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§1. Introduction.

The central result of these notes is one of Hovanskii (§2),
which is an analogue of Bezout's theorem for polynomials over
the reals; the number of common roots of a system of n real
polynomial equations is bounded not in terms of the degrees
but rather in terms of the total number of monomials appearing

in the equations.

The notion of additive complexity of polynomials is then
introduced (83) and the result of Hovanskii is used to prove
that the number of real roots of P € R[X] is bounded in terms
of its additive complexity; this result is then generalized
by replacing the real roots of P € m[x] by the number of con-
nected components of the zero-set of P € R[Xl,...,xn].

In §§5 and 6, Liouville functions are considered; these
functions are analytic on R and satisfy some finiteness
property; finally, a number of open problems about these

functions is proposed.

I am very grateful to the Department of Mathematics of
Madrid and to Prof. Abellanas for having invited mej; also,
to the team formed by Prof. T. Recio, M.E. Alonso, C. Andradas,
J.M. Gamboa and J.M. Ruiz for the warmness of their "accueil"
and for the work they have done in the elaboration of these -

notes.

Paris, December 1983.



§2. Hovanskii's theorem ([H1] and [H2]).

The goal of this paragraph is to prove the following

theorem, due to Hovanskii

(2.1) Theorem.- Let Fl""’Fn e m[xl,...,Xn,yi,:..,yk] where
<al X>
Xl"'“’xn are indeterminates and y; = e ? i=1,...,k
with <ai X> = aiX +...+aiX ai € R, all i,j. Then the
? 11 n'n’ 3 ? ’

number of non degenerated solutions of the system

"

Fi(X,y(X)) 0
(1)

0

Fn(X,y(X))

2 k k(k-1)/2
L ]

is finite and less than or equal to ( I mi)(1+2mi)

where m. is the degree of Fi. 1=1

(2.2) Remark.- A point x = (x .,xn) e R" 1is a non-degener-

1°°
ated solution of (1) if the Jacobian of Fl(X,y(X)),..

.,Fn(X,y(X)) is not zero at x.

Proof of 2.1. To begin with we shall assume that the number

of non-degenerated solutions of any system F(X,y(X)) = b
fullfilling the conditions of (2.1) is finite and bounded by
a number independent of b. Under this hypothesis we shall
prove the bound stated in the theorem. Later, taking into
account this bound, we shall see that, in fact, this number

is always finite. ‘

Let N be the number of non-degenerate solutions of (1).

We work by induction on the number k' of expocnentials. If



k = 0 we have a system of n polynomials with n indeterminates
n

and we have to prove that N < I m. . This is nothing
i=1

but Bezout's theorem. So, let us assume the result holds for
any system with k exponentials and consider the system
F(X,y) = 0, defined by:

Fl(Xl,...,Xn,yl,...,yk,yk+1) = p
(2)
Fn(X.l"“’Xn’yl"..’yk’yk'{'l) =0
<al,x>
e .

where y; =

Let us still denote by N the number of non-degenerated
solutions of (2). We shall go on by bounding N in terms of
the number of solutions of auxiliar systems till find one
with only k-exponentials (although n+1 indeterminates) to

which we shall apply the induction hypothesis.

Consider the functions

F: R » R™: x > F(x,y(x)),

+1
G: R R (x,1) > Gty (), ty(x0) = (3, (2),0 0y, (1),ty, (1)),
d
an D1 B(F .. .,F )
det(93G/3X): R > R: (x,t) - det ( Y(x,ty(x)).
9 (X, 5 evesX )
We have
(2.3) Lemma. There exists (b,c) € R® x R arbitrarily close

to the origin such that:

(a) b is a regular value of F and G, and (b,c) is a

regular value of (G, det (3G/3X)): R rREFL



(b) N is less than or equal to the number of solutions

of the system F(X,y(X)) = b (which are all non-degener-

ated by (a)).

Proof.

(c) The number of non-degenerated solutions of

+q where N_ is

F(X,y(X)) = b is less than or equal to N 3

3
the number of solutions of the system

G(X,t) = b
(3)
det (9@/3X) = c

(which are non-degenerated by (a)), and where q is the
number of non-compact connected components of the curve
I' defined by 'G(X,t) = b
of (a); recall that G(X,t) = F(X,ty(X))).

(Notice that T is a curve because

(a) Let us define the vector field on Rn+1:

E(X,t) = (Ei(X,t),---,En(X,t),Et(X,t)),

BCGl,...,Gn)

£.(X,t) = det ( (X,t)) i=1l,...,0
* (X, , 8., X ,t)
1 i n
8(B s --56))
Et(X,t) det (B(X1""’Xn) (X,t))

For each regular value b of G, the equation G(X,t) = b

defines a smooth curve I', and the vector field &(X,t) 1is

tangent to I'. Note also that the solutions of F(X,y(X)) = b

are the intersection points of T with the hyperplane t=1.

have:

If b is a regular value of F in all these points we



B(Fl,...,Fn)

£ (X,1) = (X) # 0
t B(Xl,...,xn)

and therefore I is transversal to t=1.

