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Abstract

We answer in the affirmative a conjecture of Berarducci et al. (Confl. Math. 2(4): 473-496,
2010) for solvable groups, which is an o-minimal version of a particular case of Milnor’s
isomorphism conjecture (Milnor, Comment Math Helv 58(1): 72-85, 1983). We prove that
every abstract finite central extension of a definably connected solvable definable group in an
o-minimal structure is equivalent to a definable (hence topological) finite central extension.
The proof relies on an o-minimal adaptation of the higher inflation-restriction exact sequence
due to Hochschild and Serre. As in Milnor (Comment Math Helv 58(1): 72-85, 1983), we also
prove in o-minimal expansions of real closed fields that the conjecture reduces to definably
simple groups.
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1 Introduction

A natural question for an infinite group G is whether certain algebraic, topological, or even
logical properties are preserved when passing to finite central extensions. For instance, one
may ask if every abstract finite central extension of an arbitrary Lie group is a Lie group.
This is a particular case of the more general Milnor’s isomorphism conjecture [24], which
still remains open. Nonetheless, it is known to be true for solvable groups [24] and in other
cases, see for example [24, 30] as well as [11].

In this paper, we aim to study a closely related conjecture concerning definable groups in
o-minimal structures (expanding a dense linear order without end-points), due to Berarducci
et al. [5]. We briefly recall their conjecture.

Let G be an {-definable group in an o-minimal structure M and let Z be a finite abelian
group, which we may assume to be ¢J-definable in M after naming its elements if necessary.

Both authors are supported by the project STRANO PID2021-122752NB-100 and Grupos UCM 910444.

B Daniel Palacin
dpalacin@ucm.es

Elias Baro
ebaro@ucm.es

Departamento de Algebra, Geometria y Topologia, Facultad de Matematicas, Universidad Complutense
de Madrid, 28040 Madrid, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00209-025-03796-6&domain=pdf

87 Page2of23 E. Baro, D. Palacin

Following Berarducci et al. [5, Sect. 1] (see also Sect. 2 below), we say that an abstract finite
central extension

0—2565G6—1
is naturally interpretable without parameters if it is equivalent to a central extension
0— 725G 6 —1,

in which the group Gy and the homomorphisms 7y : Go — G are definable in M, without
additional parameters other than the ones needed to define G and Z. Recall that two central
extenswns Gl and G2 of G by Z are (abstractly) equivalent if there is an isomorphism
Y G1 — Gz such that the following diagram commutes

0—7z "G X6 —1

Iy

Notice that a naturally interpretable abstract finite central extension is in fact a topological
extension, since every definable group in an o-minimal structure is endowed with Pillay’s
group topology [28].

Berarducci et al. [5, p.474] conjectured the following: every abstract finite central exten-
sion of a definably connected definable group G in an o-minimal structure M is naturally
interpretable in M. They proved it for abelian groups [5, Thm.2.9] and established some
equivalent characterisation for definably compact semisimple groups [5, Thm.2.10]. Fur-
thermore, as any group definable in an o-minimal expansion R of the real field R is a real
Lie group [28], it follows from [5, Prop.2.2] that every abstract finite central extension of a
definable group G in the o-minimal expansion R is naturally interpretable in R, whenever G
satisfies Milnor’s isomorphism conjecture. Consequently, Berarducci, Peterzil and Pillay’s
conjecture is also satisfied for many groups definable in R.

In this paper we solve the conjecture from [5] for solvable groups in the affirmative:

Theorem (Theorem 3.4) Let G be a definably connected solvable definable group in an
o-minimal structure M. Then every abstract finite central extension of G is naturally inter-
pretable in M.

Notice that this is analogous to Milnor’s result in [24] for solvable Lie groups, and gen-
eralises the abelian case from [5, Thm.2.9]. To prove our result it is more convenient to
reformulate the o-minimal conjecture in cohomological terms.

In Sect. 2 we introduce a definable version H 3(G, Z) of the second cohomology group
H2(G, Z), which was first considered by Edmundo [12]. We prove that HU%(G, Z) is canoni-
cally embeddable into H2(G, Z) and it is in one-to-one correspondence with the equivalence
classes of naturally interpretable abstract extensions of G by Z (Lemma 2.4). The conjecture
from [5] can then be restated as follows:

Conjecture The natural inclusion Hg(G, Z) — H*(G, Z) is an isomorphism.

To approach this isomorphism conjecture we first prove the following result for definable
o-minimal groups by considering second cohomology Hd2 groups. The proof adapts Neeb’s
proof of [25, Thm. 1.5], and the statement corresponds to an o-minimal adaptation of the
inflation-restriction exact sequence [21, Chap. III] due to Hochschild and Serre.
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Theorem (Theorem 2.10) Let A be a definably connected group and let

1—>A—l>Bi>C—>l

be an (¥-definable short exact sequence of groups in an o-minimal structure, where t is the
inclusion map. Then, for every finite abelian group Z we have

ﬂ* *
0 — H3(C,Z) % H3(B,Z) —%> H3(A, Z)

is exact, where L:;([f]) = [f|axal is the restriction map and ,B;([f]) =[fo(B x B)]isthe
inflation.

This result, together with its abstract counterpart, is then used to prove Theorem 3.4. We
also show there that H2(G, Z) = z4m(G/N(G) \where N(G) denotes the maximal torsion-
free normal subgroup of G.

In the last two sections of the paper we consider the conjecture in o-minimal expansions of
real closed fields. In Sect. 4 we study structural properties of Hj (G, Z). Among other results,
we show that Hj(G, Z) is finite (Corollary 4.8). Finally, in Sect. 5 we prove the o-minimal
analogue of Milnor’s result [24, Lem. 4]. Namely, we show in Corollary 5.4 (cf. Theorem
5.3) that the o-minimal isomorphism conjecture is true for a definably connected definable
group G in an o-minimal expansion of a real closed field, if it is true for all definably simple
groups.

2 Generalities on o-minimal finite central extensions
2.1 Natural interpretability and cocycles

We briefly recall the concept of naturally interpretable extensions to complement the def-
inition provided in the introduction. Let G be an (J-definable group in M and let Z be an
abelian finite group which we also assume to be @J-definable in M (see Remark 2.2). Given
an abstract finite central extension

075656 —1

we can identify it with the three-sorted structure £ = (Z, u, G , t, M) with sorts Z, G and
M and functions for the respective group operations and homomorphisms.

Definition 2.1 The abstract finite central extension £ is naturally interpretable in M without
parameters if there are an J-definable group 60 in M and an ¢-definable homomorphisms
7o - 50 — G in M such that the structures £ and &y = (Zy, 1o, 60, 1o, M) are isomorphic
over M, i.e. the isomorphism is the identity on M.

With the same notation, note that the isomorphism over M between £ and &) simply means
that the following diagram commutes

M Tl

0 z G G —>1
>

0 — Zo 2% Gy =% G — 1

Observe that, without loss of generality, we may assume that Zg = Z by replacing the finite
central extension & by (Z, po o yz, Go, 7o, M).
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Remark 2.2 The diagram above implies that in M one can define without parameters the
group ker(7g), which is isomorphic to the finite group Z. This is the reason we impose the
#)-definability of Z from the beginning. Otherwise, if Z is not isomorphic to an #J-definable
group in M, then the abstract finite central extension £ cannot be naturally interpretable in
M.

Nevertheless, note that there is no harm in assuming that Z is (J-definable in M, as we can
always name its elements with constants. Moreover, if M is an expansion of areal closed field,
then every element of an abstract finite group can be identified with #-definable elements of
M, so the finite group can be taken as J-definable. Thus, no parameters (or new constants)
are needed whenever G is (J-definable in an o-minimal expansion of a real closed field M.

