — u|4 is nonincreasing
1 6
= 0o <5 [~ ulu (5,
d Jo
so that s
n - * t 1
sup _un =z ul:(t) u||gg|) & < g/ [tr, — uli(s)ds.
t26 (1 + LOg T) 0

The right hand side of this inequality tends to zero as n goes to infinity. Hence, for n > n. with
ne large enough

sup ——=&
0<t<|9|
1+ Log —
( + Log 7 )

As a corollary of the above theorem, since W2LN N W3 LN — W3 L2, — LY, we have:

Corollary 1. (of Theorem 3.2)
Let a > . Then, for every € > 0, there exists ¢ > 0 such that Vv € W2LN(Q)n H{(Q)

[IV||Le

exp

< el|Avl|py + ce||v]| o~

Proof. We use the equivalence of norms [|v[|y2 L~ () g =|[Av|| Ly +[v[| L~ and apply Lemma 2.8
with
Y =WJLY (Q), X =W LYN(Q)nHI(Q), Z=L"(Q).

exp

O

Proof of Theorem 3.1. We first assume that @ € V, and T € L*°(2). Then, the unique solution
¢ of (23) satisfies

|AG]| v T~ +[[d@ - VollLy + VI [0l

<
< K@U+ [VIMITIN + @ V|- (52)
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‘We have

VolN(t Q\"?
- ol < [ ¥ (volar < sup D [ g <1+Logu) a,
Q. teQ. ( |Q|> Q. t

1+ Log —

t

which implies
1
180lley < IVolzg,, 1l with a = 2 > . (53)

Let € > 0 be fixed. There exists ¢, > 0 such that
G- Volliy < (el|Adl[n + cellollL)l]al|a
(see Corollary 1 of Theorem 3.2). Combining this with relation (52), we have Ve > 0, 3¢t > 0
1AG]| v (1 = ellal[a) < ez (1 + ||l + VI L) 17| (54)

Secondly, we consider T' € LY (Q) and % € V. There exist 1} € V such that @, — @ strongly in
A and T), € L*>®(Q) with
Twlly < T -

Then from relation (54), the solution ¢y, of (23) satisfies
Ak (1 = elluk]|a) < ez + [[a@x|[a + VL) Tl v (55)
We choose ¢¢ > 0 such that
1
gosup |luglla < 3
k

Then ¢ remains in a bounded set of W2LY(Q) N H}(2). So it converges to ¢ weakly in
W2LN(Q) N H}(Q) and we have

1AL (1 = eolllla) < ez, (14 [[a@lla + (V]| Lo)IT ] v, (56)
and )
ollLy < QN [[@lloc < Kn(E)TLr ()
(according to Proposition 6). This gives the results. O

4 Very weak solutions of problem (1) with and without
the Dirichlet boundary condition.

We now want to apply all those regularity results to the study of equation (1). We first start
with some definitions of the weak solution associated with (1).

4.1 Existence and regularity of the very weak solution for a locally
integrable potential V' > 0

We start by considering the existence of very weak solutions of equation (1) with the Dirichlet
boundary condition (23) when the potential V' is a nonnegative locally integrable function.
We can use the definition of very weak solution (see Definition 1.1).
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Theorem 4.1.

Let f € L'(£%6). Let @ be in LP1(Q)N with div (@) = 0 in D'(Q), @ -7 = 0 on 9. Furthermore,
assume that either p > N or p = N and ||u]|pnva < K39 (see (48)). Then, there exists a very
weak solution w in the sense of (16), which is unique, if V € LP1(Q).

Remark 6.
In section 4.2, we shall discuss the uniqueness of the v.w.s when V ¢ LYV:1(Q).

Proof. First, we assume that f > 0. Let u; € V be such that i@; — @ strongly in LP!(Q)" and
fi € L*(Q) such that 0 < fj(z) < f(z) a.e and f;(xz) = f(x) a.e. According to Proposition 4,
Proposition 11 or Proposition 12, there exists a unique function w; > 0 such that

{—AUJ]‘ + ’L_l:j . ij‘ + ijj = fj, (57)

wj € HY(Q) N W2LPL(Q),
which is equivalent to saying that
[ -a0—i;-9olar= [ rodr— [ Vot
Q Q Q (58)
Ve W2LPH(Q) N HE ().

We argue as in [20, 18, 36]. Let F be a measurable subset of Q and x g its characteristic function.
Then, there exists a non negative function ¢; € W2L™(Q), Vm < +oo, satisfying

—A¢j - L_L'J‘V(;Sj = XE in Q, (59)
¢; =0 on 0.
. R 1
We consider a small number € > 0 such e sup ||@;]| v < 3 Therefore, we have
J
1
lgsllw2rrve < Kollxelloy < KilE|N.
Thus
/ wjdr = / wi[ = A¢j —1i;Vesldr < / fidj < Ka </ |fj|5> ldsllwapna
E Q Q Q
< KBl [ |gléde (60)
Q
By the Hardy-Littlewood property we conclude that
sup 3 |w|us (£) < Ko/ |f;l0dx < KO/ | f|oda. (61)
<19 Q Q

Moreover, choosing ¢ = 7 as the test function with —Ap; = A1, and ¢1 = 0 on 912, we have
M [ wierdo+ [ Vigerds < 190l logllywr o [T llvs + ¢ [ 1551600
Q Q Q

< o1+l gxn) / \f; |6,
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for a suitable constant ¢ > 0. Thus Vjw; remains in a bounded set of L'(£2;§) and

/ V;‘(J.)j(de < C(]. + ||ﬂ'j||LN.1)/ |fj|5dx (62)
Q Q

If f has a constant sign, we write f; = fj4 — f;— with f;4 = max(f;,0) > 0.

Denoting by w;.r the v.w.s. associated to fj4 and by w;" the one associated to f;—,we see that
wj = wj+ —w; satisfies (58) and we have also the estimates (61) and (62).

In particular, since |w;| < wj +w;

/Q‘/}|wj|§dx < c(l + ||’LLj||LN,1) /Q | filode. (63)

We conclude that (w;); converges weak-* to w in LN">°(Q) = (LNvl(Q))*. To obtain a
strong convergence, we need a local estimate of the gradient. For that purpose, we shall prove
the boundedness of w; in the Lorentz-Sobolev weighted space WlLH%’O"(Q;é). For this, we
shall need the following result due to Philippe Bénilan and co-authors whose proof can be found
in [5] Lemma 4.2, with generalization in [40].