Let €(b) = inf [Et(X,1)|g the infimdm:being taken over
all roots of F(X,y(X)) = b. If b is a regular value of
F(X,y(X)), then €(b) is non-zero, since we have assumed that
the number of solutions of F(X,y(X)) = b is finite; further-
more, in any open U of regular values of F(X,y(X)) there is
a non-empty open-subset V ¢ U such that the number of solu—‘
tions of F(X,y(X)) = b is constant for b € V (since we have
assumed that the number of solutions of F(X,y(X)) = b is
bounded by a constant independent of b). Then, for b € V,
€(b) is a continuous function by the implicit function

theorem.

It is now possible to choose (b,c) € R" x R such that:

(i) b is a regular value of F(X,y(X))
(ii) (b,c) is a regular value of (G,det(3G/3X)).
(These conditions are fulfilled in an-open dense set of R xR).
(iii) b is arbitrarily close to the origin

(iv) the number of solutions of F(X,y(X)) = b is locally

constant around b
(v) lcl < e(b)

(vi) b is a regular walue of G(X,t) (this condition is also

fullfilled in a dense subset of R" by Sard's theorem).

(b) In a neighborhood of each non-degenerated solution of
(2), the function F is a difeomorphism onto a neighborhood of
the origin. Since we are assuming that N is finite, there is a

neighborhood  of the origin such that for each b € Q



F(X,y(X)) = b has at least N solutions, which are non-degener-

ated. It is enough to take b € Q, and this can be done by

(iii) of (a).
(¢) Consider the orientation of T determined by &, and

let 0,B be two consecutive points of intersection of I with

t=1. Is is now easy to see that Et(a’l)'£+(8’1) < 03 it

r

/ 4+ / ' A'{-, r\ ( .‘-/

/ \

follows by (v) of (a) that there exists p on ' between o and
B such that Et(p) = ¢. Now p is a'non—degenerated solution
of (3) by (vi) of (a) and if we denote by g the number of

non-compact connected components of ' the result follows at

once.

Before returning to the proof of theorem 2.1, we shall

prove another lemma:

(2.4) Lemma.- Let I € R" be a smooth curve. Assume that
every hyperplane H transversal to [ meets it in at
most q points. Then ' has at most q non-compact

connected components.

Proof. Assume that there are g+1 non-compact components.
. . . n .
Since each of them is closed in R and homeomorphic to a

line it is clear that it has two half branches going to




infinite. Then, to each non-compact component we associate

two points on the sphere Sn*lz the accumulation points of the
image under the map X b X/IIXII of two sequences going to
infinity alcng the respective half branches. Thus, counting

these points with their multiplicities we obtain 2q+2 points
n-1
on S .

origin. It is clear that H leaves at least g+l points on

Now let H be any hyperplane of RrR" through the

one of the half-spheres which determines. But by construction
this means that movihg H parallely far enough in the direction
of this half-sphere, H meets [ in at least q+1 points, contra-

diction.

Now back to the proof of 2.1, let us make the following

change of variables:

k+1
- _ <a y X>
U = tyk+1(X) = t.e .
Then, for every 1i,j=1,...,n it 1is
oF, oF. k Q9F. 9y oF. 9y
J (X + (X)) - J ] r J k+1
sty = + I . + . t
°0X, 0Ky p=q OV, 9Ky OV 93Xy
oF . k O9F. oF .
= ax t 2 a]aiyr”é‘_}—a?lu"
i r=1 Y Yi+1
Consequently the system (3) becomes
F(X,U,y,5...5y,) = b
() B(F, »ev e sF )
det (a(xl,...,xn) (X,U,yl,...,yk) = ¢
which has n+1 indeterminates but only k exponentials. It is

obvious that N3 = Nu. On the other hand, by lemma 2.4, it




follows that the constant q introduced in lemma 2.3(b) is

less than or equal to the number of solutions of the system

P(X,U,yl,...,yk) = b
(5) '
21x1+...+2nxn+ZUU+£O = 0

with arbitrary lo,...,ﬂn,QU, which we may assume such that

all the solutions are non-degenerated (we can choose (b,lo)

like (b,c) in (ii) of (a) above).

Therefore, after 2.3 and 2.4, we have that N is less

than or equal to the number N_. of non-degenerated solutions

6
of the system

F(X,U,yl,...,yk)-b = 0

(6)
‘ oF _
(ZQiXi+2UU+ZO)(det (EY(X’U’Y))'C) = 0
which has only k exponentials. Since the degree of
n
det (%g(X,U,y)) is less than or equal to I m, we have by
. . i=1
induction
n n
N <N, <m m_ (1+ I m.)(1+m, +...+m_+1+ I m.)k.Qk(k—l)/2
= 6 = 1 n j=1 * 1 n ;21 1

1 2k6k+1)/2

n k+
I m.(1 + Zm.)
. i i
i=1

To complete the proof of 2.1 we must prove that, indeed,
the number of roots of (1) is always finite, and bounded by

a number independant of the second member. For that let us

consider the system

F(X,yl,...,yk) =0
(7)
X% +
o

™M
>
- N
i
]
N
1"
o




where XO is a new indeterminate and R € R'. It is obvious
that the number N7 of non-degenerated solutions of (7) is the
double of the number of non-degenerated solutions of (1)
which lie in the interior of the ball of radio R. But since
the set of non-degenerated solutions of (7) is semianalytic,
0O-dimensional and contained in the ball of radio R of Rn+1 it
must be finite. Thus applying the theorem in the case al-

ready proven we have a bound of N, which does not depend on

7
R. Therefore it remains valid for any R and consequently

for the whole space R".