Remark 2.3 In the definition of naturally interpretable it is also reasonable to allow the group
60 and the homomorphism 7y to be definable with parameters, say over a set B. In this
case, we say that £ is naturally interpretable with parameters (or over B). Nonetheless, in
this paper we only consider natural interpretability without parameters. In fact, when M is
an o-minimal expansion of a real closed field and G and Z are definable without parameters,
by [16, Cor. 1.2], the notions of naturally interpretable with and without parameters agree.

As exposed in the introduction, it will be convenient to consider second homology groups
and treat central group extensions via 2-cocycles.

Recall that a central group extension of G by an abelian group Z is given by a 2-cocycle,
whichisamap f : G x G — Z that satisfies f(x,1) =0 = f(1, x) and

fE )+ fxy,2) = fx,y)+ (. 2).

For a Z-valued 2-cocycle f of G, we can define the group G x ¢ Z, whose domainis G x Z
and its operation is defined as follows:

(x1, 21)(x2, 22) = (x1x2, 21 + 22 + f(x1, X2)).

This yields a central extension 0 — Z LG xfrZ LG6-1 by settingzw : G xs Z - G
to be the projection onto the first coordinate and y : Z — G x s Z the natural inclusion
map. In fact, every central group extension

0—-z5G656—1
is equivalent to the group extension given by G x s, Z, where fy : G x G — Zis a 2-
cocycle satisfying pu(fs(x,y)) = sxy)"ls(x)s(y) where s : G — G is a section with
s(1) = 1. Note that the equivalence is given by the isomorphism y : G xy, Z — G defined
by (x, z) > s(x) - u(z). Note that if the section s : G — G is also a homomorphism, then
fs is the trivial map and moreover s(G) is a normal subgroup G as Z is central. Hence, the
groups G and G x Z are isomorphic, in which case G splits trivially.

When the group G is definable in a structure M, we have the following relation between
naturally interpretable extensions and definable 2-cocycles (cf. [5, Sect.3.1]).

Lemma 2.4 Let G be a definably connected (-definable group in an o-minimal structure M
and let

0—7z5G 56 —1

be an abstract finite central extension, with Z definable in M without parameters. The finite
central extension is naturally interpretable in M without parameters if and only if there is
an {-definable 2-cocycle f : G x G — Z such that G and G X y Z determine equivalent
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extensions. Moreover, this equivalence is given by a definable isomorphism whenever the
group extension given by G is (-definable.

Proof Suppose that the group extension given by G is naturally interpretable. Without loss
of generality, we clearly may assume that the extension itself is definable in M without
parameters. So, by [12, Thm.3.10] we obtain an @-definable section s : G — G with
s(1) = 1,and let f; : G x G — Z be the associated cocyle. Note that the group G xXfZ is
definable without parameters as well. Hence, since as explained above the extensions G and
G x s, Z are equivalent, we obtain the result as the maps associated to the extension G x r, Z
are clearly definable.

For the other direction, notice that any extension equivalent to G x s Z for some {J-definable
2-cocycle f is clearly naturally interpretable by definition. Therefore, there is some function
y:GxrZ— G witnessing the desired isomorphism over M. O

2.2 Definable second cohomology group

Let G be a group and let Z be a finite abelian group. As usual, we denote by Z2(G, Z) the
group of Z-valued 2-cocycles of G, that is,

ZZ(G,Z):{f:GxG—>Z|fisa2-cocycleonG},

whose operation is given by pointwise addition. So, it is clearly an abelian group, as so is
Z.Foramaph : G — Z with h(1) = 0 we always obtain, using the terminology from [32,
Chap. 16], the 2-cocycle

dh(x,y) = h(xy) — h(x) = h(y).

Cocycles of this form are called 2-coboundaries, i.e. an element f € Zz(G, Z) is a 2-
coboundary if there is some 7 : G — Z such that (1) = 0 and f = dh. The set of
2-coboundaries B2(G, Z)isa subgroup of Z%(G, Z).1tisroutine to verify that two extensions
G x g Z and G x p, Z are equivalent if and only if fi — f> € BZ(G, Z), see for example [29,
Thm.7.32]. In particular, an extension G x s Z splits trivially (i.e. is equivalent to G x Z) if
and only if f is a 2-coboundary. Therefore, we will be interested in the second cohomology

group
H*(G,Z)=2*(G, Z)/B*(G, Z).

In particular, the class of a 2-cocycle determines a central extension up to equivalence, and
viceversa.

In the light of the Lemma 2.4, we introduce the following definable version of H? to study
naturally interpretable extensions.

Definition 2.5 Let G be an (J-definable group in an structure M and let Z be finite group,
which is also #J-definable in M. We write Zﬁ(G, Z) to denote the subgroup of @-definable
2-cocycles, and de(G, Z) for the subgroup of 2-coboundaries f € B%(G, Z) such that
f = dh for some (J-definable function & : G — Z with h(1) = 0. Define the definable
second cohomology group as

HX(G, Z) = Z%(G, Z)/B3(G, 2).

We will see in Corollary 2.8 that Hg(G, Z) is the group of central extensions of G by Z
which are naturally interpretable, by Lemma 2.4.
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We need the following result of Berarducci, Peterzil and Pillay [5] which is hidden in
the proof of the claim of Theorem 2.10, see also [19, Prop.2.11]. We will apply it without
explicit mention in the subsequent results. Since it will be extremely useful in the sequel, we
record a proof for the sake of completeness.

Fact2.6 Let G be a definably connected group in an o-minimal structure. Then G has no
finite-index abstract proper subgroup.

Proof Let H be a finite-index proper subgroup of G = G°, which we may clearly assume
that it is normal. Set n = |G /H| and consider the map o, : G — G given by o, (x) = x".
By [22, Lem.8.1] we have that G = (im(o},)). On the other hand, the image im(o,,) C H,
so G = (im(o,)) < H, which yields the statement. ]

Lemma 2.7 Let G be a definably connected group in an o-minimal structure and let Z be
an abelian group of order n. If f € B*(G, Z) is a 2-coboundary, then there is a unique
map h : G — Z with h(1) = 0 and f = dh. Moreover, for every x € G there are some
Vi, ..., Yy Satisfying x = yy - - -y such that

r n—1
h(x) =) (f(yi' VLYY FO; yf,-)) :
j=1 i=1
In particular, if f is O-definable, then so is h and hence f € Bﬁ(G, Z).
Proof As f is a 2-coboundary, by definition there is some & : G — Z with 4(1) = 0 such

that dh = f. Observe that 1 must be unique. Indeed, suppose that i : G — Z is such that
dho = f and set h = hg — h. Since dhg = f = dh, we have for every x, y € G that

0 =dho(x,y) —dh(x,y) = dh(x,y) = h(xy) — h(x) — h(y).
This yields that h: G — Z is an homomorphism and by the connectedness of G we deduce,
using Fact 2.6, that h = 0, so h = hy.
Now, let n be the order of Z. Using the fact that f(x, y) = h(xy) — h(x) — h(y) for every

x,y € G, we easily see that

n—1 ] n—1 ) )

D7y =0 (hOTY = k) = (D) = h™,

i=1 i=1
since nh(y) = 0. As G = G°, by [22, Lem. 8.1] there is some natural number > 1 such that

forevery elementx € G thereareyi, ..., y, € Gsatisfyingx = y{ - -- y/'. A straightforward
recursive argument on r shows that

r

B =hof -t = 3 (FOT Yy +hOD)

j=1
r n—1 )
=) (f(y’f VLY DY F O y})) ,
j=1 i=1
which yields that the graph of 4 is definable. O

Corollary 2.8 Let G be a definably connected (-definable group in an o-minimal structure and
let Z be a finite abelian group, which we assume to be }-definable. We have that B§(G, Z)=
Z%(G, Z) N BX(G, Z) and the map H}(G, Z) — H*(G, Z) given by [f] — [f]is an
injective homomorphism. O
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An immediate translation of the corollary above extends [22, Fact2.7] to arbitrary o-
minimal groups, nonetheless it is not used in the sequel.

