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Abstract
We answer in the affirmative a conjecture of Berarducci et al. (Confl. Math. 2(4): 473–496,
2010) for solvable groups, which is an o-minimal version of a particular case of Milnor’s
isomorphism conjecture (Milnor, Comment Math Helv 58(1): 72–85, 1983). We prove that
every abstract finite central extension of a definably connected solvable definable group in an
o-minimal structure is equivalent to a definable (hence topological) finite central extension.
The proof relies on an o-minimal adaptation of the higher inflation-restriction exact sequence
due toHochschild and Serre. As inMilnor (CommentMathHelv 58(1): 72–85, 1983), we also
prove in o-minimal expansions of real closed fields that the conjecture reduces to definably
simple groups.
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1 Introduction

A natural question for an infinite group G is whether certain algebraic, topological, or even
logical properties are preserved when passing to finite central extensions. For instance, one
may ask if every abstract finite central extension of an arbitrary Lie group is a Lie group.
This is a particular case of the more general Milnor’s isomorphism conjecture [24], which
still remains open. Nonetheless, it is known to be true for solvable groups [24] and in other
cases, see for example [24, 30] as well as [11].

In this paper, we aim to study a closely related conjecture concerning definable groups in
o-minimal structures (expanding a dense linear order without end-points), due to Berarducci
et al. [5]. We briefly recall their conjecture.

Let G be an ∅-definable group in an o-minimal structure M and let Z be a finite abelian
group, which we may assume to be ∅-definable in M after naming its elements if necessary.
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Following Berarducci et al. [5, Sect. 1] (see also Sect. 2 below), we say that an abstract finite
central extension

0 −→ Z
μ−→ ̂G

π−→ G −→ 1

is naturally interpretable without parameters if it is equivalent to a central extension

0 −→ Z
μ0−→ ̂G0

π0−→ G −→ 1,

in which the group ̂G0 and the homomorphisms π0 : ̂G0 → G are definable in M , without
additional parameters other than the ones needed to define G and Z . Recall that two central
extensions ̂G1 and ̂G2 of G by Z are (abstractly) equivalent if there is an isomorphism
γ : ̂G1 → ̂G2 such that the following diagram commutes

0 Z ̂G1 G 1

0 Z ̂G2 G 1

μ1 π1

γ

μ2 π2

Notice that a naturally interpretable abstract finite central extension is in fact a topological
extension, since every definable group in an o-minimal structure is endowed with Pillay’s
group topology [28].

Berarducci et al. [5, p. 474] conjectured the following: every abstract finite central exten-
sion of a definably connected definable group G in an o-minimal structure M is naturally
interpretable in M . They proved it for abelian groups [5, Thm.2.9] and established some
equivalent characterisation for definably compact semisimple groups [5, Thm.2.10]. Fur-
thermore, as any group definable in an o-minimal expansion R of the real field R is a real
Lie group [28], it follows from [5, Prop. 2.2] that every abstract finite central extension of a
definable group G in the o-minimal expansion R is naturally interpretable in R, whenever G
satisfies Milnor’s isomorphism conjecture. Consequently, Berarducci, Peterzil and Pillay’s
conjecture is also satisfied for many groups definable in R.

In this paper we solve the conjecture from [5] for solvable groups in the affirmative:

Theorem (Theorem 3.4) Let G be a definably connected solvable definable group in an
o-minimal structure M. Then every abstract finite central extension of G is naturally inter-
pretable in M.

Notice that this is analogous to Milnor’s result in [24] for solvable Lie groups, and gen-
eralises the abelian case from [5, Thm.2.9]. To prove our result it is more convenient to
reformulate the o-minimal conjecture in cohomological terms.

In Sect. 2 we introduce a definable version H2
d (G, Z) of the second cohomology group

H2(G, Z), which was first considered by Edmundo [12]. We prove that H2
d (G, Z) is canoni-

cally embeddable into H2(G, Z) and it is in one-to-one correspondence with the equivalence
classes of naturally interpretable abstract extensions of G by Z (Lemma 2.4). The conjecture
from [5] can then be restated as follows:

Conjecture The natural inclusion H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism.

To approach this isomorphism conjecture we first prove the following result for definable
o-minimal groups by considering second cohomology H2

d groups. The proof adapts Neeb’s
proof of [25, Thm.1.5], and the statement corresponds to an o-minimal adaptation of the
inflation-restriction exact sequence [21, Chap. III] due to Hochschild and Serre.
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Theorem (Theorem 2.10) Let A be a definably connected group and let

1 −→ A
ι−→ B

β−→ C −→ 1

be an ∅-definable short exact sequence of groups in an o-minimal structure, where ι is the
inclusion map. Then, for every finite abelian group Z we have

0 −→ H2
d (C, Z)

β∗
d−→ H2

d (B, Z)
ι∗d−→ H2

d (A, Z)

is exact, where ι∗d([ f ]) = [ f |A×A] is the restriction map and β∗
d ([ f ]) = [ f ◦ (β × β)] is the

inflation.

This result, together with its abstract counterpart, is then used to prove Theorem 3.4. We
also show there that H2(G, Z) ∼= Zdim(G/N (G)), where N (G) denotes the maximal torsion-
free normal subgroup of G.

In the last two sections of the paper we consider the conjecture in o-minimal expansions of
real closed fields. In Sect. 4 we study structural properties of H2

d (G, Z). Among other results,
we show that H2

d (G, Z) is finite (Corollary 4.8). Finally, in Sect. 5 we prove the o-minimal
analogue of Milnor’s result [24, Lem.4]. Namely, we show in Corollary 5.4 (cf.Theorem
5.3) that the o-minimal isomorphism conjecture is true for a definably connected definable
group G in an o-minimal expansion of a real closed field, if it is true for all definably simple
groups.

2 Generalities on o-minimal finite central extensions

2.1 Natural interpretability and cocycles

We briefly recall the concept of naturally interpretable extensions to complement the def-
inition provided in the introduction. Let G be an ∅-definable group in M and let Z be an
abelian finite group which we also assume to be ∅-definable in M (see Remark 2.2). Given
an abstract finite central extension

0 −→ Z
μ−→ ̂G

π−→ G −→ 1

we can identify it with the three-sorted structure E = (Z , μ, ̂G, π, M) with sorts Z , ̂G and
M and functions for the respective group operations and homomorphisms.

Definition 2.1 The abstract finite central extension E is naturally interpretable in M without
parameters if there are an ∅-definable group ̂G0 in M and an ∅-definable homomorphisms
π0 : ̂G0 → G in M such that the structures E and E0 = (Z0, μ0, ̂G0, π0, M) are isomorphic
over M , i.e. the isomorphism is the identity on M .

With the same notation, note that the isomorphism overM between E and E0 simplymeans
that the following diagram commutes

0 Z ̂G G 1

0 Z0 ̂G0 G 1

μ

γZ

π1

γ

μ0 π0

Observe that, without loss of generality, we may assume that Z0 = Z by replacing the finite
central extension E0 by (Z , μ0 ◦ γZ , ̂G0, π0, M).
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Remark 2.2 The diagram above implies that in M one can define without parameters the
group ker(π0), which is isomorphic to the finite group Z . This is the reason we impose the
∅-definability of Z from the beginning. Otherwise, if Z is not isomorphic to an ∅-definable
group in M , then the abstract finite central extension E cannot be naturally interpretable in
M .

Nevertheless, note that there is no harm in assuming that Z is ∅-definable in M , as we can
always name its elementswith constants.Moreover, ifM is an expansion of a real closed field,
then every element of an abstract finite group can be identified with ∅-definable elements of
M , so the finite group can be taken as ∅-definable. Thus, no parameters (or new constants)
are needed whenever G is ∅-definable in an o-minimal expansion of a real closed field M .

Remark 2.3 In the definition of naturally interpretable it is also reasonable to allow the group
̂G0 and the homomorphism π0 to be definable with parameters, say over a set B. In this
case, we say that E is naturally interpretable with parameters (or over B). Nonetheless, in
this paper we only consider natural interpretability without parameters. In fact, when M is
an o-minimal expansion of a real closed field and G and Z are definable without parameters,
by [16, Cor. 1.2], the notions of naturally interpretable with and without parameters agree.

As exposed in the introduction, it will be convenient to consider second homology groups
and treat central group extensions via 2-cocycles.

Recall that a central group extension of G by an abelian group Z is given by a 2-cocycle,
which is a map f : G × G → Z that satisfies f (x, 1) = 0 = f (1, x) and

f (x, y) + f (xy, z) = f (x, yz) + f (y, z).