(2.5) Remark.- Hovanskii's theorem can be generalized to the
case where the exponentials yi(x),...,yk(x) are replaced by

functicns fl(x),...,fk(x) with the property that for any

j=1,...,k, and any i=1,...,n, there exists a .polynomial
Pij(xl""’xn’Tl""Tj) such that

Bfi

BXi = Pij(Xl, .,Xn,fl(x),...,fk(x))
(these systems are called Pfaffians in [Hlj). In this case

the final bound depends on the degrees of the polynomials
P...
1]

From theorem 2.1 we shall derive now a Bezout's theorem
which bounds the number of non-degenerated roots of a system

of polynomials in terms of the number of monomials they

involve.
(2.6) Theorem.- The number of non-degenerate solutions of a
polynomial system P1:°"=Pn=0 lying in the positive

octant of R" is less than or equal to (n+1)k.2k(k—1)/2,

where k is the number of different monomials which

» P

occur in P .. .
1° n




Proof. We make the change X, = exp(yi). Then the original
system transforms in a system of the type of theorem 2.1 with
k exponentials and which gives all the solutions of

P =...=Pn=0 in the positive octant of Rn: X >O,...,xn>0. Also,

1 1
in the new system all the equations have degree 1 in the ex-

ponentials. Then, by 2.1 we have

N < (1+n)k pk(k=1)/2

what proves 2.6.

Theorem 2.6 introduces the "complexity" of the polyno-
mials as an-essential factor to bound from above the number
of real roots of a system of polynomials, rather than the degree.
A detailed study o6f the notion of "complexity" of pblynqmials
will be done in §3. where some other results in the vein of
2.6 will be proved. To finish this paragraph let us point
out that the bound given in 2.6 seems to be quite big. 1In

this sense there exists a conjecture of Kusnirenko, accord-

n

ing to which it can be lowered to m (ki—l) where kj is
i=1 2

the number of monomials of Pj' For n=1 this follows from

Descartes rule. For n > 1 the conjecture still remains
unsolved.




10.

§3. Additive complexity of polynomials.

(3.1) Definition.- Let K be a field and 1p € K[x]. We say

that the additive complexity over K of p is less than

or equal to k € N U {0} if there exist Cyre v aCyo

1
do,...,dk_1 € K, nij’nij € Z such that
s = x
o) n 0t
s, = ¢c_s ol + 4 s ol
1 o o ©
1 1
s = oo Sno2 Do 4 Snozsniz
2 1 o T %1% 1
(3.1.1)
k n. .
- _ i,k+1 .
P = Sp4q T S Lt 5 , or, equivalently
i=0
T = X
o) n .
01 01
= +
Tl uoTo To
n n n' n!
T, - U T OZT 12 LT 02T 12
(3.1.2)
k n.
k+1
= = T 1,
P Ty T H Ty
i=0

The additive complexity cf(p) of p is defined as the
minimum integer k such that the additive complexity of p is

less than or equal to k.

We will call K (k) = {p & K[x]: cX(p) g x}.

(3.2) Proposition.- Let K be a field and U se e O € K

algebraically independent over Q. If

_ n 0 -
p = a_to,x+...ta x, then c+(p) = n.

1
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Proof. If k = cf(p) by equating coefficients in the last
equation of 3.1.2 there are Po,...,Pn e Q[xo,...,xk] such
that aj = Pj(uo,...,uk)

So, n+l = tr.d,Q(ao,...,an) < tr.d.Q(uo,...,uk) < k+1

(3.3) Theorem ([B-K]).- Let n be a natural number and k
the integral part of vn - 2. There exists
F e Z[xo,...;xn] such that, if p = ao+a
e K+(k), F(uo,...,an) = 0.

X+...+0_x" €
1 n

Proof. Let us give an idea of the proof in the case where all
the m.., m!, are in N; for the general case, see [B-C].

ij ij n. n. .
Let us take x = y+6. We develop x I - (y+9) I in powers

of y. Substituting in 3.1.2. and equating coefficients in
the last equation, we obtain a system with parameters

uo"'f’uk’ {nij’nij} and indeterminates Qoseee O Now we
conclude using (k+2)? < n and eliminating the parameters.

(3.4) Examples.~- (1) ([W]). Let us consider Tchebyshev's
polynomials Tn(x) = cos (n.arc cos x) =-i.e. Tn (cos t) =

= cos nt.
- - 3 _ - 3
So, Tl(x) = x, TS(X) = Lx 3x,...,T3k(x) 4 T3k‘1(X)—3T3k-1(X)'
k

Then: (a) T e R (k) , (b) 3 = deg T = number of
3k + 3k
distinct real roots of T 1o
3
The proof of (a) is trivial by induction on k, because T k(x)
3
is computed with one : sign from T (x).

jk-1

Part (b) is clear: for each natural number n, the roots

of T are x; = cos | (23+1)n/2n], o0 < 3J ¢ n-1
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(2) ([B—CJ). Let {en: n 2 1} be a sequence of "small

enough"™ positive real numbers. We construct:

P (x) b
o

Pl(x) = (xz-ei)x

Proq(x) = (Pi(x)—ei)Pk(x)

The same argument above proves Pk € R+(k). Let us

prove also that Pk has 3k distinct real roots for a convenient
choice of the ei. The result being obvious when k=0, let us
assume it for P, . Then, the fiber of 0 in P, : R - R has

k k .
Sk distinct elements and so, the same happens with the fiber

of €, and -e, for €, small enough, because P, is of degree 3k

k k k k
and so all his 3 roots are simple. Consequently P has
‘ k+1
k k+1
3.3 =3 real roots.

