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Abstract

This dissertation is an exploration on how to improve the efficiency of conditional nar-
rowing modulo membership equational logic theories for symbolic reachability problems
in rewriting logic, using the Maude language. To this end, different approaches have been
studied in the dissertation. For each of these approaches a reachability calculus has been
defined, and a proof of the soundness and weak completeness of the calculus has been
given. Also, several prototypes have been developed for some of the calculi.

Rewriting logic is an over thirty years old computational logic, that focuses on the
specification of concurrent systems. This logic has been designed with a precise mathe-
matical semantics that allows to prove properties of the specified systems. Reachability in
rewriting logic, which is usually related to checking the safety properties of specifications,
is of the utmost interest

Although rewriting can only solve reachability problems having an initial ground state,
except for very special cases of initial symbolic states, at some point it was proved that
narrowing, that was just a unification method, could also be used to solve reachability
problems for any initial symbolic state.

Some prototypes for narrowing have been developed in Maude using its reflective
capabilities, and later included as new features of the Maude engine, achieving faster
performance through their implementation in C++.

This dissertation takes narrowing one step ahead in several directions, extending both
the types of rewrite theories suitable for narrowing and the form of the reachability
problems that can be addressed.

All the calculi shown in this dissertation are based on the unification of a term and the
head of a rule, modulo a subset of the equational theory within the given rewrite theory:
its axioms. The first calculus that will be presented focuses on using the information
of the sorts of the two terms that are being unified, to avoid the application of rules
when their unification does not generate a term with the required sort. The second
calculus uses normalization of the current reachability term and non reducibility of the
composition of the unifiers that have been applied in the computation to prune the search
space. The third calculus focuses on the use of an SMT solver as an oracle for some of the
subtheories within the equational theory included in the given rewrite theory. Finally,
the fourth calculus uses a strategy language, together with the SMT solver, to further
prune the search space, and it also allows for the parameterization of the rewrite theories
and the strategies defined in a given reachability problem.
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Resumen

Esta tesis es un estudio sobre como mejorar la eficiencia del estrechamiento condicional
modulo légicas ecuacionales de pertenencia para problemas simboélicos de alcanzabilidad
en logica de reescritura, usando el lenguaje Maude. Con este fin, se han analizado distintos
enfoques en la tesis. Para cada uno de ellos se ha definido un céalculo de alcanzabilidad y
se ha demostrado su correcciéon y completitud débil. También se han desarrollado varios
prototipos para algunos de estos calculos.

La logica de reescritura es una logica computacional orientada a la especificacion de
sistemas concurrentes. Esta logica se ha disenado con una seméantica matematica precisa
que permite probar propiedades de los sistemas especificados. La resolucién de problemas
de alcanzabilidad en logica de reescritura es del mayor interés, ya que normalmente esta
asociada a la comprobacion de propiedades de seguridad de las especificaciones.

Aunque la reescritura so6lo permite resolver problemas de alcanzabilidad con un es-
tado inicial carente de variables, excepto para casos muy especiales de estados iniciales
simbolicos, en un momento dado se demostrdé que el estrechamiento, que hasta entonces
se utilizaba bésicamente como método de unificacion, se podia usar también para resolver
problemas de alcanzabilidad con un estado simbélico inicial cualquiera.

Algunos prototipos de alcanzabilidad han sido desarrollados en Maude usando sus
capacidades reflexivas, y posteriormente se han anadido al motor de Maude como nuevas
opciones, alcanzando un mejor rendimiento a través de su implementacion en C+-+.

Esta tesis lleva la alcanzabilidad un paso més alla, extendiendo tanto las clases de
teorias de reescritura aceptables para el estrechamiento como los tipos de problemas de
alcanzabilidad que se pueden formular.

Todos los calculos mostrados en esta tesis estan basados en la unificacion de un término
con la cabeza de una regla, modulo un subconjunto de la teoria ecuacional subyacente
a la teoria de reescritura considerada: sus axiomas. El primer calculo mostrado en
esta tesis se centra en el uso de la informaciéon de los tipos de los dos términos que se
estan unificando, para evitar aplicar reglas cuando la unificacién no genera un término
con el tipo requerido. FEl segundo célculo usa la normalizacién del término sobre el
que se intenta la alcanzabilidad asi como la no reducibilidad de la composicién de los
unificadores aplicados en el calculo para podar el espacio de estados. El tercer calculo
se centra en el uso de resolutores SMT como oraculo para algunas de las subteorias de
la teoria ecuacional subyacente a la teoria de reescritura considerada. Finalmente, el
cuarto calculo usa un lenguaje de estrategias, junto con resolutores SMT, para podar
mas el espacio de estados, ademés de permitir la parametrizacion tanto de las teorias de
reescritura como de las estrategias definidas para un problema de alcanzabilidad dado.
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Chapter 1

Introduction

The task proposed at first by my Ph.D. advisors for this dissertation was to investigate
conditional narrowing in the widest possible way. The only limitation on this imposed
goal was that although the investigation would be mainly theoretical, we would use the
resources provided by version 2 of the Maude engine for our prototypes, where reflection
for functional and system modules, and metaunification where the main tools at our
disposal. The years that have passed since this task was accepted until these lines are
finally being written, allowed the development of Maude 3 including, among many others,
two features that attracted our interest: the strategies language and the support for SM'T
solvers, very important additions for our goal since narrowing cannot perform inductive
proving. Thus, this dissertation has two very different parts: while the first two calculi
explore different approaches to narrowing, based on the features available in Maude 2,
the other two calculi focus on the aforementioned two new features added in Maude 3
and how to improve narrowing with them.

Due to their increasing complexity, the amount of time devoted to develop the frame-
work needed for each of the last three calculi grew significantly, with the Appendix of the
last published technical report taking more than 50% of the pages in that report, mainly
due to the proofs of the results required for the new framework.

We review in the next sections the main characteristics of the calculi presented in this
dissertation.

1.1 Conditional rewriting modulo

A rewrite theory [Mes92| has the form R = (X, &, R), with ¥ a signature that tells us how
to construct valid terms and £ a set of equations. We call the pair (2,€) an equational
theory, that defines an equivalence relation between valid terms (an abstract data type).
R is a set of rules, each one of the form [ — rif C' (C being some condition), that defines
when a term ¢; may evolve to another term ¢, (written ¢; —>}% t, and called a rewrite
step), which is the simplest case of rewrite relation. We can also define a rewrite relation
modulo € where ¢; may evolve to ty (written t; —>}%/5 to) if there are terms t} and ¢, in the
equivalence classes modulo £ of ¢; and to, respectively, such that ¢} —} ¢, (in case that
the rule either has no conditions or all of its conditions are related to &, i.e., equational.
The general case requires a more complex rewrite relation that will be defined).

While conditional rewriting is based on matching as the way to generate instances
of the rules to apply, conditional rewriting modulo is based on matching modulo &£, also
called £-matching, which requires a specific algorithm for each equational theory.
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1.2 Conditional narrowing modulo

Conditional rewriting modulo can solve reachability problems, see Section 1.3, when the
initial term ¢ is not going to be instantiated, because it has no variables (a ground term)
or because although it has variables, we consider that ¢ is a pattern that represents all
the ground instances of t.

Narrowing |Fay79|, that was first proposed as a method for solving equational goals
(unification), also allows us to know if there are any instances of the initial and the final
symbolic terms of a reachability problem, say ¢ and t/, such that t' is reachable from t,
see Section 2.3.10. While in conditional rewriting modulo we only instantiate a rule with
E-matching in order to apply it to ¢, in conditional narrowing modulo (CNM in short)
we instantiate both ¢ and the rule, using a so called £-unification algorithm which, in
general, is far more complex that the corresponding £-matching algorithm for any given
equational theory &.

1.3 Reachability problems

A reachability problem can have the form 3z(¢(z) —* ¢/(z)), with ¢, ¢ terms with variables
in Z, or be a conjunction 3z \,(t;(Z) —* t;(Z)). Reachability problems can be solved by
model-checking methods for finite state spaces. As already stated, when the initial term
t has no variables, i.e., it is a ground term, and under certain admissibility conditions,
rewriting can be used in a breadth-first way to traverse the state space, trying to find a
suitable matching of ¢(Z) in each traversed node. In the general case where #(Z) is not a
ground term, narrowing has been extended to cover also reachability problems [MT07],
leaving equational goals as a special case. Nowadays, narrowing is used to inspect complex
concurrent and deductive systems [Mes12].

When narrowing is used to solve reachability problems, it can also be used at another
level for finding the solution to the equational goals that may appear in the conditions of
rules and equations. Specific unification algorithms exist for a small number of equational
theories, but if (3, £) is an equational theory, £ has the form F U B, where B is a set of
axioms having a complete unification algorithm, and the sentences in E can be turned
into a set of rules E, by orienting them, such that the rewrite theory R = (X, B, ﬁ)
complies with certain restrictions, then narrowing can be used on R to solve E-unification
goals.

One of the weaknesses of narrowing is the state space explosion associated to any
reachability problem where arithmetic equational theories are involved, because narrow-
ing cannot perform inductive proving. The inclusion in the last two narrowing calculi of
this dissertation of Satisfiability modulo theories (SMT) solvers [dMBO08|, an extension of
Boolean satisfiability (SAT) solvers that can handle a wide variety of equational theories,
including integer and real numbers, helped mitigating the aforementioned state space
explosion. Other known sources of state space explosion are: (i) the order of application
of the rules and (ii) the application of unneeded rules. These two problems have been
addressed in the last narrowing calculi of this dissertation with the use of strategies.
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1.4 Seminal and related work

In this section we discuss the previous work that set the foundations for our research,
together with some related work that has been developed while this research took place.

In the beginning, there were the Knuth-Bendix completion algorithm [KB70], which
were capable of solving certain word problems, and the paramodulation rule [RW69],
which was used to generate all “equal” versions of clauses, modulo conditions on the
equality information. After the advent of canonical term rewriting systems, Slagle [Sla74]
formulated narrowing as an adaptation of the paramodulation rule that could be used
for showing equality in theorem proving.

Then came Fay [Fay79], who proved that narrowing could also be used as a universal
unification procedure to solve equations inside the theory defined by any canonical term
rewriting system. As the proposed algorithm was too costly in time and space, the search
for strategies that could be used to make the use of narrowing feasible began.

Fay’s work was extended by Hullot [Hul80|, where he proved that any normalized
solution to a reachability problem could be lifted to a narrowing derivation that computed
a more general solution, using a narrowing strategy that he called basic narrowing, and
showing the intimate relationship between rewriting and reachability problems. Later on,
Jouannaud et al. [JKK83| generalized these previous results to the case of term rewriting
systems where the set of axioms could be split into a set of rules R and a set of equations
E, such that R was E-confluent and FE-coherent, as defined in [Jou83|, without any
linearity hypothesis.

The specification of algebraic data types was one of the causes of the shift towards the
study of conditional rewriting systems [Kap85]. When Goguen and Meseguer |[GMS86h|
showed that conditional rewriting systems provide a natural computational paradigm
combining logic and functional programming, this shift was enforced and there was also
an increase in the investigation done about E-unification, e.g., Gallier and Snyder [GS87],
and narrowing. Bosco et al. [BGM87], present a refined strategy to obtain a complete
FE-unification algorithm for a certain class of canonical theories. Also, Dershowitz et
al. [DOSS88|, study the use of a “decreasing” ordering that makes decidable rewriting and
the computation of normal forms.

Meseguer and Winkler [MW91| present the Maude system, which is based on a simple
logic of action called rewriting logic |[Mes90|, as a framework not only for programming,
but also for specification.

The use of narrowing strategies caused some concern about when it was secure to use
some narrowing strategy. Echahed [Ech90| addresses the problem of unification modulo
a set of equations using the narrowing relation, and proposes some syntactical criteria on
algebraic specifications that ensure the completeness of narrowing strategies

Another classic reference is the work of Bockmayr [Boc93|, where he develops equa-
tional conditional narrowing modulo a set of conditional equations and proves its cor-
rectness and completeness for equational conditional rewrite systems R, F without extra
variables, where F is regular and R, E is Church-Rosser modulo E and decreasing modulo
E. A result that can be seen as the theoretical foundation of a special form of constraint
logic and functional programming.

The grounds upon where effective narrowing was established were deeply shaken when
Middeldorp and Hamoen [MH94| proved that basic narrowing was not complete with re-
spect to normalizable solutions for equational theories defined by confluent term rewriting
systems, contrary to what had been conjectured, imposed syntactic restrictions on the
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rewrite rules that allowed the recovery of completeness, and refuted a result of Holl-
dobler [Ho189] which states the completeness of basic conditional narrowing for complete
(i.e., confluent and terminating) conditional term rewriting systems without extra vari-
ables in the conditions of the rewrite rules. A gear had to be stepped up in the search
for narrowing strategies.

The idea of constraint solving by narrowing in combined algebraic domains was pre-
sented by Kirchner and Ringeissen [KR94|, where the supported theories had uncon-
strained equalities and the rewrite rules had constraints from an algebraic built-in struc-
ture, but they did not allow for reachability problems.

Antoy et al. [AEH94| present a new needed narrowing strategy, which is the base of
the Curry language [HKMN95, Han97], that is optimal in several respects, using a notion
of a needed narrowing step that, for inductively sequential rewrite systems, extends the
Huet and Lévy notion of a needed reduction step [HLI1|. They define a strategy, based
on this notion, that computes only needed narrowing steps. The strategy is sound and
complete for a large class of rewrite systems, is optimal with respect to the cost measure
that counts the number of distinct steps of a derivation, computes only incomparable and
disjoint unifiers, and is efficiently implemented by pattern matching.

In [MOI96], Middeldorp et al. show that one narrowing calculus, which they call lazy
narrowing (LNC for short), lacks strong completeness, contrary to what had been stated
in the literature, so selection functions to cut down the search space are not applicable,
prove completeness of the calculus, and also prove that LNC is strongly complete when-
ever basic narrowing is complete. They also present another strategy called eager variable
elimination and prove its completeness in the case of orthogonal term rewriting systems.

Denker, Meseguer, and Talcott [DMT98] propose rewriting logic as an executable
specification formalism for security protocols and discuss, for the first time, the possibility
of implementing narrowing in Maude as a general mechanism for solving reachability
goals using symbolic execution techniques. Some years later, Meseguer and Thati [MT04,
MTO07| present a generalization of narrowing which can be used to solve reachability goals
in initial and free models of a rewrite theory.

In [Ham00], Hamada proves that conditional LNC (LCNC for short) is strong com-
plete for terminating and level-confluent conditional term rewriting systems and LCNC is
complete for level-complete conditional rewrite systems, in both results without assuming
any restrictions on the extra variables in the conditional rewrite systems.

At the same time, Antoy et al. [AEH0O0| present an improved version of their needed
narrowing strategy that uses unification instead of pattern matching. Santiago Escobar
proposes in his Ph.D. dissertation [Esc04| two narrowing strategies: incremental needed
narrowing and natural narrowing.

Conditional narrowing without axioms for equational theories with an order-sorted
type structure has been thoroughly studied for increasingly complex categories of term
rewriting systems. A wide survey can be found in [MH94|. The literature is scarce
when we allow for extra variables in conditions (e.g., [GM86a|, [Ham00]), or conditional
narrowing modulo a set of equations or axioms (e.g., [Boc93|, [CEM15]).

For equational goals the idea of variants of a term has been applied in recent years
to narrowing [EMSO08|. A strategy known as folding variant narrowing [ESM12|, which
computes a complete set of variants of any term, has been developed by Escobar, Sasse,
and Meseguer, allowing unification modulo a set of unconditional equations plus axioms.
The strategy terminates on any input term on those systems enjoying the finite variant
property (FVP), and it is optimally terminating. It is being used for cryptographic
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protocol analysis [MT07] with tools like Maude-NPA [EMMO09], termination algorithms
modulo axioms [DLM™08|, algorithms for checking confluence and coherence of rewrite
theories modulo axioms [DM12], and infinite-state model checking [BM14].

Foundations for order-sorted conditional rewriting have been published by Meseguer
[Mes17]. Cholewa, Escobar, and Meseguer [CEM15| have defined a new hierarchical
method, called layered constraint narrowing, to solve narrowing problems in order-sorted
conditional equational theories, an approach similar to ours, and given new theoretical
results on that matter, including the definition of constrained variants for order-sorted
conditional rewrite theories, but with no specific support for SM'T solvers.

Recent, development in conditional narrowing has been made for order-sorted equa-
tional theories [CEM15] and also for rewriting with constraint solvers [RMM17].

In [EM19|, Escobar and Meseguer present canonical constrained narrowing, a sym-
bolic reachability analysis technique applicable to topmost rewrite theories where the
equational theory has the finite variant property. This work has been recently extended
by Lopez-Rueda and Escobar [LE22| to handle conditional rules with SMT constraints.

In [Mes20], Meseguer studies reachability in Generalized Rewrite Theories, that in-
clude constructors and variants, where frozenness is used as a type of strategy.

In [Mes23], Meseguer investigates the notions of FVP, variant unification, and variant
satisfiability when the unification algorithm is infinitary, and generalizes FVP theories to
a bigger class of boundedness property (BP) theories under several assumptions.

The strategy language that we have proved suitable for our narrowing calculus in this
dissertation is a subset of the Maude strategy language [MOMV04,EMOMV07,RMPV21].
This strategy language and a connection with SMT solvers that have been incorporated
into the Maude 3 engine [DEE™*20| were used to develop our prototype for the calculus
with strategies.

1.5 Contributions of this work

The goal of this work is to study the relationship between verifiable and computable an-
swers to reachability problems in rewrite theories with an underlying membership equa-
tional logic. The main contributions to that end of this dissertation are:

(i) A narrowing calculus [AMPP14|, basically developed as a proof that conditional
narrowing modulo membership equational theories is feasible, where the space state
is pruned by checking the sort of the terms involved in each narrowing step.

(ii) The definition of two new concepts, fresh pattern property and narrowable rewrite
theory, and the development of a narrowing calculus for these definitions, that ac-
cepts a larger class of rewrite theories, with respect to (i), and adds more pruning
solving reachability problems.

Two versions of this calculus have been published [AMPP15, AMPP18].

(iii) The development of a narrowing calculus [AMPP17] for conditional narrowing mod-
ulo axioms plus SMT equational theories, i.e, it allows not only properties like asso-
ciativity, commutativity, etc., but also equational theories that can be handled by
an SMT solver, like the ones for integers or reals.

The conditions that may appear in the rules of the admitted rewrite theories for
this calculus are either rewrite conditions or quantifier-free SM'T formulas, with no
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restriction regarding the variables that appear in these rules or in the reachability
problems.

(iv) The development of a narrowing calculus [AMPP23] that extends the previous one
by adding (i) strategies, for explicit control of the rewrite steps that can be ap-
plied, and (ii) parameters, for an enhanced expressivity of the admitted reachability
problems.

All the calculi presented in this dissertation have been proved sound and weakly
complete, i.e., complete with respect to idempotent R/E-normalized answers.

1.6 Structure of the thesis

As already explained at the beginning of this chapter, this dissertation has two main
parts. The first part has two chapters, each one showing a narrowing calculus without
SMT solvers; the second part also has two chapters, each one showing a narrowing calculus
with SMT solvers. The related proofs are included at the end of each of these chapters.
Two leading chapters precede the main ones:

e this chapter, where it is shown the motivation for this work, followed by a brief
introduction of the main elements at play through all the dissertation, a section
discussing seminal and related work, and this section;

e a chapter with all the needed background for the rest of the dissertation. The
chapter mainly contains already existing concepts and results, citations are used
to acknowledge where they have been taken from, but some definitions and results
for narrowing with SMT solvers developed for this dissertation, have been moved
to this chapter because they are shared by both chapters on narrowing with SMT
solvers.

The dissertation ends with a chapter that contains some reflections that I wanted to
put on paper as my takeout from all the years that T have been working on it, and the
bibliography.

Chapter 2 presents all the topics required to understand the contributions of this
dissertation: membership equational logic, rewriting logic, narrowing, and strategies.
They are discussed in great detail, since these details are pivotal in the development
of the narrowing calculi of the dissertation. The last section of the chapter introduces
the Maude language and the three types of Maude modules that are used in this work:
functional modules, system modules, and strategy modules. Maude is used on most of
the examples in this work and also on all the prototypes that have been developed to test
the different calculi.

Chapter 3 presents a narrowing calculus that proves the feasibility of conditional
narrowing modulo. First, the part of the calculus that can be used for equational unifica-
tion is presented and its correctness properties with respect to equational unification are
stated and proved. Then, the full calculus for reachability is shown and its correctness
properties with respect to narrowing for reachability are stated and proved.

Chapter 4 presents a narrowing calculus that addresses one of the sources of state
explosion in the first calculus: the fact that unification and reachability steps can be
interleaved in many ways in the narrowing paths generated by the calculus. Larger classes
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of rewrite theories and reachability goals are accepted by the calculus with respect to the
first calculus. Again, the narrowing calculus is shown in two phases, the part related with
equational unification and the full calculus for reachability, and correctness properties for
each phase are stated and proved.

Chapter 5 presents the first narrowing calculus with SMT solvers of the dissertation.
It has been developed for order-sorted rewrite theories where the conditions that appear
in their rules are either rewrite conditions or quantifier-free SMT formulas. Again, its
correctness with respect to narrowing for reachability problems are stated and proved.
Finally, there is a section discussing two different approaches taken to develop prototypes
of the calculus and a comparison of their performance when different improvements were
added to them.

Chapter 6 extends the previous one with the addition of two elements: strategies for
explicit control of the rewrite steps that can be applied and parameters for an enhanced
expressivity of the reachability problems. A narrowing calculus that uses both elements
is shown in this chapter and its correctness properties with respect to narrowing for
reachability are stated and proved. A prototype for narrowing with strategies using this
calculus has also been developed.

This dissertation ends with Chapter 7 where [ have written down not only the technical
conclusions of this work and some guidelines for future work, but also a few personal
reflections on what it takes to obtain a Ph.D.

The prototypes developed for this dissertation, with examples of their use, and other
related material can be accessed through the homepage of this thesis, https://maude.
ucm.es/cnarrowing.


https://maude.ucm.es/cnarrowing/prototypes_PPDP17.zip
https://maude.ucm.es/cnarrowing/prototypes_PPDP17.zip
https://maude.ucm.es/cnarrowing/prototype_AVERTIS.zip
https://maude.ucm.es/cnarrowing
https://maude.ucm.es/cnarrowing
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Chapter 2

Background

This chapter is the densest one of this dissertation. It explains, with great detail, the
main frameworks upon which the work of all these years stands. As a suggestion to the
reader, it is possible to flick through the included sections, and come back to any of them
for a deeper reading when any of the contents in the rest of this dissertation demands so.

To make this upcoming avalanche of concepts easier to understand, a failing vending
machine will be used as a motivating example and to explain some of the definitions in
a less abstract way. This machine accepts a Coin (either a quarter q or a dollar $) that
may be inserted at any time and serves one Item if there is enough credit: an apple a
at a price of one dollar or a coffee ¢ at a price of three quarters. The vending machine
is misbehaving: in order to serve anything, there must be a credit of at least one dollar;
then the machine may serve either a coffee or an apple, nondeterministically, and the
remaining credit is updated accordingly. The vending machine knows that four quarters
make a dollar. The vending machine has a State which is a nonempty multiset of Coins
and Items (the initial State may not be empty). The State tells us the credit and the
Items that have already been served. A single Coin or Item is a State. States are
written as a mere juxtaposition of Coins and Items, i.e., we admit the use of empty
notation for union.

2.1 Specifications and strategies

A system is specified in rewriting logic as a rewrite theory with an underlying equational
theory where terms, that usually represent the state of the system, are given an algebraic
data type. The rewrite theory has a set of rules that specify in which ways the system
can evolve from the current state to the next one.

Strategies allow modular separation between the rules that specify a system and
the way that these rules are applied, restricting the reachable states from an initial
state. They can be used both to implement and test different algorithms over a given
specification or to drive the search of solutions to reachability problems.

2.2 Membership equational logic

Membership equational logic is presented through a sugared version, similar to the one
that is used for defining Maude specifications. Let (5, <) be a partially ordered set of

9
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sorts, whose connected components are the equivalence classes corresponding to the least
equivalence relation =< containing <.

2.2.1 Membership equational logic signature

A membership equational logic (MEL) signature |BMO6| is defined by a kind-complete
tuple X = (K, S, <, F') meaning that:

e K is a set of kinds, where K NS = ().

e S is split into a K-kinded family of disjoint sets of sorts Si, i.e., S = (Jycx Sk, such
that if s; < s; and s; € S then s; € Si. We write [s;] = k and say that the kind of
s; is k, i.e., each sort in a connected component of (S, <) has the same kind. < is
extended so that s; < kiff s; € Si, i.e., k is the top sort of its connected component
(we also define [k] = k if k € K for simplicity of notation).

o [ = {3z }rr)e(kus)(Kkus) 18 an algebraic signature of function symbols where for
each symbol f € X, ., . ifn >1and at least one of the subscripts is not a kind,
implicitly there exists another function symbol at the kind level f € Xy 1. (., x-

When f € X, (¢ being the empty word), we say that f is a constant with type
(meaning sort or kind) k. We write f € X, instead of f € X .

The MEL signature for our vending machine has only one kind, K = {[State]} (we
write St as a shortcut), with three sorts, Sigy = {State,Coin, Item}; S = {Sisy}; F =
{ZCoinaEItemESt St,St} with Yeoin = {q7 $}, Yilten = {CL, C}, and Y St,St — {'St St,St}-
The functions q, $, a, and c¢ are the constants of F. The function - (understood as
juxtaposition) returns an element with sort State given any pair of elements with sort
State.

If f e X, s.x then we write f : K1...k, — K, and say that f has arity n and
codomain k. We call this a rank declaration for symbol f. Constant symbols have only
one rank declaration f : — k (plus the mandatory f : — [k] if k is not a kind). We
extend the order < on K'US to (K US)*, component-wise, where we use the letters w, v’
as synonyms for the elements ; ...k, K] ...k, € (K US)* respectively. Then F' must
also satisfy a monotonicity condition: f € X, (| Xww and w < w' imply x < &/. If
f € Xy, and ty, ..., t, have types K1, ..., K, respectively, then the term f(ty,...,%,)
(we will also write f(t)) has type k. If kK < k’ and the term ¢ has type k, then ¢ has also
type k’. This means that a term may have several types. In fact, as for every sort s we
have that s < [s], if a term has only one type then it must be a kind. For simplicity, we
will only allow overloading of functions when their codomains have the same kind.

Y-algebras

A MEL X-algebra A contains a set Aj for each kind k € K, an n-ary function Ay :
Ay, - A, = A, for each function f € X, ., and a subset A; C A, for each sort s € S
such that if s; < s; then A,, C A, and if f € X, x| Xw w and w < w', where w =
Ki...kp and w' = k7. K7, then Ay 0 Ay, o Ay, — Ay equals Ay 0 Ao A — A
on A, ... Ay, .

In membership equational logic the elements in a sort are well-defined, while the
elements in a kind that don’t belong to any sort are usually meant to refer to error or
undefined elements. Kinds also provide a general way of dealing with partial functions in
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equational specifications: a partial function f with codomain s can be defined as a total
function with codomain [s]. If f(#) is undefined when f is seen as a partial function, then
f(t) has type [s] when f is seen as a total function.

We allow miz-fiz notation in F', where the symbol _ is used to identify the position
of each k; € k. If omitted, we assume the usual functional notation f(k1,...,k,), which
is an alternative notation admitted for all functions. Then, if we have a sort s with
constants a and b, and a rank declaration f :ss — s, we can write either a f b or

f(a,b).

Variables

We assume a family X' = { X, }.c(xus) of infinite sets of variables, such that x # &’ implies
X, NX =1(. If k is a sort then x, has sort x (and kind [k]), otherwise x, has kind x but
no sort. The type of a variable can be omitted if it can be inferred or it is not relevant.
Each set of variables is infinite, but any computation will only require a finite number of
variables. The type of a variable can be omitted when it is not relevant. A term that
has no variables in it is said to be ground. A term where each variable occurs only once
is said to be linear (ground terms are linear).

The sets Ty, Tx(X), denote, respectively, the set of ground Y-terms with sort or
kind x and the set of ¥-terms with sort or kind x over X. We ambiguously use the
notation T% to refer to the initial »-algebra and as a shortcut for UKE( KUS) Ty, .. We also
ambiguously use the notation Tx(X) to refer to the free Y-algebra on X and as a shortcut
for U,.cxus) T2(X) . We write vars(t), or V;, to denote the set of variables in a term ¢
from Tx(X). X is assumed to be sensible meaning that if f € 3, x, v f € Tt _xr o and
[ki] = [K}] for i = 1,...,n then [k] = [£/]. We also assume that X has non-empty sorts,
Le, Tns# D forall se S.

In our vending machine, 7% coin = {9, 3}, Tx 1ten = {a, ¢}, and Ty grate contains, aside
from all the constants (q, $, a, and c), any finite concatenation (the only non-constant
function) of these constants, e.g., 9 q € Tx state-

Positions

When a term ¢ is expressed in functional notation as f(t¢q,...,%,), it can be recursively
pictured as a tree with root f and tree children t; at position i, for 1 < ¢ < n. Then
the root position of ¢ is referred as € and the inner positions of ¢ are referred as lists of
nonzero natural numbers separated by dots, 7;.75. - - - .i,,, meaning the position iy. - -+ .7y,
of t;,, where 1 < i3 < m. The set of positions of a term is written pos(t). The set of
non-variable positions of a term whose root is a function symbol in ¥ is written posy(t).
The set of positions of variables from A" in a term is written pos,(t). t|, is the subtree
of ¢ below position p. t[u], is the replacement in ¢ of the subterm at position p with a
term w. t[], is a term with hole that is equal to ¢ except that in the position p there is
a special symbol [], the hole. As an example, if ¢ is f(g(a,b),c), then t|; is g(a,b), |12
is b, t[ )12 is f(g(a,[]),c), and t[d]12 is f(g(a,d),c). For any position p define p.e = p.
For positions p and ¢, we write p < ¢ if there is a position r such that ¢ = p.r, and
write p < ¢ if ¢ = p.r and r # e. Trivially p < p because p = p.e. t{u, ..., Unlp,. p, 1S
the replacement in ¢ of the subterms at the unique positions pi,...,p, with the terms
Ui, ..., Uy, Tespectively, where for all 1 < i,j < n if i # j then p; £ p;. We also write
tlul, if the ordered lists 4 = wq,...,u, and p = py,...,p, are known from the context.
We extend the definition of hole to ordered lists and the definition of replacement to pairs
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of ordered lists having the same number of elements: t[|; = t[],, ... [|p, is the same term
as t but with holes in the positions in p; if v = vy,...,v, and ¢ = q1, . . ., ¢,, then u[v]; is
Ur[V1]gys - - - Un[Vn)g,, 1-€., the same ordered list except that the subterm at position ¢; of
each term w; is replaced with v;. Then, t[u[v]g]; = t[u1[vi]g]p - - - [Un]Vn)g,)p,- Given any
ordered list u, which may have repetitions, we denote by @ the set of elements of u. If
P=D1,...,p, and p C pos(t) then t|; = t|,,, ..., tlp, and t|; = {t],,, ... . tlp.}. vars(t];)
is the set of variables appearing in the term with holes ¢[];. We also allow the use of holes
and replacement in tuples, if T = (¢y,...,t,) then T}, = t1, T[x]; = (x,ta,...,t,), etc.

Preregularity

Given an order-sorted signature X, for each natural number n, for every function symbol f
in ¥ with arity n, and for every tuple (sq,...,s,) in 5", let Sy, s, be the set containing
all the sorts s’ that appear in rank declarations in ¥ of the form f : s} ...s/, — ¢ such
that s; < g, for 1 < ¢ < n. If whenever Sy, 5, is not empty (so a term f(ty,...,1,)
where ¢; has type s; for 1 <1i < n would be a X-term), it is the case that Sy, ., has a
least sort, then X is said to be preregular.

Preregularity guarantees that every -term t has a least sort, denoted Is(t), among
all the sorts that ¢ has because of the different rank declarations that can be applied to ¢,
which is the most accurate classification for ¢, i.e., for any rank declaration f : s;...s, —
s that can be applied to t it is true that Is(¢) < s.

Substitutions

A substitution o : X — B, where B C Tg(X), is a function that matches the iden-
tity function in all X except for a finite set of variables called its domain, denoted
dom(c). If B C Ty then the substitution is ground. Substitutions are written as
o ={yl —t1, -yl —t,}, where dom(o) is {y} ,...,y” } and the range of o is ran(o) =
Ui, vars(t;). We will write o = {§ ~— ¢} as a shorthand if both § and ¢ are known.
We write 0 : D — B, where D is a finite set of variables, to imply that dom(c) = D.
We represent the application of a substitution ¢ to a variable x in X as zo. The sub-
stitution instance to of a term ¢ is a term obtained from ¢ by simultaneously replacing
any occurrence of each variable x € Dom(o) that appears in ¢ with xo. In our vending
machine, if ¢ = q Z1en and 0 = {Z1gen > ¢} then to = q c. A substitution o is well-
formed if Is(ys0) < s for each variable y, in dom(c). It is assumed throughout that all
substitutions are well-formed. The identity substitution is displayed as none. A substi-
tution o where dom(o) = {z},...,2%2 } (n > 0), 20 =y. € X, for 1 < i < n, and
Yl # ygj for 1 <i < j < nis called a renaming, with inverse o=' = {y} — z% }i_|,
being none the trivial renaming. The restriction oy of o to a set of variables V is defined
as zoy = xo if v € V and xoy = x otherwise. The deletion o\y of a set of variables V
from o is defined as xo\y = zo if © € dom(o) \ V and zo\y = 2 otherwise. Substitutions
are homomorphically extended to terms in Ty (X') and also to any other syntactic struc-
tures unless explicitly stated. The composition of two substitutions o and ¢’ is denoted
by oo’, with xz(oo’) = (zo)o’ (left associativity). Their closed composition, denoted
by o-0’, is defined as 0-0' = (00")\ran(o) (then, if 0 = {z — y} and o’ = {y — =z},
oo’ ={x— z,y— 2z} and 0-0’ = {x — z}). For a substitution o, if 0o = o we say that
o is idempotent. It is assumed throughout that all substitutions are idempotent, usually
because dom (o) N ran(c) = (. For substitutions o and o', where dom(o)Ndom(c’) = ()
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and (dom(o)Udom(c"))N(ran(o)Uran(c’)) = 0, we denote their union by cUc’. A context
C is a A-term of the form Az} ---a? .t, with t € T5(X) and {x} ,..., 27 } C vars(t).

S17

2.2.2 MEL theory

A Y-equation is an expression of the form ¢t = t/. A Y-equation t = t' is said to be:
e Regular iff vars(t) = vars(t').

e Sort-preserving iff for each substitution o, we have to € Tx(X), (k € KUS) implies
t'o € Tx(X), and vice versa.

o Left (or right) linear iff t (resp., t') is linear.
e Linear iff it is both left and right linear.

A set of X-equations is said to be regular, or sort-preserving, or (left or right) linear,
if each equation in it is so.

A MEL theory [BMO06] is a pair (3, £), where ¥ is a MEL signature and £ is a finite set
of MEL sentences (Horn clauses), either conditional equations or conditional memberships
of the forms:

t=tif AiAN...NA,, t:sif AyAN...NA,,

where t = t’ is a Y-equation, ¢ : s, s € S, is a unary membership predicate stating that ¢
is a term with sort s, provided that the condition holds, and each A; can be of the form
t=1t,t:s, ort:=1t (amatching equation).

All the variables appearing in a MEL sentence are interpreted as universally quantified.
Matching equations are treated as ordinary X-equations. They are a warning that new
extra variables appear in ¢, in a concrete way, imposing a limitation in the syntax of
the equation. We also admit unconditional sentences in £. z,, : k2 is an unconditional
membership expressing xk; < ko. For each variable x,, € X;, where K € S U K, we have
that z,. : Kk € £.

As an exception, there are two types of unconditional memberships over kinds, in-
stead of sorts, that are implied by a MEL signature: if f € X, ..x k € K then
f(Zwys- -, xs,) : k € E; also, for each variable x,, € X, such that [k] =k, z, : k € &.

Throughout this dissertation we assume that all signatures are preregular and all their
equations and memberships t = t/, t := ¢/, and t : s, respectively satisfy the conditions
[Is(t)] = [ls(t')] and [Is(t)] = [s], that is, they are well-formed.

As < can be derived from the memberships in £, it is also usual to write ¥ = (K, S, F)
instead of ¥ = (K, S, <, F) when talking about MEL theories.

A MEL signature Y imposes an associated set of memberships to any MEL theory

(3,8):

e for each ki,ko € S U K such that k1 < kg, there is an associated unconditional
membership x,, : ko in &;

e cach constant definition ¢ € ¥, has an associated unconditional membership ¢ : &
in &;

e cach non constant definition f € X, ., s, son > 1, has an associated conditional
membership (2], Z[k,) 08 i Ty K1 A - AT, Ky in E; and
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Figure 2.1: Deduction rules for membership equational logic.

e cach definition f € Xy, . with n > 0, has an associated unconditional member-
ship f(zg,,...,2,) : kin &.

A MEL theory whose only memberships are the associated omnes is an order-sorted
(OS) theory, or a many-sorted theory if < is the empty relation, where we can use all
known results for these types of equational theories.

The MEL theory for our vending machine consists of the MEL signature ¥ defined
before and the following set £ of MEL sentences:

® Irien: St (Item < State), Zeoin : St (Coin < State)

e g :Coin, $: Coin, c: Item, a: Item

TseYsy © St (juxtaposition of States is a State)

® T[sqY[st] = Yst]Z[sy) (juxtaposition is commutative)

o (Tisq¥ist)) 2st] = Tise) (Yse) 2(se)) (juxtaposition is associative)
e gqqq = $ (four quarters make a dollar)

Definition 1 (B-preregularity). Given a preregular OS signature ¥ and a set of -
equations B, Y is called B-preregular iff for each Y-equation u = v in B and substitution
o, ls(uo) = Is(vo).

Given a MEL sentence MS, we denote by £ = MS the fact that MS can be deduced
from & using the rules in Figure 2.1 [BMO6]|; for an equation t = ¢/, £ F ¢t = t' is also
written t =¢ t/, for a membership ¢ : s, £ ¢ : s is also written ¢ :¢ s. These rules, where
the symbol = stands for = or := indistinctly, specify a sound and complete calculus.

It is immediate to prove by induction that for each MEL sentence MS and substitution
o, if EF MS then £ - MSo using the same number of deduction steps.

Given two substitutions v and §, we write v =¢ ¢ iff (i) dom(v) = dom(J) and (ii) for
each variable x € dom(7), vy =¢ xd and vars(zy) = vars(zd).

A MEL theory (X, &) has an initial algebra Ty /s, whose elements are the equivalence
classes [t|¢ C Tx of ground terms identified by the equations in &.

The initial algebra for the vending machine is the set of all non-empty finite multisets,
represented with the juxtaposition function, that can be made up with the four atoms g,
$, ¢, and a, with the exception that we consider four ¢’s to be the same as one $. For
instance, aqqqq, 9qqqa, and a $ are the same multiset.
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As K = U,,cgls:]; we will also write X = (5, <, F') when K is not explicitly needed,
for instance when (3, £) is either an order-sorted or a many-sorted equational theory. In
fact, the Maude engines derive K from S, <, and &, using a specific nomenclature.

2.2.3 OS signature with built-in subsignature

An OS theory (%, £), with signature ¥ = (S, <, F'), has built-in subsignature 3y = (Sp, <,
Fy) [RMM17] iff:

b Z:0 g 27
e Y, is many-sorted,
e S) is a set of minimal elements in (5, <), and

e if f:w — s€ Fy, where F} = F'\ Fy, then s is a sort not in Sy and f has no other
typing in X,.

We 1et XO - {XS}SGSQ; Xl = X \ X()’ Sl == S \ SO) Z]1 == (Sa§7F1)7 HZ(X) - E(X)\
E()(XO)7 and HE = E \ 7%0'

2.2.4 Abstraction of built-in

This section is the first one to consider the use of SMT solvers for narrowing. All the
definitions and results are always presented in the most generic way. Throughout the
rest of this dissertation the symbol ¥, will represent the signature corresponding to the
theories supported by any SMT solver.

If ¥ D ¥ is a signature with built-in subsignature, then an abstraction of built-in is
a context C = Azl ---xl t°, with n > 0, such that t° € Hy(X) and {z, ,... 27 } =
vars(t°) N Xp.

Lemma 1 shows that there exists an abstraction that provides a canonical decompo-
sition of any term in Hy(X).

Lemma 1 (Existence of a canonical abstraction [RMM17|). Let ¥ be a signature with
built-in subsignature Xo. For each term t in Hx(X) there exists an abstraction of built-
in Axy -l t° and a substitution 0° : Xy — Ty, (Xo) such that (i) t = t°0° and (ii)

dom(0°) = {xgl, ..., x} } are pairwise distinct and disjoint from vars(t); moreover, (iii)
t° can always be selected to be Sy-linear and with {xil, ..., x} } disjoint from an arbitrarily

chosen finite subset ) of Aj.

Abstract function

Given a term ¢ in 7x(X) and a finite subset ) of X, define abstracty,(t,)) as the
expression (Axz) --- a7 .t°;0° ¢°) where the context Az, --- 2% .t° and the substitution 6°
satisfy properties (i)-(iii) in Lemma 1 and ¢° = A (¢} = 2 6°). If t € Tg, (X \ Ap),
then abstracts, (t,)) = (\.t; none; true).

We write abstracts, (t) when ) is the set of all the variables that have already appeared
in the current calculation, so each xzs is a fresh variable. For pairs of terms we use the
compact notation abstracts, ((u,v)) = (A Z,7).(u®,v°); (6, 62); (¢, P3)).

uw) v
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2.2.5 Unification

Given a MEL theory (3,&), the E-subsumption preorder <g¢ on Tx(X); is defined by
t K¢ t'if there is a substitution o such that t =¢ t'o. For substitutions o, p and a set
of variables V we define |y <¢ p|y if there is a substitution n such that |y, =¢ (pn)|y.
Then we say that p is more general than o with respect to V. When V is not specified,
we assume that dom(p) C dom(o) and say that p is more general than o.

Given a MEL theory (X,€), an E-unifier for a Y-equation v = v is a substitution o
such that uo =¢ vo. A set of substitutions CSUY (u = v) is said to be a complete set of
E-unifiers of u = v away from W iff:

e cach substitution o in CSUY (u = v) is an E-unifier of u = v;

e for any E-unifier p of u = v there is a substitution o in CSUY (v = v) such that
plw <e olw;

e for each substitution o in CSUY (u = v), dom(c) C vars(u)Uwvars(v) and ran(o) N

W =0.

We will usually write CSUg with the understanding that WV is the set of all the
variables that have already appeared in the current calculation.

This notion was introduced by Plotkin [Plo72]. An E-unification algorithm is complete
if for any given Y-equation it generates a complete set of £-unifiers, which may not be
finite. An &-unification algorithm is said to be finitary and complete if it terminates after
generating a finite and complete set of solutions.

For instance, in our vending machine CSU¢(xs; qqq = 9) = {{zsc — q}}.

2.3 Rewriting logic

2.3.1 Rewrite theory

A rewrite theory R = (¥, &, R) consists of a MEL theory (3, £) together with a finite set
R of possibly labeled conditional rewrite rules each of which has the form

(c)l—rif /\ph:qh/\/\ui::vi/\/\wj:sj/\/\lk—w"k,
h i j k

where c is the label of the rule, [, r, and also each pair [, i, are X-terms of the same kind,

and the rest of conditions fulfill the same requirements pointed out for MEL sentences. We

will sometimes write ¢ : [ — rif C' as a shortcut. Rewrite rules can also be unconditional.
In our vending machine, R is the following set of labeled rewrite rules:

e add-quarter: xg, — sy q (quarter inserted)
e add-dollar: xg, — Ts $ (dollar inserted)
e buy-coffee: § — c (coffee served, credit updated)

e buy-apple: $ — aq (apple served, credit updated)
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A rewrite rule ¢ : | — 7 if C'is sort-decreasing if for each substitution o we have that
ro € Ty(X), (k € KUS) and Co is verified imply lo € T5(X),.

A rewrite theory R = (£, &, R) allows the definition of different rewrite relations over
Ts(X), displayed as —1, ;, that can be extended to other structures. The transitive (resp.
transitive and reflexive closure) of a rewrite relation —},,, will be displayed as —%,, (resp.
—%.). (a,b) €= will be usually displayed as a —},; b.

Equational and membership conditions in a rewrite rule are intended to be solved
within the MEL theory (X, £), i.e., no rewriting is allowed on those conditions, whereas a
reachability condition ly — ry, is satisfied in =4, if (I, 7x) €— ger, we will write Iy —>rer 7%
and say that r; is reachable from [, in — g.;, where — . is a relation, usually parametric
to —%;, that has to be defined explicitly for each rewrite relation —%_,.

For any rewrite relation —% , we say that a term t is =% -irreducible (or just Rel-
irreducible) if there is no term ¢’ such that ¢ —L , ¢. We say that a substitution is
Rel-normalized (or normalized if —},, can be deduced from the context) if zo is Rel-
irreducible for all = € dom(c). We also say that a term t is strongly Rel-irreducible if for
every Rel-normalized substitution o the term to is Rel-irreducible.

The rewrite relation —% , is terminating if there are no infinite rewriting sequences in
—he- The rewrite relation —},, is confluent if whenever ¢ —%,, t; and t —%,, ta, there
exists a term t3 such that ¢; —7%,; t3 and to —7%,, t3. For any terminating rewrite relation
—b., we call t) ., (a canonical form of t) any Rel-irreducible term ¢’ such that ¢ —%,, t'.
We write t —', , ¢’ to signal rewriting to canonical form and we write ¢} instead of ¢} p,,
when — 5., can be deduced from the context. When a rewrite relation is sort-decreasing,
terminating, and confluent, any term has a unique canonical form (sometimes up to some
equational theory equivalence).

We assume that whenever a rewrite rule c is applied in any rewrite relation, what it
is really used is an equivalent fresh version of ¢, i.e., a renaming of ¢ such that vars(c)
has no variable in common with the set of all the variables that have already appeared
in the current calculation, unless otherwise stated.

2.3.2 Conditional rewriting

Given a rewrite theory R = (X,&, R), the relation —p on Tx(X) is defined as —7,
where for a term ¢ € Tx(X), a position p € Pos(t), and a substitution o, a rewrite rule
c:1l—rif C € R specifies a rewrite step t —} t[ro], iff t|, = lo and the instantiated
condition C'o holds, i.e., if C' = A, pr = g AN\, wi == v; A /\j wj © 8; A N\ le = T, then
N, pro =¢ ano, \; uio =¢ v;o, /\j wjo ¢ sj, and A\, o —g 110.

We write t ——"' t[ro], when we need to make explicit the rule, position, and sub-

¢,p,0 R
stitution. Any of these items can be omitted when it is irrelevant. We write t —! ¢/
co R
to express that there exists a substitution 6 such that ¢ —§>1 t'. For every rewrite step
c,o-

t =% t' there exists a closed proof tree witnessing it, in the sense of [LMMO05].

We write R F u — v if we can prove u — v using the inference rules for rewrite
theories in Figure 2.2. These inference rules can infer all possible computations in the
system specified by R [BM12], i.e., we can reach a state v from a state u in — g, denoted
u — g v, iff we can prove R - u — v.

Our vending machine is, as most reactive systems are [AILS07], non terminating.
From any initial State we can always apply rules add-quarter and add-dollar. Rule
buy-coffee is not sort-decreasing because it can turn a term with sort Coin into a term
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t € Ts(X) L th = 1, ta = 13 e
— = Reflexivity ————— Transitivity
t—t t1 — t3

fe Ekl---kn,k t; — t/i ti,tQETZ(X)k ,1<i<n
fltr, o oytn) = f(E], ..., 1)

Congruence

(c:l—rif /\pl qz/\/\wj s]/\/\lk—wk)éR

0:X—-Tx(Y) /\El—pﬂ q;0 /\ E - w, 957 Ny 16 — 71,0
10—10

Replace

Figure 2.2: Deduction rules for rewrite theories.

with sort Item, and it is not true that Item < Coin. Also rule buy-apple is not sort-
decreasing because it can turn a term with sort Coin into a term with sort State, which
is strictly bigger than sort Coin.

2.3.3 Rewriting with built-ins plus axioms

As Section 2.2.4 was, this section is also related to the use of SMT solvers for narrowing. In
a similar way to Yo, throughout the rest of this dissertation, the Ey symbol will represent
the set of equations corresponding to the theories supported by any SMT solver. The
SMT solver used in practice to solve a reachability problem will determine the actual
values of ¥y and Ej, in that case, but this will not change the validity of the proved
results for the general theoretical case.

A theory inclusion (X, Ey) C (X,€) is called protecting iff the ¥g-homomorphism
Tso/B0 — Ts/els, to the Xo-reduct of the initial algebra Ts )¢, i.e., the elements of Ty /¢
that consist only in function symbols from X,, which is unique, is a Yg-isomorphism,
written Ts, 5, ~ Tsyels,-

Rewrite theory with built-in
A rewrite theory R = (X, &, R) with built-in subtheory plus axioms (X, Ey) consists of:

1. an OS equational theory (X, &) where:

e ¥ =(5,<,F)is an OS signature with built-in subsignature ¥ = (Sy, <, Fp),

o £ = FEyU B, where Ej is the set of Yy-equations in &, the theory inclusion
(X0, Fo) € (X%,€) is protecting, B is a set of regular and linear equations,
called azxioms, each equation having only function symbols from F; and kinded
variables,

e there is a procedure that can compute CSUg(l = r) for any 3-equation [ = r,
e Y is B-preregular, and
2. a finite set of uniquely labeled rules R, i.e., expressions with the form ¢ : [ —

rif Nyl — i | ¢, written ¢l — rif I =7 | ¢orc:l— rif C as ashortcut,
where:
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e cis the label of the rule,
e [, the head of the rule, and r are terms in Hx(X), with Is(l) =< Is(r),

e for each pair [;,r;, 1 < i < n, [;is a term in Hg(X) \ X and r; is a term in
Hx(X), with Is(l;) =< Is(r;), and

e ¢ € QF(AXD), the set of quantifier free formulas made up with terms in Ts, (Xp),
the comparison function symbols = and #, and the connectives V and A.

We will write the rewrite theory with built-in R = (X, Ey U B, R) when there is no
need to be more specific.

The symbol — (that can be defined with respect to =, #, V, and A) will also appear
in this dissertation. The (unique) label of a rule will be used as a reference for the whole
rule, when there is no need to make it explicit. All the variables appearing in a rule c,
vars(c), are interpreted as universally quantified. Three particular cases of the general
form are admitted: ¢ : 1 — rif A, li = 1, ¢: 1 — rif ¢, and the unconditional case
c:l—r.

Normal form of rule in a rewrite theory with built-in

Let R = (X, Eo U B, R) be a rewrite theory with built-in. For every rewrite rule ¢ : | —
rif Nyl = i | ¢ in R, if abstracts, (1) = (A2.1°;6°;¢°) (see Section 2.2.4), then its
normal form is:

n
= rif /\li—H“i | oA @°,
i=1
where ¢° is the same label as ¢. We will always write ¢° to refer to the normal form of
the rule c.

Narrowing for reachability with built-in will be based in rewriting with normal forms
of rules.

Subterms, holes, and replacement in a formula

We extend the use of subterms and holes to formulas. If ¢ is a formula from QF (Xp), i is
a positive integer, p is a position, and ¢ is a term, then ¢|;, is the subterm that appears
at position p in the term i of ¢, the tuple formed by all terms that appear in ¢, taken
from left to right, ¢[];,, consists in the replacement in ¢|; of its subterm at position p with
], and ¢[t];, consists in the replacement in ¢|; of its subterm at position p with ¢.

Rewrite relation for rewrite theories with built-in

Given a rewrite theory with built-in R = (X, Ey U B, R), a term t in Hy, a position p
in pos(t),arule c:l — rif Nl_,l; = ;| ¢ in R, and a substitution o : vars(c) — Ts,
the rewrite step t —% t[ro], holds iff t = t[lo],, l;,0 =g rio, for 1 <i <n, and Ey - ¢o,
where —p is —7%.

Topmost rewrite theory

A rewrite theory with built-in R = (3, E'U B, R) such that for some top sort state, no
operator in ¥ has state as argument sort and each rule ¢ : I — r if A, l;, =1 | ¢
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in R satisfies [, € T (X )state and l;, 7; € T (X )state, for 1 < i < n, is called a topmost
rewrite theory.

In this dissertation, strong completeness results are proved for topmost rewrite theo-
ries.

2.3.4 Rewriting modulo

Consider a rewrite theory R = (£, €, R) and aset S C E'. The relation — /g on Tx(X) is
defined as —} ¢ U =g (see Section 2.3.1) where, for any two terms u, v € Ts(X), a rewrite
rule ¢ : [ — r if C' € R specifies a rewrite step u _>}%/s v iff there exist a term t € Tx(X),
a position p € Pos(t), and a substitution o such that v =g t, t|, = lo, t[ro], =¢ v and the
instantiated condition C'o holds in — g/, ie., if C = A, pn = gn AN, 0 = v; A /\j wj
s; N N\ le = 75, then A\, pro =¢ qno, \, uio =¢ vio, /\j w;o ¢ 55, and N\, ko —g/s TR0
The rule, position, and substitution applied can be indicated under the arrow, if needed,
as in conditional rewriting.

The relation —j . on Tx(X) induces a relation —} . on Tx/e(X), the equivalence
relation modulo &, by [tle —p¢ [t]e iff t =5 ¢ "

In a confluent, terminating, sort-decreasing, rewrite modulo relation —1, /&> for each
term ¢ € Ty (X), there is a unique (up to E-equivalence) R/E-irreducible term ¢’ obtained
from t by rewriting to canonical form, which is denoted by ¢ _>!R/€ t', or tl /e when t' is
not relevant.

Equivalent definition of rewriting modulo

We can define —1, /s using an auxiliary rewrite relation called —>}%(S). This alternative
characterization has been extremely helpful in the proof of Theorem 4 in Chapter 4.

The intent of using this new rewrite relation is to split any rewrite step u —>}% /s U into
three parts: v =g t, t —>}%(S) t', and t' =g v, so that we can reason in the proof of the
theorem only about the intermediate part, ¢ _>}2(5) t'. The relation — p(s) associated to
—>}3(S) is an exception to the general rule, since it is not parametric to —>}%(S).

Given a rewrite theory R = (X,&, R), any set S C &, a term ¢ in Hy, a position p in
pos(t), arule c: I — r if C € R, and a substitution o, the rewrite step ¢ _&2(5) tirol,
holds iff ¢, = lo and the instantiated condition C'o holds in —p/s.

According to this definition and the previous definition of —, ¢, u —>}%/S v if and only
ifu=gt —>}%(S) tlrol, =s v, ie., _>}%/s is equivalent to =g; —>}3(S); =g.

Obviously, =rC—F 6 C—k/sC—p/e-

Remark 1. (i) If R has no reachability conditions on its rules then %}%:_}}%(S): since
both relations only differ in the definitions of —r and — g(s).

i) Ift =L . t' using a rule with no reachability conditions then t —% t' using the same
R(E) R
rule, and vice versa.

Remark 2. Ift =¢ t' then t —p/e t', without applying any —>}%/5 step.

'In this dissertation S will always be either £ or the set of azioms in € (usually called B), defined in
Section 2.3.5
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For a rewrite theory without built-in R = (3, £, R) whether a one step rewrite ¢ —>}%/g
t’ holds is undecidable in general, since the elements in the equivalence class [t]¢ may be
infinite. Instead, we will use a new relation named —% r.p that, under several conditions,
can be used to imitate —>}3/5. The first step is to associate a rewrite theory to each MEL
theory. For appropriate MEL theories equality modulo £ will be solved via rewriting
using these rewrite theories.

2.3.5 Associated rewrite theory

For any MEL theory (X,€), if £ can be decomposed as £ U B, with B a set of axioms,
i.e., regular and linear equations having only function symbols and kinded variables,
for which there exist a procedure that can compute CSUg(l = r) for any Y-equation
[ = r, then (X,€) has a corresponding rewrite theory Rp = (3, B, Rg) associated to
it [DLM*08]. The associated rewrite theory is constructed in the following way: we add
a new connected component with sort Truth, a new constant tt of this sort to X, for
each sort s € S a new function symbol :s : [s] — Truth, and for each kind k € K a
new function symbol eq : k k — Truth. There are rules eq(xy, ;) — tt in Rg for each
kind k£ € K. For each equation or membership in F

t=tif AAN...NA, tosif AyAN...NA,,
Rpg has a conditional rule of the form
t—tif AANONAL ts—ttif AANONAD

where if A; is ¢; : s; then A} is t;:s; — tt, if A; is ¢; := t, then A} is ) — ¢;, and if A; is
t; = t, then A, is eq(t;,t;) — tt.
We define the relation —>1E/B as _>}~2E/B’ 80 —p/p is =5 U =g (or, equivalently,

/B =p) by Section 2.3.4.

2.3.6 £, B-rewriting and R(FE), B-rewriting

Given a rewrite theory R = (X, E U B, R), if Rg = (¥/, B, Rg) is the rewrite theory
associated to (X, E'U B) then we define the relations — 5 and —5 5 p, Where the
relation =g p is (=5 5 =8)s 2 Erp 18 (258 ) 8)> ~ERB IS (S ERE =8), and for
terms ¢, € Ty (X):

ot —pp t if there is a rule I — 7 if A\,.; A} in Rg, a position p € Pos(t), and
a substitution o such that t|, =g lo (B-matching), t' = t[ro],, and for all ¢ € [
t,o —E.,B t;O’, and

ol —>}_2(E)7B t' if there is a position p € Pos(t), arule ¢ : | — rif C € R, and a
substitution o such that t|, =p lo (B-matching), ¢ = t[ro],, and Co holds under
—prp, 1, if C = N\,pn = an AN\ = v A /\jwj 0 5; A N\ule — T, then
N, €4(pro, qno) = e tt AN\, vio =g wo A /\j wjo:s; =g tt AN ko —ErB
TkO.

Remark 3. For all t,t’ € Ts,(X), t »gpt and if t =g t' thent —gp t', in both cases
without applying any rewrite rule from Rg.
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t =1 ty, o — t3 e t—=' s , _
Transitivity ———— Subject Reduction
ty — t3 t:s
b=t oo i t; =t c
eflexivity ongruence
t—t f(tl,...,ti,...,t”) —1 f(tl,...,t;,...,tn)

t—t ZfAllA;LERE and v =g to

Alo... Ao
T Replacement
U
t:sif Ay... A, € Rg and u=p to
Alo... Ao )
Membership
u:s

Figure 2.3: Inference rules for membership rewriting.

Under several requirements, —1, /&3 which is undecidable in general, can be imitated
using —>}ER’B; =¢, which will be decidable. In fact, it is enough to have a finite B-matching
algorithm, but narrowing requires a complete B-unification algorithm, so we will stick to
this requirement, which is stricter since a B-unification algorithm serves as B-matching
algorithm when we consider the variables in one term, in this case ¢|,, as new constants
of X.

The inference rules for membership rewriting in R are the ones in Figure 2.3, adapted
from [DLMT08, Fig. 4], where (i) the rules are defined for context-sensitive membership
rewriting and (ii) for executable MEL theories (see Section 2.3.8), where it is always the
case that _>115/B: (—p.pi =) and —=g/p=—>p p, it is proved that:

. Rpkt—"t andt —p 5t are equivalent,

2. RpeFt—=t,t >ppt and t =¢ t’ are equivalent,

3. RgtHt:sandt:e s are equivalent, and

4. Rptt—t and t ;¢ s imply ¢’ :¢ s or, equivalently, t =¢ t’ and ¢ :¢ s imply t’ :¢ s.

As direct consequences, t| =p t'] implies t =¢ ¢/, and t] :¢ s implies ¢ :¢ s.

2.3.7 R, B-rewriting for rewrite theories with built-in
Set of topmost >y-positions

This is a concept that we did not find in the existing literature, which is essential to the
definition of R, B-rewriting for rewrite theories with built-in.

Let R = (X, Ey U B, R) be a rewrite theory with built-in subtheory (2o, Ey), and ¢
a term in Hx(X). The set of topmost ¥, positions of ¢, topy, (1), is topy, (1) = {p | p €
Pos(t) NFi € N(p = q.i At], € Hu(X) At|, € Tsy (X))}

topy, (t) characterizes the largest T, (Xp)-subterms of ¢. Obviously, if p, ¢ € topy, (t)
and p # ¢ then neither p < ¢ nor ¢ < p.

