
RACSAM         (2021) 115:161 
https://doi.org/10.1007/s13398-021-01101-8

ORIG INAL PAPER

p-Groups of automorphisms of compact non-orientable
Riemann surfaces

E. Bujalance1 · F. J. Cirre1 · J. M. Gamboa2

Received: 3 February 2021 / Accepted: 10 July 2021
© The Author(s) 2021, corrected publication 2021

Abstract
We study p-groups of automorphisms of compact non-orientable Riemann surfaces of topo-
logical genus g ≥ 3. We obtain upper bounds of the order of such groups in terms of p, g
and the minimal number of generators of the group. We also determine those values of g for
which these bounds are sharp. Furthermore, the same kind of results are obtained when the
p-group acts as the full automorphism group of the surface.
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1 Introduction

A fundamental problem in all areas of Mathematics is to decide whether two objects X and
Y are equivalent. An approach to obtain negative answers is to check that their groups of
automorphisms Aut(X) and Aut(Y ) are not isomorphic. This applies, in particular, to the
category of compact Klein surfaces introduced in [1], which explains, among many other
reasons, that the study of their automorphism groups constitutes a central problem in the
theory of Klein surfaces.

By Poincaré’s uniformization theorem [24], Klein surfaces whose algebraic genus is
greater than one are quotients of the upper-half complex plane H under the action of a
non-Euclidean crystallographic (NEC in short) group �. This leads to use combinatorial
methods in the study of automorphism groups of Klein surfaces since they can be written as
quotients �/�, where � is another NEC group containing � as a normal subgroup. We will
use this approach in this paper. A general reference containing the basics of this procedure
is the book [8].

Placing constraints on the surface (e.g., to be orientable or not, with or without boundary),
on the action of the group (preserving or reversing orientation) and on the group (cyclic,
abelian, dihedral, p-group, etc.), breaks the general problem of determining automorphism
groups of compactKlein surfaces intomanydifferent cases.OrientableKlein surfaceswithout
boundary are classical Riemann surfaces. Their automorphism groups have been extensively
studied in a combinatorial way, see for instance, the pioneer work [14] on cyclic groups by
Harvey, or the survey on this topic [7].

In this paper we study p-groups of automorphisms of compact non-orientable Klein sur-
faces with empty boundary. We call them non-orientable Riemann surfaces, following the
seminal work [25] by Singerman in the study of automorphism groups of this type of sur-
faces, see also [6]. Our goal is to obtain upper bounds of the orders of these groups. There
exist several precedents of this kind of results in the literature, mainly concerned either with
classical Riemann surfaces or with bordered surfaces, orientable or not. A sharp bound of
its order in the orientable case was obtained by Zomorrodian in [28], who later on computed
in [29] presentations for the groups occurring in the lower central series of p-groups act-
ing on classical Riemann surfaces. A deeper study of the action of p-groups on classical
Riemann surfaces is due to Kulkarni in [17], see also the extended study by Tucker in [27].
As a by-product, Kulkarni rediscovered Zomorrodian’s bounds using a completely different
method. These bounds involve the minimum number of generators of the groups. Much later,
and using Kulkarni’s results, Talu obtained in [26] an exact formula for the so called mini-
mum stable reduced genus of a large class of finite abelian p-groups. As to the structure of
p-groups of automorphisms of classical Riemann surfaces it is worthwhile mentioning the
results by Hidalgo in [15,16].

Nilpotent groups acting on Klein surfaces with non-empty boundary were studied by
May in [19]. He obtained bounds of the order of such groups, and it is worth pointing out
that they are reached for 2-groups and for orientable surfaces. For non-orientable surfaces
the bound was sharpened in [10], where the case of surfaces with empty boundary is also
considered. Later on, May and Zimmerman determined in a series of papers, [20–22], the
smallest genus of all classical Riemann surfaces on which a given group acts as a group
of orientation-preserving automorphisms. Some of our results in this paper can be seen as
the non-orientable counterpart of [22], where the authors are just concerned with p-groups
in case p is odd. Closely related are the results in [9] where, based on previous work by
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Kulkarni andMaclachlan in [18], the minimum topological genus of bordered Klein surfaces
admitting a prime-power automorphism is calculated.

The contents of the paper are the following. In Sect. 2 we recall the main results on NEC
groups and groups of automorphisms of Klein surfaces to be used in the paper. Some results
on extendability of group actions are also included. In Sect. 3we prove that if a p-groupG acts
as a group of automorphisms on a compact non-orientable Riemann surface of topological
genus g ≥ 3 and g−2 is not a multiple of p then G is either cyclic or dihedral. Sects. 4 and 5
deal with cyclic and dihedral groups respectively, without the above restriction on g. In both
cases we obtain upper bounds of the order of G in terms of p and g. Finally, in Sect. 6 we
consider the general case of non-cyclic p-groups, and obtain upper bounds of the order of the
group in terms of p, g and the minimal number of generators of the group. In each section,
the same kind of results are obtained when the corresponding group acts as the full group of
all automorphisms of the surface. The bounds are attained by infinitely many values of g and
also not attained by infinitely many values of g, except for non-cyclic 2-groups generated
by two elements. In this last unsolved case, it is an interesting problem to find sharp bounds
attained by infinitely many values of g.

All throughout the paper, g will denote an integer greater than or equal to 3, and S a
compact non-orientable Riemann surface of topological genus g.

2 Preliminaries

LetH denote the upper complex half plane. A non-Euclidean crystallographic group (shortly
NEC group) is a discrete subgroup � of the group Aut(H) of automorphisms ofH such that
the quotient H/� is compact. Let X be a compact Klein surface of algebraic genus bigger
than one (see the definition below). By Poincaré’s uniformization theorem [24], there exists
an NEC group � such that X = H/�. In addition, � can be chosen to be a surface group,
meaning that it has no nonidentity orientation preserving elements of finite order. Each group
G of automorphisms of X is finite and isomorphic to the quotient �/�, where � is an NEC
group containing� as a normal subgroup. Then X/G andH/� are equivalent in the category
of compact Klein surfaces. The algebraic structure of � is encoded by its signature

σ(�) := (γ ;±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk )}). (2.1)

The above signature indicates that the surfaceH/� has topological genus γ , its boundary has
k connected components andH/� is orientable if the sign of σ(�) is “+” and non-orientable
otherwise. The integer ηγ + k − 1, where η := 2 ifH/� is orientable and η := 1 otherwise,
is the algebraic genus of H/�.

Each mi is called a proper period, each ni j is called a link period, and each tuple
(ni1 , . . . , nisi ) is called a period cycle of �. It is well-known that � can be generated by
one of the following two sets of elements:

{x�, ei , ci j , at , bt | 1 ≤ � ≤ r , 1 ≤ i ≤ k, 0 ≤ j ≤ si , 1 ≤ t ≤ γ },
{x�, ei , ci j , dt | 1 ≤ � ≤ r , 1 ≤ i ≤ k, 0 ≤ j ≤ si , 1 ≤ t ≤ γ }.

Thefirst set generates� if sign (σ (�)) = “+” and the second set generates� if sign (σ (�)) =
“−”. These sets are called canonical systems of generators of �. Sometimes we commit an
obvious abuse of language by saying that an element of such a set is a canonical generator
of �.
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In either case, the canonical generators satisfy the relations

{xm�

� = 1, cisi = e−1
i ci0ei , c2i, j−1 = c2i j = (ci, j−1ci j )

ni j = 1},
where 1 ≤ � ≤ r , 1 ≤ i ≤ k, and 0 ≤ j ≤ si , and the additional relation (usually called the
long relation)

r∏

�=1

x� ·
k∏

i=1

ei ·
γ∏

t=1

atbta
−1
t b−1

t = 1 if sign (σ (�)) = “ + ”,

r∏

�=1

x� ·
k∏

i=1

ei ·
γ∏

t=1

d2t = 1 if sign (σ (�)) = “ − ”.

