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Abstract We study the completeness of light trajectories
in certain spherically symmetric regular geometries found in
Palatini theories of gravity threaded by non-linear (electro-
magnetic) fields, which makes their propagation to happen
along geodesics of an effective metric. Two types of geodesic
restoration mechanisms are employed: by pushing the focal
point to infinite affine distance, thus unreachable in finite time
by any sets of geodesics, or by the presence of a defocusing
surface associated to the development of a wormhole throat.
We discuss several examples of such geometries to conclude
the completeness of all such effective paths. Our results are of
interest both for the finding of singularity-free solutions and
for the analysis of their optical appearances e.g. in shadow
observations.

1 Introduction

Together with the information loss problem resulting from
the evaporation of black holes via Hawking radiation [1], the
issue of space-time singularities, understood as the incom-
pleteness of geodesic trajectories [2], is arguably one of the
most important theoretical aspects of Einstein’s General The-
ory of Relativity (GR) yet to be understood. Far from being
mathematical artifices or the consequence of excessively ide-
alized settings, such singularities were proved in a number
of theorems to be unavoidable and persistent features of the
theory [3]. Indeed, they arise in some of its most physically
appealing solutions: the interior of black holes and the early
Universe. Being GR a classical theory, the presence of such
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singularities entails its own demise via the lack of predictabil-
ity and determinism they bear within. Despite the efforts of
the theoreticians for more than five decades, this problem
stubbornly refuses to be cracked open.

In order to restore geodesic completeness, some mecha-
nisms have been introduced in the literature to prevent the
development of a focal point, roughly split into two classes
(see [4] for an overall discussion). In the first class, the focal
point is displaced to infinite affine distance, thus rendering it
unreachable to any set of observers and depriving the poten-
tially pathological region of any physical meaning. In the
second class, the singular region evolves into a surface of
non-vanishing area placed at a finite affine distance. This
allows null (photons) and time-like (free-falling observers)
trajectories to pass through it and explore other regions of
the geometry. This mechanism is typically ascribed to worm-
holes [5]. An alternative viewpoint is to blame divergences
in the curvature scalars as the responsible for the develop-
ment of a singularity. Thus, such a procedure replaces the
ill-behaved regions of the geometries by curvature-smooth
ones like de Sitter cores [6]. Examples of this are the cele-
brated Bardeen [7] and Hayward [8] solutions (see e.g. [9] for
a more elaborated discussion). Either way, the hypotheses of
the theorems still apply, so typically one requires a violation
of the energy conditions to remove singularities unless we
move to gravitational theories beyond GR.

This work is framed within the geodesic restoration
achieved in certain families of spherically symmetric geome-
tries supported by electromagnetic fields. Such families cover
all the sub-cases of singularity-removal discussed above, and
arise in the Palatini formulation of gravity, where metric and
affine connection are a priori independent entities. Imple-
mentations of the first mechanism naturally emerge in theo-
ries of f (R)-type [10], while the second can be found in the-
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ories with additional contributions in the Ricci tensor, such as
Eddington-inspired Born–Infeld (EiBI) [11] gravity. While
in the former one needs not to worry about what the curvature
scalars are doing at the boundary of the space-time (since it
is unreachable in finite affine time), this is not so in the latter
since one must guarantee every time-like (physical) observer
to survive its encounter with the wormhole throat to pass
to the other region of the space-time. This way one is led
to consider the harmlessness of tidal forces [12], the well-
posedness of the scattering of waves, or the completeness
of observers with arbitrary (but bound) accelerations [13] in
these geometries as complementary regularity criteria.

The main goal of the present paper is to complete the
above regularity analysis by introducing yet another feature
of these geometries related to the fact that some of them
are threaded by non-linear electrodynamics (NED) fields.
In such a case light rays behave as if they were propagat-
ing through a dispersive medium [14,15], where the non-
linear effects turn such a medium into an effective geometry
[16,17]. This fact has important phenomenological conse-
quences whenever non-linear fields are present, such as in
astrophysical and cosmological environments [18–27]. For
the sake of this work, consistency of the singularity-removal
mechanisms introduced above demands studying the com-
pleteness of these effective geodesics under the presence of
NED fields. We shall consider examples of the two mecha-
nisms for various choices of the gravity and matter sectors
and show that geodesic restoration is also met in the effective
metric. The results of our analysis will wrap up our analy-
sis of regular black hole geometries in these theories, while
at the same time prepare the ground for their astrophysical
applications.