Corollary 2.9 Let G be a definably connected definable group in an o-minimal structure and
let Z be a definable finite abelian group. If a definable group extension of Z by G splits
trivially as an abstract extension, then it is splits trivially and definably.

Proof We may assume that both G and Z are definable without parameters and also that the
extension is given by a 2-cocycle f € Zﬁ(G, Z), by Lemma 2.4. Note that f € B%(G, Z)
since the extension splits trivially, as an abstract extension. So, by Lemma 2.7, we have
that f = dh for a definable map h : G — Z with k(1) = 0. Hence, the homomorphism
a: G — G xy Zdefined by a(g) = (g, h(g)) is definable. It then follows that G x s Z can
be written as a direct product of im(«) and the subgroup {1} x Z, which are both definable.

O

From now on we write Hf to refer indistinctly to both groups H? and H 3. Likewise, we
use the terminology Z2 and B2.

2.3 A definable inflation-retraction

We now prove the following result on exact sequences for o-minimal groups. The proof is
an adaptation of [25, Thm. 1.5] (cf.[23, p.354] and [20, Thm.51.3]), where the statement
holds for a suitable subgroup of H2(B, Z) under the assumption that A is a central subgroup
of B. It is worth noticing that in the statement below we need only impose that A has no
finite-index proper subgroup, which permits to adapt Neeb’s proof.

Theorem 2.10 Let A be a definably connected group and let

1—>A—1>Bi>C—>1

be an (-definable short exact sequence in an o-minimal structure M, where ( is the inclusion
map. Let Z be a finite abelian group and suppose it is )-definable (after naming its elements).
Then

0 — HX(C,2) L5 H2(B,7) % H2(A, 2)

is exact, where ([ f1) = [flaxal and BX([g]) = [g o (B x B)] are the restriction and the
inflation maps, respectively.

The abstract version of the statement for arbitrary groups is called the higher inflation-
restriction exact sequence [21, p. 129]. Thus, it only remains to prove Theorem 2.10 for A 3.
Nonetheless, our proof is uniform for both the abstract and the definable case.

Proof 1t is routine to verify that the functions ¢ and B are well-defined. We prove that the
sequence is exact.

We prove that 8 is injective. Let g € Z2(C, Z) be a 2-cocycle for which there is some
(definable) map & : B — Z such that g(8(x), B(y)) = h(xy) — h(x) — h(y) for every
x,y € B and with h(1) = 0. In particular, for x, y € A it holds that

0=2g(, 1) =gBx), 1) =hxy) —hx) =h(y),
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S0 hlg : A — Z is a group homomorphism. Moreover, as Z is finite, so is the index of
ker(h]|4) in A and hence h|4 is the trivial map, since A has no finite-index proper subgroup.
As a consequence, for every x € A and y € B arbitrary we have

0=g(, B(y) =gBx), B(Y)) = h(xy) —h(y).

In particular, the function 2 : C — Z defined by h(c) = h(x) for some x € B~ (¢) is
well-defined. We then clearly have that g = dh, so that [¢] = [0], as desired.

Now, we prove that ker(:) = im(B}). Observe that (¢ o BX)([f]) = [0] for every
g€ ZZ(C, Z),soim(B}) C ker(t}). Hence, it remains to prove ker(:3) C im(87).

Let f € Z%(B, Z) and suppose that ¢ ([ /1) = [0], i.e., there is some function g : A — Z
such that hg(1) = 0and f(x, y) = dho(x, y) = ho(xy) —ho(x) —ho(y) forevery x, y € A.
Set B =B X ¢ Z and let

0—2z5 B B_—1

be the group extension where p and 7 are the natural maps.

We first construct a group extension of C by Z. Consider the normal subgroup A=Ax 24
of B. Note that there is a group monomorphism « : A < A via the map a — (a, ho(a)),
since f(x,y) = ho(xy) — ho(x) — ho(y) for every x,y € A, and moreover the image
subgroup «(A) has finite index in A. Now, since A has no finite-index proper subgroup,
neither does a(A). Also, 1t is a finite-index subgroup of A so we obtain that a(A) is a
characteristic subgroup of A. Therefore, as A is normal in B we deduce that «(A) is a
normal subgroup of B. Thus, we can consider the quotient group C=8 Ja(A).

‘We now define the group homomorphism 7 : cC—>cC by [(x, z)] = B(x) and note that

0—>Zﬂ>6ﬂ>C—>1

is a finite central extension, where po(z) = [(1, z)]. Thus, there exists some 2-cocycle
g : C x C — Z and some isomorphism y : C — C X, Z such that the following diagram
commutes

0—z -3¢ -"3c—1

H b H ’

0— 2z cx,z 5 Cc— 1

where 1(z) = (1, z) and my(x, z) = x. Since 11 o ¥ = g and y o ug = K1,

we obtain y ([(x, 2)]) = (B(x), z+zy) for some z, € Z which depends on x, with z; = 0.
So, we can naturally define amap 2 : B — Z as h(x) = z,. Now, an easy computation
yields, on one hand that

y ([(er, z0)1[(x2, 22)]) = v ([(x1x2, 21 + 22 + f(x1, x2))])
= (B(x1x2), 21 + 22 + f(x1, x2) + h(x1x2)),

and on the other

Y (G 20D y (2, 22)]) = (B(x1), 21 + h(x1)) (B(x2), 22 + h(x2))
= (B(x1x2), 21 + 22 + 8(B(x1), B(x2)) + h(x1) + h(x2)) .

This yields that f(x1, x2) = g(B(x1), B(x2)) — dh(x1, x2). Therefore, we have proven that
B*([g]) = [f1], as desired.
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Finally, observe that when f is #-definable, then so are B and the map ho : A — Z by
Lemma 2.7. Hence, the group «(A) and so C, as well as the above group extension

0—z2%Cc 5 c—1
are all J-definable in the o-minimal structure M. In particular, by Lemma 2.4 we can take
the 2-cocycle g € Z2(C, Z) to be {J-definable, so B;;([gD) = [f]. This finishes the proof. O

Altogether, we obtain the following corollary for definable group extensions in o-minimal
structures, by Corollary 2.8 and Theorem 2.10.

Corollary2.11 Let 1 — A 5 B —ﬁ> C — 1 be a short exact sequence of groups which

is -definable in an o-minimal structure, where t is the inclusion map. Assume further that
A is definably connected and let Z be a finite abelian group which is (}-definable. Then the
Sollowing diagram commutes

0— H2C,2) 5 H2B,2) 5 H2(A, 2)
T g
0 — H3(C,Z) =% H3(B,Z) — H}(A, 2)
where GS([f1) = [flaxal and BZ([g]) = [g o (B x B)], and both rows are exact. O

We finish this section with another adaptation of the inflation-retraction exact sequence
to the o-minimal setting, see [33, 6.8.3] or [23, p.354].

Lemma2.12 Let1 — A — B —ﬂ> C — 1 be a short exact sequence of groups which is
(#-definable in an o-minimal structure, where ( is the inclusion map and A is finite. Assume
that B and C are definably connected. Let @ € Zﬁ(C , A) be a 2-cocycle corresponding to
the given short sequence. Then for each }J-definable finite abelian group Z we have an exact
sequence

0 — Hom(A, Z) = H2(C, Z) H2(B 7)
where w, denotes the connecting homomorphism wy (o) = [« o @].