The transformations ci j and dt are reflections and glide reflections respectively. The other
canonical generators preserve the orientation of H. Therefore, an orientation-reversing ele-
ment of � is a product of canonical generators containing an odd number of reflections and
glide reflections.

The reduced area of a group � whose signature is (2.1) is the rational number

μ(�) := ηγ + k − 2 +
r∑

�=1

(
1 − 1

m�

)
+ 1

2

k∑

i=1

si∑

j=0

(
1 − 1

ni j

)
, (2.2)

where η = 2 if sign (σ (�)) = “ + ” and η = 1 if sign (σ (�)) = “ − ”. There exists an
NEC group � whose signature is (2.1) if and only if the right hand side of (2.2) is positive.
To abbreviate we define the reduced area of a signature σ , denoted by μ(σ), as the reduced
area of an NEC group whose signature is σ .

If � is a surface NEC group then its signature has the form

σ(�) = (γ ′; ±; [−]; {(−), k′
. . ., (−)}),

and its reduced area is μ(�) = η′γ ′ + k′ − 2. Applying the Riemann–Hurwitz formula to
the natural projection X := H/� → X/G = H/� we get μ(�) = μ(�) · [� : �], that is,

η′γ ′ + k′ − 2 = |G| ·
⎛

⎝ηγ + k − 2 +
r∑

�=1

(
1 − 1

m�

)
+ 1

2

k∑

i=1

si∑

j=0

(
1 − 1

ni j

)⎞

⎠ , (2.3)

where |G| = [� : �] denotes the order of G.
A way to construct compact non-orientable Riemann surfaces of topological genus g ≥ 3

admitting a given group G as a group of automorphisms is to define an epimorphism θ :
� → G from an NEC group � onto G whose kernel has signature

σ(ker θ) = (g;−; [−]; {−}).
Observe that�may have elements of finite order but ker θ is torsion-free. So the epimorphism
θ must preserve the orders of the elements of � of finite order. The sign in σ(ker θ) is “−” if
the conditions in [8, Thm. 2.1.2] if p is odd, or in [8, Thm. 2.1.3] if p = 2 are fulfilled. In this
last case the conditions depend on the existence of non-orientable words of � with respect
to ker θ . If ker θ has the above signature then S := H/ ker θ is a non-orientable Riemann
surface of topological genus g admitting G as a group of automorphisms. We say that θ is a
non-orientable surface kernel epimorphism. We also say that the group G acts with signature
σ(�).
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In this article we are also concerned with the problem of finding upper bounds of the order
of p-groups acting as the full group Aut(S) of all automorphisms of a surface S. To that end
we recall briefly the notions of maximal NEC signature and maximal NEC group.

Let � be an NEC group containing a surface NEC group � as a normal subgroup. Then
the group G := �/� acts as a group of automorphisms on the compact surface S := H/�.

Suppose that G does not coincide with the full automorphism group Aut(S) of S. Then there
exists anNECgroup�′ containing� andnormalising�, so�′/� is a groupof automorphisms
of S larger than G. If � and �′ have the same Teichmüller dimension, then their signatures
appear in the lists of finite index inclusions of NEC groups given by the first author [2], see
also [8, Thm. 2.4.7], for the case where � is a normal subgroup of �′, and by Estévez and
Izquierdo [13, Table 4] for the case where � is not normal in �′.

If a pair (σ, σ ′) of signatures occurs in any of these lists, then for any NEC group � with
signature σ(�) = σ there exists another NEC group�′ with signature σ(�′) = σ ′ containing
� with finite index. In this case, if the surface subgroup � is normal in �′ then the action of
G = �/� on S = H/� is extendable to the action of the larger group �′/�, whereas if �

is not normal in �′ then no such extension via �′ is possible.
On the other hand, if a signature σ does not occur as the first entry of a pair in any of the

above lists then it is said that σ is a maximal signature. This means, see [8, Thm. 5.1], that
for every NEC group �′ containing an NEC group � with signature σ , the equality of the
dimensions of the Teichmüller spaces of � and �′ implies the equality � = �′. In such a
case it is proved in [8, Thm. 5.1.2] that there exists a maximal NEC group � with signature
σ(�) = σ , i.e., � is not a subgroup of finite index of any other NEC group. Therefore, the
action of G = �/� cannot be extended, and G = Aut(S).

The next result, which follows from [4, Thm 2.1], deals with the case of cyclic groups. It
will be useful in Section 4.

Lemma 2.1 Let G be a cyclic group acting with signature (2;−; [t]; {−}), (1;−; [t]; {(−)}),
(0;+; [t]; {(−), (−)}), (1;−; [t, u]; {−}) or (0;+; [t, u]; {(−)}) on a non-orientable Rie-
mann surface S. Then G is not the full group Aut(S).

3 Case p does not divide g− 2

A careful examination of Riemann–Hurwitz formula (2.3), as done by Kulkarni in [17] and
Tucker in [27], provides the following result on the structure of p-groups of automorphisms
of non-orientable surfaces.

Proposition 3.1 Let G be a p-group of automorphisms of a compact non-orientable Riemann
surface S of topological genus g. Assume that p does not divide g − 2.

(1) If p is odd then G is cyclic.
(2) If p = 2 then G is either cyclic or dihedral.

Proof Let us write S = H/�where� is a surface NEC groupwith σ(�) = (g;−; [−]; {−})
andG = �/� for anNECgroup� containing� as a normal subgroup. Let uswrite |G| := pα

for a positive integer α, and let θ : � → G be a non-orientable surface kernel epimorphism
with � = ker θ .

(1) This is a consequence of [17, Prop. 3.1.(a)], but we give here a self-contained proof
whose arguments will be used later. As p is odd and � has no torsion elements, the group
� contains no element of even order. Therefore it contains no reflection but it contains some

123



  161 Page 6 of 20 E. Bujalance et al.

non-orientable word. Thus sign (�) = “ − ” and σ(�) = (γ ;−; [m1, . . . ,mr ]; {−}) with
γ > 0 and mi := pαi where 1 ≤ αi ≤ α. Riemann–Hurwitz formula (2.3) then yields

g − 2 = pα

(
γ − 2 +

r∑

i=1

(
1 − 1

pαi

))
= pα(γ − 2) +

r∑

i=1

(
pα − pα−αi

)
.

Suppose that r = 0 or α > αi for all i = 1, . . . , r . Then the right hand side of the equality
would be divisible by p. This is impossible because, by hypothesis, g − 2 is not. Therefore
there exists an index i0 ∈ {1, . . . , r} such that αi0 = α and this implies that G is generated
by the image of the elliptic element xi0 ∈ �, of order pαi0 = pα . Thus, G is cyclic.

(2) If p = 2 then either σ(�) = (γ ;−; [m1, . . . ,mr ]; {−}) or
σ(�) = (γ ;±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk )}),

with mi := 2αi ≤ 2α in both cases, and ni j := 2αi j for some 1 ≤ αi j ≤ α in the second
one. Actually, αi j ≤ α −1 since otherwise the images of the corresponding pair of canonical
reflections would generate a dihedral group of order 2 · 2α > |G|.