2 Null geodesic motion with non-linear electromagnetic
fields

This work is framed on NED models defined by Lagrangian
densities of the form

ϕ = ϕ(X,Y ), (1)

where ϕ(X,Y ) is a sufficiently smooth function of the two
field invariants that can be constructed in four space-time
dimensions out of the field strength tensor, Fμν = ∂μAν −
∂ν Aμ, and its dual, F�μν = 1

2εμναβFαβ , as

X = −1

2
FμνF

μν; Y = −1

2
FμνF

�μν. (2)

Since in this work we are interested in purely electric config-
urations, where only Ftr �= 0, for which Y = 0, we neglect
this invariant from now on. For these configurations, the field

equations read

∇μ(ϕX F
μν) = 0, (3)

where ϕX ≡ dϕ/dX . For any spherically symmetric geome-
try (the case of interest in this work), the above equation can
be solved via a quadrature as

Xϕ2
X = Q2

r4 , (4)

where Q is an integration constant identified as the electric
charge associated to a given configuration.

From the requirement of continuity of the electromagnetic
field (but not necessarily of its first derivative) across a given
surface of discontinuity, the results of [16,17] consistently
probe that under this framework light rays propagate on an
effective metric as

gef fμν kμkν = 0, (5)

where kμ = ẋμ (here a dot denotes a derivative with respect
to the affine parameter u) is the photon’s wave vector in the
spherically symmetric case, the dot denotes derivative with
respect to the affine parameter u and

gef fμν = ϕX gμν + 2ϕXX FμαF
α

ν, (6)

is the effective metric with gμν being the background geome-
try. For non-trivial NED functions, the non-conformal struc-
ture of this equation implies a different causal cone of photons
as compared to usual Maxwell electrodynamics. Let us con-
veniently parameterize our spherically symmetric geometry
as

ds2
b = −A(x)dt2 + B(x)dx2 + r2(x)d	2, (7)

where the functions A(x), B(x) and r2(x) characterize the
background geometry. Though spherical symmetry allows
the line element to be written in terms of two independent
functions only, for the moment we shall stick to Eq. (7), in
order to accommodate a larger flexibility in the way the met-
ric functions are written, in particular, a non-trivial radial
function r2(x). The effective version of the background
geometry (7) is parameterized as

ds2
e f f = H(x)(−A(x)dt2 + B(x)dx2)

+h(x)r2(x)d	2, (8)

where H(x) and h(x) are functions determined by the (effec-
tive) null geodesic metric (6) as

H(x) = ϕX + 2XϕXX ; h(x) = ϕX . (9)

Assuming motion in the plane θ = π/2 without loss of gen-
erality given the spherical symmetry of the space-time, the
propagation equation (5), after replacing in it the line element
(8), takes the form

− AHṫ2 + BH ẋ2 + hr2φ̇2 = 0, (10)
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There are two conserved quantities: the generalized momenta
associated to the t and φ coordinates of the corresponding
Hamiltonian, and read

E = H Aṫ; L = hr2φ̇, (11)

interpreted as the energy and angular momentum per unit
mass, respectively. Using these quantities, the geodesic equa-
tion (10) is written as

ABH2
(
dx

du

)2

= E2 − L2AH

hr2 . (12)

This is the main equation we need for the purpose of this
work. In previous works, we have studied the regular char-
acter of the corresponding solutions within several classes of
Palatini gravities, which is strongly tied to the completeness
of geodesics. However, back then we did not take into account
the effects of the non-linear electric field to the photon prop-
agation in some explicit solutions supported by NEDs. This
is a crucial question for the regularity of the corresponding
space-times, since the restoration mechanisms of geodesics
explained there need to be checked according to the com-
pleteness of such effective geodesics. We shall split our anal-
ysis into two classes of models where the matter fields source
the dynamics of the theory in different ways.

3 Effective geodesic completeness in f (R) gravity

We shall first consider examples of such mechanisms within
the simplest theory inside the Palatini formalism, that is f (R)

family, where R is the curvature scalar of an independent
connection. In any Palatini theory belonging to the so-called
Ricci-based class [28], the dependencies with the indepen-
dent affine connection can be eliminated in favour of the met-
ric and the matter fields. This leads to the new gravitational
dynamics being engendered by additional terms that depend
non-linearly on the energy-momentum tensor; thus these the-
ories need matter sources for their solutions to depart from
their GR counterparts. In the f (R) case, the corresponding
field equations read

fR Rμν − 1

2
f (R)gμν = κ2Tμν, (13)