Proof Assume, as we may, that B = C x, A and 8 : B — C is the projection on the first
coordinate. Observe first that o o w is a definable 2-cocycle in Zﬁ(C , Z),since A and Z are
finite and so « : A — Z is (J-definable. Thus, the map w, is well-defined. Moreover, w
is injective. For, suppose that w,(a) = [0], so there is some definable 2’ : C — Z with
R (1) = 0 such that « o @ = dh'. Define the map B — Z by (¢, a) + a(a) — h'(c) and
note that it is an homomorphism. So, it must be trivial and hence @ (a) = 0 for every a € A,
as desired.

We prove the exactness of the sequence at Hg (C, Z). To see im(wy) C ker(B%), note
that ¢ o w o (8 x B) = dho for a definable hg : B — Z given by ho(c,a) = a(a), so
ws () € ker(B2).

On the other hand, if go (B x 8) = dhforg € Z?}(C, Z) and some (definable) 2 : B — Z
with 2(1,0) = 0, then set «(a) = h(1, a) and note that

0=g(,1)=dh((1,a1), (1, a)) = ala; +a2) — a(a;) — a(a).
So, we have « € Hom(A, Z). It then follows for ¢ € C and a € A that
0=g(c, 1) =dh((c,0), (1,a)) = h(c,a) — h(c,0) — h(l, a),
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which implies that h(c,a) = h(l,a) + h(c,0) = a(a) + h(c, 0). Thus, if we define the
function iy : C — Z by ¢ — h(c, 0), then for ¢, ¢, € C we obtain

g(c1, c2) = dh((c1,0), (c2,0)) = h((c1c2, w(ct, €2)) — h(c1,0) — h(cz,0)
= O{(a)(Cl, C2)) + h(ClCZ, O) - h(C], O) - h(C2, O)
= a(w(cy, c2)) +dhi(cy, c2),

yielding that w, () = [g] and hence ker(B8}) C im(wx). O

3 Solvable o-minimal groups

In this section we prove our main theorem, which is deduced from the general structure of
solvable o-minimal groups via Corollary 2.11. As a first step towards the proof, we need
the following result on the second cohomology group of torsion-free groups. Recall that
every torsion-free group defined in an o-minimal structure is solvable, by [27, Clm.2.11].
Furthermore, Strzebonski proved in [31, Lem.2.5] that these groups are precisely those
definable groups with Euler characteristic ££1 and hence they are uniquely divisible, by [31,
Prop.4.1].

Proposition 3.1 Let G be a torsion-free }-definable group in an o-minimal structure and let
Z be an (-definable finite abelian group. Then H*(G, Z) = 0.

Proof As we have just remarked, the group G is solvable and uniquely divisible. In particular,
it is definably connected. To see that H>(G, Z) = 0 we first prove it for abelian groups.

Claim If A is a torsion-free abelian group definable in an o-minimal structure and Z is a
finite abelian group, then H2(A, Z) = 0.

Proof of Claim. In this case, since A is definably connected, every abstract finite central
extension of A is abelian by [5, Lem.2.8]. So, the result follows from [20, pp.222-223].
Nonetheless, we give a shorter proof for the sake of completeness.

Write A additively, set n = |Z| and let 0 — Z L A I A —> 0 be an abstract
finite central group extension. Define ¢ : A — A as Y(a) = nx where x € A satisfies
that 7 (x) is the unique element of A such that nw(x) = a. Note that this is a well-defined
homomorphism. Moreover, by noticing that & o ¢ = id4, we get that ker(y/) = 0. Once ¥
is a monomorphism and a section, we are done. To see this, define the homomorphism

y:AXZ— A, (a,2) — ¥(a) + p).

Note that A = im(y) + n(Z), so the above homomorphism is a surjection. Furthermore, its
kernel is trivial. Indeed, if (a, z) € ker(y), then w (¥ (a)) = 7w (—u(z)) = 0, which implies
that @ = 0 and hence z = 0. So A x Z and A are isomorphic, and it is routine to verify that
both extensions are equivalent, by considering the natural maps. Therefore, we have seen
that every finite central extension of A splits trivially, so H 2(A, 2) =0. OClaim

Once we know the result for torsion-free abelian groups, we proceed by induction on the
dimension of G, being the case dim(G) = 0 trivial.

Suppose that G is infinite. As it is solvable, its commutator subgroup G’ is proper, definable
and definably connected by [2, Cor.6.8]. Thus, it has no finite-index proper subgroup, by
Fact 2.6. Furthermore, we can consider the exact sequence

| —6 56660 —1
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and so by Theorem 2.10 we obtain the exact sequence

0 — HXG/G',7) L5 G, 7) “5 HA(G, 7).

The inductive hypothesis yields that H2(G’, Z) = 0 and we readily get that the homo-
morphism g* : H2(G/G', Z) — H*(G, Z) is an isomorphism. So, since G/G’ is again
torsion-free by the uniquely divisibility of G, the hypothesis on the dimension (or the Claim)
gives that H>(G, Z) = H*(G/G', Z) = 0. |

By Lemma 2.7, given a 2-coboundary f € B*(G, Z) we can describe amaph : G — Z
with (1) = 0 such that f = dh. Nonetheless, in the torsion-free context we can describe &
more easily.

Remark 3.2 In the proof of the Claim, if we assume, as we may, that A=Ax f Z for some
2-cocycle f € Z2(A, Z), then the mapy 1 A — A is in fact ¥ (a) = n(x, 0) where x is the
unique element of A such that nx = a. Thus

n—1
¥ (a) = n(x,0) = <a, Zf(x,ix)) :
i=1

So, settingh : A — Ztobe h(a) = Z;’:—ll f(x,ix), wecan easily see using thaty : A — A
is an homomorphism that f = dh and hence f € B*(A, Z).

Corollary 3.3 Let G be a torsion-free definable group in an o-minimal structure. Given a
2-cocycle f : G x G — Z, define

n—1

h:G—Z x> f.y,
k=1

where y is the unique element of G such that y" = x andn = |Z|. Then f = dh.

Proof Consider the group G x y Z. As every definable abelian subgroup A of G is again
torsion-free, the previous remark yields that flaxa = dh|axa, now writing the group
operation of A multiplicatively. In particular, if we define f := f — dh, then we obtain that
f(x, y) =0forall x, y € G with xy = yx.

On the other hand, Proposition 3.1 implies that f is a coboundary. So, there is some
function 7 : G — Z such that 2(1) = 0 and f = dh. Now, inductively on k > 1, we
see that fz(xk) = kh (x) for every x € G, the case k = 1 being evident. Indeed, assuming
E(xk) =kh (x), we obtain that

0= f(x,x*) =dhx, x*) = h(x"™) — h(x) — h(x*) = hFY — (k + Dhx).

So, in particular we have proven that h(x”) = nh(x) = 0, since |Z| = n. Hence, as G is
divisible, we deduce that 4 = 0 and so f 0, as required. O

Conversano proved in [6, Thm.3.6] (cf.[8, Prop.2.1]) that every definably connected
definable group G in an arbitrary o-minimal structure contains a maximal normal defin-
able torsion-free subgroup, which we denote by N (G). Furthermore, she also proved in [6,
Thm.4.3] (cf.[8, Prop.2.2]) that for a solvable group G the quotient G/N (G) is definably
compact, so it is abelian by [26, Cor.5.4]. So, for every natural number n > 2 the sub-
group of n-torsion elements of G/N (G)[n] is finite and isomorphic to (Z/nZ)dim(G/ N(G)
by the structure theorem for definably compact definably connected abelian groups due to
Edmundo and Otero [18] in o-minimal expansions of real closed fields and to Edmundo et
al. [17, Thm. 1.1] in arbitrary o-minimal structures.
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Theorem 3.4 Let G be a definably connected solvable (-definable group in an o-minimal
structure M with constants for the elements of the finite abelian group Z. The inclusion map
Hj(G, 7) — H?(G, Z) is an isomorphism and both groups are isomorphic to the finite
group Z4m(G/NG),

Proof Let N(G) be the maximal normal definable torsion-free subgroup of G, and let G =
G/N(G) which is definably compact and abelian, as we have just remarked. Thus, as G is
abelian, every abstract finite central extension of G is naturally interpretable by [5, Thm. 2.9].
So, the injective homomorphism H2(G, Z) — H?(G, Z) given by Corollary 2.8 is an
isomorphism, by Lemma 2.4.