For the first signature the same arguments employed in case (1), now with p = 2, allow
us to conclude that G is cyclic. For the second one, Riemann–Hurwitz formula yields

g − 2 = 2α(ηγ + k − 2) +
r∑

i=1

(2α − 2α−αi ) + 1

2

k∑

i=1

si∑

j=1

(2α − 2α−αi j ),

where η = 1 or 2. As in the preceding discussion, if there exists i0 ∈ {1, . . . , r} such that
αi0 = α then G is cyclic.

If there does not exist such i0 then the sum
∑r

i=1(2
α − 2α−αi ) is even, and since the

left-hand-side g − 2 is odd, the double sum 1
2

∑k
i=1

∑si
j=1(2

α − 2α−αi j ) is odd. Therefore,
there exist i0, j0 such that αi0 j0 = α − 1. The corresponding pair of canonical reflections
generates a dihedral group of order 2 · 2αi0 j0 = 2α = |G|, so the group G is dihedral. ��
Remarks 3.2 (1) Even if p divides g−2 there exist compact non-orientable Riemann surfaces
S of topological genus g admitting p-groups of automorphisms which are either cyclic or
dihedral. For example, for p = 3 consider an NEC group �1 whose signature is σ(�1) =
(3;−; [3, 3]; {−}) generated by three glide reflections d1, d2 and d3 and two elliptic elements
x1 and x2 of order 3. There exists a non-orientable surface kernel epimorphism θ : �1 → Z9

induced by the assignment

θ(d1) = 0, θ(d2) = 1, θ(d3) = 8, θ(x1) = 3, θ(x2) = 6.

The surface S := H/�, where � := ker θ , is non-orientable because � contains the
non-orientable word d1. In addition, let g be the topological genus of S. Then σ(�) =
(g;−; [−]; {−}) and 3 |(g − 2) because

g − 2 = μ(�) = |Z9| · μ(�1) = 9 ·
(
3 − 2 + 2

(
1 − 1

3

))
= 21.

(2) Let us show next that there exist cyclic and dihedral 2-groups acting as automorphism
groups on non-orientable surfaces of even topological genus g.

Consider first an NEC group�2 whose signature is σ(�2) = (3;−; [2, 2]; {−}) generated
by three glide reflections d1, d2 and d3 and two elliptic elements x1 and x2 of order 2. There
exists a non-orientable surface kernel epimorphism θ : �2 → Z4 induced by the assignment

θ(d1) = 0, θ(d2) = 1, θ(d3) = 3, θ(x1) = θ(x2) = 2.
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The surface S := H/�, where � := ker θ , is non-orientable because � contains the
non-orientable word d1. In addition, let g be the topological genus of S. Then σ(�) =
(g;−; [−]; {−}) and 2 |(g − 2) because

g − 2 = μ(�) = |Z4| · μ(�2) = 4 ·
(
3 − 2 + 2

(
1 − 1

2

))
= 8.

Finally, consider the non-orientable surface kernel epimorphism θ : �2 → Z2 ⊕ Z2 = D2

induced by the assignment

θ(d1) = (0, 0), θ(d2) = (1, 0), θ(d3) = (0, 1), θ(x1) = θ(x2) = (1, 0).

The surface S := H/�, where � := ker θ , has even topological genus 10 and it is non-
orientable since � contains the non-orientable word d1.

(3) There exist non-orientable Riemann surfaces of topological genus g ≡ 2 (mod p)
with non-cyclic and non-dihedral p-groups of automorphisms, whether p is odd or p = 2.
Examples can be found in the proof of Theorem 6.1.

4 CaseG cyclic

Theorem 4.1 Let p be a prime integer and let G be a cyclic p-group of automorphisms of a
compact non-orientable Riemann surface S of topological genus g. Then

|G| ≤ p(g − 1)

p − 1
.

In addition, the bound is attained if and only if (g − 1)/(p − 1) is a p-power.

Proof (i) Case p odd.We first show that if (g−1)/(p−1) is a p-power, say pα−1, then there
exists a compact non-orientable Riemann surface of topological genus g on which G := Zpα

acts, showing therefore that the value |G| = p(g − 1)/(p − 1) is attained. For that, let us
consider an NEC group �1 with signature

(1;−; [pα, p]; {−})
and canonical set of generators {d1, x1, x2}. Let θ : �1 → Zpα be the epimorphism given
by θ(d1) = a, θ(x1) = 1 and θ(x2) = −pα−1, where a := (pα−1 − 1)/2. As θ(x1) and
θ(x2) have orders pα and p respectively, ker θ is torsion-free. Furthermore, it contains the
non-orientable word d1 p

α
. So S := H/ ker θ is a compact non-orientable Riemann surface

on which Zpα acts. Its topological genus g satisfies, by the Riemann–Hurwitz formula,
g− 2 = |G|(1− 1

pα − 1
p ), so g = pα − pα−1 + 1 and |G| = p(g− 1)/(p− 1), as claimed.

Wenow show that this upper bound cannot be improved. Let S be a compact non-orientable
Riemann surface of topological genus g with a cyclic p-group Zpβ of automorphisms acting
on it. Let θ : � → Zpβ be the corresponding non-orientable surface kernel epimorphism,
with S = H/ ker θ. As p is odd, � contains no element of even order and, in particular,
it contains no reflection. Then sign (�) = “−” because � contains orientation reversing
elements, that is, σ(�) = (γ ;−; [m1, . . . ,mr ]; {−}) with γ > 0 and mi := pβi with
1 ≤ βi ≤ β. Riemann–Hurwitz formula (2.3) yields

g − 2 = |G| · (γ − 2) + |G| ·
r∑

i=1

(
1 − 1

mi

)
.
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If γ > 2 then

|G| ≤ |G| · (γ − 2) = g − 2 − |G| ·
r∑

i=1

(
1 − 1

mi

)
≤ g − 2.

So the bound p(g−1)
p−1 is not attained.

If γ = 2 then r > 0 for σ(�) to have positive area. The smallest reduced area of � is
attained for r = 1 and m1 = p, and it equals 1 − 1/p. So

g − 2 = |G| ·
r∑

i=1

(
1 − 1

mi

)
≥ |G| ·

(
1 − 1

p

)
,

and therefore |G| ≤ p(g−2)
p−1 . Also in this case the bound p(g−1)

p−1 is not attained.
If γ = 1 then r > 1 for σ(�) to have positive area.We claim that at least one elliptic gener-

ator has maximal order pβ .Otherwise, the images θ(x1), . . . , θ(xr ) under the non-orientable
surface kernel epimorphism θ : � → Zpβ would belong to the unique subgroup of Zpβ of
order pβ−1. The same would happen to θ(d1)2 = (θ(x1) · · · θ(xr ))−1, and also to θ(d1)
because the order of θ(d1) is odd. Hence, θ would not be onto. Therefore we may assume,
without loss of generality, that m1 := pβ, that is, σ(�) = (1;−; [pβ,m2, . . . ,mr ]; {−}).
The smallest reduced area of� is attained for r = 2 andm2 = p, and it equals 1−1/pβ−1/p.
Thus the largest value of |G| would satisfy

g − 2 = |G| ·
(
1 − 1

pβ
− 1

p

)
= |G| ·

(
1 − 1

p

)
− 1,

that is, |G| = p(g−1)
p−1 , which is the bound given in the statement. Observe that g has to be of

the form pβ − pβ−1 + 1. This proves the proposition when p is odd.
(ii) Case p = 2. As above, we first show that the bound 2(g − 1) in the statement is

attained if g is of the form g = 2α−1 + 1. For that, let us consider an NEC group �2 with
signature

(0;+; [2α, 2]; {(−)})
and canonical set of generators {x1, x2, c0}. Let θ : �2 → Z2α be the epimorphism given by

θ(x1) = 1 and θ(x2) = θ(c0) = 2
α−1

. Clearly, ker θ is torsion-free and contains the non-
orientable word x2c0. So S := H/ ker θ is a compact non-orientable Riemann surface on
which Z2α acts. By the Riemann–Hurwitz formula, its topological genus is g = 2α−1 + 1 =
|G|
2 + 1. So |G| = 2(g − 1), as claimed.
Wenow show that this upper bound cannot be improved. Let S be a compact non-orientable

Riemann surface of topological genus g with a cyclic 2-group Z2β of automorphisms acting
on it. Let θ : � → Z2β be the corresponding non-orientable surface kernel epimorphism,
with S = H/ ker θ. The signature of � has no link period since otherwise the images by θ of
the corresponding pair of canonical reflections would generate a dihedral subgroup within
Z2β .