Proposition 13.
Let v € LY(Q,0%), and o € [0,1]. Assume that there exists a constant co > 0 such that for all
k>0

Tr(v) := min(|v]; k) sign (v) € W'L?(Q, %),

and
/ |VTk(v)|26“da:+/ ITh(0)[20%dz < cok. (64)
Q Q
Then, there exists a constant ¢, depending continuously on ¢y > 0, such that for all A > 0

C
0*(x)dr £ ————.
/{a::Vv(m)>/\} )\1+N+1’_1

In particular, if v; is a sequence converging weakly in L*(Q) to a function v, satisfying the
inequality (64)

/ VTk(v;) 269 < cok Vi, Vk,
Q

N+«

then v; converges to v weakly in W14(Q') for all g € [1, Nia_1

[ and all Q' cC Q, with a
subsequence, v;(z) — v(x) a.e. in Q.
We first need to prove the following a priori estimate :

Proposition 14.
Let w; be the solution of (57), w its weak limit in L °°(Q2). Under the same assumptions as for
Theorem 3.1, there exists a constant ¢y > 0 such that:

/!VTk(wj)|26dx+/ [VTi(w)|*6dz < cok Yk >0, V.
Q Q
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Proof. Let 1 be the first eigenvalue of the Dirichlet problem —Ap; = A1 in 2, 1 = 0 on
0f). Then, there exist constants such that ¢;0(z) < ¢1(z) < c2d(x) Va € 2. We consider the
approximate problem given in equation (57) say

—Awj +1j - Vw; + Vjw; = fj,
w; € W Q) N W2LPH(Q),

with |f;(z)| < |f(2)], f; — faed@; — @in LP1(Q)N —strongly and w; — w weakly-* in
LN 20 (Q).

For k > 1, we choose Tj(w;)p1 as a test function; then Vjw,;Ti(wj)e1 = 0 and we derive after
some integrations by parts :

/|VTk(wj)|2<p1da: + Al/wl(/Tk(a)dU> dx — / ;- Vi / Tk(a)dada:<02k/ |f|odz. (65)
Q o Vo Q 0 Q
This relation implies:

/|VTk w))|28(z C3k;/ |wj|6da:+ch/ |f|5dx+c3k/ it |o; . (66)
By the Holder inequality
[l lstde < call oo -yl < calll | |fisda. (67)
From relation (66) and (67), we then have :
[ 9T Patels < sl ( [ 111502 ) v (68)
Letting j — 400, we deduce from (68) and Proposition 13 :

/ |VT5(w)[?6(z)dx < cok with ¢ = c5(1 + ||ﬁ||LN,1)/ |f|odz.
Q Q

Then the LNI’OO—regularity of w implies

/|Tk(w)|26das < cok/ lw|dz.
Q Q

Corollary 2 (of Propositions 13 and 14).
Let w be as in the proof of the previous proposition. Then, there exists a constant cg > 0 such
that

O

196l 11wy < 6 [ (@8N

1
In particular, we have, for all ¢ < 1+ N

[ Ivertst@s <, [ 1@lsta
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To pass to the limit in (57), we argue as in [19] p. 1041. We emphasize the main differences
due to the additional term - Vw.

Let us note that by the above Proposition 11, we have (for a subsequence still denoted as
(wj);) that

1. wj(z) = w(z) ae. (and thus Vjw; = Vw a.e. in Q).
1
2. wj — w weakly in Wh9(Q; ), Vg <1+ N

3. wj = w strongly in L"(Q), for any r < N'.
In particular, we deduce from the above statement 1., relation (63) and Fatou’s lemma

Lemma 4.1.
Under the assumptions of Theorem 4.1 and Proposition 14 one has

/V|w|§dm<c<1+||u||LN,1>/ | f|ddz.
Q Q

Lemma 4.2.
Under the assumptions of Theorem 4.1 and Proposition 14 one has

lim / |@jw; — tw|dz = 0.
Q

Jj—+oo
Proof. Since i; — i in L™1(Q), and a.e. in §, we have

i iy (2)w(r) = d(z)w(z) ae.

It is enough to show that (;w,); satisfies Vitali’s condition : ¥e > 0 3 > 0 such that if E C Q

is measurable with |E| < n then

limsup/ |tjw;lde < e.
E

j—+oo

But from Holder’s inequality we have

|ijwj|de < ||d;]|pva gyl lwill gy @) < ellidgllzva ey
5 ()

so that
1imsup/ |ijw;l|de < cl|d]| v g)-
j—+oo JE
Since
]| vt 2y m 0,
we derive that it satisfies the Vitali condition. Therefore, we have proved the lemma. |

Then we have the following result analogous to Lemma 2.3 of [19].
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Lemma 4.3.
We assume that V € L}, (), and V > 0. Then

loc
Viw;jd = Vwd weakly in Li ().
Furthermore, if V € L(£2;4), then
Viw;d — Vwd weakly in L'(Q).

Proof. Let t € R;. Consider a sequence of functions v,, in C*(IR) N WH*°(IR) such that

v =0 Vs ecIR,
Ym(s) — —1fors< —tasm — +oo,
Ym(s) — 1for s>tasm— +oo,
Ym(s) = O0on —t<s<t,

and let 1 € 02(5) with —Agp1 = A1 in Q, o1 =0 on 92, A; > 0.
Taking ¢1vm(wj) as a test function in relation (57) we get

Aij~V(¢17m(wj))+/Qijj<p1(7m(wj))da: + /Qﬁj'vwﬂm(wj)@ldx

- / Fvm (w31 (69)
Q

We write Vw;vm(wj) =V {/ ' ’ym(a)da:} so that
0

[ @ Vaymeds = = [ divluen) [ o)dods
Q Q 0

_/ngvspl (/Owj 'ym(a)da) dzx.