For a Z -valued 2-cocycle f of G, we can define the group G × f Z , whose domain is G × Z
and its operation is defined as follows:

(x1, z1)(x2, z2) = (x1x2, z1 + z2 + f (x1, x2)).

This yields a central extension 0 → Z
μ→ G × f Z

π→ G → 1 by setting π : G × f Z → G
to be the projection onto the first coordinate and μ : Z → G × f Z the natural inclusion
map. In fact, every central group extension

0 −→ Z
μ−→ ̂G

π−→ G −→ 1

is equivalent to the group extension given by G × fs Z , where fs : G × G → Z is a 2-
cocycle satisfying μ( fs(x, y)) = s(xy)−1s(x)s(y) where s : G → ̂G is a section with
s(1) = 1. Note that the equivalence is given by the isomorphism γ : G × fs Z → ̂G defined
by (x, z) �→ s(x) · μ(z). Note that if the section s : G → ̂G is also a homomorphism, then
fs is the trivial map and moreover s(G) is a normal subgroup ̂G as Z is central. Hence, the
groups ̂G and G × Z are isomorphic, in which case ̂G splits trivially.

When the group G is definable in a structure M , we have the following relation between
naturally interpretable extensions and definable 2-cocycles (cf. [5, Sect. 3.1]).

Lemma 2.4 Let G be a definably connected ∅-definable group in an o-minimal structure M
and let

0 −→ Z
μ−→ ̂G

π−→ G −→ 1

be an abstract finite central extension, with Z definable in M without parameters. The finite
central extension is naturally interpretable in M without parameters if and only if there is
an ∅-definable 2-cocycle f : G × G → Z such that ̂G and G × f Z determine equivalent
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extensions. Moreover, this equivalence is given by a definable isomorphism whenever the
group extension given by ̂G is ∅-definable.
Proof Suppose that the group extension given by ̂G is naturally interpretable. Without loss
of generality, we clearly may assume that the extension itself is definable in M without
parameters. So, by [12, Thm.3.10] we obtain an ∅-definable section s : G → ̂G with
s(1) = 1, and let fs : G × G → Z be the associated cocyle. Note that the group G × fs Z is
definable without parameters as well. Hence, since as explained above the extensions ̂G and
G × fs Z are equivalent, we obtain the result as the maps associated to the extension G × fs Z
are clearly definable.

For the other direction, notice that any extension equivalent toG× f Z for some∅-definable
2-cocycle f is clearly naturally interpretable by definition. Therefore, there is some function
γ : G × f Z → ̂G witnessing the desired isomorphism over M . �	

2.2 Definable second cohomology group

Let G be a group and let Z be a finite abelian group. As usual, we denote by Z2(G, Z) the
group of Z -valued 2-cocycles of G, that is,

Z2(G, Z) = { f : G × G → Z | f is a 2-cocycle on G} ,

whose operation is given by pointwise addition. So, it is clearly an abelian group, as so is
Z . For a map h : G → Z with h(1) = 0 we always obtain, using the terminology from [32,
Chap.16], the 2-cocycle

dh(x, y) = h(xy) − h(x) − h(y).

Cocycles of this form are called 2-coboundaries, i.e. an element f ∈ Z2(G, Z) is a 2-
coboundary if there is some h : G → Z such that h(1) = 0 and f = dh. The set of
2-coboundaries B2(G, Z) is a subgroup of Z2(G, Z). It is routine to verify that two extensions
G× f1 Z and G× f2 Z are equivalent if and only if f1 − f2 ∈ B2(G, Z), see for example [29,
Thm.7.32]. In particular, an extension G × f Z splits trivially (i.e. is equivalent to G × Z ) if
and only if f is a 2-coboundary. Therefore, we will be interested in the second cohomology
group

H2(G, Z) = Z2(G, Z)/B2(G, Z).

In particular, the class of a 2-cocycle determines a central extension up to equivalence, and
viceversa.

In the light of the Lemma 2.4, we introduce the following definable version of H2 to study
naturally interpretable extensions.

Definition 2.5 Let G be an ∅-definable group in an structure M and let Z be finite group,
which is also ∅-definable in M . We write Z2

d(G, Z) to denote the subgroup of ∅-definable
2-cocycles, and B2

d (G, Z) for the subgroup of 2-coboundaries f ∈ B2(G, Z) such that
f = dh for some ∅-definable function h : G → Z with h(1) = 0. Define the definable
second cohomology group as

H2
d (G, Z) = Z2

d(G, Z)/B2
d (G, Z).

We will see in Corollary 2.8 that H2
d (G, Z) is the group of central extensions of G by Z

which are naturally interpretable, by Lemma 2.4.
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We need the following result of Berarducci, Peterzil and Pillay [5] which is hidden in
the proof of the claim of Theorem 2.10, see also [19, Prop. 2.11]. We will apply it without
explicit mention in the subsequent results. Since it will be extremely useful in the sequel, we
record a proof for the sake of completeness.

Fact 2.6 Let G be a definably connected group in an o-minimal structure. Then G has no
finite-index abstract proper subgroup.

Proof Let H be a finite-index proper subgroup of G = G◦, which we may clearly assume
that it is normal. Set n = |G/H | and consider the map σn : G → G given by σn(x) = xn .
By [22, Lem.8.1] we have that G = 〈im(σn)〉. On the other hand, the image im(σn) ⊂ H ,
so G = 〈im(σn)〉 ≤ H , which yields the statement. �	
Lemma 2.7 Let G be a definably connected group in an o-minimal structure and let Z be
an abelian group of order n. If f ∈ B2(G, Z) is a 2-coboundary, then there is a unique
map h : G → Z with h(1) = 0 and f = dh. Moreover, for every x ∈ G there are some
y1, . . . , yr satisfying x = yn1 · · · ynr such that

h(x) =
r

∑

j=1

(

f (yn1 · · · ynj−1, y
n
j ) +

n−1
∑

i=1

f (y j , y
i
j )

)

.

In particular, if f is ∅-definable, then so is h and hence f ∈ B2
d (G, Z).

Proof As f is a 2-coboundary, by definition there is some h : G → Z with h(1) = 0 such
that dh = f . Observe that h must be unique. Indeed, suppose that h0 : G → Z is such that
dh0 = f and set h̃ = h0 − h. Since dh0 = f = dh, we have for every x, y ∈ G that

0 = dh0(x, y) − dh(x, y) = dh̃(x, y) = h̃(xy) − h̃(x) − h̃(y).

This yields that h̃ : G → Z is an homomorphism and by the connectedness of G we deduce,
using Fact 2.6, that h̃ = 0, so h = h0.

Now, let n be the order of Z . Using the fact that f (x, y) = h(xy)− h(x)− h(y) for every
x, y ∈ G, we easily see that

n−1
∑

i=1

f (y, yi ) =
n−1
∑

i=1

(

h(yi+1) − h(y) − h(yi )
)

= h(yn),

since nh(y) = 0. AsG = G◦, by [22, Lem.8.1] there is some natural number r ≥ 1 such that
for every element x ∈ G there are y1, . . . , yr ∈ G satisfying x = yn1 · · · ynr . A straightforward
recursive argument on r shows that

h(x) = h(yn1 · · · ynr ) =
r

∑

j=1

(

f (yn1 · · · ynj−1, y
n
j ) + h(ynj )

)

=
r

∑

j=1

(

f (yn1 · · · ynj−1, y
n
j ) +

n−1
∑

i=1

f (y j , y
i
j )

)

,

which yields that the graph of h is definable. �	
Corollary 2.8 Let G be a definably connected∅-definable group in an o-minimal structure and
let Z be a finite abelian group, which we assume to be ∅-definable. We have that B2

d (G, Z) =
Z2
d(G, Z) ∩ B2(G, Z) and the map H2

d (G, Z) ↪→ H2(G, Z) given by [ f ] → [ f ] is an
injective homomorphism. �	
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An immediate translation of the corollary above extends [22, Fact2.7] to arbitrary o-
minimal groups, nonetheless it is not used in the sequel.

Corollary 2.9 Let G be a definably connected definable group in an o-minimal structure and
let Z be a definable finite abelian group. If a definable group extension of Z by G splits
trivially as an abstract extension, then it is splits trivially and definably.