Assumefirst that� contains no reflection. Then the signature of� is (γ ;−; [m1, . . . ,mr ];
{−}) with γ > 0 and mi = 2βi where 1 ≤ βi ≤ β. If γ ≥ 2 then the same arguments as in
the case p odd show that the bound 2(g − 1) is not attained. So we assume that γ = 1. By
the Riemann–Hurwitz formula, if |G| ≥ 2(g − 1) then μ(�) ≤ (g − 2)/(2g − 2) < 1/2,
that is,
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−1 +
r∑

i=1

(
1 − 1

mi

)
<

1

2
.

Since 1 − 1/mi ≥ 1/2 for each i, and since r ≥ 2 for σ(�) to have positive area, it follows
that the unique admissible solution to this inequality (up to a relabelling of the periods) is
r = 2, m1 := 2β1 and m2 := 2. So σ(�) = (1;−; [2β1 , 2]; {−}). We claim that m1 has to
attain the maximal value 2β . Suppose, to get a contradiction, that β1 < β. Then the images
of x1 and x2 by θ would be the classes in Z2β of even numbers. So the image of the canonical
glide reflection d1 would be the class of an odd number for it to generate Z2β . Now, any
non-orientable word w ∈ � contains an odd number of occurrences of d1 (because the other
two canonical generators preserve orientation). So its image θ(w) in Z2β is the class of an
odd number and therefore cannot be trivial. This prevents ker θ from having non-orientable
words, a contradiction. Therefore m1 = 2β, as claimed. So σ(�) = (1;−; [2β, 2]; {−}) and
the Riemann–Hurwitz formula yields

g − 2 = |G| · μ(1;−; [2β, 2]; {−}) = |G|
(
1

2
− 1

|G|
)

= |G|
2

− 1.

Hence |G| = 2(g − 1), and g − 1 is a 2-power. The bound is not improved.
We assume now that � contains some reflection, so σ(�) = (γ ;±; [m1, . . . ,mr ];

{(−), k. . ., (−)}),with k > 0.Again, if |G| ≥ 2(g−1) thenμ(�) ≤ (g−2)/(2g−2) < 1/2,
that is,

ηγ + k − 2 +
r∑

i=1

(
1 − 1

mi

)
<

1

2
.

Hence ηγ + k = 1 or 2 (recall that k > 0).
(ii.1) If ηγ + k = 2 then r > 0 for σ(�) to have positive area. The smallest reduced area

is attained for r = 1 and m1 = 2, and it equals 1/2. Consequently, g − 2 ≥ |G|
2 , and thus

the largest bound is not attained for this type of signatures.
(ii.2) If ηγ + k = 1 then σ(�) = (0;+; [m1, . . . ,mr ]; {(−)}) with r ≥ 2. Since � is

generated by a reflection and elliptic elements, at least one of the latter has maximal order
2β . We may assume that m1 := 2β . The smallest reduced area is attained for r = 2 and
m2 := 2 and it equals μ(�) = 1

2 − 1
2β . Thus the largest value of |G| satisfies

g − 2 = |G| ·
(
1

2
− 1

2β

)
= |G|

2
− 1,

that is, |G| = 2(g − 1), which is again the bound given in the statement. Observe that g − 1
has to be of the form 2β−1. This proves the proposition when p = 2. ��
Remarks 4.2 (1) The action of the largest cyclic 2-group Z2α of automorphisms of a non-
orientable Riemann surface is unique. By this we mean that the signature with which it
acts is unique and the corresponding non-orientable surface kernel epimorphism is also
unique, up to an automorphism of Z2α . To prove this claim, observe that the above proof of
Theorem 4.1 shows that the signatures with whichZ2α may act are (0;+; [2α, 2]; {(−)}) and
(1;−; [2α, 2]; {−}). We claim that the second signature has to be ruled out. Suppose, to get
a contradiction, that there exists a non-orientable surface kernel epimorphism θ : � → Z2α

from an NEC group with this signature. Since θ(x1) generates the whole group, we may
assume, without loss of generality, that θ(x1) = 1. Let us write θ(d1) = a. Since θ(x2) =
2
α−1

(the unique element of order 2 inZ2α ), it follows from the long relation x1x2d21 = 1 that
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1+2
α−1+2a = 0.This is impossible because the left hand side of the equality is the class of an

odd number. This shows thatZ2α only actswith signature (0;+; [2α, 2]; {(−)}).Furthermore,

the non-orientable surface kernel epimorphism is unique since θ(x2) = θ(c0) = 2
α−1

(the
unique element of order 2) and, up to an automorphism of Z2α , we may assume θ(x1) = 1.

(2)We claim that a non-orientable surface with the largest cyclic 2-groupG := Z2(g−1) of
automorphisms is hyperelliptic. Denote g−1 := 2α−1. To show our claimwe apply Theorem

2.2.4 in [8] together with Riemann–Hurwitz formula to obtain that the preimage θ−1(〈2α−1〉)
of the unique involution in G has signature (1;−; [2, g. . ., 2]; {−}). Since θ−1(〈2α−1〉) con-
tains ker θ with index two, it follows from [11, Thm. 2.2] that the surface S := H/ ker θ is
hyperelliptic.

We can describe S by means of algebraic equations. To that end we consider the double
covering S+ of S, see [1] or [8, Construction 0.1.12]. It is a compact Riemann surface admit-
ting an antianalytic involution τ such that S = S+/〈τ 〉. Every group G of automorphisms of
S is isomorphic to a group GS+ of conformal automorphisms of S+ which commute with τ.

The topological genus g� of S+ is the algebraic genus of S. As S is non-orientable and its
boundary is empty, g� = g − 1 in this situation. Hyperelliptic Riemann surfaces admitting
antianalytic involutions are studied in detail in [5]. It follows from Theorem 3.4.7.d) in [5]
that S+ and τ can be described as follows:

S+ : y2 = x(x2g−2 − λxg−1 + 1) for some real λ 
= ±2, and τ(x, y) :=
(−1

x
,
yi

xg

)
.

The cyclic group Z2(g−1) is generated by the automorphism

f (x, y) = (xξ22g−2, yξ2g−2),

where ξ2g−2 := eiπ/(g−1). The equation describes the family of non-orientable surfaces with
the largest cyclic 2-group of automorphisms as a uniparametric family of real dimension one.
On the other hand, observe that 〈 f 〉 = Z2(g−1) is not the full group of automorphisms of the
Klein surface S = S+/〈τ 〉 since the involution given by h(x, y) = (1/x, y/xg) is also an
automorphism of S+ which commuteswith τ.Wewill discuss this question in Proposition 4.3
with more generality.