where fR ≡ d f/dR and Tμν is the energy-momentum tensor
of the matter fields. Tracing in this equation with gμν one
gets R fR − 2 f = κ2T , where T ≡ gμνTμν is the trace
of the energy-momentum tensor. This is algebraic equation
whose resolution implies that R = R(T ). Since Maxwell’s
Lagrangian has T = 0, this choice would naturally reduce
the corresponding field equations to the GR ones, and no
new solutions would be obtained. Therefore, one is pushed to
employ NEDs and, in turn, it justifies the analysis of effective
geodesics. For the sake of this section, we shall base our

description of the background geometry supported by Born–
Infeld [29] and Euler–Heisenberg [30] NEDs, both satisfying
standard energy conditions.

The corresponding background geometry can be cast in a
convenient way by introducing a dimensionless radial func-
tion z = r/rc, where rc contains the main parameters of the
model (mass, charge, and theories’ parameters). The func-
tions (7) in such a case take the form

A(z) = D(z)

fR(z)
; B(z) = 1

D(z) fR(z)
; z2(x) = x2

fR(z)
, (14)

where D(z) is given by an expression of the form

D(z) = 1 − 1 + δ1G(z)

δ2z f
1/2
R (z)

. (15)

It should be noted that the procedure to find this shape of the
line element consists on casting the field equations (13) in
terms of a metric compatible with an independent connection
where they take a similar form as the usual Einstein equations
of GR with additional matter fields which can be more easily
handled; the whole procedure is detailed in Refs. [29,30] and
we refer the reader there for details. The net result of such a
derivation is that the structure of the function D(z) is sim-
ilar to what one wound find within GR coupled to a NED,
but with two crucial differences. First the (matter-dependent)
function fR appears in all the metric functions, which is
merely a reflection of the modified dynamics triggered by
f (R) gravity. Secondly, the radial function z2(x) is not nec-
essarily monotonic, which is a strong departure from GR
dynamics. In any case, the problem gets fully parametrized in
terms of the two constants {δ1, δ2} (containing mass, charge,
and the NED’s internal parameters), while the function G(z)
contains all the dependencies in the z coordinate, though typ-
ically it is not known under a close, analytic form (though
its derivative does). In any case, both ingredients are model-
dependent on the choices of both f (R) and the NED function
ϕ(X).

In order to write the geodesic equation (12) in a suitable
way to our purposes, we first take the square root of the radial
function defined in (14) and isolate x to find that its derivative
is

dx

dz
= f 1/2

R

(
1 + z fR,z

2 fR

)
, (16)

where we have taken f 1/2
R as a common factor. If we apply

it upon (12) we arrive at

dũ

dz
=

f 1/2
R

(
1 + z fR,z

2 fR

)
H√

E2 f 2
R − DfR

L2

r2
c z

2
H
h

, (17)

where ũ ≡ u/rc. This is the natural generalization of the
original (Palatini) f (R) geodesic equation, recovered when
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H = h = 1 from its effective version, while the usual GR
one is recovered in the limit fR → 1.

As we shall see with explicit examples, in order to restore
geodesic completeness one needs the radial function z(x)
defined in Eq. (14) to have a minimum z = zc for a certain x
(which can be taken as x = 0 without any loss of generality).
From Eq. (14), this is translated into the function fR itself
having a zero. In the simplest case of a quadratic gravity
theory of the form

f (R) = R − γ R2, (18)

where γ is a quadratic-length scale, the trace equation pro-
vides R = −κ2T (same as in GR), so that one finds

fR = 1 − 2γ R = 1 + 2κ2γ T, (19)

where for the NEDs, the stress-energy tensor’s trace is

T = 1

2π
[ϕ − XϕX ], (20)

where remember that ϕ is the NED’s Lagrangian and X is
the field invariant constructed out of the field strength tensor.
For both NEDs considered here T is negative. This means
that such a zero could be present in the branch γ > 0, so we
shall stick to that choice from now on.