Now, as remarked above, the subgroup N(G) is uniquely divisible, so it is definably
connected. Thus, by considering the following exact sequence

1 — NG) - G- 6 — 1,

Corollary 2.11 yields the existence of the following commuting diagram

0 — HXG, 2) 25 H2G, 2) —5 HAN(G), 2) 2 0

SO ST

2 i, 12 Y4 g2 3.1
0— H;(G,Z) — H;(G,Z) — H;(N(G),Z) = 0

Hence, we readily obtain that the homomorphisms g : Hf(G, Z) — Hf(G, Z) and hence
Hﬁ(G, Z) — HQ(G, Z) are isomorphisms.

Finally, to compute H2(G, Z) write Z as Z/k\Z x ... x Z/k,Z. Notice that every finite
central extension of G is abelian [5, Lem. 2.8]. So, we can apply Theorem 52.2 and properties
(F) and (D) from [20, Sect.52] to obtain

H*(G. 2) = [ | H*(G.Z/k;Z) = | | H*(Glk;j). Z/k; Z)
j j
= [[H*@/k; 2. 2/k; )™ = [ [(@/k;2) ™ = 2@,

j j

where the third isomorphism follows from [20, Thm.52.2] and the structure theorem for
definably compact definably connected abelian groups [17, Thm.1.1]. O

Remark 3.5 As explained in Remark 2.3, given a fixed subset of parameters B of M, one
may adapt Definition 2.1 in order to introduce the notion of naturally interpretable with
parameters over B. Notice that, as consequence of Theorem 3.4, we obtain the equivalence
between being naturally interpretable with or without parameters, whenever the group G is a
definably connected solvable J-definable group in an arbitrary o-minimal structure (cf.[16,
Cor. 1.2]).

4 On definable central extensions in o-minimal expansions of real
closed fields

In this section we work within an o-minimal expansion M of a real closed field. Henceforth,
in this section Z denotes a finite abelian group, which we can assume to be {J-definable.
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Notice that, by Remark 2.3, naturally interpretable with or without parameters agree in this
context. So, there is no need to be precise about parameters.

Let us briefly recall some topological results on o-minimal locally definable groups, which
will play an essential role in the subsequent statements.

A locally definable group G of M* is an increasing countable union G = Uien Xi of
definable subsets X; together with a group operation - such that for each i € N there is some
Jj € Nwith X; - X; C X and the operation X; x X; — X is definable. A homomorphism
f G — H between locally definable groups G = | J;cy Xi and H = | J; oy ¥i s locally
definable if for every definable subset of the domain the restriction is a definable map, i.e.
for each n there is some m such that f(X,) C Y,, and f|x, : X, — Y, is definable.

Let G = [J;cy Xi be a locally definably connected definable group in an o-minimal
expansion of a real closed field. The o-minimal fundamental group 71(G) of G is defined
in the usual way, but with loops and homotopies being definable. So, the group 71(G) is
the group formed by the definable homotopy equivalence classes of continuous definable
loops o : [0, 1] — M* with 6(0) = o(1) = 1¢ and o ([0, 1]) C X,, for some n, where as
remarked above the equivalence between two loops is witnessed by a definable homotopy
[0, 1] x [0, 1] — X, between them for a large enough m. As usual, the group operation is
given by concatenation of loops. Edmundo [13] and Edmundo and Eleftheriou [15, Thm. 1.4]
proved that, as in the topological setting, the o-minimal fundamental group 71 (G) is naturally
isomorphic to the kernel of the so-called universal o-minimal covering of G. The universal
o-minimal coverlng of G was first constructed in [13, Sect.3] and it consists of a locally
definable group G together with a locally definable surjective homomorphism pg : G—>G
with countable kernel such that ¢ (G) is trivial.

As stated in [4, Fact. 6.13] (cf.[10, Thm.5.11]) we can also describe G in a rather simple
way, see the proof of [1, Fact.3.4.13] for a detailed explanation. Namely, consider the col-
lection P of all locally definable continuous paths « : [0, 1] — G such that «(0) = 15. Let
~ be the equivalence relation on P defined as follows: @ ~ g if and only if «(1) = B(1)
and [« * B] = [0] in 71 (G), where % denotes the concatenation of maps and B is the map
x — B(1 — x). Denote by oy the equivalence class of & € P and define G = P/ ~,
with the group operation induced by the path product. Let then pg : G — G be defined as
PG (ag) = a(1) and notice that the natural map ker(pg) — m1(G), defined by ay — [«], is
an isomorphism.

We summarize some key properties of the universal covering in the following facts.

Fact 4.1 Let G and K be two definably connected definable groups in an o-minimal expansion
of areal closedfield. If p : K — G is a definable homomorphism, then we have the following
commutative diagram of locally definable homomorphisms

0 — m(K) —> ker(px) — K 255 Kk —5 1

lp* N l lﬁ lp

0 — 11(G) — ker(pg) — G 2% G —» 1

where p, and p are defined as p«([0]) = [p o o] and p(az) = (p o &)y respectively, and
both rows are central exact sequences. Furthermore, we have
(1) If py is injective and p has finite kernel, then | ker(p)| < | ker(p)|.
(2) If p is surjective and with finite kernel, then p is an isomorphism.

Proof The commutativity of the diagram is clear. Also, note that each locally definable
subgroup ker(p,) is countable (i.e. has dimension 0) and so it is central by [14, Cor. 3.16].
Now, we prove (1) and (2).
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(1) Let N = ker(p). Note that pg (N) C ker(p), so pg(N) is finite. It then follows that
the index [N : N Nker(pg)] < | ker(p)|. But by assumption p, and hence plier(py) are
injective, so applying o we get that N Nker(pg) is trivial and N is finite of size at most
| ker(p)].

(2) We deduce by considering lifting of paths that o is surjective. Indeed, given a definable
path o« : [0, 1] — G, by [18, Prop.2.6 and Prop.2.11] there is a unique definable path
o :[0,1] > K withpoa’ = a, so ,’5(0[1’1) = oty. This shows that p is surjective. On the
other hand, as p is onto and with finite kernel, by [18, Cor.2.8 and Prop.2.11] the map
0« 18 injective and so ker(p) is finite by (1). By [13, Prop.3.4 and 3.12] we then have
that

ker() = 11(G)/p.(m1 (K)).
Since 7 (G) is trivial, the map 0 is injective.
O

Fact4.2 Let G be a definably connected definable group in an o-minimal expansion of a real
closed field and let p : Gi — G be a definable finite central extension with G definably
connected. Then, there is a locally definable onto homomorphism py : G — G such that

p o p1=pG.
Proof It suffices to apply Fact 4.1 and set p; = pg, o oL O

Recall that a definable group G is simply-connected if it is path-connected and 1 (G) is
trivial.

Lemma4.3 Let G be a simply-connected group definable in an o-minimal expansion of a
real closed field. Then H;(G, Z) is trivial.