If p is odd then the above proof of Theorem 4.1 shows that (1;−; [pα, p]; {−}) is the
unique signature with which Zpα may act. But, unlike the case p = 2, the epimorphism is
not unique. In fact, although we may assume that θ(x1) = 1, the image θ(x2) may be any of
the p − 1 classes k pα−1 of elements of order p, where k ∈ {1, . . . , p − 1}. For each choice
of θ(x2) we define θ(d1) = a where a := (−1− kpα−1)/2. So there are p − 1 inequivalent
epimorphisms.

Next we obtain upper bounds for the order of those cyclic groups acting as the full
automorphism group of a compact non-orientable Riemann surface.

Proposition 4.3 Let G be a cyclic p-group that is the full automorphism group of a compact
non-orientable Riemann surface of topological genus g. Then

|G| ≤ p(g − 1)

2(p − 1)
.

The bound is attained if and only if (g − 1)/(2p − 2) is a p-power.

Proof (i) Case p odd. Suppose that the cyclic group G := Zpα acts as the full automorphism
group of a non-orientable Riemann surface. By Lemma 2.1 and Theorems 3.5, 3.6 and 3.7 in
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[3], the maximum value for |G| is reached by a non-orientable surface kernel epimorphism
θ : �1 → Zpα , where

σ(�1) = (1;−; [p, p, pα], {−}).
Explicitly, if {d, x1, x2, x3} is a canonical set of generators of�1, where d is a glide reflection
and x1, x2 and x3 are elliptic elements, then the epimorphism θ is induced by the assignment

θ(d) = 1, θ(x1) = pα−1, θ(x2) = −pα−1, θ(x3) = −2.

Note that θ(d) generatesZpα , so θ is surjective, and S := H/ ker θ is a non-orientable surface
since ker θ contains the non-orientable word d pα

. Let g be the topological genus of S. Then,

g − 2=μ(ker θ)=|G| · μ(�1)= pα

(
−1 + 2

(
1 − 1

p

)
+1 − 1

pα

)
= 2pα−1(p − 1) − 1,

that is, g − 1 = 2(p − 1) · |G|/p. Thus,

|G| ≤ p(g − 1)

2(p − 1)
,

as claimed. It follows from the proof that the equality holds if and only if g = 2pα−1(p −
1) + 1. In addition, since (1;−; [pα, p, p]; {−}) is a maximal NEC signature, see [8, Thm.
2.4.7], the NEC group �1 can be chosen maximal by [8, Thm. 5.1.2], so G is the full group
of automorphisms of the surface S.

(ii) Case p = 2. We first show that the bound g − 1 in the statement is attained if g − 1
is a 2-power, say 2α.

For that, let�2 be amaximal NEC groupwithmaximal signature (0;+; [2α, 2, 2]; {(−)}),
and let {x1, x2, x3, c} be a canonical set of generators of �2. Let θ : �2 → Z2α be the

epimorphism defined by θ(x1) = 1, θ(x2) = θ(x3) = θ(c) = 2
α−1

. It is easy to see that θ is
a non-orientable surface kernel epimorphism, so S := H/ ker θ is a non-orientable Riemann
surface on which Z2α acts. The maximality of �2 assures that G = Z2α is the full group
Aut(S) of automorphisms of S. Its topological genus g satisfies g − 2 = 2α(1 − 1

2α ). So
|G| = g − 1, as claimed.

We now show that this bound cannot be improved. Let S be a compact non-orientable Rie-
mann surface of topological genus g whose full group of automorphisms is Aut(S) = Z2β .
Let θ : � → Z2β be the corresponding non-orientable surface kernel epimorphism,
with S = H/ ker θ. Observe that the signature of � has no link period, so σ(�) =
(γ ;±; [m1, . . . ,mr ]; {(−)k}) with mi := 2βi and 1 ≤ βi ≤ β. By the Riemann–Hurwitz
formula, if |Aut(S)| ≥ g − 1 then μ(�) ≤ (g − 2)/(g − 1) < 1, that is,

1 > ηγ + k − 2 +
r∑

i=1

(
1 − 1

mi

)
≥ ηγ + k − 2 + r

2
,

where in the last inequality we have used that 1− 1
mi

≥ 1
2 . Hence ηγ + k = 1 or 2 (it cannot

be ηγ + k = 0 because � has orientation reversing elements).
If ηγ + k = 2 then r = 1 (r 
= 0 for � to have positive area) and (η, γ, k) 
= (2, 1, 0)

(for � to have orientation reversing elements). The unique possible NEC signatures are
(2;−; [t]; {−}), (1;−; [t]; {(−)}) or (0;+; [t]; {(−), (−)}). But a cyclic group acting with
any of these signatures on a non-orientable surface cannot be its full group of automorphisms,
by Lemma 2.1.

If ηγ + k = 1 then r = 2 or 3 (r 
= 0, 1 for � to have positive area). The value r = 2
gives signature either (1;−; [t, u]; {−}) or (0;+; [t, u]; {(−)}). Again, Lemma 2.1 prevents
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a cyclic group acting with any of these signatures to be the full group of automorphisms. It
remains to deal with signatures (1;−; [m1,m2,m3]; {−}) and (0;+; [m1,m2,m3]; {(−)}).

The same arguments as in the proof of Theorem 4.1 show that in both cases a period, say
m1,has to attain themaximal value 2β .The smallest reduced area is attained form2 = m3 = 2
and it equals μ(�) = 1 − 1

2β . Thus the largest value of |G| satisfies

g − 2 = |G| ·
(
1 − 1

2β

)
= |G| − 1.

Hence |G| = g − 1, which is the bound given in the statement. Observe that g − 1 has to be
of the form 2β . This shows the proposition in the case p = 2. ��

5 CaseG dihedral

In this section we consider dihedral p-groups, and then obviously p = 2. We start by setting
some notation.

Notation 5.1 Let n be an even integer and let us denote the dihedral group of order 2n by
Dn . We will use the following presentation

Dn := 〈ρ, τ | ρn = τ 2 = (τρ)2 = 1〉.
Its elements of order two are ρn/2, which generates the center of the group, and the elements
τρi for i = 0, . . . , n−1. Two commuting involutions inDn are of the form either {ρn/2, τρi }
for some i ∈ {0, . . . , n − 1}, or {τρi , τρn/2+i } for some i ∈ {0, . . . , n/2 − 1}.

Theorem 5.2 (1) Let G be a dihedral 2-group of automorphisms of a compact non-orientable
Riemann surface of topological genus g. Then |G| ≤ 4(g − 1). The bound is attained if
and only if g − 1 is a 2-power.

(2) Let G be a dihedral 2-group that acts as the full automorphism group of a compact
non-orientable Riemann surface of topological genus g. Then |G| ≤ 4(g − 1) and the
bound is attained if and only if g − 1 is a 2-power.

Proof (1) We first show that if g − 1 is a 2-power, say 2α−1, then there exists a compact
non-orientable Riemann surface of topological genus g on which G := D2α acts, showing
therefore that the value |G| = 4(g − 1) is attained. For that, let us consider an NEC group
�1 with signature (0;+; [−]; {(2, 2, 2, 2s)}) where s := g − 1. With the notations in 5.1 let
us consider the epimorphism θ : �1 → D2s induced by the assignment

θ(c0) = τ, θ(c1) = ρs, θ(c2) = ρs−1τ, θ(c3) = τρ,

where {c0, c1, c2, c3} is a canonical set of generating reflections of �1.
It is clearly surjective and its kernel is torsion-free and contains the non-orientable word

(c0c3)sc1. ThereforeH/ ker θ is a non-orientable Riemann surface, whose topological genus
satisfies, by the Riemann–Hurwitz formula,

g − 2 = |G| ·
(

−1 + 1

2

(
3

2
+ 1 − 1

2s

))
= 4s

(
1

4
− 1

4s

)
= s − 1,

so g = s + 1. This shows our claim.
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Wenow show that this bound cannot be improved. Suppose, on the contrary, that a dihedral
2-group G := �/� of order |G| > 4(g − 1) acts on a non-orientable Riemann surfaceH/�

of topological genus g. Since μ(�) = μ(g;−; [−]; {−}) = g − 2, we get

μ(�) = μ(�)

|G| = g − 2

|G| <
g − 2

4(g − 1)
= 1

4
− 1

4(g − 1)
<

1

4
.