Proof We may assume that both G and Z are definable without parameters and also that the
extension is given by a 2-cocycle f ∈ Z2

d(G, Z), by Lemma 2.4. Note that f ∈ B2(G, Z)

since the extension splits trivially, as an abstract extension. So, by Lemma 2.7, we have
that f = dh for a definable map h : G → Z with h(1) = 0. Hence, the homomorphism
α : G → G × f Z defined by α(g) = (g, h(g)) is definable. It then follows that G × f Z can
be written as a direct product of im(α) and the subgroup {1} × Z , which are both definable.

�	

From now on we write H2� to refer indistinctly to both groups H2 and H2
d . Likewise, we

use the terminology Z2� and B2� .

2.3 A definable inflation-retraction

We now prove the following result on exact sequences for o-minimal groups. The proof is
an adaptation of [25, Thm.1.5] (cf. [23, p. 354] and [20, Thm.51.3]), where the statement
holds for a suitable subgroup of H2(B, Z) under the assumption that A is a central subgroup
of B. It is worth noticing that in the statement below we need only impose that A has no
finite-index proper subgroup, which permits to adapt Neeb’s proof.

Theorem 2.10 Let A be a definably connected group and let

1 −→ A
ι−→ B

β−→ C −→ 1

be an ∅-definable short exact sequence in an o-minimal structure M, where ι is the inclusion
map. Let Z be a finite abelian group and suppose it is ∅-definable (after naming its elements).
Then

0 −→ H2� (C, Z)
β∗�−→ H2� (B, Z)

ι∗�−→ H2� (A, Z)

is exact, where ι∗�([ f ]) = [ f |A×A] and β∗�([g]) = [g ◦ (β × β)] are the restriction and the
inflation maps, respectively.

The abstract version of the statement for arbitrary groups is called the higher inflation-
restriction exact sequence [21, p. 129]. Thus, it only remains to prove Theorem 2.10 for H2

d .
Nonetheless, our proof is uniform for both the abstract and the definable case.

Proof It is routine to verify that the functions ι∗� and β∗� are well-defined. We prove that the
sequence is exact.

We prove that β∗� is injective. Let g ∈ Z2�(C, Z) be a 2-cocycle for which there is some
(definable) map h : B → Z such that g(β(x), β(y)) = h(xy) − h(x) − h(y) for every
x, y ∈ B and with h(1) = 0. In particular, for x, y ∈ A it holds that

0 = g(1, 1) = g(β(x), β(y)) = h(xy) − h(x) − h(y),
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so h|A : A → Z is a group homomorphism. Moreover, as Z is finite, so is the index of
ker(h|A) in A and hence h|A is the trivial map, since A has no finite-index proper subgroup.
As a consequence, for every x ∈ A and y ∈ B arbitrary we have

0 = g(1, β(y)) = g(β(x), β(y)) = h(xy) − h(y).

In particular, the function h̃ : C → Z defined by h̃(c) = h(x) for some x ∈ β−1(c) is
well-defined. We then clearly have that g = dh̃, so that [g] = [0], as desired.

Now, we prove that ker(ι∗�) = im(β∗�). Observe that (ι∗� ◦ β∗�)([ f ]) = [0] for every
g ∈ Z2�(C, Z), so im(β∗�) ⊂ ker(ι∗�). Hence, it remains to prove ker(ι∗�) ⊂ im(β∗�).

Let f ∈ Z2�(B, Z) and suppose that ι∗�([ f ]) = [0], i.e., there is some function h0 : A → Z
such that h0(1) = 0 and f (x, y) = dh0(x, y) = h0(xy)−h0(x)−h0(y) for every x, y ∈ A.
Set ̂B = B × f Z and let

0 −→ Z
μ−→ ̂B

π−→ B −→ 1

be the group extension where μ and π are the natural maps.
Wefirst construct a group extension ofC by Z . Consider the normal subgroup ̂A = A× f Z

of ̂B. Note that there is a group monomorphism α : A ↪→ ̂A via the map a �→ (a, h0(a)),
since f (x, y) = h0(xy) − h0(x) − h0(y) for every x, y ∈ A, and moreover the image
subgroup α(A) has finite index in ̂A. Now, since A has no finite-index proper subgroup,
neither does α(A). Also, it is a finite-index subgroup of ̂A, so we obtain that α(A) is a
characteristic subgroup of ̂A. Therefore, as ̂A is normal in ̂B, we deduce that α(A) is a
normal subgroup of ̂B. Thus, we can consider the quotient group ̂C = ̂B/α(A).

We now define the group homomorphism π0 : ̂C → C by [(x, z)] �→ β(x) and note that

0 −→ Z
μ0−→ ̂C

π0−→ C −→ 1

is a finite central extension, where μ0(z) = [(1, z)]. Thus, there exists some 2-cocycle
g : C × C → Z and some isomorphism γ : ̂C → C ×g Z such that the following diagram
commutes

0 Z ̂C C 1

0 Z C ×g Z C 1

μ0 π0

γ

μ1 π1

,

where μ1(z) = (1, z) and π1(x, z) = x . Since π1 ◦ γ = π0 and γ ◦ μ0 = μ1,
we obtain γ ([(x, z)]) = (β(x), z+zx ) for some zx ∈ Z which depends on x , with z1 = 0.

So, we can naturally define a map h : B → Z as h(x) = zx . Now, an easy computation
yields, on one hand that

γ ([(x1, z1)][(x2, z2)]) = γ ([(x1x2, z1 + z2 + f (x1, x2))])
= (β(x1x2), z1 + z2 + f (x1, x2) + h(x1x2)) ,

and on the other

γ ([(x1, z1)]) γ ([(x2, z2)]) = (β(x1), z1 + h(x1)) (β(x2), z2 + h(x2))

= (β(x1x2), z1 + z2 + g(β(x1), β(x2)) + h(x1) + h(x2)) .

This yields that f (x1, x2) = g(β(x1), β(x2)) − dh(x1, x2). Therefore, we have proven that
β∗([g]) = [ f ], as desired.
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Finally, observe that when f is ∅-definable, then so are ̂B and the map h0 : A → Z by
Lemma 2.7. Hence, the group α(A) and so ̂C , as well as the above group extension

0 −→ Z
μ0−→ ̂C

π0−→ C −→ 1

are all ∅-definable in the o-minimal structure M . In particular, by Lemma 2.4 we can take
the 2-cocycle g ∈ Z2(C, Z) to be ∅-definable, so β∗

d ([g]) = [ f ]. This finishes the proof. �	
Altogether, we obtain the following corollary for definable group extensions in o-minimal

structures, by Corollary 2.8 and Theorem 2.10.

Corollary 2.11 Let 1 → A
ι→ B

β→ C → 1 be a short exact sequence of groups which
is ∅-definable in an o-minimal structure, where ι is the inclusion map. Assume further that
A is definably connected and let Z be a finite abelian group which is ∅-definable. Then the
following diagram commutes

0 H2(C, Z) H2(B, Z) H2(A, Z)

0 H2
d (C, Z) H2

d (B, Z) H2
d (A, Z)

β∗
ι∗

β∗
d ι∗d

where ι∗�([ f ]) = [ f |A×A] and β∗�([g]) = [g ◦ (β × β)], and both rows are exact. �	
We finish this section with another adaptation of the inflation-retraction exact sequence

to the o-minimal setting, see [33, 6.8.3] or [23, p. 354].

Lemma 2.12 Let 1 → A
ι→ B

β→ C → 1 be a short exact sequence of groups which is
∅-definable in an o-minimal structure, where ι is the inclusion map and A is finite. Assume
that B and C are definably connected. Let ω ∈ Z2

d(C, A) be a 2-cocycle corresponding to
the given short sequence. Then for each ∅-definable finite abelian group Z we have an exact
sequence

0 −→ Hom(A, Z)
ω∗−→ H2� (C, Z)

β∗�−→ H2� (B, Z)

where ω∗ denotes the connecting homomorphism ω∗(α) = [α ◦ ω].
Proof Assume, as we may, that B = C ×ω A and β : B → C is the projection on the first
coordinate. Observe first that α ◦ ω is a definable 2-cocycle in Z2

d(C, Z), since A and Z are
finite and so α : A → Z is ∅-definable. Thus, the map ω∗ is well-defined. Moreover, ω∗
is injective. For, suppose that ω∗(α) = [0], so there is some definable h′ : C → Z with
h′(1) = 0 such that α ◦ ω = dh′. Define the map B → Z by (c, a) �→ α(a) − h′(c) and
note that it is an homomorphism. So, it must be trivial and hence α(a) = 0 for every a ∈ A,
as desired.