As m — 400, treating the remaining terms in (69) as in [19], we derive

/ Vi |w;|6de < ¢ / |f|6d9c+/ |wj|6dx+/ it ooy | - (70)
|wj|>t lwj|>t lwj|>t |wj|>t

This relation proves that Vjw;6 remains in a bounded set of L'(€2) but also that the set

{Vj|wj|5, je ]N} is x compact for the o(L'; L>)-topology, so we may appeal to the Dunford-

Pettis to conclude. Indeed, let us set

L;(t) ::/ |f(2)|6(x)dz +/ |w;|ddz +/ |djw;|da.
lwj|>t lwj| >t lwjl >t

For a.e. t > 0,

lim I‘j(t):F(t):/l |>t|f(x)|5(x)d:c+/

J—roo |w|>t

|w|ddx —|—/ |tw]|dz,
|w|>t

and
constant

'{Iw|>t}ﬂ+sgpﬂ{lel>t}(< T
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we deduce that for any € > 0, there exists t. > 0 such that, for all j € IN,
Fj (ts) Le.
Let Qo C Q such that Vi§ € L1(€) (thus Qp # Q if V is only locally integrable). Then by the

Lebesgue convergence dominate theorem for a.e. t,

tim [V () = xotan @)V (@@ d()de = o,

j—+oo
since

lim [ Vw]dde =0 (Vw(S € Ll(Q)).
[A]=0 /4

Therefore there exists n > 0 such that if A C Qg, |A] <7, then for all j € IN|

/ Vjlwjlodz < e.
An{Jw;|<te}
Hence, for all j € IN, all A C Qq, with |A] <7
/ Vjlw;jledz < Tj(te) +/ Vjlw;lddx < 2e.
A A
This conclude the proof of Lemma 7. |

The passage to the limit, we will distinguish two different cases :

1. Case V € L'(Q;6) For all ¢ € C?(Q2), ¢ = 0, we have

lim/ Viwjpdr = / Vweodx (71)
i Ja Q
(since ? € L>(Q2) and V,w;é converges to Vwd for o(L'; L) topology). Therefore, since

— / UJjAQSd(E — / ﬁjoV¢d$ -l-/ Viwjddr = / fj¢d$, (72)
Q Q Q Q
we let j — 400 to deduce that w is a v.w.s. using Lemma 4.2 and the convergences of w;.

2. Case V € L} .(92) We consider ¢ € W2LN:1(Q) with support ¢ be a compact in 2. Then

loc

the same argument holds since V;w;d tends to Vwd weakly in Li,.(92). Then (71) and (72)
hold true

/ w[ - Ap— TV + Voldz = / Foda,
Q Q
V¢ € W2LN-1(Q), support(¢) compact in €.

(73)

If V € LP1(Q), the solution is unique. Indeed, if we denote by w the difference of two solutions
then

/ [— Ap — @V + Vga}wdx =0 Yye ), ¢=0on Q.
Q
Let us consider the function ¢ solution of

—A¢ — UV + Vo = sign (w), (74)
¢ € Hy(Q).
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Then ¢ € W2LN1Q — C1(Q) for V € LN1(Q). Thus
/w[—A¢—ﬁV¢+V¢]dm=0, (75)
Q

since {ap €C?*(Q):p=0o0n 89} is dense in W2LN-1(Q)N H} (). Combining the relations (74)
and (75) we find :
/ |wlde =0 i.e.w=0.
Q

O

4.2 A result of uniqueness of solution when the potential is bounded
from below by cd™",r > 2

The purpose of this section is to show the following uniqueness result.

Theorem 4.2.
Assume that V is locally integrable V' > 0, and such that

Je>0, V(z) 2 cd(xz)™", in a neighborhood U of the boundary, with r > 2.

Then, the v.w.s. w found in Theorem 4.1 is unique.

This theorem relies on the following general result which does not require any information
about the boundary condition, since the required additional information is written in another
way :

Theorem 4.3. (Comparison principle)
Let @ be in L'(Q;677) N WLHQ), 7 > 1. Let @ € LN*°(Q) and @ € LP'(Q) with p > N or
p = N with a small norm. Assume that

Lw= — Aw + div (¢w) < 0 in D'(Q).
Then
w<0in Q.
As an immediate corollary of the above theorem we have

Corollary 3. of Theorem 4.3
Assume the hypotheses of Theorem 4.3 hold and let f € L} (€). Then there exists at most one

loc

function @ € LY(Q;6~7) N W21 (Q), r > 1 solution of Lw = f in D'(Q).

loc

For the proof of Theorem 4.3, we need the following extension of the Kato’s inequality whose
proof is similar to the one given in [30] :

Theorem 4.4. (Local Kato’s inequality)
Let w € Wziml () with @ @ € L}, .(Q). Assume that Lw = — Aw + div (¢ w) belongs to L}, ().
Then

1. V¢ e D), v >0, /E+L*wdx < / sign | (W)L(w)dx,
Q Q

i.e. L(wy) <sign (w)L(@) in D'(Q).
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2. L(Jw|) < sign (w)L(w) in D' (Q).
Here
1 1 1 ]
sign (@) =4 L0 gy =4t 0
0 if 0 <0, -1 if o0<O,

L = —A¢y — @ -V, for p € CZ(Q).

Proof. Following [30], we first remark that for any a € C°(Q), L(aw) € L(Q) since, one has,

in D'(Q),
L(a®w) = olw — WA« — 2Vw - Va + (i) - Va € LY(Q).

Thus, the conclusion 1. will be proved if we show that

L(aw)4 < sign , (aw)L(aw) in D'(Q).

For this purpose, we may assume that @ € W11(Q) with compact support and L € L(Q).

Moreover, if p; € C2°(IR") is a sequence of mollifiers, and @ p; € C°(2) we have

L@xp;)=Loxp; — Lw in L'(Q).

So, it is sufficient to show the inequality number for @ € C°(€2). From here, we argue as for the
case where L is replaced by the Laplacian operator (see Proposition 1.5.4 p.21 in [30] for more
details). We approximate the functions sign . by a sequence of convex, non-decreasing functions

h. such that
lim (1) = sign , (£); lim ho(t) = £,

sup |hL|(t) is independent of €.
e>0
Thus, for all ¢ € C°(Q2), ¥ > 0, we have
/ he (@)L pdz < / Vb (@)Lwdz,
Q Q
where L*¢ = —Ay — 4 - V.
Indeed, h.(©) is in C°(Q2) and then the convexity of h. implies
/ Yhl(w)Lwdr > — / he (W) Apdz + / aphl(w) - Vodz.
Q Q Q
Since div (@) = 0, and h.(w)Vw = Vh (@) we have
/ T (@) - Viodz = / @ - Vhe(@)de = —/ @ - Viphe(@)dz.
Q Q Q
Thus we get (76).
As in [30], letting € — 0, we have
/ W L dr < / ysign | (W)Lwdx Y € D(Q), ¢ > 0.
Q Q

We derive conclusionl., as in [30], for @ € W11(Q) and the same for conclusion 2.
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To extend the set of test functions from D(12) to other sets of functions we need the following
approximation result.