Let us write

σ(�) = (γ ;±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk )})
with mi := 2αi ≤ |G|/2 and ni j := 2αi j ≤ |G|/2 because |G|/2 is the maximum order of
the elements of G. Since mi ≥ 2 and ni j ≥ 2 we get 1 − 1

mi
≥ 1

2 and 1 − 1
ni j

≥ 1
2 , so

1

4
> μ(�) = ηγ + k − 2 +

r∑

i=1

(
1 − 1

mi

)
+ 1

2

∑

i, j

(
1 − 1

ni j

)
≥ ηγ + k − 2 + r

2
+ t

4
,

where t is the total number of link periods. Thus

ηγ + k + r

2
+ t

4
<

9

4
.

Hence ηγ + k ≤ 2, and in fact ηγ + k ∈ {1, 2} since the values γ = k = 0 do not yield a
proper NEC group. If ηγ + k = 2 then r

2 + t
4 < 1

4 , so r = t = 0, which does not produce
positive area. Therefore ηγ + k = 1. This implies r

2 + t
4 < 5

4 . If k = 0 then t = 0, so r ≤ 2.
The values r = 0 and 1 produce negative area. For r = 2 we have μ(�) = 1− 1

m1
− 1

m2
. It is

easy to see that there is no pair (m1,m2) = (2α1 , 2α2) satisfying 0 < μ(�) < 1
4 . So k = 1.

The pairs (r , t) satisfying 2r + t < 5 are

(r , t) = (2, 0), (1, 2), (1, 1), (1, 0), (0, 4), (0, 3), (0, 2), (0, 1), (0, 0).

We discard the pairs (1, 0), (0, 2), (0, 1) and (0, 0) because they do not produce positive
area. An easy case by case analysis shows that the unique possible signatures of � are the
following:

(i) (0;+; [2]; {(2, 2a)}) with a > 1. (ii) (0;+; [2a]; {(2)}) with a > 2.
(iii) (0;+; [4]; {(2a)}) with a > 1. (iv) (0;+; [−]; {(2, 2, 2, 2a)}) with a > 1.
(v) (0;+; [−]; {(4, 4, 2a)}) witha ≥ 2. (vi) (0;+; [−]; {(2, 2a+1, 2b+1)}) with 1 < a≤b.

We will show that none of these signatures provides a dihedral 2-group of order larger than
4(g − 1) acting on a non-orientable Riemann surface of topological genus g.

(i) Suppose that there exists a non-orientable surface kernel epimorphism θ : � → D2s

with σ(�) = (0;+; [2]; {(2, 2a)} for some a > 1, and let {x1, c0, c1, c2} be a canonical set
of generators of �. As c2 = x1c0x1, the generator c2 is superfluous, and so the imageD2s is
generated by the three involutions θ(x1), θ(c0) and θ(c1). The involution θ(c0) cannot be the
central element ρs since otherwise θ(c2) = θ(x1)θ(c0)θ(x1) = θ(c0) = ρs and θ(c1)θ(c2)
would not have order 2a > 2. So θ(c0) = τρi for some 0 ≤ i ≤ s, and we may assume, up
to an automorphism in D2s, that θ(c0) = τ.

As θ(c1) commutes with θ(c0), either θ(c1) = ρs or θ(c1) = τρs . The first possibility is
ruled out because θ(c1)θ(c2) has order 2a > 2. So θ(c1) = τρs .

Finally, the involution θ(x1) cannot be ρs since otherwise θ would not be onto. So θ(x1) =
τρi with i odd for θ to be onto. Let w := w(x1, c0, c1) be a non-orientable word in �. This
means that the total number of occurrences of c0 and c1 in w is odd. If the number of
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occurrences of x1 is even then the total number of occurrences of τ in θ(w) is odd. This
prevents θ(w) from being the identity. If the number of occurrences of x1 is odd then the
total number of occurrences of ρ in θ(w) is odd because s is even. This prevents θ(w) from
being the identity. Therefore, ker θ contains no non-orientable word, a contradiction.

(ii) and (iii) We study just case (iii) since case (ii) is analogous. Suppose there exists a
non-orientable surface kernel epimorphism θ : � → D2s with σ(�) = (0;+; [4]; {(2a)} for
some a > 1. The group � is generated by the elliptic element x1 of order 4 and the reflection
c0 satisfying ord (c0 x1c0x

−1
1 ) = 2a . Notice that 〈ρs/2〉 is the only cyclic subgroup ofD2s of

order 4. Therefore θ(x1) ∈ 〈ρs/2〉 and θ(c0) is an involution of the form τρi .Anon-orientable
word w := w(x1, c0) in � has an odd number of occurrences of c0 and so θ(w) has an odd
number of occurrences of τ. Thus θ(w) 
= 1 and ker θ contains no non-orientable word, a
contradiction.

(iv) We constructed above a non-orientable surface kernel epimorphism from an NEC
group � with signature (0;+; [−]; {(2, 2, 2, 2a)}) onto the dihedral groupD2a of order 2a+1

which, by the Riemann–Hurwitz formula, equals 4(g − 1). We now show that 2a+1 is the
largest possible order of a dihedral group acting with this signature on a non-orientable
Riemann surface.

Suppose, to get a contradiction, that there exists such an epimorphism θ : � → D2b

with b > a. The involution θ(c0) cannot be the central element z := ρ2b−1
in D2b because

θ(c0) does not commute with θ(c3), since both are involutions whose product is not an
involution. So we may assume, up to an automorphism of D2b , that θ(c0) = τ. Since θ(c1)
commutes with θ(c0), either θ(c1) = z or θ(c1) = τ z. Since θ(c3)θ(c0) has order 2a > 2, it
is θ(c3) = τρi for some i such that gcd(2b, i) = 2b−a . In particular, i is even. Finally, θ(c2)
has to be of the form τρ j for some odd j since otherwise θ would not be onto. But any such
involution does not commute with θ(c3), see Notation 5.1, a contradiction.

(v) and (vi) Let c0, c1 and c2 be the canonical reflections generating an NEC group � with
signature either (0;+; [−]; {(4, 4, 2a)}) with a ≥ 2, or (0;+; [−]; {(2, 2a+1, 2b+1)}) with
1 < a ≤ b. Suppose there exists a non-orientable surface kernel epimorphism θ : � → D2s .