We prove the exactness of the sequence at H2� (C, Z). To see im(ω∗) ⊂ ker(β∗�), note
that α ◦ ω ◦ (β × β) = dh0 for a definable h0 : B → Z given by h0(c, a) = α(a), so
ω∗(α) ∈ ker(β∗�).

On the other hand, if g◦(β ×β) = dh for g ∈ Z2�(C, Z) and some (definable) h : B → Z
with h(1, 0) = 0, then set α(a) = h(1, a) and note that

0 = g(1, 1) = dh((1, a1), (1, a2)) = α(a1 + a2) − α(a1) − α(a2).

So, we have α ∈ Hom(A, Z). It then follows for c ∈ C and a ∈ A that

0 = g(c, 1) = dh((c, 0), (1, a)) = h(c, a) − h(c, 0) − h(1, a),
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which implies that h(c, a) = h(1, a) + h(c, 0) = α(a) + h(c, 0). Thus, if we define the
function h1 : C → Z by c �→ h(c, 0), then for c1, c2 ∈ C we obtain

g(c1, c2) = dh((c1, 0), (c2, 0)) = h((c1c2, ω(c1, c2)) − h(c1, 0) − h(c2, 0)
= α(ω(c1, c2)) + h(c1c2, 0) − h(c1, 0) − h(c2, 0)
= α(ω(c1, c2)) + dh1(c1, c2),

yielding that ω∗(α) = [g] and hence ker(β∗�) ⊂ im(ω∗). �	

3 Solvable o-minimal groups

In this section we prove our main theorem, which is deduced from the general structure of
solvable o-minimal groups via Corollary 2.11. As a first step towards the proof, we need
the following result on the second cohomology group of torsion-free groups. Recall that
every torsion-free group defined in an o-minimal structure is solvable, by [27, Clm.2.11].
Furthermore, Strzebonski proved in [31, Lem.2.5] that these groups are precisely those
definable groups with Euler characteristic ±1 and hence they are uniquely divisible, by [31,
Prop. 4.1].

Proposition 3.1 Let G be a torsion-free ∅-definable group in an o-minimal structure and let
Z be an ∅-definable finite abelian group. Then H2(G, Z) = 0.

Proof Aswe have just remarked, the groupG is solvable and uniquely divisible. In particular,
it is definably connected. To see that H2(G, Z) = 0 we first prove it for abelian groups.

Claim If A is a torsion-free abelian group definable in an o-minimal structure and Z is a
finite abelian group, then H2(A, Z) = 0.

Proof of Claim. In this case, since A is definably connected, every abstract finite central
extension of A is abelian by [5, Lem.2.8]. So, the result follows from [20, pp. 222–223].
Nonetheless, we give a shorter proof for the sake of completeness.

Write A additively, set n = |Z | and let 0 −→ Z
μ−→ ̂A

π−→ A −→ 0 be an abstract
finite central group extension. Define ψ : A → ̂A as ψ(a) = nx where x ∈ ̂A satisfies
that π(x) is the unique element of A such that nπ(x) = a. Note that this is a well-defined
homomorphism. Moreover, by noticing that π ◦ ψ = idA, we get that ker(ψ) = 0. Once ψ

is a monomorphism and a section, we are done. To see this, define the homomorphism

γ : A × Z → ̂A, (a, z) �→ ψ(a) + μ(z).

Note that ̂A = im(ψ) + μ(Z), so the above homomorphism is a surjection. Furthermore, its
kernel is trivial. Indeed, if (a, z) ∈ ker(γ ), then π(ψ(a)) = π(−μ(z)) = 0, which implies
that a = 0 and hence z = 0. So A × Z and ̂A are isomorphic, and it is routine to verify that
both extensions are equivalent, by considering the natural maps. Therefore, we have seen
that every finite central extension of A splits trivially, so H2(A, Z) = 0. �	Claim

Once we know the result for torsion-free abelian groups, we proceed by induction on the
dimension of G, being the case dim(G) = 0 trivial.

Suppose thatG is infinite.As it is solvable, its commutator subgroupG ′ is proper, definable
and definably connected by [2, Cor. 6.8]. Thus, it has no finite-index proper subgroup, by
Fact 2.6. Furthermore, we can consider the exact sequence

1 −→ G ′ ι−→ G
β−→ G/G ′ −→ 1
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and so by Theorem 2.10 we obtain the exact sequence

0 −→ H2(G/G ′, Z)
β∗

−→ H2(G, Z)
ι∗−→ H2(G ′, Z).

The inductive hypothesis yields that H2(G ′, Z) = 0 and we readily get that the homo-
morphism β∗ : H2(G/G ′, Z) → H2(G, Z) is an isomorphism. So, since G/G ′ is again
torsion-free by the uniquely divisibility of G, the hypothesis on the dimension (or the Claim)
gives that H2(G, Z) = H2(G/G ′, Z) = 0. �	

By Lemma 2.7, given a 2-coboundary f ∈ B2(G, Z) we can describe a map h : G → Z
with h(1) = 0 such that f = dh. Nonetheless, in the torsion-free context we can describe h
more easily.

Remark 3.2 In the proof of the Claim, if we assume, as we may, that ̂A = A × f Z for some
2-cocycle f ∈ Z2(A, Z), then the map ψ : A → ̂A is in fact ψ(a) = n(x, 0) where x is the
unique element of A such that nx = a. Thus

ψ(a) = n(x, 0) =
(

a,

n−1
∑

i=1

f (x, i x)

)

.

So, setting h : A → Z to be h(a) = ∑n−1
i=1 f (x, i x), we can easily see using thatψ : A → ̂A

is an homomorphism that f = dh and hence f ∈ B2(A, Z).

Corollary 3.3 Let G be a torsion-free definable group in an o-minimal structure. Given a
2-cocycle f : G × G → Z, define

h : G → Z , x �→
n−1
∑

k=1

f (y, yk),

where y is the unique element of G such that yn = x and n = |Z |. Then f = dh.

Proof Consider the group G × f Z . As every definable abelian subgroup A of G is again
torsion-free, the previous remark yields that f |A×A = dh|A×A, now writing the group
operation of A multiplicatively. In particular, if we define f̃ := f − dh, then we obtain that
f̃ (x, y) = 0 for all x, y ∈ G with xy = yx .
On the other hand, Proposition 3.1 implies that f̃ is a coboundary. So, there is some

function h̃ : G → Z such that h̃(1) = 0 and f̃ = dh̃. Now, inductively on k ≥ 1, we
see that h̃(xk) = kh̃(x) for every x ∈ G, the case k = 1 being evident. Indeed, assuming
h̃(xk) = kh̃(x), we obtain that

0 = f̃ (x, xk) = dh̃(x, xk) = h̃(xk+1) − h̃(x) − h̃(xk) = h̃(xk+1) − (k + 1)h̃(x).

So, in particular we have proven that h̃(xn) = nh̃(x) = 0, since |Z | = n. Hence, as G is
divisible, we deduce that h̃ = 0 and so ˜f = 0, as required. �	

Conversano proved in [6, Thm.3.6] (cf. [8, Prop. 2.1]) that every definably connected
definable group G in an arbitrary o-minimal structure contains a maximal normal defin-
able torsion-free subgroup, which we denote by N (G). Furthermore, she also proved in [6,
Thm.4.3] (cf. [8, Prop. 2.2]) that for a solvable group G the quotient G/N (G) is definably
compact, so it is abelian by [26, Cor. 5.4]. So, for every natural number n ≥ 2 the sub-
group of n-torsion elements of G/N (G)[n] is finite and isomorphic to (Z/nZ)dim(G/N (G))

by the structure theorem for definably compact definably connected abelian groups due to
Edmundo and Otero [18] in o-minimal expansions of real closed fields and to Edmundo et
al. [17, Thm.1.1] in arbitrary o-minimal structures.
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Theorem 3.4 Let G be a definably connected solvable ∅-definable group in an o-minimal
structure M with constants for the elements of the finite abelian group Z. The inclusion map
H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism and both groups are isomorphic to the finite

group Zdim(G/N (G)).

Proof Let N (G) be the maximal normal definable torsion-free subgroup of G, and let Ḡ =
G/N (G) which is definably compact and abelian, as we have just remarked. Thus, as Ḡ is
abelian, every abstract finite central extension of Ḡ is naturally interpretable by [5, Thm.2.9].
So, the injective homomorphism H2

d (Ḡ, Z) ↪→ H2(Ḡ, Z) given by Corollary 2.8 is an
isomorphism, by Lemma 2.4.