Lemma 4.4. (Approximation of functions in W"*°(Q) by a sequence in W)>°(Q))
Let W2 (Q) = {g@ € W™>(Q) with compact support}, 1 < m < 400 and assume that 92 is

of class C™, r > 0. Then, for p € W™>(Q) there exists a sequence (pn)n, ©n € W/H*(Q),
such that

1. 0"(D%py) — 0" (D%p) strongly in L>°(Q), for all « such that |a| < r.
2. Moreover, if ¢ € Wy ™ (Q) then

sup [|[Venlleo < callV@l|oo, (cq with independent of ),
n

3" (D%py) — 6" (D%p) strongly in L>(Q) for |a] < r+ 1.

3. If ¢ > 0 then one can take ¢, > 0.
4. If ¢ € C™(Q) then ¢, € C™(2). By the density of C2°(Q) in C™(Q), ¢, in this case can
be taken in C2°(Q).
1 ifo>1,
Proof. Let h € C*°(IR) be such that 0 < h < 1, h(o) = l 7
0 ife<O

Since 9Q € C™, § is of class C™ in a neighborhood U of 9§ (see [22]). Let 0 < £ < 1 be such
that
[re:isw <cfcu

he(z) = h (M> : (77)

€

and define, for = € ),

so that he(z) =1if §(z) > ¢, he(x) > 1 ase — 0, and he(z) =0 if §(z) < &/2.
One has
|D%h.(2)] < ce 12l for a constant ¢ > 0 independent of  and e.

Since we have, by Leibniz’s formula

D(p(1—ho))(x) = Y 35D p(2)D7 (1~ he)(a), (78)
B+y=a

(cyp are constant depending only on «, ) and for v # 0.
(@) Dhe ()] < e, (79)

we then deduce, that

F"(@)| D (1 —ho))(@)| <e | D [DPp(@)|eT 467D |(1 - he)
B+y=a,v#0

Therefore

up (@) D (1 = e )| < ee7lel . (80)
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1
Taking € = —, and ¢,, = h1 ¢ is convenient for large n > ng. If furthermore ¢ € W, > () then
n o

lp(@)] < 0(2)[[Vepl|oo-

Hence,
oD (1 - hg))(xﬂ <ed (@) e Z |DP | (2)| DY (1 — he) |67 () < ce™loIHrHL,
B#0,B+vy=«a
On the other hand

o(x
on b(z) <& [V(ehe)(0)] < ol The(a)] + 2l < el Vil |14 22
< c||Vel|oo,
on 8(z) > & Vi (w)| < 2Vl

Moreover, one has
2)| V(6(1 = he) |(2) < 871Dl (@) (1 = hel@)) + 67+ (@) Vel oo [V | < 2

O

Thanks to the above approximation lemma we can modify the set of the test functions in the
Kato’s inequality as follows

Corollary 4. gof Theorem 4.4 : Variant of Kato’s inequality)

Let @ be in WuH(Q) N LN>°(Q), @ € LY (Q677) for r > 1 and @ € LNY(Q)N with div (7) =
0, @ -7 = 0. Assume furthermore that Lw = —Aw + div (iw) is in L*(Q;6).

Then for all ¢ € C?(Q), ¢ =0 on 9Q, ¢ > 0 one has

. /w+L ¢dx</¢81gn (w)L(w)dx,

2. [ felltods < [ osign @)L@)ds

where L*¢p = ~A¢ — @ - Vo = —A¢ — div (@d).

Proof. Let ¢ > 0 be in C?(Q) with ¢ = 0 on 9. Then according to Lemma 4.4, we have a
sequence ¢, € C2(€2), ¢ > 0, such that

§"Ap, — 0"A¢p in C(Q) forr > 1,
0"V = 0"V in CQY, [[Vén|loo < ||V

Therefore
lim Wi Appdr = lim W 0 " Appdr = / W Agdx,
Q

n—-+o0o Q n—-+oo Q

since wy € LY(;67") and r > 1.
By the Lebesgue dominated convergence theorem, one has

lim [ @-Vo¢,w,dr = / @ - V¢w, dx, since @-wy € LYQ)N.
Q

n—-+oo Q
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Therefore

/E+L*¢dx = lim [ wyL*¢pdx < lim /¢nsign+wsign+Lwdx
Q Q

n—o0 Q n—-+oo

= / ¢sign , wLw (since @ < |IVonlloo < €||VO||oo)-
Q

Now we come to the proof of the uniqueness result stated in Theorem 4.2.

Proof of Theorem 4.2. Since the v.w.s. w satisfies Vw € L1(;0), so if V > ¢6~", for r > 2, we
have in a neighborhood U of 92

/ w|6~ "V < c/ V]w|ddz + cl/ |wldr < +o0.
Q U Q

Thus w € L'(Q;077) with 7 =7 — 1> 1 for r > 2.
If wy, we are two v.w.s. then w = wy — weo

Lw = L(w; — wo) = —Aw + div (iiw) = —Vw € L*(Q;6).

We deduce from the Corollary 4 of Theorem 4.4 that V¢ > 0, ¢ € C%(Q), ¢ =0 on 99
/ |w|L*pdx < —/ ¢sign (w)Vwdr = —/ ¢ Viw|dz < 0.
Q Q Q

For @ € LP1(Q)N, (p > N as in the statement of Theorem 4.2) let us consider ¢g € H(Q)
solution of
L¥¢o = —Ag¢o — i Vo = 1.

Then ¢g = 0, ¢g € W2LP1(Q) according to the above regularity result, (see Propositions 11 or
12) and ¢y can be approximated by a sequence ¢g; € C2(Q), ¢o; = 0, ¢o; = 0 on I satisfying
L;f(z)oj = —A¢0j — Uj} . V¢0j =1, ’ljj — U in Lp’l, ’ljj ev,

so that
|[@ojllwzrea < c.

Indeed, we may assume that ¢o; converges weakly to a function 50 in W2LP1(Q),
Voo, (x) = Vo (r) and ¢g;(z) = ¢o(x) a.e. x € Q.

Since
/ o] i — ) < |15 — @l o] e
Q
and
[[Vo;lleo < c,

we deduce that

lim / |w|ﬁj : V(boj = / |W|’lj Vaodl‘
Q Q

Jj—+oo

Thus _ _
L*¢y =1, ¢, € W2LNH Q)N HL(Q).
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By uniqueness ¢, = ¢ and then L} ¢oj — L*¢o weakly in LN1, Since, we have

/ |U.)|L*¢0jd$ < 0.
Q

0< / |lw|dz = / |w|L} dojdz < / |w| (L} poj — L*¢o;)dr ——— 0,
Q Q Q j—+oo
we arrive to w = 0. O

Remark 7. _
In Theorem 4.3 and Theorem 4.4, if @ = 0 (or @ € C1(Q)") then we can weaken the conditions
on @ reducing it to @ belongs to L'(Q;6~"), r > 1. Then the above conclusions hold true.