If each involution θ(ci ) is of the form τρ j then ker θ does not contain a non-orientable word.
Thus θ(ci ) = ρs for some i = 0, 1, 2. So the products θ(ci ci+1) and θ(ci−1ci ) would have
order 2, and this is false since there is no pair of link periods in σ(�) equal to 2.
(2) This statement follows straightforwardly from part (1) since, by [8, Thm. 2.4.7] and [13,
Table 4], the signature (0;+; [−]; {(2, 2, 2, 2a)} providing the bound 4(g − 1) is a maximal
signature. So the group � can be chosen as a maximal NEC group, by [8, Thm. 5.1.2], and
this assures that G := �/� is the full automorphism group of the surface H/�. ��

6 General case

In Sect. 3 we studied the case when p does not divide g − 2, where g is the topological
genus of the non-orientable surface, and showed in Proposition 3.1 that any p-group of
automorphisms is either cyclic or dihedral. In this sectionwe remove this arithmetic restriction
and consider non-cyclic p-groups G acting on non-orientable surfaces. If p is odd then
|G| ≤ p(g − 2)/(p − 2), and the bound is attained for infinitely many values of g, as [10,
Thm. 5.3] shows. In this section we refine this bound in the sense that we determine it in
terms of the minimal number of generators of G. We describe the infinitely many values of
g for which the bound is attained. The case p = 2 is also considered.
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Theorem 6.1 Let G be a non-cyclic p-group of automorphisms of a compact non-orientable
Riemann surface of topological genus g, and let � ≥ 2 be the minimum number of generators
of G.

(1) If p is odd then

|G| ≤ p(g − 2)

�(p − 1) − p
.

The bound is attained if and only if (g − 2)/(�(p − 1) − p) is a p-power.
(2) If p = 2 then

|G| ≤
⎧
⎨

⎩
8(g − 2) if � = 2 or 3,
4(g − 2)

� − 3
if � > 3.

If � = 2 then the bound is attained if g = 3, if � = 3 then it is attained if and only if
g − 2 is a 2-power, and if � > 3 then the bound is attained if and only if (g − 2)/(� − 3)
is a 2-power.

Proof (1) We first show that if (g − 2)/(�(p − 1) − p) is a p-power, say pn−1, then there
exist a non-orientable Riemann surface S of topological genus g and a non-cyclic p-group
G of order pn generated by � elements but not less such that G < Aut(S). This will show
that the bound in the statement is attained.

If p ≥ 5 then it follows fromTheorem 2.0.1 in [28] that for each integerm > 1 there exists
a p-group Hm of order pm generated by two elements a and b of order p whose product also
has order p. Let G be the direct product G := Zp⊕ �−2. . . ⊕Zp ⊕ Hn−�+2, which is generated
by � elements but not less, and has order pn . For each i ∈ {1, . . . , � − 2} we denote

ui := (0, . . . , 0, 1, 0, . . . , 0) ∈ Zp⊕ �−2. . . ⊕Zp, with 1 in the i-th place. (6.1)

Let �1 be an NEC group with signature (1;−; [p, �. . ., p]; {−}) and let d, x1, . . . , x� be a
canonical set of generators of �1, where d is a glide reflection and each xi is an elliptic
element. Then the assignment

xi �→ (ui , 1) for i = 1, . . . , � − 2, x�−1 �→ (0, �−2. . ., 0, a), x� �→ (0, �−2. . ., 0, b),

d �→ (
(p − 1)/2, �−2. . ., (p − 1)/2, (ab)(p−1)/2)

defines an epimorphism θ : �1 → G whose kernel is torsion-free and contains the non-
orientable word d p . This makes G a non-cyclic p-group of automorphisms of the non-
orientable Riemann surface S := H/ ker θ. Its topological genus g satisfies (g − 2)/(�(p −
1) − p) = |G|/p, which is a p-power, as claimed.

If p = 3 then for each integer m > 1 there exists a 3-group Hm of order 3m generated
by two elements a and b of order 3 whose product has order 3. To show this claim we
use the description by Coxeter in [12] of the (l,m | n, k) and (l,m, n; q) groups. The
group (3, 3 | 3, 3t ), with presentation 〈a, b | a3 = b3 = (ab)3 = (a−1b)3

t = 1〉, has
order 3(3t )2 = 32t+1 [12, Section 1.6], whilst the group (3, 3, 3; 3t ), with presentation
〈a, b | a3 = b3 = (ab)3 = (a−1b−1ab)3

t = 1〉, has order 9(3t )2 = 32t+2 [12, Section 2.7].
Putting these two families together we get, for each m > 1 a group Hm with the above
features. Let G be the direct product G := Z3⊕ �−2. . . ⊕Z3 ⊕ Hn−�+2, which is generated by
� elements but not less, and has order 3n . For each i ∈ {1, . . . , � − 2} we denote ui as in
(6.1). Let �2 be an NEC group with signature (1;−; [3, �. . ., 3]; {−}) and let d, x1, . . . , x�

be a canonical set of generators of �2. Then the assignment
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xi �→ (ui , 1) for i = 1, . . . , � − 2, x�−1 �→ (0, �−2. . ., 0, a), x� �→ (0, �−2. . ., 0, b),

d �→ (
u1, �−2. . ., u�−2, ab

)

defines an epimorphism θ : �2 → G whose kernel is torsion-free and contains the
non-orientable word d3. This makes G a non-cyclic 3-group of automorphisms of the non-
orientableRiemann surface S := H/ ker θ. Its topological genus g satisfies (g−2)/(2�−3) =
|G|/3, which is a 3-power, as claimed.

Let us show that the bound is sharp for p ≥ 3. Let G be a non-cyclic p-group of auto-
morphisms of order pα of a compact non-orientable Riemann surface S of topological genus
g, and let � ≥ 2 be the minimum number of generators of G. Let us write S := H/� and
G := �/� where σ(�) = (g;−; [−]; {−}). All reduces to prove that

μ(�) ≥ μ(1;−; [p, �. . ., p]; {−}) = −1 + �(p − 1)

p
.

As G has no elements of even order, the same happens to �. Consequently,

σ(�) = (γ ;−; [m1, . . . ,mr ]; {−}),
where mi := pαi for some integer αi with 1 ≤ αi ≤ α. Notice that the minimum number of
generators of � equals γ + r − 1 if r ≥ 1 and γ if r = 0. So γ + r − 1 ≥ � if r ≥ 1, and
γ ≥ � if r = 0. Furthermore, we claim that if r = 0 then γ ≥ � + 1. In fact, let us suppose,
to get a contradiction, that σ(�) = (γ ;−; [−]; {−}) with γ ≤ �.

Let d1, . . . , dγ be a canonical set of generating glide reflections of �. Since |G| is
odd the equalities 〈θ(di )2〉 = 〈θ(di )〉 hold for i = 1, . . . , γ . In addition, θ(dγ )2 =
(θ(d1)2 · · · θ(dγ−1)

2)−1, so 〈θ(dγ )〉 = 〈θ(dγ )2〉 is a subgroup of 〈θ(d1)2, . . . , θ(dγ−1)
2〉 =

〈θ(d1), . . . , θ(dγ−1)〉, i.e., θ(dγ ) is superfluous to generate the whole group G and therefore
G can be generated just by γ −1 ≤ �−1 elements, a contradiction. Thus γ ≥ �+1 if r = 0. So
wemaywrite γ ≥ �+1−r for any value of r . In order to show thatμ(�) ≥ −1+�(p−1)/p
we distinguish two cases:

(i) If r > � then, using that each mi ≥ p and that γ ≥ 1 we get

μ(�) = γ − 2 +
r∑

i=1

(
1 − 1

mi

)
≥ γ − 2 + r

(
p − 1

p

)

≥ −1 + r

(
p − 1

p

)
> −1 + �

(
p − 1

p

)
.

(ii) If r ≤ � then, using that each mi ≥ p and that γ ≥ � + 1 − r we get

μ(�) = γ − 2 +
r∑

i=1

(
1 − 1

mi

)
≥ γ − 2 + r

(
p − 1

p

)

= γ − 2 + r − r

p
≥ � − 1 − r

p
≥ � − 1 − �

p
= −1 + �

(
p − 1

p

)
.