Proof Note that G is definably connected, since it is path-connected, and that p¢ : G—>G
is an isomorphism, since 71 (G) is trivial. We may assume that G = G.
It suffices to prove that every definable finite central extension

0—>Z—G 5 6—1

splits trivially. By Fact 4.2 there is some definable onto homomorphism p; : G — G{ such
that p o p; = idg. This implies that the exact sequence

0—ZNG]— G] — G —1

splits trivially. However, this forces that Z N GY is the trivial subgroup and consequently
G =G| xZ=G x Z, as desired. O

Recall that a definable subset X C MX is called definably contractible if there is an
element xg € X and a definably homotopy H : X x [0, 1] — X between the identity map
idx on X and the constant map x +— xg. In particular, a definably contractible definable
group G satisfies that 71 (G) = {0}.

Proposition 4.4 Let G be a definably connected definable group in an o-minimal expansion
of a real closed field. Let K and L be definably connected definable subgroups of G, such
that L is definably contractible, K N L = {1} and G = K - L. Then, the homomorphism

H}(G,Z) — HI(K, Z), [f1 [flxxk]

is surjective.
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Proof Note first that the definable map K x L — G given by (x, y) — xy is a homeomor-
phism, so

T(K) Em(K) xm(L) E 7 (K x L) Em11(G).

In fact, if « : K < G denotes the inclusion n map, | then the above isomorphism is obtained
via the map ¢, : 1 (K) — m11(G). Thust K — Gis injective by Fact 4.1.
Now, glvengeZd(K Z), let K = K xgZand Z) = Z N K°. Note that

0— Z —> K° % K — 1

is a finite central extension and that a definable section s : K — K° is also a section of
s: K > K. So, the definable 2 -cocycle g; determined by s is equivalent to g. Thus, we may
assume that im(g) C Z; and K°=K K Xg Zi.

By the universal property of px : : K — K (Fact4.2), thereisa locally definable surjective
homomorphism y : K — K° with g o Yy = pk. We then have the following commutative
diagram:

0 — ker(pg) — G 25 G —> 1

=] i L]‘

0 —> ker(px) — K X9 Kk —5 1

! o

0 Zi Ke ™y Kk —3 1

LetI" = ker(y),soI" C ker(pg) and I?/ I" is isomorphic to I’fo, which naturally induces an
isomorphism between ker(pg)/ I’ and Z1, by the left column. Finally, since 7(T") is contained
in the central subgroup ker(p¢) of G, we can consider the locally definable subgroup G} :=
G /() and the surjective group homomorphism

7 : Gy — G, [x]~ pg(x).

The kernel of 7 is ker(pg)/U(T") = T(ker(pg))/i(T"), which is isomorphic to ker(pg)/ T
and hence to Z. As G{ is locally definable and Z; is finite, we deduce that G7 is definable.
We have obtained the following commutative diagram

0 — ker(r) — G} /> G — 1

g ]

0—— 272 — K° K — 1

where both rows are exact. Moreover, the definable section sg : K — K° defined by
x > (x,0) can be extended to a definable section s : G — G satisfying s|g = (1 o sp.
Thus, regarding the 2-cocycle f € ZLQI(G, Zy) determined by s as a 2-cocycle in ZC%(G, Z),
we see that [ f |k xx ] = [g] and in fact note that G} corresponds to the connected component
of G xr Z. m]

While in general an o-minimal group G might not possess a maximal definably compact
subgroup (see [31, Ex. 5.3]), Conversano proved [7, Thm. 1.2]:
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Fact4.5 Let G be a definably connected definable group in an o-minimal structure. Set
G := G/N(G). Then G has a maximal definably compact subgroup K, which is definably
connected and it is unique up to conjuganon Moreover, there is a definable torsion-free
subgroup L in G suchthat G = K - L and K N L = {1}.

Next, we see that Hd (K, Z) determines Hd (G, 2).

Corollary 4.6 Let G be a definably connected definable group in an o-minimal expansion of a
real closed field. Let K := K/N(G) be a maximal definably (connected) compact definable
subgroup ofG =G/N(G) andletm : G — G be the natural projection. Then, the induced
map 7y Hd (G,Z2) — Hj(G, Z) is an isomorphism. In particular, the map

H}(G,2) — Hi(K,2), [f1~ [flg. &)
for some f € Zﬁ(é, Z) satisfying [ f] = [f_ o (m x m)], is an isomorphism.

Proof Theorem 2.10 applied to the exact sequence 1 - N(G) - G 56 ->1 yields

2/~ Ty 2 3.1
0— H;(G,Z) — H;(G,Z) — H;(N(G),Z) = 0.

So, the map 7% d is an isomorphism. For the second part of the statement, it suffices to prove
that the map Hd (G, 2Z) — Hd (K, Z), defined by [ f] — [f|K><K is an isomorphism.

In an o-minimal expansion M of a real closed field, a definable torsion-free group is
definably homeomorphic to M¥ by [27, Cor.5.7] and so it is definably contractible. Thus,
Proposition 4.4 together with the previous Fact 4.5 yields that the map is surjective. Hence, it
only remains to see that it is injective. To ease notation we may assume that N (G) is trivial,
s0oG=Gand K =K.

Let f € Zﬁ(G, Z) be such that [ f|kxx] = [0]. In particular, there is some definable
hx : K — Z with hg (1) = O such that f|x«xx = dhg. Denote by rg : G — K the map
defined by rx (x) = x for x € K and rg (x) = 1 otherwise. So, after replacing f by f —dh
where h = hK o rg, we may further assume that flgxx = 0.

Setnow G = G xfZand Z) = Z N G°. Note that K xfZ=KxZ,30K x {O}lsa
definably connected subgroup of Ge. Thus, we can choose a definable sectlon 5:G— G°
such that s(x) = (x, 0) for every x € K. Since s is also a section s : G — G, the definable
2-cocycle f; determined by s is equivalent to f. Moreover, note that fi|x xx = 0. So, after
replacing f by f;, we may assume that im(f) C Z; and G°=G x ¢ Zy with flgxx =0.

Consider the associated central extension

0—>Zl—>§°i>G—>1

which is definable by assumption. We claim that n~! (K) = K x Z; is a maximal definably
(connected) compact subgroup of G°. For otherwise, let K 1 bea deﬁnably compact subgroup
of G contalmng 7 1(K). So, we have K = n(m 1 (K)) C n(Kl) and therefore K =
JT(Kl), as n(Kl) is definably (connected) compact subgroup of G. Thus 7 HK) = K] by
maximality. Since 7! (K) = K x Z1, we deduce that Z is trivial and therefore G=GxZ s
as required. O

Proposition 4.7 Let K be a definably connected definably compact definable group in an
o-minimal expansion of a real closed field. Let A be an abelian definable subgroup of K
of maximal dimension among dimensions of abelian definable subgroups of K. Then, the
homomorphism

H}(K,Z) — HJ(A, Z), [f]~ [flaxal
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is injective.

Proof Asin the proof of the previous proposmon given f € Z4(K, Z) with [ f|axa] = [0]
and setting K =K x fZand Z; = ZnN K° , we may assume after some reductions that

K° =K x ¢ Z1 and that we have a central extension 0 — Z; — KoL A 1, which is
definable and 7 1 (A) = A x Z1. Moreover, we also have that A is definably connected and
a maximal abelian subgroup, by [3, Fact37 and Lem. 38].