(3.5) Definition.- Let nK(p) be the number of distinct roots
in a field K of p € K[x] and, for each k € IN
P (k) = sup {nK(p): p € K+(k)}
The éxamplés above show 3k < pR(k), and this 1is the
best known lower bound for OR(k)'

(3.6) Example ([W]).- Let us take, for each n € N,
p_(x) = [(1-1x)7"F - (1+ix)PF1]2
Clearly, if s, = X
s, = 1-ix = SZ + (-1)s
- . _ .0 .
S, 7 1+ix = S,84 + 2is_s
s = So n+l s° & (_1)80 So n+l
3 o 1 2 o 1 2
= s = s° so'so s>
Pn 4 o %1 %2 ®3
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we comnclude P, € ¢+(3) for every n € N.

Since P, =-4.f%2, £ = I (nfl) i]_1 %3 GKR[Q],
i odd ]
} j<n+1
p, € R[x].

Moreover, via: ix - T, the real roots of P, correspond
bijectively with the roots of

n+1 n+1

Fn(T) = (1-T) (1+7T)

in the imaginary axis. So, distinguishing the cases n is odd

or even, we conclude the number of real roots of pn is n.
Consequently, the additive complexity of a pdlynomial depends
heavily on the field of constants. In fact we saw Cf(pn) < 3,
while, pn having n distinct real roots and Sk < pm(k) we

conclude &i(pn) go to infinite with n.
Upper bounds of %R(k) are obtained in the following:

(3.7) Theorem ([?]).— There exists ¢ € R' such that
DR(k) < X for every k € N.

Proof. Let k be a natural number and p € R[x] with QR(k)
real distinct roots, p € R+(k).

Hence, we have a system

T = X

°© m m'

_ ol ol
T1 = uoTo + To
(3.7.3) k-1 m. k-1 m!

T o= u 1 . iK% 4 m op K

k k-1 i=0 i i=0 i

k m
S ik+1
= m

0 uk ! Ti'
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and the number of simple roots of P equals the number of non-

degenerate solutions of 3.7.3.

This will follow if we prove

" that P'(X) is the jacobian determinant of 3.7.3 for any

solution (X,T19

But if

wl(x)
WQ(X)
wk(x)

P:':(X)

we have P'(X) =

1)

aP:’:
9X

'°"Tk) of 3.7.3.

Tl(X)

T2(x,w1(x))

Tk(X,Tl(X),.. T (X))

k-1

m.
roT,(x) ok

3P,

0P,
' Y ' e
+ wl(x) ETI +...4 wk(x) 55; , and

(arguing by induction) W%(X) is the jacobian determinant of

(3.7.4)

Finally, notice

m m’
T ol + T 01
o o 1
j-1 j-1 m!
., @1 or.tl e m Tt
374 i=0 i=0

aT
1

‘a-r s -1 ’ 0 ]

8T2 8T2

aX ? 3T ) -1 ) 0 ]
1

BP* BP* BP*

0X > 3T ? oT,
1 k
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Now in order to apply 2.1 we must suppose that all the

real roots of P are simple. This will be possible by the

next
(3.7.5) Lemma. There exists € (with |e| = 1) such that for
t € R small enough:
(a) A1l the roots of P(X) - e|t| are simple,
(b) the number of roots of P(X) - e€|t| is greater
than or equal to the number of roots of P(X).
Proof. (a) An elementary version of Sard's theorem assures

(a) is true if t is not equal to some P(Xa)’ where X, are

the roots of P'(X).

For (b) one has to count the number of intersection

points of y = €|t] with y

intersection points of y

1
versal points; n2 local minima of P; n3 local maxima of P and
n, inflection points of P. Then, taking € = 1 if n, > n,
and € = -1 if n, < n3, the number of distinct roots of

P(X) - €|t| equals

+ +
n1 nLL 2 max

= P(X). Let us classify the n
0 with y = P(X) into n, trans-

{nz,ns} > n. (see figure below)
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So, to finish the proof, we apply 2.1 to a system like

me.
3.1.3 changing the last line by C = My T Til’k+1‘
i=0

~

This system has 3k+1 non constant monomials and so if

* . . * k+1 .
R =R ~{0}, the number of solutions in (R ) is less than
) 9k 2+5k+2
2k+1(k+2)3k+1 23k(3k+1) - (k+2)3k+1 T

Since constant monomials does not have influence in
Hovanskii theorem, we can make a little perturbation of the
. . * k+
system and assume that all the solutions are in (R ) 1

-see the proof of 2,1-.