3.1 f (R) gravity with Born–Infeld electrodynamics

The Born–Infeld (BI) model is given by the function

ϕ(X) = 2β2

(
1 −

√
1 − X

β2

)
. (21)

Using Eq. (4) one finds that for this theory

X = β2Q2

β2r4 + Q2 . (22)

Let us introduce dimensionless variables as r4
c = (4π)r2

Ql
2
β

with r2
Q = κ2Q2/(4π) the charge radius and l2β = 1/(κ2β2)

the BI length. In this notation, the field invariant reads

X = β2

1+z4 while the zeros of fR in Eq. (19) are found at
the locations (see [29] for details)

zc(λ) = 1 + 2λ − √
1 + 4λ

2
√

1 + 4λ
, (23)

where the constant λ ≡ γ

2πl2β
encodes contributions from

the gravity and matter sectors. From these equations one can
expand the function fR in (19) around z = zc as

fR ≈ c(λ)(z − zc) + O(z − zc)
2, (24)

where c(λ) > 0 is a constant with an involved dependence on
λ, but only its sign is relevant here. Similarly, the expansion

of the function G(z) at z = zc allows, via Eq. (15), to find a
similar expansion for the function D(z) as

D(z) ≈ δ1a(λ)

δ2zcc(λ)(z − zc)2 , (25)

where we have take the a(λ) > 0 is another constant in the
expansion, while δ1, δ2 are those appearing in (15) and read
explicitly here:

δ1 = 2(4π)3/4 rQ
rS

√
rQ
lβ

; δ2 = rc
rS

. (26)

The final ingredient in our analysis are the expressions of the
functions h and H defined in (9), which read here as

h(z) = (1 + z4)1/2

z2 ; H(z) = (1 + z4)3/2

z6 = h(z)3, (27)

and whose behaviours are depicted in Fig. 1 [left].
We have now everything ready to check the null effec-

tive geodesic completeness. Let us start with the radial case,
L = 0 in Eq. (17). The result of the numerical integration is
depicted in Fig. 2 taking λ = 1 for the effective null geodesics
(solid purple) curve. As a comparison, we also depict the cor-
responding curves for the geodesics in the background geom-
etry (dashed blue), described in Ref. [29]. For large values of
the radial function, z → ∞, both types of curves converge to
the GR result (dotted red), dũ/dz ≈ ±1/E → ũ(z) ≈ z/E ,
but they strongly diverge from it as the region z = zc is
approached. Actually, in this region we can make use of the
series expansions (24) to find the behaviour of the geodesic
equation (with L = 0) as

E
dũ

dz
	 ± zcH(zc)

2c1/2(z − zc)3/2 , (28)

which is trivially integrated as

Eũ 	 ∓ zcH(zc)

c1/2(z − zc)1/2 . (29)

From this behaviour and the finiteness of H(z) at every
(physically accessible) z ≥ zc [see Fig. 1, left], it is clear
that in this region the affine parameter grows to u → ±∞;
in other words, it can be indefinitely extended into the future
(ingoing) or into the past (outgoing), which entails its com-
pleteness. Physically we interpret this as the surface z = zc
being the actual (infinitely-displaced) boundary of the mani-
fold, since it cannot be reached by any such geodesics in finite
affine time. On the contrary, in GR every such geodesic gets
in finite time to z = 0 and meets its end there, thus entailing
its incompleteness.

To verify the last statement for non-radial geodesics, we
go back to Eq. (17) and consider trajectories with L �= 0. In
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Fig. 1 The functions H(z) (red) and h(z) (blue) for BI (left) and EH (right) NEDs. Both functions are finite for every z > 0 and bounded from
below by unity, attained at z → ∞. This means that H(zc) and h(zc) are always finite and positive

Fig. 2 Radial null effective geodesics (ingoing and outgoing) for BI
NED coupled to quadratic f (R) gravity taking λ = 1 (solid purple), as
compared to background null trajectories (dashed blue, studied in [29]).
In red, we depict the GR behaviour

such a case, around the region z = zc it behaves as

dũ

dz
≈ ± c1/2zcH(zc)

2

√
c2E2(z − zc)3 − δ1aL2

δ2r2
c z

3
c

H(zc)
h(zc)

. (30)

Given the fact that both h(zc) and H(zc) are finite and posi-
tive, as follows by evaluating Eq. (27) at the boundary (23),
this means that the second term under the square-root is neg-
ative and, since the first one vanishes as z → zc, the square-
root will always vanish at some z larger than zc. Thus, at some
z > zc a turning point is reached, and the particle is deflected
back to asymptotic infinity, no matter what its energy E and
angular momentum L may be.