Now, as remarked above, the subgroup N (G) is uniquely divisible, so it is definably
connected. Thus, by considering the following exact sequence

1 −→ N (G)
ι−→ G

β−→ Ḡ −→ 1,

Corollary 2.11 yields the existence of the following commuting diagram

0 H2(Ḡ, Z) H2(G, Z) H2(N (G), Z)
3.1= 0

0 H2
d (Ḡ, Z) H2

d (G, Z) H2
d (N (G), Z)

3.1= 0

β∗
ι∗

β∗
d

∼=
ι∗d

∼=

Hence, we readily obtain that the homomorphisms β∗� : H2� (Ḡ, Z) → H2� (G, Z) and hence
H2
d (G, Z) ↪→ H2(G, Z) are isomorphisms.
Finally, to compute H2(Ḡ, Z) write Z as Z/k1Z × . . . × Z/krZ. Notice that every finite

central extension of Ḡ is abelian [5, Lem.2.8]. So, we can apply Theorem 52.2 and properties
(F) and (D) from [20, Sect. 52] to obtain

H2(Ḡ, Z) ∼=
∏

j

H2(Ḡ,Z/k jZ) ∼=
∏

j

H2(Ḡ[k j ],Z/k jZ)

∼=
∏

j

H2(Z/k jZ,Z/k jZ)dim(Ḡ) ∼=
∏

j

(Z/k jZ)dim(Ḡ) ∼= Zdim(Ḡ),

where the third isomorphism follows from [20, Thm.52.2] and the structure theorem for
definably compact definably connected abelian groups [17, Thm.1.1]. �	
Remark 3.5 As explained in Remark 2.3, given a fixed subset of parameters B of M , one
may adapt Definition 2.1 in order to introduce the notion of naturally interpretable with
parameters over B. Notice that, as consequence of Theorem 3.4, we obtain the equivalence
between being naturally interpretable with or without parameters, whenever the group G is a
definably connected solvable ∅-definable group in an arbitrary o-minimal structure (cf. [16,
Cor. 1.2]).

4 On definable central extensions in o-minimal expansions of real
closed fields

In this section we work within an o-minimal expansion M of a real closed field. Henceforth,
in this section Z denotes a finite abelian group, which we can assume to be ∅-definable.
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Notice that, by Remark 2.3, naturally interpretable with or without parameters agree in this
context. So, there is no need to be precise about parameters.

Let us briefly recall some topological results on o-minimal locally definable groups, which
will play an essential role in the subsequent statements.

A locally definable group G of Mk is an increasing countable union G = ⋃

i∈N Xi of
definable subsets Xi together with a group operation · such that for each i ∈ N there is some
j ∈ N with Xi · Xi ⊂ X j and the operation Xi × Xi → X j is definable. A homomorphism
f : G → H between locally definable groups G = ⋃

i∈N Xi and H = ⋃

i∈N Yi is locally
definable if for every definable subset of the domain the restriction is a definable map, i.e.
for each n there is some m such that f (Xn) ⊂ Ym and f |Xn : Xn → Ym is definable.

Let G = ⋃

i∈N Xi be a locally definably connected definable group in an o-minimal
expansion of a real closed field. The o-minimal fundamental group π1(G) of G is defined
in the usual way, but with loops and homotopies being definable. So, the group π1(G) is
the group formed by the definable homotopy equivalence classes of continuous definable
loops σ : [0, 1] → Mk with σ(0) = σ(1) = 1G and σ([0, 1]) ⊂ Xn for some n, where as
remarked above the equivalence between two loops is witnessed by a definable homotopy
[0, 1] × [0, 1] → Xm between them for a large enough m. As usual, the group operation is
given by concatenation of loops. Edmundo [13] and Edmundo and Eleftheriou [15, Thm.1.4]
proved that, as in the topological setting, the o-minimal fundamental groupπ1(G) is naturally
isomorphic to the kernel of the so-called universal o-minimal covering of G. The universal
o-minimal covering of G was first constructed in [13, Sect. 3] and it consists of a locally
definable group ˜G together with a locally definable surjective homomorphism pG : ˜G → G
with countable kernel such that π1(˜G) is trivial.

As stated in [4, Fact. 6.13] (cf. [10, Thm.5.11]) we can also describe ˜G in a rather simple
way, see the proof of [1, Fact. 3.4.13] for a detailed explanation. Namely, consider the col-
lection P of all locally definable continuous paths α : [0, 1] → G such that α(0) = 1G . Let
∼ be the equivalence relation on P defined as follows: α ∼ β if and only if α(1) = β(1)
and [α ∗ β] = [0] in π1(G), where ∗ denotes the concatenation of maps and β is the map
x �→ β(1 − x). Denote by α� the equivalence class of α ∈ P and define ˜G = P/ ∼,
with the group operation induced by the path product. Let then pG : ˜G → G be defined as
pG(α�) = α(1) and notice that the natural map ker(pG) → π1(G), defined by α� �→ [α], is
an isomorphism.

We summarize some key properties of the universal covering in the following facts.

Fact 4.1 Let G and K be two definably connected definable groups in an o-minimal expansion
of a real closed field. If ρ : K → G is a definable homomorphism, then we have the following
commutative diagram of locally definable homomorphisms

0 π1(K ) ker(pK ) ˜K K 1

0 π1(G) ker(pG) ˜G G 1

∼=

ρ∗

pK

ρ̃ ρ

∼= pG

where ρ∗ and ρ̃ are defined as ρ∗([σ ]) = [ρ ◦ σ ] and ρ̃(α�) = (ρ ◦ α)� respectively, and
both rows are central exact sequences. Furthermore, we have

(1) If ρ∗ is injective and ρ has finite kernel, then | ker(ρ̃)| ≤ | ker(ρ)|.
(2) If ρ is surjective and with finite kernel, then ρ̃ is an isomorphism.

Proof The commutativity of the diagram is clear. Also, note that each locally definable
subgroup ker(p•) is countable (i.e. has dimension 0) and so it is central by [14, Cor. 3.16].
Now, we prove (1) and (2).
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(1) Let N = ker(ρ̃). Note that pK (N ) ⊂ ker(ρ), so pK (N ) is finite. It then follows that
the index [N : N ∩ ker(pK )] ≤ | ker(ρ)|. But by assumption ρ∗ and hence ρ̃|ker(pK ) are
injective, so applying ρ̃ we get that N ∩ ker(pK ) is trivial and N is finite of size at most
| ker(ρ)|.

(2) We deduce by considering lifting of paths that ρ̃ is surjective. Indeed, given a definable
path α : [0, 1] → G, by [18, Prop. 2.6 and Prop.2.11] there is a unique definable path
α′ : [0, 1] → K with ρ ◦ α′ = α, so ρ̃(α′

�) = α�. This shows that ρ̃ is surjective. On the
other hand, as ρ is onto and with finite kernel, by [18, Cor. 2.8 and Prop.2.11] the map
ρ∗ is injective and so ker(ρ̃) is finite by (1). By [13, Prop. 3.4 and 3.12] we then have
that

ker(ρ̃) ∼= π1(˜G)/ρ̃∗(π1(˜K )).

Since π1(˜G) is trivial, the map ρ̃ is injective.

�	
Fact 4.2 Let G be a definably connected definable group in an o-minimal expansion of a real
closed field and let ρ : G1 → G be a definable finite central extension with G1 definably
connected. Then, there is a locally definable onto homomorphism p1 : ˜G → G1 such that
ρ ◦ p1 = pG.

Proof It suffices to apply Fact 4.1 and set p1 = pG1 ◦ ρ̃−1. �	
Recall that a definable group G is simply-connected if it is path-connected and π1(G) is

trivial.

Lemma 4.3 Let G be a simply-connected group definable in an o-minimal expansion of a
real closed field. Then H2

d (G, Z) is trivial.

Proof Note that G is definably connected, since it is path-connected, and that pG : ˜G → G
is an isomorphism, since π1(G) is trivial. We may assume that ˜G = G.