The definition of the relation %}2’ p will require the use of a single representative for
all the instances of each Ey-equivalence class that may appear in the fopy  positions of
the subterm that we are rewriting.
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Representative of a Yy-term over a set of Y, terms

Let t be a term in Ty, and let @ = {uy,...,u,} C Ty, such that t € u. We define the
Yo-representative of ¢ over 4 as repg(t) = Umnin({ilui=pyt)})- We homomorphically extend
the definition to lists and sets of terms.

Then repg (i) will be a set containing one element for each Ey-equivalence class that
appears in u, the representative of the class over .

Example 1. If (3, Ey) is integer arithmetic and G = {3,241, 1+1, 142, 2} then rep3(3) =
3, reps(2+1) = 3, rep(1+1) = 1+1, reps(142) = 3, rep2(2) = 1+1, and repl(a) =
{3,1+1}.

Representative of a term over a set of > terms

Let t be a term in Ts, where topy, (1) = p, and let @ C Tx, such that t[; C 4. We define
the representative of t over u, as rep,(t) = t[rep3(t|5)];- We homomorphically extend the
definition to lists and sets of terms.

Then rep, (@) will be a set containing one element for each Ey-equivalence class that
appears in u, the representative of the class over .

Example 2. If (X, Ey) is integer arithmetic, where we represent its only sort with 1,
= {3,24+1,1+1,142,2}, ¥ has one sort s and one rank declaration f :iii — s, and
t = f(2,2+1,1+2), so topy, (t) = {1,2,3}, let p=1,2,3, then

1. repy(u) will be {3,1+1}, i.e., repl(4), and

2. repa(t) = tlreps(tlp)lp = £ (rep(2), repl (2+1), rep(142)) = F(1+1,3,3).
Remark 4. From the previous definitions it is immediate that:

o ift is a term in Ty then t =g, rep,(t),

o ift is a term in Tx, then repl(t) = rep,(t),

o if topsy(t) = p and tl; C i then repS(t];) = repy(tly) C repa(d),

e ift is a term in rep,(u) then rep,(t) =t, and

e if uy and uy are two elements of rep, () and uy =g, us then u; = us.

Representative of a substitution over a set of Yj-terms

Let ¢ be a ground substitution and let @ C Ty, such that Uzedom(g){(za)|mp20(w)} C .
We define the representative of o as rep (o) = {z — rep,(z0) | z € dom(0o)}, i.e., each
topy, -term in o is replaced by its representative with respect to i, so 0 =g, rep, (o).

Representative of a term

Let t be a term in 7x, where topy, (t) = p. We define the representative of t as rep(t) =
repy, (1).

Example 3. In the previous example, as t = f(2,2+1,142) and p = {1,2,3}, then
tlp ={2,241,142} and rep(t) = f(2,2+1,2+1).



24 CHAPTER 2. BACKGROUND

R, B-rewriting

The relation — g p is defined as =7 ; =¢, where the relation —}, 5 is inductively defined
below.

Definition 2. Given a rewrite theory with built-in R = (3,&, R), where £ = EyU B,
terms t,t' in Hx, and a rule ¢ - 1 — rif Niyli = ri | ¢ in R, if ¢© has the form
&0 = raif Nl — 1 | ¢ A¢°, and there exist a position p in posy, (t) and a
substitution o : vars(c®) — T such that rep(t|,) =g l°0, t' = t[rol,, lic —grp rio, for
1 <i<n, and Eo b (¢ A ¢°)o, then we say there is a one-step transition t —>}27B t.

We write t —* ¢/, when we need to make explicit the rule, position, and substitu-
¢,p,0 R7B
tion. Any of these items can be omitted when it is irrelevant.

The following example shows the motivation behind the use of representatives in
1
—R,B

Example 4. Let R = (X, Ey U B, R) be a rewrite theory, where Ey is integer arithmetic,
there is one non-Eqy sort s, with three function symbols a : — s (constant), f :ss — s
(associative), and g : i — s, so B is associativity for f, and R = {c: f(zs, [(ys,ys)) —
yst, let I = f(xs, f(ys,ys)), hence abstracts, (1) = (\.[; none; true) and 1° = 1.

The term t = f(f(a,g(3)),9(1 + 2)) does not match f(xs, f(ys,ys)) modulo B, but
rep(t) = f(f(a,9(3)),9(3)) does, with 0 = {xs — a,ys — g(3)}, because rep(t) =
f(f(a,9(3)),9(3)) =p l°o(=lo = f(a, f(9(3),9(3)))), s0 t =5 9(3).

Ast —1  ¢(3), because t' = lo, and t =g, rep(t) =g t', sot =¢ t', then t —>}%/8
&6T R(E)
g(3), i.e., the use of representatives allows us to imitate —>}2/8 with —>}27B.

2.3.8 Executable rewrite theory

For a rewrite theory without built-in R = (3, &, R), where £ = E U B, whether a one
step rewrite t —J, Je ' holds is undecidable in general. We impose additional conditions,
under which —>}%/5 can be imitated with —>}§R’B; =¢. If R satisfies these conditions, we
will say that R is ezecutable.

Operational termination

One problem that can arise when trying to decide ¢ —} ¢’ in R is that although —}
is terminating, an attempt to prove a condition in a rule, building a so-called well-
formed proof tree |LM09|, may generate a recursive infinite check of conditions, and a
corresponding infinite well-formed proof tree. This leads us to the notion of operational
termination:

The relation —1, is operationally terminating if there are no infinite well-formed proof
trees.

This notion of operational termination was presented by Lucas, Marché and Meseguer
[LMMO5] in an attempt to exclude those conditional term rewriting systems like the one
consisting of two constants (a and b), one binary function (f), and the single conditional
rule:

a—b if fla)—>b
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The absence of unconditional rules makes the relation —1}, trivially empty, hence termi-
nating. Nevertheless, when trying to reduce the term a, most implementations will loop
because of the following infinite derivation tree:

a;;b
fla) > b

a—b
The condition of operational termination states that such derivation trees don’t exist.

Y-pattern. Admissible MEL theory

Another problem that may arise when trying to decide ¢ —} ¢ in R is the handling of
new variables that may appear in the MEL sentences of £. We limit these sentences so
that these new variables can always be instantiated by B-matching against the old ones.
Given a MEL theory (X, F U B) we call a term t € Tx(X) \ X a X-pattern if for any
FE, B-normalized substitution o, to is F, B-irreducible.
A sufficient condition for ¢ to be a Y-pattern is the absence of B-unifiers between

nonvariable subterms of ¢ and lefthand sides of equations in F.
A MEL theory (X, E U B) is admissible [CDE*07] if:

e For each equation | = r if A_, A; in E, n > 0, the following requirements are
satisfied:

1.
vars(r) C vars(l) U U vars(

2. If A; is an equation u; = v; or a membershlp u; : S;, then
vars(A;) C vars(l) U U vars(
3. If A; is a matching equation wu; := v;, then u; is a X-pattern and

vars(v;) C vars( U vars(

e For each conditional membership [ : s if A, A; in E conditions 2 and 3 above are
satisfied.

Admissible rewrite theory

A rewrite theory R = (X, FU B, R) is admissible if:
1. The MEL theory (X, E U B) is admissible.

2. For each rule l — rif Al_, A;in R, n > 0:

e conditions (1)-(3) above hold, and
e if A; is a reachability condition u; — v;, then v; is a ¥-pattern and
i—1
vars(u;) C wvars(l) U U vars(A;).

Jj=1
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Executable rewrite theory

A rewrite theory without built-in R = (3, &, R), where &€ = E U B, is ezecutable if each
kind in ¥ is nonempty, £, B, and R are finite and the following conditions hold:

1. =k p and —p ) 5 are operationally terminating and admissible. Then we have a
deterministic 3-CTRS [Ohl02]. Any new variable in the conditions will be instan-
tiated by B-matching, in left to right order.

2. —>}5/B is sort-decreasing, terminating, and confluent.

3. —pp is coherent with B, ie., Vi1, t;,t3 we have t; =7 5 ty and t; =p t3 implies
3t4,t5 such that (2 _>*E,B t4,T3 _>E,B ts and ty =B 5 [MTO?]

t —>g7 B to —5p
|5 |5
t3 —>JEF7B t5

4. _>1112(E),B is £-consistent with B, i.e., for all t1,t,,t5 we have that ¢; —>}2(E)7B to and
t, =p t3 implies that there exists t4, such that t3 —>11Q(E)’B ty and ty =¢ t4. Also
—>}%(E)’B is £-consistent with —p p, i.e., for all t,,1,,t3 we have that t, —>}%(E)7B ts
and t; —7 p t3 implies that there exist ¢4, 5 such that t3 =5 p ts and ty =y 5 ts
and t, =¢ t5. In either case, the —>}2(E)7B rewriting step from 3 and ¢4, respectively,
must be performed with the same rule that was applied to t; [MTO07].

1
b ZrEp  l2 t1 — k(5B b2
[P e . e
1
t3  —gpmE)p ta s  —&sp ty —rm)p 15

(a) &-consistency of —1 with B
R(E).B (b) &-consistency of _>}2(E),B with =5 p

The rewrite theory for our vending machine is executable if we decompose £ in the
following way: the set B contains the equations for the commutative and the associative
properties for function - (juxtaposition); the set E contains the other equations and all
the membership predicates. E and R are admissible because they are regular and don’t
introduce new variables.

Theorem 1 (Relation between — 7, . and —pp 5 for executable rewrite theories [Vir02]).
Let R = (X, EU B, R) be an executable rewrite theory. For all ty,ts, 13, if t1 —>}%/g ty and
th =ppts then there exists t4 such that t3 —>}%(E) g la, t.e, by —>}ER7B ty, and ty =¢ to.

t1 —>}2/g to
Ve e
1

As a direct consequence, due to the definitions of — g/ and —grp, we get the
following corollary.

Corollary 1 (Equality of —p/¢ and —ggp for executable rewrite theories). If R =
(X, EU B, R) is an executable rewrite theory then —p/e=—gg,B-
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Executable MEL theory

If R = (¥, FUB, R) is an executable rewrite theory then we call (X, FUB) an ezecutable
MEL theory. Let Rp = (X', B, Rg) be the associated rewrite theory of (X, EU B). As
B=0U B:

e in the diagram for Theorem 1, as the relation —>éB is empty, then ¢; = t3 and
ty =p ta, SO t —>}5/B ty if and only if t; —} p t4 =p t, hence —>}5/B:—>}E7B up to
B-equivalence, which is decidable,

e from Corollary 1, —g/p=—g B, and

e as —p/p is confluent and terminating then, for any ¢, ¢’ € Tx(X), t =¢ t' if and
only if t| =5 t'|.

2.3.9 System of sentences. Unification goal. £-solution

A system of sentences I in a MEL theory (X, ) has the form

n m l
/\ui:u;/\/\vj ::v;/\/\tk:sk,
i=1 j=1 k=1

where v; is a X-pattern, for 1 < j < m. A substitution o is an £-solution for F' if
uio =g wo (1 <i <n), vjo =g vjo (1 <j<m), and 0 g 55 (1 <k <),
F has an associated unification goal G in Rg of the form

m l
eq(ug,u;) — tt A /\ v = vj A /\ te:SE — tt.
1 j=1 k=1

~.

2

A substitution o is an E-solution for G if eq(u;o,ujo) —pg/p tt, for 1 < i < n,
’U;U —g/B V0, for 1 < j < m, and tyo:s, —g/p tt, for 1 < k < [. We will write T to
represent a conjunction of any number of tt’s.

For executable MEL theories, as — g/ p=— g g, we can check £-solutions for systems of
sentences using F, B-rewriting. As —>1E7 p 1s sort-decreasing, terminating, and confluent,
we call the normal form of G, written G|, to the unification goal that results from
replacing every term ¢ in G with ¢J.

2.3.10 Reachability goals and problems
Rewrite theories without built-in

Given a rewrite theory R = (3, &, R), a reachability goal G is a conjunction of the form
ti = Y Ao Aty =t where for 1 < i < n, t;,t; € Tx(X), for appropriate s;. A
substitution o is a solution of G if ;0 — g/ tio for 1 < i < n. A substitution o is a
trivial solution of G if t;0 =¢ tio for 1 < i < n. G is trivial if the identity substitution
1d is a trivial solution of G.

For instance, in the rewrite theory for the vending machine the reachability goal
Tse $ — gy c is trivial. Also, {xs; — ¢} is a trivial solution of the reachability goal
st 999 — $ (qqqq =¢ $), but it is a non-trivial solution of the reachability goal

st 99— $ (qaq ————' 9.
add—quarter R/E
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For reachability goals G : t; — taA.. . Atgy—1 = top and G’ 1 8] = AL AL, | — 1,
we say G =g G'if t; =¢ t} for 1 < i < 2n. Any relation —},, over Tx(X) is extended to
reachability goals in the following way: G —% ; G’ if there is an odd i such that t; —%,, t/
and for all j # i we have t; = t;. That is, G and G’ differ only in one subgoal (t; — i1,

vs ti — t;11), but t; =L t.. so when we rewrite ¢; in G to t, we get G'.

Rewrite theories with built-in

In the case of a rewrite theory R = (X,€&, R) with built-in subtheory (X0, Ey) plus
axioms B, and terms ¢,t' in Hsy, a reachability problem is an expression P with form
Ni_iti — ¢, | ¢, with ¢; and ¢} in Hy(X), for 1 < i < n, and ¢ € QF(Xp). Each
expression t; — ti, 1 <i < n, is a subgoal of P and ¢ is the reachability formula of P.

A substitution o is a solution of a reachability problem P = Al ¢, — t. | ¢ iff
tic —gye tio, for 1 <i < n, and Ey - ¢o.

2.3.11 Narrowing
Rewrite theories without built-in

In Section 2.3.5, for a rewrite theory R = (X,&, R), where £ = E U B with B a set of
axioms, we have defined the rewrite theory associated to (X,€), Rg = (¥, B, Rg), where
for each equation or membership in

t=tif AiAN...NA, t:sif Ay AN...NA,,
RE has a conditional rule of the form
t—=tif AN NAL s —ttif AN NA]

where if A; is t; : s; then A} is t;:s; — tt, if A; is ¢; := ¢, then Al is t. — ¢;, and if A; is
t; = t; then A} is eq(t;,t;) — tt.

Now, we define two narrowing relations that use B-unification instead of B-matching,
where we use the symbol ~ instead of — to distinguish between narrowing and rewrite
relations. Given two terms ¢, € Tx(X):

e I/, B-narrowing

t WJIE,B t" if there is a position p € Pos(t), an equation [ = r if A,.;l; = r; in R,
and a substitution o such that t|,0c =p lo, t' = (t[r],)o, and ;0 —p g 10, for all
1€ 1.

e R(FE), B-narrowing

t ~pmp t if there is a position p € Pos(t), arule ¢ : 1 — rif C € R, and a
substitution o such that t|,0 =p lo, t' = ({[r],)o, and Co holds under =7, 5 5, as
defined in Section 2.3.6.

We may write the substitution, position, and label of the rule under the ~ symbol
if needed. Finding the substitution o such that l,0c —gp r;0, for all ¢ € I, may be
accomplished by recursive application of w%& - Finding the substitution o such that C'o
holds under —>}%(E)’B may require a recursive application of both ~f, 5 and W}%(E),B'
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When —>}%/g can be imitated with =55 5;=¢, we will use two calculi that implement

~p p and w}%( p),p t0 solve any given reachability goal.

In the vending machine example we can prove by rewriting that zg, $ —>}2 /g Tse C
whatever value xg, is given. Finding out the substitution o = {zg, — ¢} as a solution of
the reachability goal zs; 9 qq — ¢ requires narrowing with ~p 5 5 and ~p g:

Tseqqq -~ 9 W}%(E),B c
o BB

but checking that q qqq —g/e ¢ is done using rewriting:
9999 =¢$ ke c

Rewrite theories with built-in

Given a rewrite theory R = (X,&, R) with built-in subtheory (X, Fy) and axioms B,
two terms ¢,¢" € Tx(X), and arule c: I — 7 if AJL l; = r; | ¢ in R, with normal form
¢ I° = rif AjLily = 1| ¢ A ¢ properly renamed so that vars(c®) N vars(t) = 0,
if there exists a non-variable position p in Posy, (t), and a substitution o such that
rep(tl,)o =g l°0, t' = (t[r],)o, ljo =g p o, for 1 <j<m, and EyF (¢ A ¢')o, then we
write t ~») ., t' and say that there is a narrowing step from t to t'.

In the expression P w}wa P', it is admitted to omit any part of the subscript when

it is not relevant to the discussed matter.

2.4 Strategies

In this section we present the combinators of a strategy language suitable for narrowing,
which is a subset of the Maude strategy language [MOMV04, EMOMV07, RMPV21]|, and
a set-theoretic semantics for the language which is based in the construction of a closed
proof tree for a given goal.

A call strategy is a name given to a strategy to simplify the development of more
complex strategies. A call strategy definition is a user-defined association of a strategy
to one call strategy.

For any rewrite theory with built-in R = (3,&, R), with € = Ey U B, and set of
call strategy definitions for R, written Callg, there exist an associated set of derivation
rules, written Dg can,, and an associated set of strategies, written Stratr cau,, that are
defined in Section 2.4.2 and will be used in the following.

2.4.1 Open goal. Closed goal. Derivation rule. Proof tree

An open goal has the form t — v/ST, where t, its head, and v are terms in Hy, and ST
is a strategy; a closed goal has the form 5, with G' an open goal.

A derivation rule has the form 5 or Gl'éG”, where GG and each G;, 1 <1 < n, are open
goals. In either case the head of the rule is G.

Given a rewrite theory with built-in R = (X, Ey U B, R) and a set of call strategy

definitions Callgr, a proof tree T is inductively defined as either:

e an open or closed goal, G or &, or
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e aderivation tree %, constructed by application of the derivation rules in Dx cqiiy »

where each T;, 1 <17 < n, is a proof tree.

The head of T is G in all cases. T' is said to be closed if it has no open goals.

Given any open goal t — v/ST in a proof tree and a derivation rule with head
t'" — v'/ST such that t =¢ t' and v =¢ v/, the application of the rule to the open goal
consists in putting the derivation rule in place of the open goal, but replacing ¢’ with ¢
and v" with v anywhere in the derivation rule.

2.4.2 Strategies and their semantics

We present now a general notion of the semantics that defines the result of the application
of a strategy to the equivalence class of a term, which is based on the construction of
closed proof trees. The full semantics, with all the details, that are cumbersome for an
introduction, will be shown in Section 6.4. This semantics is given by a function

_@_ ¢ Stratr,caig X Tsye — P(Tsy¢),

with R = (3, Eo U B, R) and € = Ey U B, where [v]¢ is an element of ST @ [t]¢ if and
only if a closed proof tree (c.p.t. from now on) with head ¢t — v/ST can be constructed
using the derivation rules in Dg, cqiip, also defined below.

Idle and fail

These are constant strategies that always belong to Stratr cau,. While the first always
succeeds, the second always fails. For each equivalence class [t|s € Tx, /¢, Dr,caiir, has a
derivation rule

t — t/idle
There are no derivation rules for fail. Then, idle @ [t|¢ = {[t|]¢} and fail Q@ [t]s = 0.

Example 5. Suppose that t =¢ v and we have the open goal t — v/idle in a derivation
t—v/idle Ty---Ty
€]
t=¢t'. Ast =g v then also v =¢ t', so we can apply this rule to the open goal. Thus, we

replace the first t' in the rule with t and the second one with v, yielding ojiare ¢ closed

— Ty-T,
. . . —v/idle
goal that we put in place of the open goal, so the derivation tree becomes ~—**5——.

In particular, if the derivation tree is just t — v/idle then we get the c.p.t. TSo/iaTs”
so [v]e € idle @ |[t]c. The result [v]e € idle @ [t]e was expected, since idle Qt]s = {[t]¢}
and t =¢ v implies [v]e = [t]e.

. , . 4
tree . There is a term t' and a derivation rule 7Sv7Aas DR, caity, such that

Rule application

A rule of R that has no rewrite conditions and a substitution form a rule application. If
c¢: 1l — rifisarulein R, and « is a substitution, then c[y| is a rule application in

Stratgr, caiy- For each pair of terms ¢,v in Hy such that Is(t) =< Is(v), if t —' v then
cy R
DR, caiin has a derivation rule

t—v/cl]
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For rules with rewrite conditions, a strategy must be supplied for each rewrite con-
dition. If ¢ : 1 — rif AL l; — r; | ¢ is arule in R, v is a substitution, and ST =
STy,...,8T,, is a list of strategies, then c[y]{ST} is a rule application in Stratr cay-

For each substitution 6 such that Ey - 16, each term u in Hy, and each position p
in pos(u) such that u|, = (70, Dr_cau, has a derivation rule

s — ryd/ST10 -+ - 10 — 1y /ST 6
u — ulrydl,/c[[{ST}

Top

It is possible to restrict the application of a rule in R only to the top of the term. This
is useful for structural rules, that are applied to the whole state.

If c:1— rifisarulein R and v is a substitution, then top(c[y]) is a strategy in
Stratr, caury- For each substitution ¢ such that Ey - ¢¥yd, Dr, cau, has a derivation rule

176 — ry6/top(c[])
Ife:l1 —rif /\;’L:1 l; — r; | ¥ is a rule in R, v is a substitution, and ST =
STy, ...,8T,, is alist of strategies, then top(c[y]{ST}) is a strategy in Stratr ca,. For
each substitution 0 such that Ey = 979, Dg, cau, has a derivation rule

Lyd — ryd/ST10 -+ - 10 — 1y /ST 6
176 — 178/ top(cy[{ST})

Call strategy

Call strategy definitions allow the use of parameters and the implementation of recursive
strategies. A call strategy definition can be either unconditional or conditional, with the
forms sd €S := ST, sd CS(z) := ST, or csd CS(7) := ST if N;_,(l; =r;) A p, with CS
an alphanumerical name.

The semantics for call strateqy invocations, given a pair of terms ¢t and v in Hy such
that Is(t) =< Is(v) is:

e If sd OS := ST € Cuallg then the call strategy invocation CS is a strategy in
Stratr, calin, and Dr_cau, has a derivation rule
t—v/ST
t—v/CS

o If sd OS(z) := ST € Callg, where T =z} ,..., a2 , ty,...,t, are terms in T5(X'\

VR, Calir ); With sorts sq,..., s, respectively, and we denote t = ty,...,t,, then the

call strategy invocation CS(t) is a strategy in Stratr cauy,- If we denote p = {z +— ¢}
then Dgr_ cau, has a derivation rule

t—v/STp

t—v/CS(t)

o If csd CS(z) = ST if \j_,(l; =7;) A ¢ € Callg, with 7, t, and p as before, then
the call strategy invocation CS(t) is a strategy in Stratr, caur. 1f 0 is a substitution
such that [;p6 =¢ r;p0, for 1 < j <mn, and Ey - ¢pd, Dr cai, has a derivation rule

t — v/STpd
t —v/CS(1)



32 CHAPTER 2. BACKGROUND

Tests

Tests are strategies that check a property on an equivalence class [t]¢ in T, e. If the
property holds then the test returns a set containing [t|¢ as its only element. Otherwise,
the test returns the empty set.

For each test strategy matchus.t. AT_,(l; = r;) A ¢, equivalence class [t]s in Ty, ¢,
and substitution 0 such that ¢ =¢ ud, ;0 =¢ r;0, for 1 < j < m, and Ey = ¢0, Dr, caiir
has a rule

t — t/matchu s.t. /\;nzl(lj =7;)N¢

If-then-else

An if-then-else strategy has the form matchus.t.¢ ? STy : ST,. For each pair of
equivalence classes [t]¢ and [v]¢ in Ty, /¢ such that Is(t) =< Is(v), and each substitution
0 such that t =¢ ud, if Ey = ¢d, then Dr cau, has a rule

t— U/ST15
t — v/matchus.t.¢? ST, : ST,

and if £y F —¢d then Dg cau, has a rule

t— U/ST25
t — v/matchus.t.¢? ST, : ST,

Regular expressions

Now, we define the concatenation, union, and iteration of strategies. Let ST, and ST5
be strategies, and let ¢, v, and u be terms in Hy, such that Is(t) =< Is(u) =< Is(v). Then
DR, caiiy, has rules

t—u/ST, u—v/STy
t—wv/STy; ST,
t— U/STl
t— U/STl ’ STQ

t-)U/STQ
t— U/ST1 ’ ST2

t—v/ST
t—v/ST+

t—v/ST; ST+
t—v/ST+

Of course, ST can be defined as idle | ST+.

Rewriting of subterms

The matchrew combinator allows the selection of a subterm to apply a rule and extends
the scope of the substitution that validates a test strategy to subsequent steps of the
execution path.
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Matchrew strategies have the form

m
MS = matchrew u s.t. /\(lj =r;) A ¢ by, using ST,...,27 using ST,
j=1
where u = ulx; ..., 27 |y, . p., for appropriate py, ..., p,. For each n-tuple (t1,...,t,) of
terms in 73 such that [s(f) < 5, and each substitution ¢ such that ud € Ts, {1;6, 7,0}, C
T, 16 =g 76, ¢4 is ground, and Ey = ¢0, Dr, cauy, has a derivation rule

1:;1(5 — 11 /ST0---a 0 = t,/STy0
ud = udlty, ... tolpy,.pn/MS

2.5 Maude

Maude is a high-level language and high-performance system supporting both equational
and rewriting computation [CDET02]. Maude’s underlying equational logic is member-
ship equational logic, which is an improvement over order-sorted algebra, allowing the
faithful specification of types (like sorted lists or search trees) whose data are defined not
only by means of constructors, but also by the satisfaction of additional properties [BMO06].
Maude has three kinds of modules that are of interest for our purpose:

e [unctional modules provide support for functional programming in membership
equational logic.

e System modules allow the specification of concurrent systems, when used as a se-
mantic framework, or deductive systems, when used as a logical framework, using
rewriting logic.

e Strategy modules allow the separation between the rules that specify a system and
the way that these rules are applied, restricting the reachable states from an initial
state. They can be used both to implement and test different algorithms over a
given specification or to drive the search of solutions to reachability problems.

Moreover, Maude makes a systematic and efficient use of reflection, where programs
are represented as data, allowing metaprogramming and metalanguage applications, as
well as extensions to the language itself.

The site https://maude.cs.illinois.edu/w/index.php/The Maude System holds the
most up-to-date information of all the existing releases. The most in-depth coverage of
the Maude system can be found in the book All about Maude [CDET07].

2.5.1 Functional modules

Maude’s functional modules allow the specification and execution of MEL theories (X, FU
B), where B is a set of equational axioms (usually commutativity, associativity and/or
identity) for some of the operators in the signature, and FE is a set of equations that are
valid modulo B, as long as they are executable in the sense defined in Section 2.3.8, that
is, we can always rewrite a term ¢ to its canonical form t] 5,5 using the associated rewrite
theory of the MEL theory.

We show the syntax of functional modules through the vending machine example:
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fmod VENDING-MACHINE-EQ is
sorts Coin Item State .
subsorts Coin Item < State .

op __ : State State -> State [assoc comm]
op $ : -> Coin .
op q : -> Coin .
op a : -> Item .
op ¢C -> Item .
e qqqq-=3$
endfm

A functional module begins with the reserved word fmod and ends with the reserved
word endfm. We declare sorts using the reserved word sort. Kinds are not defined in an
explicit way. We refer to the kind of a sort s as [s]. Sort ordering, which as we saw in
Section 2.2.2 is a shortcut for certain membership axioms, is defined using the reserved
word subsort.

Functions are declared using the reserved word op followed by the name of the function
(which can be empty), the sort of the arguments and the sort of the result. The position of
the arguments is determined by the underscore “ 7 symbol that appears in the definition.
The symbol -> separates the input arguments from the result. If no sort is found to
the left of -> then the function is a constant. If no underscore symbol appears then
the standard syntax for functions, with the arguments surrounded by brackets, is used.
Axioms from B and other properties of the function are declared writing them between
square brackets. In our example, the State constructor definition, which has empty name,
has associative (assoc) and commutative (comm) properties, as expected for a non-empty
multiset.

Equations are declared using the reserved words eq, or ceq when declaring conditional
equations. Similarly, membership axioms are declared using the reserved words mb and
cmb.

We can use Maude’s command reduce to compute the canonical form of any term.
For instance:

Maude> reduce q q q q .
result Coin: §

Maude does not check confluence and termination properties for functional modules:
the user is responsible for providing them. However, in some cases it is possible to
check these properties with Maude’s Church-Rosser checker and termination tools [DM10,
DLMT08|.

2.5.2 System modules

System modules allow the specification of executable rewrite theories in the sense defined
in [CDE*07]. The syntax is shown with our vending machine example:

mod VENDING-MACHINE is
protecting VENDING-MACHINE-EQ .
var M : State .
rl [buy-coffee] : § => ¢ .
rl [buy-apple] : $§ => a q .
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rl [add-quarter] : M => M q .
rl [add-dollar] : M => M § .
endm

Reserved words: the module begins with mod and ends with endm. The reserved
word including indicates that we are going to use another module within this one, the
functional module VENDING-MACHINE-EQ in this case. Variables are declared using the
reserved word var. They can also be used without previous declaration by writing their
name, a colon and its sort (for instance M:State). (crl) rl declares (conditional) rewrite
rules. Rules and equations can be labeled by writing the label between square brackets.

Maude’s command rewrite rewrites any term with the existing rules ([1] means one
rewrite step):

Maude> rewrite [1] 9q q q q .
result Item: c

Prior to rewriting, Maude always reduces terms to canonical form, in this case §. Then
Maude applies the rule buy-coffee and returns the answer c. Although the answer is not
unique, Maude always returns only one. We can choose the rule to apply using Maude’s
command srewrite, that is explained in the next Section, with the label of the desired
rule:

Maude> srewrite q q q q using buy-apple .
result State: q a

2.5.3 Strategy modules

Maude’s strategy handling, and its related strategy modules, are available since version
3 of the Maude system. The strategy modules allow the definition of call strategies. A
strategy module begins with the reserved word smod and ends with the reserved word
endsm.

smod EXAMPLE-STRAT is
protecting INT .
sort State .

vars N Y OK : Int
op _/_/_ : Int Int Int -> State .

strat testBelow30 : @ State .
sd testBelow30 := match N/ Y / OK s.t. Y < 30 .
endsm

Here, a call strategy named testBelow30, with no parameters, that applies to terms
with sort State is defined. The strategy is a test that only succeeds for those terms
with sort State whose second value is lower than 30. The sort Int is defined in Maude
in the functional module INT included in the prelude.maude file, and imported to the
EXAMPLE-STRAT strategy module through the protecting INT declaration.

Maude’s command srewrite attempts to apply the strategy provided in the command
to the given term:
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Maude> srewrite 4 / 30 / 1 using testBelow30 .
No solution.

Maude> srewrite 4 / 20 / 1 using testBelow30 .
result State: 4 / 20 / 1

Maude> srewrite 4 / 30 / 1 using idle .
result State: 4 / 30 / 1

In the first case, Maude fails to rewrite the term, since its second value, 30, is not
lower than 30, so testBelow30 fails, which it does not in the second case, where the
second value of the term is 20. In the last case, the idle strategy applies to any term,
even with second value 30, returning the same term.

2.5.4 The metalevel

Maude’s reflective capabilities are supported through the functional module META-LEVEL
where each of Maude’s reserved words has a corresponding sort (Fmodule, Term, ...).
The module has several functions (upModule, metaUnify, leastSort, ...) that are
used in the implementation of the different calculi in this dissertation. Omne of the
most important uses of the metalevel are the unification algorithms, which are theory-
dependent, since a different order-sorted unification algorithm is derived for each signature
Y} and combination of axioms B, so the metaUnify command needs both as parameters
(see [CDE"07, Chapter 15| and [CDE*23, Chapter 17]).



Chapter 3

First calculus for conditional narrowing
modulo

The first calculus [AMPP14], developed at the beginning of the investigation for this
dissertation, is the simplest one; we needed to know if conditional narrowing modulo is
indeed feasible. The calculus requires the treatment of the equational and membership
conditions in both the equational and the rewrite theory as reachability conditions to
be solved by using the equations and membership predicates in the equational theory as
oriented rules. It includes one minor attempt to reduce the space state by looking into
the least sort of each term and stopping when that sort is bigger than the desired one in
the computation.

3.1 Tower of Hanoi specification

The Tower of Hanoi puzzle is used as a running example for this calculus. In Maude, we
declare it as follows:

mod HANOI is
sorts Boolean Rod Disk Tower ValidTower Pair State .
subsort Rod < ValidTower < Tower State

ops 1 2 3 4 : -> Disk .

op t : -> Boolean .

op _<_ : Disk Disk -> Boolean .

ops a bc : ->Rod .

op __ : Disk Tower -> Tower .

op _-_ : Tower Tower -> Pair [comm]

op move(_) : Pair -> Pair .

op _,_ : State State -> State [assoc comm]
var R : Rod .

vars X Y : Disk .

vars T T’ : Tower .

vars D E F G : ValidTower .

mb X R : ValidTower .

37



38

endm

eq 1 <2
eq 2 < 3
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cmb (X Y T) : ValidTower if (X <Y) =t /\ (Y T) : ValidTower .

Il
[
Il
ct
Il
ct

t . eq
t . eq

.eql<4

<3
< 4 . eq3< 4

1
N
I
ct
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ct

eq move (X T -R) = (T - XR)
ceqmove(X T - YT?) = (T -XYT) if X<Y) =t

crl D, E=>F, G if (F - G) := move(D - E)

The way that Tower of Hanoi is played is defined in the memberships, conditional equa-
tion, and conditional rule:

e subsort Rod < ValidTower

states that an empty Tower, i.e., one containing only a Rod, is a ValidTower,

mb X R : ValidTower

states that a single Disk in a Tower is a ValidTower,

cmb (X Y T) : ValidTower if (X < Y) =t /\ (Y T) : ValidTower
recursively defines a ValidTower as any Tower with two or more Disks on it where
the first two Disks are in the right order and if we take off the upper Disk, the
resulting Tower is also a ValidTower,

eqmove (X T -R) = (T - XR)

allows the movement of one Disk from one Tower to a Rod (empty Tower),

ceqmove(X T - YT?) =(T-XYT) if X<Y)=t¢

allows the movement of one Disk X from one Tower to another if the top Disk, Y,
of the Tower where the Disk is placed is bigger than X,

¢crl D, E=>F, G if (F - G) := move(D - E)

is the only rule in the module. We can evolve from one State to another State
only by the application of the function move to any pair of ValidTowers in the
initial State and the result is another pair of ValidTowers.

3.1.1 Signature

In the Tower of Hanoi specification, 3 = (K, S, F') is:

e K = {[TowerState], [Pair], [Disk]|, [Boolean|},

o 5= {S[TowerState}u S[Pair]a S[Disk]a S[Boolean] }7 where

Slrowerstate] = {Rod, ValidTower, Tower, State}, Spaiy] = {Pair}, Spisg = {Disk},
S[Boolean] = {BOOlean}.

L4 F = {{'}Disk TowerState,TowerState) {7 }TowerState TowerState,TowerState

{_}TowerState TowerState,Pair {move}Pair,Paim {<}DiskDisk,Boolean7

{aa b7 C}Rodv {17 27 3a 4’}Disk? {t}Boolean}J
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TOWER OF HANOI SPECIFICATION

3.1.2 MEL theory

We use some shortcuts for the running example: we write V, D, R, T, P, and S instead of
ValidTower, Disk, Rod, Tower, Pair, and State, respectively, and [TS] for the kind of

Rod, ValidTower, Tower, and State.

The MEL theory (%, &) for the Tower of Hanoi puzzle consists of ¥ = (K, S, F') and &
is the following set of MEL sentences, where it is shown the relation between the Maude
code (each one of the bullets that follow) and the MEL sentences (the ones below each

bullet):

subsort Rod < ValidTower < Tower State
Zrg] © S if T 0V gt T if Zg) 2V

Tirs) 1 S if Zis) R Xppg) : T if Zirs) - R

Zrs) 2V iof Zrs) + R

ops 1 23 4 : ->Disk
1:D

2:D

3:D

4:D

opt : -> Boolean

t : Boolean

ops abc : ->Rod

a:R

b:R

c:R

op __ : Disk Tower -> Tower

CL'[D]}/[TS] : T Zf X[D} DA S/[TS] : T

op _,_ : State State -> State [assoc comm]
$[TS],YV[TS] : S Zf X[TS] S A YV[TS] :S

Trs), Yirs) = Yirs); X[rs) (commutativity)

(Xrs); Yirg)s Zjzs) = Xjrs), (Yizs), Zjrs)) (@ssociativity)

op _-_ : Tower Tower -> Pair [comm]
.I'[Ts} — }/[TS] :P Zf X[TS} :TA }/[TS] . T
Tps) — Yirs) = Yjrs) — Xjrg) (commutativity)

op _<_ : Disk Disk -> Boolean
Zp) < Y| : Boolean if X5 : DAY :D

op move(_) : Pair -> Pair
move(zp)) : P if xp) : P

mb X R : ValidTower
.T[D]R[TS] cVof X[D} :DA R[TS] :R

cmb (X Y T) : ValidTower if (X <Y) =t /\ (Y T)
(o) Yo Tirs) : V if Xpp) < Yio) = t A Vi) Tfrg) : V

: ValidTower
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eq1<2-=t
1<2=t¢
eq 3<4-=1t
3<4=1¢

eqmove (X T -R) = (T - XR)
move(X[D]ﬂTs] — R[TS]) = ﬂTS] — X[D}R[TS] Zf X[D} :DA Y_V[Ts] :TA R[TS} 'R

ceqmove(X T - YT’) =(T-XYT) if X<Y)=t¢
move(Xip Tirs) — Yio)Tirg)) = Tins) — Xip)Yio Tng) i Xpp) < Yio) = ¢ A Tjrs) 1 TA Tiggy 2 T

[TS]

3.1.3 Associated rewrite theory

The associated rewrite theory for the Tower of Hanoi puzzle is Rp = (X', B, Rg), where:

e Y is 3 with the addition of the new connected component with sort Truth and the

new function symbols:

tt : — Truth,

: [B] = Truth,
[TS] — Truth,

: [D] = Truth,

: [TS] — Truth,

: [TS] — Truth,

: [P] = Truth,
[TS|] — Truth,

TS| [TS] — Truth,

P| [P] — Truth,

D| [D] — Truth,

B| [B] — Truth.

nu<HUODDIW

q
q

® O

(0]
Q

[
[
[
[

O

q

We show here only an excerpt of the rules in Rg:
eq(x[Ts], JZ[TS}) — tt

Zrg)iS — tt iof Tirs):V — tt

1.D — tt

a:R — tt

tB — tt

Xp)Yrs):T — tt of XpjD — tt A Vg T — tt

X[1s] s Y[Ts]is — ttif X[TS]:S — tt A Y[TS]ZS — tt
Tirs], Yirs) — Yirs], X[rg)

(X[Ts}, Y[Ts}), Zirg) — Xirg)s (Y[Ts}, Z[TS])
X[D]Y[D]T[Ts]:v = ttif eq(X[D] < Y[D], t) — tt A Y[D]T[TS]ZV — tt
1<2—t.

3.1.4 Rewrite theory

The rewrite theory without built-in R = (X, £, R) for the Tower of Hanoi puzzle has only
one rule in R that translates the rule crl D, E => F, G if (F - G) := move(D - E)
in the Maude module:
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Dirg), Ers) => Firs), Gpng) if
F[TS} - G[Ts] = move(D[TS] — E[TS]) N D[TS} VA E[TS] VA F[TS] VA G[TS} 2V

The rewrite theory for the Tower of Hanoi puzzle is executable if we define the set B
to contain the associative and the commutative equations in the equational theory, the
set E to contain the rest of equations and all memberships in the equational theory, and
we add to R the following rule, that ensures £-consistency:
Dirs), Eprs), Sirs) => Flrs), Glas), Sirs) of
F[TS] - G[Ts] = mOVG(D[Ts] — E[TS]) A D[TS} VA E[TS] VA S[TS] 1S A F[TS] VA G[TS] 2V

Example 6. In the Tower of Hanoi example, without the rule added for £-consistency,
from the State S = (1A,B),2C we can only reach in _>}%(E),B the State (A, 1B),2C and
vice versa, since the only match with the head Dirg), Efrs) of the only rule in R is the
subterm between parentheses in both cases, so we can only move Disk 1 from Rod A to
Rod B.

By adding the new rule to R, its head D), Ejrg), Sirs) now matches S in other ways.
For instance, S —>}%(E)’B (A,12C),B, with 0 = {Dpzg) — 1A, Ejrg) — 2C, Sirg) — B}, since
S =p (1A,2C),B and move(1A — 2C) = A — 12C.

The introduction of this rule is explained in detail in Section 4.2.1 with the concept
of closure under B-extensions. In general we will assume, unless otherwise stated, that
the required rules for £-consistency are already in R.

3.2 Unification by conditional narrowing modulo

Narrowing allows us to assign values to variables in such a way that a reachability goal
holds. We implement narrowing using a calculus that given a reachability goal G com-
putes a set (possibly infinite) of answers for G, with the following properties:

1. If o is an R/E-normalized idempotent solution for a reachability goal G, the calculus
will compute a more general answer o’ for G, i.e., 0 <¢ o'

2. If the calculus computes an answer o for GG, then o is a solution for G.

That is, we want to compute a complete set of answers for G, a set that includes a gen-
eralization of any possible solution for G, with respect to R/E-normalized substitutions.

We are going to split this task into two subtasks: first we will solve the part of
the calculus that deals with unification; second, we will solve the part that deals with
reachability.

3.2.1 Calculus rules for unification

From now on in this chapter, we assume (X,€) with & = E'U B to be an executable
MEL theory, where we have a complete B-unification algorithm that returns a (possibly
infinite) CSU for any pair of terms.

A system of equations F' is a conjunction of the form u; = vy A ... A u,, = v, where
for 1 <1i <mn, u; = v; is a Y-equation. A unification equation is an expression u:s = v:t,
with [ls(u)] = [s] = [Is(v)] = [t], which is a shorthand for the system of equations
u=vAu=2xsANv =y (we will also write u = v, u:s, v:t). This means that we intend to
unify v and v, with resulting types s and ¢ respectively. A unification goal is a sequence
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(understood as conjunction) of unification equations, i.e., unification goals are systems of
equations with a specific format. A substitution o is a solution of a system of equations
F it £ F Ao for each ¥-equation A in F.

Admissible goals, or simply goals, are any sequence of w:s=v:t, u:s:=v:t, u:s—uv:t,
w:s—1v:t and v:t.

Given two types k and &', we call glbSorts(k, k') to the set of maximal types {r;}icr
such that k; < k and k; < K/, for ¢ € I.

Our calculus is defined by the set of inference rules in Figures 3.1 and 3.2, where given
a MEL sentence S if ¢, we call ¢ to the unification goal whose elements are obtained from
¢ by keeping the membership conditions and turning any equational condition of the form
u=v or u:=v into a unification goal u:ls(u)=v:ls(v) or u:ls(u):=v:ls(v).

The first two rules, [u] and [z], transform equational problems into rewriting problems
modulo axioms; rule [u] tries to solve a single goal by narrowing both terms in the
goal to unifiable terms modulo B, using the inference rules; rule [n] describes one step
of narrowing for unification where the conditions on the applied rule are turned into
subgoals and the instantiated right side of the rule (r#) is required to have a sort which
is a common subsort of S and T'; rule [t] allows us to apply several steps of narrowing
for unification; rule [i] decomposes a term allowing rule [n] to be applied to any subterm
of it; rule [r] allows instantiation of variables on unifiable terms; rule [m1] solves the
membership problem for variables, and rules [s] and [m2] for the rest of terms, using the
membership conditions in F.

When we apply one of the calculus rules for unification to a unification problem G;
with some inference rule [z] and substitution o;, yielding another unification problem
Git1, we display it as Gy ~[.] o, Gi+1 and say that there exists a narrowing step from G;
to G41 using the substitution o; and the inference rule [z]. [z] and o; may be omitted
when their actual values are irrelevant or can be inferred.

From a unification goal G a derivation is made applying rules of the calculus, gen-
erating a narrowing path. If the narrowing path ends in the empty goal, denoted by [
and written G ~,, Gy... ~,, U, or G ~; 0, with 0 = 01...uo,, then o4 @) is a
computed answer for G.

The main result for this calculus is:

Theorem 2 (Correctness of the calculus for unification). The calculus for unification is
sound and weakly complete, i.e., given a unification goal G, if G~ U, then Go can be
derived in =g p (equal to —rp, ) using the derivation rules in Figure 2.3, and if p is an
E/B-normalized idempotent solution of G, so Gp —w5B | then there is an idempotent
substitution p', such that p <g p' and G ~7 L.

See proof on page 48.

3.3 Reachability by conditional narrowing modulo

Conditional narrowing relies on conditional unification. As we have used the symbol —
in the calculus rules for unification, we will use a different symbol = in the calculus rules
for reachability. These new calculus rules deal with the ~» g p relation in the reachability
problems. Narrowing, we call it replacement here, takes place only at position € of terms,
thanks to new transitivity and imitation calculus rules.
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o [u] unification
us = vit, G’

w:s' — wpgis’ v — a8, G

where z[, fresh variable, s’ € glbSorts(s,t).

e [z| matching
u:s = v:it, G

vis' = us', G

where s € glbSorts(s,t).

e [n] narrowing
us = s, G

((¢,)G")pb

where u is not a variable, (¢)eq I=r (if ¢) € E has fresh variables,
0 € CSUp(u =1), and p={x[5 > 7}.

e [t] transitivity
u:s — vit, G’
u:s’ —! T[S, wpeis’ — vis ws', G
where z[, fresh variable, 5" € glbSorts(s,t).
e [i] imitation

flug, .. up)s = zgs, G
U8y —>1 x’[Si]:si, G'0

where u; ¢ X, s; = Is(u;),
0= {1‘[5] — f(ul, e Ui, x{si],u“_l, caey Un)},
and x{si] fresh variable.

Figure 3.1: Calculus rules for unification I
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e [r] removal of equations
u:s — vit, G’
(u:s’,G")0
with 8 € CSUg(u =v) and s’ € glbSorts(s,t)
e [s| subject reduction

u:s, G’

u:s =1 xpg:s, vpgs, G

with x4 fresh variable.

e [m1] membership
x[s):t, G’

(G")o
where = {z[ — x;} with x} fresh variable.

e [m2] membership
u:s, G

((¢,) G0

where (¢)mb v:t (if ¢) is a fresh variant, with ¢ < s, of a (conditional) membership in E
and 0 € CSUg(u = v).

Figure 3.2: Calculus rules for unification II
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Reachability goals are any sequence (understood as conjunction) of subgoals of the
form u:s = wv:t. Admissible goals, or simply goals, are now extended to be any sequence
of uis=vit, w:s='vit, uis=v:t, uis—uvit, w:s—'vit, uisi=v:t and v:t.

Given a reachability goal G = uy:s7 = viity, ..., Un:Sy = Upity, @ solution of G is a
substitution ¢ (ground or not) such that, for 1 <i < n, w;0:s;, vio:t;, and w0 —g/e Vo
(we will write u;0:s; —g/s v;0:t; as a shortcut). For executable rewrite theories, the last
requirement is equivalent to u;,0c —gg B v;0.

As for unification, in our calculus any reachability subgoal of the form u:s = wv:t is
equivalent to the reachability goal u — v, where for any solution ¢ of u — v in —>}% g we
require uo:s and vo:t.

We extend the definition of ¢ to conditions with rules: for any conditional rule [ —
r if ¢ € R, any rewrite condition in ¢ of the form s — ¢ is turned into a reachability goal
in ¢ of the form wu:ls(u) = v:ls(v).

Reachability by conditional narrowing is achieved using the calculus rules in Figures 3.1
and 3.2, extended with the calculus rules in Figure 3.3 which are now briefly explained.

e Rule [X] solves reachability problems by unification.
e Rule [R] applies one step of reachability narrowing.
e Rule [/] allows us to imitate narrowing at non root term positions.

e Rule [T] enables reachability narrowing modulo and multiple steps of reachability
narrowing. The use of the =! symbol in this rule disables continuous application
of the rule, forcing the generation of an actual narrowing step through rule [R],
maybe with several applications of rule [I] in-between, since rule [R] is the only one
that gets rid of the =! symbols.

The narrowing steps for reachability (='), which are generated by rule [T], impose no
sort, within the given kind on the right side of the step, since rewriting rules do not
need to be sort decreasing. From a reachability goal G, a narrowing path is constructed
by applying rules of the calculus. Each application of the reflerivity rule generates a
unification equation. These unification equations as well as any generated membership
goals must be solved using the calculus rules for unification. Again, if G ~»% [ then
Tuars(c) 18 a computed answer for G.

Theorem 3 (Correctness of the calculus for reachability). The calculus for reachability
s sound and weakly complete, i.e., given a reachability goal G, if G ~% U, then o is a
solution for G, and if 0 is an R/E-normalized idempotent answer for G, then there is o
idempotent, with 0 K¢ Oyars(c), such that G ~7 0.

See proof on page 53.

3.4 Narrowing example: Tower of Hanoi

As an example of our calculus we use the specification of the Tower of Hanoi puzzle and
the reachability goal
(3T2,b,¢):S = (a,b,T}):S

where from a State composed of one Tower with Disk 3 on top of it and two empty
Towers, Rods b and ¢, we want to reach a State composed of two empty Towers, Rods a
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[ X] reflexivity
us = vit, G
u:s = v:t, G’

e [R] replacement
us =1 xpgs], G’

((¢,), G")pb

where (¢)rl Il = r (if ¢) is a fresh variant of a (conditional) rule in R,
ug X, p={zx > r} and 0 € CSUp(u=1).

o [T transitivity

us = vit, G
w:s = (s, s = wii[s], @i[s] = vit, &

where z[, and x{s] are fresh variables.

[I] imitation
flur, .. up)s =1 xgls], G
u;is; =1 x{si}:[si], G0

where u; ¢ X, s; = Is(u;),
0 = {zpg — flu,.. .,x{si], .. Up)}, and x{si] fresh variable.

Figure 3.3: Calculus rules for reachability
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and b, and another Tower. The subscript of each variable means its type (sort or kind)
and we again write V, D, R, T, P, and S instead of ValidTower, Disk, Rod, Tower, Pair,
and State for readability. In this example one narrowing path is shown.
selection of B-unifiers would lead to other paths.

NARROWING EXAMPLE: TOWER OF HANOI

since they are similar to previous ones:

1. (3T%,b,¢):S = (a,b,T}):S ~= 1y

10.

11.
12. Fip

13.

14.

15.

Transitivity decomposes reachability into several rewriting narrowing steps.

- (3T9,b,¢):S = X1:S, XL:S =1 X2 :[S], X2:[S] = (a,b, T}):S

- (3a,b,¢):8 ~ i, Sls)S2syiS if Sls;SASZ S (S

] (T 0, X b (3a,b,0)) T2 is instantiated through rule [r].

. (3a,b,¢):8, (3a,b, ¢):S =" X:[S], X5:[S] = (a, b, T7):S

We focus on the first subgoal.

[S]i—>(3a b), S[s]b—)c}

¢S, (3a,b):S ~+pna,er- OK because R < S.

(3a,b):S ~~ ... similar to the two previous steps.

318~ (m2), X py Ry if X(py:DAR(ry:RAX py3, Ry —a}- O because V< 5.

. 3:D,a:R ~~ ... similar to previous steps. First subgoal finished.

(3a,b,¢):S ="' X75:[S], X{p:[S] = (a,b,T7):S. We focus on the first subgoal.

: 1 y2 .
(3a,b,¢):S = X[S}‘[S] ~ R Dy, By, X 51— Firy Gir) X (s) if

D[T] :T/\E[T] :T/\X[S] :S/\F[T] :T/\G[T] :T/\F[T] _G[T] :ZmOUG(D[T] _E[T] ),
0= {D T]r—>3a E[T]!—>C X[S]f—)b} p= {X[S] [S]'—)F[T],G[T],X[S]} NarrOWIHg Step'

(3a,b,¢):58,3a:T, c:T,b:S, (Fir) — G):[P] := move(3a — ¢):[P] ~ ...

— Gy:[P] = move(3a — ¢):[P] 1

move(3a — ¢):[P] = Fip) — Girp:[P] ~ g

Transitivity decomposes unification into several narrowing for unification steps.

move(3a — ¢):[P] ="' Yip:[P], Yip:[P] = Fir) — Giry:[P] ~ ),

QZ{X[D]}—)QS,T[ 1—a, R HC} p= {)/[P]’_)T[T] X[D R[R]}

Narrowing for unification step. Y|p) is instantiated to a ground term.

a — 3¢:[P), 3:[D], a:[T], c:[R],a — 3c:[P] = Fip) — Giy:[P] ~

A different
Some steps of the path are omitted
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16. a — 3c:[P] = Fir) — Gp: [P 2 [1],01={ Firysa,Gprp—3ey. Removal of equations.

17. a — 3c:[P] ~ ... We omit this and go back to the second subgoal on step 9.

18. (a,3c,b) : [S] = (a,b,T}):S ~x] ...

19. (a, 3C, b) 5 = XSIS, (a, b, T%)ZS — XSZS ] {Xs—(a,3¢,b)}

20. (a,3c¢,b) : S, (a,b,T}):S — (a,3¢,b):5 ~ ...

21. (a,b,T7):S = (a,3¢,0):8 ~ (11530 T is instantiated through rule [r].

22. (a,b,3¢): S~ ...0

From the substitutions in steps 2 and 21 the answer {T} > 3¢, T2 +— a} is com-
puted. The calculus has found that (3a,b,c):S = (a,b,3c):S, which is an instance of
the given reachability goal (3T2,b,¢):S = (a,b, T+):S, meaning (3a,b,c):S, (a,b,3c):S,
and (3a,b,c) =% ¢ (a,b,3c).

3.5 Results and proofs

Theorem 2 (Correctness of the calculus for unification). The calculus for unification is
sound and weakly complete, i.e., given a unification goal G, if G ~7 U, then Go can be
derived in =g p (equal to =g, ) using the derivation rules in Figure 2.3, and if p is an
E/B-normalized idempotent solution of G, so Gp —>*E/B T, then there is an idempotent
substitution p', such that p <g p' and G ~7 L.

Proof. We prove that given a unification goal G, if G ~»} [0 then Go can be derived,
so o is a solution for G in =g/, and if p is an E/B-normalized idempotent answer of
G (Gp =5 T), then there is p’ idempotent, with p <p o/, such that G ~, 0. For
clarity, we write © =g, v when Rp Fu — v and u =5, v when Rp Fu —' v.

1. Soundness: Soundness of the calculus is proved by induction on the length of the
derivation. We transform any goal (u:s op v:t) into (u op v, w:s, v:t), as explained
in Section 3.2.

Base step: proofs with length one. The only inference rules that delete goals
without creating new ones are [ml], and [m2] in the case of constants (i = 0) and
non conditional memberships:

[m1] membership
xpg):t
0

where ¢ = {x[y — x;} with x; fresh variable.
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Recall that z(y:t is a shortcut for zy = y, with y; fresh variable. The substitution
o = {xg—ay, yp—ay} is valid and x; = ) is derivable by reflexitivity. When
restricted to the variable in the problem (y; does not appear elsewhere), we get the
original 6.

[m2] membership, i =0, no conditions

u:s

OJ

where mb u : t is a membership in E, with ¢t < s.

Again, u:s is a shortcut for u = y,. Ast < s, 0 = {ys,—u} is a valid substitution and
u = wu is derivable by reflexitivity. When restricted to the variable in the problem
we get the id substitution.

Induction step: We assume that if a derivation from a goal G, with length n or
less, provides a substitution o, then Go is derivable and the associated unification
goal rewrites to T, that is, o is an answer of G. We have to prove that this property
holds for derivations with length n + 1. In the following we write v —%, v and
U —>7le v) as convenient shortcuts for Rg - u — v and R - u —! v, respectively
(see Fig. 2.3). We assume that G has the form g, G’, where G’ may be empty, and
check all possible calculus rules applied to g:

[u] unification
u:s = vit, G’

w:s' — xpgs’ v — wpeis’, G

where x[ fresh variable and s’ € glbSorts(s,t).

By induction hypothesis if there substitution o, computed answer for u:s’ — x(y:5’,
vit — x[):8’, and G’ then we can derive uc—g , T[s)0, VO—R ,T[s)0, U0 g 8" VO ¢ 8,
and G'o. Since s’ < s and s’ <t, we can derive uo :¢ s and vo ¢ t.

Due to the derivation rules in Figure 2.3, uc—x,z[¢#j0c can only be derived by a
chain of derivations us—5 s1... =g, Ui—ry2]»0 Where i can be 0, the last —x,
is a derivation using reflexivity (u,=px[sj0) and everything joins by transitivity.
The same goes for vo—g ,T(s0 (vj:Bx[sqa) and any other derivation t — t'.

go = wuo:s=vo:t. We are going to show that the equivalent problem in Rpg:
eq(uo,vo) A uo:s A voit. As uo ¢ s and vo :¢ t are derivable all that is left to
do is proving that eq(uo,vo) —x, tt. Applying congruence several times we get:
eq(uo, vo) _)71€E —>%2E eq(ui, v;). As u;=pryo=pvj;, from eq(zy), v)) — t
we derive eq(u;,v;) —g, tt (then also eq(u;,v;) —x, tt). Now, by transitivity,
eq(uo,vo) =g, tt.

o is a solution of g and also of G’, so ¢ is a solution of G.

[z] matching
u:s = v:it, G

vis' = ws', G

where s € glbSorts(s,t).
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By LH. if o is a computed answer of v:s'—u:s’ and G’, we derive uo :¢ s and
vo ¢ t, as before, and vo—g uc, SO VO VI... = Vi—r,uo, With uo=pv;.
Recall that in a MEL theory we treat matching logically as equality, the differ-
ence between them is computational, so go = uo:s=vo:t. Again, we show that
we can solve the equivalent problem in Rg: eq(uo:s,vo:t) =g, T. As we can
derive uo :¢ s and vo :¢ t, we have to prove eq(uo,vo) —g, tt. By congru-
ence, eq(uo,vo)—=g, ... =g, eq(uo,v;). From eq(zy),z;9)) — tt by replacement
with § = {z(s) = uo} (as eq(uo, v;) =p eq(uo,uc)) we have eq(uo, uo)—5, tt (and
eq(uo,uc)—g,tt). Then, by transitivity, eq(uo,vo)—gr,tt.

o is a solution of u:s:=v:t and also of G’, so ¢ is a solution of G.

[n] narrowing
us = s, G
((¢,)G")pl

where u is not a variable, (¢)eq I=r (if ¢) € E has fresh variables,
0 € CSUp(u =1), and p={x[5 > 7}.

As we are solving unification goals, either from the original problem or from a
condition in a conditional equation or membership, the goal u:s —! Tt may only
have appeared:

e by application of rules [t] or [s], so G’ has to include the subgoal wu:s.

e by application of rule [i], so s = Is(u). Then G’ does not include any unneeded
check since [s(uc) < Is(u) for any substitution o.

o = pbo’ is a computed answer for ¢ and G’, hence for u:s in either of the cases
above. By I.LH. we can derive uo :¢ s (trivially in the second case above), co and G'o.
upl = ub=pgll = lpf implies uo=pglo. We have the equation (c)eq [ = r (if ¢), and
we have derived co, so we derive uo _>%ZE ro, i.e. uoc =¢ ro. As p is idempotent,
we have ro = (xp)pfo’ = (xpp)fo’ = xpho’ = w0, s0 uoc =¢ x;o. Then we have
uo —! ro and , as uo ¢ s and uo =¢ x40, also x40 ¢ s.

[t] transitivity
u:s — vit, G’
u:s’ —1 T(e):S, wpeis’ — s uzs’, G

where x[ fresh variable and s € glbSorts(s,t).

If o is the computed answer, by I.H. we can derive uo —>}1E r[10 and Tj)0 —g, VO,
and uo :¢ s'. Then, by transitivity, we can derive uoc —x, vo, so uoc =¢ vo, hence
vo g s Since s’ < s and s’ <t, also uo :¢ s and vo ¢ t.
4] imitation

f(a):s =t xpg:s, G

w;i8; —1 x’[s,]:si, G0

where v is not a variable, s; = Is(u;),
0 = {1’[9] — f(ul, ey Ui, $Esi],ui+1, ) un)},
and xf ] fresh variable.
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As for rule [n], either s = Is(f(u)), so there is nothing to check, or G’ contains the
subgoal f(u):s.
o = 0o’, ¢’ computed answer for ui:si—>1x’[8d:si,x6’:s’ and G'0 as before. By L.H.
we can derive uia—>}zEx’[Si]a and G'o, hence f(u)o :g s. As uia—ﬁzEx’[Si]a, by
congruence, f(io)—g, 20, so f(io) =¢ x40, hence zo :¢ s.
[r] removal of equations

u:s — vit, G’

(u:s’, G")6

with 8 € CSUp(u =v), and s’ € glbSorts(s,t)

fo’' = o is a computed answer for G', ¢/, u:s’ and t:s’. By I.LH. we can derive o,
uo ¢ 8, vo ¢ s and G'o. v'0=pv'0 implies v'o=pgv'c and o is derivable, so each
instantiated variable has correct sort and then uoc=gvo. By reflexivity we derive
uo =g, vo. Again, as s’ < s and s <t, we get uo :¢ s and vo ¢ t.