3.2 f (R) gravity with Euler–Heisenberg electrodynamics

Let us now move to the Euler–Heisenberg (EH) electrody-
namics case, described by the function (β > 0)

ϕ(X) = X + βX2. (31)

Introducing the dimensionless variables in this case as r4
c =

54πl2βr
2
Q with l2β = β/κ2, the solution of the field equations

(4) can be expressed as (see [30] for details)

X (z) = 2

3β
τ 2(z), (32)

τ(z) = Sinh
[1

3
ln

[ 1

z2

(
1 +

√
z4 + 1

)]]
, (33)

while the fR function is given by

fR = 1 − γ̃ τ 4, (34)

where γ̃ = 4γ

9πl2β
. Its zeros are located at

zc(a) =
√

2a

a2 − 1
, (35)

where the constant

a = exp[3 arcsinh(γ̃ −1/4)]. (36)

The expansion of the relevant functions at this location are
as follows: fR(z) and D(z) read as in Eqs. (24) and (25),
respectively, with

c(λ) = 8 coth[τ(zc)]
3zc

√
z4
c + 1

; δ1 ≡ (54π)3/4

2rS

√
r3
Q

lβ
, (37)

while δ2 has the same definition as before. The final ingredi-
ents are the factors H and h, which read as

H(z) = 2 cosh

(
2

3
log

(√
z4 + 1 + 1

z2

))
− 1, (38)

h(z) = 4

3
cosh

(
2

3
log

(√
z4 + 1 + 1

z2

))
+ 1, (39)

being again everywhere positive and finite, in particular, at
every z = zc(a), as it is depicted in Fig. 1 [right].

Since the functions fR(z) and D(z) have the same func-
tional dependence as their BI counterparts, and the finiteness

123



785 Page 6 of 8 Eur. Phys. J. C (2023) 83 :785

Fig. 3 Radial null effective geodesics (ingoing and outgoing) for EH
NED coupled to quadratic f (R) gravity taking γ̃ = 1 (solid purple), as
compared to background null trajectories (dashed blue, studied in [30]).
In red, we depict the GR behaviour

and positiveness of the functions H(z) and h(z) hold every-
where, the radial null geodesic equation (28) is also formally
the same. This way, we expect these geodesics to display
a similar behaviour, something confirmed by its numerical
integration depicted in Fig. 3 for (ingoing and outgoing)
effective null geodesics, and compared with the background
geodesics, and the GR case. Therefore, our comments regard-
ing their completeness in the BI case by displacement of the
surface z = zc to the infinitely-far away boundary of the man-
ifold also hold here. For L �= 0, effective geodesics also sat-
isfy Eq. (30), which means that a turning point z(a) > zc(a)

will also be attained by any geodesics, preventing them from
reaching the region z = zc in pretty much the same way as
in the BI case above.

4 Effective geodesic completeness in Born–Infeld
gravity

We now consider an implementation of the second mecha-
nism, in which the surface z = zc can be reached in finite
affine time by null (background and effective) geodesics. This
is typically the case of Palatini theories having further con-
tributions in the Ricci tensor and, despite the fact that in such
a case one finds modified gravitational dynamics even for
traceless matter sources, for the sake of comparison with the
f (R) case we shall consider a specific setting of EiBI gravity
with action (a detailed account of the properties of this theory
can be found in [31])

SEi B I = 1

κ2ε

∫
d4x

(√−det(gμν + εRμν) − √−g
)

(40)

coupled to EH electrodynamics. The resolution of the corre-
sponding field equations, and the completeness of the back-
ground null geodesics for its solutions was done in detail

in [30], and we merely bring forward the results of such an
analysis. In this case, the geometrical functions are given by

A = D

	+
; B = 1

	+D
; D = 1 − 1 + δ1G(z)

δ2z	
1/2
−

, (41)

	+ = 1 − l2ε τ 2(1 + 2τ 2/3), (42)

	− = 1 + l2ε (1 + 2τ 2), (43)

where l2ε = ε

12πl2β
, while l2β has the same definition as in

the previous section. This time, the transformation of radial
coordinates reads

x2 = z2	−, (44)

and a minimum in the radial function z(x) is found whenever
	− develops a zero. This turns out to be the same z = zc as
in Eq. (35) but now with [note that this only happens in the
branch l2ε < 0]

a = exp
[
3 arcsinh

(
1
2

(
(|l2ε |+8

|l2ε |
)1/2 − 1

)1/2]
. (45)

Playing the same manipulations as in the f (R) case, but with
the above definitions, one arrives at the effective geodesic
equation in this case as

dũ

dz
= ±

	
1/2
−

(
1 + z	−,z

2	−

)
H(z)

	+
√
E2 − DL2

	+r2
c z

2
H(z)
h(z)

. (46)

