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Abstract. Furzy rationality measures reprosent a partioular olass of
apgregation operators. Following the axdvsalic approach developed in
[1.3.4,58] mtionality of fuzzy preferences ioay bue seen as a Insey properly
of lexy preferences. Moreover, several rationality measures can e ag-
gregated into a global rationality sneasore. Wo will see when and how
thiz can be done, We will alse comanuenl upon the Teasibility of theit nse
in real life applications, Indeed, soone of the rationality measares pro-
prsed. though intweively (awd axiomatically} seund, appear Lo be qoite
complex from a coanputationd poist ol vicw.
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1 Introduction

Suppose we are given a fiulee set of allernatives X, We ran eomaider adl complate
fuzey lawary relatsons [21] defined om X that s, mappings

g X o X —[01]

such Lhat each valne pix, ) represcuts the intensity value Lo which alternative
is nat worse that allernative # (see also [ILIA]]. The completeiess assioption
HElaradtees Lhal

#lr y) + iy e} 2 1

forall z. g € X. Without such an assumption we would have ta deal with possibile
incomparablity problems.

An axiomatic characierization for Lhe notion of raftenality measan: bays boen
given in [1]. where consistrney was viewed an oo fusey propecly of Fuzzy binary
preference relations. Morenver, iu [B] 16 was studied the problem of logical com-
binations of such rationality measuces alomg with some defivitions of functional
squivalence. Since each fuzey prefrreuce relation can be measured according o
different rationalily criteria. we should be wilking to eheck if and when we can
aggresate differoit rablonality criteria ioto one.

On the other hand., fuzzy ralionalily measures ean be seen as asprecial class
of aggregation operators. Therefore. we should be willing (o investizgate an the
feasibility of their use o real lile applications.



2 Fuzzy rationality measures

Max-min transitivity is one of the mest common rationality measures in the
context of fuzey binary prefercuce relations. However. the property of being miax-
min fransitive s ocnsp, Lal s Lo say each relatinn either is or 15 wot max-moin
trausitive, despite the fact that we intultively realize that some fazzy prefereioes
are mich closer toomas-tin Lransitivity than others. We wilh soc Ut there exist
obher measures which allow a fuzzy classification of luszy preferences. These
measires vrerfy aosel of axioms which have been formally intooduced i [1) 1o
detalls, rationality measures are characteriaed as mappings

p:P {01

where
=) PAY
x lone
reprearnts bhe facnily of all complete fuzzy binary relations. The ollowing condi-
tions were assuined o order for sach & mapping to define a rafionafily measure.

(B1} pip) =1 for any p delining a erisp striet chain on X
(R2) Given g € P and a pertnutation 7 0 X — X then

pp") = plu)

where @™ (e, 4) — plm{el wy)) forall 2,y € X
{R3) Forall € P, plu—t) = plph, where p Yo gl= e forall 2y e X
{F4) Lot ¥ be a non-empty finite sot of allernatives and let & be an oextra
allernative not belonging ta ¥. Lol us consider afuzzy preferonce p: Y=l —
[0 1] such that wiy. 2] = loglz. y} = 0,%y © ¥,¥z € V3 for some ¥, ¥y
partilion of ¥, and an extension pf such that

el ) — iy 2 ¥y 2O ¥
tilpa) - Lp'le gy =09y C ¥
Pzl — Lafis ay 0¥ e ¥
wie ri—1
Then it mmst be
pipty T oplp).

{(B3) Lot g € P{X} be fixed. Given an arbibrary ordered pair of alterostives
(. %), an arbiteary point (3,00 € [0, 1] % [0, 1]. and real numbers 5 aod A suck
that A b Aeosy < 1, 0= b4 Asins = | and 4+ & + A{sin v + cos ki
we denote by £ ({2 y), (i, 5), 7, A) the [uzzy preference relation defined as

. a4 Aeos sy if (o y] — (1, F)
Fuliz gl aB). v Az p) = $ b+ Asing iF{z.p) = (p.2).
e ) otherwise



Lt (2, 4], (&.6). ¥ be fixed and let us consider the fuszy preference relation
A defined as

PPANz.ph = Du{2 gh (8. ). Az, w)

Then. ome of the following two properties must be veritied by .
{R5.1) there s o value b such that

pLITLAL = pl 7 (A))
PIITLAR < ol (An]]

for sorne: Ay, Ax such that A= < X < Ao
({R5.2) there iz no value & such vhat

Pl (A)] < pl I (AY)
MITTIAY) = p( (A0 0)
for some &y, As soch that Ay = A = Aa,

We then have the following deliniion.
Defination 1. Any mapping g7 = [ 1] s a

1. pessinpstic fussy ratlonality measure it vorifics coneditions {RER3.1);
2. oplimistic fuzzy rationality measure 14 verifies conditions (K1) .{ BR.2).