[s] subject reduction
u:s, G’

u:s =t xS, rpgis, G

with [, fresh variable.

If o is a computed answer then, by I.H., we can derive ua%%zEa;[s}a, SO U0 =¢ T[40,
T[5)0 ¢ 8, hence uo ¢ s, and G'o.
[m1] membership
xps)t, G’
(G")e

where § = {z[, — x;} with z fresh variable.

By LLH., if 60’ = ¢ is a computed answer for G, then we can derive G'o.

As seen in the base case, z;:t is trivially derivable by reflexivity, so any instance of
r; has also sort ¢, hence x[o ¢ t.

[m2] membership
u:s, G’

((¢,) G")o

where (¢)mb v:t (if ¢) is a fresh variant, with ¢ < s, of a (conditional) membership in F
and 6 € CSUg(u =v).

0o’ = o is a computed answer of ¢ and G'. By LLH. co and G'o are derivable.
uf =p vl implies uoc =g vo. Then by membership, as co is derivable, we derive
uo :¢ t and, as t < s, again by membership we derive uo :¢ s.

2. Completeness: As previously stated, we assume that we have a complete B-unification
algorithm that returns a CSU for any pair of terms, so our substitutions may be
more general than the ones we are imitating, therefore improving the answer.
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We prove that if p is an F/B-normalized idempotent answer of G (Gp —* T), then
there is p" idempotent, with p <p p/,,q), such that G ~, . Completeness of
the calculus is proved by induction on the length of inferences in R = (X', B, Rg),
using the derivation rules in Figure 2.3, looking at the last inference rule used:
Base step:

(Reflexivity)

u—v

ifu:Bv

up =p vp allows the inference up — vp. By hypothesis, the complete B-unification
algorithm can compute some p/, with p < g/, answer of u =p v. Let s = Is(u) and
t = Is(v). By definition both s and ¢ are upper bounds on the type of u and v that
are satisfied by any substitution. Then, this memberships are always computable
in our calculus without instantiating any variables, except renamings of variables
that don’t affect <p.

s = Vit~ up'is, vp'it ~* O

On the rest of rules when no membership gets involved we omit the part on sorts.

Induction step:

(Transitivity)
U1 —1 U, Ug — U3

U — us

uLp —>%€E ug and us =g, ugp allow the inference uyp =g, usp, let s = ls(ug). Then
o=pU {x[s]:s — u2} is an idempotent solution for u1—>1x[s], T[] U3, SO U10 =g U
and w10 :¢ s, with z[y fresh variable. By I.LH. we can compute idempotent answers
01, 09, and 03, with ¢ <p (01 - 03) - 03 Kp 01 - 09 KLy 01, for u;:s —! T[S,
T[g01:8 — Uz01:s, and u10109:5. S0 (01 - 03) - 03 = p' U {x[q:s — uy} with p < o/,
S0 p K (010903) vars(us—us), A UIS—USLS ~>py US—> T 5)1S, T[iS—US:S, Uy tS st
T[s]01:8—U301:8, U1 0118 ~>7 UI010218 ~p .

(Congruence)
w; —t
flur, ooy, ooy uy) = flug, .o ul, o uy)
Let @ =y, - Uy, @ =ug, - ul, - u,, s =1Is(f(u)) and t = Is(u}). If p/ is an

idempotent answer for f(u)—'f(a'), because u;p' =, uip', then p=p'U{xj —uip'}
is an idempotent answer for uiélx’m, with x’m fresh variable. By I.H. there is o
idempotent, with p <p o, such that o is a computed solution for ui—>1x’m, SO
there exists # such that 06 =g p. Without loss of generality we assume i=1, let
ﬂ? = U2, " ,Up-

fla):s = f(@):s ~pg f(u)is =t apgs, f(0):s = f(T):8 ) gy (ol a2))

_ _ . LH
urit = wpgt, f(@y, Ue)is = f(uy, ta), f(U):s >

f(z)0,u0)—= f(uy0,U0), f(@)o:s ~p e f(U)ob s~ T
where ¢ € CSUp(zjyo = wjo), with § <p 0 because (z(,0)f=p(u10)d, and
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f(a)ol :¢ s because s = Is(f(u)). Then, 06 is an idempotent computed solu-
tion for f(u)—f(u') and p =p 00 <p o0
(Subject Reduction)
u—tovv:s
Vs
If p is a solution, by I.H. there is o, with p <p o, such that ¢ is a computed answer
for v —!' v and v : 5. Then, by subject reduction, o is a computed answer for u:s.

(Membership)
Alo... Ao

u:s

ifv:sif Ay... A, in Rg and u =g vo

This is a two step process. First, we find a rule that matches our term u and
we get 0. Then we find in instantion p of the conditions that allows us to derive
these conditions. We call c=A4;... A4, and c*=A7... A}. As c®op is derivable so is
cop. If op is a solution then, as vars(u)NDom(o)=0, up=uop=pvop , so there are
p € CSUp(u =), with p <p p/, and 0 such that op=pgp'¢’. Then:
UIS ~2[m2], t:s if c,p’ CPI-
The variables in cop are the same as the ones in vop, once the matching variables
in cop are instantiated. As cop is derivable and op=gp'0’, (cp')0’ is also derivable
in the same number of deriwation steps. By L.H. there is §” such that ¢p’ ~-j, O
and 0 < 0", so there is ¢” such that 0"0”"=g6#'. Then p'0"c"=pp'0'=pop, so
op Lp p'0". Now:

., LHY
WS ~ (), vis if ot CP ~ gn L,

and the computed answer p'6” is more general than op.
O

Theorem 3 (Correctness of the calculus for reachability). The calculus for reachability
s sound and weakly complete, i.e., given a reachability goal G, if G ~% U, then o is a
solution for G, and if 0 is an R/E-normalized idempotent answer for G, then there is o
idempotent, with 0 K¢ Oyars(c), such that G ~7 L.

Proof. We prove correctness of the calculus for reachability with respect to R/E-normalized
(equivalently E'R, B) idempotent substitutions for the executable rewrite theory R =
(E, 5, R) in —>R/g.

1. Soundness: We prove that given a reachability goal G, if G ~~* [Jthen G'o can be de-
rived, so o is a solution for G in —g/¢. In the proof of completeness we will see that
the set of computed answers is the same with respect to R/E-normalized idempotent
substitutions. Soundness of the reachability calculus is proved by induction on the
length of the derivation. Recall that all calculus rules always check correct typings
on the premises. We transform any goal (u:s = v:t) into (s = t, u:s, v:t), but we
may use both writings for simplicity. By our previous proof of soundness, we know
that if we compute a solution o for u:s=v:t we can derive uo =g vo,uo g s,v0 ¢ t
using the deduction rules for MEL. The proof is by induction on the number of
calculus rules from Figure 3.3 applied in the narrowing path, where we only check
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narrowing paths where the first rule applied is from Figure 3.3, since the rest of the
rules have already been considered in the proof of soundness for Theorem 2 and
=eC—Rye-

Base step: narrowing paths with one rule from Figure 3.3. We have a goal with
one element. The only new inference rule that deletes rewritings without creating
new ones is rule [X]:

[ X] reflexivity

u:s = vit

u:s = vt
If o is an answer computed by our unification calculus for u:s=wv:t, then uo :¢
5,v0 ¢ t, and uo =g vo so, by definition of —g/e, uc —pgse vo, hence o is a
solution for u:s = v:t in —pge.

Induction step: We assume that if a narrowing path G ~+} [ applies n or less
calculus rules from Figure 3.3, then Go is derivable, that is, ¢ is an answer of G.
We have to prove that this property holds for narrowing paths that use n + 1 rules
from Figure 3.3. We assume that GG has the form g, G’, where G’ may be empty,
and that the first calculus rule from Figure 3.3 has been applied on g:

[ X] reflexivity

us = vit, G’

u:s = vit, G’
As in the base step, if ¢ is the computed answer, then o is a solution for u:s = v:t
in —g/e. By LH., 0 is also a solution for G, so o is a solution for G in — /.

[R] replacement
us =1 xpg:s], G’
((6,)G")po
where (¢)rl Il = r (if ¢) is a fresh variant of a (conditional) rule in R,
ug X, p={x —r},and € CSUp(u =1).

As uf =p 10 then uf =¢ 10. If ¢’ is an idempotent computed answer for cpf and
G'pf then, calling o=pfo’, uoc =¢ lo and, by LH., co is derivable in —pg/¢, so
uo —>}%/5 ro, hence uo —p/s ro(= rgoo = rgo). By LH. uo :¢ s and G'o are
also derivable so o is a solution for G in —g/e.
[T transitivity
u:s = vit, G
ws — xS, Tps)is = ayis], apyls] = vit, G

where z[, and x{s] are fresh variables.

If o is the computed answer, by L.H. we can derive uo =¢ 1[0, 240 — g/ :c’[s]a,
x’[s]a —Rje VO, U0 ¢ 8, vo ¢ t, and G'o, as before. Then, by transitivity, we can
derive uc — /e vo, so o is a solution for G in —p/e.
[I] imitation

flur, .. up)s =1 xg:ls], G

uits; = @y (s, f(w):s, G'O
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where u; ¢ X, s; = Is(u;),
0 = {z — flug,.. .,x{si], . Un)}, and IE%] fresh variable.
Let 0 = 00', with o/ computed answer for u;:s; ="' w{si]:si,f(ﬂ):s, and G'. As
fluo) = f(ubo") = f(uo’) (x;g¢vars(f(u))), by LH. we can derive f(u) :¢ s, G'o,
and u;o:8; —p/e x’[Si]U:si, so also f(u10,...,un0) —pgse f(wo,. .., :E/[Si]O'. U0 ),
or f(u)o:s —pye xESi]a:si, and o is a solution for G in —pg/e.

2. Completeness: We prove that if p is an R/E-normalized idempotent answer for
a reachability problem G in —pg/e (=—gr.p), then there is o idempotent, with
p KLg Ovars(G), such that G ~»; L. Inferred sorts are treated as in the proof of
completeness of the calculus for unification. We don’t show the inferred sorts here.

The proof uses induction in the number of calculus rules applied from Figure 3.3:

Base step: one rule. Then G = w:s = vit, up =¢ vp, up : s, and vp : t, so
w:s = vit ~x) uis = vit ~5 0, with p <¢ 0yarg(q) by correctness of the calculus
for unification.

Induction step: more than one rule. We prove a required result, followed by the
proof of the induction step.

(a) We prove that if G = w:s = zy:[s], G', up : s, and there exists a term v in

Ts. such that up 71 v, then there exists o, with p U {z[4:[s] = v} <¢
&p.Y R(E),B

Ovars(c), such that G w(j; )G” 0.
By definition, p in Pos(up) has the form p;.--- .p,, ¢ has the form ¢ : | —
rif C, with fresh variables, up|, =g [0, C8 holds under —grp, and v =
(up)[rf],. By the same reasoning that we used in the proof of the completeness
of the calculus for unification, p must be a nonvariable position in u, otherwise
p would not be R/E-normalized, so u|,p = up|, =g 6.
Let o1 = {z) = ulzylpt, t = Is(ulp), ¢ = p1.--- pi, and t; = Is(ulg,), for
1 <i < n. Asul,p =p 0 and ¢ has fresh variables, then there exists a
substitution oa(= p'U#') in CSUp(ul,=l), with p <¢ o/, 0 <¢ 0', 50 G~ |
ulpt =1 wiy:[t] wis, ulgy ity oL ulg, a1, G'or = Gi. We can discard the
subgoals uly, :t1, -+, ulg, ,tn—1, that will hold trivially for any substitution,
so G ~(g,e, CO2,u09:8,uos|yit,G'o02 = Go. Again, we can discard the
subgoal uos|,:t that will hold trivially for any substitution.
As 09 = p' U0, then Gy = C8',up':s, G'oy04 so, as CH holds under —gr p and
§ <¢ ¢, there exists o3 such that  <¢ (0'03)vars(s)s P <K& (P'03)vars(Gs), and
Gy~ up'osis, G'oy0303 = G.

As up : s and p <¢ p'os then, by completeness of the calculus for unification,
there exists oy such that p <¢ (0'0304)vars(cy) and Gg ~ G'01020304. Then,
0 = 01020304 and p U {z[4:[s] — v} K¢ 0.

(b) We prove that if up —g/e vp (so up —grp vp), up : s, vp : t, and p is
a solution of G', then G = wis = vit,G" ~} O, with p <¢ Opepsq). We
distinguish two cases:

o up =g vp. Then uis = v:it, G’ ~x) us = vit ~7, G'o’, with p <¢ a;m(G)
by correctness of the calculus for unification, so there exists p’ such that
o - p/ = p.
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As p is a solution for G, then p’ is a solution for G'¢’. By L.H., there
exists ", with p' <¢ 07, (., such that G'o’ ~7, U, let o = o'0”.
Then, G~ O and p <¢ yars(a)-

up #¢ vp. Then rule transitivity is the first one to be applied. Recall that
—>}5R,B is =% p; —>}%(E) pand —grp (=—pg/e)is —ER.B) =E, 50 there exist
terms v’ and v' in Ts, such that up =¢ o’ —>}%(E)’B V' —grBUp. Asup:s
and up =¢ v’ then «’ : s and then, as v’ —>}2(E)’B V', also [s] = [ls(v')].

As wis = vit, G~y uis — xS, TS =7 rig:lsl gils] = vit, ' = Gh
and p' = p U {zjy — u'} is a solution of G} = w:s — wpy:s, because
up =¢ u', then, by completeness of the calculus for unification, there exists
o', with p' <p ogm(G,l), so there exists o} such that p’ =p JLW(G&) -0 and
u' =g w0'o], where G ~%, O, and Gy ~%, (x5 =1 i8], 2pg:[s] =
vit, G")o' = Ghs.

As/ —>}%(E)7B v and v/ =p x[50’0] then, by E-consistency of —>}2(E)’B with
B, there exists a term v” in Ty, such that v' =¢ v" and x[g0'0] —>}%(E) 5V,
so p" = o} U {z], — v"} is a solution of G = z(y0":s =1 iy:[s]-

By (a), there exists ¢”, with p” <¢ J;’M(G/Q), so there exists of such
that p" =¢ 07, ) - 01 and V" =¢ 2 0"0], where Gy ~7, (w)y:[s] =
vit, G')o'o" = Gs.

As v —grB vp, 50 V' =g vp, V' =g V" =¢ a:fs}a”ai’ = xis]a’a”a’l’, and

vp =vp =pvo'oy = vo'p" =¢ vo'o"oy, then x| 0'0"0] — /e vo'c"0], 0

o1 is a solution of G = (x,:[s] = vit)o'o”.
By LH., there exists 0", with o} <¢ 077 . ., S0 there exists 07" such that
vars(Gs) 01 and Gz ~7 G'o'o"o" = Gy, let = o'0"0™.

As vars(G') C vars(G) and (oza'l”)vm(g) = (0’0”0”’0’1”)vm(g) =5

(O—lo—/,o—i/)vars(G) —FE (O—/p,/)'uars(G) —FE (Olall)vars(G) —B p;m’s(G) = Poars(G)

then o}’ is a solution of Gj.

By LH., there exists 3, with 0" <¢ Buars(c), 50 there exists v such that
n

o1 =¢ Bvars(GQ;) - and Gy WE .

Let 0 = af. As Vo C vars(G), (aoy )vars(q) =¢ Poars(c) and o}’ =¢
/BUGT‘S(G4) e then Ovars(G) * 7V = (U’Y)vars(G) = (O‘B'V)vars(G) =¢ (ao—ll//)vars(G) =
(O'/O'”O'W "

g1 )vars(G) =& Puars(G), SO P <g Puars(Q) <e Ovars(G)> i-e-7 p L&
O vars(G)-

" __

]



Chapter 4

Sentence-normalized conditional
narrowing modulo

Once we have proved that conditional narrowing modulo is achievable, we address one
of the sources of state explosion in the first calculus: the fact that unification and reach-
ability steps can be interleaved in many ways in the narrowing paths generated by the
calculus.

Two versions of the calculus in this chapter have been published [AMPP15, AMPP18].
We discuss in this chapter the second one, which is a major revision of the former.

Our main contributions in this chapter are the definition of two new concepts, fresh
pattern property (FPP from now on) and narrowable rewrite theory, and the development
of two new narrowing calculi for these definitions, with the following characteristics:

e a larger class of rewrite theories is accepted by the calculus in comparison with the
first calculus, admitting extra variables anywhere in the rules;

e a larger class of reachability goals is admitted for solving, compared to the first
calculus;

e all terms are normalized before each calculus step, reducing the state space, i.e.,
some unification steps take precedence over any other feasible narrowing step;

e only normalized instantiations are allowed for reachability terms and extra variables,
also reducing the state space; and

e both calculi are sound and weakly complete, i.e., complete with respect to idempo-
tent normalized answers.

4.1 Concurrency specification example

A concurrency specification will be used as running example to explain the definitions in
a less abstract way. We review the needed terms. There are Users (abbreviated to u)
ul,u2,u3, and Tools (t) t1,t2,t3. Several Users, separated by commas, are a UserSet
(us) if all the Users are different. emptyU is the empty UserSet. Several Tools, separated
by semicolons, are a ToolBox (tb). There will be two ToolBoxes, the second one can
be seen as a workbench. emptyT is the empty ToolBox. Each User needs two different
Tools to work which can only be grabbed from the workbench: ul needs t2 and t3, u2

a7
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needs t1 and t3, u3 needs t1 and t2. We also have natural numbers, called Nat (n), with
constant 0 and function successor s. We can count the number of elements in a ToolBox,
obtaining a Nat, and compare two Nats with the function < obtaining a Boolean (b)
value of ok when the comparison holds. A State (st) is composed of two UserSets, and
two ToolBoxes, separated by | symbols. The first UserSet holds the Users that are not
working; the second UserSet holds the Users that are working. The first ToolBox is the
main one, while the second ToolBox is the workbench. There are two conditions that
a State must verify: first, the union of both UserSets must be a UserSet, i.e., each
User appears only once in the State; second, due to the size of the ToolBox, the total
number of Tools, including those being used, cannot exceed four. The initial State is
called init.
The rules that a State must follow are:

1. In the initial State nobody is working, and there are no Tools in the workbench.

2. When the workbench is empty, any two Tools that may be in the first ToolBox can
be put in the workbench.

3. When there are two Tools in the workbench and a User who is not working needs
those tools, he can grab them and work.

4. When a User finishes working, he puts the two Tools that he was using back in
the first ToolBox.

In Maude, the specification is:

mod CONCURRENCY is

sorts User UserSet Tool ToolBox Nat Boolean State .
subsorts User < UserSet

subsorts Tool < ToolBox .

ops ul u2 u3 : -> User .
op emptyU : -> UserSet .
ops t1 t2 t3 : -> Tool .
op emptyT : -> ToolBox .
op 0 : -> Nat

op s : Nat -> Nat .

op ok : -> Boolean .

op init : -> State

op _,_ : [UserSet] [UserSet] -> [UserSet] [comm assoc id: emptyU]
op _;_ : ToolBox ToolBox -> ToolBox [comm assoc id: emptyT]

op _l_I_I_ : UserSet UserSet ToolBox ToolBox -> [State]

op count : ToolBox -> Nat .

op _<_ : Nat Nat -> Boolean .

vars M N : Nat .

vars U U’ : User .
vars US US’ : UserSet
vars T T? : Tool .

vars TB TB? : ToolBox .
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mb ul, u2 : UserSet
mb ul, u3d : UserSet
mb u2, u3 : UserSet
mb ul, u2, u3 : UserSet
cmb US | emptyU | TB | TB’ : State
if count(TB ; TB’) < s(s(s(s(s(0))))) = ok [label Mi]
cmb US | U | TB | TB’ : State
if U, US : UserSet /\ count(TB ; TB’) < s(s(s(0))) = ok .
cmb US | U, U’ | emptyT | emptyT : State if U, U’, US : UserSet

0 [label E1]
s(count (TB)) [label E2]

eq count (emptyT)
eq count(T ; TB)
eq 0 < s(N) = ok .

eq s(M) < s(N) =M< N .

crl init => US | emptyU | TB | emptyT
if US | emptyU | TB | emptyT : State [label R1 nonexec]

crlUS | US> | T ; T” ; TB | emptyT =>US | US’ | TB | T ; T’
if US | US” | TB | T ; T’ : State [label R2]

crl ul, US | US> | TB | t2 ; t3 => US | ul, US’ | TB | emptyT
if US | ul, US’ | TB | emptyT : State [label R3] .

crl u2, US | US> | TB | t1 ; t3 => US | u2, US’ | TB | emptyT
if US | u2, US’ | TB | emptyT : State [label R4] .

crl u3, US | US> | TB | t1 ; t2 => US | u3, US’ | TB | emptyT
if US | u3, US’ | TB | emptyT : State [label R5] .

crl US | ul, Us’ | TB | TB?> => ul, US | US’ | t2 ; t3 ; TB | TB’
if ul, US | US’ | t2 ; t3 ; TB | TB’ : State [label R6] .

crl US | vu2, US> | TB | TB? => u2, US | US’> | t1 ; t3 ; TB | TB’
if u2, US | US> | t1 ; t3 ; TB | TB’ : State [label RT7]

crl US | u3, US’ | TB | TB?> => u3, US | US’ | t1 ; t2 ; TB | TB’
if u3, US | US’ | t1 ; t2 ; TB | TB’ : State [label R8]

endm

The nonexec attribute on rule R1 instructs Maude to not care about the new variables
that appear in the right side of the rule when checking its syntax. Maude will not use
the rule for rewriting purposes. The reflective capabilities of Maude allow the use of this
rule and all the others through the metalevel. The rule is used for narrowing purposes in
the example in Section 4.6. The prototypes for the other calculi in this dissertation use
the metalevel version of the given reachability problem and rewrite theory, including its
nonexec rules, to look for solutions.

4.1.1 Signature
In the concurrency specification example, ¥ = (K, S, F) is:
o K ={[us], [tb], [n], [b], [st]},

® S = {Shs, Stv)» Spa)> Spo)s S[st) }» Where
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S[us] = {u, us}, S[tb] = {t,tb}, S[n] = {n}, S[b] = {b}, S[st} = {St}.

o ['= {{_ ‘ _ | _ | _}usustbtb,[st]7{_7_}[us] [us},[us]a{_;_}tbtb,tba
{count o, {S}tanms {_<_}anp, {ul,u2,u3}y, {emptyUly,,
{t1,t2,t3}, {emptyT}ip, {0}n, {0k}p, {init}s}

4.1.2 MEL theory

The MEL theory for the concurrency specification example consists of ¥ = (K, S, F') and
the set of MEL sentences £ in Table 4.1, where the first row of MEL sentences represents
the subsort ordering in S. We omit the implicit subsorts for each kind, and the implicit
memberships for each constant, variable, and kinded function. By the executability
requirements of the theory, the associativity, commutativity, and identity axioms are
defined over kinds.

Ty @ US Ty tb (subsorts)

(Tfus]> Yus))» Zfus] = Tlus]s (Vjus) Zus])  (Tfen]s Yen)): Zfev] = Tfew); (Yen]s 2ep)  (associativity)
Tlus]; Ylus] = Yfus)s Lus] T{eb]; Yleo] = Yfe]; L[ev] (commutativity)
Tfus], €MPtyU = T[] Tfep); emptyT = X[y (identity)

Tys | emptyU | zup | Wep @ St if count(ze; we) < s(s(s(s(s(0))))) = ok
Tus | Yu | Zeb | Web : ST if Yu, Tus : uS A count(2zep; wep) < s(s(s(0))) = ok

Tus | Yu, ¥, | emptyT | emptyT : st if Yy, Y, Tys : US

ul,u2:us ul,u3d: us u2,u3d : us ul,u2,u3: us
count(emptyT) = 0 count(xy; Ysp) = s(count(yw))
0 < s(z,) = ok s(xn) < s(Yn) = Tn < Yn

Table 4.1: MEL sentences for the concurrency specification example

The conditional membership sentences for State (st) take into account that, when
checking the total number of Tools, any working User is holding two Tools. When two
Users are working, both ToolBoxes must be empty. If necessary it is also checked that
the union of the working UserSet and the non working UserSet is also a UserSet.

4.1.3 Rewrite theory

In the concurrency specification example, R has as elements the conditional rewrite rules
in Table 4.2.

4.2 Narrowing and narrowable rewrite theories

In this chapter we will use a stricter relation —>}9R,B compared to the one in Section 2.3.6.
Instead of allowing any number of E| B rewrite steps before an R(E), B rewrite step,
now we force the generation of an E, B-normalized term before an R(FE), B rewrite step.
Nonetheless, we will prove that this new and stricter relation is enough to mimic —J, Je"

Definition 3 (ER, B-rewriting). We define —ppp s (= pi — pmy.5)-
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init — Xy | emptyU | 24, | emptyT if ys | emptyU | 24 | emptyT @ s

Tus | Yus | Uei Ve; Zew | emMPEYT — Tus | Yus | Zew | Uei Ve 0f Tus | Yus | 2o | Uesve 1 8

UL, Tus | Yus | 2ep | 283 = Tys | UL, Yus | 2Zeo | emptyT if Xus | ul, yus | 2o | emptyT : s
U2, Tus | Yus | Zep | 183 = Tyus | U2, Yus | 2Zeb | emptyT if Xus | U2, Yus | 2o | emptyT : s
U3, Tus | Yus | 20 | 182 = Tus [ U3, Yus | 2ep | emptyT if Tus [ U3, Yus | 2eo | emptyT : s
Tus | UL, Yus | Zep | Wep — UL, Tus | Yus | 2535 2ep | Wep of Ul Tus | Yus | €213 2ep | Wi -
Tus | U2, Yus | Zep | Wep — U2, s | Yus | 1535 2ep | Wep of U2, Tus | Yus | TL513; 2ep | Wi -

Lys ’ usayus | Ztb | Wtp — u’3>$us ’ Yus ‘ tl;tQ;th | Wep Zf u-37':Eus | Yus ‘ tl;tQ;th | Wy -

Table 4.2: Rewrite rules for the concurrency example

The setting for narrowing that we present in this chapter relaxes the requirements
for the new variables that may appear in the rules in R, so R will stop being executable
and become narrowable, a new concept that is formalized later. With this definition, we
can use the metalevel of Maude to solve narrowing problems, but Maude’s rewrite engine
cannot be used to verify the solutions obtained for the theories belonging to this wider
class of narrowable rewrite theories, except when they are also executable.

The plan is to replace =¢ and :¢ with —g p, and —g/s with —gg p, but, as ex-
plained previously in Section 2.3.8, there is a problem that must be addressed to make
these replacements feasible. Consider a rewrite theory R with only one sort s, and
whose only rule is f(a,b) — ¢, where [ is associative and commutative (E = ()). The
term f(f(a,a),b) is a normal form in —pp 5, but f(f(a,a),b) =g, fla,c), because
f(f(a,a),b) =g f(a, f(a,b)), so the relations are different. This problem would not hap-
pen if R had another rule f(x[y, f(a,b)) — f(xy,c) that could be applied on top of
the term f(f(a,a),b) with matching x[) — @, modulo associativity and commutativity,
leading to f(f(a,a),b) —pgrp f(a,c). Rewrite theories, including those associated to
a MEL theory, that have these rules, avoiding such problems, are called closed under
B-extensions [Mes17].

4.2.1 Closure under B-extensions

Let R = (X, FU B, R) be a rewrite theory, and let ¢ : [ — r if C be a rule in R. Without
loss of generality we asume that vars(B) N wvars(c) = 0. If this is not the case, only the
variables of B will be renamed; the variables of ¢ will never be renamed. We then define
the set of B-extensions of ¢ as the set:

Extg(c) = {u[l], — u[r],if C |u=v € BUB 'Ap € Posx(u)—{e}ANCSUp(l = ul,) # 0}

where, by definition, B! = {v =u | u=v € B}.

Given two rules | — rif C and I’ — ' if C with the same condition C' we say
that | — r if C B-subsumes I — 1" if C iff there is a substitution o such that: (i)
dom (o) Nwvars(C) =0, (ii) I' =p lo, and (iii) ' =g ro.

In the general case presented in [Mes17|, computing closures as a fixed point of an
algorithm may generate sets of rules that are infinite.

From now on, we will consider as valid those rewrite theories R = (X, EUB, R) whose
axioms B are any combination of associativity, commutativity, and identity (ACU
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b E.B t2 b R(E),éQ
B‘ . B B ) B
bg s g bg s HB), La

Figure 4.1: Strict coherence of —p 5 and =5 5

rewrite theories).
Let ¢ : f(t1,t2) — t3 € R .The only axiom that requires the addition of new rules in
Ezxtp(c) is associativity.

o If f has the associative property, then Extg(c) will have a rule f(zy, f(t1,t2)) —
f (s, ts) (it could also be f(f(t1,t2), w) = f(ts, 2(5))-

e If f has the commutative property, v = v € BU B™!, with u = f(z,ys) and
v = f(ys], 7[s)), then u has no non-variable subterms so, by the definition of Extg(c),
no rule has to be added.

o If f has the identity property, assuming 0 is the identity for f, f(z,0) = x),
the non-variable subterm 0 only matches rules of the form 0 — ¢ yielding a rule
f(xq,0) = f(x[q,t), which is subsumed by the original rule 0 — ¢ with the sub-
stitution {x[ — 0}, since f(0,0) =5 0 and f(0,t) =g t, so also no rule has to be
added.

Definition 4 (Closed under B-extensions rewrite theory). We call R = (£, E U B, R)
closed under B-extensions iff for any rule ¢ in R, each rule in Extg(c) is subsumed by
some rule in R.

Theorem 2 and Corollary 3 in [Mes17| can be applied in a straightfordward way to
—p,p and =y p, and we get the following Lemmas.

Lemma 2 (Strict coherence of =1, ). Given a MEL theory (X, EUB) and its associated
rewrite theory Rg, if Rg is closed under B-extensions, then —)}E’B is strictly coherent,
i.e., for all ty,ty, ts if t1 = p ta and ty =p ts, then there exists ty such that t3 —p gty
and ty =p t4.

A diagram of Lemma 2 is shown in the left side of Fig. 4.1, where filled lines are used
for universal quantification and dotted lines are used for existential quantification.

Lemma 3 (Strict coherence of —>}%(E)7B). Given a rewrite theory R = (X, E U B, R), if
R is closed under B-extensions then _>}%(E),B 18 strictly coherent, i.e., for all ty,tq,t3 if
t —>}2(E)7B ty and t; =p ts, then there exists ty such that ts —>}%(E)’B ty and ty =p t4 (see
Fig. 4.1, right side).

Strict coherence of —>}E’B and —>}%(E)’B will be used later in the chapter to prove the
equivalence of —J, /e and —2 5 _>}~2( p.5; =¢ for narrowable rewrite theories.

Definition 5 (Normal form). Given a MEL theory (X, E'U B) and a term t € Tx(X), if
the associated rewrite theory Rp = (X', B, Rg) is closed under B-extensions and =, g is
sort-decreasing, terminating, and confluent, then the normal form of t is the unique (up
to B-equivalence and new variable renaming) canonical term tlp p.

When the MEL theory is also admissible then ¢y p is unique up to B-equivalence.
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4.2.2 FPP theories. Narrowable rewrite theory

In this section we will first define the new concepts of FPP MEL and rewrite theory. Then
we show how any MEL or rewrite theory can be turned into an equivalent FPP one by
changing the definition of some equations or rules. Finally, we will define the concept of
narrowable rewrite theory, which has the following assumptions relaxed with respect to
executable rewrite theories [CDET07]:

e a narrowable rewrite theory doesn’t need to be operationally terminating,
e it admits extra variables anywhere in the conditions, and

e it has no restrictions on equational, membership or rewrite conditions; only match-
ing equations have restrictions.

We want to apply narrowing only to normal terms, reducing the state space of our
narrowing problems. Matching with normal forms may not be safe in general. The use
of FPP theories will ensure the completeness of this procedure [CEM14].

Definition 6 (FPP MEL theory). A MEL theory (X,E U B) has the Fresh Pattern
Property (FPP) if for each sentence t =t if N[ A; ort:sif N, A in E, if A; has
the form u; := v;, then (vars(t) U vars(v;) U U;;ll vars(A;)) Nwvars(u;) = 0.

A matching equation in an FPP MEL theory is similar to a “let” expression in func-
tional programming, allowing us to define locally some value that is needed later in the
condition, or in the right part of a conditional equation. For narrowing purposes, the
restriction that we impose on matching equations will allow us to instantiate the extra
variables in u; (we call them matching variables) by B-unification of w; with the normal
form of some instance of v;, instead of performing a needless unification by E-narrowing.
The main difference with respect to “let” expressions is that this matching is done modulo
the axioms B, so we gain expressiveness.

Example 7. Let (3, E U B) be a MEL theory, with sorts item(i), multiset(m), and
state(s); subsorts i < m; constants a :— i, b :— i, and empty :— i; functions _;
m m — m (with associative, commutative, and identity axioms, i.e., those corresponding

to multisets), and [ ]: m — s.
If B ={[zm] = [Ym] if a;ym := )} then (X, E'U B) is FPP because the 3-equation
[zm] = [ym] applies to states, not to multisets, so a;y,, is a L-pattern, and y,, does not

appear in the left part of the X-equation.

What this equation does is to remove any occurrence of the constant a in the multiset
included within a state, just by matching the multiset with the Y-pattern (modulo the
azioms of the function ; ), leaving a state holding a multiset whose elements are the
remaining b’s, or a multiset whose only element is empty, if there were none.

Example 8. Consider the MEL theory (X, E U B) where:

K = {k‘}, S = {Sk}a Sk = {S}v F = {{a’ b7 ) d}sa {f7 [_’ _]}ss,s}a

with B = () and equations:

E={a=0b c=d,  f(z,y)=zif [v,2] := [z,y]}
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The MEL theory is not FPP because in the conditional equation the variable x appears
both in the left side of the matching equation [z, z] = [z,y] and in the left side of the
Y-equation f(x,y) = z. Among others, its associated rewrite theory, Rg, has rules:

{eq(wy,w) = tt, a = b, c—d, f(x,y) — zif [x,y] = [z, 2]} C Rg

E is admissible; _>]1E,B s confluent, terminating, and sort-decreasing. We have omitted
the sort in the variables when it is s. Rewriting the term f(a,c) in —>}E7B generates the
condition [a,c] — [a,2]. If we match [a,c] with [a, 2] before rewriting [a,c| in —p p we
get the match z — ¢, so f(a,c) — c. However, if we rewrite [a, c] to its normal form [b, d]
we get the condition [b,d] — [a, z] that does not match, so f(a,c) cannot be rewritten.

Using FPP theories we can rewrite any term to its normal form before matching. An
easy transformation allows us to turn any rewrite or MEL theory into an FPP one

Example 8 (continued). The transformed FPP MEL theory (X, E'U B) has equations:
E:{a:ba C:d7 f(l”y):ZZf [xlvz] 1:[1‘,%/\1‘:1’,}

where we have added a new wvariable ', and a new condition x = x' that forces both
variables, x and x', to be instantiated to E, B-equivalent terms. Now, in the associated
rewrite theory Rp:

feqlwn,wi) = tt, a— b, c—d, f(z,y) = 2 f [1,9] = [/, 2] A eqar,a') = £t} € R

E is admissible; _>1E,B 18 confluent, terminating, and sort-decreasing. Rewriting the term
f(a,c) generates the condition [a,c] — [2/, z]| Neq(a,x’') — tt now. Using rules a — b and
c — d we get [b,d] — [2,z] A eq(a,z’) — tt, where [b,d] is a normal form. Substitution
o ={2" — bz d} solves the first part of the condition, and the second part of the
condition becomes eq(a,b) — tt which, using the rule a — b, rewrites to eq(b,b) — tt,
true with rule eq(wg, wy) — tt and substitution {wy — b}. Then f(a,c) rewrites to d,
which s the normal form of ¢, so the rewritings in both examples are E, B-equivalent,
i.e., equivalent modulo £.

Definition 7 (FPP rewrite theory). A rewrite theory R = (X, E U B, R) is FPP if:
1. the MEL theory (X, E U B) is FPP and
2. for each rule l — r if N\, A; in R:

e vars(r) C vars(l) UJ;_, vars(4;) and
e if A; has form u; := v;, then:
— u; 1S a X-pattern and
— (vars(l) U vars(v;) U U;;ll vars(A;)) Nvars(u;) = 0.

This definition means that for each rule | — r if C' in an FPP rewrite theory we
admit extra variables anywhere in C'; even on the right side of matching equations, but
not in the right term r, and again we demand that for matching equations u; := v; the
variables in u; haven’t appeared before in the rule. We can relax these requirements
because we only need the rewrite theories to be narrowable (see definition below), while
we need the MEL theories to be executable, so we can get the normal form of any term
by E, B-rewriting.
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Figure 4.3: Canonical £-coherence of = ) 5 with =5 5

Definition 8 (Narrowable rewrite theory). A rewrite theory R = (3, E U B, R) is nar-
rowable if ¥ is prereqular modulo B; E, B, and R are finite; no left term in E and
R is a variable; the MEL theory (X, E U B) is admissible; and R satisfies the following
requirements:

1. R is FPP, and both R and the associated rewrite theory Ry = (X', B, Rg) are
closed under B-extensions.

2. The azioms in B are regqular, linear, and sort-preserving. Any variable appearing
i an axiom must be a kinded variable. Furthermore, equality modulo B must be
decidable and there must exist a finitary matching algorithm modulo B producing a
finite number of B-matching substitutions, Matchg(ti,t2) = {o;}1-, meaning that
t1 =g tao; fori=1,...,n, or failing otherwise.

3. The relation —>}3’B 18 sort-decreasing, terminating, confluent, and operationally ter-
minating.

4. _ﬁz(E),B is E-coherent with —p, p (see Fig. 4.2), i.e., for all ty,ty,t3 in Ts(X) we
have that if t, —>}B(E)’B ty and t; =% p t3 then there exist ty,t5 such that t3 =% p ta,
ty —>}%(E)’B ts, and ty =¢ t5. Again, we use a diagram with filled lines for universal
quantification and dotted lines for existential quantification

Remark 5. Figure 4.3 1s a special case of Figure 4.2, where we rewrite t1 to its canonical
form t1l, so tg = ty. It shows that E-coherence of —>}_—€(E) 5 with —>}E7B implies that t1 has
at least the same rewrite steps in %%ER’B as it has in —>}%(E) B, up to E-equality.

Remark 6. For narrowable rewrite theories, where (X,&) is executable, =¢,:=¢, and :¢
can be replaced with —g . In this case, as both %}%(E) p ond —gr p become restrictions

of —>}2/8 and —gye, respectively, then %E(E),Bg_)}z/g and —grBC— R/e-

Example 9. Consider a rewrite theory R = (X,E U B, R), where S = {s}, F =
{{a,b,¢c}s,{f}ss}, with B=10, E={a=0b} and R={f(a) — c}.

In this theory f(a) _ﬁ%(E),B ¢, but f(a) =5 5 f(b) and f(b) cannot be further rewritten
n —ﬁz(E),B: so the theory is not E-coherent. If we add the rule f(b) — ¢ to R then
fla) =55 f(b) _>}~2(E),B ¢, and we have an &-coherent rewrite theory.
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Example 10. The rewrite theory for the concurrency specification example is narrowable
if we decompose E in the following way: the set B contains the associative, commutative,
and identity equations in E; the set E contains the rest of equations and all memberships

m E.

For narrowable rewrite theories we can implement — /¢ using —gg . This theorem
links them and also —>}%/€ with —>}%(E) B

Theorem 4 (Reduction of —>}3/5 to —>}%(E)’B and —pg/e to —>grp). Let R = (3,€, R) be
a narrowable rewrite theory. Then, for any ty,ty in Tx(X): (i) t1 —>}%/5 ty if and only if
tid —>}%(E)7B t3 for some ts =¢ ty (where t3| =p to| serves as check) and (it) t; —p/e to
iof and only if t1 = gr B ta.

See proof on page 80.

4.2.3 Reachability goal. Solutions

Definition 9 (Reachability goal). Given a rewrite theory R = (3, EUB, R), a reachabil-
ity goal G is a conjunction of the form uy = vy A... ANu, = v, NG" where for 1 < i <n,
u;, v; € Ts(X),, for appropriate k;, and G' is a unification goal in R associated to a sys-
tem of sentences I in the MEL theory (3, EUB). The subgoals u; = v; can be interleaved
with the subgoals in G'. We define vars(G) = U, (vars(u;) U vars(v;)) U vars(G').

Definition 10 (Solution). A substitution o is a solution of G if o is an E-solution for
G', and u;oc —gje vio, for 1 <i < n.

If the substitution is idempotent we also say that the solution is idempotent. We
define £(G) to be the system of sentences u; = v; A ... Au, = v, A F. We say that o
is a trivial solution of G if it is an E-solution for £(G). We say that G is trivial if the
identity substitution id is a trivial solution of G.

Theorem 5 (Equivalence of E-solutions for systems of sentences and unification goals).
Given a MEL theory (3, E U B) and its associated rewrite theory R, if —>}E7B 18 termi-
nating, confluent, sort-decreasing, and closed under B-extensions, then for any system
of sentences F, an idempotent normal substitution o is an E-solution for F iff o is an
E-solution for its associated unification goal (G) in —p .

See proof on page 82.

As a conclusion, we can verify that o is an E-solution for F' by checking Go using the
relation —p p. Conversely, if we find an E-solution o for G, then o is an £-solution for
F.

4.2.4 F, B-narrowing. R(F), B-narrowing. F'R, B-narrowing.

Three narrowing relations are now presented for narrrowable rewrite theories R = (3, EU
B, R):

e the first one is used, given a term t, to find its instances to such that to —>}573 t,
for proper t';

e the second one is used, given a term ¢, to find its instances to such that to —>}%(E) gt
for proper t';
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e the third one, the union of the two previous narrowing relations, is the one that is
implemented in the calculus for reachability in this chapter.

Definition 11 (E, B-narrowing). Given an FPP ezecutable MEL theory (X, EU B), its
associated rewrite theory Rg, a term t in Tx(X), and a rule ¢ : | — rif C in Rg,
properly renamed so vars(c) N wvars(t) = 0, if there exists a non-variable position p in
Posx(t), and a substitution o such that t|,oc =p lo and Co holds in —g g, then we write
t ~ o p.p tr]po and say that there is an E, B-narrowing step from t to t[r],o

Definition 12 (R(F), B-narrowing). Given a narrowable rewrite theory R = (3, FE U
B, R), its associated rewrite theory Rg, a term t in Tx(X), and a rule ¢ : 1 — rif C in
R, properly renamed so vars(c) Nwvars(t) =0, if there exists a non-variable position p in
Posx(t), and a substitution o such that t|,0c =g lo and Co holds in —gg g, then we write
t ~, o re).p trlpo and say that there is an R(E), B-narrowing step from t to t[r],o

Definition 13 (ER, B-narrowing). We define ~gp 5 as ~pp g U~p p.

In conditional narrowing, given a term ¢ in T (X)) and a rule ¢: I — rif C' in R, we
start with a unifier o’ € CSUg(t|, = 1), for appropriate p, and recursively solve the new
goal Co’, using ~»pp, 5 for reachability conditions and ~», g for the rest, obtaining some
o as solution. Then o = ¢’ is the desired substitution such that ¢ ~ o BRrB HTpo

Example 11. Consider R = (3, E U B, R), where S = {s}, F' = {{a,b,c}s,{f, 9}ss.s}
E=0, and R={g(b,c) = ¢, f(a,zs) = bif g(b,zs) — c}.

Now, if we try to narrow the term f(xs,ys) with rule f(a,zs) — bif g(b,zs) — ¢
and unifier o' = {xs — a,ys — ws, zs — ws} we have to prove the condition g(b, ws) —
¢, which can be narrowed with rule g(b,c) — ¢ and substitution 0" = {ws; — ¢}, so
g(b, z5) ~>on grp c. Then, by composition of the substitutions o’ and ¢", we get 0 =
{zs— a,ys — ¢, zs — ¢} and we have f(xs,ys) ~oprp b. As a consequence, that will be
later proved, f(xs,ys)oc —rrp b, i.e., f(a,c) >grp b.

4.3 Sentence-normalized substitution and rewriting

We develop in this section the concepts of sentence-normalized substitution and sentence-
normalized rewriting.

Let (X, FUB) be an FPP executable MEL theory, and Rg = (X', B, Rg) its associated
rewrite theory. Executability allows us to incrementally construct the substitutions used
on —>1E’ p in such a way that we will only generate normal substitutions for matching
variables.

Let t € Ty, be a term, and ¢ : | — rif A, A, a conditional rule in Rg (we don’t
have to prove anything for unconditional rules). If [ matches ¢ using oy (t =p loo)
then for all ¢, 1 < i < n, if A has no matching variables we define o; = id; else if
Al =t — t; has matching variables (because the corresponding sentence ¢ in E has the
condition A; = t; :=t}), then (X, EUB) bemg FPP implies that each substitution o;, 1 <

J < i instantiates dlfferent variables, so U o 0; is properly defined, and dom(U; BO']) N

vars(t;) = (. Then (t/U; Lo =t U] Voj) = (t’U; —Lo; — t;). We define 0; to be
a matching of t; with (¢ U] 0 0)), that is tio; =p () UJ 4 0j)4. As we are matching

against an F, B-irreducible term, o; must be normal. The only exception is the first
substitution oy, which may not be normal but doesn’t instantiate matching variables.
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The extended substitution o that we need to apply the rule is o = (J!_,0;, where the
instantiation of all matching variables, | J;_, 0, uses normal terms.

Sentence-normalized substitution and sentence-normalized rewriting are based on this
fact. We show their connection to F, B-rewriting and E R, B-rewriting for our unification
and reachability goals. As we have already shown the link between =¢, :¢, and E, B-
rewriting, and also the link between R/E-rewriting and F' R, B-rewriting, all the properties
for the narrowing calculi to be presented in the next sections will only have to be related
to sentence-normalized rewriting.

Definition 14 (Sentence-normalized substitution). Given a narrowable rewrite theory
R = (X,F U B,R), its FPP executable MEL theory (3,E U B), and the associated
rewrite theory Rg = (X, B, Rg), for any conditional rule, ¢ : | — r if C in Rg or R
and substitution o, the sentence-normalized substitution o, s defined as o, = J|Um(l) U
0| Eotra(c), where Extra(c) = vars(c) \ vars(l) is the set of new extra variables in c. In
the case of rules in Rg, Extra(c) will only contain matching variables.

We are interested in computing normal solutions for unification and reachability goals
using only sentence-normalized substitutions, hence reducing the state space. We define
several new relations, where we introduce new notation for easier reading.

Definition 15 (Sentence-normalized rewriting). We will use the term sentence-normalized
rewriting (SNR from now on) and write t =5 t' (t =y t') instead of t = 5 t' (resp.,
t —ppt'), and also write t =} t' (t =y t') instead of t =} 5t (resp., t = prpt'), to
imply that only sentence-normalized substitutions have been applied in all rewrite steps.

Note that —>}V§—>}E7B, —NC—EB, :>}V§—>}%(E)’B, and =yC—gr p, S0 each relation
is sound with respect to its superset. Also, by the new definition of —>}%(E),B, if t =5 ¢
then t —Y t| =L t'.

The main result is that —y is complete with respect to —g p when rewriting to
normal form.

Lemma 4 (Completeness of sentence-normalized rewriting to normal form). Given an
FPP ezecutable MEL theory (X, E' U B), its associated rewrite theory Ry = (¥, B, Rg),
and terms t,t' € Tsy(X), if t »ppt' and t' is E, B-irreducible then t —y t'.

See proof on page 85.
As a consequence, it is always the case that t —' ¢].

Proposition 1 (Rewriting in = y with normal forms). Given a narrowable rewrite theory
R = (X,E U B, R), its FPP executable MEL theory (X, E U B), the associated rewrite
theory Rp = (X', B, Rg), and two terms t,t' in Ts,(X), if t =y t' then t| =y 1.

See proof on page 85.
The main result for =y is that = is complete with respect to —g/e.

Lemma 5 (Completeness of Sentence-normalized Rewriting for —pg/¢). Given a narrow-
able rewrite theory R = (X, E'U B, R), its FPP executable MEL theory (X, F U B), the
associated rewrite theory Rg = (X', B, Rg), and terms t,t" in Tx(X), if t —gse t' then
t =N t.

See proof on page 86.
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4.3.1 Results for solutions to unification and reachability goals

As a direct consequence of Lemma 4 we get that with respect to associated unification
goals the normal E, B-solutions are the same using —pg p, or —xy (which we call N-
solutions). Recall that o, = o for any normal substitution o and rule ¢ in Rp.

Theorem 6 (Equivalence of SNR for Solutions of Associated Unification Goals). Given
an FPP ezecutable MEL theory (X, E U B) and its associated rewrite theory Rp =
(3, B, Rg), a normal substitution o is an E-solution of a system of sentences F and
an E, B-solution of its associated unification goal G = N\;_,(t; — t}) (so tic —pp tio,
for 1 <i<n)ifftico >ntio,i=1,...,n (i.e. o is an N-solution for G).

See proof on page 86.

We also have that conditions and canonical conditions have the same E, B-normalized
solutions. This result is important because it will allow us to reduce the state space in
the narrowing problems by working only with canonical forms.

Proposition 2. Given an FPP ezecutable MEL theory (X,€) and its associated rewrite
theory Rg = (X', B, Rg), for any conditional MEL sentence ¢ in E, and corresponding
rule ¢ = s"if N\i_, wi — v; in R, if there is an E, B-normalized substitution o such that
w0 =g p vio, for1 <i<mn, then u;lo =y vio, for 1 <i <n.

See proof on page 86.

Another result is that the normal E, B-solutions of a unification goal are the same as
the N-solutions for G|.

Lemma 6 (Equivalence of Solutions for Normal Unification Goals). Given an FPP ex-
ecutable MEL theory (X, E U B) and its associated rewrite theory Rp = (¥, B, Rg), a
normal substitution o is an E, B-solution of the unification goal G = N\_,(t; — t}),
associated to a system of sentences F, iff t;lo —y tio, for 1 <i <n.

See proof on page 87.
The last result in this section shows that for reachability goals the normal E, B-
solutions are the same using — g g or =y (which we again call N-solutions).

Lemma 7 (Equivalence of Solutions for Normalized Reachability Goals). Given a nar-
rowable rewrite theory R = (X, E U B, R), its FPP executable MEL theory (3, E U B),
the associated rewrite theory Ry = (¥, B, Rg), and a reachability goal G = uy =
v A .. AU, = v, NG, where G is a unification goal associated to a system of sen-
tences I, and an idempotent normal substitution o, these three assertions are equivalent:
1. o s a solution for G,
2. o 1s an N-solution for G|,

3. o is a solution for G|.

See proof on page 87.
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4.4 Conditional Narrowing for £-solutions

Narrowing allows us to compute solutions for reachability goals. We implement narrowing
using a calculus with the following properties:

1. The calculus is weakly complete, i.e., for any idempotent E'R, B-normalized solution
of a reachability goal GG, the calculus can compute a more general answer for G.

2. The calculus is sound, i.e., if the calculus computes an answer o for a reachability
goal GG, then o is a solution of G.

We are going to split the calculus into two parts: the one that solves unification
goals and the one that solves reachability goals. We assume that we have a complete
B-unification algorithm that for any equation ¢ = ¢’ returns CSUg(t = t') away from all
the variables in (G, so all the unifiers are idempotent.

4.4.1 Transformation for unification with memberships

As the current existing unification algorithms in Maude are only valid for order-sorted
theories, we are going to develop a transformation that allows us to apply these algorithms
to our MEL theories at the kind level, and later takes into account membership informa-
tion provided by the variables in the calculus. As this transformation can impose a lot of
extra work to our calculus, because it doesn’t make use of order-sorted information for
computing B-unifiers, it would be desirable to identify which terms or subterms are not
suitable for order-sorted unification and apply the transformation only on those terms or
subterms. We show an algorithm that identifies the sorts that cannot be involved in an
order-sorted unification. We will apply the transformation only to terms of those sorts.

Non order-sorted unifiable sorts

From S, the set of sorts in our rewrite theory, we define the subset MB(S) of non order-
sorted unifiable sorts, see [LM09|, as the smallest subset of .S such that

1. if ¢t : s( if ¢)in E is not a subsort declaration then s € MB(S).
2. if s € MB(S) and s < ¢, with s,s" in S then s’ € MB(S).

3. if f: 815, — s is an function declaration, with s in S and s; € MB(S) for some
i, 1 <i<n,then s € MB(S).

Recall that for simplicity we only allow overloading of functions when their codomains
belong to the same kind. We define OS(S) = S — MB(S). 0OS(S) is the set of sorts
whose terms can be unified by order-sorted unification, no memberships can be involved
directly or indirectly, via functions, when checking whether a term has any of these sorts
or not.

Example 12. In the concurrency specification example, as ul,u2 : us s in FE, then
us € MB(S) using case 1. Also, as s | Yu, Yl | emptyT | emptyT : s if Yy, Yh, Tus : US @S in
E, then s € MB(S) using case 1. Then MB(S) = {us,s} and OS(S) = {u, t,tb,n, b}.
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Kinded function

Given two terms ¢ and ¢/, if Is(t) € OS(S) and Is(t') € OS(S) then we unify them
directly. Else, we compute the non well-formed substitution p = {z! — yfsd | 2l €
vars(t) U vars(t') A s; € S}, with each yfsl_] a fresh unsorted variable, and unify sp and
tp, terms that only have unsorted variables. From p = {z ~ yi,}/-; we generate the
system of sentences C' = A", yfsi} LS.

C' and p are computed by kinded(t,t') defined below in a Maude-like algorithm. V' is
the auxiliary set of already processed variables, function k processes lists of terms, func-
tion k1 processes individual terms, and function k0 discards V' and returns the pair (C, p):

kinded(t,t") =
kinded(t,t')

k((tr, ... ), (C, p,
k((#), (C,p, V) = K1(Z,

Lty )y (C 0, V) = K({t1s 1), (Cop, V)
kl(c, (C,p,V))=(C p V') where ¢ constant.
kl(zy,, (C,p,V)) = (C p,V)if 2, € V or k is a kind.
k1(z: ,(C,p,V)) = (C Ay E tsi, pU{E, =y bV U{z }) otherwise, with y/ , a fresh
Varlable.

(0, id) if Is(t) € OS(S) and Is(t') € OS(S)
kO ( ((¢,¢),(0,4d,0))) otherwise

)) ((t27'"7tn)7k1(t17(07puv>>)
t,(C,p,V))

KO((C, p, V) = (C,p)

The computed substitution p replaces the variables that belong to sorts that cannot
be unified with order-sorted algorithms with variables of the corresponding kind. The
computed condition C ensures that the new kinded variables are instantiated to terms
with the same sort as the original variables.

Lemma 8. Given an FPP executable MEL theory (X, E'U B) and its associated rewrite
theory R = (X', B, Rg), a substitution o, with dom(o) = vars(t) U vars(t') (i.e., all
variables are at least renamed), is an idempotent B-unifier of two terms t,t" in Tx(X) if
and only if o =p pyy, where kinded(t,t") = (C,p), v is an idempotent B-unifier of tp
and t'p, and ' is an E-solution for the system of sentences Cvy, where all substitutions
are always away from all the variables that have previously appeared.

See proof on page 88.

Example 13. In the concurrency specification example, let t = u2,x, and let t' = yys.
Then o = {x, — ul, yus — ul,u2} is a B-unifier of t and t' (because ul,u2 =g u2,ul).
As Is(t) = [us] and Is(t') = us, neither of them belonging to OS(S), we don’t have
direct B-unification algorithms for t and t', so we compute kinded(t,t'), with answer
p = {Ty ¥ Zpus) Yus > Vjus)}, and C' = Zpg) : US A Vpg) : us. Now tp = u2, 2pg and
t'p = vs). There is a complete many-sorted B-unification algorithm at the kind level for
tp and t'p that returns the answer v = {z[us] > Wiys], Vjug] — U2 w[us]} As Oy = Wy :
us A u2, Wi : us, then 7 = {wpys = ul} is an E-solution for the system of sentences
Cv, and {xy — ul,yys — ul,u2} = 0 =g pyy = {xy = ul, yys — u2,ul}, thanks to the
commutativity axiom for the function ,
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4.4.2 Calculus for unification strategies and rules

The calculus for unification uses the following strategies:
e Inference rules are applied with leftmost strategy.

e As we are computing E, B-normalized solutions and we have already shown the
equivalence of SNR-rewriting with respect to £/, B-normalized solutions for unifica-
tion goals, we have built-in the following strategy in our calculus: we only apply a
calculus rule if the composition of all computed substitutions remains idempotent
E. B-normalized with respect to all extra variables and all the variables in the ini-
tial unification problem. This means that we must keep track of all extra variables
that have not been instantiated to ground terms in order to be able to discard any
narrowing step that violates this principle.

e As we have also proved the equivalence of £, B-normalized solutions with respect to
normalized unification goals, we follow a second strategy in our calculus consisting
of normalizing the unification problem after each use of rules reduction or elimination.

It is later proved that we don’t miss any answer with these reductions of the state space.
Our calculus for £-solutions is defined by the inference rules in Figure 4.4. These rules
transform unification problems of the form ¢t — ¢/, or t|, ="' xy, t[xx], — ' (x) fresh vari-
able, with k£ = [Is(t|,)]), both having the same meaning: find a substitution ¢ such that
to —p p t'c. Note that in the second type of subproblem, ¢ can be easily reconstructed
as t = t[xy]pp, with p = {zy — t|,}. The goal G’ represents the rest of unification sub-
problems that have not been processed yet, if they exist. We show G’ in an inference rule
only when it can be affected by instantiation and further normalization.

Note that unification goals are a subset of unification problems. For any subproblem
of the form t — ¢/, if t =5 ¢’ then we always apply rule elimination with substitution
id, which is more general than any other possible computed answer. After applying rule
transitivity we get a unification problem t|, —' zy, t[z4], — ¢/, where we perform an actual
narrowing step in ¢ using rule reduction, or we perform an actual narrowing step in some
proper subterm of £, applying several times rule congruence to reach the desired subterm,
followed by an application of rule reduction. Such narrowing steps have a kinded variable
xk as target, because although ¢ may have some sort s when it is sufficiently instantiated
with some substitution o, ¢ will have kind k = [s] for partial instantiations, but it will
usually have no sort. Rule membership is needed to lower the type of a variable so it has
a desired sort. It is the most general way of instantiating the variable.

Our transformation of the rules in Rg and R generates additional membership sub-
goals. Many of them are trivial and don’t need any further instantiation after, or become
trivial after several calculus steps are applied to other subgoals. By normalization, these
trivial membership subgoals t:s — tt, with ¢ ground usually, become tt — tt and they
will be removed from the problem with the elimination rule and substitution id. If sub-
goals were not normalized, there would be a significant overhead in the calculus only in
order to prove these trivial subgoals, not to mention all the overhead generated by apply-
ing narrowing to all the subgoals that may exist in a rewriting path between a subgoal g
and its normalized version g|.

When we apply one of the calculus rules for unification to a unification problem Gj
with some inference rule [7], substitution o;, and (maybe) rule ¢ from Rp, yielding another
unification problem G, we display it as G ~[j(c),0;, Gi+1 and say that there exists a



4.4. CONDITIONAL NARROWING FOR £-SOLUTIONS 73

[t] transitivity
t—t (ANG)
t —! Ty LTy — t (/\G/)

where k = [Is(¢)]

e [c] congruence
tly =t zp, tlzy], =t (AGY)
t|p.z‘ —! yk’at[yk’]p.i — 1t (ANG)

where t|, = f(t1,...,t,), 1 < i <n, k' = [Is(t|p.;)], and yx is a fresh variable

r] reduction
g t tly =t zp, tlzg], =t (AGY)
(((C) Atlr], = T'(AG"))0)L

where t|, ¢ X, | — r (if C) is a fresh instance of a rule in Rg,
k= [Is(t)], and 8 € CSUg(t|, =1)
e [¢] elimination
t—t (ANG)
(e

where 0 € CSUg(t =1')

Figure 4.4: Inference rules for £-solution by conditional narrowing.
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narrowing step from G; to G;11 using the substitution o;, inference rule [i], and (maybe)
rule c. [i], ¢, and o; may be omitted when their actual values are irrelevant or can be
inferred.