In the radial case, L = 0, this equation simplifies down
to something that we can integrate near z = zc; using the
expansions in that limit 	+ ≈ ω+(zc) + O(z − zc) and
	− ≈ ω−(z−zc)+O(z−zc)2 (with ω±(zc) some constants,
see [30]), this leads to the integrated equation

± E(ũ − ũ0) ≈ ω
1/2
− zcH(zc)

ω+
√
z − zc. (47)

Since all the constants appearing in this expression are finite
and positive, as well as z ≈ zc + x2

z2
cω− in that region, this

means that it can be approached in finite affine time. Nonethe-
less, the presence of a minimum in the radial function z(x),
now interpreted as a bounce, allows any such geodesic to be
uniquely extended and traverse this region in a smooth way,
as depicted in Fig. 4. This behaviour is typically identified
as the presence of a wormhole [5], with z = zc is throat
[see however e.g. [32–34] for potential difficulties in such an
identification]. In this plot, we make use of the radial coordi-
nate x to show that effective null geodesics cross the region
x = 0 (z = zc) in a different (but finite) affine time as com-
pared to their background geodesics counterpart. Conversely,
GR geodesics meet instead their incompleteness there due to
the lack of an x < 0 region (and because the extension at
the zero-area surface x = 0 would not be unique). For non-
radial geodesics, L �= 0, and given the finiteness of both
functions H(z) and h(z) at every z ≥ zc, then Eq. (46) will
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Fig. 4 Radial null effective geodesics (outgoing) for EH NED coupled
to EiBI gravity taking l2ε = −1 (solid purple), as compared to back-
ground null trajectories (solid blue, studied in [30]). In red, we depict
the GR behaviour

have orbits that reach a turning point but also others that can
overcome the potential barrier to reach the x = 0 region in
finite affine time. However, and similarly as the radial effec-
tive null geodesics, and the radial and non-radial in the back-
ground ones, nothing prevents any such geodesic to continue
their trip towards the x < 0 region. One thus concludes the
completeness of all null effective geodesics in EiBI gravity
coupled to EH electrodynamics.

5 Conclusion

In this work we have considered three spherically symmetric
geometries found within quadratic f (R) and EiBI gravity
in a Palatini formulation with independent metric and affine
connection, and studied the completeness of their effective
null geodesics caused by the non-linearity of the electro-
magnetic fields (Born–Infeld and Euler–Heisenberg) sour-
ing them. Likewise in systems with linear (Maxwell) fields,
the geodesic restoration is achieved either via a displacement
of the potentially pathological region to the boundary of the
space-time (in the f (R) case), unreachable in finite affine
time by any set of geodesics; or by development of a bounce
in the radial function (in the EiBI case), interpreted as the
throat of a wormhole structure, which allows some of such
effective (radial and L �= 0 alike) geodesics to pass through it
and freely expand to other regions of the space-time. Within
GR, any attempt to implement each of these mechanisms is
doomed to introduce unpleasant features in the matter fields
or pathologies in the causal structure of the manifold due to
the surveillance of the singularity theorems.

In this sense, one should note that while the effective met-
ric arises as a consequence of the non-linearity of the matter
sector, what actually cures the singularity is the non-linearity

in the gravitational field; in other words, the gravitational
mechanism is robust against modifications in the matter sec-
tor, both in the background geometry and in the propaga-
tion one. The completeness of these effective null geodesics
thus wraps up the core results of our studies on this topic:
that singularity-removal of geodesically incomplete GR solu-
tions arises naturally in some Palatini-based geometries, that
it is achieved thanks to these two mechanisms, and that it is
supported according to (background and effective) geodesic
completeness, impact of tidal forces on extended (time-like)
observers, scattering of waves, and accelerated observers.

Beyond purely theoretical considerations, the propagation
of photons on an effective metric has repercussions in observ-
able settings, most notably in the observational properties
of compact objects supported and/or surrounded by a mate-
rial described by non-linear matter fields. For instance, in
order to find their optical appearance when illuminated by an
accretion disk one needs to integrate the effective geodesic
equation rather than the background one, even within GR
[35–37], with important observational consequences such as
in shadow images size [38]. Theories of the kind considered
in this work will modify the background metric, the effec-
tive geodesic equation, and the gravitational wave generation
and propagation [39] inside the matter sources while leaving
the weak-field limits mostly unaffected [40], thus yielding
observational signatures that may significantly differ from
their GR counterparts [41]. As such, they represent a suit-
able theoretical framework allowing to solve one of the most
acute problems GR has while at the same time offering solu-
tions that can be put to observational test using the tools of
multi-messenger astronomy [42].
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