It suffices to prove that every definable finite central extension

0 −→ Z ↪−→ G1
ρ−→ G −→ 1

splits trivially. By Fact 4.2 there is some definable onto homomorphism p1 : G → G◦
1 such

that ρ ◦ p1 = idG . This implies that the exact sequence

0 −→ Z ∩ G◦
1 ↪−→ G◦

1 −→ G −→ 1

splits trivially. However, this forces that Z ∩ G◦
1 is the trivial subgroup and consequently

G1 = G◦
1 × Z ∼= G × Z , as desired. �	

Recall that a definable subset X ⊂ Mk is called definably contractible if there is an
element x0 ∈ X and a definably homotopy H : X × [0, 1] → X between the identity map
idX on X and the constant map x �→ x0. In particular, a definably contractible definable
group G satisfies that π1(G) = {0}.
Proposition 4.4 Let G be a definably connected definable group in an o-minimal expansion
of a real closed field. Let K and L be definably connected definable subgroups of G, such
that L is definably contractible, K ∩ L = {1} and G = K · L. Then, the homomorphism

H2
d (G, Z) → H2

d (K , Z), [ f ] �→ [ f |K×K ]
is surjective.
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Proof Note first that the definable map K × L → G given by (x, y) �→ xy is a homeomor-
phism, so

π1(K ) ∼= π1(K ) × π1(L) ∼= π1(K × L) ∼= π1(G).

In fact, if ι : K ↪→ G denotes the inclusion map, then the above isomorphism is obtained
via the map ι∗ : π1(K ) → π1(G). Thus ι̃ : ˜K → ˜G is injective by Fact 4.1.

Now, given g ∈ Z2
d(K , Z), let ̂K = K ×g Z and Z1 = Z ∩ ̂K ◦. Note that

0 −→ Z1 ↪−→ ̂K ◦ π0−→ K −→ 1

is a finite central extension and that a definable section s : K → ̂K ◦ is also a section of
s : K → ̂K . So, the definable 2-cocycle gs determined by s is equivalent to g. Thus, we may
assume that im(g) ⊂ Z1 and ̂K ◦ = K ×g Z1.

By the universal property of pK : ˜K → K (Fact 4.2), there is a locally definable surjective
homomorphism γ : ˜K → ̂K ◦ with π0 ◦ γ = pK . We then have the following commutative
diagram:

0 ker(pG) ˜G G 1

0 ker(pK ) ˜K K 1

0 Z1 ̂K ◦ K 1

pG

∼=
pK

γ

ι̃ ι

π0

Let 
 = ker(γ ), so 
 ⊂ ker(pK ) and ˜K/
 is isomorphic to ̂K ◦, which naturally induces an
isomorphism between ker(pK )/
 and Z1, by the left column. Finally, since ι̃(
) is contained
in the central subgroup ker(pG) of ˜G, we can consider the locally definable subgroup G◦

1 :=
˜G/̃ι(
) and the surjective group homomorphism

π : G◦
1 → G, [x] �→ pG(x).

The kernel of π is ker(pG)/̃ι(
) = ι̃(ker(pK ))/̃ι(
), which is isomorphic to ker(pK )/


and hence to Z1. As G◦
1 is locally definable and Z1 is finite, we deduce that G◦

1 is definable.
We have obtained the following commutative diagram

0 ker(π) G◦
1 G 1

0 Z1 ̂K ◦ K 1

π

∼=
π0

ι1

where both rows are exact. Moreover, the definable section s0 : K → ̂K ◦ defined by
x �→ (x, 0) can be extended to a definable section s : G → G◦

1 satisfying s|K = ι1 ◦ s0.
Thus, regarding the 2-cocycle f ∈ Z2

d(G, Z1) determined by s as a 2-cocycle in Z2
d(G, Z),

we see that [ f |K×K ] = [g] and in fact note that G◦
1 corresponds to the connected component

of G × f Z . �	
While in general an o-minimal group G might not possess a maximal definably compact

subgroup (see [31, Ex.5.3]), Conversano proved [7, Thm.1.2]:
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Fact 4.5 Let G be a definably connected definable group in an o-minimal structure. Set
Ḡ := G/N (G). Then Ḡ has a maximal definably compact subgroup K̄ , which is definably
connected and it is unique up to conjugation. Moreover, there is a definable torsion-free
subgroup L̄ in Ḡ such that Ḡ = K̄ · L̄ and K̄ ∩ L̄ = {1̄}.

Next, we see that H2
d (K̄ , Z) determines H2

d (G, Z).

Corollary 4.6 Let G be a definably connected definable group in an o-minimal expansion of a
real closed field. Let K̄ := K/N (G) be a maximal definably (connected) compact definable
subgroup of Ḡ := G/N (G) and let π : G → Ḡ be the natural projection. Then, the induced
map π∗

d : H2
d (Ḡ, Z) −→ H2

d (G, Z) is an isomorphism. In particular, the map

H2
d (G, Z) → H2

d (K̄ , Z), [ f ] �→ [ f̄ |K̄×K̄ ],
for some f̄ ∈ Z2

d(Ḡ, Z) satisfying [ f ] = [ f̄ ◦ (π × π)], is an isomorphism.

Proof Theorem 2.10 applied to the exact sequence 1 → N (G) → G
π→ Ḡ → 1 yields

0 −→ H2
d (Ḡ, Z)

π∗
d−→ H2

d (G, Z) −→ H2
d (N (G), Z)

3.1= 0.

So, the map π∗
d is an isomorphism. For the second part of the statement, it suffices to prove

that the map H2
d (Ḡ, Z) → H2

d (K̄ , Z), defined by [ f̄ ] �→ [ f̄ |K̄×K̄ ], is an isomorphism.
In an o-minimal expansion M of a real closed field, a definable torsion-free group is

definably homeomorphic to Mk by [27, Cor. 5.7] and so it is definably contractible. Thus,
Proposition 4.4 together with the previous Fact 4.5 yields that the map is surjective. Hence, it
only remains to see that it is injective. To ease notation we may assume that N (G) is trivial,
so Ḡ = G and K̄ = K .

Let f ∈ Z2
d(G, Z) be such that [ f |K×K ] = [0]. In particular, there is some definable

hK : K → Z with hK (1) = 0 such that f |K×K = dhK . Denote by rK : G → K the map
defined by rK (x) = x for x ∈ K and rK (x) = 1 otherwise. So, after replacing f by f − dh
where h = hK ◦ rK , we may further assume that f |K×K = 0.

Set now ̂G = G × f Z and Z1 = Z ∩ ̂G◦. Note that K × f Z = K × Z , so K × {0} is a
definably connected subgroup of ̂G◦. Thus, we can choose a definable section s : G → ̂G◦
such that s(x) = (x, 0) for every x ∈ K . Since s is also a section s : G → ̂G, the definable
2-cocycle fs determined by s is equivalent to f . Moreover, note that fs |K×K = 0. So, after
replacing f by fs , we may assume that im( f ) ⊂ Z1 and ̂G◦ = G × f Z1 with f |K×K = 0.

Consider the associated central extension

0 −→ Z1 −→ ̂G◦ π−→ G −→ 1,

which is definable by assumption. We claim that π−1(K ) = K × Z1 is a maximal definably
(connected) compact subgroup of ̂G◦. For otherwise, let ̂K1 be a definably compact subgroup
of ̂G containing π−1(K ). So, we have K = π(π−1(K )) ⊂ π(̂K1) and therefore K =
π(̂K1), as π(̂K1) is definably (connected) compact subgroup of G. Thus π−1(K ) = ̂K1 by
maximality. Since π−1(K ) = K × Z1, we deduce that Z1 is trivial and therefore ̂G ∼= G× Z ,
as required. �	
Proposition 4.7 Let K be a definably connected definably compact definable group in an
o-minimal expansion of a real closed field. Let A be an abelian definable subgroup of K
of maximal dimension among dimensions of abelian definable subgroups of K . Then, the
homomorphism

H2
d (K , Z) → H2

d (A, Z), [ f ] �→ [ f |A×A]

123



Finite central extensions of o-minimal groups Page 17 of 23 87

is injective.

Proof As in the proof of the previous proposition, given f ∈ Zd(K , Z) with [ f |A×A] = [0]
and setting ̂K = K × f Z and Z1 = Z ∩ ̂K ◦, we may assume after some reductions that
̂K ◦ = K × f Z1 and that we have a central extension 0 → Z1 → ̂K ◦ π→ A → 1, which is
definable and π−1(A) = A× Z1. Moreover, we also have that A is definably connected and
a maximal abelian subgroup, by [3, Fact37 and Lem.38].