Proposition 3. Given an FPP ezecutable MEL theory (X, FE U B) and its associated
rewrite theory Ry = (X', B, Rg), after applying the transitivity rule followed by zero or
more applications of the congruence rule to a unification problem of the form t — t' we
get another unification problem of the form t|, —' xy, t[zg], — t' with k some kind in ¥’

See proof on page 88.
This proposition means that after applying the transitivity rule [¢] to a unification subgoal
and before applying the reduction rule [r], all generated unification subproblems that use
the —! symbol will have the same shape: t|, —' z, t[z}], — t/, for some p € Pos(t), with
k = [ls(t|,)], and =y, fresh variable. As we always start our inferences from a unification
goal, we can assume that a unification subproblem has this shape when there is a —!
symbol within the subproblem.

Again, from a unification goal G a derivation is made applying rules of the calculus.
If the derivation ends in the empty goal, denoted by [ and written G ~»,, G1...~,, 0,
or G~ [, with 0 = 0y ...0,, then o, is a computed answer for G.

Definition 16 (normalized goal). Given a narrowable rewrite theory R = (3,€, R), its
associated rewrite theory Rg = (X', B, Rg) and a condition in Rg (or a unification goal)
G = N\, t; = t;, we define the normalized condition (or goal) G| as A\, t;} — t].

Recall that for a unification goal associated to a system of sentences or a condition in
Rg, Gl = \_, t:l — t; because ¢ is always tt or a X-pattern.

The calculus for unification is sound and weakly complete, i.e., complete with respect
to normalized goals and idempotent E R, B-normalized solutions. We prove the complete-
ness of the calculus with respect to normalized goals (by Lemma 6) and E, B-normalized
idempotent solutions (more general than E'R, B-normalized solutions). In this way, we
can independently apply this part of the calculus to any FPP executable MEL theory,
even if it is the case that the MEL theory is not underlying some rewrite theory.

Theorem 7 (Soundness of the Calculus for E-solutions). Given a narrowable rewrite
theory R = (X,&, R), its FPP executable MEL theory (X, E'U B), the associated rewrite
theory Rp = (X', B, Rg), a system of sentences, and its associated unification goal G, if
o is a computed answer for G| then o is an idempotent E, B-normalized E-solution for

G.
See proof on page 89.

Theorem 8 (Weak Completeness of the Calculus for £-solutions). Given a narrowable
rewrite theory R = (X,&, R), its FPP executable MEL theory (X, E'U B), the associated
rewrite theory Rg = (X', B, Rg), a system of sentences F, and its associated unification
goal G, if o is an idempotent E, B-normalized & -solution for G then there is an idempotent
E, B-normalized substitution v, with 0 <Kp YVyars(a), sSuch that G| ~2 0.

See proof on page 90.

Example 14. In example 15 we had Cvy = wyg @ us A u2,wpg : us, and we used
v = {wns — ul} as an E-solution for the system of sentences Cy. The associated
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unification goal G for Cy is wpe : us — tt Au2,wye : us — tt, and G| = G. The
narrowing derivation that finds ~', where we write T as a shortcut for Truth, uses the
rule E'1 : up, us:us — tt in Rg that comes from the membership uy, us:us in E:
G~ g} U2, s ©US = L 21 U2, Yoo S = 1], Tr] = TE 1] 11 {yugrus o)
tt — tt ~ g O

The inference rule [r] can be applied thanks to the commutativity aziom for the function
_,_ that yields ui,uy : us =p ug,uy : us. As vars(G) = {wpg)}, and 01 = {Wis — Yus }
and o9 = {yus — Uy, Ty = tt} are the substitutions in the narrowing derivation, then
(0102)uars(G) =7

4.5 Reachability by conditional narrowing

In this part of the calculus, given an FPP narrowable rewrite theory R = (3, E U B, R)
and a reachability goal GG, we will solve the normalized reachability goal G| and prove
that it has the same FE. B-normalized solutions as G. We will use a transformed set of
rules R where for each rule I — r (if A, A;) in R, there is a rule [ — 7 (if A, A}) in
R such that:

o if A; has the form t; — ¢, then A} is t; = ¢,

o if A; has the form ¢; : s; then A} is t;:s;, — tt,

e if A; has the form t; := t; then A} is t; — ¢;, and

o if A; has the form t; = ¢ then A} is eq(t;,t}) — tt.

That is, we apply the same transformation that we used in the rewrite theory associated
to a MEL theory, and replace each — symbol in conditions with a new = symbol, so we
can distinguish reachability conditions from equational conditions.

4.5.1 Calculus for reachability strategies and rules

Reachability by conditional narrowing is achieved using the previous calculus rules in Fig-
ure 4.4, extended with the calculus rules in Figure 4.5. These new rules transform reach-
ability problems that have the form t = ¢/, t|, = xy, t{zy], = t/, or t|, = xp, t{xy], =t
(z), being a fresh variable, where k = [Is(t],)]), all of them having the same meaning: find
a substitution o such that to —grp t'o. Like unification goals, reachability goals are
a subset of reachability problems. We show the rest of the reachability goal, G’, in an
inference rule only when it can be affected by instantiation and further normalization.
The calculus for reachability uses the following strategies:

e Inference rules are applied with a leftmost strategy.

e As we are computing F, B-normalized solutions and SNR-rewriting is equivalent to
normal rewriting with respect to E, B-normalized solutions for reachability goals, we
only apply a calculus rule if the composition of all computed substitutions remains
idempotent E, B-normalized with respect to all extra variables and all the variables
in the initial reachability problem, that is, when we apply a rule [ — r (if C)
in R the only variables that need not be instantiated with an idempotent E, B-
normalized substitution are those in vars(l).
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[z] reflexivity
t=1t (NG
eq(t, ')} — tt (AG")

[t] transitivity

t=t (AG) t=t (AG)
t—1 T, T =t/ (/\G’) t =1 T, Ty = 1 (/\G/)

where ¢t ¢ X, and k = [Is(t)]

[c] congruence

tly =z, tlzg], =t (AGY) tlp =1z, tlzy], =t (AGY)
tlp = U, tlywlps = t' (AG) tlp.s =1 yw, tywlps = U (AG)

with t|, = f(t1,...,tn), 1 <i<n,t; ¢ X, k' = [Is(t|p.;)], and y, fresh variable

r| reduction
g tly =z, tlze], =t (AG')
(((C) Atlr], = U(NG"))0)L

where t|, ¢ X, 1 — r (if C) is a fresh rule in Rg and 0 € CSUp(t|, =1)

w| rewrite
v tly =t zp, tlzy], =t (AG')
(((C) Atr], =t (AG")0)

where t|, ¢ X, 1 — r (if C) is a fresh rule in R, § € CSUg(t|, = 1), and t0 E,B-normalized

Figure 4.5: Inference rules for reachability by conditional narrowing.

As there is also an equivalence of solutions and N-solutions with respect to nor-
malized reachability goals, we follow a second strategy in our calculus consisting
of normalizing the reachability problem after each use of a conditional rule in the
calculus.

Rule rewrite is applied on t|, with substitution 6 only if the whole term ¢6 is
FE ., B-normalized.

We explain the meaning of these rules, recall that —gr B is = 5g p; =¢:

The reflexivity rule applies the =¢ part of the definition for —gg 5. It is the only
rule having a = symbol as an antecedent but not as a consequent, so it must be
applied in every derivation from a subproblem of the form t; = ¢ to get rid of the
= symbol. If a solution o generates a derivation with zero rewrite steps in —gg 5,
this means that t;0c =¢ to, so we can find this substitution or a more general one
by applying the reflexivity rule. The resulting subproblem eq(t;,¢;) will be solved
using the calculus rules for unification.
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e The transitivity rule has been expanded. Now it can also apply the —>}%(E) p part

of the definition for —>}5R’B, invoking the use of the congruence and rewrite rules to
generate one actual reachability step (=') for reachability subgoals t = t'.

e The congruence rule has been expanded to deal with —! followed by =, and =1
followed by =-. It has the same meaning as in the calculus for unification.

e The reduction rule has been expanded to deal with —! followed by =. Tt also has
the same meaning as in the calculus for unification.

e The rewrite rule is the only one that may generate instantiations, by using some
rule 7 from R. It gets rid of the =' symbol generated by the transitivity rule,
and propagated by the congruence rule, transforming equational and membership
conditions in rule r from R into their equivalent unification conditions in Rg. After
the congruence rule has selected a subterm ¢|,, we apply rewrite using rule 7 with
some B-unifier 6, only if the whole instantiated term t6 is E, B-normalized. This is
an improvement over previous reachability calculi for narrowing that only required
the instantiated subterm t|,0 to be E, B-normalized.

The calculus for reachability is sound and weakly complete.

Theorem 9 (Soundness of the Calculus for Reachability). Given a narrowable rewrite
theory R = (X, E U B, R), its FPP ezecutable MEL theory (X, E U B), the associated
rewrite theory Ry = (X', B, Rg), and a reachability goal G, if o is a computed answer
for G, using the transformed set of rules R, then o is a solution for G.

See proof on page 92.

Theorem 10 (Weak Completeness of the Calculus for Reachability). Given a narrow-
able rewrite theory R = (3, EU B, R), its FPP executable MEL theory (X, E U B), the
associated rewrite theory Rg = (X', B, Rg), and a reachability goal G, if o is an idem-
potent E'R, B-normalized solution for G then there is an idempotent E, B-normalized
substitution 7y, with ¢ <Kp Yuars(q), such that G| ~2 U using the transformed set of rules

R.

See proof on page 93.

4.6 Narrowing example: concurrency specification

This is an application of the calculus, using the concurrency specification example. Con-
sider the reachability goal G = init = z, | yus | 21522 | 21522, where from the initial
State init, we want to reach a [State] with one waiting User, two Tools in the
ToolBox, and the same two Tools in the workbench. The reachability goal is already
normalized. An excerpt of the Maude module with the most relevant membership, equa-
tions, and rules follows:

mod CONCURRENCY 1is

cmb US | emptyU | TB | TB’ : State
if count(TB ; TB’) < s(s(s(s(s(0))))) = ok [label Mi]
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eq count(emptyT) = 0 [label E1]

eq count(T ; TB)

crl

s(count (TB)) [label E2]

init => US | emptyU | TB | emptyT
if US | emptyU | TB | emptyT : State [label R1 nonexec]

crl US | US> | T ; T> ; TB | emptyT =>US | US> | TB | T ; T’

endm

if US | US> | TB | T ; T’ : State [label R2]

We abbreviate emptyT to €, emptyU to €,, and count to c. We will also write F'
instead of @y | yus | 245 2 | 25 78

1.

L Tfg 1 US = LEA TRy Tt = tE AT

init = F Y

Rule transitivity is always needed before an application of rule rewrite.

init =! x[lsl, x[ls] = F ~[w],R1

Rule rewrite is applied with the transformed rule for R1, where the membership
condition has now form z2_ | €, | 23, | € : s — tt. We apply the transformation for

unification with memberships and compute pg = id and Cy = () because init has

no variables.

R A I R A A el A B e S

We apply rule transitivity again, followed by rule reduction with the fresh rule z?_ |
eu | 72 | 28 1 s — ttif eq(c(xd,;28,) < s(s(s(s(s(0))))),0k) — tt associated

to the conditional membership M1. We omit the result of the transitivity step. We

2 5
us [tb]’

Cy = {afq 1 us ATyt tb AT

compute p; = {x

2 .3 3 4 45 6 6
= Thg)r Tep T Tus ' Tiug)s Top F> Tl Tip x[tb]} and

P us A2y 0 thb Afy,) ¢ tb}. Instead of solving

s]

the unification problem and use the obtained unifier, we apply p; to the whole
reachability problem and add the condition associated to C; in Rg in front of
the reachability problem, which is an equivalent approach for leftmost narrowing,
because in this way we must solve the unification problem before we can continue

with the reachability problem. The obtained unifier is oy = {x%us] = xﬁsl,xf’tb} =
7

x?tb], xﬁls] = Tl xftb] — :c?tb],m?tb} + ¢ }. The condition x¢ | © tb — tt becomes

[tb
€ : tb — tt which after normalization is tt — tt. Also c(z,;2%,) becomes

C(x[8tb]; €t), and then it becomes C(‘T[Stb]) after normalization.

1US = tEATfy tth = tEATE — A

us] s]

eq(c(Tly)) < s(s(s(s(s(0))))), 0k) = tE Azl | € | Wy [ & = F = g~p 0, o)

tE = TE ALy tth = B ATt us = tE AT, b = tEATE = tEA

eq(c(ay) < s(s(s(s(s(0))))), 0k) = tt Aal | € | ahy e = F g
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[] tth — tt Att = tt Azl ith — tt Att — ttA

[eb] -

eq(c(x [tb]) < s(s(s(s(s(0))))), 0k) = tt Az’ | €, | x[tb] | er = F ~pp, a8, o)

Lttt o ttAtt = ttAtt = ttAtt = ttAeg(c(2d,) < s(s(s(s(s(0))))), ok) — ttA

wlo | €u | 28 | € = F ~ (g~

Rule elimination removes the trivial subgoals We have finished solving the unifica-

tion problem, with unifier {22, — 27 23 > 28,2t — 27 23 — 25 28 — ¢},
so we continue with the reachability problem. We apply rules transitivity, congru-
ence, and reduction several times using the rules associated to equations E1 and E2.
As the involved sorts are in OS(S) we can use the complete order-sorted unification

algorithms without any transformation.

- eqlc(aty) < s(s(s(s(s(0))))), 0k) = tt AL, | € | Sy | & = F oy

. eq(c(z8,) < s(s(s(s(s(0))))), ok) —* a:m x[T] Sttt Azl e |2l | &= F ~yg

c(x3y,) < s(s(s(s(s(0))))) =" wpy, eq(ay), ok) = L Awg [en |28 [ & = F g

c(afy) =" ), eq(wy < s(s(s(s(s(0))))), 0k) = ttAxy | € | 23y | & = F ~>pg2o,

Rule reduction is applied with equation E2 and unifier oy = {28, + 2% 253}

eq(s(c(2)) < s(s(s(s(s(0))))), ok) = tt A, | €, | al2iali | & = F oy

We omit some steps here.

€Q(S(S(S( ((c(z1p)))))) < s(s(s(s(s(0))))), ok) = ttA
s | o |t attad b all | 6 = F ~oy
We also omit some steps here.
C(«%’ii) = ), eqp)(s(s(s(s((zy)))) < s(s(s(s(s(0))))), ok) — ttA
wslew oot a ab a8 | 6 = F ~ 510
Now o3 = {2 — &}, so x[ ] — 0. Observe the great simplification of the reacha-
bility problem after normalization.

tt = tt Azl | e, | 2ttt a2l |6 = F o

7| ew | 2% alt 225, 16|€t:>FWH

7 12. ,.14. ,.15. .16 1 ,.20
Lus | €u | T3 LTy Ly Ty |€t = L) L [s] :FW[ 1,R2

In order to apply rule rewrite with rule R2 we compute p, and C5, as in step 3, and
use them to obtain a B-unifier. We skip these steps, and show the resulting reach-
ability problem, where z!? and z!* have been moved to the workbench. Observe

that the condition in R2 is trivial after substitution and normalization.
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18. tt = tt Aal |6 | 220 | ool = F ~pg

19. 2l [ eu [ 2 [ o 0" = wa | yue | 25520 [ 24528 i

Now we remove the = symbol, unifying both terms.

20. eq(iy | eu | o’ me® [ @ oyt 2u [ s | 2052 | 205 20) = 88 ~~plo

Again, the B-unifier o4 is obtained by previously computing p3, where all sorted
variables are replaced with kinded variables and C3, which forces each kinded vari-

able to have the specific sort that it had before applying p3. As a final result, we

get the computed answer o = 04|vars(c) = {Tu > T2!, Yus > €4, 2p > 122,22 5 2B}

21. tt = tt ~opg O

So we have found a very general computed answer for our reachability problem G =
init = @, | yus | 21522 | 215 22, where x, can be any user, y,s must be emptyU, and z]
and z2 can be any tool.

4.7 Results and proofs

Here we show the proofs for this chapter, together with some needed technical results.

Theorem 4 (Reduction of =% ¢ to —p ) 5 and —gse to = prp). Let R = (X,&, R) be
a narrowable rewrite theory. Then, for any ti,ty in Ts(X): (i) t —>}%/5 to of and only if
tid —>}%(E) 5 ts for some t3 =¢ to (where t3] =p tol serves as check) and (ii) t1 —g/e t
’Lf and OTLly Zf 1 —ER,B t9.

Proof. The if part of (i) is immediate just by noticing that as R is narrowable then
t =¢ t1l. As t1] —>}%(E)73 t3 then, by Remark 6, ¢;] —>}%/5 t3 and, as a consequence, for
any t, such that ty =¢ t5 we get t; —>}2/5 to.

The if part of (ii) follows trivially from Remark 6.

We prove the only if parts of (i) and (ii) by induction on the depth of the derivations,
i.e., if we represent the reachability conditions in a derivation as a tree, where the root is
either t1] —>}%/5 ty or t1] —Rse to (in this case there will be as many branches as —>}%/5
rewrite steps from t; to ts), its depth is the length of the longest branch. We also prove
that each derivation with —gg p (also having one branch for each —>11ER’B step) has, at
most, the same depth as the corresponding derivation with — /.

As (¥, EUB) is executable then, by Section 2.3.8 (Executable MEL theory), —g/p=—g5
so each condition in a rule that is not a reachability one will hold in — g, if and only it
holds in —g g, so we do not have to represent them in these trees.

e Base case, depth 1.

(i) We have a rule with no reachability conditions on it where if ¢; —}, J¢ b2 then
ty =¢ t %}%(5) t' =¢ ty, for appropriate ¢ and t’. Then, by Remark 1-(ii),

we have that ¢ —% t/, so also ¢ —>}%(E) 5 t', and we can draw the diagrams
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(1)

N

t gt R(E),é gl2 h R/g]i2
E,Bl! E,BJ! | € EvBl! | €
B =F 1 i B i, B

Figure 4.6: Reduction of —p - to =% 5

on Figure 4.6. In the left diagram, the upper line represents our assumption
on t1 —rpe to, replacing t —p o ' with t =5 ) 5 ¢'; the left square follows
from confluence and termination of £ modulo B; the right square follows from
E-coherence of —>}2(E)’B, since t _>}%(E),B t’; finally, the inverted triangle is a
distorted version of the square that represents the strict coherence of —>}%(E)73.
In the right diagram, which is a graphical representation of the statement (i),
the upper line is the same, with an equivalent representation, the rest of the
diagram is drawn from the left one just by taking in account the fact that
t3 =¢ ty =¢ t' =¢ to implies t3 =¢ to, where the derivation for ¢;] —>}%(E)’B ts
has depth 1. This derivation can also be seen as t; —gr p t2.

As the depth is 1, the derivation for ¢t; =g/ ¢’ has no _>}z/g rewrite steps,

which only happens when t; =g t". Then, by definition, ¢t =g g t' with no
_>}%(E),B rewrite steps, hence also with depth 1.

e Induction case, depth n > 1.

(i)

t =¢t —>}%(5) t' =¢ to. As the rewrite step ¢ —>}%(5) t', using some instance of a
rule ¢, has depth n, then each reachability condition derivation for u; — g/ v;
from that instance of ¢ has depth n—1 at most so, by induction hypothesis (I.H.
from ow on), u; —gr.p v; also having depth n — 1 at most, hence ¢ —>}{(E)7B t’
with depth n at most, and Figure 4.6 again serves as proof for the theorem in
this case.

As —pgje is —>}‘%/g U =¢, recall that —gp p is —ERB =€ and —ﬂER’B is (_>!R,E
;_>}%(E),B)7 there exists a rewrite path ¢, —>}2/5 ty ... —>}%/g tim_1 —>}%/5 t' where
each one of the _>}%/5 rewrite steps must have at most depth n — 1. Then, as
in the proof for the induction case (i), t; =gg p ti;1 =¢ tir1 () having depth
n — 1 at most, for 1 < i < m, where ¢, =¢ t. For 2 < i < m, as t, =¢ t;,
then also t; =5 ¢ tiq, and b1 —p e Uy ... =g by =g b, =¢ t'. Then, by
each derivation has depth n — 1 at most, so the derivation for ¢; —gg g t' has
depth n at most.

O

Theorem 5 (Equivalence of E-solutions for systems of sentences and unification goals).
Given a MEL theory (3, E U B) and its associated rewrite theory Rg, if _>]1E,B 18 termi-
nating, confluent, sort-decreasing, and closed under B-extensions, then for any system
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of sentences F, an idempotent normal substitution o is an E-solution for F iff o is an
E-solution for its associated unification goal (G) in —g p.

Proof. First we prove that if o is an £-solution of F' then ¢ is an £-solution for G. We
prove it by induction on the number of deduction rules for MEL theories applied. We
consider each possible type of sentence in F'.

1. t =1, and to =¢ t'o, so (to)] =p (t'o)l. In G we have the subgoal eq(t,t') — tt,
and eq(to,t'c) =5 eq((to)l, (t'o)l) =5 p tt =p tt, with k = [Is((to)])], rule
eq(xk, r) — tt, and substitution {zy — (to)l} so, by definition eq(to,t'c) =g 5
tt. Then o is an E-solution for eq(t,t') — tt.

2. t =1t and to =¢ t'o, so (to)l =p (t'o)l. Astis a Y-pattern and o is E, B-
normalized then (to)] = to so to =p (t'o)]. In G we have the subgoal ¢’ — ¢, and
t'c =5 p (t'c)| =p to. Then, by definition, '0 —pg p to so o is an E-solution for
' —tin —E,B-

3.t: s, and to ;¢ s. We consider two subcases, depending on the deduction rule
applied.

e Rule replacement. Then we infer to :¢ s because there is a sentence [ :
sif Ni; A; in E, and a substitution p such that to = lp, and p is an &-
solution for A;, 1 < i < n. In G we have the subgoal t:s — tt, and in Rg
we have the rule l:s — tt if \;_; A} where, by LH., p is a solution for A,
1 <i<mn, in —gg, solpis —pp tt, that is, to:s = 5 tt =p tt so, by
definition, to:s =g p tt so o is an £-solution for t:s — tt in =g p.

e Rule membership. Then we infer to :¢ s because to =g t' and t' ¢ s is
deduced with rule replacement. The case where several rules membership are
applied before applying rule replacement is easily reduced to this one using rule
transitivity: if to =¢ t; =¢ ... =¢ t/, then to =¢ ¢/, so (to)] =p t']. There is
a sentence [ : s if \;_; A; in E, and a substitution p such that ¢’ = lp, and p
is an &-solution for A;, 1 <17 < n. In G we have the subgoal t:s — tt, and in
Rp we have the rule I:s — tt if \;_; A} where, by LH., p is a solution for A,
1<i<mn,in —pg,s0 lp:s = p tt, that is, t':s =} g tt. Ast' =} 5 t'], we
also can apply the same rules to ¢’ in the context t":s, so t':s =7 p t']:s. As tt
is a canonical form and #':s =} 5 tt then, by confluence, t':s =7},  tt. But,
as (to)l:s =p t']:s (because (t0)¢ =5 t’i) then, by strict coherence of —>E B
t']:s =} p tt implies (to)l:s =% 5 tt. As tois =5 5 (to)l:s, we conclude
that to:s —% p tt =p tt so, by definition, to:s =g p tt so o is an E-solution
for t:s — tt in =g p.

Now we prove that if ¢ is an E-solution for GG then o is an &E-solution of F. We prove
it by induction on the total number of rewrite steps applied. We consider each possible
type of subgoal in G.

1. eq(t,t') — tt. Then eq(to,t'c) —gp tt.

e One rewrite step: then eq(to,t'c) — g p tt with rule eg(xy, zx) — tt because
to =p t'o, so to =¢ t'c because A C £. The sentence in F is t = ¢/, and
to =¢ t'o, so o is an E-solution for t = t'.
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n > 1 rewrite steps: without loss of generality we assume that the rewritten
term in the first rewrite step is t. Then eq(to,t'c) =  eq((to)[rply, t'o) — e
tt with rule [ — rif ¢ in Rg, because (to)|, =g lp (so (to)|, =< lp) and p is
an &E-solution for all the conditions in ¢’. Then there must be a corresponding
equation | = rif cin E (the only rules that don’t have a counterpart are those
related to the new sort Truth, and no subterm of ¢ and ¢’ can have a sort Truth
or kind [Truth]) where, by L.H., p is an E-solution for all the conditions in c.
By replacement rule, we can deduce lp =¢ rp. Then, by repeated application
of the congruence rule, we can deduce (to)[lp|, =< (to)[rpl,- As (to)|, =< lp
we can also deduce to =¢ (to)[lp], by repeated application of the congruence
rule. Then, using the transitivity rule, we can deduce to =¢ (to)[rpl,. As o
is idempotent, r has fresh variables, and Ran(p) is away from vars((to)[r]),
then (to)[rpl,0 = (to)[rpl,, and eq((to)[rpl,o,t'c) =g tt with less than n
rewrite steps so, by LH., o is an £-solution for the sentence (to)[rp], = t', and
then to =¢ t'o.

2. t:s = tt. Then to:s =g p tt.

3.t —

One rewrite step: then to:s —g p tt with rule l:s — tt in Rg because there
is a substitution p such that to =g [p. The sentence in F'is ¢ : s, and there is
a sentence [ : s in F and to =g lp, so to :¢ s and o is an E-solution for ¢ : s.

n > 1 rewrite steps: then to:s —p p (to)[rplp:s —p,p tt with rule [ — rif ¢
in Rg, because (to)|, =g lp (so (to)|, =¢ lp) and p is an E-solution for all the
conditions in ¢. Then there must be a corresponding equation [ = r if cin E
where, by I.LH., p is an &£-solution for all the conditions in c¢. By replacement
rule, we can deduce lp =¢ rp. Then, by repeated application of the congruence
rule, we can deduce (to)[lp|, =¢ (to)[rpl,. As (to)|, =¢ lp we can also deduce
to =¢ (to)[lp], by repeated application of the congruence rule. Then, using the
transitivity rule, we can deduce to =¢ (to)[rp|,. As o is idempotent, = has fresh
variables, and Ran(p) is away from vars((to)[r]), then (to)[rpl,o = (to)[rpl,,
and (to)[rpl,o:s —gp tt with less than n rewrite steps so, by L.H., ¢ is an
E-solution for the sentence (to)[rpl, : s, and then by rule membership to :¢ s.

t, with ¢t # tt. Then t'oc =g p to.

Zero rewrite steps: then to =p t'o, so to =¢ t'o because A C £. The sentence
in Flist:=t, and toc =¢ t'o, so o is an E-solution for ¢t :=t'.

n > 0 rewrite steps: then to —p p (to)[rpl, —p,p t'c with rule I — r if ¢ in
Rpg, because (to)|, =g lp (so (to)|, =¢ lp) and p is an E-solution for all the
conditions in ¢. Then there must be a corresponding equation [ = rif cin E
where, by I.LH., p is an £-solution for all the conditions in ¢. By replacement
rule, we can deduce lp =¢ rp. Then, by repeated application of the congruence
rule, we can deduce (to)[lp|, =¢ (to)[rpl,. As (to)|, =¢ lp we can also deduce
to =¢ (to)[lp], by repeated application of the congruence rule. Then, using the
transitivity rule, we can deduce to =¢ (to)[rp|,. As o is idempotent, r has fresh
variables, and Ran(p) is away from wvars((to)[r]), then (to)[rpl,oc = (to)[rpl,,
and (to)[rpl,0 —pp t'c with less than n rewrite steps so, by L.H., ¢ is an
E-solution for the sentence (to)[rp], = t', and then to =¢ t'o, ie., o is an
E-solution for ¢ :=t'.
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]

Proposition 4. Given an FPP executable MEL theory (2, &), its associated rewrite the-
ory Rg = (X', B,Rg), and a term t € Tx/(X), if t =} 5 t[ro], using a rule ¢ = 1 —
rif Ni_y A} in Rp and an idempotent substitution o, then t —p, p t[roc), using the same
rule ¢ and substitution o,.

Proof. For unconditional rules there is nothing to prove, because . = o, so we focus on
conditional rules. By definition of 0. we have that as t =g lo then t =5 lo.. Now we
prove that for i = 1,... n if the condition Alc is verified then the condition Ao, is also
verified. We prove it for the three types of conditions:

1. Case eq(to,t;0) —p,p tt. Then as eq(tio, tjo) =% 5 eq(tioe, tjo.), by confluence of
—>1E,B= as tt is a unique normal form, we get eq(t;o., tio.) =g tt.

2. Case t;0:s —p p tt. We use the equivalence between — 5 g and :¢. Then t,0 ¢ s.
As tio —Ep lioe and _>115,B is sort decreasing then ¢;0. has sort s, so t;0. :¢ s must
be derivable. By the equivalence between — g g and ¢, t;0.:5 =g p tt

3. Case tjo —pp tio (from t; := t). Then tjoc =5 u =p ;0. As for all rules
c=1—rif Ciflp =g u we also have that lp =g t;0, then the rewrite steps
in =} 5 are the same for u and t;0. As t;0 =} 5 tio., we have tjo =} p tio..
We also have tjoc —} p tio.. But t;o. is a normal form because t; is a X-pattern,
all the variables in ¢; are matching variables in ¢ and o. is F, B-normalized with
respect to all matching variables in c¢. Then, by confluence, it must be the case that
tioe = ppt =B tioe, so tio. =g p lio..

]

E,R), its FPP executable

Proposition 5. Given a narrowable rewrite theory R = (X,
= (¥, B, Rg), and two terms

MEL theory (X, E' U B), the associated rewrite theory R
t,t/ m Tg/(X), th —ER,B t' then t\L —ER,B t.
Proof. By induction on the sum of —>}37B and —>}%(E)7B steps. Remember that =pC=¢.
Base case. Zero steps. Then ¢t =¢ ¢, so [tle = [t'|e. As [t]le = [tl]e then [tl]e = [t']e,
so t] =¢ w.
Induction case. We consider two cases depending on the first rule used.
ot —wppu —grpt. By LH ul =5rp w =¢ t, but ul =p t| by confluence of
—p,p- Then, by strict coherence of =5 5 and =) 5, t} —hpp W' =p w, s
t\l, —ER,B t.

o ! —>}3(E)7B u—prpt. ByLH. vl —grpt. Ast —>’E73 tl, then by &£-consistency of
). With =5 g, tl =g 5 0 =¢ u. By confluence of =}, 5, v’ = 5 u'| =p ul
s0, by strict coherence of —f 5 and —>}%(E)B, u'l —prp w =p t'. Putting all
together, and by definition of —gr g, tl —>}%(E) g U —>!E’B u'l —=ppp W =g w=p
t/, SO ti, _>ER,B t.

]

Proposition 6. Given a narrowable rewrite theory R = (X,&, R), its FPP executable
MEL theory (3, E U B), the associated rewrite theory Ry = (X', B, Rg), and a term
teTs(X),ift —>11Q(E)’B tlrol, using a rule c=1— rif N\_, A;i in R and an idempotent
substitution o, then t _>}%(E),B tiro.), using the same rule c and substitution o.,.
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Proof. For unconditional rules there is nothing to prove, because o, = o, so we focus
on conditional rules. By definition of 0. we have that as t =g lo then t = lo.. Now
we prove that for ¢ = 1,...,n if the condition A;o is verified then the condition A;o, is
also verified. We have already proved it for the three types of equational conditions in
Proposition 4 using the associated condition A}, so the only case left to prove is the one
where A; = t; — t; and t;c —pgrp tjo. We prove it by induction on the sum of —} 5
and —>}3( p),p Steps steps, including those due to all rewriting conditions in the rewriting
path.

e Base case. Zero steps. Then t,0 =¢ tio, and as t,0 —gp t,0., and tio —gp tio.
then t;0, =¢ tio..

e Induction case. We consider two cases depending on the first rule used.

— tio —pp u —prp tjo. As o is idempotent then t;c —j 5 uo —prp tjo.
As in case 3 of Proposition 4, t,0. =g p t'o., and by LH. uo. —gg s t,o., so
tio. = ErB Lo

— to —>}%(E)7B u —grp tio. As o is idempotent then t;0 —>}%(E)7B uo —prp to.
Astio =% p tio. then, by E-consistency of =) 5 With = 5, ti0c =% 5= R 5
W =g uo. UC —y g Uo. —% 5 (uo)l and, by LH., uo, —grp tio.. Then, by
Proposition 5 (uaﬂ —ER.B w =¢ w. As w =¢ uo then w —pp w =p (uo)l.
Then, by strict coherence of —p, 5 and =5, ) g, Wl =g p wW" =p w'. Putting
all together, tio, =% =k p W —pp Wb —ppp W' =p W =¢ tjo,, s0
t;0. —ER,B t;O‘c.

]

Lemma 4 (Completeness of sentence-normalized rewriting to normal form). Given an
FPP executable MEL theory (X, E U B), its associated rewrite theory R = (X', B, Rg),
and terms t,t' € Tsy(X), if t »>ppt and t' is E, B-irreducible then t —y t'.

Proof. By induction on the total number of =% 5 steps.
e Base case: t — g p t’ with zero —>}57B steps. Then ¢ =g t,sot' —n t.

e Induction case: t —p p t[rol, —pp t’ witharule c=1—rif A u; — v; and
a substitution . By Proposition 4, t =}, 5 t[ro ], with rule ¢ and substitution
Oc, 80 U0, —pp Vo, for 1 < ¢ < mn. For 1 <17 < n the term v; in rule ¢ must
be a Y-pattern (maybe with form tt), and o, is E, B-normalized with respect to
vars(v;), so v;o. is E, B-irreducible. Then, by I.H., w0, —n vo. for 1 <i <mn, so
t = t[ro.], by definition. We choose the derivation ¢t — t[ro ], —gp t' which
must exist by confluence of =} 5 because t[rol, =3 g t[rocl,, t'is E, B-irreducible,
and —NC—p . By LH. t[ro ], =y t',s0t =y t'.

]

Proposition 1 (Rewriting in =y with normal forms). Given a narrowable rewrite theory
R = (X,E U B, R), its FPP exzecutable MEL theory (X, E U B), the associated rewrite
theory Rp = (X', B, Rg), and two terms t,t" in Tx(X), if t =y t' then t| =y 1.

Proof. We distinguish two cases depending on the number of =% steps.
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o Zero =1 steps. Then t =¢ t/. Ast =¢t| then t| =¢t/,s0t| =5t

e At least one =} step. Then, by definition, t =} u =y t', ie., t =} p t] —>}%(E) B
u =y t' using SNR, hence t] —>}%(E) 5 U=y t', which is t| =} u =y t’ in this
case, hence t| =y t'.

]

Lemma 5 (Completeness of Sentence-normalized Rewriting for —p/¢). Given a narrow-
able rewrite theory R = (X, E'U B, R), its FPP executable MEL theory (X, FE U B), the
associated rewrite theory Rp = (X', B, Rg), and terms t,t' in Tx(X), if t —gje t' then
t=nN t.

Proof. By Theorem 4, as t —pg/¢ ' then t —gg p . We distinguish two cases depending
on the number of =}, steps.

 Zero —pp p steps. Trivial because then t = #',

o At least one —pp 5 step. Then t =y 5 t) —pp g v —prp t'. By Lemma 4,
t —' tl, By Proposition 1, t| =% u, and, by LH., u —y t'. Putting all together:
t=htl=hu=yt ie, t=Fu=pyt, hencet=yt.

O

Theorem 6 (Equivalence of SNR for Solutions of Associated Unification Goals). Given
an FPP ezecutable MEL theory (X,E U B) and its associated rewrite theory Rp =
(X', B, Rg), a normal substitution o is an E-solution of a system of sentences F and
an E, B-solution of its associated unification goal G = N\;_,(t; = t) (so t,c —gp tio,
for1<i<n)ifftico ->ytio,i=1,...,n (i.e. o is an N-solution for G).

Proof. We prove each part of the double implication separately.

e =: for 1 <i < n the term ¢} is a X-pattern (maybe with form tt) by definition of
system of sentences and associated unification goal, so t.o is E, B-irreducible. As
tioc —p p t,o then, by Lemma 4, t,0c —y tio.

e <: Immediate since -5C—L 5.
[

Proposition 2. Given an FPP executable MEL theory (X,E) and its associated rewrite
theory R = (X', B, Rg), for any conditional MEL sentence ¢ in E, and corresponding
rule d = s if N\_,u; — v; in R, if there is an E, B-normalized substitution o such that
w0 —pp vio, for 1 <i<mn, then u;lo =N vio, for 1 <1 <n.

Proof. Immediate since FPP and executability imply that, for 1 <7 < n, v; is a X-pattern
and o is I/, B-normalized, so v;o is F, B-irreducible, and u,0c —gp vio. u; =g p il
implies u;0c =g p u;lo so, by confluence of —>%E7B, u;lo —p p v;o. Then by Lemma 4, as
v;o is E, B-irreducible, u;loc — N v;0. O

Lemma 6 (Equivalence of Solutions for Normal Unification Goals). Given an FPP ex-
ecutable MEL theory (X, E U B) and its associated rewrite theory R = (X', B, Rg), a
normal substitution o is an E, B-solution of the unification goal G = N\._,(t; — t}),
associated to a system of sentences F, iff t;lo —n tio, for 1 <i <n.
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Proof. We have written t,o instead of t,/o because for unification goals associated to a
system of sentences it is always the case that t.] =t/ (¢; must be tt or a X-pattern). We
prove each part of the double implication separately.

e =: t,0 —pp t;o. Since a unification goal associated to a system of sentences
has the same form and restrictions as the conditions of the rules in Rg, then, by
Proposition 2, t;l o =y to.

o & tilo =y tio. As -»yC—p p then tlo —pp tio. t; =5 p ti| implies t,o =7 5
tilo. As a consequence of the last two deductions t;,0 —g p t;0.

]

Lemma 7 (Equivalence of Solutions for Normalized Reachability Goals). Given a nar-
rowable rewrite theory R = (X, F' U B, R), its FPP executable MEL theory (3, E U B),
the associated rewrite theory Ry = (X', B, Rg), and a reachability goal G = u; =
v A AU, = v, NG, where G s a unification goal associated to a system of sen-
tences I, and an idempotent normal substitution o, these three assertions are equivalent:

1. o is a solution for G,
2. 0 1s an N-solution for G|,
3. o is a solution for G|.
Proof. We prove 1 = 2,2 =3, and 3 = 1.

e 1=2
By induction on the number of :>}%/g steps.

Base case: zero :>}%/5 steps. Then, by Definition 4.2.3, ¢ is a trivial solution of G,
so u;0 =¢ v;o, for 1 <1i < n, and o is an E-solution for G'. Then, by Lemma 6, o
is also a solution for u;| =¢ v;], for 1 < i < n, and also for G|, i.e., o is a trivial
solution for G .

Induction case: without losing generality, we assume that u o :>}2/5 t =R/e v10.
As o is idempotent, then u o :>11Q/5 to =g/e vio. By definition of =¢ we have that
uy =¢ uid and t =¢ t}, so w0 =¢ uilo and to =¢ tlo. Then, by definition of
:>}%/g, uylo :>}%/5 tlo and, by Lemma 5, uylo =% tlo. By LH., tlo =y v1]0, so
urlo =y vilo. Also by LH. u;lo =y v;lo, for 2 < i <n, and ¢ is an N-solution
for G'J, so o is an N-solution for G|.

e 2=>3

Trivial because =y C= 55 ;C=1, ¢ and o is an N-solution for G|.

e 3=1

Again by induction on the number of :}_2/5 steps.

Base case: zero :>}%/g steps. Then, by Definition 4.2.3, o is a trivial solution of G|,
so u;do =g v;lo, for 1 <1i < n, and o is an E-solution for G'|. Then, by Lemma, 6,
o is also a solution for u; =g v;, for 1 < i < n, and also for G, i.e., o is a trivial
solution for G.
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Induction case: without losing generality, we assume that u;lo =5 et =Rrje vilo.
Ast =¢ t| then u o :>}%/5 tl = pgse vilo by definition of :>1R/5. As o is idempotent,
then uilo :>}%/g tlo =gse vilo. By definition of =¢ we have that u; =¢ u;| and
t =¢ tl, so u10 =¢ uylo and to =¢ tlo. Then, by definition of :>}%/g, U o :>}%/g to.
By LH. to =g/e v10, 50 u10 =pgse vio. Also by LH. u;0 =g/e vio, for 2 < i <n,
and o is a solution for GG’, so o is a solution for G.

]

Lemma 8. Given an FPP executable MEL theory (X, E U B) and its associated rewrite
theory Rp = (¥, B, Rg), a substitution o, with dom(c) = vars(t) U vars(t') (i.e., all
variables are at least renamed), is an idempotent B-unifier of two terms t,t" in Tx(X) if
and only if o =g pyy, where kinded(t,t") = (C,p), v is an idempotent B-unifier of tp
and t'p, and 7' is an E-solution for the system of sentences Cvy, where all substitutions
are always away from all the variables that have previously appeared.

Proof. We prove each implication separately.

=)

The proof for the case where Is(t) € OS(S) and Is(t') € OS(S) is trivial because no
memberships are involved in the unification of ¢ and ¢/, C is empty, p = id, v = o and
~' =id.

Otherwise, if o, with dom(o) = {z.,..., 22 2 ,..., 27 } such that s;in S (1 <@ <
n) and k; in K (1 < j <m), is an idempotent B-unifier of ¢ and ¢’ then, by construction,
for each zf, , with 1 <4 < n, there is a fresh variable y{_, such that p = {z} > yi  }7,
and C' = A\, Yl ¢ Si- | |

We define o' = {yj,, = vy, 0oy U{z, — 2,015 By construction o = po’. o' is
idempotent because each nyi], 1 <17 < n,is a fresh variable that doesn’t appear anywhere
else and o is idempotent. As to =p t'o then (tp)o’ =p (t'p)o’, so ¢’ is a B-unifier for
(tp) and (¢'p). Then, there is a substitution v € CSUg(tp,t'p), so tpy =p t'py, such that
o' <p 7, and there exists a substitution v such that ¢’ =g 77/, so o =p pyy'. For each
condition yfsl,] :s;in O, 1 <@ < n, we have that 2% p = nyi], and z! pyy' =p zl 0, s0

yfsi]*y’y’ =p T, 0. As :ciia has sort s; because o is well-formed, then ' is a solution for

Y5 * Si SO 7' is an E-solution for the system of sentences Cy.

<)

If p = {z} yfsl,]}?zl, C=A., yfsl : 85, v is an idempotent B-unifier of tp and t'p,
and 7/ is an E-solution for Cy, we call ¢’ = vy and 0 = po’, so to =p t'o. Now we prove
that o is well-formed. The sorted variables in vars(t) U vars(t') are {«% }7_,. We have
that 2! o = yfsl_}a’,l < i < n, and 7' is an E-solution for yfgﬂ : 8;, SO nyi]fw’ : 54, ie,
x 0 s;. 0 is idempotent because ¢’ is away from vars(t) U vars(t') U vars(C). O

Proposition 3. Given an FPP executable MEL theory (3, E U B) and its associated
rewrite theory Rp = (X', B, Rg), after applying the transitivity rule followed by zero or
more applications of the congruence rule to a unification problem of the form t — t' we
get another unification problem of the form t|, —' xg, t[zg], — t' with k some kind in ¥’

Proof. Immediate, by induction on the number of congruence rules applied.
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e Base case: zero congruencerules. Thent — ¢/~ t =z, xp — ¢/, with k = [Is(t)].
In this case p = € and t[zy] = 4.

e Induction case. We assume that after applying the congruence rule zero or more
times we have: ¢ — '~~~y (t), =" @, t[vel, — ¢'). Then, if we apply the
congruence rule again, by definition of the rule we get the unification problem
tps =" Yrr tyw]ps — 1.

O

Theorem 7 (Soundness of the Calculus for E-solutions). Given a narrowable rewrite
theory R = (X,&, R), its FPP executable MEL theory (X, E' U B), the associated rewrite
theory Rg = (X', B, Rg), a system of sentences, and its associated unification goal G, if
o is a computed answer for G| then o is an idempotent E, B-normalized &-solution for

G.

Proof. By Lemma 6, we only have to prove that ¢ is an £-solution for G|. By construction
of o all computed answers are idempotent FE, B-normalized. Now, we prove that o is
an &-solution for each unification subproblem generated by narrowing from an initial
unification subproblem w] — v, by induction on the total number of narrowing steps.
We prove that if o is a computed answer for t — ¢/, or [, —' 2 [z} ], — ¢’ (where t and
all of its subterms are always canonical forms by definition of the calculus, so t|,] = t|,),
then to — g p t'o so o is an E-solution for t — t'.
Base case, one narrowing step:

e Elimination rule [e]. There are two subcases:

— tt — tt. Trivial with o = d.

—t — t' and to =p t'o, sot — t' ~), 0. Then, by definition of —g g,
to —E.,B t'o.

Induction case:
e Transitivity rule [¢]. t =t/ ~op t ' g, 2, — ' ~% 0. By LH. to —pp t'o.

e Reduction rule [r|. The unification subproblem has form t|, —' xy, t[zg], — ¢, with
zy, fresh variable. We apply rule [r] because there isarule c =1 — rif A\, t; = ]
in Rp and there is an idempotent substitution 6, with dom(6) C vars(t|,) U vars(l)
and 6,45y E, B-normalized, such that t§ =p (0, and also dom(6) N wvars(t;) = 0
because ¢ has fresh variables and ¢, is tt or an FPP X-pattern.

Then, the narrowing derivation is t|, —' xy, t[zy], — t' ~p1p0 Niei(ti0)) —
ti A (tr],0)4 — t' ~% O, ('8)) = ¢’ because dom(6) N vars(t’) = 0, and ¢ is
tt or an FPP Y-pattern, with ¢/ E, B-normalized with respect to all variables in
N, (t:0)L — ¢ A (¢[r],0)) — t'. Then o = 0o’.

For1 << n, t,g —E.B (tﬂ)i, SO (tl-@)a’ —E,B (ti9>$0'/. By I.H. (tﬂ)ia’ —E,B
tio', so tic —gp tio', and also t,o —pgp tio because dom(0) N vars(t)) = 0, so
tido’ = tio'. As t|,0 =p 10 then t[,0 =p lo so t|,0 = ro. Then, by definition
of =5 g, tltlpoly =5 p tlroly, so tt,ol,o = p tlrol,o which, as o is idempotent
and t[t|,], = t, is equivalent to to —}, p t[r],0.

tir]p0 = e (tr],0)d, so tirl,00" =g (t[r],0)lo’. As by LH. (¢t[r],0)l0" =g t'd,
then t[r],00" —ppt'c’, ie., trl,0 =ppt'o. Asto —p g t[r],o, then to —pp t'o.



90 CHAPTER 4. SENTENCE-NORMALIZED CNM

e Congruence rule []. By LH. to —gp t'o.

As t],i0 —>}37B ywo, then t[t], 0], —>}E,B tlyrolps and t[t],i0]pi0 _>1E,B tlywolpio
which, as ¢ is idempotent and t[t|,],; = t, is equivalent to to —p 5 t{yw]p.io.
Again, as tlyp],.0 —gp t'o, then to - t'o.

]

Theorem 8 (Weak Completeness of the Calculus for E-solutions). Given a narrowable
rewrite theory R = (X,E, R), its FPP executable MEL theory (X, E U B), the associated
rewrite theory Rg = (X', B, Rg), a system of sentences F, and its associated unification
goal G, if o is an idempotent E, B-normalized & -solution for G then there is an idempotent
E, B-normalized substitution v, with 0 <Kg YVyars(c), such that G| ~7 L.

Proof. Every computed answer v is idempotent E, B-normalized by definition of the
calculus. If o is an &-solution for G then, by Lemma 6, for each unification subgoal
t =t tlo =y t'o. We prove the theorem using induction on the number of unification
subgoals plus the number of —%; rewrite steps, including the subgoals and rewrite steps
due to conditions.

Base case. One subgoal, zero rewrite steps. There are several cases:

e F=t=1t and eq(t,t') ) o —n tt because t| o =p t'|o. There are two subcases:

— tl =g t'|l. Then G| = tt — tt ~ ;¢ 1, and trivially o <3 id.

— t} #p t']. Then G| = eq(t],t']) — tt, and there exists v € CSUg(tl =t'])
such that 0 < 7, so t}y =5 t']7.
Then G\L = GQ(U, t/i/) — tt hadld GQ(tJ/a t/i/) —>1 Tk, T — tt W[r],eq(y[k],y[k])ﬁtt,'\/
tt = tt ~ope g O, where v =~ U {yp — t7}.

e F=t:=1t' and t'|o =y to because t|o =p tlo (t'| =t because t is a Y-pattern).
Then there exists v € CSUp(t'] = t) such that 0 <p y,s0 GL =t'] =t ~(g, 0.

e FF=1t:s, and t:slo —y tt because t:s| = tt (i.e., t and t] have sort s). Then,
again, G| = tt — tt ~ ¢ U, and trivially 0 <p id.

Induction case. We consider two subcases:

e Several subgoals in the initial problem (there may be zero —% rewrite steps): G =
t -t ANG'. As o is an E-solution for ¢ — ¢/, which has at most the same number
of rewrite steps and one less subgoal than G, so I.H. applies and there exists an
idempotent FE, B-normalized substitution 7 such that ¢ <p Vyarsp—t), S0 0 =
Yoars(t—¢)p for some idempotent E, B-normalized substitution p, such that ¢ —
t'~2 0. Then t = ' NG ~2 (G'y)].

As 0 = Yoarst—eyp and vars(G")Ndom () C vars(t — t') then G'y = G"Yyars(t—t1), 50
p is an E-solution for G’y because 0 = Yyqrs(1—1yp. Then L.H applies to (G')], which
has at most the same number of rewrite steps and one less subgoal than GG, and there
exists an idempotent F, B-normalized substitution ¢ such that p <p 0y4.s(c4)), and
(G4~ O

vars((G'y)l) C wars(Gvy) dom(0) N wvars(Gy) C vars((G'y)1), s0 Quars(crm)y) =
Ovars(cy)s and p Lp Opars(cy)- Let v = vars(G). As v N dom(y) C vars(t — t')
then Vyars(t—t) = Yo, and o = y,p. Recall that dom(0yarsc)) € Ran(y,) Uv. Then
0 = Yop <B Vvevars(G'y) = ’YU(QRan('yU) U 01}) = (’79)1)
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e One subgoal in the initial problem and at least one —% rewrite step: G =t — t/,
tlo =L t" =y t'o, o is an N-solution for G|, and t'c is a canonical form.

We check each type of rule that can have been applied in t|o —X

1. ¢ = eq(xg, ) — tt, so t = eq(ty, ta), with t1] #p tal (else t] = tt and there
would not be any —} step because tt is a canonical form), t;lo =g t2l0,
t' = tt, and eq(t1),t2)) =% tt —n tt. Then there exists v € CSUp(t;| =
tod) such that o <p 7, so eq(til,tal) — tt ~py eq(tid, t2d) =" Yo,y —
tt ey T — T g O, where v =~y U {y[k] — 1y}

2. c=ls — ttif C,s0t=tys, with ls(t1]) £ s (else t] = tt), t1lo =p lo), o,

is an idempotent E-solution for C' (E, B-normalized with respect to Extra(C)),
t' =tt, t" = tt, and t1)ois =) tt =y tt. dom(o) N dom(dl) =0, so o U0,
is a B-unifier for t1] = . Let v = vars(t) = vars(G), and w = vars(l). Then
there exists 7 = v,U7, € CSUp(t1) = () such that t1v, =p Iy, and cUo.. <p
v, so o U ol =p vp for some idempotent substitution p. ¢ is F, B-normalized,
ol is E, B-normalized except maybe for some subset of dom(7), so p must be
E, B-normalized. Then t1:5 — tt ~»p t1:s = 2, xp — tt ~p, (C)]. As
C has fresh variables then dom(o)Nwars(C) = 0, so Col. = C(cUdl) = C(yp).
ol is an E-solution for C' with less than n rewrite steps, so p is an idempotent
E, B-normalized E-solution for Cy with less than n rewrite steps, with (Cvy){ =
(Cyw)d because dom(y,) Nvars(C) = (. By L.H. there exists 6, with p <p
vars(cy) such that (Cv)l ~»5 0. The composition of the substitutions in
the narrowing derivation is v0. We have to prove that 0 < (70),. As
vars(Cy) Nv = () then dom(8) Nv = 0. As c Uol, =g vp, dom(cl) Nv = 0,
and dom(o) C v, then 0 = (VupRan(y,)) U Po-
(Cy)L ~; O so dom(0) C wvars(Cvy) U ', with v a set of fresh variables
generated by the narrowing calculus, and Ran(vy) = Ran(~,) = Ran(~,) be-
cause v € CSUp(t1) = 1) and B is regular. Then, dom(0) N Ran(y) =
dom(0) N Ran(vy,) C vars(Cvy), and Oyars(cy) KB Oran(y)- AS p KB Ouars(cy),
then p <3 GR(W(%N and PRan(v,) KB eRan('yv)~

NOW, YoPran(re) KB YolRan(re) = VoORan(y,) U 0y because dom(d) Vv = 0, so
0, = id. But v,0ran(y,) U Oy = (70)v, 50 VoPRan(ve) KB (70)0-
In conclusion: 0 = YypPran(y,) Y po KB (70)0-

3.c=1—rif C,notin cases 1 or 2. Then t' # tt, t” # tt, and tlo =}
(t}o)[rol], —n t'o because (tlo)|, =p lo. and o, is an E-solution for C' (£, B-
normalized with respect to Extra(C)). As o is F, B normalized and [ ¢ X, then
we cannot rewrite inside a position instantiated by ¢ or a variable position, so
p must be an already existing non-variable position in ¢} (i.e., p € Posx(t])).
Also (tlo)[rol), = tlrol],o because dom(o) Nwvars(rol.) =0, and t}[rol],0 =
tlr]p,(o U ol) because dom (o)) Nwars(t]) =0 and dom(c) N dom(ol)) = 0.
As in the previous subcase, tlo =} tl[r],(c Uol) —x t'o, and there exists
v =" Uv € CSUB(t, = 1), with v = vars(G), and w = wars(c), such
that ]|, =p [7w- Then there exists v = v, U, € CSUg(t}|,d = 1) such
that t}|,7, =5 1w, and 0 U o), <p v, so 0 U o, =p vp for some idempotent
substitution p. ¢ is E, B-normalized, o/, is E/, B-normalized except maybe for
some subset of dom(v), so p must be E, B-normalized.
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Although t' is an FPP Y-pattern, we reason in this part of the proof as if ¢/
could be any term, for compatibility with the equivalent proof for the calculus
for reachability, obtaining then a more general result.

Then t] — t'] ~py tl = xp, 2 — ] 1 tp =y, ]y — UL ~p,
(CYHN(EL ] y)d = (Ey)d (recall that (¢']y)d = t'). Let u = vars(Cy A tl[r],y).
p is an E-solution for Cy A tl[r],y — (t'lv)] with one less subgoal and
one less rewriting step than the &-solution o for ¢ — ¢, so I.LH. applies
and there exist an E, B-normalized substitution 6 such that p <p 6, and
(CYEA Erp)d = E ) ~5 O

As p <p 0y then p <p Oyars(cy)s SO Puars(cy) KB Ovarscy)- 0 U 0, =p VP,
so 0 = (0 Uo0.)y = (7p)s. Then we have 0 = v,pRan(y,) U po- As dom(y,) N
dom(p,) = 0 then vy pRran(v,)UPs = Yo(PRan(r,) UPw), a0d 0 = 7y (PRan(v,) Upw) =
YoPrars(Cy) KB Vobvars(cr) = Yo(ORan(re)) Uby). As dom(y,) Ndom(6,) = 0, then
Yo(PRan(ve) U Pu) = YoPRan(re) U Pus 50 0 KB YoPRan(v) Y po = (7P)0-

]

Theorem 9 (Soundness of the Calculus for Reachability). Given a narrowable rewrite
theory R = (X, E U B, R), its FPP ezecutable MEL theory (X, F U B), the associated
rewrite theory Rg = (X', B, Rg), and a reachability goal G, if o is a computed answer
for G, using the transformed set of rules R, then o is a solution for G.

Proof. We prove that given a reachability problem G = g(A G’), if G| ~% O then o is a
solution for G in —g/¢. In particular, we prove that if g = ¢ -  zp, 1 =t~ O, where
--» can be either — or =, then o is a solution for ¢ = ¢’ in —p/¢. As R is narrowable,
and by Lemma 7, it is enough to prove that o is an N-solution for G. Soundness of the
calculus for reachability is proved by induction on the total number of narrowing steps
for each unification subproblem generated by narrowing from G|. By our previous proof
of soundness in Theorem 7, we know that if we compute a solution o for ¢ — t’ then
to —n to.

Base case: one narrowing step. The calculus rules in Figure 4.5 cannot compute a
solution in one narrowing step, so we are in one of the base cases already proved for
Theorem 7, with some unification goal G| =t — t/, so o is an E-solution for G|, hence
a solution for G| in —gg B.

Induction case: The cases where the first rule applied to g/ is shown in Figure 4.4
have already been proved for unification goals in Theorem 7. The same proof is valid
for reachability goals mutatis mutandis, so we only check the cases where the first rule
applied to gl is one of the rules in Figure 4.5.

e Reflexivity rule: any computed answer o is a solution for ¢ = ¢’ and G’|. Then, as
seen in the base case, o is a solution for ¢ =t = t' and, by I.H., o is also a solution
for G'|, so o is a solution for G| in — g . We skip the part of the proof related
to G’ in the rest of cases, as it is always the same.

e Transitivity rule: by I.H. o is a solution for ¢t = t' in —gg 5.
e Congruence rule: by L.H. o is a solution for ¢t = t' in —gg p.

e Reduction rule: the reachability subproblem has form t|, —' z, t[z], = ', with
a fresh variable. We apply rule [r] because there is arule c=1—rif A, t; =t
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in Rp and there is an idempotent substitution 6, with dom(6) C vars(t|,) U vars(l)
and 6,45y E, B-normalized, such that t§ =p (0, and also dom(6) N wvars(t;) = 0
because ¢ has fresh variables and ¢, is tt or an FPP X-pattern.

Then, the narrowing derivation is t|, —' @y, t{xx], = ' ~peo Ny (E0)) —
ti A (tr],0)d = (t'8)]) ~*, O, with ¢’ E, B-normalized with respect to all variables
in A, (t:0)) — i A (t[r],0) = (£'0)]. Then o = 0o’.

For1 << n, tztg —E.B (tﬂ)i, SO (tﬂ)a’ —E,B <t19>$0'/ By IL.H. (tiQ)La’ —E.,B
tio', so tio —gp tio', and also t,o —pgp tio because dom(0) N vars(t;) = 0, so
tido’ = tio'. As t|,0 =p 10 then t[,0 =p lo so t|,0 = ro. Then, by definition
of =5 g, tltlpoly =5 p tlroly, so ttl,ol,o = p tlrol,o which, as o is idempotent
and t[t|,], = t, is equivalent to to —}, p t[r],0

t[rlp0 = g5 (t[r]0)). Thet[r],00" =g 5 (t[r],0)lo" and t[r],00" =% 5 ((t[r],0)L0")].
By LH. (t[r],0)l0" —grp (t'8)lo’, so also ((t[r],0)do’) ) —rrp (t'0)lo’, hence
tir],00" —=grp (t'0)l0’

e Rewrite rule: the reachability subproblem has form ¢|, ="' xy, t[xy], = ¢/, With T a
fresh variable. We apply rule [r] because there is a rule ¢ =1 = r if /\Z Lt -t
in R (where --» can be either — or =) and there is an idempotent substltutlon 0,
with dom(6) C vars(t|,) U vars(l) and Oyene) £, B-normalized, such that t0 =p (6.

Then, the narrowing derivation is ¢|, =1 xy, t[zy], = t' ~peo Ny (E0)) >
(t:0)L A (t[r],0)4 = (t'0)] ~% O, with ¢’ E, B-normalized with respect to all
variables in AI_ (t;0)) --» (£;0)} A (t[r],0)) = (£'0)]. Then o = 60’

By L.H. ¢’ is an solution of (¢;0)] --» (£,0)], for 1 <i < n. Then, by Lemma 7, ¢
is a solution for ¢;6 --» t;0, so ¢ is a solution for ¢; --» t}, and t|,0 =g p 70.

Then, by definition of =g 5, t[tlol, =Erp tlroly, so tltlol,o —ggp trol,o
which, as o is idempotent and t[t[,], = t, is equivalent to to —pp 5 t[r],0.

By L.H. ¢’ is a solution for (¢[r],0)] = (#0)}. Then, by Lemma 7, ¢’ is a solution
for t[r],0 = 6, so o is a solution for t[r], = ¢, and t[r],0 —prp t'c. Astoc —ppp
t[T’]pO', then to —ER,B t'o.

]

Theorem 10 (Weak Completeness of the Calculus for Reachability). Given a narrow-
able rewrite theory R = (3, EU B, R), its FPP executable MEL theory (X, E U B), the
associated rewrite theory Rg = (X, B, Rg), and a reachability goal G, if o is an idem-
potent ER, B-normalized solution for G then there is an idempotent E, B-normalized
substitution 7y, with ¢ <Kp Yuars(G), such that G| ~> [ using the transformed set of rules
R.