(2) Let S+ be the double covering of S. As said in Remark 4.2, it is a compact Riemann
surface of topological genus g� := g − 1 admitting an antianalytic involution τ such that
S = S+/〈τ 〉. Every group G of automorphisms of S is isomorphic to a group GS+ of
conformal automorphisms of S+ which commute with τ.

Assume first that � ≥ 3. Let G be a 2-group of automorphisms of S generated by �

elements but not less. As said above, G is isomorphic to a group GS+ of automorphisms of
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S+. By [17, Prop. 3.4], the order of GS+ is upperly bounded by 4(g� − 1)/(� − 3) if � > 3,
and by 8(g� − 1) if � = 3. Consequently,

|G| = |GS+| ≤
⎧
⎨

⎩

4(g� − 1)

� − 3
= 4(g − 2)

� − 3
if � > 3,

8(g� − 1) = 8(g − 2) if � = 3.

If � = 2 then the order of GS+ is upperly bounded by 16(g� − 1). However, this bound
is not attained by |G|. In fact, since 2-groups are nilpotent, it follows from the study of
nilpotent groups on non-orientable surfaces done in [10], that the order of every 2-group of
automorphisms of a non-orientable surface of topological genus g is upperly bounded by
8(g − 2), see [10, Thm. 4.2]. In addition, the bound is attained for g = 3 by the dihedral
groupD4, generated by � = 2 elements, acting with signature (0;+; [−]; {(2, 2, 2, 4)}), see
[10, Section 4].

We now show that if � > 2 then the bound is attained for infinitely many values of g.
Assume first that � > 3. We claim that if (g − 2)/(� − 3) is a 2-power, say 2n−2, then there
exist a non-orientable Riemann surface S of topological genus g and a non-cyclic 2-group
G of order 2n generated by � elements but not less such that G < Aut(S).

LetD2n−�+1 be the dihedral group of order 2n−�+2, generated by the involutions τ and τρ,

and let G be the direct product G := Z2⊕ �−2. . . ⊕Z2 ⊕ D2n−�+1 . This is a group of order 2n

generated by � elements but not less. For each i ∈ {1, . . . , �−2}wedefine ui ∈ Z2⊕ �−2. . . ⊕Z2

as in (6.1). Let �1 be an NEC group � with signature (0;+; [−], {(2, �+1. . ., 2)}) and canonical
generators c0, . . . , c�. We define the epimorphism θ : �1 → G induced by the assignment

c0 �→ (u1, 1), c1 �→ (0, �−2. . ., 0, τ ), c2 �→ (u2, 1),

c3 �→ (0, �−2. . ., 0, τρ), c4 �→ (u1 + u2, 1),

ci �→ (ui−2, 1) for i ≥ 5.

It is indeed an epimorphism, whose kernel is torsion free and contains the non-orientable
word c0c2c4. So S := H/ ker θ is a compact non-orientable Riemann surface admitting G
as a group of automorphisms. Its topological genus satisfies g − 2 = |G|(−1 + �+1

4 ), so
g = 2n−2(� − 3) + 2, as claimed.

We finally consider the case � = 3. If g − 2 is a 2-power, say 2n−3, then there exist
a non-orientable Riemann surface S of topological genus g and a non-cyclic group G of
order 2n generated by 3 elements but not less such that G < Aut(S). To show this claim we
consider, for each positive integer m, the group G with presentation

G = 〈a, b, c, d | a2 = b2 = c2 = d2 = (ab)2 = (bc)2 = (cd)2

= (ad)2c = (ac)2 = (bd)2m = 1〉.

Observe that c = (ad)2 is a central element of order two, and that a centralizes (bd)2.

The first claim is obvious, and for the second one we use the first: a(bd)2a = badbda =
b(ad)−3bda = bda(da)2bda = bdab(da)2da = bdba(da)3 = bdbd. It follows that
G is an extension of its cyclic normal subgroup N of order m generated by (bd)2 by the
groupD4 × C2 := 〈aN , dN 〉 × 〈bN 〉 of order 16, and as such, G has order 16m. Choosing
m := 2n−4 makes G a non-cyclic group of order 2n . In addition, G is generated by three
elements since the generator c is superfluous. It cannot be generated by two elements since
its quotient groupD4 × C2 cannot be generated by two elements.
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Let �1 be an NEC group with signature (0;+; [−]; {(2, 2, 2, 4)}) and let {c0, c1, c2, c3}
be a canonical set of generators of �1. It is clear that the assignment θ : �1 → G given by

c0 �→ a, c1 �→ b, c2 �→ c, c3 �→ d

is an epimorphism. Since its kernel, which is torsion-free, contains the non-orientable word
(c0c3)2c2, the orbit space S := H/ ker θ is a compact non-orientable Riemann surface
admitting G as a group of automorphisms. Its topological genus g satisfies g − 2 = |G| · 1

8 ,
that is, |G| = 8(g − 2), as claimed. ��
Corollary 6.2 Let p and g be integers greater than 2 such that p is prime. Let G be a p-group
of automorphisms of a compact non-orientable Riemann surface of topological genus g.
Then

|G| ≤
{

p(g−1)
p−1 if p ≥ g,

p(g−2)
p−2 if p < g.

Proof LetG be a p-group acting on a compact non-orientable Riemann surface of topological
genus g ≥ 3 and let � be the minimum number of generators of G. If G is not a cyclic group
then it follows from Theorem 6.1 that

|G| ≤ p(g − 2)

�(p − 1) − p
≤ p(g − 2)

2(p − 1) − p
= p(g − 2)

p − 2
.

If G is cyclic then it follows from Theorem 4.1 that |G| ≤ p(g−1)
p−1 . So we are led to compare

both bounds. An straightforward computation shows that

p(g − 1)

p − 1
≥ p(g − 2)

p − 2
if and only if p ≥ g.

This finishes the proof. ��
In order to show that the bounds given in Theorem 6.1 are attained, we have con-

structed non-orientable surface kernel epimorphisms from NEC groups � with signatures
(1;−; [p, �. . ., p]; {−}), (0;+; [−]; {(2, �+1. . ., 2)}) and (0;+; [−]; {(2, 2, 2, 4)}) onto some
p-groups G. It turns out that if � ≥ 3 then these signatures are maximal, and so � can be
chosen to be a maximal NEC group. For such a choice, the action of the p-groupG cannot be
extended, so G is the full group of automorphisms of the surface. This shows the following
proposition.

Proposition 6.3 Let G be a non-cyclic p-group that acts as the full automorphism group of a
compact non-orientable Riemann surface S of topological genus g. Assume that the minimum
number of generators of G is � ≥ 3.

(1) If p is odd then |G| ≤ p(g − 2)

�(p − 1) − p
.

(2) If p = 2 then

|G| ≤
⎧
⎨

⎩

4(g − 2)

� − 3
if � > 3,

8(g − 2) if � = 3.
(6.2)

Remark 6.4 The categoryFR of algebraic function fields in one variable overR is functorially
equivalent to the category K of compact Klein surfaces, see the Appendix of [8]. This
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functorial equivalence maps each surface S ∈ K to its fieldM(S) of meromorphic functions
on S, and it is proved in the Appendix of [8] that if S is non-orientable with empty boundary,
then −1 is not a square inM(S) but it is a sum of squares inM(S). Indeed, it follows from
the main result in [23] that in this case −1 is a sum of two squares in M(S).

Thus, the results in this paper provide information about the structure and upper bounds
of the order of p-groups of automorphisms of those fields F ∈ FR satisfying that −1 is a
sum of two squares but it is not a square. These fields F are said to have level 2 (originally
Stufe(F) = 2).
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