9k%+5k+2 ;
We have then p(k) ¢ (k+2)3k+1 2 2 < Ck for
k big enough, and C < 32.
(3.8) Remark.- At least from a computational point of view,

it seems interesting to know whether there is an upper bound
of pm(k) of the form dk, d € R. In case Kusnirenko's
conjecture were true, we would obtain by the same argument
above

op (k) ¢ 2XM1sM T = 10.10% ¢ 100"
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§4. Complexity ofvpolynomials of B{}l,...,xnl

(4.1) Definition.- The additive complexity of p € R[xi,...,xn],

id less than or equal to k € WN~{0} if there exist a

monomial So and a sum of two monomials S1 in

IR[xi,. . ,xn] such that

a 02 12 02 12
82 = cy SO S1 + c, So S
k m,
- - i,k+1
P 7 Syyq 7o T8, ’
i=0
where m,., m!. € Z and c. € R.
1] 1] i

We recall this definition agrees with 3.1 in case n=1.

We define cﬁ(P) = additive complegity of P, the minimum

integer k such that the additive complexity of P < k, and

IR+(k) = {P GlR[xl,...,xn]: cnj(P) k}

HA

The result we want to prove in this paragraph is:

(4.2) Theorem ([R]).— There exists Y: N x N - N such that
given (n,k) € N x N and P € 1R|:x1,...,xn]ﬂ R, (k),

L4 4
c(P) < Y(k,n) < o 7

where c(P) denotes the number of connected components

of P=0 , and 0 < ¢ < 32.

Proof. By induction on n.
When n=1 the connected components of {P=0} age the distinct

roots of P. So, by theorem 3.7, Y(1,k) = ck is a solution.



P emfxl,...,xn]ﬁm+(k). .

We suppose {P=0} is non singular - otherwise, by choosing
a smali enough regular value € of P, the number of connected
components of {Q = P-g = 0} is greater than or equal to
c(P) and c+(Q) < k+1; so taking into account that

4 4 :
c(k+1) < dk for a suitable d, we can change P by Q.

We denote cb(P) the number of bounded components of

{P=0} and cn(P) the number of unbounded components.

From lemma 2.4 there exists an affine hyperplane HC Rn

_ c_(P)
that meets, at least, _EE—— unbounded components of {P=0}.
If H: §O+a1x1+...+anxn = 0 and a:.L # 0 for some i=1,...,n,
the polynomial P1 obtained from P substituting xi‘by
a + L a.x.
j#i J
verifies ¢ ,(P,) < ¢ (P)+n-1 < k+n-1. Thus,
a, + 717 = T+ =

by our induction hypothesis, cn(P) < 2¢(P,) < 2¢(k+n-1,n-1).

Now we must bound cb(P). Let L be the number of

18
Let us assume the result is proved for n-1, and set
|
|
|
distinct roots of

P(Xl’ ,xn) = 0

3P )

gfz (Xi’ ,xn) = 0
(4.2.1)

9P _

3% (Rgoreesxy) =0



19.

The solutions of 4.2.1 are, clearly, the critical points
of the restriction of X to P=0. Since X has at least two
critical points over each bounded component we deduce
20b(P) < L. But, after a linear change of coordinates
Xi = M(Xi# we may assume that all the solutions of 4.2.1
are non-degenerated, and we can apply theorem 2.1 to bound L.

-this is a "Bertini's type theorem'".

< 3k(kR+1)

< 5 , 1=1,...,n.

Now we show that dR(éz—)
, +°9x.

Indeed, considering P as a polynomial in one single variable

Xi’ which we denote by X, we have a system like 3.1.1.

Let tl(x) = sl(x), t2(x) = SQ(X’ti(X))""’
tk(x) = sk(x,...,tk_l(x)).
9s Bsk as

k k
' - 1 ' [
Then, tk(x) el Tl tl(x) o=t ...t tk_l(x) NS and
1 k-1
aP:’: aP:’: BP:’:
1 - ! PR 1 ———
P'(x) M + tl(x) 331 + ... + tk(x) Bsk

By the very definition of t, we have &i(tk_l) < k-1;

k
so by the induction hypothesis on k (which is actually some-

what stronger) we get t with no more than 3k(3k-1)/2

]
k-1 Tk-1

operations plus (+) or minus (-). Then th needs one operation

more, ti-l requires (2k-1) more and finally we need k more

in order to evaluate P'(x).

3k(k+1)

3k(k-1)
2 * 2

So, &E(P) < 3k =

Now this result -and specially the last step- is used

to compute a bound of L, by applying 2.1 to the system
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n
1}
o
[
HA
=
HA
A

.
1]
o
[
(1N
'
A
oy
“
[N
HA
[}
HA
m

[s%
b

Q
+

= 0 1 <4<k, 1 <3 < n-1

[s%
»

where each of the letters introduced is considered as a new

variable.
. . k(k-3) _
So the number of variables is 2n(k+1) + —— = u(k,n),

and the total number of monomials is

3nk§k+1) + (3n-1) (k(g—s))

sider each partial derivative as a new variable, the comple-
Bsi Bsi ot.

n(n+1) + = ¢(k,n). Since we con-

. i .
xity of %’ 35 ° 3w is computed as above. So
] ]
C(P) < 2¥(k+n-1,n-1) +
¢(kan)(¢(k:n)_1) "
+ 2HUOR) i) 0 0R) 2 ¢ cnlHK

by the induction hypothesis on ¢ and from the fact that u

and ¢ have degree less than or equal to 3.




5. Liouville Functions.

Let IcC R be an open interval, maybe infinite. We denote
by A the ring of all analytic functions defined in some sub-

set Df<: I whose complement Pf = I~ Df is finite.