Proof. Every computed answer v is idempotent E, B-normalized by definition of the
calculus. We prove the theorem using induction on the number of reachability subgoals
plus the number of =} rewrite steps, including the subgoals and rewrite steps due to
conditions. The proof for equational subgoals is exactly the same already shown in
Theorem 8, so there are only two cases left to prove.

e The first case is the base case with one subgoal and zero =} rewrite steps. Then
to =¢ t'o, so o is a solution for the sentence ¢t = ' and also for the unification goal
eq(t,t') — tt. There are two subcases.
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— Ift] =¢ t'}, then t| = t'] ] T =t v 0, and v =1id, so 0 <p Yvars(G)-

— If t] #¢ t'|, then t| = t'] ~y eq(tl,t']) — tt, but we have already proved
in Theorem 8 that if ¢ is an £-solution for this unification problem then there
exists a substitution v, with 0 <p Yuars(@), such that eq(t],t']) — tt ~ O
and o <B ’Y'ua'rs(G)-

e The second case is the induction subcase for one subgoal and at least one =}

rewrite step, where we apply a rule c =1 — rif C in R to to. As o is a solution
for G then, by Lemma 7, o is an N-solution for G|. Then G| = t| = '], and
tlo =) (tlo)[rol], =N t'lo because (tlo)|, =p lo, and ol is a solution for C
(E, B-normalized with respect to Extra(c)). As o is ER, B normalized and | ¢ X,
then we cannot rewrite inside a position instantiated by o or a variable position,
so p must be an already existing non-variable position in ¢} (i.e., p € Posx(tl)).
Also (t}o)[rol], = tl[rol],o because dom(c) N wvars(rol) = 0, and t{[rol],oc =
tL[r],(o Ual) because dom (o)) Nwars(t)) =0 and dom(o) N dom(o.)) = 0.

Then, tlo =} tl[r],(c Udl) =y t'lo, and there exists v = v, U7, € CSU(t|, =
1), with v = vars(G), and w = vars(c), such that t}|,7, =g {7,. Then there exists
Y=Y Uy € CSUB(tL,d = 1) such that t}|,7, =5 (YW, and o U o, <p 7, so
oUo!l =g ~yp for some idempotent substitution p. o is £, B-normalized, o’ is F, B-
normalized except maybe for some subset of dom(y), so p must be E, B-normalized.

Then t] = t'} ~p t) =" ap,ap = U]~ tll, = g, thywly = U1~ (CYIA
(tdr]py)d = t'|. Let u = vars(Cy Atl[r],y). pis a solution for Cy A tl[r],y —
(t'4y)4 (recall that (t'Jy)d = (tv)]) with one less subgoal and one less rewriting step
than the solution o for ¢t = t'], so I.H. applies and there exist an F, B-normalized
substitution 6 such that p <p 6, and (Cy)| A (tLr],y)d = )]~ O.

As p LB 9u then p LB 9vars(C’y)7 80 Pyars(Cry) <p 0vars(C’y)~ ouU O'é =B 7P, SO
o= (0U0a.)y, = (7p)y. Then we have 0 = v, pran(r) U pw. As dom(y,)Ndom(p,) =0
then /yvaan(’yv) U Pv = 'VU(IORan(’yv) U pv); and o = ’Yv(pRan('yv) U pv) - %Jpvars(C'y) <B
Yolvars(cy) = Yo(ORan(v,)) U by). As dom(v,) N dom(0,) = 0, then v, (pran(y,) Y pu) =
YvPRan(vv) U py, 80 0 <p YvPRan(vv) Up, = (P)/p)v



Chapter 5

Conditional narrowing modulo SMT
plus axioms

In this chapter we consider order-sorted rewrite theories where the conditions that ap-
pear in their rules are either rewrite conditions or quantifier-free SM'T formulas, with no
restriction regarding the variables that appear in these rules or in the reachability prob-
lems. As explained in Section 2.2.3, the underlying equational theories of these rewrite
theories must be decomposable in £ = EyUB where Ej is a subset of the theories handled
by SMT solvers, and B is a set of axioms for the algebraic data types not handled by
the SMT solvers. Abstracting the SMT subterms of the left hand side of the rules and
adding compensating equations in the conditions, as already done in [RMM17], play a
significant role now.

The calculus presented here extends the use of SM'T solvers in rewriting from [RMM17]
to the narrowing environment by allowing: (i) rewrite conditions in the rules and (ii) non-
SMT variables in the reachability problems.

The main contribution in this chapter is the development of a sound and weakly
complete, i.e., complete with respect to idempotent R/E-normalized answers, narrowing
calculus for conditional narrowing modulo EyU B for the considered rewrite theories. The
soundness and weak completeness of the calculus is proved using the complete unification
algorithm for B and the assumption that there exists an oracle for Ey, the SM'T solver
itself, instead of using the whole equational theory &, which is usually required for this
kind of proofs. All the results for this chapter, together with their corresponding proofs,
can be found in Section 5.6.

Although the narrowing calculus is based on the theoretical existence of a SMT oracle,
after finishing the work on it [AMPP17|, an alpha version of Maude 3, with an initial
support for SMT solvers, was released for testers, so we used it to develop two prototypes,
that are discussed in Section 5.5. While in the theoretical part of this chapter we stick
to [AMPP17|, where the theoretical SMT solver is used as an oracle, in the examples and
explanations that follow we refer both to [AMPP17| and to the developed prototypes.

5.1 Toast example

Toast cooking will be used as running example in this chapter. A toast is well-cooked
if both sides of the toast have been cooked for exactly five seconds. No overcooking is
allowed. Fresh toasts are taken from a toast bag, and they are cooked using a frying pan
that can toast up to two toasts simultaneously, toasting one side of each toast. There is a
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toaster .
bag dish o
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Figure 5.1: Toast cooking

bin, where fresh toasts are put when taken from the bag. A toast can be flipped directly
over the pan, or returned to the bin. Finally, there is a dish where well-cooked toasts can
be output. The frying pan is a metaphor of a computer resource that allows a maximum
number of concurrent users.

A Toast (abbreviated to t) can be a RealToast (rt), represented as an ordered pair
of natural numbers, each one with sort Integer (i), storing the seconds that each side
has already been toasted, or an EmptyToast (et) which has a constant zt, representing
the absence of Toasts; a Pan (p) is an unordered pair of Toasts; a Kitchen (k) has a
timer, represented by a natural number, and a Pan; a Bin (b) is a multiset of Toasts;
the bag and the dish are represented by natural numbers, the number of RealToasts in
each one; the System (s) has a bag, a Bin, a Kitchen, and a dish. When a RealToast is
in the pan, the side being toasted is represented by the first integer of the ordered pair.
There is one auxiliary function, cook. The rules for Toast cooking are the following:

1. The function call cook(z,y) will return the Kitchen obtained from Kitchen x after
y seconds, where y is a positive integer, only if no RealToast in the Pan gets
overcooked.

2. A fresh RealToast can pass from a non-empty bag to the Bin.

3. A RealToast can pass from the Bin to the Pan if there is room in the Pan. The
RealToast cannot be flipped during this action.

4. A Kitchen with at least one RealToast in the Pan can cook the RealToasts that
are laying on the pan any given integer number of seconds.

5. A RealToast in the Pan can be flipped over the Pan.
6. A RealToast in the Pan can be returned to the Bin, without getting flipped.

7. A well-cooked RealToast can be taken out to the dish. This operation takes one
second, so if there is another RealToast in the Pan, it will get cooked for one
second.

We show the Maude specification used in our narrowing prototypes. It cannot be used
for rewriting due to the existence of non-executable rules, among other things:

load smt
mod TOASTS is
protecting INTEGER .

sorts RealToast EmptyToast Toast Pan Kitchen Bin System .
subsort RealToast EmptyToast < Toast < Bin .
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vars ABCDNOK Y Z : Integer .
var H : RealToast

var V : Toast

var T : Bin .

var K : Kitchen .

op zt : -> EmptyToast
op [L,_] : Integer Integer -> RealToast .

op __ : Toast Toast -> Pan [comm]
op _;_ : Bin Bin -> Bin [comm assoc id: zt]
op _;_ : Integer Pan -> Kitchen .

op cook : Kitchen Integer -> [Kitchen]
op _/_/_/_ : Integer Bin Kitchen Integer -> System .

crl cook(Y ; zt zt, Z) => Y + Z ; zt zt
if (Z > 0) = (true).Boolean [label rilal
crl cook(Y ; [A, Bl zt, Z) => Y + Z ; [A + Z, Bl zt
if ((A >=0) and (Z > 0) and (Z + A <= B)) (true) .Boolean
[label ribl
crl cook(Y ; [A, B] [C, D], Z) =Y+ Z ; [A+ Z, B] [C + Z, D]
if ((A >= 0) and (C >= 0) and (Z > 0) and
(A+Z <=05) and (C + Z <= 5)) = (true).Boolean [label ricl
crlN/T/K/O0OK=>N-1/100,0] ;T/K/GOK
if (N > 0) = (true) .Boolean [label r2]
rl1N/H;T/Y;zteV/0K=>N/T/Y; HV / OK [label r3]
rl Y ; HV => cook(Y ; HV, Z) [label r4 nonexec]
rl Y ; [A, Bl V=>Y ; [B, A] V [label r5]
r1 N/ T/Y; [A,BIV/OK=>N/T[A, B] ;T/Y;ztV/OK
[label ré6]
crlN/T/Y ; [6,5]V/0K=>N/T/K/OKH+1
if cook(Y ; zt V, 1) => K [label r7]

endm

The first command loads the module smt.maude that, among other things, defines
the sorts Boolean (abbreviated to bool) and Integer that are accepted by the SMT
oracle. The command protecting INTEGER states that the functional module INTEGER
from smt.maude is used “as is”, without any modification, so the SMT oracle can be
used to verify the satisfiability of any integer arithmetic formula from QF(Xp). At the
same time, the functional module INTEGER contains the command protecting BOOLEAN,
which is the functional module where the sort Boolean is defined.

One point to bear in mind is that the module smt.maude has sort and function
definitions, but no equations, so any term within its sorts is canonical. This means,
for instance, that the functional module INTEGER will understand the term 2 + 2 as
having sort Integer, but it will not reduce it to 4. What the SMT solver can tell us is

that the Boolean formula 2 + 2 === 4 from QF(Xp) is satisfiable, hence valid since the
formula is ground. The equality function op _===_ : Integer Integer -> Boolean
in INTEGER has three equality symbols because the _=_ and _==_ functions, that usually

represent the equality between terms, have a special meaning for the Maude parser.



98 CHAPTER 5. CNM SMT PLUS AXIOMS

The sort System represents all the elements of the example: bag (Integer), Bin,
Kitchen, and dish (Integer), separated by slashes, where the Kitchen is the pair formed
by the elapsed time (Integer) and the Pan, separated by a semicolon. For design reasons
it is desirable to have these two items attached one to another.

The system module TOASTS is order-sorted since is has subsorts but no memberships.
All of its conditional rules but one (r7) have SMT constraints, which we distinguish in
Maude by checking them against the condition true of sort Boolean from smt.maude, so
that the prototypes can handle them in an appropriate way. Rule r7 is the one that has
a reachability condition: cook(Y ; zt V, 1) => K. When there are two RealToasts in
the Pan, one of them is completely cooked, and we want to put it in the output dish, this
condition prevents the RealToast that remains in the Pan, V, from getting overcooked,
by checking that the result of cooking it for 1 second matches a variable K with sort
Kitchen (a subsort of [Kitchen], the codomain of cook), that forces the application
of rule rib, in this case. If there is only the well-cooked RealToast in the Kitchen,
then rule rila is applied to the condition, incrementing the timer one second, since its
instantiated SMT constraint, 1 > 0, is valid.

5.1.1 Signature

In the toast example, ¥ = (5, <, F) is, omitting the implied kind for each connected
component of S:

e S ={bool,i,rt,et, t,p,k,b,s}
o <={(rt,t),(et,t),(t,b)}

o I'= {{[_7_]}ii,rtﬂ{__}tt,w{_;_}bbfbv{_;_}ip,ku{COOk}ki,[k]a
{_/_/_/_tivkis {zt}ee}

5.1.2 Order-sorted theory

The order-sorted theory (3,€) for the cooking example has ¥ = (S, <,F) and £ =
EoU B, where Ej is the set of equations for integer arithmetic and Boolean calculus (not
displayed), and B consists of the four equations:

(Zp); Ye)); 28] = Zpo); (Yl 20))
® Tpjs Yp] = Ypli [y
® Tp; 2t = Tpy

¢ TjYle] = Yl L)

stating that the Bin is a multiset and that the position of the Toasts in the Pan is
irrelevant.

5.1.3 Rewrite theory

In the toast example, R is the following translation of the rules shown in Section 5.1,
where the abbreviations used for the subscripts, as established before, are
rt—RealToast, t—Toast, k—Kitchen, b—Bin, and we assume sort i—Integer when no
subscript is shown:
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[rla] : cook(y;ztzt,z) — y+z;ztztif 2 >0

[r1b] : cook(y;la,b] zt,z) — y+z;[a+z,blztif z>0Aa+2<5

[r1lc] : cook(y;la,b] [c,d],z) — y+ z;[la+ 2,b] [c+ 2,d]
ifz>0Na+2z2<b5Ac+2z2<5hH

[r2] s n/av/ge/ ok — (n—1)/[0,0]; 2v/gx/ 0k if n>0

(73] : /by Tp/Y; 28 v/ Ok — N/ 20/ Y; hyy vy 0k

[r4] @ y; hey v¢ — coOk(Y; gy Uy, 2)

[r5] : y; a, bl vy — y;[b,al v

[76] : n/xv/y; [a,b] v/ ok — n/|a,b]; xv/y; 2t vy [ 0k

(7] : n/xy/y; [5,5] ve )0k — n/xy/ge/ok + 1 if cook(y;zt vy, 1) — gy

Normal form of the rules

The only rule in R whose normal form differs from the rule itself is [r7], whose normal
form is

[r7°] : n/xyy;[a, bl vi/ok — n/xy/ge/ok + 1if cook(y;zt ve,1) = g|a=5Ab=05

5.2 Expressiveness. Properties of topy, . Rewriting with
B-extensions

5.2.1 Expressiveness of —} and —>}%/g

The use of normal rewrite rules will allow our narrowing calculus to split £-unification
into B-unification plus &-satisfiability.

In conditional rewriting with built-ins, rewriting modulo is more expressive than rewriting
(kG Re): from their definitions in Sections 2.3.3 and 2.3.4, it is clear that —pC—p ;

in the next example we prove that, in general, —>}DL/€§Z—>}%.

Example 15. Let us assume a rewrite theory R = (X, Fo U B, R), where Ey is integer
arithmetic, f and g are function symbols in X1; B = {f(z,y) = f(y,x)}; and the only
rule in R is ¢ : f(2+x,0) — g(z). Then f(0,3) cannot be rewritten in R because f(0,3) #
f(2 + 2,0)0, syntactically speaking, for any substitution o, but f(0,3) _>}2/£ g(1) with
o ={x 1}, because 3 =g, 2+1, so f(0,3) =g, f(0,2+1) = f(2+1,0) = f(2+z,0)o.

Rewriting modulo with built-ins can be imitated using a B-matching algorithm and
an oracle for Ej instead of an £-matching algorithm.

Example 16. In example 15 we can convert the E-matching problem f(0,1+2) =¢ f(2+
x,0) into the B-matching problem f(0,1+ 2) =g f(z,0), with the condition z =g, 2 + x
(this is a simplification of the real algorithm, to make the example more understandable).
The B-matching algorithm returns the answer {z — 1+ 2}, that gives us the condition
142 =g, 2+ z, and the oracle for Ey recognizes it as satisfiable. Then, f(0,1 4+ 2)
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rewrites modulo € to g(x) with the condition 1 4+ 2 =g, 2+ x, that has as only solution
{z — 1}. The pair g(z)|(1+2 =2+ x), is called a constrained term. The Ey subscript
in the equality sign is removed from the constrained terms since it is always implied by
the rewrite theory involved.

The narrowing calculus presented in this chapter is based on the use of constrained
terms, a complete B-unification algorithm, and an oracle for Ej.

5.2.2 Properties of topy,

We show in this section the main properties related to the concept of set of topmost
Yo-positions presented in Section 2.3.7.

Proposition 7 (Invariants of topy, under Ey-equality). Let R = (X, Ey U B, R) be a
rewrite theory with built-in subtheory (3o, Eo). If t and t' are two terms in Hx(X) such
that t =g, t' then:

1. tops, (t) = topy, (1),
2. Is(tly) = Is(t']q) and t|g =g, t'|q for all positions q in topy, (1),
3. t|ly =g, t'ly for all positions ¢' such that t|y; € Hx(X), and

4. if tOPEO(t) ={q1, - qn} then t' =t[t'|;]g, -+ ['|g.] g0 -

See proof on page 125.

Proposition 8 (Relation between abstracts, and tops, ). Let R = (X, Ey U B, R) be a
rewrite theory with built-in subtheory (3o, Eo). Ift is a term in Hx(X), abstracts, (t,Y) =
(AT.t°;6°;¢°), where T = {x1,...,x,} and t° = t[x1]q, -+ - [Tn]q,, then

(i) tops,(t) ={q1,...,qn}, and
(ii) for every substitution o : T — Ts,(Xp) it holds that topy, (t°c) = tops, (t).
See proof on page 125.

Proposition 9 (Bijection between topy, positions in B-equal terms). Given an OS equa-
tional theory € = (X, Ey U B) and two terms u and v in Hx(X) such that u =p v,
where © = Uy =g - g ou, = U, GT = aLp,..., 0L, with dv C BU B, if
tops, (u) = p and topy, (v) = q then there exists a bijective function desta : p — ¢ such
that ulp, = V| desta(ps), fOT each position p; in p.

See proof on page 126.

Corollary 2 (Bijection between topy,, positions in £-equal terms). Given an OS equa-
tional theory € = (X, Ey U B) and two terms u and v in Hx(X) such that u =¢ v, if
tops, (u) = p and tops, (v) = q then there ewists a bijective function dest : p — g, hence
g = dest(p), such that ulp, =g, V|dest(p:), for each posilion p; in p.

See proof on page 127.
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Figure 5.2: Strict coherence of =} p

Lemma 9 (Relation between E-unifiers and B-unifiers of abstractions). Given an OS
equational theory € = (X, EgUB) and two terms u and v in Hx(X), if abstracts, ((u,v)) =
ANz, 9).(u®,v°); (02,07); (92, 2)) and o’ is a ground substitution such that V,,, C dom(d’),
uo’ =g vo', and dom (o’ )N(ZUY) = 0 then there exists another ground substitution o° such
that u®c® =g v°0°, Eo b (65 A ¢5)0°, dom(o°) = dom (o) Uz UG, s0 Viye vo go.60)00 =0,
and 0’ =g, 0,(01)-

See proof on page 127.

5.2.3 One-step B-deduction and FEjy-deduction

Let R = (X, Eq U B, R) be a rewrite theory with built-in subtheory (2o, Fy). Let B~! =
{v=w|w=wv €& B}, then we write [ +>p r iff there exists v = w in BU B™!, a position
pin [ and a substitution o such that I|, = vo and r = l[wo],. Let E;' = {v =w if C |
w = v if C € Ey}, then we write [ <>g, r iff there exists v = w if C in Ey U By, a
position p in [ and a substitution ¢ such that l|, = vo, r = l{wo],, and Ey - Co. We
define <>¢=<>p U <>g,. This notion is needed for the proof of the following result.

Proposition 10 (Decomposition of £-equality in B-equality plus Eg-equality). Let R =
(3,E, R) be a rewrite theory with built-in subtheory (Yo, Eo). If t and t" are terms in
Hs(X) and t =¢ t" then there exists a term ' in Hx(X) such that t =gt =g, t".

See proof on page 129.

5.2.4 Rewriting with B-extensions

When working with a closed under B-extensions rewrite theory R, as in Definition 4.2.1,
the relation between rewriting modulo SMT plus axioms and rewriting with B-extensions,
is slightly different to the one in Chapter 4, since it also involves the normal rewrite rules
from R.

Corollary 2 in [Mes17] can be applied in a straightforward way to —p 5, yielding the
following lemma.

Lemma 10 (Independence of R, B-rewriting modulo B for rewrite theories closed under
B-extensions). Let R = (X, EgUB, R) be a rewrite theory with built-in subtheory (3o, Ep).
If R is closed under B-extensions then _>}%,B 18 strictly coherent, i.e., for all t1,t9,t3 if
t1 =g p ta and ty =p t3 then there exists ty such that t3 —gp ts and ty =p ty (see
Fig. 5.2).

Example 17. In the cooking example, R is closed under B-extensions because the sub-
terms of the equations in B have sorts Toast, Bin, or Pan, and no head of any rule in R
has any of these sorts.
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Theorem 11 (Equivalence of R/ and R, B-rewriting for rewrite theories closed under
B-extensions). Let R = (X, EgUB, R) be a rewrite theory with built-in subtheory (X¢, Ep).
If R is closed under B-extensions then %}%,Bg_)}%/s’ —rB=—R/c, and if t and w are
terms in Hx(X) such that t —>}%/€ w then there exists t' in Hx(X) such thatt —p 5 t' =g
w.

See proof on page 130.

Corollary 3. Let R = (X, EgyUB, R) be a rewrite theory with built-in subtheory (3o, Ep).
If R is closed under B-extensions then any substitution is R/E-normalized iff it is R, B-
normalized.

5.3 Reachability by conditional narrowing modulo SMT
plus axioms

In this section, the narrowing calculus for reachability is introduced, its soundness and
weak completeness are stated, and completeness for topmost rewrite theories is also
stated.

Narrowing is like R, B-rewriting, where unification is used instead of matching, al-
lowing the inspection of a set of initial states, namely the ground instances of the given
symbolic initial state, which can have variables both in its SM'T and non-SM'T subterms,
in contrast with [RMM17] whose initial states can only have variables in its SMT sub-
terms.

Consider a reachability problem P = A"  t; — v; | ¢. For simplicity of the ex-
planation, let n = 1. A way to solve this problem using narrowing is to find a series
of narrowing steps t; — vy | ¥~y -+ oy, t — vio1 -0y 1 | ¢ and then find a
substitution o,, such that t'o,, =g vi01---0,, and Ey b ¢o,,. It is immediate to show,
using induction on the number of narrowing steps, that ¢ = oy - - - 0, is a solution for P.

From the definition of narrowing for rewrite theories with built-in in in Section 2.3.11:

“t ~b t'if there is a position p € Pos(t), a rule ¢ € R, with normal form ¢ : 1° —
rif NiZili =1y | 9 A¢, and a substitution o such that rep(t|,)o =p lo, t' = (t[r],)o,
lic wrprjo, for 1 <j<m, and Eg - (¢ N ¢')o”,

in order to perform a narrowing step from the term t; in P with rule ¢ € R it is re-
quired that rep(t1|,)o =g °0, ljo =g p rjo, for 1 < j < m, and Ey - (¢ A ¢ A ¢')o.
This is not trivial. A method to achieve this task is to consider a position p in Poss(t;),
and a B-unifier pg in CSUp(rep(t1],) = [) such that the SMT condition (¢ A ¢ A ¢')po
is satisfiable. Then l;p0 — 7;p9, for 1 < j < m, is a set of reachability problems.
Each problem ljpy---pj—1 — 7jpo---pj—1, for 1 < 7 < m, is solved recursively by
narrowing, with the previous satisfiable SMT condition as new reachability formula,
yielding the next substitution p; and another satisfiable SMT condition as solution.
If we take 0 = pg---pm and call U the last satisfiable SMT condition obtained, then
P sl (trly = v ANyt = vi)o | 0.

The method sketched in the previous paragraphs is the one used in the calculus for
reachability by conditional narrowing modulo SMT plus axioms, whose calculus rules are
shown in Figure 5.3. This calculus handles reachability goals, which in this context are
an extension of reachability problems.
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5.3.1 Reachability goal

Given a rewrite theory R = (3, EyUB, R) with built-in subtheory (20, Ey), a reachability
goal GG is an expression with the form

L AL u— v | ¢, or
2. up —! xk,UQ[l‘k]p — Vg N\ /\?:3 U; —> Uy | ¢,

where n > 0, u;,v; € Hy(X), for 1 <i < n, ¢ € QF(Xy), p € Pos(uz), k = [Is(uy)], the
kind of the least sort of uy, and x; appears exactly twice in G in case (2). We say that
x is the connecting variable of the goal.

Reachability problems are reachability goals with the first form; reachability goals
with the second form are generated by the calculus rules; this second form prevents the
repeated application of rule transitivity in a derivation, forcing the calculus of a narrowing
step in the first subgoal of the reachability problem.

The notations P~ P, P ~p, P, or P~ ., P, will be used in the calculus
to indicate that rule [r] of the calculus has been applied (with substitution o, if needed,
and using rule ¢ from R in the case that [r] is the rewrite rule) to P, yielding P’.

We extend the definition of solution of a reachability problem in —}, I and —>}37 g to
reachability goals with the second form.

Solution of a reachability goal in —, /€

Given a reachability goal G = u; = xg, uslag], — va A N[_gui — v; | ¢, a substitution
o : vars(G) — Tx is a solution of G in —>}%/5 if uo %}2/5 Lo, Us|Tklpo —Rje V20,
u;o —gse v;o, for 3 <1 < n, and Ey - ¢o.

Solution of a reachability goal in —}, 5

Given a reachability goal G = u; —' zg, uslwg], — ve A N[y ui — v; | ¢, a substitution
o : vars(G) — Ty is a solution of G in = if o =k p 210, Us[Tk]p0 =R B V20,
w0 =g p v;io, for 3 <i <n, and Ey - ¢o.

By Theorem 11, when R is closed under B-extensions, the solutions of any reachability
goal under —}, . and — 5 are the same.

5.3.2 Empty goal. Narrowing path. Computed answer
Empty goal and narrowing path

We call nil | ¢, where ¢ is satisfiable, an empty goal. Given a closed under B-extensions
rewrite theory R = (X, &, R) with built-in subtheory (X¢, Fy), a reachability problem P
in =g /e is solved by applying the calculus rules in Figure 5.3, starting with P and in a
top-down manner, until an empty goal is obtained, generating a narrowing path.

Computed answer

Given a rewrite theory R = (X, &, R) with built-in subtheory (3, Ey), and a reachability
goal G, if there is a narrowing path G ~,, G1 ~>,, -+~  Gu_1 ~,, nil | 1, using
the calculus rules in Figure 5.3, hence 1 is satisfiable, then we write G ~~% nil | ¢, with
0 = 010y, and we call oy | ¥ a computed answer for G. As the unifiers o,
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e [u] unification
u—v ANA|P
Af [y

where abstracts, ((u,v)) = (AZ, 9)-(u®, v°); (05, 67); (65, 97)),

o in CSUp(u° =v°), vars(y) C vars((¢ A ¢35, A ¢5)o),
EoFv e (0N A¢S)o, and 9 is satisfiable

[t] transitivity
u—v (ANA)| ¢
u— rp, = v (ANA) | ¢

where u ¢ X, k = [Is(u)], and xy, fresh variable

e [c] congruence
ul, =t T, uzr], > v (NA) | @
u; =y ulyplps — v (NA) | 6

where ul, = f(u1,...,upn), u; € X' U Ts, (Xp),
k' = [ls(u;)], 1 <4 < n, and yp fresh variable
o [r] rewrite

ul, =t zp, uzr], > v (ANA) | @
(CAulr], = v (ANA))O [

where ul, ¢ X, 1 — rif C'| ¢’ fresh rule in R,
abstracts, ((ulp, 1)) = (MZ, 9).(u®,1°); (03, 67); (d3. 7))
0 in CSUg(u® =1°), vars(yp) C vars((¢ A @' A o7 A ¢5)0),
EoFv < (0N N@p A @S0, and 7 is satisfiable

Figure 5.3: Inference rules for reachability by conditional narrowing modulo SMT plus
axioms.
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1 <4 < n, returned by CSUp are idempotent and away from all the variables that have
previously appeared in the computation, so ran(o;) N U;;ll ran(o;) = 0, then o is also
idempotent.

Rules unification and rewrite allow for simplifications in the reachability formulas ob-
tained, i.e., (¢ A ¢°)0 can be replaced with another formula v under the assumptions
stated in both rules. For instance X —Y + 7 > 0A X =Y can be replaced with Z > 0.
It is always possible to obtain the same computed answer without using simplifications.

Proposition 11 (Existence of canonical paths). Given a rewrite theory R = (X, E, R)
with built-in subtheory (X¢, Ey), and a narrowing path from a reachability goal G, G =
Ag | Yo ey A1 | U1 ~ogy - D1 | i1 ~,, nil | Y, there ezists another narrowing
path G = Ag | o ~; A1 | X1 ~0y Dot | Xmo1 ~0,, Nl | Xm, where if one rule is
applied at step i in one path then the same rule is applied at step © in the other path, for
1 <i < m, there is no simplification of the reachability formula when rule unification or
rewrite is applied, and Eo - V; < x;, for 1 <i < m.

See proof on page 132.

5.3.3 Soundness and weak completeness of the calculus

In this section it is stated that the calculus rules are a sound method for solving reachabil-
ity goals in %}Q’ - A distinction is made depending on the form of the reachability goal.
For goals of the second form it is necessary to be very careful with the connecting variable
of the goal, since this variable does not appear in the original reachability problem.

Theorem 12 (Soundness in —, 5 of the Calculus for Reachability Goals). Given a closed
under B-extensions rewrite theory R = (3, Ey U B, R) with built-in subtheory (3o, Ey),
where £ = FEyU B, and a narrowing path from a reachability goal G, G = Aq | ¢y ~g,
Ao | g~y o Ay | U ~>g,, nil |, let 0 = 01+ 0y, then:

1if Ay = N wi = v and p: X — Ty is a substitution such that dom(p) = vars(Go)
and vp is satisfiable then (0p)vars(c) 95 a solution for G in _>}%7B7 and

2. 4f Ay = wilp, = vywfz], > v ANy u = v | Y and p s X\ {2} = Tx is a
substitution such that dom(p) = vars(Go) \ {x} and p is satisfiable then

a) (00)pars(cN{zr 48 a solution for N u; — v; | ¥y in — an
P)vars(@)\{z} lution for N\i_, Yy in —pp and

(b) there exists a substitution p, : {x} — Tx such that (o(p U pz))vars(c) 5 @
solution for G in —p p.

See proof on page 132.

The soundness of the calculus rules with respect to the solutions of reachability prob-
lems in —J, /& for rewrite theories closed under B-extensions, is now a consequence of
the soundness of the calculus rules in —>}27 5 and the fact that reachability problems are
a special case of reachability goals.

Theorem 13 (Soundness in —J, se of the Calculus for Reachability Problems). Given
a closed under B-extensions rewrite theory R = (3, Ey U B, R) with built-in subtheory
(20, Eo), and a narrowing path from a reachability problem G, G = N\;_, w; — v; | 1 ~%
nil |, if p: X — Ty is a substitution such that dom(p) = vars(Go) and Vp is satisfiable,
then (0p)vars(c) @5 a solution for G in _>}%/£'
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Proof. By Theorem 12 (1), (0p)vars(c) is a solution for G'in —f 5. As R is closed under
B-extensions, then, by Theorem 11, (0p)qars(c) is also a solution for G in —>}%/5. O

Theorem 14 (Weak Completeness in —, J¢ of the Calculus for Reachability Problems).
Given a closed under B-eztensions rewrite theory R = (3, Ey U B, R) with built-in sub-
theory (o, Ey), where & = EqU B, and a reachability problem P = N\ u; — v; | ¢, if
o is an idempotent R/E-normalized solution for P in —>}%/5 then there exist a formula
Y € QF(Xp), and substitutions v and 6, such that P ~~Z nil | ¥, 0 = (70)vars(p), and 10
15 satisfiable.

See proof on page 135.

Completeness in — /g of the calculus, for topmost rewrite theories

In the proof of weak completeness of the calculus for reachability, the only place where
the hypothesis of o being R/E-normalized is used is in the induction case, (ii), where
it limits the positions where rewriting can happen at some proper subterm of u;o, an
instance of the first term in the reachability problem P (u1). It is immediate then to
prove the completeness of the calculus for topmost rewrite theories, those rewrite theories
R = (X, E, R) such that for some top sort state, no operator in ¥ has state as argument
sort and each rule I — r if Al_;l; = r; | ¢ in R satisfies I,r € T5(X)state and l;,7; €
T5(X)state, for 1 < i < n, since rewriting always happens at position € of u;0, so the
hypothesis of ¢ being R/FE-normalized is not needed for this type of rewrite theories in
the proof of completeness.

5.4 Narrowing example: toast cooking

An application of the calculus using the running example is shown. All the subscripts
for variables with sort Integer are omitted for readability. Recall the rest of subscripts
in the example: p —Pan,rt — RealToast,t — Toast,k — Kitchen,b — Bin, s — System.
Consider the reachability goal G = n;/zt/0;zt zt/0 — m/a./t;y,/1 | n1 > 0 Any <
3 At < 12, where from an initial System consisting of a bag containing one or two
RealToasts, an empty Bin, an empty Kitchen (with zero seconds of elapsed time), and no
well-cooked RealToasts, it is desired to reach a System with one well-cooked RealToast
in less than twelve seconds. Let F' = m/x,/t;yp/1, o1 =1 > 0Ang < 3Nt < 12,
and ¢o = ny > 0Any < 3At < 12. Then abstracts,(F) = (Aok.F°;60° ¢°), with
F° =m/x,/t;y,/ ok and ¢° = (ok = 1). Narrowing steps involving rules [t] or [c| have
been joined in multiple narrowing steps, for instance WE;],[CL[T]’ after their first occurrences.
The interaction between unification, SMT operations, and satisfiability is explained using
the number of well-cooked RealToasts, 0 + 1, in step 15:

L. n1/zt/0;zt 2zt /0 — F | 1~y
2. n1/zt/0;zt zt /0 1 zlg), xlg) — F| ¢ 3 [1]r2,00={n1-n2}
3. n2 —1/[0,0]/0;2t z£ /0 — F | g2 ~y

4. ny —1/[0,0]/0;zt 2t /0 = 225,22 = F | 2~
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5. ng —1/zt/0;[0,0] zt /0 — F' | ¢ Ty

6. g —1/2t/0;[0,0] 2t /0 =" a3g), 23 — F | ¢2 ~]

7. 0;[0,0] zt =" Y24, 12 — 1/2t/y239/0 = F | 2 ~>(r4

8. ny — 1/zt/cook(0;[0,0] zt,21)/0 = F | pa Az1 >0 0l b

9. ny — 1/Zt/2’1; [2’1,0] Zt/o — F | PaANzg >0AN21 <5 M—?rt] (], [F]r5

10. ng —1/2t/21;[0,21) 2t /0 = F | pa Az1 > 0N 21 <5 T (el frira

11. ng —1/zt/cook(z1;[0, z1] 2t,22)/0 = F | 2 A 21 > 0N 2 <5 T (L b

12. ng — 1/zt/z1 + 22; [22,21] 2t /O — F' | ¢p2 A 21 >0A21 <H5NA22>0A 20 <5~y

13. ng — I/Zt/Zl + 29; [22,2’1] Zt/O -1 $4[S],1‘4[S] — F ‘ P2 A\
ANz1 >0A21 <DHAz9>0A20 < 5M‘>[r]r7°

14. cook(z1 + z2;zt zt, 1) = y3pg Ana — 1/zt /Y3 /0 +1 = F | g2 A

N =5A22 =50 ] e

15. ng —1/zt/1+ 21 + 2952t 2t /0+1 — F | A
/\TLQ>O/\n2<3/\t<12/\21:5/\22:5w[u]7}7‘0

7¢87015

16. nil [ng >0Any <3Az1=5ANz2=5

The last narrowing step, the unification of ny — 1/zt/1 + 21 + 29;zt zt/0 + 1 with F°,
i.e., m/x./t;y,/ 0k, is explained in detail. The unifier, indeed a matching, is 015 = {m —
ne — 1,y = zt,t = 14 21 + 20,9, — zt zt, 0k — 0+ 1}. As there is a substitution
oy = {n1 > ny} in step 2, then oyurs) = (01 015)vars(c) = {11 — N2, 2 — 26, ¢ —
14 21 + 22,Yp — 2zt zt, 0k — 0 + 1}, where ok does not map to 1, but to 0+ 1.

The new condition, including ¢° = (ok = 1), becomes ny > 0Any < 3A1+ 21+ 2 <
12N 21 =5A2=5A0+1=1, which simplifies to no > 0Any <3Nz =5A 2z =5.

The computed answer for the reachability goal shows two different solutions, one with
ny = 1 and another one with ny = 2. Ast = 14 z; + 29, 21 = 5, and 2z, = 5, then
from a bag with one or two RealToasts, it is possible to reach a System with one well-
cooked RealToast in 1 4+ 5 + 5, i.e. 11, seconds, hence fulfilling all the requirements
of the problem. The actions that lead to this answer correspond to one application of
rule unification ([u]), that has already been explained, and with each application of rule
rewrite ([r]):

- in step (2) a RealToast is taken from the bag and put in the Bin,

- in step (4) the RealToast passes from the Bin to the Kitchen,

- in steps (7) and (8) one side of the RealToast cooks for some time z; that is added
to the timer,

- in step (9) the RealToast is flipped,

- in steps (10) and (11) the other side of the RealToast cooks for some time z, that
is added to the timer,

- in steps (13) and (14) the RealToast becomes a well-cooked RealToast, forcing
z1 = 2o = 5, and taken out to the dish; one second is added to the timer.
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5.5 Prototypes

In this section we present two prototypes of the narrowing calculus shown in this chapter,
that have been implemented using Maude. These prototypes not only implement the
usual search for partial solutions via unification, but also the extraction of partial solutions
for the SMT variables in the reachability problems via the inspection of the evolving SMT
constraints of the computation. They can be found here, in the web page for this thesis
https://maude.ucm.es/cnarrowing, together with the instructions to run them. The main
difference between both prototypes is:

e the first prototype is a system module, where the search engine of Maude is used
to find the solutions of the reachability problems;

e the functional prototype implements its own search engine in a functional module.
In this prototype the SMT solver is used to discard already visited states by checking
the SMT equivalence of the SM'T' constraints of the generated reachability problems
instead of their syntactic equality.

At first only one prototype was developed, the system module, but during the tests
we found states in the search space that were equivalent, but not syntactically equal, so
the development of the functional prototype was decided.

When the work on the prototypes began after the calculus development was finished,
an experimental feature, which is formalized in the next chapter, was added to them: the
admission of variable SMT parameters in the specifications and problems. Reachability
problems beyond those allowed by the narrowing calculus in this chapter, where only
constant SMT parameters are allowed in the rules of the specifications, can be expressed
using this new feature.

Several versions of each prototype have been developed to check whether certain
modifications would be an improvement or not. These modifications are explained in
detail later on.

5.5.1 Common functionality of the prototypes

In Maude, rewrite theories are defined using system modules and equational theories
using functional modules. While the first prototype was developed as a system module,
where the search engine in Maude does all the in-house work, keeping track of the search
tree and discarding the duplicated states that it finds, the functional prototype was been
developed as a functional module that included an implementation of its own SMT-based
search engine.

We present here the common functionality of the prototypes, followed by their dis-
tinctive features. Finally, we describe several improvements that have been tested on
them.

Variable SMT parameters

Constant SMT parameters are directly handled by the calculus but, in the calculus shown
in this chapter, it is not possible to include variable SM'T parameters in the rules to find
feasible values for them given a reachability goal because each instance of a rule that is
applied in the calculus gets new variable names, and the variable parameters must always
have the same name. This problem has been solved in the prototypes by:
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(i) turning the variable SMT parameters that appear in the rules of the specification
into new SMT constants of the same name and sort;

(ii) each time that a fresh version of a rule is requested, all the new SMT constants that
appear in the fresh rule are replaced with the original SMT variables. In this way,
the variable parameters are never renamed.

In the next chapter a different, more flexible, approach has been taken:
(i) the parameters remain as variables,
(ii) a list of parameters must be always supplied in the reachability problem, and

(iii) it is also possible to provide with the reachability problem a substitution that in-
stantiates partially or totally each parameter.

An extension of the module META-LEVEL

The prototypes were developed for an alpha version of Maude 2.7, which supports SMT
satisfiability through a file called SMT.maude that includes four functional modules. These
modules define new sorts Boolean, Integer, and Real, different from the sorts Bool,
Int, and Rat that appear in all versions of Maude. The modules are inert, i.e., there
are neither axioms nor equations in them, so every SMT term is a normal form. Each
constant and operator in the modules just hold a hook to the C+-+ code that handles it.
The operator metaCheck, found in the module META-LEVEL from prelude.maude, is used
in the prototypes to check the satisfiability of any given SMT metaterm.

Maude recognizes two SMT terms as equal only if they are syntactically equal. For
instance, the variable X:Integer and the term 1.IntegerxX:Integer are not recognized as
equal by Maude because the latter SMT expression is not simplified by the SMT modules.

We add simplification capabilities to the SMT expressions in our module SMTLOGIC.
In this way, the search engine can better prune the search tree, for instance by simplifying
the previously mentioned term 1.Integer x X:Integer to X:Integer.

Our module SMTLOGIC defines SMT arithmetic metaterms and Boolean metacondi-
tions. This extension of the module META-LEVEL allows the prototypes to:

e find partial solutions, consisting of ground assignments for the SMT variables in
satisfiable SMT constraints,

e remove ground SMT expressions from satisfiable SMT constraints, and

e simplify SMT subterms and conditions, for instance, removing duplicated condi-
tions.

The module SMTLOGIC adds simplification functionality to the prototypes. As the arith-
metic operators +, —, and * are overloaded, we defined new metaoperators, +1, —1I, *I,
+R, —R, and *R in our module for the metaexpressions, also separating integer expres-
sions from real expressions. We defined top sorts SmtCondi, for Boolean metaterms, and
SmtTerm. The sort SmtAterm (for SMT arithmetic term) is reserved for ground arithmetic
metaterms and also for arithmetic metaterms having neither Boolean metavariables nor
metaoperators with sort Real in them. Boolean metavariables may appear in a non-
Boolean metaterm in the conditional part of a ternary operator if ... then ... else, which
deserves special treatment, hence the need for sort SmtAterm.
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The chosen subsort ordering in SMTLOGIC reflects several pre-existing relations for the
terms shared between META-LEVEL and SMTLOGIC, as well as the desired subsort ordering
for the new sorts in SMTLOGIC:

subsort Term < SmtCondi .

subsort Term < SmtATerm < SmtTerm .

subsort GroundTerm < GroundSmtTerm < SmtATerm .
subsort GroundTerm < GroundSmtCondi < SmtCondi

In this way:

e variables with sort Boolean, that become terms with sort Term in the META-LEVEL,
have also sort SmtCondi in SMTLOGIC,

e non-Boolean SMT variables, that become terms with sort Term in the META-LEVEL,
have also sort SmtATerm in SMTLOGIC,

e non-Boolean SMT constants, that become terms with sort GroundTerm in the
META-LEVEL, have also sort GroundSmtTerm in SMTLOGIC, a sort that is needed
to characterize the terms with sort GroundSmtCondi, and

e the metaconstants >true.Boolean and ’false.Boolean have sort GroundTerm in
the META-LEVEL, but they also have sort GroundSmtCondi in SMTLOGIC, a sort that
helps in the task of removing all the redundant ground subexpressions that may
appear in a satisfiable SMT constraint.

The module has equations that simplify tautological Boolean conditions, equations
that simplify arithmetic operations, like those involving the identity constants for each
operation, and, finally, equations that exchange the left and right terms in some expres-
sions, alming to:

e obtain a canonical representation of the expressions, helping the search engine of
Maude to identify more terms as equal, and

e simplify the rules of the prototypes that are in charge of extracting partial solutions
from satisfiable SM'T constraints.

The function smtSimplify simplifies SMT constraints. Given an SMTLOGIC metacon-
dition, the function downSmt, that modifies the arithmetic and Boolean operators and
also modifies the sort of each constant and variable, is called on each arithmetic SMT
subterm or ground Boolean SMT subterm, generating new metasubterms. When ap-
plying the META-LEVEL operator downTerm to each one of these new metasubterms, we
obtain terms with sorts (Int, Rat, or Bool) that Maude simplifies automatically. Then
we apply the META-LEVEL operator upTerm followed by a call to another SMTLOGIC op-
erator MaudeSort2SmtSort that replaces the sort of each variable or constant with the
corresponding one for SMT expressions. Finally, in the case of arithmetic expressions
a call to the SMTLOGIC operators term2iExpr, term2rExpr, or term2cExpr restores the
SMTLOGIC metaoperators in each metasubterm.

There exist also a pair of functions, constants2variables and variables2constants
that are used in the extension of the prototypes to support variable parameters in the
rules of the specifications, as explained in Section 5.5.4.
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Normal form of rules and states in the system under test. Motivation for the
functional prototype

Each prototype uses a normal form of the rules in the specification. This normal form is
slightly different in each prototype, to obtain a better performance.

Given a rewrite theory R = (X, Ey U B, R), both prototypes use a normal form of
the rules in R, called R°. After computing a closure under B-extensions of R, R° is
generated from this closure by abstracting all the SMT terms in the head of the rules,
for the rule-based prototype, and all the SMT terms in the rules, for the functional one.
The abstraction is achieved in each rule by:

(i) replacing each selected non-variable SMT term of the rule with a new SMT variable
and

(ii) adding a new condition to the SMT constraint in the rule, stating the equality
between the SMT term and the SMT variable.

Removal of already visited states is done by the built-in search engine of Maude in the
rule-based prototype and using our own defined operator in the functional one, motivating
the consideration of different normal forms in each prototype:

Consider one state, s(SMTy)|SMTc, where SMT; is a SMT subexpression and SMT¢ is the
condition associated to the state. Two different abstractions of this state, s(X)|SMT¢ & X =
SMT; and s(Y)|SMT. & Y = SMTy, are not identified as equal by the built-in rewrite en-
gine of Maude in the rule-based prototype, because X # Y and the engine searches for
equality modulo axioms to remove states, so it is better not to abstract the expressions
in the rule-based prototype.

The functional prototype identifies the states in the previous example as equal. Also,
if SMT; and SMT, are two equivalent expressions that are syntactically different, so Maude
cannot identify them as being equal, then our own defined operator will also recognize as
being the same state two abstractions s(X)|SMT¢ & X = SMT; and s(Y)|SMT¢ & Y = SMT,,
but it will not recognize as being the same state the non-abstracted versions s(SMT;)|SMT¢
and s(SMT,)|SMT¢, because our operator uses the built-in unification method of Maude to
unify the non-SMT part of the states, and this method can unify s(X) and s(Y'), but it
fails to unify s(SMT,) and s(SMTy). Of course, the rule-based prototype fails on both cases
of this paragraph, which is the motivation for the development of the functional one.

Depth-oriented generation of unifiers

One design decision, that is shared by both prototypes, concerns the depth at which each
unifier is tried in the search tree of the reachability problem. This search tree is generated
using the rules of the specification, and controlled by the prototypes. We have designed
the rules of the rule-based prototype and the equations of the functional one so that the
set of unifiers for any given pair of terms is generated in a depth-oriented way instead
of in a width-oriented way, i.e., if the first unifier is tried at level n of the search tree,
then the second unifier is tried at level n + 1, and so on. Level n of the search tree can
be also used to generate other narrowing paths. This design allows the search tree of the
reachability problem to be more fair to all the rules that can be applied to any state in
the search tree, and also to support potentially infinite unification of terms, like in the
associative case, without losing completeness.
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The normal form of the rules includes the kind of every rule and every rewrite condition
in the rule. As the kind of each reachability subgoal in the original problem is also
computed, we only have to select rules with the same kind as the current subgoal, using
the matching capabilities of Maude, to try to unify the subgoal with the left side of
the rule as a first step towards generating a narrowing step, discarding the rest of the
rules. The normal form of the rules also includes a serial number that is used with some
memoized operators. The set of normal forms of the rules together with their kind and
serial number is memoized in the operator normalR1s.

A version of the specification without the rules is also memoized. It is used for equa-
tional simplification of the metaterms generated by the prototypes. The other memoized
set holds the SMT variable parameters that are inferred from the specification. It consists
of all the constants with SMT sort.

Syntax of the reachability problems

The reachability problem that we want to solve, P, is represented in our extension of the
META-LEVEL as a term with sort OrigPrCond. The signature for this sort is:

op nilOP : -> OrigPr [ctor]

op _=>*_ : Term Term -> OrigPr [ctor]

op _&_ : OrigPr OrigPr -> OrigPr [ctor assoc id: nilOP]
op _&&_ : OrigPr Term -> OrigPrCond [ctor]

For each reachability problem P in our examples, we have obtained each term with sort
Term using the upTerm operator on the corresponding term of P.

Each subterm with the form u =>* v is the metarepresentation of a subgoal of P,
the & symbol joins the different subgoals of P, and the term after the && symbol is the
metarepresentation of the SM'T constraint of P.

This term with sort OrigPrCond is then processed by the operator problem:

op problem : OrigPrCond -> Problem .
producing a term with sort Problem, the key sort of the prototypes, with signature:
op _;_;_;_ : ReachGoal TermList Int Substitution -> Problem [ctor prec 79]

The TermList holds the list of initial variables of the problem, Int has the number of the
next fresh variable, and Substitution holds the computed substitution so far; ReachGoal
is a supersort of ReachProblem. A reachability problem, with sort ReachProblem, holds
the metarepresentation of all the subproblems and the SMT constraint of a given Problem.
The subproblems within a ReachProblem are metarepresented using the sort RuleCondi,
and the SMT constraint of the problem with a term with sort SmtCondi. Sort ReachGoal
is used to represent the intermediate states in the generation of a narrowing step, after
rules transitivity, congruence, or rewrite of the narrowing calculus are applied. When rule
unification of the narrowing calculus is applied to a ReachGoal, finishing the generation
of a narrowing step, the obtained term has again sort ReachProblem.

op nilR : -> RuleCondi [ctor]

op errorR : -> RuleCondi [ctor]

op _/_=>*_ : Kind Term Term -> RuleCondi [ctor]

op _&_ : RuleCondi RuleCondi -> RuleCondi [ctor assoc id: nilR]
op _II_ : RuleCondi SmtCondi -> ReachProblem [ctor]
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Figure 5.4: Dependencies between modules

Sort RuleCondi, together with the metarepresentation in META-LEVEL of the left and
right side of the rule and the SMT constraint, is also used in the metarepresentation of
the conditional rules in the normal form of R, R°:

op _&&_ : RuleCondi Term -> FullCondi [ctor]
op _=>_if_ : Term Term FullCondi -> SmtRule [ctor]
op kNone : -> KindIntSmtRuleSet [ctor]
op _/_/_ : Kind Int SmtRule -> KindIntSmtRule [ctor]
op __ : KindIntSmtRuleSet KindIntSmtRuleSet
-> KindIntSmtRuleSet [ctor assoc comm id: kNone]

The memoized set normalRls, with sort KindIntSmtRuleSet, includes the normal form
of all the rules, together with their kind and serial number. The kind of each subproblem
and rule is included in their signatures. In this way, the rules that do not have same kind
as the subproblem that is being solved at a certain moment are not used by the search
engines.

Prototype modular design

Figure 5.4 shows the dependency relation between the different modules used in the
implementation.

Three constants must be given an appropriate value in the module PROTOTYPE before
it is loaded. For the running example, we define:

eq target = ’TOASTS .
eq congruenceKindsl
eq congruenceKinds2

getKind (moduleNoRls, ’System)
getKind (moduleNoRls, ’Kitchen)

The values given to the constants mean that:
e the target module is TOASTS,

e rule congruence has to be applied only to terms whose sort is in the connected
component of sort System, and
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e when rule congruence is applied to a term, it will be applied only to the subterms
whose sort is in the connected component of sort Kitchen.

The prototypes depend on the specification under test, in this case the module TOASTS,
because the inclusion of the constant target allows us to memoize the normal form R°
of the specification rules R and other constant parameters derived from it. In this way,
the computations do not have to include the specification, or a transformed version of it,
as part of the term that represents the current state in the rule-based prototype, or as
part of the whole computation in the functional one, improving the performance of both
prototypes.

The definition of the constants congruenceKinds1 and congruenceKinds2 is an im-
portant improvement that is explained in Section 5.5.4. Currently both constants are
hardwired into the prototypes, being their computation from the specification one possi-
ble enhancement of the prototypes.

5.5.2 Rule-based prototype

The system module that implements the rule-based prototype is called REW-NAR (for
‘narrowing using rewrite’).

The operator problem of the prototype together with the operator upTerm of the
module META-LEVEL of Maude are used to express in an easy way the reachability problems
that we want to solve in our specification, and a module called TEST is used to load all
the modules shown in Figure 5.4 in appropriate order.

Example 18. The search command

search [9, 90] in TEST :
problem(upTerm(1 / W / O ; zt zt / 0) =>x upTerm(N2 / zt / Y ; zt zt / 1)
&% upTerm(Y < 12)) =>* SOL .

asks for 9 solutions, with a depth limit of 90 steps in the search, to the reachability
problem: is it possible from a State with just one Toast in the bag and another Toast
(W) in the Tray, which may be an EmptyToast, zt, to reach a State such that there is
one well-cooked Toast, the tray is empty, and the pan is empty, in less than 12 seconds?

The operator upTerm returns the meta-representation of the initial and final states of
the reachability problem, and also of the SMT constraint of the reachability problem.

The variable SOL has sort Solution, a subsort of sort Problem that the states of the
computation in the rule-based prototype have when a solution to a reachability problem,
with respect to the narrowing calculus, is found.

The operator problem returns as output a term P with sort Problem of the form K
/ L => R & RC || SC ; QVL ; NV ; AN, where QVL s the list of variables in P, NV
15 the next number of variable, AN is none, the computed answer so far, and X / L =>x
R & RC || SC is the reachability problem to solve. Here, K / L =>% R represents the
first subgoal of P, together with its kind X, RC holds the rest of subgoals of P and their
respective kinds, and SC is the reachability formula of P.

5.5.3 Functional prototype

The reduction engine of Maude, used with the equations, is more efficient than its rewrite
engine, used with the rules. As the functional prototype does not use the search engine
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of Maude, a functional module, called RED-NAR (for ‘narrowing using reduce’), that has
equations instead of rules, was developed. The functional prototype uses its own complete
search engine, which in its initial version was SMT-based.

When we began testing possible improvements for the prototypes, some set-based
versions of the functional prototype were developed, to check how much performance is
lost by replacing the search engine of Maude with a functional version of it.

In the set-based versions of the functional prototype, a set of visited states is kept
and each new generated state is compared against the elements of this set, using the
set-matching capabilities of Maude, to verify whether it has already been visited or not.

Each set-based version of the functional prototype is a counterpart of some version
of the rule-based prototype. The reason for the development of each version is explained
later in this section.

As the rewrite engine of Maude is not used, then there is no need for a variable SOL to
identify the end states of the reachability problems. On the other hand, in the functional
prototype the number of answers and the depth of the search have to be included in the
call to the operator problem, to control the end in the search for solutions using the
reduction engine of Maude. The syntax of the operator problem becomes:

op problem : Nat Nat OrigPrCond -> State
There are new sorts, aimed at implementing the search engine in the functional module:

op nilNP : -> NatProblem [ctor]

op _|_ : Nat Problem -> NatProblem [ctor prec 81]
op _|l_ : NatPrList NatPrlList -> NatPrList [ctor assoc id: nilNP prec 83]
op __ : ProblemSet ProblemSet -> ProblemSet [ctor assoc comm id: nilP prec 81]

op _/_/_/_/_ : Nat Nat NatPrList NatPrList ProblemSet -> State [ctor]

Sort NatProblem associates to each problem the remaining depth of the search. If the
remaining depth reaches zero then the problem is discarded. Sort ProblemSet keeps
all visited problems. Sort State holds the full computation, which consists of the state
number, the number of answers left to find, a list of current problems and a list of found
solutions, both with sort NatPrList, and the set of already visited problems, with sort
ProblemSet.

Then, reachability problems in the functional prototype have different syntax to those
in the rule-based prototype. A similar problem to the one shown in Example 18 is:

Example 19. The reduce command:

red in TEST :
problem(3, 90, (upTerm(N / W / O ; zt zt / 0)
=>* upTerm(0 / zt / Y ; zt zt / 2) && upTerm(Y < 12)))

asks the prototype to find 3 solutions, using its own search engine and with a depth limait
of 90 steps in the search, to the reachability problem: is it possible from a State with
any number of Toasts in the bag and another Toast (W) in the Tray, which may be an
EmptyToast, zt, to reach a State such that there are two well-cooked Toasts, the tray
is empty, and the pan is empty, in less than 12 seconds?

Example 20. An optimized version of the previous example could consist in the strength-
ening of its SMT constraint Y < 12. For instance, replacing it with the condition N < 3
and Y < 12 tells the prototype that we do not care for solutions that involve a bag that
has more than two Toasts in the initial state, since no feasible solution is possible in that
case.
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Both versions are compared later in this section. The different performance of the
same prototype with each of them shows the importance of having a deep understanding
of both the specification and the problem under test to get the best results.

The operator problemCore generates the abstracted version of the problem; the con-
stant normalR1ls holds in this prototype a normalized version of the rules where all the
terms in the rules, instead of only the head, have been abstracted. This approach has
also been tested in one version of the rule-based prototype.

The operator processState implements the search engine logic. It uses the operator
processNatPr to generate the candidate children of a problem in the search tree, which
are then pruned with operator isNewProblem that searches through the whole list of
already visited problems using operator sameProblem:

ceq sameProblem((K / L’ =>x R’ & RC’ || SC’ ; OVL ; NV’ ; AN’),
(K /L=>xR&RC || SC; OVL ; NV ; AN))
= true if {SU, SU’, NV’’} := metaDisjointUnify(thisModule,
upTerm(K / L =>* R & RC) =7
upTerm(K / L’ =>* R’> & RC’), max(NV, NV’), 0) /\
isRenaming(SU) /\ isRenaming(SU’) /\
metaCheck (smtModule, downSmt((SC <<* su2smtSu(SU, smtParams)) ===
(SC? <<* su2smtSu(SU’, smtParams)) , false))
eq sameProblem(PR, PR’) = false [owise]

Identical problems have been previously removed, using the multiset axioms of sort
ProblemSet, with the equation:

eq processState(STATES, ANSWERS, DEPTH | PR || NPO, NPL, SOLS, PR PS)
= processState (STATES, ANSWERS, NPO, NPL, SOLS, PR PS)

5.5.4 Improvements in the prototypes

We present now several improvements, some of them already mentioned, that are included
in the versions of the prototypes that we have developed. The idea of testing each of
these improvements came to our mind during the different stages of the debugging of the
prototypes, when the inspection of the generated states, including their SM'T constraints,
showed some flaw that prevented a better pruning of the state space, as a way to try to
overcome that flaw.

The first improvement, the support for variable SMT parameters, aims at the en-
hancement of the kind of expressible problems within the prototypes and has already
been explained. It is included in all versions of the prototypes. The rest of the improve-
ments, explained below, aim at speed up the execution time. The relation between the
versions of the prototypes and the improvements applied to each of them is shown in the
next section in Tables 5.1 and 5.2.

1. Many times the congruence rule may be applied to a term of a given kind, trying to
generate a narrowing step from a subterm or any of its proper subterms, each one
having some sort, and there does not exist any rule for any of these sorts, so the
narrowing step will not be generated. To prevent this issue, the prototypes may
include as constants two sets of kinds:

e one set holds the kinds of terms where the congruence rule can be applied,
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e the other set holds the kinds of the subterms where the congruence rule can
be applied.

These sets are different for every given specification. Currently they are hardwired
into the prototypes, as previously explained. The constant allKinds, that holds
all the kinds of the specification, can be used to give value to both constants, guar-
anteeing the completeness of the narrowing process. This speed up improvement
is included in all the versions of the prototypes but the first one, that serves as
reference.

2. Reachability problems that are semantically equal may not be identified as such by
the search engine in Maude. The new variables added by the narrowing engines
have the form #n, with n increasing over time without limit. One of the approaches
that can be used to deal with this issue involves two alternative strategies:

(a) rename the new variables in the reachability problems that we obtain after each
narrowing step, using the names #1,#2,..., trying to generate a canonical
version of the problems where the highest variable number in each new problem
is limited by the number of new variables in it, or

(b) use an SMT-based engine, that keeps a list of all generated reachability prob-
lems and tries to identify every new generated reachability problem as already
known by variable renaming and checking for SMT equivalence of the SMT
constraints.