Remark 8.

In fact, in Corollary 3, we can state that the unique solution of (1) (without any indication of
the boundary condition) must satisfy that w = 0 on 02 at least if w is differentiable. Indeed, a
consequence of Lemma 7 we have

LYQ,6 ) NWHLPYQ) = W LPY(Q) if r > 1 (1 < p,q < +00).

Remark 9. There is a large amount of works in the literature in which the uniqueness of
solutions of suitable elliptic problems is established without indicating any boundary condition
but these previous papers deal with degenerate elliptic operators (see, e.g. [3], [4], [21] and the
references therein). We point out that the main reason to get this type of results in our case (in
which the diffusion operator is the simplest one and is not degenerate) is the presence of a very
singular coefficient of the zero order term (the potential V' (z)) which is ” pathological” since it is
more singular on the boundary of the domain than what the Hardy inequality may allow.

4.3 Boundedness in LY (Q) of the v.w.s., regularity and blow-up in
absence of any potential (I =0)

Since the very weak solutions found in Theorem 4.1 needs not be in L!(Q) our main goal now
(assuming V = 0) is to analyze under which conditions w is globally integrable. We have

Theorem 4.5. (Integrability in LY (12).)

1N 11
Let f be in L' (€ 6(1+[Logd)) N) Nt =LV =0,d€ (LN (Log L)Y, with #> N -1,
div (@) = 0in Q and @ -7 = 0 on 0. Then the unique very weak solution w of equation (1)
belongs to LY ().

We recall the

Lemma 4.5. (see [37])
Let Q be a bounded open Lipschitz set and o > 0. Then, there exists a constant ¢, (£2) > 0 such
that V¢ € WL, (Q)

exp

9(2)] < ca()d(2)(1 + [Log o(x))*||V 4|

Lo (Q)-

exp

Proof of Theorem 4.5 (boundedness in LN'(€2)). Let w be the very weak solution found in The-
orem 4.1 and assume that )
fe L' (2601 + |Logd|)~).
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We know that there exists a sequence @; € V such that the corresponding sequence (w;); satis-
fying relation (58) verifies w; — w weak-* in LN"°° and that V¢ € HE N W2LN(Q)

/wj[—Aqb—u_;VqS]dx:/fgbdx. (81)
Q Q

Here ii; converges in (L~ (Log L)¥)N = A to i strongly where 3 > N — 1. Let g € L¥(Q)and
let ¢; be the solution of

b; € W2LN(Q) such that — A¢; — i;V¢; = g in Q, ¢; =0 on Q.

Then according to Theorem 3.1, we have

L+ [ld;]a
) <K J
||¢g||W2LN(Q) ] _6||ﬁj||A||g||LN(Q)7
with 1
esup ||t;]|a < 3 for some ¢ > 0.
J
Thus

djllw2rn @) < K(Q)]lgllz~ 9)- (82)
By the Trudinger’s type inclusion (see Lemma 3.1)

IVeill 3, < Kiolldjllwzrv @) < Kullgllev @) (83)
exp

Therefore, considering equation (81), we have

[ wrada = [ fods (34)

1
with the help of Lemma 4.5 with o = N and estimate (83), this relation gives:

/wjgdﬂc < K12||9||LN/ |£16()(1 + |Log d(x)|) " da. (85)
Q Q
Hence
swp [ wygds < Kz [ 11100)(1 +[Logo(a)]) ¥ d, (36)
llgll  n=1J Q
which shows that :
1
ol () < K12/9|f|5(x)(1 + [Log d(z)|) v du, (87)
proving the result. |

For the case V = 0, we can always obtain the W4(Q)-regularity, for ¢ > 1, provided some
integrability on f but also on 4. Here is a first result in that direction :

Theorem 4.6.
Let f be in LY(Q;(1 + |Logdl|)), V = 0, and @ in bmo,(Q)". Then, the very weak solution
found in Theorem 4.1 belongs to W' ().
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Proof. As before we consider the approximating problem (57) with @; = @, say

—ij +u- ij = fj in Q,
wj € HY(Q) NW?2LPL(Q) Vp < +oo.

Thus, taking ¢ € Wbmo, (Q) we have
/ Vw; - Vodx +/ U-Vwjpdr = / fipdx <= / [ij Vo —1i- Vqﬁwﬂdm = / fiod.
Q Q Q Q Q
ij

V|
Proposition 10, there exists a function ¢; € W}bmo,(f2) such that

Let I} = if Vw; # 0, and 0 otherwise, F; € L®(Q)Y, [|Fj|l« < 1. According to

—A¢; —iV; = —div (Fy), and [|¢]lwpre < col[Fjl|e <cq < +ooVg>1,

<:>/V¢ngadx—/ﬁv¢j<pdx=/Fng0dx Vo€ Hi(Q).
Q Q Q

Choosing ¢ = w;, we have

/ |ij|d$ = / V(bj . ij dx — / a - V(bjwj dx = / fj(z)j dz. (88)
Q Q Q Q
From Lemma 4.5, and by the John-Nirenberginequality (see [47]) we have :

|6 (@)] < e(Q)d(2)(1 + [Log d(2) NIV l|r.., < c(@)d(z)(1 + [Log(z)[)[[Vejllbmo. @) (89)

We recall that
[IV@illbmo, < K([[Fjlloo + [[Ugjllbmo,) < ¢, (90)

since ¢; — ¢ strongly in C%%(Q2) (see Proposition 10).
Combining (88) to (90), we have

[ IVesldz < ¢ [ 1515)1 + Logahds < K [ 171501 + Logd])da (91)
Q Q Q
using also the fact that

w; — w strongly in L9(Q) ¢ < N,

1
wj — w weakly in VV&)(?(Q) l<g<1+ N’

we deduce that :
/ Veldz < c/ 1£15(1 + |Log o) d.
Q Q

O

Let us prove that if we enhance the integrability condition on f to f € L*(£,6%) for some
a €]0,1] then we can weaken the condition on 4 to @ € Ll%(Q)N and in that case we have
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Theorem 4.7.

Let f be in L'(Q,d%) for some a €]0,1[, V =0, @ € L%(Q) with div () =0, @-7% = 0 on
0. Then, the very weak solution w found in Theorem 4.1 belongs to W(}LN—LHQ (Q). Moreover,
there exists a constant K (a;Q) > 0 such that

|l

s e gy < K@D (L 1] )

The proof of Theorem 4.7 relies on the following result, dual of Proposition 8.