Now, if A1 is an abelian definable subgroup of ̂K ◦ containing π−1(A) then π(A1) is
clearly an abelian definable group containing A, so π(A1) = A by maximality. Therefore,
we deduce that A1 = π−1(A) and π−1(A) is a maximal abelian definable subgroup of ̂K ◦.
Therefore, since π−1(A) has maximal dimension among dimensions of abelian definable
subgroups of K , it is definably connected by [3, Fact37 and Lem.38]. This implies that Z1

is the trivial subgroup, and so ̂K = ̂K ◦ × Z ∼= K × Z , which yields the result. �	
Altogether, the last two results and Theorem 3.4 yield:

Corollary 4.8 Let G be a definably connected definable group in an o-minimal expansion of
a real closed field. Then, the group H2

d (G, Z) embeds into Zk, where k is bounded above
by the dimension of G/N (G). In particular, there are finitely many non equivalent definable
central extensions of G by Z. �	

5 A reduction to simple groups

In this final section we prove that in the context of o-minimal expansions of real closed fields,
the conjecture holds for arbitrary definable groups if it does for (almost) definably simple
groups. Recall that all finite abelian groups can be assumed to be ∅-definable.

The following lemmata will be necessary to prove this reduction.

Lemma 5.1 Let 0 → F → G0 → G → 1 be an exact sequence of groups definable in an
o-minimal expansion of a real closed field, where G0 and G are definably connected definable
groups, and F is a finite central subgroup of G0.

(1) If Z is a finite abelian group and H2
d (G0, Z) ↪→ H2(G0, Z) is an isomorphism, then

H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism.

(2) If H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism for every finite abelian group Z, then

H2
d (G0, Z) ↪→ H2(G0, Z) is also an isomorphism for every finite abelian group Z.

Proof Let β : G0 → G denote the homomorphism of the statement and assume, as we may,
that its kernel is F .

(1) Let f : G × G → Z be an arbitrary 2-cocycle. We need to prove that f is equivalent to
a definable 2-cocycle, that is, the group extension given by ̂G := G × f Z is naturally
interpretable (see Lemma 2.4).
By Lemma 2.12 we have a commuting diagram

0 Hom(F, Z) H2(G, Z) H2(G0, Z)

0 Hom(F, Z) H2
d (G, Z) H2

d (G0, Z)

β∗

∼=
β∗
d

∼=
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where both rows are exact. By our assumption, there exists some definable 2-cocycle
g : G0 ×G0 → Z such that [g] = β∗([ f ]) = [ f ◦ (β ×β)], so f ◦ (β ×β)−g = dh for
some h : G0 → Z with h(1) = 0. Consider the group ̂G0 := G0 ×g Z . The canonical
homomorphism γ : ̂G0 → ̂G, given by (x, z) �→ (β(x), z + h(x)), induces an exact
sequence

0 −→ �1 −→ ̂G0 −→ ̂G −→ 1

where �1 = {(x, z) ∈ F × Z : h(x) = −z}. As ̂G0 is definable and �1 is finite, we
deduce that ̂G0/�1 is definable as well, and isomorphic to ̂G. This yields that

0 Z ̂G0/�1 G 1

0 Z ̂G G 1

μ π

γ̄

is a commutative diagram, with μ(z) = [(1, z)], π([(x, z)]) = β(x) and γ̄ the isomor-
phismmap induced by γ . Hence, by Lemma 2.4 the cocycle f is equivalent to a definable
one, as required.

(2) Let Z be a finite abelian group, and consider an arbitrary abstract finite central extension

0 −→ Z −→ ̂G0
π−→ G0 −→ 1.

We prove that this extension is naturally interpretable.

Claim We can assume that ̂G0 does not have subgroups of finite index.

Proof of Claim. Let N be a finite index normal subgroup of ̂G0 without subgroups of finite
index, which exists by Fact 2.6. Let Z0 := Z ∩ N , and note that a section s of G0 → N is
also a section of G0 → ̂G0. Thus, for the 2-cocycle fs : G0 × G0 → Z0 determined by s
we have that ̂G0 is equivalent to G0 × fs Z . Hence, it is enough to show that fs is equivalent
to a definable 2-cocycle. �	Claim

Since π−1(F) is normal in ̂G0, we have that ̂G0 acts on π−1(F) by conjugation. Since
̂G0 has no proper finite-index subgroup by the Claim, this yields that π−1(F) is central in
̂G0. Therefore, the following is also a finite central exact sequence

0 −→ π−1(F) −→ ̂G0
β◦π−→ G → 1.

Since H2
d (G, π−1(F)) ↪→ H2(G, π−1(F)) is an isomorphism by assumption, we can

assume that ̂G0 and p := β ◦ π are definable. Hence, it remains to prove that π is definable.
Consider the definable subgroup

̂G0 ×p,β G0 := {

(x, y) ∈ ̂G0 × G0 : p(x) = β(y)
}

of ̂G0 × G0 and its subgroup

�2 := {

(x, π(x)) : x ∈ ̂G0
}

.

Note that the map ̂G0 → �2 given by x �→ (x, π(x)) is an isomorphism and therefore
�2 does not have subgroups of finite index, as neither does ̂G0. Thus, �2 is contained in
(̂G0×p,β G0)

◦. Moreover, it has finite index in ̂G0×p,β G0. Indeed, for (x, y) ∈ ̂G0×p,β G0

we have that π(x)y−1 ∈ F and F is finite, so the subgroup �2 has at most |F | many cosets.
It then follows that �2 = (̂G0 ×p,β G0)

◦, so �2 is definable and so is π . �	
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Lemma 5.2 Let G be a definably connected definable group in an o-minimal expansion of
a real closed field and let Z be a finite abelian group. Suppose that G is the almost direct
product of two definably connected normal subgroups A and B, i.e. G = A · B and A ∩ B
is finite. Consider the homomorphism

γ : H2(G, Z) → H2(A, Z) × H2(B, Z), [ f ] �→ ([ f |A×A], [ f |B×B])

and let f ∈ Z2(G, Z). If γ ([ f ]) = ([ f1], [ f2]) for f1 ∈ Z2
d(A, Z) and f2 ∈ Z2

d(B, Z), then
[ f ] ∈ H2

d (G, Z).

Proof Let f ∈ Z2(G, Z) be such that γ ([ f ]) = ([ f1], [ f2]) for some f1 ∈ Z2
d(A, Z)

and some f2 ∈ Z2
d(B, Z). So, there are some hA : A → Z and hB : B → Z with

hA(1) = hB(1) = 0 such that f |A×A = f1 + dhA and f |B×B = f2 + dhB .

Claim 1 We may assume that hA|A∩B = hB |A∩B .

Proof of Claim 1. Let C = A ∩ B and let h̃ A : A → Z be the function

h̃ A(x) = (hB ◦ rC )(x) + (hA ◦ rA\C )(x),

where for a subset X ⊂ G the map rX : G → X ∪ {1} is defined as the identity on
X and rX (x) = 1 for x /∈ X . It is clear that h̃ A and hB agree on C . Replacing f1 by
f̃1 = f |A×A − dh̃ A, we obtain the claim. So, it suffices to prove that f̃1 is definable.
Note first that f̃1|(A\C)×(A\C) = f1|(A\C)×(A\C). In particular, we have that f̃1 is definable

on A\C . Moreover, sinceC is finite, the function f̃1|C×C is also definable. Hence, it remains
to check that both f̃1|C×(A\C) and f̃1|(A\C)×C are definable.

Let c ∈ C and x ∈ A\C . An easy calculation yields that

f̃1(c, x) = f (c, x) − hA(cx) + hB(c) + hA(x) = f1(c, x) − hA(c) + hB(c).

SinceC is finite, themaps hA|C and hB |C are definable (overC) and thus, themap f̃1|C×(A\C)

is definable, as so is f1|C×(A\C). Likewise, one verifies that f̃1|(A\C)×C is definable. It then
follows that f̃1 is definable. �	Claim 1

Once we know that hA|A∩B = hB |A∩B , we claim:

Claim 2 We may assume that f |A×A = f1 and f |B×B = f2.

Proof of Claim 2. Using the notation from Claim 1, it suffices to define the following maps
from G to Z :

h1(x) = (hA ◦ rA)(x), h2(x) = (hB ◦ rB)(x) and h3(x) = (hB ◦ rA∩B)(x).

After replacing f by the equivalent 2-cocycle f − dh1 − dh2 + dh3, we may assume that
f |A×A = f1 and f |B×B = f2. �	Claim 2

Consider the exact sequence 0 → Z → G × f Z
π→ G → 1. Define A1 = A × f Z

and B1 = B × f Z , and note that both A1 and B1 are subgroups of G × f Z and definable.
Moreover, it is clear that G × f Z = A1 · B1 and A1 ∩ B1 = π−1(A ∩ B) is finite.