3. Another approach that can be used, together with 2(a) to remove semantically equal
states involves the simplification of the SMT subterms in the reachability problems
after each application of the unification or rewrite rules. Each one of these SMT
subterms is turned into a corresponding Int, Rat, or Bool term. We let Maude
simplify the term, and then the obtained term is turned back into a term with
SMT sorts.

4. The following simplifications, besides the above-mentioned, can be applied to the
SMT constraint of a reachability problem after each application of the unification
or rewrite rules:

e since the SMT constraint is satisfiable and has the form A, ¢;, by definition
of both rules, if any of the terms ¢; has sort GroundSmtCondi then it must be
valid, and it can be safely removed without affecting the satisfiability of the
SMT constraint,

e remove the temporal variables, of the form #n, from the SMT constraint if
their value in the computed solution so far is another variable,

e extract the SMT constraints of the form ‘metavariable = ground arithmetic
metaterm’ as assignments in the computed solution, and

e extract the SMT constraints of the form ‘metavariable = ground SMT meta-
condition’ as assignments of the form v — true or v — false in the computed
solution. The ground SMT metacondition is converted into its corresponding
ground SMT constraint, Maude reduces this condition either to true or to
false, and this is the value assigned to the variable.
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When a new assignment is generated, this new assignment is also applied to the
rest of the problem, thus getting rid of all the instances of the metavariable being
removed.

As a full simplification of the SMT constraints, which is better for pruning the
search space, may involve a big number of rewrites, slowing down the generation of
new states, two alternative strategies are used in the versions of the prototypes to
check their performance:

(a) always apply full simplification after each calculus step, or

(b) partial simplification, removing some costly steps, for new reachability prob-
lems and full simplification for every found solution, since full simplification
improves its readability and it will be only called for a few final states.

5. A call to the SMT solver is only needed when the SMT constraint has changed,
which may not happen all the times. Some versions of the prototypes can control
these changes and act consequently.

6. Full abstraction of the reachability problems and rules is required by the SMT-
based search engine. It is also implemented in some versions of the prototypes that
do not have this engine to check the overhead caused by this modification.

7. As calling the SMT solver is an expensive operation, we also developed lazy versions
of both prototypes that called the SMT solver after each unification step, but not
after any rewrite step, allowing faster state generation at the cost of generating
unfeasible states that will be later discarded.

5.5.5 Testing the prototypes

The versions of the rule-based prototype have the form REW-NAR-? and the versions of
the functional one have the form RED-NAR-?, where the ending character 7 is a letter.
These names refer to Maude’s reserved words rewrite, used in system modules, and
reduce, used in functional modules.

Table 5.1 and Table 5.2 show the improvements implemented in each version of the
rule-based and the functional prototypes, respectively. We use the same ending letter on
both tables when the set of improvements selected for the corresponding versions of the
prototypes is also the same.

We explain now the motivation for the improvements selected in each version of the
rule-based prototype:

e REW-NAR-A: implements renaming of variables (2a), simplification of problems (3),
and full simplification of SMT constraints (4a). It is the only version without the
optimization in the use of the congruence rule (1), and it serves as a reference for
the other versions of the rule-based prototype.

e REW-NAR-B: during the testing of REW-NAR-A we came up with the idea of the
optimization in the use of the congruence rule (1), so we added it. It also seemed
to us that the overhead caused by the simplification of the reachability problem (3)
in each new state exceeded the benefits of the extra already visited states removed,
so we excluded this simplification.
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Table 5.1: REW-NAR versions

Improvements Version
Number Description A/B|C| D|E|F
1 congruenceKinds X[ X[ X|X|X
2a renaming of variables X[ X[ X[ X|X|X
3 simplification of problems X
4a full simplification of SMT constraints X | X
4b partial simplification of SM'T constraints X X[ X|X
5 SMT check only for modified conditions X
6 full abstraction of problems and rules X
7 SMT check only for unification X
Table 5.2: RED-NAR versions
Improvements Version

Number Description C E|F G H

1 congruenceKinds X[ X[ X [X|X

2a renaming of variables X | X | X

2b SMT-based search engine X | X

4b partial simplification of SMT constraints | X | X | X | X | X

5 SMT check only for modified conditions X

6 full abstraction of problems and rules X | X | X

7 SMT check only for unification X

119
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The comparison of their performance showed that REW-NAR-B was way better so we
decided to keep trying to improve it and discard REW-NAR-A.

REW-NAR-C: we also wanted to check whether full simplification of SMT constraints
in REW-NAR-B was better than partial simplification or not, due to the overhead

caused by full simplification, so we developed a version implementing partial sim-
plification of SMT constraints (4b).

The comparison of their performance showed that REW-NAR-C was better (about
10%) both in time and number of rewrites, while generating few additional states,
so we decided to keep trying to improve it and discard REW-NAR-B.

Taking as base REW-NAR-C, we developed the rest of the versions of the rule-based
prototype, each of them implementing a different improvement.

REW-NAR-D: when testing REW-NAR-C we came to see that many times we were
checking the satisfiability of a SMT constraint that we had already checked, so
we implemented a version that checks for SMT satisfiability only when the SMT
constraint has changed (5).

REW-NAR-E: we added the check for SMT satisfiability only when the rule unification
is applied (7) to REW-NAR-C, because we wanted to test a lazy version of the calculus
that generates a possible solution for each subproblem before calling the SMT solver.

REW-NAR-F: as full abstraction of problems and rules (6) is used in the functional
prototype, we added the same abstraction to REW-NAR-C, to check the overhead
introduced by this approach.

The functional prototype only has two versions where the SMT-based rewrite engine
is implemented, RED-NAR-G and RED-NAR-H. The other versions use a simpler set-based
rewrite engine, as explained before. A pair of versions, one of each prototype, that has
the same ending letter also has the same set of improvements implemented, allowing us
to compare the performance of both prototypes under the same setting.

The versions of the functional prototype are:

RED-NAR-C: reference for the rest of the versions of the functional prototype. It
includes the optimization in the use of the congruence rule (1), the renaming of
variables (2a), and the partial simplification of SMT constraints (4b). We chose
REW-NAR-C as model, since it was one of the best versions of the rule-based proto-
types, and also the base for several other versions.

RED-NAR-E: as in the system modules, we added the check for SMT satisfiability
only when the rule unification is applied (5) to RED-NAR-C.

RED-NAR-F: full abstraction of problems and rules (6) is used in the rest of the
versions, so the first step was to add this improvement to RED-NAR-C.

RED-NAR-G: the SMT-based search engine (2b) is added to RED-NAR-F. Renaming
of variables (2a) is removed, since the unification used in (2b) makes this renaming
unnecessary.

RED-NAR-H: as in the case of REW-NAR-D we added the check for SMT satisfiability
only when the SMT constraint has changed (5) to RED-NAR-G.
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The versions have been tested with the problems shown in Examples 18, 19, and 20, using
two compiled versions of Maude alpha 115, one with CVC4 and the other with Yices as
SMT solvers. The compiled version with Yices has been consistently faster in all the
tests, so only the times for this version are shown.

Table 5.3: Performance for the problem of Example 18

7 Answers 9 Answers
Version States | Rewrites | Time(s) | States | Rewrites | Time(s)
REW-NAR-A 11.440 | 4.552.431 0,471 | 20.745 | 9.148.848 10,355
REW-NAR-B 2.507 | 2.573.367 2,968 9.443 | 4.950.374 2,647
REW-NAR-C 5.516 | 2.332.723 2,770 9.460 | 4.393.577 5,163

REW-NAR-D | 5.516 | 2.330.945 2,779 | 9.460 | 4.391.021 5,227
REW-NAR-E 36.834 | 14.345.972 13,015 | 73.108 | 29.882.513 27,598
REW-NAR-F 6.303 | 3.334.769 3,911 | 11.650 | 6.841.007 8,506
RED-NAR-C 5.508 | 2.346.495 3,488 | 9.452 | 4.418.403 7,103
RED-NAR-E 36.866 | 14.685.756 95,203 - - -

RED-NAR-F 6.344 | 3.366.954 4,606 | 11.723 | 6.871.891 10,715
RED-NAR-G 5.151 | 5.265.088 92,628 - - -
RED-NAR-H 5.151 | 5.264.014 92,520 - - -

Table 5.3 shows the performance of the different versions of the prototypes when they
are required to find seven and nine answers for the reachability problem in Example 18.
Sometimes the result of the search for nine answers is not shown, meaning that the
running time was over 1.000 seconds and we stopped the search.

Table 5.4 shows the performance of a selection from the prototypes in Table 5.3 when
they are required to find one or three answers for the original reachability problem in
Example 19 and also for the optimized reachability problem in Example 20.

The versions of the rule-based prototype that have a counterpart version in the func-
tional one are those ending with ‘C’; ‘E’, and ‘F’. For any problem that we have checked
with any of these versions, the number of rewrites and states generated is quite similar
in both prototypes, as expected. The difference in their running time, always in favor of
the prototype that uses the rewrite engine of Maude, is the one expected from the use
of multisets in the meta-search engine, instead of the C+—+ optimized structures used by
the search engine of Maude.

The versions of the functional prototype that use the SMT-based search engine, those
ending with ‘G’, and ‘H’ are the ones that generated less states, the suspicion behind
their development, at the cost of more rewrites and their, expected, very bad running
time. We could get a better measure of the real value of this approach if a SMT-based
search engine were added to Maude, but the results obtained with these versions of the
prototype suggest that a deeper pruning of the state space could be accomplished by
using this kind of engines.

Let’s review the data in Table 5.3:

e The first two data rows, REW-NAR-A vs REW-NAR-B, show the effect of the optimiza-
tion in the use of the congruence rule even when the simplification of problems is
removed. When we ask for 9 answers we get over 50% reduction in the number of
states generated (9.443 vs 20.745) and over 45% reduction in running time (5,647
vs 10,355 seconds).
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e REW-NAR-C, with partial simplification of the SMT constraints, shows a slight in-
crease in the number of states (9.460 vs 9.443) with respect to REW-NAR-B, that has
full simplification of the SMT constraints, because less simplification implies worse
pruning of the search space, but it also shows better running time performance
(5,163 vs 5,647 seconds) due to around a 10% reduction in the number of rewrites
(4.393.577 vs 4.950.374), all figures from the 9 answers query.

e REW-NAR-D is like REW-NAR-C with the addition of checking for SMT satisfiability
only when the SMT constraint has changed. When we compare both, REW-NAR-D
always generates the same number of states, as expected, but although it requires
less rewrites (4.391.021 vs 4.393.577) it is slightly slower (5,227 vs 5.163 seconds),
all figures from the 9 answers query.

As we will see in Table 5.4, when the search space gets bigger REW-NAR-D is faster
than REW-NAR-C due to the lower amount of calls to the SMT solver.

e The lazy approach in REW-NAR-E and RED-NAR-E, which are like their corresponding
‘C’ versions but where we only check for SMT satisfiability when the rule unification
is applied, does not work well, because even for this simple specification it allows
the generation of a big number of states, more than 14 million in the 7 answers
query, that are pruned to 2,3 million with the aid of the SMT solver in the ‘C’
versions of the prototypes.

e REW-NAR-F and RED-NAR-F, which are like their corresponding ‘C’ versions but
with full abstraction of problems and rules, show that the number of visited states
increases, over 10% (from around 5.500 to over 6.300) for finding 7 answers and
over 20% (from around 9.450 to over 11.600) for finding 9 answers, i.e., the increase
is nonlinear.

e In RED-NAR-G the combined effect of full abstraction, as in RED-NAR-F, and the use
of the SMT-based search engine generates the smallest number of states for finding

7 answers, a 6% reduction at least with respect to all the other versions (5.151 vs
5.508 in RED—NAR—C).

e The improvement added in RED-NAR-H to RED-NAR-G, SMT check after each unifica-
tion or rewrite step only for modified conditions, shows a negligible reduction both
in number of rewrites and running time.

We show the performance of RED-NAR-C also in Table 5.4 to compare the performance
of both prototypes when similar versions of each one are used.

It can be seen in Table 5.4 that the running time of the functional prototype RED-NAR-C
is not competitive against the rule-based prototype versions, as it happened in Exam-
ple 18.

Also, the results of the comparison of the performance of the different versions of the
rule-based prototype in each of the examples in Table 5.4 are similar to those in Table 5.3,
so we do not need to add anything in this respect.

What is important about Table 5.4 is that it shows the importance of having a deep
understanding of the problems that we want to solve: formulating in Example 20 the
problem from Example 19 but with more precision has a big impact in the performance
of all the versions of the prototypes.
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Table 5.4: Performance for the problems of Examples 19 and 20
Example 19 1 Answer 3 Answers
Version States | Rewrites | Time(s) | States | Rewrites | Time(s)
REW-NAR-B 75.794 | 46.899.795 55,400 | 124.178 | 81.209.130 97,929
REW-NAR-C 75.977 | 42.744.050 52,723 | 124.444 | 73.345.384 92,898
REW-NAR-D | 75.977 | 42.788.069 | 52,175 | 124.444 | 73.422.931 92,177
RED-NAR-C 75.834 | 42.594.805 | 334,544 | 124.257 | 73.103.677 | 939,022
Example 20 1 Answer 3 Answers
REW-NAR-B 35.979 | 22.447.879 26,832 55.789 | 36.742.261 43,476
REW-NAR-C 36.074 | 20.057.910 24,951 55.918 | 32.471.854 40,670
REW-NAR-D | 36.074 | 20.084.576 | 24,200 | 55.918 | 32.515.258 | 39,876
RED-NAR-C 36.018 | 20.063.240 69,392 55.855 | 32.494.540 | 158,288

Giving more information about the desired search space in Example 20 results in at
least a 50% gain in performance for the versions of the rule-based prototype with respect
to Example 19. In the case of faster version for this problem REW-NAR-D, for the 3 answers
query there is an improvement of over 55% in the number of generated states (55.918
vs. 124.444), rewrites (32.5 million vs 73.4 million), and running time (39,876 vs 92,177
seconds).

For the functional prototype RED-NAR-C, the gain of performance in running time is
around 80% (69,392 vs 334,544 seconds) for 1 answer and over 83% (158,288 vs 939,022
seconds) for 3 answers, showing the increasing overhead of using the meta-search engine
as the set of generated states gets bigger.

As a conclusion, the version that has had better performance is REW-NAR-D, but an
implementation in C++ of a SMT-based search engine like the one in RED-NAR-H would
presumably be a heavy contender due to the space state reduction for RED-NAR-H shown
in Table 5.3.

5.6 Results and proofs

This section holds some needed technical results for this chapter, together with the proofs
for all the results.

Proposition 12 (Relation between ¥-terms and abstractions in rewrite theories). Let
R = (3,&,R) be a rewrite theory with built-in subtheory (3o, Ey), and t be a term in
Hx(X), with abstracts, (t) = (A\z.t°;0°; ¢°). For any substitution o such that Ey - ¢°0,
it follows that t°c =¢ to.

Proof. By definition 6° = {z. +— t,..., 2} —t,}, ¢° = N[ ah =t t = t[t1]p, - [talp,.,
and t° = tlx) |p, - [z2 ]p,. Also, as Ey b ¢°0 then 2} 0 =g, tio, for 1 < i < n, so
t°0 = (txy, lp, - [2}, Jp, )0 = tolzy, olp, - [7, 01, =k,

toftioly, -+ [tnolp, = (tilp, -~ [tlp,)o = to.

As the theory inclusion is protecting then also t°c =¢ to. O]

Proposition 13 (Invariants of topy,, under Ey-deduction). Let R = (X, EyU B, R) be a
rewrite theory with built-in subtheory (3o, Eo). If t and t' are two terms in Hx(X) such
that t <> g, t' then:
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1. tops, (t) = tops, (t'),
2. Is(tly) = Is(t'|y) and t|, =g, t'|; for all positions q in topy, (t),
3.ty =g, t'ly for all positions ¢' such that t|y € Hx(X), and

4' Zf tOpE()(t) = {Q17 SR >qn} then t' = t[t/|Q1]q1 T [t/|Qn](In'

Proof. Ast € Hg(X) and t|, € Tx,(Ap), there must exist a position p’ in topy, () such
that p’ < p, so p = p'.r for suitable r. The first two points are proved simultaneously.

1. and (2) As p' in topy, (t), then p’ = p”.i for suitable position p” and natural number
i, and t|,» € Hx(X), so t' = tlwoly, = t{woly .. If ¢ in topg (t) and ¢ # p’
then neither ¢ < p’ nor p’ < g, so t|, is unaffected by the Ey-deduction step. Then
tlq = t'|¢, hence Is(t],) = Is(t'|,) and t|, =g, t'|4, s0 q in tops, (t').

For tops, (t) and topy, (t') to be equal it must be proved that p’' € topy (t'). As
(X0, Ep) is many-sorted then Is(vo) = Is(wo), so we are replacing in ¢|,, the subterm
t|, ., having the value vo, with the subterm wo both of them with the same sort,
so also t|, and t|,[wo], have the same sort in Sp. As t|,r = (t[vo]pir)|y €
Hx(X), and vo and wo have the same sort then also (tH{woyr .|, € Hz(X),
so p' € topy, (t'). As t <g, tlwol, =t and p = p'.r, then t'|, = t|,[wo], and
tly <, tlylwol, =1y, so tly =g, '],

3. If ¢’ is a position such that t|; € Hx(X) then:

o ' £ ¢, because as p in topy, (t) if p' < ¢ then t|y € Tsy(Xp), in contradiction
with |, € Hx(X),

o if ¢/ =p' then t|, =]y, so t|y =g, t'|y, and

e if ¢ < p' then p' = ¢ v/, for suitable position 1/, so p =p'.r =¢.r'.r. Ast' =
tlwol, then t'|, = t|,[wo), ., and as t|, = t|y ., = vo, then t|y = t|y[vol]y .,
80 t|y <>g, t'|y with the same equation ¢ and substitution o at position 7.7,
and t|q/ =E t/|q/.

4. Asp'in topy, (t), without loss of generality take p’ = qi, so t'[, = t[,,, for 2 < j <n.
th = t[wa]p’.r = ﬂwg]ql-r = t[t|q1 [wg]r]qr As t/’qm = wo then t/|q1 = t|q1 [wol,,
so t' = t[t/’qJ(]l' Ast = t[t‘(h](h [t|q2]q2 T [t’(In}(In = t[t|q1]q1 [t/’qz}qz T [t/|Qn]Qn and
t = [t/|Q1]Q17 then t' = (t[t|cn]q1 [tl|q2]q2 e [t/|qn]qn)[t/|q1]q1 =
t[t/|q1]q1 [tl|q2]qz e [t/

Adn ] dn-*

]

Proposition 7 (Invariants of topy, under Ey-equality). Let R = (X, EyU B, R) be a
rewrite theory with built-in subtheory (3o, Eo). If t and t' are two terms in Hx(X) such
that t =g, t' then:

1. topy, (t) = topy, (t'),
2. Is(t)q) = Is(t'|q) and t|, =g, t'|q for all positions q in topy, (t),
3. tly =g, t'ly for all positions ¢’ such that t|,; € Hx(X), and

4. if tops, (1) = {aq1, ..., qu} then t' = t[t'|g]q, -~ [

Adn ] dn*
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Proof. Immediate since either t = ¢’ and all invariants follow trivially, or induction can
be used in combination with Proposition 13, since ¢t =g, ¢’ can be seen as a series of
one-step deductions t <> p, t1--- <>p, t, - <>, t' for suitable ¢;, 1 < ¢ < n. O

Proposition 8 (Relation between abstracts, and topy, ). Let R = (X, Ey U B, R) be a
rewrite theory with built-in subtheory (3o, Ey). Ift is a term in Hx(X), abstracts, (t,Y) =
(AZ.t°;6°;¢°), where T = {x1,...,x,} and t° = t[x1]q, - - - [T4]g,, then

(i) tops,(t) ={qi,...,qn}, and
(ii) for every substitution o : T — Tx,(Xy) it holds that topy, (t°0) = topy, (1).

Proof. By definition of abstracts,, t°0° = t, vars(t°) N Xy = z, t° in Hx(X), t|, in
Ts (Xo), and z;0° = t|,,, for 1 <i <mn.

(i) tops,(t) ={q, -, qn}:

L-A{aqr - qn} € tops, (D).
For 1 < i < mn, astin Hy(X) and t|, in Ty, (D), then ¢; # €, so ¢; = q}.J;,
for suitable position ¢, and integer j;. As t° = t[x1]g, - - [¥n]g € Hs(X) and
G < i, then t°| is a term in Hy(X). Now, as 0° : & — Ty, (Xp) then t°[,0° is a
term in Hy(X). But t°],0° = t°0°|, = t|4, so t|y in Hx(X), and g; in topy, (1).
2.- topy, (t) S {aq1,-- -, qn}
Let p be a position in topy, (t). By definition t|, in Ts,(Xp) and ¢t = t[t],],.
(a) t°=tlxi]g - [walg, = ttlplplr1]g - [walg, if p £ g and g; £ p, for 1 <i <
n. As t|, in Ty, (Xp) then either t° is not a term in Hx(X) or vars(t°)NA, #
Z, both in contradiction with ¢° being an abstraction.
(b) If ¢; < p for some 1 < i < n, then p = g;.q..j; for suitable (possibly empty)
position ¢; and integer j;. As 2;0° = t|g, € Tx,(Xp) then t|,, o € T, (Xp) so
P = ¢;.¢;-J; is not a position in topy, ().
() Q=A{q¢ | <€{qn, -} Np < ¢} is non-empty, so Q@ = {q,,---, ¢, }
then ¢;; = p.q; , for suitable ¢ # €, for 1 < j < m. As |, in T5,(Xp) then
t°l, = t|p[xil]q;1 - [2i,]q,,, is a term in Ty, (Ap) \ &p, so 1° is not a term in

Hs(X).
The only possibility left is p = ¢; for some 1 <i<n,sop € {q,...,qn}-

(ii) If o : & — T5,(Xo) then topy (t°0) = topy, (1).

L.- tops, (t°0) C topy, (t)
For 1 <i <mn, z;0 € Ty, (X). As vars(t°) N Xy = Z and t°|, € Hx(X) \ Ap if
p € Pos(t°) \{q1,...,qn}, then if ¢ € topy, (t°c) there must exist some 7, with
1 <i < mn,such that ¢; < q. But as t°c|,, = 2,0 € Ty, (Xp) then ¢; £ ¢, s0 ¢; = ¢
and q € topy, ().

2.- topy,(t) C topy, (t°0)
tops, (t) = {qi}j=;. For 1 < i < n there exists a position ¢; and an inte-
ger j; such that ¢; = ¢}.j; also as w0 € Ty (Ap) then (t°0)|, = xio €
Tso(Xo). Let {giy,--- a1} = {g | ¢ < ¢;;1 < j < n}. Then ¢, = ¢j.p;
for suitable p;, # €, for 1 < k < m, so t|y = t{yltlg ]p, - [t and, as

Qim, }pi‘rn
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g = tglzidp, - [T, then t°oly =ty [z, 0]y, - [25,0]p, - Yo is many
sorted, o is well-formed, and Is(z;,) = Is(t[g, ) by definition of abstracts,, so
Is(xyo) = ls(zy,) = Is(t]g, ), for 1 < k < m. Then Is(t[y) = Is(t°cly), so
t°cly € Hs(X) and ¢; € tops, (t°0).

]

Proposition 9 (Bijection between topy, positions in B-equal terms). Given an OS equa-
tional theory € = (X, Ey U B) and two terms u and v in Hx(X) such that u =p v,
where © = Uy =g - g U, = U, GT = ALy, ..., aL,, with ax C BU B, if
topy, (u) = p and topy, (v) = § then there exists a bijective function destz : p — § such

that uly, = V] desta(ps), fOT each position p; in p.

Proof. We inductively define the function dest; that tracks the final position of a subterm
for a list of axioms [ = ay, ..., a,. Given a position p':

1. dest,y(p') =7/,

2. for a; in BUB™! with the form f[z|; = f'[Z]7, where vars(f|z];) = vars(f'[z]7) = %,
if p = q;.s;, with ¢; in ¢, then dest,, (p') = r;.s;, else dest,, (p') =/, and

3. forl =ay,..., an, with m > 1, if dest,, (p') = p” then dest,(p') = dest,, 4, (P")-

As, by definition, the axioms in B are regular, linear, and only have function symbols
from F}, then in each step u; | +—=p u;, 1 < i < n, if az; has the form f[z]; = f'[7)r,
where vars(f[z];) = vars(f'[Z];) = T and it is used in a subterm u;_4|, then:

e if az; moves a subterm in a position p.q; from tops (u;—1), where g; in ¢, with
parent in F} since az; has only symbols in Fj, then the subterm is moved to the
position p.r;, with parent also in F} for the same reason as before, hence it remains
a topy, position,

e if ar; moves a subterm ¢ in a position p.q;.s;.k; from topy, (uwi—1), where g; in g,
s; may be €, k; is an integer, and the parent of ¢ in position p.g;.s; is a function
symbol f” from Fj, then ¢ is moved to the position p.r;.s;.k;, where its parent at
position p.r;.s; is the same function symbol f” from Fj, since f” is also moved by
az; from p.q;.r; to p.q;.s;, hence it remains a fopy, position,

e the rest of positions in tops, (u;—1) remain unchanged.

Then destg is injective, by its definition, and it also has to be surjective, since any
position in ¢ not in the image of dest4z could be always related to a single position in p
just by using the list of axioms az, !, ..., az; !, all of them in BU B!, a contradiction
with dest being total and surjective. We will write dest instead of destgzz when azx is
irrelevant, homomorphically extend the definition of dest to lists and sets of positions,

and define orig = dest . O]

Corollary 2 (Bijection between fopy, positions in £-equal terms). Given an OS equa-
tional theory € = (X, Eg U B) and two terms u and v in Hx(X) such that u =¢ v, if
topy, (u) = p and topy, (v) = § then there exists a bijective function dest : p — §, hence
q = dest(p), such that ulp, =g, V|dest(p:), for each position p; in p.
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Proof. As uw =g v then, by Proposition 10, there exists a term w in Hyx(X) such that
u =g, w =p v. As u =g, w then, by Proposition 7, topy, (u) = topy (w) = p and
ulp, =g, Wlp,, for each position p; in p. But, by Proposition 9, w|,, = v|gest(p;)s 50
U = v\dest(pi), for each position p; in p. ]

pi —Eo W
Lemma 9 (Relation between £-unifiers and B-unifiers of abstractions). Given an OS
equational theory € = (X, EgUB) and two terms u and v in Hx(X), if abstracts, ((u,v)) =
ANz, 7). (u®,v°); (02, 02); (65, %)) and o’ is a ground substitution such that V,,, C dom(o’),
uo’ =g vo', and dom (o' )N(2UY) = 0 then there exists another ground substitution o° such
that u®c® =g v°0°, Eo b (65 A ¢3)0°, dom(o°) = dom (o) Uz UG, s0 Viye vo go.60)00 =0,
and 0’ =g, 0,(1)-

Proof. Let & = {a1,..., 25, } and § = {y1,..., 4, }, so w® = u[z]p, ¢f = (NiZ; 20 = uly,),
v° = v[flg, ¢5 = (AjZ1y; = vlg;), for appropriate p and ¢ such that p = topy, (u) and
q = topy,(v). Also, let u = u[7']y and v = v[y]y, where posy, (u) = ¢/, V, N X = 2/,
posy, (v) = ¢, and V, N X, = ¢/, so u® = u[Z];[7']y and v° = v[yl;[7]7. As uy’ and vo’
are ground terms then 2’ Uy C dom(o’).

As u® = u[Z]; then posy (u®) = p, hence Vyp, N Xy = 0, ie, Vp, = &' C &Y, so
Vot = 0, and uflly = uo'[J5]. In the same way, Vi, = ¢ C X1, Vypp, = 0, and
vllelly :AQU/Hqu“

Let 1%, = Utedom(a’)a’t|t0P20(t)7 i.e., the set of all topy, terms that appear in zo’,

ql

where z ranges over the variables in dom(o’). Now, let { = uls0’ U v|;o0" UL . As
# Uy C dom(o’), then ¢ includes all the topy, -terms that appear in uo’ and vo’, either
from their topy, positions or as subterms of the instances of the variables in their &
positions.

Define 0° = rep;(0') U {x; = rep(uly,0’) | w5 € 2} U {y; = repg(vlq,0’) | y; € 9}, so
1epi(0) = O gom(on» hence dom(o®) = dom(o’) Uz Uy and o' =g, 07, Then:

e as 2’ Uy C dom(o’) = dom(o,,) then TUgU ' Uy C dom(c°),

u[rep;(ulp0") [T 07 |y =E, ululpo’]5[T' 0’|y =

e as uo’ =g vo', then u°c® =g, uo’ =¢ vo’ =g, v°0°, i.e., u°0o® =¢ v°0°.

By Proposition 10, there exists a term w such that u°c® =g w =g, v°0°, let 7 = topy, (w).
We prove v°0°® = w, so u°c® =g v°0°:

e as u°0® = ulrep;(ulz0’)|p[7' 07, ]y =p w then, by Proposition 9, there exists a
bijection dest; such that dest;(topy, (u°0c°)) = 7 and w|,, = u°0°|snig, (), for each
position r; in 7. As V.0, = () then either:

(i) orig,(r;) is a position p; in p, so w|,, = repy(uly;0’). As ul,,0’ is an element of

t, then wl,, is an element of rep;(t); or

(ii) orig,(r;) has the form p’.s;, where pj is a position in ', so sy, is a tops, -position
of u?o®|,,. Then the variable z) in @', let § = topy, (zj07,,) so si € 5, verifies

39 rep
0., = reptj(x;a’), S0 sy, € tops, (repi(ra’)), rep,;(x}a’) = x}a’[r@p?(m}a’lg)]g,
and wl,, = (}o7,)s, = repi(¥o’)s, = repf(xio’ls,) = repi(ao’ls,). Then,

as repy(xio’]s) C reps(t), w,, is an element of rep;(t).
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In conclusion, w|; C rep;(t), hence w = w[rep;(w);)]».

e v°0° = v[rep;(v]|q0”)|glV oreple =B, w = wlrepi(wl7)]z. By Proposition 7, topy, (v°0°)
tops, (w) = 7. As v =v[f]g, Vop, = ¥, and topy, (v) = ¢ then, for each position r;
in 7, either:

(i) r; is a position ¢; in g, so repy(wl,,) = w,, =g, v°0°|,, = repy(v]g;0’). As
rep;(wl,,) =g, rep;(vlg;0’) then, by Remark 4, repy(wl,,) = reps(vly,0'), ie.,
w,, = v°0°|,, = v°0°|,; or

(ii) r; has the form q}.s;, where ¢} is a position in ¢'. As ¢’ C dom(oy,,) then
v°0°|q} = Y0, = repi(y;o’), let 8 = topy (rep;(y;o’)), so s, € & and
repi(w]y,) = wy, =g, V°0°|q .5, = repi(yi0’)|s, = rep; (Y;0'ls,) = repi(y;o’ls,)-

As repy(wl,,) =g, repi(y;0’ls,) then, by Remark 4, rep;(w|.,) = repi(yjo’[s,),

ie., wy, =v°0°y 5, = v°0°

Ty
In conclusion, as v°0°[]; = w[]z, v°0° = v°0°[v°0°|;]r = W[V°0°|F]r = ww|:]F = w.
We have just proved u°c° =g v°c°, but also:

® as ¢ = (/\Z””:1 x; = ulp,) and To° = rep;(u|;0’) =g, u|po’ = u|zo° then Ey F ¢0°,
and

e as ¢ = (/\;y:1 y; = vlg;) and go° = repi(v|;0') =g, v|q0’ = v|z0° then Ey = ¢50°,
so Eo F (¢S A @2)o°. O

Proposition 14. Let R = (3, Ey U B, R) be a rewrite theory with built-in subtheory
(30, Eo)- If to, t1, and ty are terms in Hx(X) such that ty <>, t1 <>p to then there exists
a term t) in Hx(X) such that ty <>p t) <> g, to.

Proof. By Proposition 13, topy, (to) = topy, (t1). The one-step Ey-deduction ty <>, ¢ is
performed at some position p of the term ¢, with a Yy-sentence vy = wq if C in EgUE, ",
and substitution og, so to|, in T5,. Let ¢ = topy, (to,p). Then p = q.¢, for suitable ¢,
to = tO[UOUO]q.q’7 and t1 = t[)[w()O'()]q'q/.

The one-step B-deduction t; <> to uses a regular ¥;-equation v = w and a substi-
tution o at some position r of t;, so t1], in Hx(X) and ], = vo. Let vars(v) N Xy =
{z1,..., 2, }. As B is regular then vars(w) N Xy = vars(v) N Xy. For 0 <i < m, as B
is linear, let 7; be the position of the variable x; in v and let s; be the position of the
variable z; in w. As v in Hx(X), so there are no function symbols from %y, then there
exists a position r; and a natural number j; such that r, = r..5;, v|,, in Xy C Ty, (Xp),
and vl,, in Hx (X&), so r; in tops (v).

As all ¥p-subterms of t;|, must be matched with the term v through the variables
{@1,...,2m}, then topy (ti],) = {r1,...,rm}, and vol,, = t1|,.,, is a topmost Xg-subterm
of ¢1, that is moved to position 7.s; in 5.

There are three cases to consider regarding the relative position of p and r:

1. p £ r because:

(a) if p = r then t;|, is both a term in Ty, and in Hyx, a contradiction, and

if p < r then r = p.p/, for suitable p e, and ], is a term in Ty, tha

b) if th !, fi itable p' dt],is at in Ty, that
has a subterm in Hy at position p/, in contradiction with (3¢, Ey) being a
subsignature of (3, &).
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2. If p £ r and r £ p then both one-step deductions are independent and ¢, =
(tolwooo)p)[wo], = (tolwal,)[weoe,. Applying the one-step B-deduction before the
one-step Ey-deduction yields | = to[wo],.

3. If r < p, as p = q.¢ and topy, (to) = topy,(t1), then t1], € T5,, to|, € Hs,
and (X, Ey) is a subsignature of (3,€), then ¢ < r, so ¢ = r.r;, for some r, €
tops, (tolr), because ¢ is a topmost Ey-position of ¢y and t;, and ty = to[vo00)rr,.q -
As both one-step deductions take place below position r, let to|, = t' for sim-
plicity of notation. Then ¢ = t'[vgoo)r.¢ < E, t'[Wo00]r.gy = t[|[Wo00]y]r, =
vo g wo = wolt'],,[wooo)y]s, Where v|,, = z; and x;0 = |, [weooly, S0 ta =
to[wo[t']r, [wooolq]sJr-

Let 0 = O4omone U {21 — t'|,}. As v is linear and 7, < r.¢" then vo' =
(t'[wooolr.g)[t 5], = t'. But t' = t'[vgools,.q, S0 t'[Voo0)r.y = t' = vo' <p
wOJ = wo—[t/"rl]sl = wa[t0|7'~T1]Sl' AS (wa[t/|"‘l}sl)’31~q/ = t/|7'l~Q' then wa[t/|T1]Sz HEO
(wot'|,,]s,)[weoo]s,.gy = wolt'|y,[weoo]y]s,- In conclusion, t' <5 wolt'|,,]s, < g
wo [t'|,, [woooly]s,- Then, take t) = to[wa[t'],,]s,]r = to[woto|rr]s]r s0 to = to[t']r <> 5
to[wa[t,‘n]sz]r = tll B to[wo—[t/’n [wUUO]Q’]Sz]T = la.

[]

Proposition 15. Let R = (3, Ey U B, R) be a rewrite theory with built-in subtheory
(30, Eo)- If {to, ..., tns1} is a set of terms in Hx(X) such that ty <>g, t1 <> g, -+ <8,
tn—1 <>p t, then there exists a set of terms {t},... t, 1} in Hx(X) such that ty <>p
tll SEy " ST E, t%fl 7 E tn-

Proof. By induction on n.

e Base case, n = 2. ty <>p, t1 <>p ta, so by Proposition 14 there exists a term ¢} in
Hx(X) such that ty <> p t] <> g, to.

e Induction case. As t; ¢<>p, -+ g, th-1 <p t,, by LH., there exists a set of
terms {t,,...,t, _;} in Hx(X) such that t; <35 t), <p, -+ <pg, t_1 <5, ln, SO
to B t1 B t/2 SFEy " TR, t%fl 7 E tn. By PI’OpOSitiOIl 14, as tg B t1 <8 t/2,
there exists ¢ in Hy(X) such that tg <35 t] &g, ty, and tg < t] g, - R,
t{rz—l S Eo t-

O

Proposition 10 (Decomposition of £-equality in B-equality plus Eg-equality). Let R =
(3,E,R) be a rewrite theory with built-in subtheory (Yo, Ey). If t and t" are terms in
Hx(X) and t =¢ t" then there exists a term t' in Hx(X) such that t =g t' =g, t".

Proof. By induction on the number of applications of axioms in B.
e Base case: zero B-axioms. Then t =g, t". Take t' =t,sot =g t' =g, t".

e Induction case. There are two cases to consider depending on the position of the
first <> p step.

— Ift <35t <3¢ -+ ©¢ t”, by LH., there exists a term ¢ in Hyx(X) such that
t1 =p t/ =E, t”7 sot<pt =p t =r, t”, i.e., t=p t =£, .
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-t SEy T SPE tj—l B tj e s g ", By PI‘OpOSitiOIl ]_5, as t B
- g, tjio1 ©p t;, there exists a set {t},...,t; ;} in Hx(X) such that
t <&p tll SEy, "t STE t;’—l B tj. Then, by IH, in tll By, Tt TR

th  4py tjoor 43ty oo et there exists a term ' in Hy(X) such that
tll =B t/ =E, t//, SOt <R t =B t =r, t”, i.e., t =g t =E, .

]

Theorem 11 (Equivalence of R/E and R, B-rewriting for rewrite theories closed under
B-extensions). Let R = (3, EgUB, R) be a rewrite theory with built-in subtheory (Lo, Eo).
If R is closed under B-extensions then %}%VBQ%}%/& —Rr,B=—R/s, and if t and w are
terms in Hs(X) such that t —p - w then there exists ' in Hx(X) such that t =5 5 t' =p
w.

Proof. There is a special case to consider when there are no rewrite steps involved in the
deductions.
(1) %}Z,Bg—ﬁw and =g pC— p/e.

In the special case, t —gp v with no rewrite steps. As —pp= (=5 p;=¢) then
t =¢ v, 50 t —p/e v. The other cases are proved using induction on the total number of
— k. p Tewrite steps in the proof tree.

e Base case:

t =g, w has the form ¢ —>}%’B v =¢ w with only one —>}%7B rewrite step in the proof
tree, so thereisarule c: I — rif A" l; = r; | ¢ in R, with normal form ¢° : [° —
rif Nty li = ri| @ A ¢°, a position p in posy, (t) (let t' = rep(t|,) =g, t|p), and a
substitution o such that ¢ =g [°0, ;0 =¢ r;o, for 1 <i < m, and Ey - (¢ A ¢°)0,
so t[ro], = v.

As ¢° = /\;L=1(37j = l|qj>> then [° = l[xl]m T [xn]qn and [°0 = la[xla]th T [xna}qn
so, as Ly = ¢°0, w0 =g, lo|,,, for 1 < j < n, and lo = lo[lo|g]q - [04.]q, =Eo
lo[z10]y -+ [xno]y, =Bt =E, t|p, i.6., lo =¢ t],.

As t], =¢ lo and Lo =¢ 0, for 1 <i <m, then t = t[t|,], =¢ t[lo], =g trol, =
v =¢ w with rule ¢ in R, that is, ¢ —>}2/5 v and also t —g/e w.

e Induction case. There are two subcases to consider:

1. t =g p w has the form t =} 5 v =¢ w with several —p 5 rewrite steps in the
derivation. As in the base case, thereis arule ¢ : l — rif N2, l; = 1 | ¢
in R, with normal form ¢® : I° — r if A, l; = r; | ¢ A ¢°, a position p in
poss, (t) (let t' = rep(t|,) =g, t[p), and a substitution o such that t' =5 [°0,
lic wrp 1o, for 1 <i<m,and EyF (¢ A ¢°)o, so t[ro], = v.

By LH. ljc —gse 10, for 1 < i < m. As in the base case, Ey = (¢ A ¢°)o
implies t[, =¢ lo, so t = t[t],], =¢ t[lo], =g tlrol, =¢ v, ie., t =p ¢ vand
also t —pg/e w.

2. t =g g u =4} p v =¢ w. By the previous subcase ¢ —>}%/5 u =} g v =¢ w, and,

by I.H., ¢ —>}%/5 u %E/g v =g w, ie., t e v=pw, or t =g w.

(i1) = reC—pp t —hew = H st t—h gt =pw.

In the special case, t —g/e v With no rewrite steps because t =¢ v, as =g p= (=5 p
;=p) then t = g v. The other cases are proved using induction in the total number of
—h /¢ Tewrite steps in the derivation.
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e Base case: t —>}%/g v =¢ w with only one —>}%/€ rewrite step in the derivation using
arule c: 1l —rif Cin R, with C' = A", l; = r; | ¢ A ¢°, and a substitution o, so
no rewriting steps are taken to solve C'o, because l;o0 = Er;o, for 1 < i < m.

By Proposition 10 there exists a term ¢’ in Hy such that ¢t =g t/ =g, t” —>}%(5)

az;

u =¢ v. We have t <55 --- <55t/ where az; (linear and regular), for 1 <4 <1
has the form w; = wj, let az; be w; = w;, so each topy, subterm of ¢ is moved by
ary - - - ar; and becomes another topy, subterm of t'. Then, az; ---azx; moves the
topy,, subterms of ¢” in the opposite way, so there exists a term ¢, in 75 such that
t//

g g to =g, t.

We have t =g, to =p t" = t"[lo],, so t"|, = lo. The more general case, where
to =p t"|, =p lo is studied in Theorem 2 and Corollary 2 in [Mesl7|, where it
is proved that there is a position ¢ in pos(ty), a rule ¢q : lp — ro if C' in R,
maybe the original ¢, and a substitution o, such that |, =g lyoo, to[roo0], =5 u,
and Coy = Co, which is also valid for our particular case where t”|, = lo. As, by
definition of rule, [y € Hx(X), then ¢ € poszl(to) s0to|lq =k, tlg- Let tops, (t|y) = 2
Then rep, _ is the function that given a term in 75, returns the same term with each
topy,, term on it replaced with the representative for that tops, term in rep(t|,), if
it exists, so rep(t|q) = repy, . (tolg) =5 repy, . (looo).

Let abstmctgl(lo) (NG 00:08)s U= Y1y, Yk 1§ = lo[’]o, ¢° = /\;€ 1Y = lolo,-
Define o’ : dom(og) Uy — Tx as: 1f z = y; € y then za = repy, . (lo]o,00) else
zo' = repy . (zoo)( By 200). As, for 1 < j < k, y;0’ = repy, (lo!o]Uo) =5,

= (), then Ey ¢°a’. Also, as CO’O = Co and
if 2 € dom(og) then 20’ =g, 200 then lo’ =g, log =g Tog =g, 70, i.e., lo’ =¢ 7o',
and ¢o’ =g, ¢pog = ¢o, so Ey - ¢po’. As ¢o’ and ¢°0’ are ground, because repy, . s
replacing each ground subterm with another ground subterm, then Ey - (¢ A ¢°)o’

As

lolo;00 =, lo| o', because g N Vloloj

— lo[]ls0’ = lyo'[|s = repy, . (loo0[]5), and
— yja’—rept| .(lolo;00), for 1 < j <K,
then 50" = lo[yloo” = repy, . (looo[lo|sools) = repy, . (lo[lolslsoo) = repy, . (looo) =5
rep(t|,), i-e., rep(t],) =B loa so, as t[roo’], =g, t[roooly =g, to[r000]lq =B © =¢ v,
ie., t[roo'ly =¢ v, we have t =5 5 t[roo’]; =¢ v =¢ w, or t —>R7B w.
e Induction case:

again, there are two subcases to consider:

1.t —>}%/5 v =¢ w with several _>}~z/£ rewrite steps in the derivation. The proof is
the same as the one in the base case, except that instead of having lo’ =¢ 7o’
now we have [0’ —p/e r;0', for 1 <@ < m, so by LH., also l;0' =g p rio’
hence t =5 p t[roo’]y =¢ v =¢ w, or t =g p w.

2.t —pe U —je v =¢ w. By the previous subcase t —pp v’ =¢ u =},
v =¢ w, and, by LH., as v’ —>R/5 v, t wppu =fp= U = v =¢w,ie,
t =hpu’ =gw,ort —rpw.

O
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Proposition 11 (Existence of canonical paths). Given a rewrite theory R = (X, E, R)
with built-in subtheory (Xo, Ey), and a narrowing path from a reachability goal G, G =
Ag | Yo ey A1 | V1 ~ogy - D1 | Yim—1 ~,, 1l | Y, there exists another narrowing
path G = Ag | o ~; A1 | X1 ~0y D1 | Xm—1 ~0,, Nl | Xm, where if one rule is
applied at step i in one path then the same rule is applied at step © in the other path, for
1 <i < 'm, there is no simplification of the reachability formula when rule unification or
rewrite is applied, and Eq - Y; < x;, for 1 <1 <m.

Proof. As the applied rule at each step ¢ only depends on A;_; which is the same on both
paths, as long as v; and y; are satisfiable, all that it has to be proved is Fy - ¢; < x;.
Then as 1); is satisfiable so is ;.

Let xo = %o, s0 Eq F g < xo. Then Ey F ;1 & ;1 implies Ey F ¢; & X,
for 1 < i < m. The proof for rules transitivity and congruence is trivial, since 1; = 1;_1,
Xi = Xi—1, and Eg - 19,1 < x,;_1, and it is also trivial for rules unification and rewrite since
Xi = (Xi—1 A ¢°)o; and Ey = 9 < (xi—1 A ¢°)oi. As Ey = 1)y < xo then Ey =9 & i,
for 1 <i<m. O

Theorem 12 (Soundness in —}  of the Calculus for Reachability Goals). Given a closed
under B-extensions rewrite theory R = (3, Ey U B, R) with built-in subtheory (3o, Ey),
where £ = Fy U B, and a narrowing path from a reachability goal G, G = A1 | 1 ~>4,
Ag | g~y - Dy | Uiy ~>g,, il |, let 0 = 01+ 0y, then:

1oif Ay = N u; = v and p: X — Ty is a substitution such that dom(p) = vars(Go)
and Yp is satisfiable then (Up)vm(g) 15 a solution for G in _ﬁiB? and

2. 4f Ay = wl, = vywfz], > v ANy u = v | Y and p s X\ {a} = Tx is a
substitution such that dom(p) = vars(Go) \ {z} and ¥p is satisfiable then

(a) (0p)vars()\{x} 5 @ solution for N u; — v; | Yy in %}%’B and

(b) there exists a substitution p, : {x} — Ts such that (o(p U pz))vars(c) 5 @
solution for G in —p p.

Proof. By structural induction on the length of the narrowing path and the first inference
rule applied.

(1) Base case

G = u — v1 | Y1 ~pe nil | ¢, where abstracts, (v1) = (Az.v];0°%;¢°), vars(y) C
UGTS((wl A 9250)0-)7 EyFyY < (77Z)1 A ¢O)Ua T = {xb s 71:1}7 vy = Ul[l’l]lh T [xl]thv P =
/\ﬁz1 i = vi|g, 0 in CSUp(u; = 7)), so uyo =g v{o, and 1 is satisfiable. As p is a
substitution such that dom(p) = vars(Go) and p is satisfiable, so (1 A ¢°)op is also
satisfiable, then i10p € Ty, so Ey - 10p, and ¢°op = /\é:1 z;0p = 1|4, 0p is satisfiable,
where v;],,0p € Ty, for 1 <i < I, so there exists a substitution p’ : [ J\_, vars(z,0p) = Tx
such that z,0pp’ =g, vi|g,0pp = v1|g,0p, for 1 <i <[. Let v = opp'.

As ujop and viop in Ty, the theory inclusion (Xg, Fy) C (X%, E) is protecting, and
wop =p viop, then uiop = wry =g 17y = viy[T17Ylg - [B7]g = vioplr1Y]g - 2]y =R
V10p[V1] 0Pl - - - [Vilqoply = viop, so uiop =g viop, and wop —rp viop. Also
as vars({ui,vi,¢n}) is a subset of wvars(G) then ui(0p)yars(c) —r,B V1(0P)vars(c) and
Eo = 11(0p)vars(c)-

(#7) Induction case
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G=N_ui = v | ¢orG=uwl, =>"z,uz], = v ANN_yu — v | 1. Let
A = A, u; — v;. There is one case for each inference rule.

1. Rule transitivity: G = u; — 01 AA [ ¢y~ ug = 2,0 = 0p AA |y ~5 il | ),
SO Tyars(c) | 1 is a computed answer for G. Let G = ug =" z, 2 — v; AA | . As
dom(p) = vars(Gio) and vars(Gy) = vars(G)U{z} then dom(p) = vars(Gyo)\ {x}
so, by LH., (0p)vars(c) is a solution for G in — g p.

2. Rule congruence: G = wi|, ="' z,ui[z], = vi AA | Y1~ wilps =y, wylp: —
v AA | Py ~E nil | 1, where each one of x and y appears exactly twice in the
narrowing path. Let G’ = ui|p; = v, ua[ylps = vi AA | 1. As vars(up, ui[z],) =
vars(uy ) U{z} and vars(uq|p.i, u1[ylpi) = vars(u;) U{y} then vars(G") = (vars(G)U
{y}H)\{z}. Then dom(p) = vars(Go)\{x} = vars(Go)\{y} so, by LH., (¢)vars(c)
is a solution for A}, u; — v; | 1 in — /g and there exists a substitution p, : {y} —
T, such that (pUpy)ars(cr) is a solution for G’ in — g g 50, as (PUpy ) vars(ar)y = (PUPy)
when applied to any term in G, u1(p U py)|pi —rp y(p U py), ui(p U py)ly(p U
py)lpi —rE v1(pUpy) and wi(p U p,) — vi(p U p,), for i <2 < n. As y appears
exactly twice in G’, this is equivalent to: uip|,; _>}%,B YPy, U1P[Ypylpi —r.B V1p and
wip = v;p, for 1 <2 < n. Let p, = {z — (w1plypylp.i)|p}. Then:

(a) as wiplyi =k p Yoy then wipl, =k 5 (W1plYPylpi)lp: i-e. wiply =g p 200, and
(b) as wiplypylpi —r.p vip then xp, =g p vip.

As x appears exactly twice in G, this is equivalent to ui(p U ps)|, _>}%,B x(pU py),

z(pUps) = r, vi(pUps), and w;(pUps) = vi(pUps), for i < 2 < n, 5o (pUps)vars(c)
is a solution for G in —p p.

3. Rule unification: G = uy — vy AA | 1~y Aoy | Py ~5 nil | 1, where
B = o09-+-0, and 0 = o15. Consider the canonical path G = u; — v; A A |
X1 ~ulor Ao | x2 ~5 nil | x, where x1 = 9. By Proposition 11, Ey - ¢ < x
S0, as p is a substitution such that vp is satisfiable then yp is also satisfiable. As
dom(p) = vars(Go) then the proof can be done over the canonical path. The first
narrowing step is as in the base case, with xo = (x1A¢°)o1. Let G' = A | x1A¢°. As
in the base case ¢° = (\\_, z; = v1|,,), and oy in CSUp(uy = %), 50 U0y =p V507
Let p = p1U pa, with P1 = Puars(Go)Nwvars(G'o) and P2 = Puars(Go)\vars(G'c)- As P Is a
substitution such that yp is satisfiable, then xp;, a more general formula, is also
satisfiable, so there exists a substitution p’ : (vars(x)\ vars(Go))Nvars(G'o) — Ts,
such that x(p; U p') is satisfiable. Let ¢ be a substitution § : vars(G'o(p; U p')) —
Ts;, which must exist because all signatures have non-empty sorts, and let v =
p1Up' Ud. Then dom(y) = vars(G'o), ran(y) = 0 and x~, equal to x(p1 U p'), is
satisfiable.

—

G'oy ~5nil | x, B = 02+ 0, dom(y) = vars(G'o) = vars((G'o1)B), and v is
satisfiable so, by LH., (57)vars(c7o1) is a solution for G'oy in —p .

As, trivially, (87)vars(cor) = By when applied to G'oy, then w016y =g B v;01/37,
for 2 <i < n,and Ey - (x1 A ¢°)o18y. Now, as 013 = o then w0y —gp v;07,
for 2 <i < mn, and Ey F (x1 A ¢°)o7, so also Ey - y107 and Ey F ¢°07y, ground
formulas.

As dom(ps) = vars(Go) \ vars(G'c) and dom(vy) = vars(G'c), then dom(py U~y) =
vars(Go)Uvars(G'o). But poUy = paUp Up'Ud = pUp'Ud, where dom(p U p/ U ) =
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vars(Go) U vars(G'o), so wio(ps Uy) —rp vio(ps U7y), for 2 < i < n, E, F
x10(p2 U7), and Ey F ¢°c(p2 U7y), Le., wio(pUp' Ud) —prp vio(pUp UJ), for
2<i<n, By xio(pUp Ud), and Ey - ¢°c(pUp Ud). Then, as vars(xi0) U
Ui, vars(u;) U, vars(v;) C vars(Go) = dom(p), wiop —rp viop, for 2 <i <mn,
and Ey F xi0p.

As ¢° = (N, 2 = vil,,) and Ey - ¢°a(pU p' U6) then Eg - A, zio(pUp' US) =
01,0 (pPUp'US), but vars(vio) C vars(Go) = dom(p), so Eg b N zi0(pUp'US) =
U1]g0p. As uyoy =p v{o; and o = 018 then also uyo(pUp' Ud) =g vio(pUp' UJ).
Now, as v = vi[z1]y - - - (1], and vars(uio) C vars(Go) = dom(p), then wyop =
wo(pUp Ud) =p vjo(pUp' Ud) = (vi[zig, - [w]g)o(pU p' U 6) = vioplaio(pU
§ U, [10(p U U 0)ly) =z,

(vioplvi]gople -+ [v1lqople) = viop, e, wiop =g vi0p, 80 wiop —p B vV1op and
(0p)vars(c) is a solution for G in — g p.

. Rule rewrite: G = w|, = z,u1[z], = i AA | Y1 ~p0, Do | 102 ~7% nil [ ¥, where

=0y 0y and 0 = o13. Consider the canonical path G = u|, ="' z,ui[z], —
U AA | X1 e De | X2 il | X, where y; = 1, as in the previous case.

The first narrowing step uses a rule ¢ : [ — 7 if /\f:1 li = 1 | ¢ in R, where
abStraCt21((u1|p7 l)) - <)‘(‘%7 g)‘(uo7 lo); (‘987 9?>; (¢Z7 ¢?)>7 let g1 =9 A QSZ A Qb? This
narrowing step has the form: w|, —' z,ui[z], = v1 AA | Y1 ~p)0 (/\f:1 l; —
ri ANug[r], = v AA)oy | (x1 A ¢1)o1, where oy in CSUg(u® = 1°), so u®oy =g [°0;.
As z appears exactly twice in G and ran(co) is away from all the variables that have
appeared before in the narrowing path, then dom(c)N{z} = 0 and ran(c)n{z} = 0.
Let G' = /\le lz — T /\Ul[T’]p — U1 N\ A | X1 A\ gbl.

Let p = p1 U ps, with P1 = Puars(Go)\{z})Nvars(G'c) and P2 = P(vars(Go)\{z})\vars(G'c)-
As p is a substitution such that xp is satisfiable, then xp;, a more general formula,
is also satisfiable, so there exists a substitution p’ : (vars(x) \ (vars(Go) \ {z})) N
vars(G'o) — Ty, such that x(p; U p') is satisfiable. Let ¢ be a substitution § :
vars(G'o(p1 U p')) — Ts, which must exist because all signatures have non-empty
sorts, and let v = p; U p' Ud. As p and p; are ground substitutions then dom(v) =
vars(G'o) and ran(y) = 0. Also, as vars(x) N vars(G'o) C dom(py Up) then
X7 = x(p1 Up), so xv is satisfiable.

G'oy ~%5 nil | x, B = 03+ 0, dom(y) = vars(G'o) = vars((G'o1)f), and
X7 is satisfiable so, by LH., (87)vars(cro) i a solution for G'oy in —gp. As
(BY)vars(c'or) = By when applied to G'oy then ljoy —pgp 107, for 1 < i < k,
ujoy =g v;07, for 2 < j <n, wr|,oy =rp v107, and Ey = (x1 A ¢1)o7, so also
Eqg - x10v and Ey - ¢107, ground formulas.

Let « = pUp' Ud. In the same way that has been proven for rule unification, as
p2 Uy = a, then ujop —p g vjop, for 2 < j <n, and Ey F x10p.

As wuy[r],07 =g v107, both ground terms, and vars(vio) C (vars(Go) \ {z}) =
dom(p) then uy [r],0(p2Uy) = ui[r]poy = rp 110y = v10(p2U7), i.e., w[r|,oa —r B
V10 = V10p.

As Ey F ¢ro17y then Ey F (¢ A ¢S A ¢7)ora, 80 uCoa =g, u|p,oa and I°ca =g, loa.
Also as ;0 —g g ri07y then ljoa — g p rj0a and, by Theorem 11, lioca —g/s 150,
for1 <i<k.
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As w0y =p [°0y then w|,0a =g, u?oa =g [°ca =g, loa, ie., u|,0a =¢ loa, so
u|,00 = e Toa, with rule ¢, hence there exist ¢t € Hy such that wi|,0a =55
t =¢ roa, again by Theorem 11. In consequence, since t is ground, u;ocq —>}27B
w[t],oa =g wi[r],oa so, as wvars(uio) C (vars(Go) \ {z}) = dom(p), wiop =
woo =g g urltloa =¢ uifrloa.

Using several times Theorem 11, as u[r],0a =g g viop then ui[r]l,oca —pe viop
50, as u1[t]poo =¢ wq[r],oq, also us[tl,oo = /e viop, and then there exists ¢’ € Hyx,
such that w[t],oca =gt =g viop.

As ujop —>}%’B u[t]poa and wy[t]),oa —rp t' =g viop then wyop —pp viop, so
(0P)vars()\{2} 15 & solution for A, u; — v; | ¢y in =g .

Take p, = {& — roa}. As dom(c) N {z} = 0 and ran(c) N {z} = 0, then
urlpo(p U pe) = wilpop = wilpoa =g g roa = xp, = x0p, = xo(p U p,). Also, as
vars(uio,vlo) C (vars(Go) \ {z}) = dom(p) and ran(p) = 0, w[z],0(p U p,) =
woplroal, = woalroal, = wrj,ca —rp viop = v10(pUp,). Then, as vars(A)N
dom(pz) =0, (6(pU pz))vars(c) is a solution for G in —5 .

]

Theorem 14 (Weak Completeness in —}, J¢ of the Calculus for Reachability Problems).
Given a closed under B-extensions rewrite theory R = (3, Eo U B, R) with built-in sub-
theory (o, Eo), where € = EqU B, and a reachability problem P = N u; — v; | ¢, if
o is an idempotent R/E-normalized solution for P in —>};¢/5 then there exist a formula
Y € QF(Xp), and substitutions v and 6, such that P ~~7 nil | ¥, 0 = (70)vars(p), and 1o
15 satisfiable.

Proof. By Theorem 11, w;o0 — g p v;o, for 1 < ¢ < n. The proof is by induction on the
number of R, B-rewrite steps. No simplification is applied to the reachability formulas
that appear in the generated path.

(1) Base case: zero rewrite steps. The proof is by induction on n, the size of the conjunc-
tion.

e Base case, n=1: P =wu; — vy | ¢, uy0 =¢ v10, and Ey - ¢o. By Proposition 10,
there exists a term w such that w;0 =p w =g, v10. As o is idempotent then also
w0 =p wo =g, vio. Let abstracts, (v1) = (Az.05;0°% ¢°), with = = {z1,...,2,},
and let topy, (v7) = {q1,-..,qn}. Let 0° = cUJ;_;{z; = wl|,,0}. By Proposition 8,
topy,, (V7o) = tops,(v1). Then, by Proposition 7, wo = vio[w|s,0lg, - - - [W]4,0]g,,
where w|,0 =g, vi|g0, for 1 < i < n. Let 0° = c UJ_ {z; = w|,o}. Then
vio® = (vi[zi]g, -+ [Balg, )0 = violwly 0l -+ [wlg,0lq, = wo =p wo = ui0°,
because vars(P) Nz = () implies v10° = vy0 and w0 = ue°. As uy0° =p v50°,
there exist substitutions 7, and d; such that v € CSUp(u; = v) and 0° = 7,6,
50 0 = (V101) vars(P)-

vars(¢) N T = () implies ¢po° = ¢o so Ey b ¢o°, because Ey F ¢o. Also, as
¢°0° = N\, (w]g,0 = v1]4,0) because vars(v)Nz = 0, Ey F ¢°0°, s0 Eg F (9N ¢°)o°.
Let ¥ = (¢ A ¢°)y1. Then, as 0° = 7191, ¥ and 16 are satisfiable.