Let £ € A. Each point of P_ is called a pole of f and

their number denoted by p(f) (iote that a pole in this sense
is not necessarily a pole in the classical sense). The domain
Df of f is a union of p(f)+1 open intervals. Over each of
them, f either vanishes or has a discrete set of zeroes. We

denote by Z_. this set of discrete zeroes and write z(f) = # Z

£
Finally, put n(f) = z(f) + p(f).

If a function f € A has only discrete zeroes and
z(f) < +o, then f-l is a well defined function of A. We have

then:

D.., D D.~NZ s -
£ 1 f f ; £ 1

Let £ € A. Then f' € A and Dey D De. Besides:

(5.1) Lemma. - z(f) < p(f) + z(f') + 1

For, if z(f) > p(f), by Rolle's

theorem, two consecutive zeroces of f,
without poles between, determine a
zero of f', and the remaining zeroes

and poles cancel pairwise. £'=0

H
"
(@]

In particular, if z(f') < +o then z(f) < +» too.

The first examples of functions in A are rational func-

tions. But they all have the stronger property z(f) < +x.

£
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Our aim here is to study this condition for arbitrary func-

tions in A. So, we shall say that a set A C A has the

finiteness property if z(f) < +o for all f € A. With this

terminology we have the following:

(5.2) Proposition ([G-H]).— Let A be a subring of A stable

under derivation, which has the finiteness property.

Let g € A verify any of the conditions (i), (ii) or

(iii) below:

1

(i) g Y e A (4i) g' € A 3 (iii) g'g t e A.

Then A[g]C A is stable under derivation and has the

finiteness property.

Proof.- First of all, to see that A[g] is stable under deri-

vation if suffices to check that g' € A[g]. But this is

obvious in cases (ii) and (iii), and follows from the formula

g' = -gz(g—i)' in case (i). Let us show now that z(f) < %
k .
for £ = a8 + ... F ay € A[g].
Case (i). We have: f = gk(ao+a1g_1+...+akg-k) = gkh, heaA.
Clearly: z(f) < z(g) + z(h) < +e.

Case (ii). We argue by induction on the degree k. 1If

k=0, the result is trivial, so we suppose it proved for

degrees < k.

Let J ""’Jr be the subintervals of Da over which a,

vanishes.

1
o

Then each f!Ji has degree < k and by induction

hypothesis, z(fIJi) is finite. But

r S
z(f) < n(ao) + I z(f[Ji) + Z z(flJi), where J!

1,...,J; are

i=1 2=1
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r
the connected components of I~ 3;. So we may assume
i=1

a;1 € A is well defined. Now

- k k- -
aolf =g + blg 1 +ooot bk € A[aoij[g]

and by case (1) already solved, we are allowed to take

a, = 1. Then, the derivative of f 1is:

-1

k
1 - ] 1 1 1 1
£f' = (kg'+al!ldg +...+(2ak ,8'tay 1)g+(ak 1 & +ak)€ A g[

because g' € A. So, degree (f') < k and, by induction

again z(f') < +», From 5.1 we conclude that z(f) is finite.
Case (iii). An induction on k applies here too. After
a decomposition of I to have a; in A, we write
-1_. _ k -1
3y f = bog + ... + bk—lg + 1 € A[ak ][g]
which shows we may suppose ak=1. Then:
g_lf' = (a5+ka1g'g-1)gk—1+...+(ai+a1g'g—1) e alg],

and, as degree (g_if') < k, we have z(g—if') < 4w, From 5.1

we get:

z(£) < p(£)+z(£')+1 < p(f)+z(g)+z(g_1f')+1
so we must prove z(g) < +®, But g = ¢ + exph, where ¢ € R
h' = g'g"1 € A and h may be chosen such that p(h) = p(h!).

We conclude z(g) < p(h)+1 < +o,
From 5.2 it follows inmediately:

(5.3) Corollary.- Let A be a subring of A stable under deri-

vation which has the finiteness property. Let gyse 8,
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be functions in A, each verifying some condition amid
(i), (ii) and (iii) in 5.2. Then the subring
B = A[gi”°°’gr]<: A  is stable under derivation and

has the finiteness property.
The previous results give some motivation to define:

(5.4) Definition.- Let A be a subring of A. A subring B of

A is a Liouville extension of A if it is a reunion of

finite A-algebras A[gl,...,gr], where each
A, = Ay ,[g,] (A =A) is like in 5.2.

Furthermore:

(5.5) Definition.- Let A be a subring of A. An f € A is a

Liouville function over A if it lies in some Liouville

extension of A.

A Licouville function is a Liouville function over A = R.
(5.6) Remarks.- Let A be a subring of A stable under deri-

" vation, which has the finiteness property.

(1) Any Liouville extension of A is stable under derivation

and has the finiteness property.

(2) A function f € A is Liouville over A if and only if
either f' is, or Ln f is (because {(Ln f)' = f'f—l), or exp f
is (now because f' = (exp f)_l(exp f')), whenever these

functions are in A.

(3) The previous remarks show that the ring consisting of
all Liouville functions over A is stable under most elementa-

ry operations, and has the finiteness property.
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Finally, we look at the finiteness property "z(f) < +o
in a more algebraic way. We denote by 0 the ring of ana-
lytic functions on I. (Notice that 0 C A is the subring of

all functions of A with no poles). Then:

(5.7) Proposition.- Let A be a subring of 0 which contains

the polynomials and such that A = 0 N\ qfA. Then A

is noetherian if and only if A has the finiteness

property.