A Tuzzy rationality mcasnre being both pessimistic and optimistic will e sl
Tuarral. O

Fur cxarnple. max min transitivity rationalily comdition Is & pessiinistic fuzay
ratinmality.

{Ex1)

Fif gl =) 2 mindple, wh ol 2)) . Ye o2 € XL
0 extbierwise '

prrmrrrain{ﬂ] == {

Bomne mete exsnples of Jussy rationality mensures can be found in [4].

3 Equivalent rationality measures

As pointed out in [3], two fuszy rationalily measures can be considered equivalent
il they always agree when ratnparing individual rationalities. In this case. it can
bo supposed that the discrepance between bbb rationalily measures is just due
to different underlying scalrs.

Definition 2. {siven twe fizzy rationality measures o and gy we will say that
Mmoad po are cquivalent W and ooly if for any pair of individeals gy oand s

) = polpe} if and only if patpn ] 2 palpe). =



It this particular context, it was proven that any class of equivalenl (uezy
ratignality measures is closed wilh respecl Lo the most important logical eom-
positions.

Theerem 3. Let ws romsider pipe, - kb oequitaleat fuzzy retionality mea-
sures. Let

i1y e 1
e a sfreelly nondecrcasing mapping, tv anch g way el
i, o) = M0 - ) dfa, 28 farall j=1.2,... &
i
Hiwv, - oepd = by - b)) whenerera, = b, foralij=1.2... kL

Let alve gssume
Hi - 1= L.

Then the mapping
H[ﬂl:f"Zl S -.F”.!:l P — [H ]]
defrncd s

Hipropooopedipd — Wi () palp). - pe(p)). W

1%t furry redionalily measure equivalent fo o pu. o

Since OWA operators [18.19.20] do werify the conclitions of the above Lheo-
reml, they can be used to obtain wew wessures from Gnite collections of equivalent
tuzzy raticnalily measures. 'U.norms and T-conerms con be wsxl whenever they
verily the ahove atriet monotonicity condition,

4 General results on min and mnax operators

Moz and Min cperators have heen justificd in the fusey literature in several
ways {see, eg., [IT.19]). The [llowing results show the sood pecformanee of
these two operators when restricted to pessimistic and opkitnstios rationality
Tieasres,

Theorem 4. Let py and gy be two pessimestic [resp. optinistic] fuzzy rativnafify
taeusures. Then the mapping vain(p), p2) fresp maxfpy pod] defines q pessitnsfie
fresp. optimistic] fuzzy rafronality mreasure

Proof: We will jusl prove the min case, sinee the other case s perfectly similar.
Croperties (IR1-(HA) are immediate. Iu order to check regularity, let us assume

that

e g, g I T A )Y i [, g WA < mun(e;, ge (7 1AL



for s A, Ay Ay such that Ay <0 & < Ao Tt us assune also that

gy, pa TS LAY = pr (A

Sl gy s pessioistic but

mun (g, pu )T (A S e (IR

and
min(p. ey ) A)) < pr (47 (A

always hold, then we have teached o a contradiclion, rn
Analogous closure result is obtained for OWA aperators i restoicted to more
paclicular families of pessimistic or oplimitic ralionality measures (see [5).

Theoremb, Lot ppopo, - o be b fuzzy ralionalily meeasnres, alf of them prs-
sinpsfre (oplumistic)l, in such o way thet -arcording 1o nelafion given e (R5)-
every mrapping p (AN s concave (onver) oA Then H{py.pu. - pe) is alse
# pessenistic foplimesiic) furoy rationality mcasure, if H s an OWA operulor
with fncreasing fdecrensing) associded werghls.

5 The computational problem

Lut us sonsider the fuzzy rationaliby measure goerman - Though semantically such
a rafionality measure s quite unsatisfactory, sithee it rogilocs @ cIlsp propecty,
[rom & computational point of view 15 instead a good example. Indeed, as it
ran easily b seen (ses, e 4]0, for any g the valie of poermin{pd can e
compuled in time (X [*). Therefore, we have a polvnomial Lime computable
fuser ralionality measure which makes iC edsy Lo use in real life applications.
This w ok always Lthe case.