Proposition 15.

’ o 1 1 1 1
Let @ € LP(Q), p> N,q € [1,400], V =0, and F € LP -7 (Q)V, 54—]7 =1= p + 7 Then
there exists @ € W LP4 (Q) such that
— AW+ - Vo = —div (F), (92)
which is equivalent to
a(w;qb):/Vw-Vqux—i—/ﬁ-Vw¢dx:/F-V¢dx (93)
Q Q Q

V¢ € WiLP9(Q). Moreover
||Vw||Lp/,q/ < qu(l + ||a||L1”‘1>||F||LPCq/

Proof. Let G be in LP4(Q)N, p > N. Following Proposition 8, there exists a function ¢o €
W LP4(Q) such that

/V¢0~V@fx—/ﬂ~v¢ogpdx:/G~V<pda: Ve CF ().
Q Q Q

Since

—/ U - Voopdr = / iU - Voo dx,
Q Q
by using a density argument over the set of test functions there exists
alpetn) = [ Voo Vo [@-Vonn= [ G-Vpds  vpewirrd@. oy
Q Q Q
Let Fy, € L°(Q)N, with |Fj.(z)| < |F(z)| in Q. Then we have that @ € WILP4 (Q) N H'(Q)

such that
a(@Wk, ) = / Fy,-Védr Vo € WiLP(Q). (95)
Q

Choosing ¢ = ¢¢ in this last equation, we find that
/ G -Vw,dz = a(wk, (250) = / Fy - Voo de. (96)
Q Q

Following Proposition 8, we have

IV @ollrra < Kpg(1 + [ Lra)[|G][ oo (97)
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From relation (96) and (97), we have

/QG Vg dr < Kpg(1 4 [|€]| o) | Fl| oo [| Gl oo (98)
So that we have
sup /G-Vwkdx < Kopg (14 11l 00| F o (99)
[I1GllLp.a=1JQ
V@] Lorar < Kpg(L+ [[a]| Lo.a) [[F][ oo - (100)
By standard argument, we derive the existence of W satisfying (92) as a weak limit of @y in
WILPHa(Q). O

Proof of Theorem 4.7. Since f € L(£2;§%), according to [18], there exists F' = Vv € [~=1F= (N,
f = —div (F). Moreover, the function Fy, = Vuy, satisfying —Avy, = T (f) converge to F' strongly
in L~-1va ()N (vg, and v are in W&L%M(Q))

Since the very weak solution w found in Theorem 4.1 is the weak-* limit of the solutions of
the regularized problem

—Awy + U -V = fi = Tk(f) = —div (Fk),
wr € W2L4(Q) N HY(Q) with ¢ = IL > N,
—

and N
IVwrll Lo ) < Kq(L+ (|l L)l | Fellpor ()r ¢ = Noira
letting k — 400, we derive the result once we know that ||F|[,. < cl[f]|L1(0,50)- O

When a = 0, that is f € L(Q), we can weaken the integrability assumption on @ as we state
in the following result :

Theorem 4.8.

Let f be in L}(Q), V =0, @ € LY(Q)" with div (@) = 0 on 09, i -7 = 0 on 9. Then, the very
weak solution w found in Theorem 4.1 belongs to Wa LN »>°(Q).

Moreover, there exists a constant ¢(§2) > 0, independent of @, such that

IVl pnr oo ) < (D fllL1(0)-
Proof. Let ii; € V be such that @; — @ in LV (Q)Y, and let f; € L>(2) be such that |f;(z) <
|f(z)| and f;(z) — f(x) a.e, x € Q.
Let us consider the functions w; € W2L™(Q) N H} () Vm < +o0 satisfying
—Awj + U - Vw; = fj.
Then o
J
/ VT (w;)|2da +/ Z;- v/ Ty(0)do = / () f, () de,
Q Q 0 Q

and since by integration by parts we have /

Uj - V/ Ty (0)do = 0 we get
Q 0

/|VTk(wj)|2d:c < k/ |f(z)|dx. (101)
Q Q
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By the Poincaré-Sobolev inequality

[ 1) Pds < cak [ |7(@)da.
Q Q

By Proposition 13, we deduce that
Vw5l ey < €0 / \f(2)|dz.

Since @; — @ in LV (Q)" and by compactness w; — w in LN (Q)
(note that WILN>=(Q) — LNJX2’°°(Q) for N > 3 ( see [35])), we then have for all ¢ € C?(Q)
with ¢ = 0 on 00,

/ wji;Vode —— [ wii- Vodr,
Q J=toe Jo

so that w solves (16) for V = 0. O

As for the case @ = 0, the additional regularity questions are numerous; for instance, does
there exists a datum f € L'(Q;6) for which we have

/ |Vwldx = +o0 or / |w|N dz = 007
Q Q
For the explosion of the norm of w in L', we can adopt the same proof as for the explosion

of the gradient in L!(Q2). We have

Theorem 4.9. (blow-up in LY (Q))

Assume that N > 3, @ € Co*(Q)N, a > 0, V = 0. Then there exists a function f in
L (€;6)\L*(€2,6(1+|Log d]) %) such that the very weak solution w found in Theorem 4.1 satisfies
that w does not belong to LY (Q)).

First we recall the following result that can be proved as in [39] (see also [40]).

Lemma 4.6. Let N > 3. There exists a function g € LY (Q) such that the unique solution
P € W2LN(Q) N HL(Q) of —Ay — i - Vip = g satisfies :

1. Y(x) 2 1d(x), YV,

2. sup{%, er} = +00,

3. L1 (Q;6)\L'(Q,v) is non empty.
Arguing as in [39], [1], we consider gr = Tx(g), g given by Lemma 4.6 such that
€ W2LA(Q) N HY(Q) for all ¢ < 400, —Atpy, — iV i = Ti(g).

Now assume that for all f € L*(Q;d), we have for the v.w.s. ||lw||,n» < +00. Then by
the Banach-Steinhauss uniform boundedness theorem as in [1, 39], we derive the existence of a
constant ¢y > 0 such that

llp < co / flde ¥ f e L}(@s0),
Q
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and
/ wl—Ap—i@-Vo|dr = / fode Vo e WALV Q)N H(Q).
Q Q
Taking ¢ = ¢y, and f € LY (€;6)\L} (€2, 1) we see that

0< / e = / wi dz < ||l gl < +oo. (102)
Q Q

Letting £ — +00, we have a contradiction since

T T T
Q Q
which concludes the proof Theorem 4.9. |

Remark 10.
We can give the more precise information that the function f in Theorem 4.9 is not in L*(Q;6(1+
|Log 5|)$) (due to Theorem 4.5).