Now, if A is an abelian definable subgroup of K° containing 77 1(A) then 7(A)) is
clearly an abelian definable group containing A, so 7(A1) = A by maximality. Therefore,
we deduce that A = 7~ !(A) and 7 ~!(A) is a maximal abelian definable subgroup of Ke.
Therefore, since 7! (A) has maximal dimension among dimensions of abelian definable
subgroups of K, it is deﬁnably connected by [3, Fact37 and Lem. 38]. This implies that Z;
is the trivial subgroup, and so K = K° x Z= K x Z, which yields the result. O

Altogether, the last two results and Theorem 3.4 yield:

Corollary 4.8 Let G be a definably connected definable group in an o-minimal expansion of
a real closed field. Then, the group Hj(G , Z) embeds into Z*, where k is bounded above
by the dimension of G /N (G). In particular, there are finitely many non equivalent definable
central extensions of G by Z. O

5 A reduction to simple groups

In this final section we prove that in the context of o-minimal expansions of real closed fields,
the conjecture holds for arbitrary definable groups if it does for (almost) definably simple
groups. Recall that all finite abelian groups can be assumed to be -definable.

The following lemmata will be necessary to prove this reduction.

Lemma5.1 Let 0 - F — Gog — G — 1 be an exact sequence of groups definable in an
o-minimal expansion of a real closed field, where G and G are definably connected definable
groups, and F is a finite central subgroup of Gy.

(D) IfZ is a finite abelian group and HZ(GO, Z) < H*(Gy, Z) is an isomorphism, then
Hd (G Z) < H*(G,Z)isan isomorphism.

2 IfHd (G, Z) — H?*(G, Z) is an isomorphism for every finite abelian group Z, then
Hf(Go, Z) — H*(Gyg, Z) is also an isomorphism for every finite abelian group Z.

Proof Let 8 : Gy — G denote the homomorphism of the statement and assume, as we may,
that its kernel is F

(1) Let f : G x G — Z be an arbitrary 2-cocycle. We need to prove that f is equivalent to
a definable 2-cocycle, that is, the group extension given by G:=G x f Z is naturally
interpretable (see Lemma 2.4).

By Lemma 2.12 we have a commuting diagram

0 — Hom(F., Z) — H2(G. Z) 25 H%(G,. 2)

0 — Hom(F, Z2) — HX(G, Z) Ly H}(Go, 2)
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where both rows are exact. By our assumption, there exists some definable 2-cocycle

g: Gox Go — Zsuchthat [g] = B*([f1) = [f o (B x B)1, 50 f o (B x B) — g = dh for
some h : Gy — Z with k(1) = 0. Consider the group é?) := Go X4 Z. The canonical
homomorphism y : a) — 5, given by (x, z) — (B(x), z + h(x)), induces an exact
sequence

00— A} — é\o — G —1
where A} :/\{(x, z2)€EF XZ : h(x)=—z}. As é?) is deﬁnable and A is finite, we
deduce that Go/A is definable as well, and isomorphic to G. This yields that

0 — Z 5 Go/Al =5 G —> 1
H o
0—2Z2—35G——3G—1

is a commutative diagram, with ©(z) = [(1, 2)], 7 ([(x, z2)]) = B(x) and y the isomor-
phism map induced by y. Hence, by Lemma 2.4 the cocycle f is equivalent to a definable
one, as required.

(2) Let Z be a finite abelian group, and consider an arbitrary abstract finite central extension

0— Z — Gy —> Go —> 1.
We prove that this extension is naturally interpretable.

Claim We can assume that G does not have subgroups of finite index.

Proof of Claim. Let N be a finite index normal subgroup of G without subgroups of finite
index, which exists by Fact 2.6. Let Zp := Z N N, and note that a section s of Go — N is
also a section of Gy — a). Thus, for the 2-cocycle f; : Go x Go — Zp determined by s
we have that E}B is equivalent to Gy X s, Z. Hence, it is enough to show that f; is equivalent
to a definable 2-cocycle. OClaim

Since 7 ~'(F) is normal in G, we have that Gy acts on 7~ (F) by conjugation. Since
Go has no proper finite-index subgroup by the Claim, this yields that 7 ! (F) is central in
Go Therefore, the following is also a finite central exact sequence

0— 7 (F)— Go 2% 6 - 1.

Since H[%(G, 7 Y(F)) — H*G,n ' (F)) is an isomorphism by assumption, we can
assume that G and p := B o 7 are definable. Hence, it remains to prove that 7 is definable.
Consider the definable subgroup

Go xp.p Go:={(x,) € Go x G : p(x) = B(»)}
of Go x G and its subgroup
={@, () :xe E}\o}

Note that the map Go — Ay given by x — (x, w(x)) is an isomorphism and therefore
A, does not have subgroups of finite index, as neither does é?). Thus, A, is contained in
(a) X p.g Go)°. Moreover, it has finite index in é\o X p.g Go. Indeed, for (x, y) € é\o X p,8Go
we have that 7 (x)y~! € F and F is finite, so the subgroup A, has at most | F| many cosets.
It then follows that A, = (é?) X p.p G0)°, s0 Ay is definable and so is 7. O
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Lemma5.2 Let G be a definably connected definable group in an o-minimal expansion of
a real closed field and let Z be a finite abelian group. Suppose that G is the almost direct
product of two definably connected normal subgroups A and B, i.e. G = A- B and AN B
is finite. Consider the homomorphism

y 1 HX(G,Z) - H*(A, Z) x H*(B, Z), [f1+ ([flaxal, [fl5x5])

andletf € ZX(G, 2). Ity (fD = (LA Lf2D) for fi € ZJ(A, Z) and f € Z1(B, Z), then
[f]1€ H}(G, Z).

Proof Let f € Z2(G, Z) be such that y([f]) = ([fil.[f2]) for some fi € Z3(A, Z)
and some f, € Z[%(B,Z). So, there are some hy : A — Z and hg : B — Z with
ha(l) =hp(1) =0suchthat flaxa = fi +dha and flpxp = fo +dhp.

Claim 1 We may assume that 24|anp = hplans.
Proofof Claim 1. Let C = AN B and let i A A — Z be the function

ha(x) = (hg orc)(x) + (ha o rac) (),

where for a subset X C G the map ry : G — X U {1} is defined as the identity on
X and ry(x) = 1 for x ¢ X. It is clear that 14 and hp agree on C. Replacing fi by
fl flaxa — dh 1A, WE obtain the claim. So, it suffices to prove that fl is definable.

Note first that f1 [(A\C)x(A\C) = f1|(A\C)><(A\C) In particular, we have that f1 is definable
on A\ C. Moreover, since C is finite, the function f 1lcxc is also definable. Hence, it remains
to check that both f] lcx(a\c) and fl [(a\c)xc are definable.

Letc € C and x € A\C. An easy calculation yields that

file.x) = fle.x) = haex) + hp(c) + ha(x) = fi(c,x) — ha(c) + hp(c).

Since C is finite, the maps /1 4 |c and & g| ¢ are definable (over C) and thus, the map f] lcx(a\C)
is definable, as so is f1|cx(a\c). Likewise, one verifies that fl [(a\C)xc 1s definable. It then
follows that fl is definable. OClaim 1

Once we know that hq|anp = hplanp, we claim:
Claim2 We may assume that f|axa = f1 and f|pxp = f>.

Proof of Claim 2. Using the notation from Claim 1, it suffices to define the following maps
from G to Z:

hi(x) = (ha ora)(x), ha(x) = (hp orp)(x) and h3(x) = (hp o ranpg)(x).

After replacing f by the equivalent 2-cocycle f — dh| — dhy + dh3, we may assume that
flaxa = fiand flpxp = fa. OClaim 2

Consider the exact sequence 0 — Z — G x5 Z % G — 1. Define Al =AXxsZ
and By = B x s Z, and note that both A; and By are subgroups of G x s Z and definable.
Moreover, it is clear that G x  Z = Ay - By and A; N By = 71 (A N B) is finite.