Proof.- Suppose first there is f € A with infinitely many

zeroes a , n 2 1. TFor each m > 1 we define the ideal

I(m) = {g € A: g(an) =0 (n 2m)}.

Clearly, I(m) c I(m+1) and the inclusion is strict. For, if

. - - ~Pm -
a 1is a zero of order P of f, then g f.(t am) e O{\qu_A

and g € I(m+1)N I(m). This shows A is not noetherian.

Conversely, assume z(f) < +® for all f € A. By Cohen's
theorem it is enough to prove that all prime ideals p # {0}
of A are finitely generated. Actually, we shall see

p = {t—to}.A for some t_ € I.

Indeed, choose f € p, £ # 0 and let Zf = {tl,...,ts}.

ts is a common zero of all g € p.

Then "for some 1, to

For, if there were By a8y € p with gi(ti) # 0, then

s
h = f2 + g g2 e p would not have any real root and
j=1
h—1 € 0 N qfA = A, a contradiction as p is proper. Finally,
1 € 0 N qfA = A, which means

pC {t—to}.A. As p is prime, p = {t-to}.A.

if g € p, we have g.(t-to)_
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(5.8) Remarks.- As a matter of fact, the precedent proof
shows that if A has the finiteness property, then it is reg-
ular  of dimension 1. The proof also checks that the factor-

ization of an f € A is the same both in A and 0.

It foltows from 5.7 that 0 is not noetherian, because
there always are analytic functions on I with infinitely
many zeroes. (Actuélly, any closed discrete set PC I is
the zero set of some f € (). The interesting point here is
that If we restrict our attention to Liouville functions

this failure diéappears.

Let us denote by L the ring of all analytic Liouville
functions of A: L € 0 is a Liouville extension of R (but not
the largest one), and so has the finiteness property. Thus,

we deduce from 5.7:
(5.9) Corollary.- L is a noetherian ring.
Finally, we would like to say a word on an interesting

question. Liouville functions have been introduced in refer-

ence with their remarkable finiteness properties. This is

a standard feature of Nash functions, which, as is well known,

were introduced in real geometry to better the relationship
between algebraic sets and their rings of functions. But
Nash functions fail to have a good cohomological behaviour
([Hu] or [L-T]). Thus the point is, would things go better
with Liouville functions? This topic falls off our lectures,

but it is worth quoting it here.
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§6. Thom's Lemma and Liouville extensions.

In this section we describe a kind of separating
algorithm inspired on Thom's classical lemma. We keep all

notations of §5.

(6.1) Definition.- We say that f

FEREEE
family if for any choice of symbols ?i among >, =, <,

the set

A { }
n {f. 2.0
i=1 b

is connected and its closure is given by relaxing in-

equalities, provided it is not empty.

Then, Thom's lemma just gives an effective method to
extend any collection of polynomials to a separating family,
namely, by adding all of their derivatives. The constructive

aspect is of course a most interesting part of this lemma.

Following this idea, we shall say a ring AC A has a

separating algorithm if there is an algorithm which extends

any given functions f

{fi,...,fq,f

1,...,fq € A to a separating family

q+1""’fp}°

With this terminology:

(6.2) Proposition.- Let A be a subring of 0 stable under

derivation. Let Bc 0 be a Liouville extension of A.

Then,if A has a separating algorithm, so does B.

Proof.- Let T ,f € B. By definition of Liouville

100008y
extension, there are gi,...,gr € B such that

fp € A form a separating
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£ ,f € A[gl,.'.,gr] C B, and for each 2=1,...,r, either

17777 -1 T,

gy » OF gi,or gigz is in Al = A[gl""’g2—11 (AO=A). As
our proof is constructive, we may merely assume a g is given
with B = A[g] and either g—l or g' or g'g-l is in A. We

distinguish the three possibilities:
k.

Case g-1 € A. Then fi = g lhi, for some ki 2 0,

hi e A, i=1,...,q. The algorithm of A provides us with a
separating family
{hl,...,hq,hq+1,...,hp},

and we claim that {fl""’f ,h

g q+1""’hp} is separating.

For, consider any non-empty intersection

q P
=N {£, 2,00 an N f{n;, 2 0} 79
i=1 * i=q+1

1

As g~ € Ac 0, g has no zeroes in I. That means g has

constant sign on I. We conclude

q p |

7= n (hprpodp N {hy o2y 0 1
i=1 i=q+1

where the symbols ?!

i are choosen according to the sign of
g on I. As {hi=o} =

{fi=0}, our claim follows.