As 1 € CSUg(u = v°) and ) is satisfiable then u; — vy | ¢ ~pyy4, nil | 9.
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e Induction case, n > 1: P = /\?:1 u; — v; | ¢, and w;o0 =¢ v;0, for 1 < i < n. Using
the same proof of the base case uy — vi A N_yu; = Ui | & )y Nieg Uiyt —
vim | (@A @°)y and 0° = 7161 Let G' = A, uiyn — vy | 1 A ¢°y1. Then 4y is
a solution of G’ because 0° = 181, Eo - (¢ A ¢°)o°, and u;0° = w;0 =g v;o0 = v;0°,
for 2 <i < mn. By L.LH., there exist a formula ¢ € QF (X)), and substitutions -, and
¢ such that G’ ~Z nil | 1, 6; = (vgé)vm any, and 16 is satisfiable. Let v = y172.
Then P~y 5, G" ~2, nil [, ie., P ~7 ml | 9, and (V0)vars(P) = (71720) vars(P) =
(Vlél)vars(P) (U )vars(P) =0.

(77) Induction case: at least there is one rewrite step. If there are not rewrite steps in
ui0 — g p V10 then reorder the reachability problem in a way that there is one rewrite
step in the first subproblem. Let A = A} ,u; — v;. Then P = w3 — v; AA | ¢,
U0 —>}37B v —pp W =¢ Ula, EO F ¢o, and wio —pp vio, for 2 < ¢ < n. As o is
idempotent then also u o —>RB wo —pp WO =¢ v10.

wo =g pu'ousingarulec:l—rif AT 1 — 1| ¢ in R, let abstracts, ((wilp, 1)) =
(AZ,9).(u°,1°); (62, 00); (65, ¢7)), with normal form ¢ 1° = rif NjLjlj =1 | ¢ A,
and some substitution ¢ at a position p in posy (u10), such that rep(uiol,) =p 1°6,

F (¢ A @7)o, u = word],, and ;6 —rp r;d, for 1 < j < m. It has to be the case
that p € posy, (u1) because otherwise there exists some integer k, 1 < k < m, such that
either u;|, = y or the rewriting takes place at some position in a subterm of a term of
the form yo. In both cases o would be neither R, B-normalized, nor R/E-normalized.

As uy|,0 =¢ 1°6 and Ey = ¢76, so [°0 =g, 16, ground terms, then uy|,(cUd) =¢ [(cUJ).
By Lemma 9, there exists a substitution v such that u°y =5 I°y, Ey F (¢ A ¢7)y and
o U =g, Ydom(aus)-

Then, there exist idempotent substitutions a and [ such that o € CSUg(u® = [°),

F (¢ Agf)aand v = a - f,50 0 US =g, (- B)dom(ous)- As Ey = ¢o and Ey = ¢'6
then Eg = (¢ A @' A @S A @F)a - B.

Then ug = v AA | ¢~y ug = 20,20 > 1 AA | @ ~T wlp =1 2w 2], —
U AA| D~ /\;”:1 Lioo = rja Nug[r],a = v AAa | (A @A @S N @)

As 0 U S =g, (a - B)dom(ous) and — g p=—pg/e, by Theorem 11, then:

1. for 1 <j<m:

lj5 —R,B Tj5 1mp11es l](S —7R/E Tj(S. As leéﬁ =E, ljé and rjcS =r, T’jOéﬁ then also
lefﬁ —>R/g TjOé/B, SO leéﬂ _>R,B Tj()zﬁ;

2. in the same way, as v;,a8 =g, w0, w;0 =g p v;0, and v;0 =g, v;af, then w;af =g p
v;af, for 2 <1 <n; and

3. w[r]paf = wap[rafl, =g, u10[rd],, uio[rd], =g vio, and vio =g, viaf implies
w[r]paff —rB V100.

Then Byars(cry is a solution of the reachability problem G’ = A, Lo = ra Aug[r],a —
via AN Aa | (¢ AP N @S A ¢p)a that takes one less rewrite step than those taken to prove
Po so, by I.H., there exist a formula ) € QF (X)), and substitutions o’ and §’ such that
G' ~% nil | ¥, ¥ is satisfiable, and Byers(cr) = (@'6")vars(cry, 50 P ~=q G ~%, nil | 1),
ie., P~*  mnil|Y. Let y=ad and 6 =6 U{y — yB |y € dom(B) \ vars(G")}.

For all variables z in vars(P) and all variables y in vars(za):

o if y € vars(G’) then ya'd = y(a'd")varscry = Y(B)vars(cry = Y5, and
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o if y ¢ vars(G’) then yo/ = y. As y € vars(za) implies y € dom(B), then y €
dom(pB) \ vars(G"), so ya'd = yd = yp.

Then 276 = rad/d = zafl = x0, 50 0 = (V0) vars(p). Also vars(y) N (dom(B)\ vars(G')) =
(), because vars(y) may only have variables in vars(G’) together with new fresh variables
not in vars(P), hence also not in dom(f3), so Vo = ¥’ and 14 is satisfiable. ]
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Chapter 6

Strategies in conditional narrowing
modulo SMT plus axioms

The contents of Chapter 5 are extended with the addition of two elements, the first
one (strategies) for explicit control of the rewrite steps that can be applied, and the
second one (parameters) for an enhanced expressivity of the reachability problems. The
addition of the strategies has forced the development of a completely new narrowing
calculus [AMPP23|. Section 6.8 presents the prototype for narrowing with strategies
developed to implements this calculus. We show in Section 6.7.3 a link between the
use of strategies and the SNR-rewrite relation from Chapter 4. We briefly present the
aforementioned two elements:

1. Strategies. In [AMPP17] we found several sources of state space explosion, namely:

(a) the order of application of the rules,
(b) the application of unneeded rules, and

(c) that checking a SMT constraint that applied to any state was only possible
for candidate final states,

that even prevented the state space of some problems from being finite. These
problems can be addressed with the use of strategies that, as a side effect, also allow
for the specification of OS equational theories beyond EyU B by giving precedence
to a subset of the rules (see Section 6.7.3).

2. Parameters. We also found out in [AMPP17| that the scope of the calculus could
be broadened if we included the support for parameters in the specifications, i.e.,
a subset of the variables in them, either SMT or not, to be considered as common
constants that needed to be given a value in the reachability problem, either as a
prerequisite or as part of its solution, allowing, for instance, the fine tuning of a
proposed specification.

The strategy language for narrowing, presented in Section 2.4, together with the proof
tree based interpretation of its semantics, can be used to drive the search of solutions to
reachability problems or to specify either algorithms or OS theories. It is a subset of the
Maude strategy language [MOMV04, EMOMV07, RMPV21].

The main difference between the Maude strategy language and our strategy language
for narrowing is the scope of the if-then-else strategy, which in Maude has the form
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toaster
bag
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bin
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Figure 6.1: Toast cooking with strategies

ST 7 STy : ST,, where the condition is any strategy ST. If narrowing was applied to a
reachability problem ¢ — v/ST?ST, : STy, for any instance ¢6 of ¢ such that STQ[td]e = ()
we would get the new problem td — vd/STo0. This means that we would have to generate
all the instances of ¢ to explore the state space.

That is why we have restricted the if-then-else strategy to open goals of the form
t — v/matchus.t.¢? STy : ST,, where we require that there exists a substitution §
such that ¢t =¢ ud to apply the strategy, and continuing with ¢ — v/ST,6, if Ey - ¢0,
or t — v/STy0, otherwise, thus avoiding the need to generate all the instances of any
symbolic term in the narrowing calculus.

The narrowing calculus developed in this chapter is completely new, and it includes
the strategy language and the use of parameters, both in the rewrite theories and in the
strategies. Under certain requirements, the calculus is sound and weakly complete.

6.1 Toast example

Toast cooking will be used again as a concurrency running example, but now in a slightly
modified version that includes the use of parameters. A toast is well-cooked if both sides
of the toast have been cooked for exactly cookTime (abbreviated to ct) seconds. No
overcooking is allowed. Fresh toasts are taken from a toast bag, and they are cooked
using a frying pan that can toast up to two toasts simultaneously, well cooking one side
of each toast in the pan. There is a bin, where fresh toasts are put when taken from the
bag. A toast in the pan can be returned to the bin, being flipped in this process. Finally,
there is a dish where well-cooked toasts can be output. There is a limit of failTime (ft)
seconds to reach the desired final state. In this example, ct and £t will be the parameters,
i.e., they are the variables that represent the common constants of the specification that
must be given a value either by the conditions of the problem or by its solution.

A Toast (abbreviated to t) can be either a RealToast (rt), represented as an ordered
pair of natural numbers, each one with sort Integer (i), storing the seconds that each side
has already been toasted, or an EmptyToast (et) which has a constant zt, representing
the absence of Toasts; a Pan (p) is an unordered pair of Toasts; a Kitchen (k) has a
timer, represented by a natural number, and a Pan; a Bin (b) is a multiset of Toasts; the
bag and the dish are represented by natural numbers, the number of RealToasts in each
one; the System (s) has a bag, a Bin, a Kitchen, and a dish. When a RealToast is in
the pan, the side being toasted is represented by the first Integer of the ordered pair.
We will use two auxiliary functions, cook and toast (in lowercase). The instructions for
Toast cooking are the following:

1. The function call cook(zy,y;) will return the Kitchen obtained from Kitchen xy
after y; seconds, by calling the function toast(vs,y;) for each Toast v, in Kitchen
Tk
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2. The function call toast(zt,y;) will return zt.

3. The function call toast(r.s, y;) will return the RealToast obtained from RealToast
ree after toasting it for y; seconds, where y; > 0, only if the side of ., that is in
contact with the Pan gets well-cooked.

4. A fresh RealToast can pass from a non-empty bag, represented in the System with
a positive Integer, to the Bin.

5. A RealToast can pass from the Bin to the Pan if there is room in the Pan.

6. A Kitchen with at least one RealToast in the Pan can cook the RealToasts that
are laying on the pan any given Integer number of seconds.

7. A RealToast in the Pan can be returned to the Bin, where it is flipped. This is the
only way that a toast gets flipped.

8. A well-cooked RealToast can be taken out to the dish.

6.1.1 Signature and order-sorted theory
Signature

In the toast cooking example, omitting the implied kind for each connected component
of S, ¥ = (5,<, F) is very similar to the one in the previous chapter:

S = {Boolean, Integer, RealToast, EmptyToast, Toast,Pan,Kitchen, Bin, System},
< = {(RealToast, Toast), (EmptyToast, Toast), (Toast,Bin)},

F={{[_, _Jliire-{__Jeep {5 Joom {5 _}ipxs {cOOk}yk i,[k]s {toast}, i[t]s
{_/_/_/_tivkis {zt}ec}

Order-sorted theory

We write £ as a shortcut for Fy U B throughout this chapter. For the cooking example,
Y =(5,<,F) and & are the same ones from the previous chapter, i.e., Ey is the set of
equations for integer arithmetic and Boolean calculus (not displayed), and B consists of
the equations:

o (T Y))i 2l = Tiols (Ul 2pel)
® Lie]; Y] = Yin); Ufo)

° x[b];zt = T[]

® L[y = Yt Tle)

stating that the bin is a multiset and that the position of the toasts in the pan is
irrelevant.
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6.1.2 Rewrite theory

The uniqueness requirement for the labels of the rules in a rewrite theory will be relaxed,
but not removed, later in this chapter. From now on we will write “rewrite theory” as a
shortcut for “conditional rewrite theory with built-in subtheory plus axioms”.

In our running example for this chapter, R is the following translation of the instruc-
tions for cooking, shown at the beginning of this section. The subscript i will be omitted
from now on, for a better readability of the examples:

[kitchen)| : y; hyy vy — c0OK(Y; hyy Vg, 2) if 2> 0

[cook] : cook(y; hey vy, 2) — y + z; b, v, if toast(hy,2) — hL, Atoast(ve,z) — v
[toastl] : toast(zt,z) — zt

[toast2] : toast([a,b],z) — [a+z,b]ifa>0ANa+2z=ct

[bag] : n/xv/gc/ 0ok — (n—1)/[0,0]; 2v/gx/ 0k if n >0

[pan] : n/he; 20 /y; 2t vy )0k — n/xp/Y; hey vy [0k

[bin] : n/xy/y; [a, bl v/ ok — n/[b,al; zv/y; zt vy [0k

[dish| : n/xy/y; [ct, ct] v/ ok — n/xy/zt v/ ok + 1

The Maude specification for the running example is:

load smtlogic

mod TOASTS is
protecting SMTLOGIC .

sorts RealToast EmptyToast Toast Pan Kitchen Bin System .
subsort RealToast EmptyToast < Toast < Bin .

vars C D N OK Y Z cookTime : Integer .
var R : RealToast

vars V W V1 W1 : Toast

var B : Bin .

var K : Kitchen .

var S : System .

var I : Int

var CO : Constant

var TE : Term .

op zt : -> EmptyToast
op [L,_] : Integer Integer -> RealToast .

op __ : Toast Toast -> Pan [comm]
op _;_ : Bin Bin -> Bin [comm assoc id: zt]
op _;_ : Integer Pan -> Kitchen .

op cook : Kitchen Integer -> Kitchen .
op toast : Toast Integer -> Toast
op _/_/_/_ : Integer Bin Kitchen Integer -> System .

crl [kitchen] : Y ; RV => cook(Y ; RV, Z)
if (Z > 0) = (true) .Boolean [nonexec]
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crl [cook] : cook(Y ; VW, Z) ==Y + Z ; V1 W1
if toast(V, Z) => V1 /\ toast(W, Z) => W1l .
rl [toastl] : toast(zt, Z) => zt .
crl [toast2] : toast([C, D1, Z) => [C + Z, D]
if (C >= 0 and C + Z === cookTime) = (true).Boolean [nonexec]
crl [bagl] : N/B/K/OK=>N-1/100,0] ;B/K/GOK

if (N > 0) = (true).Boolean .

rl [pan] : N/ R ;B /Y ; zt V/OK
=>N/B/Y;RV/OK.

rl [bin] : N/ B/ Y ; [C, DI V / OK
=> N / [D, C] ; Y ; zt V/OK .

]l ;B

rl [dish] : N / B /

= N/B/Y ; zt
endm

[cookTime, cookTime] V / OK

/
Y,
V / OK + 1 [nonexec]

In this case, the first command loads the module smtlogic.maude that in turn loads
the module smt .maude that was loaded in the example of the previous chapter. A different
way in the use of the syntax of Maude to label the rules is shown here: the label goes
between brackets after the rl or crl reserved word and is followed by a colon.

The parameter cooktime is defined as a variable here, so that it can be included in
the rules, which are marked as nonexec, since this parameter should be given a ground
value before using any rule that includes it.

6.2 Closure under B-extensions revisited

We extend the definitions given in Section 4.2.1 to the case of rewrite theories with
built-in.

Let R = (X,&, R) be a rewrite theory, where R may have repeated labels, and let
c:l—rif Cbearulein R. It is assumed that vars(B) N wvars(c) = (. If this is not the
case, only the variables of B will be renamed; the variables of ¢ will never be renamed.
We define the set of B-extensions of ¢ as the set:

Extg(c) = {c: ulll, = u[r],if C|u=v € BUB ' Ap € posy,(u)\{e} NCSUp(l,ul,) # 0}
where, by definition, B™' = {v =u | u=v € B}.

All the rules in Extp(c) have label ¢. Given tworules c: 1l — rif Cand ¢y : I! — r'if C
with the same condition C, ¢ subsumes c; iff there is a substitution ¢ such that: (i)
dom(0) Nwars(C) =0, (ii) I' =p 16, and (iii) v’ =p ro.

We say that R is closed under B-extensions iff for any rule with label ¢ in R, each
rule in Extp(c) is subsumed by one rule with label ¢ in R.

6.2.1 Finite closure under B-extensions of a rule

Given an equational theory (X, &), with built-in subtheory (3¢, Ey), and a rule with label
¢, we denote by cg the set of rules in any finite closure under B-extensions of the rewrite
theory R = (%, &, {c}).
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6.2.2 Associated rewrite theory closed under B-extensions

Given a rewrite theory R = (3, &, R) with no repeated rule labels, any rewrite theory
Rp = (2,€,U.crcp) is called an associated rewrite theory closed under B-extensions of
R. If R is an associated rewrite theory closed under B-extensions of itself then we say
that R is closed under B-extensions.

Example 21. In the toast example, if we look al the set {u = v € BU B™'}, there are
three equations in it such that poss,(u) \ {€} is not empty:

1. (@) yp))s 2] = 2p)s (Yp)s 2p)) ot position 1, where uly = T); Y,
2. xp); (Yp)s 2p)) = (Tp); Yp)); 2 b position 2, where uly = yp); 21, and
3. Tp);zt = xpp) at position 2, where Ul = zt.

In the three cases, the subterms have sorts in the kind [Bin|. The only rules in R with
head in that kind are toastl and toast2 with head toast(zt,Z) and toast([C,D],Z)
respectively.

As no unification modulo B is possible between any of these two heads with any of the
three subterms in {ul, | u =v € BUB™ A p € poss(u) \ {€}}, then R is closed under
B-extensions.

Example 22. Consider a rewrite theory R = (X,E, R) with only one sort s, R = {l :
f(a,b) — ¢}, where f is associative and commutative (Eq = (). Then, one possible
instance of lg is lp = RU{l : f(xs, f(a,b)) — f(xs,¢)}, because the left side of the
associative rule f(xs, f(ys,zs)) = f(f(2s,Ys), 2s) has a subterm at position 2, f(ys,zs),
that matches with f(a,b). If we take Rp = lp then Rp = (X,€, Rp) is an associated
rewrite theory closed under B-extensions of R.

By definition, associated rewrite theories closed under B-extensions are allowed to
have several rules with the same label. The only condition is that all the rules sharing a
label must conform a finite closure under B-extensions of one of these rules. Rewriting
modulo does not change if we use a rewrite theory or any of its associated rewrite theories
closed under B-extensions.

6.3 Rp, B-rewriting

In this chapter, we will use a modification of the definition of R, B-rewriting. The relation
— Ry, is defined as =3, 5 U =¢, where the relation =} 5 is inductively defined below.

Definition 17. Given associated rewrite theory closed under B-extensions R = (X,&, Rp),
where & = Ey U B, terms t,t' in Hs, and a rule ¢ : 1 — rif N, l; = r; | ¢ in Rp,
if ¢ has the form ¢® 2 1° = rif N_ i = ri | ¢ A ¢°, and there exist a position p in
poss, (t) and a substitution o : vars(c®) — Tx such that rep(t|,) =p [°0, t' =¢ tirol,,
lic =g 1o, for 1 <i <n, and Ey & (¢ A ¢°)o, then there is a one-step transition
t—=g,pt.

We write ¢t —! ', when we need to make explicit the rule, position, and substi-

¢,p,0 RB,B
tution. Any of these items can be omitted when it is irrelevant.

The addition of the equality modulo £ between ¢’ and ¢[ro], will pose no problem in
this chapter.
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Example 23. In ezample 22, as Ey = (), no abstraction of terms has to be performed when
rewriting with —p 5 (abstracts, (1) = (A\.1; none; true) for any left side | of a X-rule).
Then, the term f(f(a,a),b) is not a normal form in —p g because Rp has the rule [ :
f(zs, f(a,b)) — f(xs,c) that can be applied on top of the term f(f(a,a),b) with matching
zs — a, modulo associativity and commutativity, leading to f(f(a,a),b) =%, 5 f(a,c).
Also f(f(a,a),b) =g fla,c) and f(f(a,a),b) =% ¢ f(a,c), because f(f(a,a),b) =¢
f(a, f(a,b)). The added rule l: f(xs, f(a,b)) — f(ws,¢) has allowed us to imitate =,
(:—>}%B/g) with =4 p-

Lemma 11 (Equivalence of R/E-rewriting and Rp/E-rewriting). If Rp = (X,&, Rp) is
an associated rewrite theory of R = (3, &, R) closed under B-extensions then —>}%/5:—>}%B/5
and ~—PR/E=?Rp/E-

See proof on page 173.

Theorem 15 (Equivalence of Rp/€ and Rp, B-rewriting). If Rp = (£,&, Rp) is an asso-
ciated rewrite theory closed under B-extensions then —>}2B7B:—>}:{B/S and — gy B=—Rp/c-

See proof on page 174.

Corollary 4. If R = (3,&, Rp) is an associated rewrite theory of R = (X,€, R) closed
under B-extensions then = p=—rp e and — g, p=—g/s-

Corollary 5. If R = (X, &, Rp) is an associated rewrite theory closed under B-extensions,
then any substitution is Rp/E-normalized iff it is Rp, B-normalized.

6.4 Strategies

We present in this section the full semantics for the strategies language presented in
Section 2.4, together with some relevant results.

As previously stated, the semantics defines the result of the application of a strategy
to the equivalence class of a term, which is based on the construction of closed proof
trees. It is given by a function (in mix-fix notation)

_@_ : StmtR,Ca”R X 7—21/5 — ,P<7'E1/5)7

with R = (£, EgUB, R) and £ = EyU B, where [v]¢ is an element of ST @[t]¢ if and only
if a c.p.t. with head ¢t — v/ST can be constructed using the derivation rules in D caiiy »
defined below.

If [v]e € ST Q[t]¢, as any subtree of a c.p.t. for ¢ — v/ST, with head say ' — v'/ST’,
is closed then also [v']g¢ € ST @ [¢']e.

The set Dg. cau, does not need to be computable. We will prove in this work that if
a c.p.t. can be formed from an instance Go of a goal G (i.e., o is a solution of G), then
the narrowing calculus that we present can find a more general solution to the goal G,
i.e., one that can be instantiated to o.

In this work we also assume, without loss of generality, that vars(B) Nwvars(ST) =0
for any strategy ST in Callg, by renaming the variables in B. Now, we define Callg,
Stratr, caily, and Dr, caily -

We will use the following set of strategies for narrowing, which is a subset of the
Maude strategy language for rewriting [MOMV04, EMOMV07, RMPV21]:
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Idle and fail

These are constant strategies that always belong to Stratr ceui,. While the first al-
ways succeeds, the second always fails. For each equivalence class [t]e € Ty, /e there is
a derivation rule —7—— in Dg caiy- There are no derivation rules for fail. Then,
idle @ [t]e = {[t]¢} and fail @ [t]e = (). We define vars(idle) = vars(fail) = (. For
any substitution o we define idle 6 = idle, and fail § = fail.

Rule application

A rule of R that has no rewrite conditions and a substitution form a rule application.
The syntax of all the strategies in this chapter is shown using pseudo Backus—Naur form
notation.

(AlphaNum) = Al 1|Z]a| - |2z|0]---]9
(Label) = (AlphaNum)

| (AlphaNum)(Label)
(Assignment) = (Variable) — (7Ts(X)-term)
(Assignment List) = (Assignment)

| (Assignment) ; (Assignment List)
(Substitution) = none

| (Assignment List)
(RuleApplic) = (Label) |(Substitution)]
(Strat) = (RuleApplic)

Ife:l —rifvisarulein R, and v : X — Tu(X \ Vr.cair) is a substitution such
that dom(y) C wars(c), then c[y] is a rule application in Stratr ca,. For each pair of

terms ¢, v in Hy, if t —' v then there is a derivation rule
cy R

t—v/cl]

in D caliy, -
We define vars(c[y]) = ran(vy). The application of 6 : X — T (X \ Vr,caug) to c[v] is
defined as c[]6 = ¢[(70) dom())-

Example 24. The set Callg for the running example contains the rule application
kitchen[none].

For rules with rewrite conditions, a strategy must be supplied for each rewrite condi-
tion.

(StratList) = (Strat)
| (Strat) , (StratList)
(RuleApplic) = (Label) | (Substitution) | { (StratList) }

Ife:l —rif NiLjly =l disardein R v : & = To(X\ Vg cur) 15 a
substitution such that dom(vy) C vars(c), and ST = ST4,...,ST,, is an ordered list of
strategies such that dom(y) Nwvars(ST) = 0, then RA = ¢[y]{ST} is a rule application
in StratR,CallR-
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We define vars(RA) = ran(y)Uvars(ST). The application of § : X — Ts(X\Vr.caiiz)
to RA is defined as RAS = c[(V8)gom(n)]{STd}. For each substitution ¢ : vars(cy) — T
such that Ey F 10, each term u in Hy, and each position p in pos(u) such that u|, = 176
there is a derivation rule
1yd = ryd/ST10 -+ - lypyd — 1,y /ST 16
u — ulrydl,/ RA

in D caliy - L

tle € c[v]Q[ulyle implies [ult],]e € c[y]Qule, and [t]le € c[y[{ST}Qlul,]e implies
[u[t]y]e € c[y]{ST}@Q[uls because no specific position is required for rewriting using a rule
application.

Example 25. The set Callg for the running example contains an enhanced version of
the rule application

cook[none|{(toastl[none] | toast2][none|), (toastl[none] | toast2[none|)})
where the symbol | represents the or strategy (defined below). Rule
[cook] : cook(y; hey vy, 2) — y + 2; hl, v, if toast(he,2) — hl, Atoast(ve,2) — v,

will be applied only if we can apply either the rule application toastl[none| or the rule
application toast2[none| to each condition in the rule.

Top

It is possible to restrict the application of a rule in R only to the top of the term. This
is useful for structural rules, that are applied to the whole state, or for the strategies
applied on the conditional part of a rule, as will be shown in our running example.

(Strat) = top( (RuleApplic) )

Ifec:1 — rif¢isarulein Rand v : X — Tu(X \ Vr.car) is a substitution
such that dom(y) C wars(c), then top(c[y]) is a strategy in Stratr cau,. We define
vars(top(cly])) = wvars(cly]) and top(c[y])d = top(c|y] d). For each substitution § :
vars(cy) — Ts such that Ey F 10 there is a derivation rule

170 — ry6/top(c[7])
in Dr, caiiy -

Ife:l—rif NiLjlj—rj|¢isaruein R, v: X — Ts(X\Vg,cauy ) is a substitution
such that dom(vy) C wars(c), ST = STi,...,ST,, is an ordered list of strategies such
that dom(vy) Nwvars(ST) = () and we let RA = c[y]{ST}, then top(RA) is a strategy
in Stratg, cau,. We define vars(top(RA)) = vars(RA) and top(RA)J = top(RA 0), for
§: X = Tu(X \ Vr caur)- For each substitution 0 : vars(cy) — Tx such that Ey F ¢4,
there is a derivation rule

yd — ry0/ST10 -+ - 10 — 1,y /ST 6
lvd — ryd/top(RA)

in Dr. cailg -

Example 26. Whenever a rule application appears in the set Callgr for the running
example, it is as part of a top strategy, e.g., top(kitchen[none]).
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Call strategy

Call strategy definitions allow the use of parameters and the implementation of recursive
strategies. A call strategy definition can be either unconditional or conditional.

(VarList)
(Equational Condition)

(Strat Condition)

Variable)
Variable) , (VarList)
»(X)-term) = (Hx(X)-term)
Equational Condition) A (Equational Condition)
quantifier-free formula)
Equational Condition) A (quantifier-free formula)

(Arguments) »(X)-term)
»(X)-term) , (Arguments)
(Strat) Label)

(Call Strat)

(
(
(H
(
(
(
(H
(H
(
(

Label> ((Arguments))
d (Label) ::= (Strat)
d (Label) ((VarList)) := (Strat)
csd (Label)((VarList)) := (Strat) if (Strat Condition)

The semantics for call strategy invocations, given a pair of terms ¢ and v in Hy such

that Is(t) =< Is(v), is:

o If sd CS := ST € Callg then the call strategy invocation C§ is a strategy in

Stratr. can,- We define vars(CS) = 0 and, for any substitution 6, CS§ = CS.
For every renaming ~ such that dom(v) C vars(ST) and ran(vy) is away from any
known variable, there is a derivation rule

t—v/STy
t—v/CS
in D, cally, -
If sd CS(z) = ST € Callg, where T = xz},...,27 are the parameters of

CS, & C vars(ST), t1,...,t, are terms in Tx(X \ Vg, caip ), With sorts sq,...,s,
respectively, and we let ¢ = #y,...,t,, then the call strategy invocation CS(t)
is a strategy in Stratg cag. If p = {Z +— t} then vars(CS(t)) = ran(p). If
§: X = Te(X\ %), then we define CS(t)0 = CS(t6). For every renaming ~ such
that dom() C vars(ST) \ Z and ran(v) is away from any known variable, there is
a derivation rule
t—v/ST(yUp)
t—v/CS(t)

in DR caily, -

Ifcsd CS(z) := ST if C € Callg, with & = x{,..., 2} and C' = N'_ (l; = rj)\¢,
Ves = vars(ST) Uwvars(C), & C Veg, ti, ..., t, are terms in Tx(X \ Vg, caug ), With
sorts s1,...,s, respectively, t = t1,...,t,, then the call strategy invocation CS()
is a strategy in Stratg cag- If p = {Z — t} then vars(CS(t)) = ran(p). If
§: X = Te(X\ (ran(p) U VR, caug)), then we define CS(t)6 = CS(t6). For every
renaming «y such that dom(vy) C Vs \Z and ran(y) is away from any known variable,
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and each substitution ¢ : vars(C(y U p)) — Tx such that [;(y U p)d =¢ r;(y U p)J,
for 1 < j <mn,and EytF ¢(y U p)d, there is a derivation rule

t —v/ST(yUp)o
t — v/CS(t)

in Dr_caily, -

The meaning of v in all three cases is that the names of the variables in ST that we could
call free, with respect to CS, have no relevance. By using renaming, different instances
of a call strategy will get different variable names in the narrowing calculus that we have
developed.

Example 27. The call strategy definition
sd toasts := top(toastl[none]) | top(toast2[nonel)

allows us to rewrite the strategy in Example 25 as top(cook[none]{toasts, toasts}).

Tests

Tests are strategies that check a property on an equivalence class [t]¢ in Ty, e. If the
property holds then the test returns a set containing [t|¢ as its only element. Otherwise,
the test returns the empty set.

(Test) = match (Hy(X)-term) s.t. (Strat Condition)
(Strat) = (Test)

For simplicity of notation, there will always be one quantifier-free formula ¢ € QF (X))
as last element of the test condition, which will be the Boolean term true if there are no
built-in conditions to check.

For each equivalence class [t]¢ in Ty, je, and each strategy T'S =matchus.t. A\J_,(l; =
r;) A ¢, if there exists a substitution 6 : vars(TS) — Ty, where we define vars(TS) =
vars(u) U vars(¢) UL, vars((lj,7;)), such that t =¢ ud, [;0 =¢ r;9, for 1 < j <m, and
Ey - ¢d, then there is a rule

t —t/matchus.t. \7L ([ =r;) Ao
in D, cai- 161 & = Tu(X\vars(TS)) then TS =matchud s.t. \JL,(1;0 = 1;0) A po.

Example 28. The set Callgr for the running example contains the definition
sd test := match N/B,/Y;V,W,/OK s.t. Y < ft .
This test will be used to verify that the system has not reached the fail time.

If-then-else

Strategies can be combined to be applied over execution paths in several ways. The first
way is the if-then-else strategy where a subset of the test strategies, called simple test, is
used. The term must match some pattern u. If the quantifier-free formula ¢ instantiated
with the matching substitution holds, the strategy in the then clause is applied; if not,
the strategy in the else clause is applied.
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(Simple Test) ::= match (Hx(X)-term) s.t. (quantifier-free formula)
(Strat) = (Simple Test) 7 (Strat) : (Strat)
For each pair of equivalence classes [t]¢ and [v]¢ in Ty, /¢, each if-then-else strategy

IS =matchus.t.¢? STy : ST and each substitution § : vars(u) U vars(¢) — Ts such
that t =¢ o, if £y = ¢d, then there is a rule

t— U/STl(S
t — v/matchus.t.¢? ST, : ST,

in DR, caiir, and if Ey = —¢d then there is a rule

t— U/STQ(S
t — v/matchus.t.¢? ST, : ST,

in Dr. cauy. We define vars(IS) = vars(u) U vars(¢) U vars(ST1) U vars(STs).
IS0 = matchud s.t. 6 7 ST10 : ST0, for any substitution 0 : X — T (X \vars(1S)).
The restriction to SMT constraints is needed to ensure the completeness of the nar-
rowing calculus since, in general, a reachability condition cannot be proved false.

Example 29. One alternative set Cally for the running example contained the definition
sdcheckExtract := match N/By/Y; [ct, ct]V;/OK s.t.true?top(dish|[none|) : idle
This if-then-else strateqy was meant to force the extraction of a fully cooked toast to

the dish, pruning the state space of the search for a solution.

Regular expressions

Another way of combining strategies is the use of regular expressions.

<Strat> ::= <Strat> ; <Strat> concatenation
<Strat> = <Strat> | <Strat> union

<Strat> = <Strat> + iteration (1 or more)
<Strat> = <Strat> x iteration (0 or more)

Of course, ST* can be defined as idle | ST+. Let ST and ST’ be strategies, and let
t,v and u be terms in Hy such that Is(t) =< Is(u) =< Is(v). Then, we have rules

t—u/ST, u—v/STy
t—v/STy; ST
t—v/ST
t—v/STy| ST
t—v/ST
t—v/STy| ST,
t—v/ST
t—v/ST+
t—v/ST; ST+
t—v/ST+

in DR, caily -
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We define vars(STy ; ST2) = vars(ST1| STy) = vars(ST1) U vars(STs); we define
vars(ST+) = wvars(ST). The concatenation and union combinators are defined to be
right associative, e.g., ST ; STy ; ST3 = STy ; (ST ; ST3). The scope of this work is
restricted to concatenated and iterated strategies that have no variables in common apart
form the parameters of the reachability problem being solved. Substitutions are applied
to all the strategies in the regular expression.

Example 30. The set Callg for the running ezample contains the definition

sd kitchCook := top(kitchen[none]) ; top(cook[none]{toasts,toasts}).

After applying the strategy top(kitchen|[none|) to a term with sort Kitchen, the strat-
egy top(cook[none]{toasts, toasts}) will be applied to each term in the resulting set.

Rewriting of subterms

The matchrew combinator allows the selection of a subterm to apply a rule and extends
the scope of the substitution that validates a test strategy to subsequent steps of the
execution path.

(VarStList) ::= (Variable) using (Strat)
| (VarStList) , (VarStList)
(Strat) = matchrew (Hy(X)-term) s.t. (Strat Condition) by (VarStList)

A Matchrew strategy MS has the form

m
matchrew u s.t. /\(lj =7;) A ¢ byx. using ST4,...,27 using ST,
j=1

.,x? are the match parameters of MS, & is a subset of the set of non-

where 7 = z! "

built-in variables &), |Z| = n, u = u[z];, for appropriate p, [UF C Hx(X), and, for
1 <i<n, xls does not appear as a match parameter of another matchrew strategy in
ST and for each i € {1,...,n} such that ST; # idle there exists j € {1,...,m} such
that [; = 2% and 7; € Hy(X) \ X. We define vars(MS) =V, , ;57

We will also use the short-form MS = matchrewus.t.l] = 7 A ¢ by Zusing ST.
If 6 : X = Te(X\vars(MS)), let § = d\;, then MS§ = matchrew ud’ s.t. 1§ = 7d' A
$0' by T using STY'.

For each n-tuple (i, ...,t,) of terms in 73" such that Is(f) < 5, and each substitution
§ such that dyursms) @ & — Tu(X\vars(MS)), s0 dyars(ms) is idempotent, ué € T,
{150,750}, C Ts, 16 =¢ 75, ¢6 € T, and Ey - ¢4, so 171 (Oyars(Ms)) vars(ST6), there
is a derivation rule

ud = udlty, ... tolpy.. pn/MS

in DR, caiiy -

Definition 18. For any structure A, we call matchParam(A) the set of all the match
parameters that appear in A.

In narrowing, rewrite rules have to be applied, using unification, to non-variable terms.
Requiring each variable z! to match with a non-variable term of s (X) will allow the
narrowing calculus to apply the rewrite rules to the non-variable instances of x@
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Example 31. The set Callg for the running example contains the definition
sd cookl := matchrew N/B,/Ky/OK s.t. Kx =Y; R, V; by Ky using kitchCook.
The strategy kitchCook will be applied to the Kitchen Ky of a State, whenever there
is a RealToast (Ry) in Ky, and Ky will get instantiated to a non-variable term by the
condition.

Definition 19 (Subterms, holes, and replacement in a strategy). We extend the use of
subterms and holes to strategies. If ST is a strategy, i is a positive integer, p is a position,
and t is a term, then ST|;, is the subterm that appears at position p in the term i of the
tuple formed by all terms that appear in ST, taken from left to right, ST||;, consists in
the replacement in ST|; of its subterm at position p with [|, and ST[t];, consists in the
replacement in ST|; of its subterm at position p with t.

Definition 20 (Equality modulo of strategies). Given two strategies ST and ST', we say
that ST is equal modulo &€ to ST', and write ST =¢ ST' iff ST = ST'[t];, for appropriate
t and p, and for each position p in p ST|, =¢ ST'|, and Vsg|, = Va1,

6.4.1 Interpretation of the semantics. Generalization of strate-
gies

Lemma 12 (Interpretation of the semantics). Given a rewrite theory R = (X, EyUB, R),
a set of call strategy definitions Callg, and terms t,v € Hy, for each c.p.t. T formed
using the rules in Dr caui, with head t — v/ST, so [v]lg € STQlt]e, each renaming o
such that ran(a) N (Vr U Vg cane) = 0, and each strategy ST' =¢ ST, it holds that:

1. Main property: t —gss v and there exist closed proof trees for [v]e € STaQlt]s and
[v]e € ST'Q[t]g with the same depth and number of nodes as T.

2. If ST = idle then [t]e = [v]e.

3. If ST = c[y] then t —' .
Y R/E

4. If ST = top(c[y]), then t —' v (i.e., the rewrite happens at the top position of
v R/E
t).

5. If ST =matchus.t. \J_ (I = r;)A¢ then [t]e = [v]e and there exists a substitution
o such that t =¢ uo, ljo =¢ rjo, for 1 < j <m, and Ey - ¢o.

6. If ST = ST, ; STy then there exists a term u € Hy, such that [ule € ST,1Q[t]e and
[U]g S STQ@[U]g

7. If ST = ST+ then there exist 1 + 1 terms ug = t,uy,...,uji_1,u; = v € Hy,
with @ > 0, such that [ujle € ST1Qu;_1]e, for 1 < j < i, where i is equal to one

plus the number of times that a rule with the form wlZijfu‘Z%T‘fIﬁ, followed by the
wy—w’ /STy w/ —swqy /ST +

wi—wa/ST1; ST1+

application of a rule with the form , 15 applied in the rightmost

’UJ14)UJ2/ST1

branch of the subtree before applying a rule with the form DS /ST

8. ]f ST = STl | STQ then [U]g S STl@[t]g or [U}g S STQ@[t]g.
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9. If ST =matchus.t.¢? STy : STy then there exists a substitution & such that t =¢
ud and either Ey = @0 and [v]g € ST10Qlt]e or Ey = —¢d and [v]e € ST20Q][t]¢.

10. If ST = CS, where sd CS = ST, € Callg, then: (i) [v]le € ST,1Qlt]¢, and (ii)
[v]le € STyQ[t]e, for every renaming v such that dom(y) C vars(STy) \ Vg and
ran(y) N Vg, cair = 0.

11. If ST = CS(t), where sd CS(z) := STy € Callg, T =, ,...,x0 , t =ty,... 1y,
and p = {T > t}, then: (i) [vle € ST1pQ[t]e and (ii) if v is a renaming such that
dom(7y) C wars(ST1) \ & and ran(y) N (ran(p) U V. cair) = 0 (so % €
ID’]g,CallR), then [U]g € STl(”)/ U p)@[t]g

12. If ST = CS(t), where csd CS(z) = STy if C € Callg, with z =z} ... a7
and C = Nj_,(l; = ;) A b, Vos = vars(ST1) Uwvars(C), & C Ves, t = t1,...,tn,
and p = {T > t}, then (i) there exists a substitution 01 : vars(Cp) — Ts, such
that 1;p01 =g rjpdy, for 1 < j < mn, Ey F ¢pdy (so % € Dg. cair), and
[v]e € ST1p01Q[t]e, and (ii) for every renaming v such that dom(vy) C Vs \ & and
ran(y) N (ran(p) U Vi, cair) = 0, there exists a substitution 0 : vars(C(y U p)) —
Ts, such that 1;(y U p)dy =¢ (v U p)ds, for 1 < j < n, Ey F ¢(y U p)ds (so

% € Dr.cain ), and [v]g € ST1(y U p)dQJt]¢.

18. If ST = c[y[{ST1,..., STy}, with c: 1 — v if Nj_ lj = ;| ¢ a rule in R, then
there is a substitution § such that [r;vdle € ST;0 Q [l;76]e, for 1 < i < m, and
t—t .

¢ R/€

14. If ST = top(c[Y{STh,...,8Tw}), withc: L —rif N l; = i [ ¢ arulein R
then there is a substitution 0 such that [riydle € ST;0 Q [l;vd]e, for 1 <i <m, and
t—1 .

0767753/5

15. If ST = matchrew us.t. A (l; = r;) A p by v} using ST,..., 27 using ST,

where w = ulzl ... 2% ], 5. then there exist a substitution &, where OV, ,r, 18

ground, and terms ti,...,t, € Hx such that t =¢ ud, ;0 =¢ r;0, for 1 < j < m,

Eot @0, [ti]e € ST;0 Q [2 0le, for 1 <i < n, and v =¢ udlt1,... tolp,. p,-

See proof on page 178.

Lemma 13 (Generalization of strategies). Given a rewrite theory R = (X, EgyU B, R), a
set of call strategy definitions Callg, termst,v € Hs, a strategy ST € Stratr, caiy, and a
substitution o such that dom(o)NVr =0 and ran(o)N(VRUVsr) = 0, if [v]e € SToQ[t]s
can be proved with a c.p.t. T then [v]g € STQ[tl¢ and a c.p.t. T" with head t — v/ST
and the same depth as T can be constructed.

See proof on page 185.

6.4.2 Call strategies in the toast cooking example

The Maude strategy module that we will use in the running example problems in Sec-
tion 6.7, where these call strategies are explained, is:
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smod TOASTS-STRAT is
protecting TOASTS .

vars NS OKS YS failTime :
: RealToast .

: Toast .

Bin .

: Kitchen .

var RS
vars VS WS
var BS :
var KS

strat
strat
strat
strat
strat
strat
strat
strat

sd

sd

sd
sd
sd
sd
sd
sd

test
cookl

loop

test :

Integer .

: @ System .
: @ System .
kitchCook :
toasts :
noCook :

@ Kitchen .
@ Toast .
@ System .

: @ System .
solvel :
solve2 :

@ System .
@ System .

match NS / BS / YS ; VS WS / OKS s.t.

(YS < failTime) = (true).Boolean [nonexec]

cookl :

toasts :
noCook :
loop :
solvel :
solve2 :

endsm

(noCook |

matchrew NS / BS / KS / OKS s.t.
YS ;
kitchCook :

RS VS := KS by KS using kitchCook .
top(kitchen) ; top(cook{toasts, toasts})
top(toastl) | top(toast2)
top(bin) | top(pan) | top(dish)

(cookl ; test ; noCook)) + .
top(bag) ; top(bag) ; top(bag) ; loop .
top(bag) ; top(bag) ; (top(bag) | idle) ; loop .

All the variables are named with an 'S’ (for strategy) at their end, except failtime which
is a parameter, to avoid collisions with other variable names either in the rules or in the
reachability problem. This strategy module in Maude corresponds to the following set of
strategy definitions using our syntax:

sd test :

sd cookl :

match NS/BS,/YS; VS, WS,/ OKS s.t. YS < ft
matchrew NS/BSy/KSy/OKS s.t. YS; RS VS, := KSy

by KSy using kitchCook

sd kitchCook := top(kitchen[none]); top(cook[none|{toasts, toasts})

sd toasts := top(toastl[none]) | top(toast2[none))

sd noCook := top(bin[nonel) | top(pan|[none|) | top(dish|[none))

sd loop := (noCook | (cookl; test; noCook))+

sd solvel := top(bag[none]); top(bag[none]); top(bag[none|); Loop

sd solve2 := top(bag[none]); top(bag[none]); (top(bag[none])|idle); loop
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There are two main differences between both syntaxes:

1. Maude can decide whether an alphanumeric label corresponds to a call strategy
invocation or a rule application and adds the none substitution when parsing the
strategy module, if it is missing.

In our syntax for strategies, we require that all rule applications are invoked with
a substitution, for simplicity of the prototype.

2. The SMT constraint must always appear in the Maude strategy module, again for
simplicity of the prototype. If there is no SMT constraint, then we use the SMT
constant (true) .Boolean.

As the Maude syntax checker only recognizes conditions with sort Bool and any
SMT constraint has sort Boolean, we check for equality against (true) .Boolean
to obtain a term with sort Bool.

Internally, our narrowing prototype will only check the satisfiability of the SMT
constraint, through the metalevel metaCheck function, ignoring this equality.

One possible improvement would be to redefine the call strategy noCook, using an
if-then-else strategy, as:

e sdnoCook := match NS/BS,/YS; [ct,ct] VS,/OKS?
top(dish[none] : top(bin|[none]) | top(pan[none])

or, in Maude syntax:

sd noCook := match NS / BS / YS ; [cookTime, cookTime] VS / OKS
s.t. (true) .Boolean = (true).Boolean 7
top(dish) : (top(bin) | top(pan))

This would force the extraction of any RealToast after it gets well-cooked, reducing the
state space.
The performance of both definitions is compared in Section 6.7.2.

6.5 Strategies in reachability problems

In this section we present the concept of reachability problem for this chapter, which is
completely based on the use of strategies, together with its solutions and the properties
that a solution to one of these problems has.

6.5.1 Reachability problems

Definition 21 (Reachability problem). Given a rewrite theory R = (X, Eo U B, R) and
a set of call strategy definitions Callr, a reachability problem is an expression P with
the form N u; — v;/ST; | ¢ | V.v, where u; and v; are terms in Hx(X), ST; is a
strategy in Stratr cai,, ¢ € QF(Xy), V is the finite set of parameters of the problem,
i.e., variables of X that have to be given a ground value, and v is a substitution such that
dom(v) CV and ran(v) consists only of new variables, not seen before, that may hold
the initial values, either constants or patterns, of some of these parameters. The formula
¢ is the reachability formula of P. We define vars(P) = vars(u,v,¢). The set V' allows
the declaration of variables in Vg can, or Ve, as parameters of the problem. V must
always verify:
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1. vars(P) CV, vars(B)NV =0, and Vr N Veou, CV, i.e, Vg and Vouu, have no
variables in common, with the exception of the parameters of the problem,

2. concatenated strategies may have in common only variables from V, since they will
be given a ground value; this is also mandatory for strategies from different open
goals; also, only variables from V' may appear in iterated strategies and call strateqy
inwvocations, since they may become concatenated ones, and

3. 'V cannot contain:

e any variable in dom(7y) for any strategy c[vy| that may appear in Callg or ST;,
1<1<n,

e any variable in matchParam(ST) U matchParam(Callg) (see Def. 18).

6.5.2 Instances and solutions

Definition 22 (Instances). Given a rewrite theory R = (X,€, R), a set of call strategy
declarations Callg, and a substitution o such that vars(B) N (dom (o) U ran(o)) =0, the
instance R? of R s the rewrite theory that results from the simultaneous replacement of
every instance in R of any variable x € dom(o) with xo, Cally is the set of call strategy
declarations that results from the simultaneous replacement of every instance in Callg of
any variable v € dom(o) with vo, and Straty ., s their set of associated strategies.
For every strategy ST in Stratg cai, we denote by ST its corresponding strategy in
Stratn can,- We denote by Dg oy the associated set of derivation rules. If 7y is a
substitution, dom(vy) N (dom(c) Uran(o)) =0, and ST = STy then ST = ST (7 - 0).
Ift € Ts(X), then t” =to. If ¢ € QF(Xy), then ¢7 = ¢o. For any structure S formed
with terms, formulas and strategies, the instance S of S will consist of the instantiation
with o of each one of its elements.

Although the label, say ¢, of an instantiated rule remains the same, we will use
superscripts, say ¢, when we need to distinguish which instance of the rule we are
referring to.

Proposition 16 (Equality of (R?)g and (Rp)?). For any rewrite theory R = (X,&, R)
and any substitution o such that vars(B) N (dom(c)Uran(o)) = 0, it holds that (R°)p =
(Rp)”.

See proof on page 188.
We will write R} to refer to either (R7)p or (Rp)?, indistinctly.

Definition 23 (Solution of a reachability problem). Given a rewrite theory R = (£, &, R),
and a set of call strategy definitions Callr, a solution of the reachability problem P =
Ny u; = v;/ST; | ¢ | V,v is a substitution o : V — T, such that 0 = v - o’ for some
substitution o', Eg &= ¢o, and [viole € ST Qlu;ole (hence u,0 —goje v;0), for 1 <i < n.

The reachability problem P’ = A, u; — v;/ST; ;idle | ¢ | V,v, has the same
solutions as P: for any solution o of P, Ey - ¢o and [v;0]e in ST{Q[u,;olg, for 1 <i <mn,
so there are closed proof trees

F;
;0 — UiO'/STg’
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where 1 <14 <n, formed with the rules in D% ;.. Then, also

F;
ujo—=v;o /ST vio—v;0/idle

wioc — v;0/ST? ;idle ’

where 1 < i < n, are closed proof trees, so o is a solution of P’, and vice versa.

Given a reachability problem A?_, u; — v;/ST; | ¢ | V,v, we will solve the equivalent
problem A, u; — v;/ST; ;idle | ¢ | V,v, since it will allow us to use a smaller set
of narrowing rules, by not having to distinguish between those strategies that are a
concatenation of strategies, to process one strategy after the other, and those that are
not, except for the idle strategy, that will require two rules.

6.6 Strategies in reachability by conditional narrowing
modulo SMT plus axioms

In this section, the narrowing calculus for reachability with strategies is introduced and its
soundness, weak completeness, and completeness for topmost rewrite theories are stated.

6.6.1 Reachability goals and calculus

Some definitions and the calculus for reachability with strategies by conditional narrowing
modulo SMT plus axioms are presented now.

Instance of a set of variables

Given a set of variables V' and a substitution v, we define the instance V¥ of V' as the
set V¥ = (V' \ dom(v)) U ran(vy).

Reachability goal

Given a rewrite theory R = (X,&, R) and a set of call strategy definitions Callr, a
reachability goal G is an expression with the form

L (Aimywi = vi/STi | ¢')0p | Viv, or
2. (uplp =" @, ui il = 01/ STL ANy ui = 0}/ STi | ¢) 0 | V, v,

where v and g, are substitutions, dom(v) C V', dom(g,)N(VUV?) =0,V C X is finite,
(w,v,¢) = (@,0,¢')"0,, n > 1, u; and v} are terms in Hx(X), ST; € Stratr cauy, for
1 <i<n,and ¢ € QF(AXp); also, in the second case, p € pos(uy), k = [Is(u1]p)], the kind
of the least sort of ui |y, T & Vi o 57 UV Uran(v) U dom(g,) U ran(g,), and ST has
the form RA; ST, with RA a rule application.

In the first case, each one of the elements in the conjunction is an open goal, for which
we define V,_,,/ 57 = Vi, and Vg = Vi U VY, in the second case, we say that x;, is
the connecting variable of the goal and we define Vg = {x;} U Vi U VY. We will write
‘goal’” as a synonym of reachability goal from now on.

Reachability goals with the second form, where we always can recover u; from w,|,
and wuy[zg|, since u; = wuyfuq|pl,, can be generated by the calculus rules in Figures 6.2,
6.3, and 6.4 from a reachability goal with the first form when the first open goal has the
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form uy; — v1/RA; ST, with RA a rule application strategy. This second form prevents
the repeated application in a derivation of rule transitivity, that maintains the problem in
the second form, forcing the application to the first open goal of the rule application rule,
that reverts the problem to the first form.

The substitution g, will be used in our calculus to hold instantiations or renamings,
that will be generated by the calculus rules, of the variables not in V.

Definition 24 (Instance of a goal). If G is a goal of the form (\;_, Si | ¢)" 0, | Vv and
o is a substitution such that dom(c) NVY # 0, then we define the instance Go of G as
Go = (N2 Si | @)0u | Vo, where pp= (vo)y and o, = (040)ve\v-

Definition 25 (Instance of a conjunction of open goals). If G is a goal of the form
(AN, Si | @)700 | Vov and o is a substitution such that dom(c) N VY # 0, let SG =
(A, Si)” 0, and define the instance SGo of SG as SGo = (\[_, Si)* o, where p = (vo)y
and Ou = (QVU>ng\V~

When dom (o) NV¥ = (), o is directly applied to every term and formula in G and
SG, respectively, thus avoiding circularity in these definitions.

Admissible goals

From now on, we will only consider in this chapter two types of goals:

(a) those goals coming from a reachability problem A!_, u; — v;/ST; | ¢ | V,v, which is
transformed into the goal A, u;v — v;v/STY;idle | ¢v | V, v, with g, = none, and

(b) those goals generated by repeatedly applying the calculus rules in Figures 6.2 to 6.4
to one goal of type (a).

The notation G ~+,, G', will be used in the calculus to indicate that rule [r] of the
calculus has been applied with substitution o to G, yielding G’. We call this application
a narrowing step. If o is the identity substitution it can be omitted. The rule [r] can
also be omitted in the expression. The superscripts ~", with n > 0, ~*, and ~* will
be used with their standard meanings, maybe with no rule in the subscript (~ and ~!
are equivalent).

Definition 26 (Solution of a goal). Given a rewrite theory R = (3,E, R), a set of call
strategqy definitions Callg for R, and a goal G, a substitution o : vars(G) — Ts, where

V' = (vo)v and 0, = (0,0)\v, s a solution of G iff:
1.if G = Nyui — v;/ST 0, | ¢ | V,v then Ey & ¢o and [viole € STY 0,Qlu;o)e
(hence u;o —Rel /e v;0), for 1 <i<mn, and

2. 4f G = wlp, =" wp,wfze], = v1/STY 00 A Njyui = vi/ST 0, | & | V,v, where
STy = RA; ST, then Ey & ¢o, [x30]e € RA” 0,,Quyol,)e, [vi0]e € ST 0, @uy[4],0]¢,
and [v;0]e € STY 0,Qu;o)e, for 2 <i < n.

In the second case, as [xy0]e € RAY 0,,Q[u;|,0)e implies [uy[z4],0)e € RA 0,,Q[u0]e,
and [vro]e € ST 0y Qlun[k]pole then [v10\(a3]e € STY (00 )\ (24} Q0w le i€, O\(ay
is a solution of N\!_,u; = v;/ST 0, | ¢ | V,v.
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We call nil | ¢ | V, v, where ¢ is satisfiable and v : X — Ty (&) such that dom(v) C V,
an empty goal.

Given Rp = (X, &, Rp), a closed under B-extensions associated rewrite theory of R =
(X,€, R), both with built-in subtheory (X, Ey), a reachability problem P = A", u; —
v;/ST; | ¢ | V,v is solved by applying the calculus rules in Figures 6.2 - 6.4, starting with
G=N\_,wv —vv/(ST};idle) | ¢v | V,v in a top-down manner, until an empty goal
is obtained, where (A, u; = v;/ST% 0,)0 = N\i_; wioc — UiO'/STEVU)V(QVO')\V.

We briefly explain rule [w] (matchrew): we rename the matching parameters from z
to the fresh variables  with 7. Once abstracted u and ¢[Z]; to u° and ¢° and chosen a
B-unifier o of u° and t°, we abstract Yo and 7o, and choose a B-unifier of these ab-
stractions, say a, using the [d1] (idle) strategy. Then, the open goals (Zo — 7/STv0)a,
where ¢ is fresh, will try to find a substitution S that makes [y;5]¢ an element of
ST yoapQ[r;oab]e, for 1 <i < n. If successful, we continue trying to find solutions for
the open goal (t[y]; — v/ST)oap.

Narrowing path and computed answer

Given Rp = (%,&, Rp), an associated rewrite theory of R = (3,€, R) closed under
B-extensions and a goal G with set of parameters V and substitution v, if there is a
narrowing path G ~5 Gi ~>gy <+~ Gu_y ~, nil | ¥ | V,v, using the calculus
rules in Figures 6.2 and 6.3, hence ¢ is satisfiable, then we write G ~7 nil | ¢ | V,v,
where 0 = 0y -+ -0, and we let v | ¥ a computed answer for G.

If vy = none then v is the restriction of o to V' by construction. In this case, as the
unifiers o;, 1 <7 < n, returned by CSUp are idempotent and away from all the variables
that have previously appeared in the computation, so ran(o;) N U;;ll ran(o;) = 0, then
v is also idempotent.

Although several rules allow for simplification in the reachability formula obtained,
e.g., we can replace X — Y + 7 > 0A X = Ywith Z > 0, it is always possible to obtain
the same computed answer without using simplifications.

Proposition 17 (Canonical narrowing path). Given Rg = (X, EgUB, Rp), an associated
rewrite theory of R = (X, Ey U B, R) closed under B-extensions, and a narrowing path
from a goal G (with set of parameters V), G = Ao | 1o | V, none ~»5, Ay | 11 | Vivg ~g,
A1 | U | Vivme1 ~o,, nil | U | Vv, there exists another narrowing path
G =AM | Yo | Vinone ~, Ay | x1 | Vivr ~oy o Dt | Xome1 | Vi Va1 ~26,, 1l | Xon |
V., Um, where the same inference rule, with the same substitution, is applied at each step
in both paths, there is no simplification of the reachability formula on the second path,
and Ey - 1; < x;, for 1 <i<m.

See proof on page 192.

6.6.2 Soundness and weak completeness of the calculus

The soundness and weak completeness, i.e., completeness with respect to R/E-normalized
solutions, of the calculus for reachability problems are now stated.