We claim that A} and B; commute, which follows from the fact that A and B commute.
Indeed, leta € A{ and b € B be given. By normality, we have 7 ([a, b]) € AN B and, as
AN B is a finite normal subgroup of G and G is definably connected, the intersection A N B
is a central subgroup of G. This implies that the map A7 — AN B givenby x — m([x, b]) is
an homomorphism, so it must be the trivial homomorphism since A{ is definably connected.
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Thus, the homomorphism A} — Z given by x > [x, b] is well-defined and it is again the
trivial homomorphism, so [a, b] = 1 as desired.

It then follows that the map A x By — G xy Z given by (x, y) — xy is a surjective
homomorphism whose kernel is the finite group

A={,x)e(Gxs2)x(Gxy2Z)|xeA]NBi}.

This induces an isomorphism y : (A} x By)/A — G x Z given by y([(x, y)]) = xy.
Therefore, we obtain the following exact sequence

0— Z 25 (A9 x B/A =5 G —> 1,

where the homomorphisms w1 : Z — (A] x By)/A and my : (A} x B))/A — G are
z = [((1,0), (1,z))] and [(x, y)] — m(xy) respectively. This exact sequence is clearly
equivalent via y to the one given by G x y Z. Therefore, we obtain the second part of the
statement by Lemma 2.4, as (A] x Bj)/A is definable. O

In the next result we see that it suffices to prove the conjecture for definably almost simple
definable factors. By a definable factor K of G we mean that K = N;/N; where both
N> < Nj are definable subgroups of G. Also, we say that K is definably almost simple if
K /Z(K) has no proper definable normal subgroup.

We first prove a reduction of the conjecture to the case of definably almost simple definable
groups. It is worth noticing that in the statement the finite group Z is fixed.

Theorem 5.3 Let G be a definably connected group definable in an o-minimal expansion of
a real closed field and let Z be a finite abelian group. Suppose the following:

(x)g for every definably almost simple definable factor K of G, the inclusion map
Hj(K, 7)< HX(K,Z)isan isomorphism.

Then Hj(G, Z) — H2(G, Z) is an isomorphism.

Proof Assume, as we may, that G is infinite and proceed by induction on the dimension of
the group. For dim(G) = 1, the group G is abelian by [28, Cor. 2.15] and therefore the result
follows by [5, Thm.2.9]. We consider the general case and observe that we may assume that
G is not solvable by Theorem 3.4.

Claim 1 If K is a semisimple definable factor of G, then Hdz(K, Z) — H*(K,Z) is an
isomorphism.

Proof of Claim 1. By [26, Thm.2.8] we know that there are some definably simple definable
groups Hi, ..., H, such that K/Z(K) is the direct product H; x ... x H,. Let H; be
the normal subgroup of K containing Z(K) such that H;/Z(K) equals H;. So, we obtain
that K is the almost direct product of Hi, ..., Hy. As (x)g implies that Hj(Hi, Z) —
H2(H;, Z) is an isomorphism, applying Lemma 5.2 we get that Hj(K, Z) < H*(K,Z)is
an isomorphism as well. OClaim 1

Assume first that G is definably compact. In this case, by [22, Cor. 6.4] the derived sub-
group [G, G] of G is definable, definably connected and semisimple and moreover G is the
almost direct product of Z(G)° and [G, G], thatis, G = Z(G)°-[G, G] with Z(G)°N[G, G]
finite. Also, by Claim 1 we may suppose that Z(G) is infinite, as otherwise G = [G, G] and
so we obtain the statement. Note in addition that (x)[, ) holds, since every definable factor
of [G, G] is a definable factor of G. Therefore, by the inductive hypothesis, together with
Lemma 5.2, we obtain the result. We are thus left with the non definably compact case.

Now, suppose that G is arbitrary but not definably compact and consider N(G), the
maximal normal definable torsion-free subgroup of G.
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Claim 2 'We may assume that N (G) is trivial.

Proof of Claim 2. Otherwise, we have that N (G) is infinite, since it is definably connected,
and thus dim(G /N (G)) < dim(G). Clearly, every definable factor of G/N(G) is a definable
factor of G, so condition (*)G,n(G) holds. Hence, Corollary 2.11, together with the inductive
hypothesis, yields the existence of the following commutative diagram

0 — HXG/N(G),Z) — H*(G,Z) — HA(N(G),Z) 20

] ] 1

0 — H2(G/N(G), Z) — H2(G.Z) —> HA(N(G),Z) 20

where both rows are exact. Thus, the inclusion Hf(G, Z) < H%*(G, Z)isan isomorphism
and hence every finite central extension of G is naturally interpretable. OClaim 2

Observe that, by Claim 1, we may assume that G is not semisimple. So, there is an
infinite definably connected definable normal abelian subgroup A of G, which is necessarily
definably compact, by Claim 2 and [8, Prop.2.2]. Consider the exact sequence

1> A—>'G—> G/A— 1.

As (%) G4 holds, the inductive hypothesis and Corollary 2.11 yield the following commutative
diagram with exact rows:

0 — H2(G/A, Z) — HX(G,Z) -5 H2(A, Z)

4 7 ]

5

0 — H2(G/A),Z) — H3(G,Z) N H}(A, Z)

So, to prove that Hj(G, Z) < H*(G, Z) is an isomorphism it remains to show that the
map im(c;) — im(c*) is surjective. So, let [¢] € im(:*) be arbitrary and let f € Z%(G, 2)
be such that [ f|axa]l = [g]-

Dueto Claim 2, by [7, Thm. 1.2] there is a maximal definably compact non-trivial subgroup
K of G, which is definably connected, and a definable torsion-free non-trivial subgroup L of
G suchthat G = K - L and K N L = {1}. Note that the maximality of K forces A < K, since
AK is a definably compact definable subgroup. Furthermore, the torsion-free subgroup L of
G is definably contractible, by [27, Cor.5.7].

Note now that (x)g is trivially satisfied. So, the induction hypothesis implies that
Hj(K ,Z) < HZ%(K, Z) is an isomorphism. Thus, we can apply Proposition 4.4 which
yields the existence of some definable [’ € Zﬁ(G, Z) such that [f'|xkxx] = [flkxk]
So, we obtain that [f'|4xa] = [flaxa] which implies ([ f']) = [g]. This shows that
im(¢);) — im(:*) is surjective, finishing the proof. O

As a consequence, we also obtain a reduction of the conjecture to definably simple defin-
able groups. Note that in this case we need the group Z to vary.

Corollary 5.4 Let G be a definably connected group definable in an o-minimal expansion of
a real closed field. Suppose the following:

(x)g for every definably simple definable factor S of G, the natural inclusion map
Hdz(S, Z) — H?(S, Z) is an isomorphism for every finite abelian group Z.

Then Hf(G, Z) < H*(G, Z) is an isomorphism for every finite abelian group Z.
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Proof Assume (%) and let K be a definably almost simple factor of G. Lemma 5.1 yields
that Hj(K, Z) < H?(K, Z) is an isomorphism for every finite abelian group Z. So, con-
dition () of Theorem 5.3 is satisfied for a fixed Z. Hence, Theorem 5.3 implies that the
homomorphism H j(G, Z) < HZ*(G, Z) is an isomorphism for every finite abelian group
Z. O

We finish the paper with the following reduction for definably compact semisimple defin-
able groups. Note before proceeding that, by the proof of [9, Prop. 5.1.(iv)], the fundamental
group of a definably compact semisimple definable group is finite. Thus, for a definably
compact definable semisimple definable group G, the kernel of the universal covering map
DG : G — G is finite and therefore the universal covering G is definable. Therefore, our last
result is a direct consequence of Lemma 5.1.

Corollary 5.5 Let G be a definably compact semlstmple definable group, let G be its universal
covering and let Z be a finite abelian group. IfHd (G Z) — HZ(G Z) is an isomorphism,
then so is Hd(G,Z) — H*(G, 2). ]
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