Case g' € A. Then fi = aiogki+...+aik. e A[g], as, # 0.
We use induction on max {kl,...,kq} and a ;imilar trick to
the one in 5.2. Consider:
k.-1
By = a3 fi-aify = (eja; gt+ay al -alja; e *
ki—l
+ (aiki_lg'+a£ki) = biog + +b k. -1 € A[g]

and notice that
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— 2 -1 1 .
(6.2.1) h; = aio(aiof) (in {a; # 0})

Now, by induction, {alo""’aqo’hl""’hq} may be

extended to a separating family by adding, let us say,

hq+1""’hp e A[g]. We claim then that {fl,...;fq,alo,...,

aqo’hl""’hp} is separating too.
Indeed let
q q . P
- 1
(6.2.2) Jg= NAf; 2, 0l N fa;o 25 0ba N {h, 21 0} # ¢
i=1 i=1 i=1

q P
= 2 o1 . .
We know J_ N {a, »=. O}(\{jl{hi 21 0} # ¢ is a single

point or an open interval whose closure is given by relaxing

inequalities. In the former case, the conclusion is clear.
ale

Otherwise, no ?,, ?! is = and the a. 's and h.'s have
i i io '

constant sign in Io. In particular, each a.. is an

analytic function on JO and, by 6.2.1:
L F)' o= atzh.

io io"1

has constant sign on Jo' Whence, a;ifi has at most one zero
in 3; and this zero lies in JO. Of course, the same is true
for fi’ from which we deduce that

- . .

each {fi 2. ol N J, is a single

point ti or an open subinterval

of Jo’ whose closure is obtained

by relaxing inequalities.

Notice now that since J # ¢, all ti coincide, and then,
if there is some ti, relaxing inequalities in 6.2.2 does not

add any point t6 J. Finally, if all {fi ?i oIn JO are open
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intervals the conclusion also follows, because the closure of

their intersection 1s the intersection of their closures.

Case g'g_1 € A. First notice g = ct+exp h, ¢ € R, h e 0,

h' = g'g"1 e A. As A[g] = A[g-c] we assume c=0. Then write

f. = a. g teootay e A[g] and argue by induction on
i
max {kl""’kq}' Take

= 1. - '
By Lo (agsag, -aggan e
j=o i i

+ X (ki—j)a.

-1
50 132518'8 € AE]

The reason behind this choice is that degree(hi) < ki, and

. 2 -1y, :
(6.2.3) gh, = aikéaik?) (in {aikfo})

1

Then, by induction, there are hq+1""’hp e Alg] such

h ...,hp} is separating,

that the family {alk ,...,aqkq, x

1

and we claim so is {fl""’f h ...,hp}.

9a ,""a b b
q 1k1 qkq 1
For, the argument in the previous case applies here too,
because, g = exp h being positive on I, the factor g in

6.2.3 has no meaning.
Finally, with respect to the finiteness property, we have:

(6.3) Proposition.- Let A be a subring of 0 which has a

separating algorithm. Then A has the finiteness

property.

Proof.- For, let f € A. By hypothesis there are fl""’f e A

P
such that the family {f,f "’fr} is separating. Then

127

{£=0rN {£,2,0,...,f ?po}

P
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must be empty or a point for any choice of ?1,...,?p. But
there are finitely many choices and so if z2(f) = +%, there

would be a zero to of f such that

9 2
t, £ {fl.lo,...,fp.po}

for all possible ?1,...,?P. This is absurd, and we conclude
z(f) < +»,

It follows from 6.3 that 0 has no separating algorithm.
On the contrary, the ring LC 0 of Liouville functions does
have one, because of 6.2. Again,‘as in §5 with respect to

neotherianity, L has a better behaviour than 0.

(6.4) Final remarks and some problems.- The contents in §§5

and 6 raise interesting questions in connection with the

results of the previous sections. We shall quote some here.

The proof of 6.2 gives a quite constructive way of extend-
ing any Liouville function f € L to obtain a separating family.

Clearly, this construction is closely related to the complexity

of £, that means, the number of elementary operations (= arith-
metic operations, derivation, integration, exponentiation ...)
needed to get f from the constants. Of course, a first pro-

blem here is to define properly this concept.

Then, it turns:out that the minimal number s(f) of func-
tions we have to add to f to obtain a separating family might
be bounded in terms of that complexity. Besides, from the
argument in 6.3 it follows an upper bound for the number of

s(f)

zeroes, namely, z(f) < 3 This suggests that, like for

polynomials in 883 and 4, complexity could give bounds of z(f).
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Thus we come to the point of extending the main result,
Hovanskii's theorem to Liouville functions, what is most

natural after remark 2.5.

Firstly, we need a precise definition of what Liouville
function of several variables means. A possible choice would

be the following. Let UC R" be an open connected set. Then:

(i) A Liouville function of order 0 (in U) is a rational

function.

We denote by LO(U) the set of all of them, and define
recursively Lk(U), k 2 1: '

(ii) A Liouville monomial of order k (in U) is a composi-

tion Yo f, where f € Lk~1(U) and Y is a Liouville function

in some interval I D f(U).

A Liouville function of order k (in U) is a rational

function of Liouville monomials of order k.

So, Lk(U) is the set of all Liouville functions of order

k. Finally, we have:

(6.4.1) Definition ([sz).— The ring of functions in U gener-
ated by the Lk(U), k > 0, is called ring of
Liouville functions of U and denoted by L(U). [Its

members are the Liouville functions of U.

Once again, the complexity appears naturally in working

with this definition, involved with two main questions:

(A) As was said before a Hovanskii type theorem should
be available for Liouville functions. Then the problem is

to give explicit bounds by means of complexity.
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(B) Secondly, it would be useful to know a separating
algorithm for Liouville functions of several variables with

a constructive description related to their complexity.



[x1]
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