4.4 Some final conclusion

In the opinion of the authors, the results of this paper open many different further applications in
different directions. Besides the consideration of the list of concrete problems mentioned in the
Introduction other studies can be carried out. For instance, following the arguments of [19], it is
not complicated to extend many of the results of this paper to the study of semilinear problems
for which equation (1) is replaced by the equation

—Aw+ - Vw+ Vw+ B(z,u, Vu) = f(x) on Q,
when £ is nondecreasing in u. Moreover the consideration of parabolic problems of the type
wr — Aw~+ - Vw~+Vw+ B(z,u, Vu) = f(t,x) on Q x (0,T),

can be carried out with the help of the results of this paper (mainly the L!(£;§)-accretiveness
property of the associates operator). The details will be given in some separate work by the
authors.
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1. Introduction and main result

This note is a follow-up of the papers by Y. Aflalo, H. Brezis and R. Kimmel [2] and Y. Aflalo, H. Brezis, A. Bruckstein, R.
Kimmel and N. Sochen [1].

Let Q@ c RN be a smooth bounded domain. Let e = (e;) be an orthonormal basis of L?(2) consisting of the eigenfunctions
of the Laplace operator with Dirichlet boundary condition:

—Ae; = Aje; in L, (1)
ei=0 onJdQ.
where 0 < A1 < Ay <Az <--- is the ordered sequence of eigenvalues repeated according to their multiplicity.
We first recall a very standard result:
Theorem 1.1. We have, foralln > 1,
n 2 2
IV
| f=Y (fepei| =——E  VfeH)). (2)
- Ant1
i=1 L2
Here and throughout the rest of this paper (-, -) denotes the scalar product in L2().
Indeed, we may write
n 2 +00 2 +00
” F=Y (fepei| =| Y (fevei| = Y (f.e)”. (3)
i=1 L2 i=n+1 2 i=n+1
On the other hand,
“+00 “+o00 +0o0o
IVAZL =) "aifen? = D mi(f.e)* = np1 Y (f.en? (4)
i=1 i=n+1 i=n+1

Combining (3) and (4) yields (2). O
The authors of [2] and [1] have investigated the “optimality” in various directions of the basis (e;), with respect to
inequality (2). Here is one of their results restated in a slightly more general form.

Theorem 1.2 (Theorem 3.1 in [2]). There is no integer n > 1, no constant 0 < o < 1 and no sequence (Yi)1<i<n in L%(Q) such that

2
o
< A—aniz Vf e Hy(Q). (5)
n+1

‘ F=Y (f v

i=1

L2

The proof in [2] relies on the Fischer-Courant max-min principle (see Remark 3.3 below). For the convenience of
the reader, we present a very elementary proof based on a simple and efficient device originally due to H. Poincaré [5,
pp. 249-250] (and later rediscovered by many people, e.g., H. Weyl [7, p. 445] and R. Courant [3, pp. 17-18]; see also H.
Weinberger [6, p. 56] and P. Lax [4, p. 319]).

Suppose not, and set

f=cier1+caex+ -+ cnep + cnrrentn (6)
where ¢ = (c1,¢2,-+,Cn, Cny1) € R"™1, The under-determined linear system
(fy’#i):O, Vi:17"'9n (7)

of n equations with n 4+ 1 unknowns admits a non-trivial solution. Inserting f into (5) yields

n+1 n+1 n+1

An+1 ZC,Z §aZAiCi2 < OApt1 ZC,Z (8)
i=1 i=1 i=1

Therefore Z?L] cl.2 =0 and thus ¢ =0. A contradiction. This proves Theorem 1.2. O

The authors of [1] were thus led to investigate the question of whether inequality (2) holds only for the orthonormal
bases consisting of eigenfunctions corresponding to ordered eigenvalues. They established that a “discrete”, i.e., finite-
dimensional, version does hold; see [1, Theorem 2.1] and Remark 3.2 below. But their proof of “uniqueness” could not
be adapted to the infinite-dimensional case (because it relied on a “descending” induction). It was raised there as an open
problem (see [1, p. 1166]). Our next result solves this problem.
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Theorem 1.3. Let (b;) be an orthonormal basis of L>(2) such that, for alln > 1,

2
_IVFIE

- VfeH)Q). 9)
n+1

f=2 (fbbi

i=1

LZ
Then, (b;) consists of an orthonormal basis of eigenfunctions of — A with corresponding eigenvalues (1;).

2. Proof of Theorem 1.3
A basic ingredient of the argument is the following lemma:

Lemma 2.1. Assume that (9) holds foralln > 1 and all f € H(l)(Q), and that
Ai <A1 (10)
for some i > 1. Then

(bj,ex) =0, Vj,ksuchthat1<j<i<k. (11

Proof. Fix k > i. Let | be the largest integer | <k — 1 such that

A < Ap1- (12)
Clearly

i<l (13)
and

M1 =A== Ak (14)
Applying (9) for n =1, we get

2
‘f—i(f,b»bi < ”Zf b vf e nya (15)
P 2 I+1

We use again Poincaré’s “magic trick”. Take f of the form

f=cier+---+ e+ cex (16)
such that

(f,bj))=0 Vj=1,.-- L (17)

This is a system of | linear equations with [ + 1 unknowns, so that there are nontrivial solutions. We may as well assume
that

A4+ttt =1. (18)
By (15) and (14), we have

A1 SACT - ek + et =t -+ MeE At (19)
From (18) we get

Al+1(c%+~--+c,2)§A1c%+~-+klc,2. (20)
Thus

(M1 = ADE 4+ 4 (g1 — A <0. (21)
By (12) the coefficients A;; 1 — A; are positive for every i =1, --- , . Therefore

c1=---=¢=0. (22)
Hence c = +1 so that f = 4e; and by (17)

(bj,ep)=0 Vj=1,---,L (23)

The conclusion follows from (23) and (13). O
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Before we present the proof in the general case, for the convenience of the reader, we start with the case of simple
eigenvalues. Since A1 < Ay then, by the lemma,

(b1,ex) =0  Vk=>2. (24)
Thus by = +eq. Next we apply the lemma with A, < A3. We have that

(by,er) =0 Vk > 3. (25)
Also, we have that

(bz,e1) =x(b2,b1) =0. (26)
Therefore by = te;. Similarly, we have that b; = £e; for i > 3.