We claim that A◦
1 and B1 commute, which follows from the fact that A and B commute.

Indeed, let a ∈ A◦
1 and b ∈ B1 be given. By normality, we have π([a, b]) ∈ A ∩ B and, as

A∩ B is a finite normal subgroup of G and G is definably connected, the intersection A∩ B
is a central subgroup of G. This implies that the map A◦

1 → A∩ B given by x �→ π([x, b]) is
an homomorphism, so it must be the trivial homomorphism since A◦

1 is definably connected.
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Thus, the homomorphism A◦
1 → Z given by x �→ [x, b] is well-defined and it is again the

trivial homomorphism, so [a, b] = 1 as desired.
It then follows that the map A◦

1 × B1 → G × f Z given by (x, y) �→ xy is a surjective
homomorphism whose kernel is the finite group

� := {

(x, x−1) ∈ (G × f Z) × (G × f Z) | x ∈ A◦
1 ∩ B1

}

.

This induces an isomorphism γ : (A◦
1 × B1)/� → G × f Z given by γ ([(x, y)]) = xy.

Therefore, we obtain the following exact sequence

0 −→ Z
μ1−→ (A◦

1 × B1)/�
π1−→ G −→ 1,

where the homomorphisms μ1 : Z → (A◦
1 × B1)/� and π1 : (A◦

1 × B1)/� → G are
z �→ [((1, 0), (1, z))] and [(x, y)] �→ π(xy) respectively. This exact sequence is clearly
equivalent via γ to the one given by G × f Z . Therefore, we obtain the second part of the
statement by Lemma 2.4, as (A◦

1 × B1)/� is definable. �	
In the next result we see that it suffices to prove the conjecture for definably almost simple

definable factors. By a definable factor K of G we mean that K = N1/N2 where both
N2 � N1 are definable subgroups of G. Also, we say that K is definably almost simple if
K/Z(K ) has no proper definable normal subgroup.

We first prove a reduction of the conjecture to the case of definably almost simple definable
groups. It is worth noticing that in the statement the finite group Z is fixed.

Theorem 5.3 Let G be a definably connected group definable in an o-minimal expansion of
a real closed field and let Z be a finite abelian group. Suppose the following:

(∗)G for every definably almost simple definable factor K of G, the inclusion map
H2
d (K , Z) ↪→ H2(K , Z) is an isomorphism.

Then H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism.

Proof Assume, as we may, that G is infinite and proceed by induction on the dimension of
the group. For dim(G) = 1, the group G is abelian by [28, Cor. 2.15] and therefore the result
follows by [5, Thm.2.9]. We consider the general case and observe that we may assume that
G is not solvable by Theorem 3.4.

Claim 1 If K is a semisimple definable factor of G, then H2
d (K , Z) ↪→ H2(K , Z) is an

isomorphism.

Proof of Claim 1. By [26, Thm.2.8] we know that there are some definably simple definable
groups H̄1, . . . , H̄m such that K/Z(K ) is the direct product H̄1 × . . . × H̄m . Let Hi be
the normal subgroup of K containing Z(K ) such that Hi/Z(K ) equals H̄i . So, we obtain
that K is the almost direct product of H1, . . . , Hm . As (∗)G implies that H2

d (Hi , Z) ↪→
H2(Hi , Z) is an isomorphism, applying Lemma 5.2 we get that H2

d (K , Z) ↪→ H2(K , Z) is
an isomorphism as well. �	Claim 1

Assume first that G is definably compact. In this case, by [22, Cor. 6.4] the derived sub-
group [G,G] of G is definable, definably connected and semisimple and moreover G is the
almost direct product of Z(G)◦ and [G,G], that is,G = Z(G)◦ ·[G,G]with Z(G)◦∩[G,G]
finite. Also, by Claim 1 we may suppose that Z(G) is infinite, as otherwise G = [G,G] and
so we obtain the statement. Note in addition that (∗)[G,G] holds, since every definable factor
of [G,G] is a definable factor of G. Therefore, by the inductive hypothesis, together with
Lemma 5.2, we obtain the result. We are thus left with the non definably compact case.

Now, suppose that G is arbitrary but not definably compact and consider N (G), the
maximal normal definable torsion-free subgroup of G.
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Claim 2 We may assume that N (G) is trivial.

Proof of Claim 2. Otherwise, we have that N (G) is infinite, since it is definably connected,
and thus dim(G/N (G)) < dim(G). Clearly, every definable factor ofG/N (G) is a definable
factor ofG, so condition (∗)G/N (G) holds. Hence, Corollary 2.11, together with the inductive
hypothesis, yields the existence of the following commutative diagram

0 H2(G/N (G), Z) H2(G, Z) H2(N (G), Z)
3.1= 0

0 H2
d (G/N (G), Z) H2

d (G, Z) H2
d (N (G), Z)

3.1= 0

∼= ∼=

where both rows are exact. Thus, the inclusion H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism

and hence every finite central extension of G is naturally interpretable. �	Claim 2

Observe that, by Claim 1, we may assume that G is not semisimple. So, there is an
infinite definably connected definable normal abelian subgroup A of G, which is necessarily
definably compact, by Claim 2 and [8, Prop. 2.2]. Consider the exact sequence

1 → A→ιG → G/A → 1.

As (∗)G/A holds, the inductive hypothesis andCorollary 2.11yield the following commutative
diagram with exact rows:

0 H2(G/A, Z) H2(G, Z) H2(A, Z)

0 H2
d (G/A), Z) H2

d (G, Z) H2
d (A, Z)

ι∗

∼=
ι∗d

∼=

So, to prove that H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism it remains to show that the

map im(ι∗d) → im(ι∗) is surjective. So, let [g] ∈ im(ι∗) be arbitrary and let f ∈ Z2(G, Z)

be such that [ f |A×A] = [g].
Due toClaim2, by [7, Thm.1.2] there is amaximal definably compact non-trivial subgroup

K of G, which is definably connected, and a definable torsion-free non-trivial subgroup L of
G such that G = K · L and K ∩ L = {1}. Note that the maximality of K forces A ≤ K , since
AK is a definably compact definable subgroup. Furthermore, the torsion-free subgroup L of
G is definably contractible, by [27, Cor. 5.7].

Note now that (∗)K is trivially satisfied. So, the induction hypothesis implies that
H2
d (K , Z) ↪→ H2(K , Z) is an isomorphism. Thus, we can apply Proposition 4.4 which

yields the existence of some definable f ′ ∈ Z2
d(G, Z) such that [ f ′|K×K ] = [ f |K×K ].

So, we obtain that [ f ′|A×A] = [ f |A×A] which implies ι∗d([ f ′]) = [g]. This shows that
im(ι∗d) → im(ι∗) is surjective, finishing the proof. �	

As a consequence, we also obtain a reduction of the conjecture to definably simple defin-
able groups. Note that in this case we need the group Z to vary.

Corollary 5.4 Let G be a definably connected group definable in an o-minimal expansion of
a real closed field. Suppose the following:

(�)G for every definably simple definable factor S of G, the natural inclusion map
H2
d (S, Z) ↪→ H2(S, Z) is an isomorphism for every finite abelian group Z.

Then H2
d (G, Z) ↪→ H2(G, Z) is an isomorphism for every finite abelian group Z.
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Proof Assume (�)G and let K be a definably almost simple factor of G. Lemma 5.1 yields
that H2

d (K , Z) ↪→ H2(K , Z) is an isomorphism for every finite abelian group Z . So, con-
dition (∗)G of Theorem 5.3 is satisfied for a fixed Z . Hence, Theorem 5.3 implies that the
homomorphism H2

d (G, Z) ↪→ H2(G, Z) is an isomorphism for every finite abelian group
Z . �	

We finish the paper with the following reduction for definably compact semisimple defin-
able groups. Note before proceeding that, by the proof of [9, Prop. 5.1.(iv)], the fundamental
group of a definably compact semisimple definable group is finite. Thus, for a definably
compact definable semisimple definable group G, the kernel of the universal covering map
pG : ˜G → G is finite and therefore the universal covering ˜G is definable. Therefore, our last
result is a direct consequence of Lemma 5.1.

Corollary 5.5 Let G be a definably compact semisimple definable group, let ˜G be its universal
covering and let Z be a finite abelian group. If H2

d (˜G, Z) ↪→ H2(˜G, Z) is an isomorphism,
then so is H2

d (G, Z) ↪→ H2(G, Z). �	
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