The example that follows s based wpon Orlovsky's choice set of unfuzzy
nondorminatcd alternatives {see, e g [LB]). (diven a fuzsy prefiorence

e X ow N — 0]
tor any arhitrary pou-ciply subsel Y of alternatives we define
Viiep = {2 € Vinley) = ply.2) ¥y e Y}
Then the [ollowing map is an optimistic fugzy rationality iwasure (see also [4]):

Gif Wiy B forsome ¥ £ B

paip) = . g
min{mﬂ’}fﬁﬂ F ] otherwise

The problem of compuating such a rationality measores can b rewritten inoa
graph-theorstical manner {zee. e, [10]. Given g and X we can build a graph
{7, whose vertices an: the slements of X and such that there cists an edge from
oy il and only if gz, ¥ = ply ) We then have



Proposition 6. pafp) — 1) if aad endy if there crists o cpele m (7, L

As a comsequenee, 1t s relatively casy to check whether gz absalutely irrational
[acording to this particular rationality measure). However, once wee kuow thal
there are no cyeles in &y, eotnputing the value of pp(p) becomes a computa
tionally hard problen. Iondeed, the Bollowing holds.

Proposition T, {fiven 2 pasidive mboger K pac{p) < ﬁ of aud caly if (7, has
at independent sol of size K oor more. mn

We recall thal an independent set 15 & subset of vertices such that no two vertices
in it are eannected by an cdge. Moreover. il is well known that the prohicm of
deeiding whether » graph bas an independent set of size & or mone belongs 1o
the class of A™P-complete problems.

If we inrradner the following delinilion

Detinition 8. A [usey ralionality measure is computarionally hard if given any
4 < r <1 and fazzy prefeeence relanoe g the problem of deciding, whether
Al =05 & FPohand. M

then we bave thal py s computationally haed.

5.1 Talypomial Constructability

We end this sectirm hy romarking s property of the fuzzy ratiemality roeasire
px which will be used later on. Given any positive integer &L s possible in
polynomial time to produce a lussy preference relation g such that paip) = 3.
By usivg the graph 75, we build a graph on X with a masimumn independent
get of size K as follows:

— chiese raodornly a ser YV oof K vertices:
add an edge from each vertex of ¥ 1o vach vertex ool in ¥:

- K = %l Lhen stap. else reeursively, boilkl a grapk on X % ¥ with an
independent set of size R

Definition 9. A fuzzy rationality mwssure g 1s [polvnomially] construetible if
there exists a [palyioinial] algorithm which given any mumber 0 < ¢ <0 1 docides
whether there eaists o such that plp) = v and it owbputs an example. O

Obviously, pa i3 polynomially constructible,

In an attempk o by pass the hacdness problem such as the one abiove secn, one
miay think to find a rationality measnpe, cquivalent Lo a given computationally
hard one but that instead can be computed easily. In fact, this approach s i
general donmerl to failluce, lodeed the following holds.

Theorem 10, Led p be a computationally hard fuzzy rufronchiy messure. Sup-
pose that o is polynomially constructible. Then, if o i5 equivalent in po s cour-
pafutronaiiy hard a5 well



6 Final Remarks

Consistency of fugey preferences use 1o he defined according 1o the main apphica-
tion the declsion maker is thinking on. Whew our objective is just deseriptive, we
should realize that drpending oo the potential application our idea of consisten-
ey may be chaoging. In this case we shauld keep Lhe information of an adegquate
nummber of rationality meisures allowing a right description for all those polen-
tial purpascs. Then, we may be interested in somnwe global index. which will be
s arnalgamated value of those partial indices.

Cuomputalionat azpects shonld be alwayy addressed in the agrregation pro-
cedure of fuzey tationality measures, but also to each rabionalily measure itself
Computational difficalties should be taken iote account, for example, when enn-
sidering Mot zoo’s rationalily measure [2,12.13, 14], where completeness of luzzy
preferences was alsa asswmed. We st point out the ienportance of such a com-
pleteness assumption. Rationality under ircomparability as mendeled in [5,7,5]
{zee alsn [15]) appears s a need in future rescarch,

Acknowledgements: This rescarch bas hoon partially supported by 1¥rec-
cisn General de Tovestigacion Clentificn ¥ Téenica {Spain}.
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