We now turn to the general case:

Proof of Theorem 1.3. As above we have by = t+eq. Consider the first index i > 2 such that A; < Xj;1. Call it i1. From the
lemma we have that

(bj,er) =0 Vj,ksuchthat1 < j<ij <k. (27)
Therefore b, ---,b;; € span(ey, --- ,e;,). Hence, each b; with 2 < j <i; is an eigenfunction of —A with corresponding
eigenvalue A =1, =--- = A;,. Therefore, due to dimensions, by, --- , b;, is an orthonormal basis of

span(by, - -+, bi,) =span(ey, --- ,e;,) =ker(—A — A, I); (28)

in particular each

ex € span(by, ---, b;;) k=1,---,i1. (29)

Consider the next block

A=Rij+1="""=Liy < Aiy+1- (30)
From the lemma we have that

(bj,ex)=0 Vj,ksuchthat1 <j<ip <k. (31)
We also know that for j >iq; + 1,

(bj,ex)=0 k=1,---,1i4 (32)
because of (29). Combining (31) and (32) yields

(bj)iy+1=j<i, € SPAN(E )iy +1<j<iy- (33)
As above, we conclude, using (30), that b, 41, --- , bi, is an orthonormal basis of
span(b)i; +1<j<i, = Span(e;)i; +1<j<i, = ker(—=A — Ay, ). (34)

Similarly for the next blocks. O
3. Final remarks

Remark 3.1. We call the attention of the reader to the fact that the functions b; are only assumed to be in L2(2) and we
deduce from Theorem 1.3 that (surprisingly) they belong to H(])(Q) NC® ().

Remark 3.2. Theorem 1.3 holds in a more general setting. Let V and H be Hilbert spaces such that V ¢ H with compact and
dense inclusion (dim H < 4+00). Let a: V x V — R be a continuous bilinear symmetric form for which there exist constants
C,a > 0 such that, for all v e V,

a(v,v) >0,
a(v,v) +Cl v > alvi?.

Let 0 <A <Ay <--- be the sequence of eigenvalues associated with the orthonormal (in H) eigenfunctions e, e;,--- €V,
ie.,

aej, v) =Ai(e;,v) VvelV,

where (-, -) denotes the scalar product in H. We point out that, in this general setting, it may happen that A; =0 (e.g., —A
with Neumann boundary conditions); and A; may have multiplicity > 1. Recall that, for everyn>1 and f € V:
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2

f=Y (i e

i=1

<a(f, f). (35)

H

)\n-&-l

Let (b;) be an orthonormal basis of H such that foralln>1and f eV

2

<a(f, f). (36)

H

)\n-&-]

f=Y (i, )b

i=1

Then, (b;) consists of an orthonormal basis of eigenfunctions of a with corresponding eigenvalues (1;). The proof is identical
to the one above.

When dim H < 400 and V = H, this result is originally due to [1]. The proof of rigidity was quite different and could
not be adapted to the infinite-dimensional case. It was raised there as an open problem.

Remark 3.3. Recall that the usual Fischer-Courant max-min principle asserts that for every n > 1, we have

2
IV FIIT
Ang1 = max in ZL , (37)
I}/IcLz(Q) o£feni@ Nfl
M linear space 1
dim M=n feMm

(see, e.g., [4] or [6]). Our technique sheds some light about the structure of the maximizers in (37). Let (b;) be an orthonor-
mal sequence in L%(2) such that, for every n > 1,

IV £,

min 3
o£feri@ NI fl5
feM;

Ant1 = where My, = span(bq, by, - - , by). (38)

Then, each b; is an eigenfunction associated with A;. This is an easy consequence of the proof of Theorem 1.3.

Remark 3.4 (rigidity of the tail). Assume that (9) holds only for n =k,k+ 1, ---. Let the eigenvalues be simple. Applying the
same reasoning as in our proof gives

span(by, --- , by) =span(eq, --- ,en) n=kk+1,--. (39)
The same argument as before yields b; = +e; for i =k + 1,k + 2, ---. Concerning the b;’s for i <k, we only know that
by,---, by € span(eq, --- ,er) and therefore they are smooth. A similar result holds if the eigenvalues are not simple.

Remark 3.5. We now turn to the reverse situation, i.e., we assume that (9) holds only for 1 <n <k. In this case (9) yields
very little information on the b;’s. Consider for example the case n =k = 1. In other words, assume that b = by € L2(Q) is
such that ||b||;2 =1 and

1
I f— (f.b)bl}, < E“anfz Vf € Hy(Q). (40)
Of course, (40) holds with b = e;. From Lemma 2.1, we know that (40) implies that

(e2,b) =0. (41)

Clearly, (41) is not sufficient. Indeed, take b = e3. Then, (41) holds but (40) fails for f =e;. We do not have a simple
characterization of the functions b satisfying (40). But we can construct a large family of functions b (which need not be
smooth) such that (40) holds. Assume that 0 < A1 < X3 < 3. Let x € L2(2) be any function such that

(e1, x) =0, (42)
(e2. x) =0, (43)
Ixli2, = 1. (44)

Set

b=ae;+ex o®+e>=1, withO<e<1. (45)
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Claim: there exists &o > 0, depending on (;)1<i<3, such that for every 0 < ¢ < &g (40) holds. We have, for f € H(l)(Q), and
with ¢; = (f, e),

1 2 2 1 2 2 2
IV FIE =1 = (Db = VI - (1502, = ¢s.02?) (46)
400 )L' 400
_\ M2 2 2
_Exzc’ ;Cl + (f,b)?. (47)
On the other hand
(f.b)* = ((f,e1) +e(f, x))? (48)
=a?c? +2ae(f,e)(f, x) +X(f, x)? (49)
=a?c? +2ae(f — caez,e1)(f — c2e2, ) + €%(f, X)? (50)
> e} - 2¢f — 2]} (51)
=a’c? —2¢ Zcf (52)

i£2

Going back to (47), using (45) and choosing € < g9 small enough, yields

1
Enwufz —If = (f.b)bl|,

A 2\ 2 - Ai 2
e G+ o —1-2)q (53)
=3
>0. (54)

Remark 3.6. In the general setting of Remark 3.2, it may happen that 0 = A1 < A,. Suppose now that b € H is such that
[blly =1 and

1
I f— (f.b)blI < Lo VeV, (55)
Claim: we have b = te;. Indeed, let f =e in (55) we have that
A
I e1 — (e1,b)bllfy < =— =0. (56)
A2
Therefore b = +e;.
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