Theorem 16 (Soundness of the Calculus for Reachability Goals). Given an associated
rewrite theory R = (3, &, R) closed under B-extensions and a reachability goal G, if v | ¢
is a computed answer for G then for each substitution p : V¥V — Ty such that ¥p is
satisfiable, v - p is a solution for G.
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o [d1] idle
u—v/idle (NA) | ¢ | Vv

(Ao) [ |V, (vo)y

where abstracts, ((u,v)) = (AMZ, 7).(u®,v°); (65,09); (95, ¢2)), o in CSUp(u® = v°),
vars(y) Cvars((¢ A ¢S N @pS)o), Eo F < (¢ A pS A ¢3)o, and 1 is satisfiable

o [d2] idle
u—wv/idle; ST (ANA) | ¢ | Vv
u—v/ST (ANA) || V,v
e [ol] or
u—v/(STy | ST2); ST (NA)| ¢ | V,v
u—v/STy; ST (NA) | o | V,v
e [02] or
u—v/(STy | STs); ST (NA) || V,v
u—v/STy; ST(ANA) | o | Vv
o [p1] plus
u—v/ST\+ ;ST (ANA) | ¢ | Vv
u—v/STy; ST (NA) | o | V,v
e [p2] plus
u—v/ST+ ;ST (ANA) | ¢ | Vv
u—v/STy; ST+ ;ST (NA) | ¢ | V,v
e [s1] star
u—v/STyx; ST (NA) | ¢ | V,v
u—v/ST(NA)|¢|V,v
e [s2] star

u—v/STyx; ST (NA) | ¢ | Vv
u—v/ST1+ ;ST (ANA) | o | V,v

o [i1] if then else

u— v/match t s.t. ¢ 7 ST, :S8Ty; ST (ANA) || Vv
(u—v/ST1; ST (NA))o | Y|V, (vo)y

where abstracts, ((u,t)) = (MZ, §).(u®,1°); (07, 07); (93, 97)), 0 in CSUp(u® = t°),
vars(y) Cvars((G A& NS AN dS)o), Eo Fp < (0 AP AP A ¢5)o, and 9 is satisfiable
o [:2] if then else

u— v/match t s.t. ¢ 7 ST, :S8Ty; ST (ANA) || Vv
(u—v/[STy; ST (NA))o | |V, (vo)y

where abstracts, ((u,t)) = (M7, 7).(u°,t°); (02,07); (62, ¢7)), o in CSUp(u® = t°),
vars(y) C vars((p A —¢" A g A Pp2)o), Eg 1 < (¢ A —¢' A ¢S A ¢7)o, and o is satisfiable

Figure 6.2: Inference rules for reachability with strategies modulo SMT plus axioms I
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e [t] transitivity
u—v/RA;ST (NA) | ¢ | V,v
u—tag, vy = v/RA;ST (NA) | ¢ | Vv

where RA is a rule application, u € Hx(X)\ X, k = [Is(u)], and z, fresh variable

e [c] congruence

ul, =z, ulzy], = v/RA;ST (NA) | ¢ | Vv
u; =Yy, ulywlps — v/RA; ST (NA) [ ¢ | Vv

where RA is a rule application, u|, = f(u1,...,un), u; € Hx(X)\ &,
k" = [Is(w;)], yr fresh variable, and o1 = {x) — ulplyr]i}
e [r] rule application

ul, =z, ulzr], = v/YH{ST1, ..., ST} ST (ANA) | ¢ | Vv
N,y — roy ST 1d1e) Aulrl, = 0 JST (A Ao | [V, (vo)y

where ¢: 1 — rif N_,(l; = r;) | ¢ fresh version, except for dom(y) UV", of a rule ¢ in R”,
abstracts, ((ulp, 1)) = (M@, 7).(u®,1°); (00,0°); (95, #7)), ¢’ in CSUg(u® =1°),
o =o' Uk = ryo’}, vars(y) C vars((¢ A ¢y Ao A (677))0),

EoFv < (0NP5 A5 A(¢'y))o, and 9 is satisfiable

* [tp] top

u— v/top(c[y[{ST,...,STn}); ST (ANA) | ¢ | V,v
(N (liy = v/ ST idle) Ary = v /ST (ANA))o | ¢ | V. (vo)y

where ¢: 1 — rif A (l; = r;) | ¢ fresh version, except for dom(y) U V", of a rule ¢ in R,

abstracts, ((u,17)) = (A @, §).(u°,1°); (05,0°); (¢, ¢7)), o in CSUg(u® =1°),
vars(Y) C vars((p A ¢S A @Y A (¢'))o), Eo - < (0 A @5, A df A (¢'))o, and 9 is satisfiable

Figure 6.3: Inference rules for reachability with strategies modulo SMT plus axioms II
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e [m] match

u—v/matcht s.t. A7L (L =) A ST (NA) [ | Vv
(/\;"Zl(lj — r;/idle) Au —v /ST (NA))o | |V, (vo)y

where abstracts, ((u,t)) = (AT, 7).(u°,t°); (62,07); (6, ¢2)), o in CSUp(u® = t°),
vars(y) Cvars((G A& NS ANdS)o), Eg b p < (0 AP NP2 A ¢f)o, and 9 is satisfiable

e [w] matchrew

u — v/matchrew t[z]; s.t. AL (l; = ;) A ¢/ by Zusing ST ;ST (ANA) | 6| Vv

(ANjo1(liy — rjy/idle) ANy (xi — i/ STy idle) Atlyls — v/ ST (AA))o [ ¢ |V, (vo)y

where Z = z1,...,2,, ST = ST1,...,S8T,, & and § fresh versions of Z, v renaming from Z to Z,
abstracts;, ((u, t[z]p)) = (Mw, @").(u®,t°); (0, 07); (62, ¢7)), o in CSUp(u® = t°),
vars(v) Cvars((G A NP2 AN dS)o), Eg E < (0 Ad' A2 A ¢9)o, and 9 is satisfiable

e [cl] call strategy

u—v/CS;ST(ANA) ¢ | Vv u—v/CS({H);ST(ANA) | ¢ | Vv
u—v/STy; ST (NA) | o | Vv uw—v/STyy; ST(ANA) | ¢ | Vv

where sd CS := STy, or sd CS(Z) := ST in Cally, v = {Z — t},
and ST fresh version of ST, except for dom(y) U V¥
o [2] call strategy

u—v/CS(t) ;ST (NA) [ 9| Viv
Ny Ly — ryy/idle) Au— v/SToy; ST (NA) [ ¢ | Vv

where csd CS(z) := ST, if Cin Cally, v = {z — t},
STy if Nj=i(lj =7;) A ¢' fresh version of STy if C, except for dom(y) UV,
vars(y) C vars(P'y A @), Eo -1 & ¢’y A ¢, and 1) is satisfiable

Figure 6.4: Inference rules for reachability with strategies modulo SMT plus axioms III
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See proof on page 193.

Theorem 17 (Weak Completeness of the Calculus for Reachability Goals). Given an
associated rewrite theory R = (X,E, R) closed under B-extensions and a reachability
problem P = N\!_ u; — v;/ST; | ¢ | V,u, where p is R/E-normalized, if o : V. — T
is a R/E-normalized solution for P then there exist a formula ¥ € QF(Xy) and two
substitutions, say A and p, such that N;_, wip — v/ ST idle | dp |V, ~3 nil | o |
V.v, 0 =¢ v-p, and Vp is satisfiable, where v = (uM)y.

See proof on page 223.

Remark 7. In the previous theorem, by Definition 23 there exists a substitution o’ such
that 0 = p-o'. As o is R/E-normalized then, by Proposition 18, pu has to be R/E-
normalized too. Also, as o is R/E-normalized and the substitution n obtained after
each narrowing step is always a generalization of o then, by Proposition 19, n is R/E-
normalized too.

6.6.3 Completeness of the calculus, for topmost rewrite theories

In the proof of weak completeness of the calculus for reachability, the only places where
the hypothesis of ¢ being R/E-normalized is used are in the initial substitution p and in
the induction case, (i7), where it limits the positions where rewriting can happen at some
proper subterm of w0, an instance of the first term in the reachability problem P (uy). Tt
is immediate then to prove the completeness of the calculus for topmost rewrite theories,
since rewriting always happens at position € of u;o, so the hypothesis of ¢ being R/E-
normalized is not needed for this type of rewrite theories in the proof of completeness,
where no variable in V' has sort state, so p is R/E-normalized.

6.7 Narrowing example: toasts with strategies

Three applications of the calculus using the running example are shown. Recall the
abbreviations: i — Integer, p — Pan, rt — RealToast, t — Toast, k — Kitchen, b — Bin,
s — System, ct; — cookTime, and ft; — failTime. We will omit the use of the subscript
i in all variables for readability. In all cases we take ct = 20.

6.7.1 Applications

e In the first application, from an initial system with an empty Pan, an empty Dish,
and at most one Toast in the Bin, we want to reach in no more than 60 seconds
a final system where there are three RealToasts in the Dish and all the remaining
elements are empty.

e In the second application, we want to know if there is any value for ft lower
than 61 seconds that allows us to get from an initial system where there are three
RealToasts in the bag and the remaining elements are empty to the same final
system as in the previous case.

e The third application is like the second one but increasing the time limit from 61
to 62 seconds.
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In Section 6.4.2 we saw the syntax in Maude of the following set Callg of call strategy
definitions, designed to solve the problems for this example:

e sdtest := match NS/BS,/YS; VS, WS,/OKS s.t. YS < ft

e sd cookl := matchrew NS/BSy/KSy/OKS s.t. YS; RS VS, := KSy
by KSy using kitchCook
e sd kitchCook := top(kitchen[none]); top(cook[none|{toasts, toasts})
e sdtoasts := top(toastl[none])|top(toast2[none])
e sdnoCook := top(bin[none]) | top(pan[nonel) | top(dish[none])
e sd loop := (noCook | (cookl; test; noCook))+
e sdsolvel := top(bag[none]); top(bag[none]); top(bag[none|); Loop
)

sd solve2 := top(bag[nonel); top(bag[none]); (top(bag[none])|idle); loop
Our reachability problems are:

P =N/T;/0;2ztzt /0 — 0/zt /Y ;ztzt /3 /solve2 | N>0AN <3 |
{ct,ft, N, T3, Y}, {ct — 20,ft — 61}

P, =3/zt/0;ztzt /0 — 0/zt/Y; ztzt /3 /solvel | £t < 61 | {ct,ft, Y}, {ct — 20}
Py =3/zt/0;ztzt /0 — 0/zt /Y ;ztzt/3/solvel | ft < 62 | {ct,ft, Y}, {ct — 20}

The most important feature of Callr is the invocation of the call strategy test after
each invocation of cookl in the loop strategy definition:

e sdtest := match NS/BS,/YS; VS, WS,/OKS s.t. YS < ft

e sd loop := (noCook | (cookl; test; noCook))+

This renders the search state space of both problems finite, since the strategy nocook+
has a finite state space from any initial state and cookl always increases the timer, so
there is a limit in both problems in the value of ft, that gets checked against the timer,
which initially has value 0, through the invocation of test.

Further pruning of the search tree is achieved through several facts: (i) all rule applica-
tions are used inside top strategies, preventing rule congruence of the narrowing calculus
to be applied, (ii) in the call strategy definition cook1, where a rule must be applied in a
subterm of the state, the matchrew strategy selects the precise subterm where to apply a
top strategy in a more efficient way than the blind search of rule applications, and (iii)
the use of the call strategy noCook after test prevents consecutive calls to cookl since
rule toast2 always well-toasts one side, so it cannot be invoked in the next strategy call.

In P;, as we can infer from the problem that, initially, there must be either two or three
toasts in the bag, we impose in solve2 the application of the rule bag twice, followed by
the nondeterministic strategy top(bag[none]) | idle, before applying any other rule, also
preventing its application later, pruning the search tree. In the initial state we use the
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variable T} to represent the bin. This use is valid because Toast is a subsort of Bin, and
it also covers both initial cases: the one without RealToasts in the Bin and the one with
one RealToast in the Bin, since both EmptyToast and RealToast are subsorts of Toast.

Among the answers returned by the prototype for narrowing with strategies (see
Section 6.8) we have:

a- ct—20,ft — 61, N — 3, Y — 60, T} — zt,
b- ct—20,ft — 61, N— 2 Y — 60, Ty — [0,0],
c- ct—20,ft — 61, N — 2, Y > 40, T} — [20,20], and

d- ct—20,ft =61, N—2 Y —404+U+V, Ty — [C, D] such that
C+U=20AND+V =20 NU+V<20ANU>0AV >0,

stating that we need 60 seconds when (a) 3 RealToasts are in the bag or (b) 2 RealToasts
are in the bag and one fresh RealToast is in the Bin (T} — [0,0]). The required amount
of time can be smaller: (¢) 40 seconds if the RealToast in the Bin is well-cooked (7% +—
20, 20]), or, if not well-cooked, (d) 40 seconds plus the remaining toasting time for the
RealToast in the Bin, as long as this remaining time is not above 20 seconds (U+V < 20).

In P;, as we know that there are three RealToasts in the bag, we impose in solvel
the application of the rule bag three times before applying any other rule, also preventing
its application later, pruning the search tree. This problem has only one initial state, but
what we are trying to find is a value for the parameter £t that fits the constraints of the
problem. The search for a solution ends, because our search state space is finite thanks
to the call strategy test that prunes all the narrowing paths where Y > 60, without
finding a solution, so ft cannot be given a value below 61.

For P;, where we allow £t to be below 62 seconds instead of 61, the prototype returns
the answer Y — 60 such that £t < 62 A ft > 60, i.e., we can cook three toasts in 60
seconds when ft = 61, fulfilling all the constraints of the problem.

6.7.2 Optimization of the call strategy noCook

In Section 6.4.2 a second version of the call strategy definition noCook was suggested as
an improvement to the toast cooking specification. In the one used for the applications
in the previous section:

e sdnoCook := top(bin[none]) | top(pan[nonel) | top(dish[none])

a well-cooked RealToast can go back to the Bin instead of the Dish because the top(bin)
strategy is available. With its improved definition

e sdnoCook := match NS/BS,/YS; [ct,ct] VS,/OKS?
top(dish[none] : top(bin|[none]) | top(pan[none])

if there is a well-cooked RealToast in the Pan then it has to be moved to the Dish since

the if-then-else strategy will select the top(dish) strategy as the only available option.
When compared against the first problem from the previous section
P=N/T;/0;ztzt /0 — 0/2zt /Y ;ztzt /3 /solve2 | N>0AN <3 |
{ct,ft, N, T, Y}, {ct — 20, ft — 61}


https://maude.ucm.es/cnarrowing/prototype_AVERTIS.zip

166 CHAPTER 6. STRATEGIES IN CNM SMT PLUS AXIOMS

where from an initial system with an empty Pan, an empty Dish, and at most one Toast
in the Bin, we want to reach in no more than 60 seconds a final system where there
are three RealToasts in the Dish and all the remaining elements are empty, we get
the following results, all against the original definition (i) and in favor of the improved
definition (ii):

e First answer:

(i) states: 338779 rewrites: 58524365 in 54312 ms
(ii) states: 242985 rewrites: 40792938 in 34336 ms

o Last answer:

(i) states: 4896122 rewrites: 1215048778 in 1101436 ms
(ii) states: 1621706 rewrites: 321709975 in 267756 ms

e End of search:

(i) states: 5389440 rewrites: 1387211660 in 1278016 ms
(ii) states: 1731977 rewrites: 3563839361 in 293280 ms

This simple optimization in the definition of one call strategy has allowed for over a
67% prunning of the state space, over a 74% reduction in the number of rewrites and over
a 77% reduction in running time, way beyond our own expectations: we could never have
imagined that allowing to put a well-cooked RealToast back in the Bin would account
for two thirds of the state space.

6.7.3 Relation with sentence-normalized rewriting

This section is an informal one, where we point out some details about the specification
of our running example. No formal proof of our claims is given.

The calculus in this chapter only admits equational theories of the form (3, Ey U B),
with no other equations. A more natural specification, shown below, of the running
example requires the use of other equations apart from the admitted ones.

In our specification, the use of strategies allows us to overcome this limit and emu-
late sentence-normalized rewriting for OS rewrite theories, with the added support for
strategies.

Although the system module TOASTS in the example has no equations, except for Fj
and the hidden SMT specification, the definition of R combined with the strategy module
TOASTS-STRAT, designed to give priority to some rules over the rest, allows some of these
rules to act as if they were oriented equations.

The function definitions and rules, in Maude syntax:

op cook : Kitchen Integer -> Kitchen .
op toast : Toast Integer -> Toast

crl [kitchen] : Y ; RV => cook(Y ; RV, Z)
if (Z > 0) = (true).Boolean [nonexec]

crl [cook] : cook(Y ; VW, Z) ==Y + Z ; V1 W1
if toast(V, Z) => V1 /\ toast(W, Z) => W1
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rl [toastl] : toast(zt, Z) => zt
crl [toast2] : toast([C, D], Z) => [C + Z, D]
if (C >= 0 and C + Z === cookTime) = (true).Boolean [nonexec]

and the strategy definitions:

sd cookl := matchrew NS / BS / KS / OKS s.t.

YS ; RS VS := KS by KS using kitchCook .
sd kitchCook := top(kitchen) ; top(cook{toasts, toasts})
sd toasts := top(toastl) | top(toast2)

when combined act as an OS-theory where reachability steps are applied only when no
unification step is possible, but extended with the use of strategies. The aforementioned
OS equational theory that is equivalent to the specification of our running example has,
apart from Ej, and the axioms B, the equations

ceq [cook] : cook(Y ; VW, Z) =Y+ Z; VlWuWl
if Vi:= toast(V, Z) /\ W1 := toast(W, Z)
eq [toastl] : toast(zt, Z) = zt .
ceq [toast2] : toast([C, D], Z) = [C + Z, D]
if (C >= 0 and C + Z === cookTime) = (true).Boolean [nonexec]

replacing their corresponding rules, and the call strategy definition

sd cookl := matchrew NS / BS / KS / OKS s.t.
YS ; RS VS := KS by KS using top(kitchen)

replacing the three call strategy definitions shown above.

If a narrowing calculus similar to the one for sentence-normalized conditional nar-
rowing modulo developed in Chapter 4, extended with the use of strategies, were to be
used, it would work in the following way, where we focus on the System evolution and
omit the SMT constraints: after narrowing with rule kitchen, the current System, say
N/B/Y;R V/OK, becomes a System N/B/cook(Y;R V,Z)/OK, to which only unifi-
cation steps apply, using the added equations, until a normalized term, i.e., one where
neither the function cook nor the function toast appear.

This is exactly what the strategy definitions cookl, kitchCook, and toasts also
achieve in the running example: after applying a narrowing step with rule kitchen, we
force the application of a narrowing step with rule cook, using for each condition the
suitable rule, either toast1 or toast2, that is applied to each one of the Toasts in the
Pan.

6.8 Prototype for narrowing with strategies

In this section we present the prototype of the narrowing calculus with strategies and SMT
solvers shown in this chapter, that has been implemented using version 3 of the Maude
engine. It can be found in the web page for this thesis https://maude.ucm.es/cnarrowing.

This prototype inherits the management of the SMT constraints developed for the
prototypes in the previous chapter, that has been explained in Section 5.5, so it im-
plements not only the usual search for partial solutions via unification, but also the
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extraction of partial solutions for the SMT variables in the reachability problems via the
inspection of the evolving SMT constraints of the computation. It also inherits the capa-
bility to simplify SMT expressions through the functional module SMTLOGIC, presented
in Section 5.5.1.

The prototype, developed as a system module, gives support to the two new features in
the calculus: the use of a strategy language and the admission of variable SM'T parameters
both in the specifications and problems. A list of parameters together with a substitution
that instantiates partially or totally these parameters are provided with each reachability
problem. The list of parameters may be empty and the substitution may be the identity
substitution.

As the prototype has to handle strategies with SMT constraints at the metalevel,
an extension of the existing sorts in the metalevel of Maude 3 has been defined to give
support to these strategies.

Meta SMT strategies syntax

From the functional module META-STRATEGY in the prelude of Maude, that supports
strategies at the metalevel, we have developed an extension of it: the functional module
META-SMT-STRAT, found in the file meta-smt-strat.maude, to deal at the metalevel with
our strategies with mixed equational and SMT conditions. The constructor function for
this type of conditions is:

op _&&_ : EqCondition SmtCondi -> SmtStratCondi [ctor prec 19]

The module has neither equations nor rules, it just defines the syntax of the new sorts
for our prototype, being the main sort SmtStrategy, an extension of the sort Strategy
in META-STRATEGY that admits strategies with an SmtStratCondi. From this sort, the
sort SmtStratDef, an extension of the sort StratDef in META-STRATEGY that admits
SmtStrategies, is also defined in this module.

Meta SMT strategies parsing

We have used the fact that SM'T constraints have sort Boolean to include them in rules
and strategies as equational conditions, by comparing the equality of each SMT constraint
with the constant true of sort Boolean, so that the parser in Maude 3 does not complain
when parsing any rule or strategy.

Then, we have developed the functional module PARSE-SMT-STRAT, found in the file
smtStratParse.maude, to take a term with sort EqCondition and generate a term with
sort SmtStratCondi, using the function ec2ssc, that can be handled by the prototype.

The main function in this module, called parseStrat, is applied to every defined strat-
egy to compute the constant smtStratDefSet, i.e., the set of defined call strategies with
SMT constraints, that has sort SmtStratDefSet, an extension of the sort StratDefSet
in the prelude of Maude. The function parseStrat is recursively invoked to parse some
of the admitted strategies.

The module has another function, called parseSmtStrat, that given a list of Qids
generates a SmtStrategy. A Qid, quoted identifier, for instance >TOASTS, is the base sort
of the metalevel. As an example, the sorts Constant and Variable of the metalevel of
Maude are both subsorts of Qid.

The function parseSmtStrat is used in our prototype to parse the strategy given with
the reachability problem to solve, since it is expressed as a string of characters.
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Syntax of the reachability problems

In the prototypes developed for the calculus of the previous chapter, the name of the
system module under test had to be defined inside the prototype, as a constant named
target, before posing any problem.

To avoid the need to modify the source code of the prototype for each new module to
test, in the prototype developed for this calculus it is mandatory to define in another file
the functional module TARGET-AND-STRATEGIES. This module has to include the constants
target and strat with the meta-names of the system and the strategy modules that
the problems will use, respectively. These constants will be used in the META-LEVEL
by the system modules PARSE-SMT-STRAT and NARROW-SMT-STRAT, the main module of
the prototype, that are loaded after loading the target and strat modules. At this
moment any problem related to the current target and strategy modules can be posed.
For instance, the code for the third application in Section 6.7.1 is:

fmod TARGET-AND-STRATEGIES is
protecting QID .

op target : -> Qid .
eq target = ’TOASTS .

op strat : -> Qid .
eq strat = ’TOASTS-STRAT .
endfm

load toasts
load toasts-strat
load smtStratNarrow

mod TEST is

protecting REAL-INTEGER .
protecting TOASTS .
protecting NARROW-SMT-STRAT .

vars failTime cookTime : Integer
var YP : Integer
var SOL : Solution .

endm

search in TEST :
problem(upTerm(3 / zt / 0 ; zt zt / 0) ->* upTerm(0 / zt / YP ; zt zt / 3)
&& upTerm(failTime < 62), "solvel",
(upTerm(cookTime) ; upTerm(failTime)),
upTerm(cookTime) <- ’20.Integer)
=>x SOL .

We first define the meta-names of the target and the strategy modules as >TOASTS and
>TOASTS-STRAT, respectively. The files that contain the system module TOASTS and the
strategy module TOASTS-STRAT are then loaded, followed by the file smtStratNarrow.maude,
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that contains the main module of the prototype. Finally we define a system module called
TEST, holding the system under test, in this case TOASTS, the name of the prototype mod-
ule, NARROW-SMT-STRAT, and the parameters and variables that are used in the problem.

The problem is stated inside the TEST module using the following terms, most of them
converted to META-LEVEL TERMs by the function upTerm:

e the initial state: 3 / zt / 0 ; zt zt / 0
e the final state: 0 / zt / YP ; zt zt / 3;
e the initial SMT constraint: failTime < 62;

e the strategy to use, in this case a call strategy inside the TOASTS-STRAT strategy
module: solvel;

e the parameters of the specification: cookTime and failTime; and
e the initial solution that sets a constant value for one parameter: {cookTime — 20}.

The function problem uses these items to generate a term with sort SimpleProblem, of
which the sort Solution is a subsort, and the Maude engine uses the rules in the prototype
to try to rewrite this term with sort SimpleProblem to a term with sort Solution. The
only equation that defines this function is:

ceq problem(OP && TC, S, VS, SU)
= sp((op2Rc (0P, nilRCS, getSmtStrat(parseSmtStrat(tokenize(S), 0, 0VS)))
<<< SU || smtSimplifyC(t2smtCondi(TC <<< SU)) - OVS ; O ; SU), nilU)
if OVS := (VS ; getVarSetOp(OP) ; getVarSet(TC))

In this equation:

e OP is the original problem: the function _->*_, that has as parameters the metalevel
versions of the initial and final states;

e TC is the metalevel version of the SMT constraint that the solutions have to verify;
e S is the string that defines the strategy that has to be applied to the initial state;
e VS is the set of non-evident parameters of the problem (see explanation below); and

e SUis the metalevel version of the initial solution. In our example, upTerm(cookTime)
<- ?20.Integer shows a mixed use of upTerm and a term with sort Qid.

VS may not be the real set of parameters of the problem since, by definition, all the
variables in the problem are parameters of it, i.e., OVS is the set of parameters of the
problem. VS allows us to include as a parameter any variable that does not appear in the
problem.

The function tokenize turns the string S into a list of Qids. From this list, the
function parseSmtStrat generates the SmtStrategy that will be applied to the initial
state.

The function _<<<_ applies metalevel substitutions to the new sorts in the prototype.

The function op2Rc turns the instantiated initial state L, final state R, and SMT
strategy SST, all in their metalevel forms, into the term L =>% R / SST, that has sort
ReachCondiStrat.
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The function t2smtCondi turns the instantiated term of the metalevel TC <<< SU,
that has sort Term, into a term with sort SmtCondi, that can be handled by the module
SMTLOGIC of the prototype, in this case by applying its smtSimplifyC function that
simplifies terms with sort SmtCondi.

Finally, the function sp serves as a context that allows the application of the rules of
the prototype only where it is desirable.

Normal form of the applied rules and states in the system under test

The prototype does not compute a normal form of the rules in the specification. Given a
rewrite theory R = (X2, Ey U B, R), the prototype computes a closure under B-extensions
of R, and generates a set of transformed rules. This is an excerpt of this generation:

op 9SmtRls : -> QidSmtRuleSet [memo]
eq qSmtRls = transformRls(getRls(axCohComplete (upModule(target, false))))

eq transformRl(crl L => R if CO /\ (TC = ’true.Boolean) [label(Q) Ats] .) =
[ Q// L =>R if rc2Src(C0) && t2smtCondi(TC) ]

The constant qSmtR1s holds the transformed version of each rule in the closure under
B-extensions of the target module, that is generated by the axCohComplete function
provided by the AX-COHERENCE-COMPLETION function module in the full-maude31.maude
file included in Maude 3.

The function transformRls calls the function transformR1l with each rule in this
closure under B-extensions. In the equation that we have selected as an example, the
label Q may not be unique, since it comes from a closure, and is used as a selector to filter
out all the rules that may not be applied by a rule application or top strategy, CO is
the conditional equation of the rule, and TC is the SMT constraint, distinguished by the
use of the comparison against ’true.Boolean. There is some internal reformatting for
ease of use.

Each time that a rule application or top strategy is applied the term that is going
to be unified with the head of a rule is abstracted, for instance:

crl [T]
sp(L =>*% R / top(Q[SUJ{SSTL}) ;; SST & RCS || SC - QVS ; NV ; AN, UPL)
=> gp(nt(LO =>1 V & V =>x R / SST & RCS || SC and SC’,
ovs ; NV’ ; AN, Q, SU, SSTL), UPL)
if V := newVarMemo (NV, getKindTermMemo (L)) /\
(LO / sC’ ; NV’) := abstract(L, s(NV), 0OVS)

Then, the label of the rule in the strategy is used to select one of the rules in gSmtR1s
with the same label, a fresh version of the rule, except for the parameters of the rule, is
generated, the substitution that appears in the strategy is applied to this fresh version,
the head of this instance is abstracted, and the first unifier of both abstractions, with
index 0, is computed. For instance, if we want to unify a constant and the head of a rule:

crl [nt]
nt(C =>1 V & V =>x R / SST & RCS || SC, OVS ; NV ; AN, Q, SU, SSTL)
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=> nx(1 / NV’’, LO, R’, RC / reverseSub (SU’, OVS) / C =>1 V & V =>x R /

SST & RCS || SC and SC’ and SC’’, OVS ; NV’’’ ; AN, SSTL)
if [ Q // SRL ] QSRLS := gSmtRls /\

NV> ; L> => R’ if RC && SC’ :=

(freshRule (SRL, NV, (OVS ; domain(SU))) <<< (AN ; SU)) /\
(LO / SC’? ; NV’’) := abstract(L’, NV’, 0VS) /\

{su’, NV’’°} := metaUnify(targetNoRls, C =7 LO, NV’’, 0)

There are different rules to apply the generated unifier or to try to generate another
unifier. Both rules will be used by the search engine in Maude, that will also discard any
generated state if it has already been visited.

Depth-oriented generation of unifiers

Again, we have designed the rules of the prototype so that the set of unifiers for any given
pair of terms is generated in a depth-oriented way, i.e., if the first unifier is tried at level
n of the search tree, then the second unifier is tried at level n + 1, and so on, so that
the search tree of the reachability problem is fairer to all the rules that can be applied to
any state in the search tree, and also to support potentially infinite unification of terms
without losing completeness.

Example 32. Our search command of the third application in Section 6.7.1:

search in TEST :

problem(upTerm(3 / zt / 0 ; zt zt / 0) ->* upTerm(0 / zt / YP ; zt zt / 3)
&& upTerm(failTime < (62).Integer), "solvel",
upTerm(cookTime) ; upTerm(failTime),
upTerm(cookTime) <- ’20.Integer) =>* SOL .

asks for all the solutions to the reachability problem: is it possible from a State with

just 3 Toasts in the bag to reach a State with just 3 well-cooked Toasts in the dish if

failTime is lower than 62 seconds and it takes 20 seconds to cook each side of a Toast?
The constructor for the sort Solution of the variable Sol is:

op _where_ : SubstSol BoolSol -> Solution [ctor]
Then, the search engine of Maude 3 returns:
Solution 1
SOL --> (cookTime <- (20).Integer ; YP <- (60).Integer)
where failTime < (62).Integer /\ failTime > (60).Integer
No more solutions.
This answer means that there is only one solution where a total cook time (YP) of 60
seconds has been added to the initial substitution and the SMT constraint for this solution

is failTime < (62) .Integer / failTime > (60).Integer, i.e., failTime has to be
61 seconds.
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6.9 Results and proofs

This section holds some needed technical results for this chapter, together with the proofs
for all the results.

Lemma 11 (Equivalence of R/E-rewriting and Rp/E-rewriting). If Rp = (X,E&, Rp) is
an associated rewrite theory of R = (3, &, R) closed under B-extensions then —>}%/5:—>}%B/5
and ~—?R/E=?Rp/E-

Proof. Since R C Rp then —>}%/5§—>}%B/S and —g/eC—pp/e.
In order to prove %EB/gQ—ﬁ%/E and —pr/eC— g, /e, we will prove a stronger pair of
assertions:

(i) if t —* v, where ¢ in Rp, then ¢ —' v using the same number of rewrite
Cc,u RB/E c,u R/g
steps, and

(ii) if t = Rry/e v then t —p/e v using the same number of rewrite steps.

We use induction on the number of —>}%B /€ rewrite steps of the derivations, including
those in the condition of the rule.
Base cases:

(i) one rewrite step: t —' v with a rule ¢ : [ — 7if Ayl = | ¢ in
c,u,p,0 RB/E'
Rp. As there is only one rewrite step in the derivation, it must be the case that

lioc =Ry /e T30 in zero rewrite steps, 1 < ¢ < n. Then [;0 =¢ r;0, so l;0 —g/e ;0 in
zero rewrite steps, 1 <i < n. Also, t =¢ u = u[lo],, u[ro], =¢ v, and Ey - ¢o.

e If the rule c belongs to R then t ——' v using the same derivation that has
CUP.T R /g
only one rewrite step,

e clse ¢ belongs to cp\R, so there is another rule ¢ : I — rif Al_ i = r; | ¢in R
such that, by definition of ¢p, [ = w[l]; and 7 = wr];, where w = w’ € BUB™!
and p € posy(w) — {e}.

Now, t =¢ u = u[lo], = u[w[lzo], = u[wollo]s],. Then u,; = lo, so u =
ullo],p. As ulrol,; = ulwolrolsl, = ulw(r|zol, = ul[fol, =¢ v, l;c = p/e 70 in

zero rewrite steps, 1 <i < n, and Ey F ¢o, then t ———' v in one rewrite
¢,u,p-p,0 R/E

step.

ii) zero rewrite steps: t— g, /e v because t =¢ v. Then, also t—g/ev.
i ite steps: t—p, e v b t Then, also t— g,
Inductive step:

(i) t —! v in n > 1 rewrite steps, with a rule ¢ : [ — 7 if A, l; — r; | ¢ in
¢,u,p,0 RB/‘S
Rp. Then, l;o0 —g,/e r;o with less than n rewrite steps, 1 < 7 < n so, by L.H,

lio —Rse rio, 1 < i < n, using the same number of rewrite steps in each derivation.

Now, using the same proof shown in the base case, we get t ——! v if cin R, or
¢,u,p,0 R/g

else t ——' v using the same number of rewrite steps.
c,u,p.p,0 R/g
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(ii) t—r, /e v in n > 0 rewrite steps. We distinguish two cases:

° t_ﬁ%s/f w—gy/e v. If the derivation w— g, /e v1 has no rewrite steps, then
w =¢ v, SO t—ﬁ%B/g v and the proof in subcase (i) holds. Else, the derivations
of both t—>}23/5 w and w—p,/e v have less than n rewrite steps so, by L.H.,
t—>}%/gw and w— r/ev with derivations using the same number of rewrite steps
as the original ones, and then {—p/sv with a derivation that uses n rewrite
steps.

ot ——! v in n > 0 rewrite steps. This case is exactly the same as the one
¢,u,p,0 RB/g
in the subcases (i) of the base case and the inductive step, so the same proofs

hold.
[l

Theorem 15 (Equivalence of Rp/€ and Rp, B-rewriting). If Rp = (3, &, Rp) is an asso-
ciated rewrite theory closed under B-extensions then —>}?’BaB:—>}%B/5 and =Ry B=—Rp/¢-

Proof. There is a special case to consider when there are no rewrite steps involved in the
deductions.
(4) %}%B,Bg_}}%g/ﬁ and — g, BC = Ry/e-

In the special case, t =g, p v with no rewrite steps. As —p, p= (—>EB,B U =¢) then
t =¢ v, 50t =g,/ v. The other cases are proved using induction on the total number of
— k.5 Tewrite steps in the derivation.

e Base case

t =g, trol, =¢ v with only one =5 5 rewrite step in the derivation, where
c:l—rif Nibjli = r;| ¢in Rp, abstracts, (1) = (AZ.1°0°,¢°), T = x1,...,Tn,
1°=1[7lg, ¢° = Nj_i(z; = ly,)), p in posy, (t), and o : T U vars(c) — Tx such that
rep(t|,) =p I°0, v =¢ t[ro],, lo =¢ Fo, and Ey - (¢ A ¢°)o.

As Ey F ¢°0 then lo = lo[lo|gy]g - 04 )en =F lox10]g - [200],, = °0 =5
rep(t|y) =g, tlp, s0 lo =¢ t|,.

As t], =¢ lo and lo =¢ o, then t = t[t|,], =¢ t[lo], =k, t[ro], =¢ v with rule ¢ in
Rp, that is, t _>11?B/5 v, SO t =R, /e .

e Induction case

There are two subcases to consider:

L. t =g, p tlrol, =¢ v with several =}, rewrite steps in the derivation. As in
the base case, c: L — rif Ni°jl; — Tir[ ¢ in Rp, abstract;l(l) = (AZ.1°;60°; ¢°),
T = 1,20, I° = 1[Z]g, ¢° = Nj_i(z; = 1]y)), pin pos_zl(t), and o :
z U wvars(c) — Tx such that rep(t|,) =p °0, v =¢ t[ro],, lo =¢ To, and
EybE (¢ N o°)o.
By induction hypothesis l;0c — g, /e 70, for 1 < i < m. As in the base case,
Ey = ¢o and t|, =¢ lo, so t = t[t|,], =¢ t[lo], =5, tlrol, =¢ v,ie,t =L o0,
SOl —Ry/e V.

2. t 2h, p U g, p W =¢ v. By the previous subcase t =, o u =5 5w =¢ v,
and, by LH., ¢ —>}%B/5 U —>;B/€ w =g v, le.,t —>*RB/8 W =g v, Or t =g, /e V.
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(i1) _>}%B/£§_>}%B,B and =g, /e C—pry B

In the special case, t —g,/¢ v with no rewrite steps because ¢t =¢ v, as —g, p=
(_>4153,B U =p) then t =, g v. The other cases are proved using induction in the total
number of —>}YB /¢ rewrite steps in the derivation.

e Base case: t —>}%B/5 v with only one —>}DLB/€ rewrite step in the derivation using a
rule ¢: | — rif C'in Rp, where C = A" I, = r; | ¢, and a substitution o. We can
assume that ¢ is a rule in Ry since any —>}%B/5 step given at position p of t” using
a rule ¢; : w[l], = w[r],if C'in R\ Ry can also be achieved using rule ¢ at position
pgoft’ sot=¢t" = u=¢v, t"=1"[lo],, u="1t"[ro],, lo =¢ To, and E, - ¢o.
By Proposition 10 there exists a term ¢’ in Hy, such that t =g t' =g, t’ _>11%B U =g 0.
We have t <55 .- <55 t/, where az; (linear and regular), for 1 < i < [ has
the form w; = wj, let az; be w; = w;, so each topy, subterm of ¢ is moved by
ars - - - ar; and becomes another fopy, subterm of t'. Then, az; ---azx; moves the
topy,, subterms of ¢” in the opposite way, so there exists a term ¢, in 75 such that

g EL gty =g, t.

We have t =g, to =p t" = t"[lo],, so t"|, = lo. The more general case, where
to =p t"|, =p lo is studied in Theorem 2 and Corollary 2 in [Mesl7|, where it
is proved that there is a position ¢ in pos(ty), a rule ¢y : lg — 79 if C in Rp,
maybe the original ¢, and a substitution o, such that |, =g lyoo, to[roo0, =5 u,
and Coy = Co, which is also valid for our particular case where t”|, = lo. As, by
definition of rule, Iy € Hx(X), then g € posy, (to), s0 to|q =E, t|g- Let topy, (t|) = 2.
Then rep, _ is the function that given a term in 7y, returns the same term with each
topy,, term on it replaced with the representative for that tops, term in rep(t|,), if
it exists, so rep(t|) = repy, (tolg) =5 repy, . (looo).

Let abstracts, (lo) = (AJ08;05;08) 7 = 1, -, ye: 1§ = bolFls, 0° = N_y yj = lolo,-
Define o' : dom(og) Ug — Ty as: if z = y; € § then 20" = repy__(lo|o,00) else
zo' = repy (200)(=pg, 200). As, for 1 < j < k, yjo' = repy (lolo;00) =k,
lolo;00 =E, lo|o;0', because g N Vloloj = (), then Ey F ¢°0’. Also, as Coy = Co and
if z € dom(og) then 20’ =g, z0¢ then lo’ =g, log =g T0g =g, 70, i.e., lo’ =¢ 7o',
and ¢o’ =g, ¢pog = ¢o, so Ey - ¢po’. As ¢o’ and ¢°0’ are ground, because repy, . s
replacing each ground subterm with another ground subterm, then Ey F (¢ A ¢°)o’.
As

— ly[ls0” = loo']]s = Tepﬂq,i(loaﬂﬂé)» and
— y;j0’ = repy,,(lofo;00), for 1 < j <k,
then 50" = lo[yloo” = repy, . (looo[lo|sools) = repy, . (lo[lolslsoo) = repy, . (looo) =5
rep(t|,), i.e., rep(t|,) =p 5o’ so, as t[roo’], =g, t[To00lq =k, to[ro00]q =B u =¢ v,
i.e., t[roo'ly =¢ v, we have t =5 pv.
e Induction case:

again, there are two subcases to consider:

Lt =% e tlrol, =¢ v with several =} . rewrite steps in the derivation. The
proof is the same as the one in the base case, except that instead of hav-
ing lo' =¢ To' now we have [;o —Ry/e Ti0, for 1 <@ < m, so by LH., as
(li,’l"i)O' ~—7Rp/E (li,Ti)O'/7 also liO'I —Rp,B T’Z'O'/ hence t _>}%B,B V.
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1 + o : 1 + —
2.t Rpje U Ry W =E V. By the previous subcase t = 5 u —hpje W =€V,
and, by LH., ¢ —>}QB B U —>;§B pW=¢gv,le,l=p pw=g0v,0rl —>p,pv.

O

Proposition 18 (Decomposition of a normalized substitution). Let R = (X, EgUB, R) be
a rewrite theory with built-in subtheory (X¢, Ey). If 0 is an R/E-normalized substitution
and o = o1 - 09, with dom(oy) N (ran(oy) U dom(os)) = 0, then oy and oy are R/E-
normalized.

Proof. We prove that each substitution is normalized by reductio ad absurdum:

e If 0y is not R/E-normalized, then there exists a variable z in dom(oy) C dom(o)
and a term ¢ such that xo; is in Hy, so xoy = xo109 = o, and zoy —>}%/g t. As
xo, = xo, then also zo —>}%/5 t hence, as x is in dom(o), o is not R/E-normalized,
a contradiction.

e If 0y is not R/E-normalized, then there exists a variable x in dom(oy) and a term
t such that xos is in Hy, and xos —>}%/g t, where either z in dom(o) or not.

— If z is in dom(o) then xoy = 0, so also zo _>}z/£ t hence, as x is in dom(o),
o is not R/E-normalized, a contradiction.

— If x is not in dom(o) then, as 0 = o109, = is in ran(oy), so there exists y
in dom(oy) € dom(o) and a position p such that yoi|, = x. Then yol|, =
Yyo109l, = yo1|,00 = x09, S0 Yo, —>}3/5 t, hence also yo —>}2/5 t. As yisin
dom(o), then o is not R/E-normalized, a contradiction.

]

Proposition 19 (Preservation of the normalized property under generalization). Let
R = (X,Ey U B,R) be a rewrite theory with built-in subtheory (3o, Eo). If p is an
R/E-normalized substitution and o is a more general substitution than p, then o is R/E-
normalized.

Proof. We proceed again by reductio ad absurdum. By definition of <, there exisst a
substitution 7 such that py =¢ (on)y. If ¢ is not R/E-normalized, then there exist a
variable z in dom(c) C dom(p) and a term ¢ such that zo is in Hy, so o = zon =¢ xp,
and zo —>}3/5 t. But then, also xp —>}3/5 t so, as x is in dom(p), p is not R/E-normalized,
a contradiction. ]

Lemma 12 (Interpretation of the semantics). Given a rewrite theory R = (X, EgUB, R),
a set of call strategy definitions Callg, and terms t,v € Hyx, for each c.p.t. T formed
using the rules in Dr caip, with head t — v/ST, so [v]le € STQlt]e, each renaming o
such that ran(a) N (Vr U Vg caie) = 0, and each strategy ST' =¢ ST, it holds that:

1. Main property: t — /e v and there exist closed proof trees for [v]e € STaQlt]e and
[v]e € ST'Q[t]g with the same depth and number of nodes as T

2. If ST = idle then [t]e = [v]e.

3. If ST = c[y] then t —' .
Y R/E
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. If ST = top(c[y]), thent —' v (i.e., the rewrite happens at the top position of

1€ R/E

).

- If ST =matchus.t. AL, (l; = r;)\¢ then [tle = [v]e and there exists a substitution

o such that t =¢ uo, ljo =¢ rjo, for 1 < j <m, and Ey - ¢o.

. If ST = ST, ; STy then there exists a term u € Hy, such that [ule € ST1Q[t]e and

[U]g € STQ@[U]g

L Af ST = ST+ then there exist i + 1 terms ug = t,uy, ..., u_1,u; = v € Hy,

with © > 0, such that [ujle € ST1Q[u;_1]e, for 1 < j <, where i is equal to one

plus the number of times that a rule with the form wlzleii%ﬁzﬁ’ followed by the
wy—w’ /ST w! —wo /ST +
w1—>w2/ST1 s ST+

branch of the subtree before applying a rule with the form

application of a rule with the form , 15 applied in the rightmost

wi1—w2 /ST
w1 —we/ST1+ "

If ST = STl | STQ then [U]g c STl@[t]g or [U]g c STQ@[t]g.

If ST =matchus.t.p?ST : ST then there exists a substitution § such that t =¢
ud and either Ey = ¢6 and [v]g € ST10Q[t]e or Ey F —¢d and [v]e € ST20Q[t]¢.

If ST = CS, where sd CS = STy € Callg, then: (i) [v]e € ST1Qlt]g, and (ii)
[v]le € ST1yQ[t]e, for every renaming v such that dom(vy) C vars(ST1) \ Vr and
ran(y) N Vg, cair = 0.
If ST = CS(t), where sd CS(z) := ST € Callg, T=x,,...,20 , t=11,... 1y,
and p = {Z — t}, then: (i) [v]e € ST1pQ[tle and (ii) if v is a renaming such that
dom(y) C vars(ST1) \ & and ran(y) N (ran(p) U Ve cair) = O (so % €
DR, caiig ), then [v]lg € ST1(y U p)Q[t].
If ST = CS(t), where csd CS(z) = STy if C € Callg, withz = x},... 27
and C = /\;.”Zl(lj =1r;)) Ao, Vos = vars(ST1) Uwvars(C), & C Veg, t = t1,...,tn,
and p = {T — t}, then (i) there exists a substitution 01 : vars(Cp) — Ts, such
that 1;p01 =g rjpd1, for 1 < j < mn, Ey = ¢pdy (so % € Dr.cair ), and
[v]e € ST1p01Q[t]e, and (ii) for every renaming v such that dom(vy) C Vs \ & and
ran(y) N (ran(p) U Vi cair) = 0, there exists a substitution 0y : vars(C(yUp)) —
Ts, such that 1;(y U p)da =¢ rj(y U p)da, for 1 < j < n, Ey = ¢(y U p)dy (so
% € DR, caiin ), and [v]g € ST1(y U p)d.QJt].
If ST = c[y{ STy, ..., ST}, withc: L= v if NL i = r; | ¥ arule in R, then
there is a substitution § such that [rivdle € ST;0 Q [[;v0]e, for 1 < i < m, and
t—t o,

¢ R/€

If ST = top(c[y[{ST1,..., 8T n}), with c: L — rif AL l; = ;[ ¢ arulein R
then there is a substitution 0 such that [rivdle € ST;0 Q [l;vd]e, for 1 <i < m, and
t—' o,

c,eﬁ(SR/S
If ST = matchrew u s.t. /\Tzl(lj =1;) ANdbyxl using STy,..., x? using ST,
where w = ulzl ..., a2 ], . then there exist a substitution §, where 0V, ,pr 1S
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ground, and terms ti,...,t, € Hx such that t =¢ ud, ;6 =¢ r;0, for 1 < j < m,
Eyt @0, [ti]e € ST:0 Q [z} 0]e, for 1 <i < n, and v =¢ udlt1,... tnlp,. p,-

Proof. The proof for the first property is done by induction on the depth of the c.p.t. T
fort — v/ST. The rest of the properties are proved when the related strategy is treated in
the proof for the first property. As ran(a)Nwvars(ST) = 0 then vars(ST)Ndom(a™t) = 0,
so STaa™t = ST.

e There are five strategies in the base case: fail, idle, c[y], top(c[y]), and the match
test. The depth and number of nodes of all the closed proof trees is one in this case.

1. As there are no derivation rules for fail, there is nothing to prove in this case.

2. If [v]¢ € 1d1e@[t]g = {[t]¢} then, as shown in example 5, [v]¢ = [t]¢ (property
2), so v =¢ t and, by definition, ¢ —p/e v. As idle o = idle then also
[v]e € idle a@Q[t]¢ using the original c.p.t. T. As only idle =¢ idle, there is
nothing to prove about the strategies that are equal modulo E to idle.

3. If [v]e € c[y]Q[t]g, with ¢ : | — rif ¢, then must come from a derivation

t—>v/ Bl
rule ; TS in Dr.caiir, where t/ —> v’ for appropriate p and ¢ such that
c,p,Y6 R
t =¢ t’ = t'[l76],, v =¢ v' = t'[ryd],, and Ey - ¢, so t ——' v (property
P /g
3).

cyla = c[(v@) domy)s let B = (YQ) dom(y) and let & = a8, As ran(a) N (VT U

VR, caln) = 0 then ¢ = c¢(ya)gomy™'6 = ¢yd, so also ¢ T v,
B ge

and there is a derivation rule 7SR © DR, caliy, SO So/la is a c.p.t. for

[v]e € c[y]a@Qlt]e because t =¢ 1/, v =¢ v/, and c[y]a = ¢[f].

As ST = c[y] =¢ ST', then ST' = c[y] where v =¢ «/, so (I,7,¢)y =¢

(I,r, )y, with Vi, = Vj,» and V., = V,.,s, hence Ey = ¢7/6, t =¢ t'[lv0], =¢

t'[ly'6], and v =¢ t'[ryd], =g t'[rvy'd],, ground terms, and ¢'[Iv/d], ———gl
c7p7/yl R

oyt 0 DR, Caliz, 50

t'[ry'6],. Then, there is a derivation rule
&7 is a c.p.t. for [v]g € c[y]Q[t]e.

t—v/cly
4. If [v]e € top(c|y])Qlt]e, where ¢ : I — 7 is a rule in R, then T =

T t—v/top(cly])
must come from a derivation rule

o579 top(ep]) € T%zcahy meaning that

l~vo —> 78, such that [y6 =¢ t and ry6 =¢ v, sot ——' v (property
ced R c,€,70 R/E

4). Let 8 = (7®)dom(y).- As in the previous case, top(c[y])a = top( [Y]a) =

top(c[B]). If we take &' = a~1d, then ¢ = ¢y so also [ T rvd and
ceB8 p

17678 Jtop(clB]) S D’R,CallR; = /top(cha is a c.p.t. for [U]g S tOp( [ })Oz@[t]g,
because (70 =¢ t, ryd =¢ v, and top(c|[y]|)a = top(c[f]).

As ST = top(cly]) = ST' then ST' = top(cl']) where 7 ¢ 7', 50 (L7 )7 —
(1,7, ¢)Y, with Vi, = Vi and V,, = V,.,, hence F, I— 'S, t =¢ 1IN0 =¢ 176

and v =g ry) =¢ rv'9, ground terms, and [+ —5> r+'d. Then, there is a
c,e,y’

SO

derivation rule in D, callg, SO is a c.p.t. for

t' [y 3] p—t'[ry'0]p /top(c[y'])

[v]e € top(c[y])Qlt]e.
5 If ST = matchus.t. A\J° (l; = ;) A ¢ and [v]e € STQ[t], then T =
must come from a rule

t—v/top(c[y'])

t—v/ST

wow/eT N DR, caity, Such that t =¢ w and v =¢ w, so
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t =¢ v (i.e. [tle = [v]g), and there exists a substitution o such that w =¢ uo,
s0 t =¢ uo, ljo =¢ rj0, for 1 < j <m, and Ey - ¢o (property 5). Ast =g v
then, by definition, ¢ —g/¢ v.

As STa = matchua s.t. \T° (lja = rja) A ¢a, if we take o' = a~'o then,
trivially, w =¢ wao’, so t =¢ uao’, ljao' =¢ rja0’, for 1 < j < m, and
Ey F ¢ao’, so there is a rule wSw/5Ta © DR, caiir, hence S0/5Ta is a c.p.t. for
[v]e € STaQ]t]¢.

e Inductive step:

T, T t—u/STy u—v/ST
If [v]e € STQ[t]g then T = TSo/eT, s, comes from a rule ;‘LU/;T?;;{E 2

where T} and T are closed proof trees with head ¢t — u/ST; and u — v/STs,
respectively, so [u]g € ST1Q[t]¢ and [v]s € ST2Q[uls (property 6). As these
closed proof trees are of a smaller depth then, by I.H. and property 1, ¢ —g/c
and u —gr/e v, S0 T —rg/e V.

As STa = STqa;SToa, we can apply the ILH. to T} and T5, so there are closed

proof trees T} and Ty with head t — u/ST 1« and u — v/STsa, respectively.
t—u/STia u—v/STac 4
t—v/STa

As there is a rule
[v]le € STaQlt]s.

As ST =¢ ST', then ST' = ST ; ST, where STy =¢ ST} and STy =¢ ST,
As T7 and Ty are of a smaller depth than T then, by I.LH., there are closed
proof trees T] and T} for [u]e € ST Q[t]¢ and [v]e € ST,@Q[u]e, with the same
depth and number of nodes as 177 and 715, respectively, and T{—TQ/T, is a c.p.t.

T T .
€ Dr caiiy then So7ta 18 a c.p.t. for

t—v/S
for [v]g € ST'Q[t]¢ with the same depth and number of nodes as T
7. 8T = ST +.
T must be either of the form 2l or 15 where T has head t —

t—>v/5’T1+
v/ST; or Ty has head t — v/ST ; ST1+.

In the first case, ¢ = 1 because no rule with the form

t—}”U/STl—‘r’

w1—>w2/ST1 ST+
w1 —>w2/ST1+ has

applied, and there are 2 terms, ug (we take t) and u; (we take v), in Hy such
that ug = ¢, w3 = v, and [u]e € ST1Q@Q[ugle, because we have a c.p.t. for

been

t— U/STl.
In the second case, we can apply L.H. to the c.p.t. for u; — v/ST 1+ so there
are i terms wy = Uy, ..., W;—2,w;—1 = v such that [w;|s € ST1Qw,_4]¢, for

1 <j<i—1. As there is a c.p.t. for t — u;/ST; in the left branch, then
also [u1]e € ST1Q[t]¢. Taking up =t and uj = w; for 1 < j <i—1 we get
up =t, u; = w1 = v, and [yl € ST1Q[u;_4]¢, for 1 < j < i (property 7).

In either case we also have a c.p.t. of a smaller depth whose head has the form
t—wv/...s0, by LH., t =g/ v. Also by LH., we have either a c.p.t. 7] with
head =t — v/ST 1« or TS with head t — v/ST o ; ST 1o+ with depth equal,

whichever the case, to depth(T)—1. As ST+« = ST1a+ and there are rules
t—v/ST1a and t—v/STia; STia+ T/ T

in Dg, cay, then either

t—v/STia+ t—v/STia+ t—v/STia+ or t—v/STia+
is a c.p.t. for [v]g € STa@Q[t]¢ with the same depth and number of nodes as
T

As ST =¢ ST, then ST’ = ST+ where STy, =¢ ST). As T, where j
in {1,2}, has smaller depth than T then, by L.H., there is a c.p.t. T’ for
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[v]e € ST Q[t]¢ or [v]e € ST ; STy + Q[t]¢ with the same depth and number
of nodes as T}, and #//ST, is a c.p.t. for [v]g € ST'Q[t]¢ with the same depth
and number of nodes as 7.

T must be either of the form t—w/S?l 57, OF t—>v/877:21 5T where 77 has head
t — v/ST; or T, has head t — v/STs, so either [v]g € ST Q[t]s or [v]s €
ST,Q[t]¢ must hold (property 8) and, by I.LH., t = /¢ v. Also by LH. there
is a ¢.p.t 77, with head t — v/ST v, or T}, with head ¢t — v/STy« with depth

equal, whichever the case, to depth(T) — 1.

o t—v/STi1a t—v/STra
As STa = ST a | SToa and there are rules T/STha] 5Toa and T 5Tha §Taa
T T

in Dg, caiy, then either oSt e 5Ta OF t—>v/ST12a|ST2a is a c.p.t. for [v]e €
STaQ[t]e with the same depth and number of nodes as T'.

As ST =¢ ST', then ST’ = ST | STy where ST; =¢ ST} and STy =¢ ST,
As T;, where j in {1,2}, has smaller depth than 7" then, by I.H., there is a
c.p.t. T for [v]g € ST Q[t]g or [v]e € ST,Q[t]g, with the same depth and
number of nodes as 7}, and W is a c.p.t. for [v]g € ST'Q[t]¢ with the
same depth and number of nodes as T'.

. ST =matchus.t.¢? ST, : STs.

By the definition of the derivation rules for the if-then-else strategy, T" must be

of the form H;‘)F}ST or HijT, where T has head t — v/ST1d or T, has head
t — v/ST40, coming from the application of a rule with the form % or
t/HUI/STQ(S

TS with ¢t =¢ ' =¢ ud and v =g v'. In the first case, by definition of
the rule, Ey F ¢0 and, as T} is a c¢.p.t. for t — v/ST14, [v]e € ST16Q[t]¢; in
the second case, also by definition of the rule, Fy - =¢d and, as Ts is a c.p.t.
for t — v/ST90, [v]e € ST20Q[t]s (property 9). In either case, as T} and Ty
are closed proof trees of a smaller depth whose head has the form ¢t — v/ ...
then, by LH., t =g/e v.

STa =matchua s.t. pa? ST : STya. If we take &' = =16 then ad’ = 4,
s0 uad’ = ud, pad’ = ¢po, ST1ad’ = ST16, and STrad = ST50.

— If Ey F ¢ad’ (so Ep - ¢6) then T; exists and there is a rule %
(i.e., %) in D, calig, 50 —oerm is a c.p.t. for [v]g € STa@[t]g
with the same depth and number of nodes as T'.

: . t'—v'/SToad’ /- t'—v'/ST20 .
— ]‘Else7 T2 exists and there 1S a rule m (1.e., m mn DR,CallR);
SO 7 L2

2 7a isac.p.t. for ]l € STa@Q[t]e with the same depth and number
of nodes as 7.

As ST =¢ ST', then ST’ = matchu's.t. ¢/ ? ST, : ST, where u =¢ v/,
gb =< qb’, STl =< STll, STQ =< ST/Q, Vu = Vu/7 V¢ = qu, VST1 = VST’17 and
Vsr, = Vs, We prove the case where Ey = ¢d, the case where Ey b =0
is proved in exactly the same way. As ¢ =¢ ¢’ and V = V then Ey - ¢'9,
ground formula. Also, as u =¢ v/ and V,, = V, then t =¢ t' =¢ ud =¢ 0,
so there is a derivation rule %. As ST, =¢ ST} then ST16 =¢ ST0
so, by LLH. since t =¢ t/, v =¢ v/, and T3 has smaller depth than T, there is a

c.pt. 1] = % for [v]e € ST16Q[t]¢, with the same depth and number of
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nodes as Tj, and % is a c.p.t. for [v]g € ST'Q[t]¢ with the same depth

and number of nodes as 7.

ST = CS, where sd CS := ST;, and 7 renaming such that dom(y) C
vars(ST1) \ Vg and ran(y) N Vg, car = 0.

T must be of the form Hfﬁ, where T has head t — v/ST 3,50t —p/e v, by

LH., for some renaming (3 such that ran(8) NV, cai, = 0 (hence dom(871)N
Vr = (). Also by LH., if we take 37!, as dom(S~') N Vx = 0 then there is a
c.p.t. T} with head ¢ — v/ST and the same depth and number of nodes as
T, so [v]e € ST1Q[t]¢ (i), and if we take 7/ = 371, as also dom(y) N Vr =0,
there must be a c.p.t. with head t — v/ST157 (i.e., t — v/ST;7), with the
same depth and number of nodes as Ti, so [v]e € ST1yQlt]¢ (ii) (property
10).

As dom(a) C wvars(CS) = 0 then o = none, so STa = CS and T is also a
c.p.t. for [v]g € STaQ]t]¢.

As ST" =¢ ST, then ST = CS = ST, and T is also a c.p.t. for [v]g €
ST'Q[t]e.

ST = CS(t), where t = t1,...,t,, sd CS(z) := ST, € Callg, z =z} ,... 2"

T C Veg, p=A{zl, = t1,...,a7 — t,}, with ran(p) C X'\ VR,CQ;ZR by the
definition of call strategy, and v is a renaming such that dom(vy) C vars(ST1)\
& and ran(y) N (ran(p) U Vi, caug) = 0.

T must be of the form HU/TW, where T3 has head t — v/ST (5 U p) (so, by
LH., t —=pg/e v) for some renaming /3 such that dom(8) C vars(ST1)\ (U Vr)
and ran(8) N (ran(p) U Vr.cair) = 0, hence (8 U p)3~* = p. Then, by L.H.,
there must exist a c.p.t Ty with head ¢ — v/ST1p and the same depth and
number of nodes as T} so [v]e € ST1pQlt]¢ (i).

As dom(y) C vars(ST1)\@ C Vr.cair, dom(p) = &, and ran(p) C X\Vr.caiiz
so ran(p)Ndom(y) = 0, then ST1(yUp) = ST1p7y, with dom(y) C vars(ST1p).
Then dom(y) C wvars(ST1p). As T, has head ¢ — v/ST1p and the same
depth and number of nodes as T3, dom(v) C vars(ST1p\ Vr), and ran(vy) N
(vars(ST1p) U VR, caur) = O then, by L.H., there must exist a c.p.t. T3 with
head t — v/STypy (e, t = v/ST1(yUp)), so [v]le € ST1(y U p)Qt]e (ii)
(property 11).

As dom(a) C vars(ST)\z = vars(CS(t))\& = ran(p), because & ¢ vars(CS(t))
and ran(p) NVR, caur, = 0, then STa = CS(tar) and as ran(p) C X'\ Vr.cau, C
X\wars(ST1), so dom(a)Nvars(ST1) = (), then ST (pa) = (ST1p)c and there
is a derivation rule % in Dg. caiy- Now, as Ty has head t — v/STp
and depth one less than the depth of 7', dom(a) C ran(p) C vars(STyp) and
vars(ST1) C Vg, caiig, 50 Tan(a) N (vars(ST1p)UVR, caiy) € ran(a)N(ran(p)U
VR.catir) = ran(a) N (vars(ST) U Vr cauy ) = O then, by 1.H., there is a c.p.t.
T, with head t — v/(ST1p)a and the same depth and number of nodes as 77,
S0 — i is a c.p.t. for [v]e € STa@Q[t]¢ with the same depth and number of

t—v/STa
nodes as T

As ST' =¢ ST, then ST = CS(¥), where t =¢ . Let p' = Z — t, so
pl=cp. AsT = HU/TW, where 77 has head ¢t — v/ST1(8 U p), then there is

a derivation rule %7 so there is also a derivation rule %

As ST{(BUp) =¢ ST1(B U ') then, by LH., there is a c.p.t. T for [v]¢ €
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ST(BUp")Q[t]¢ with the same depth and number of nodes as T}, so %

is a c.p.t. for [v]e € CS(¥')Q[t]¢ with the same depth and number of nodes as
T.

ST = CS(t), where t = tq,...,t,, csd CS(z) := STy if C € Callg, with
T=wxy,..,28, % C Vs, and C = AL (l; = 1) A @, let Vo = vars(C),
Ves = wvars(ST1) U Vg, and p = {zl — t,...,22 — t,}, with ran(p) N
VR.cair = 0, and 7y is a renaming such that dom(y) C Vs \ & = Veg \ dom(p)
and ran(y) N (ran(p) U Ve, caug) = 0, s0 C(7 U p)(Vearsc)) = Cp.

T must be of the form HU/TW, where T has head ¢t — v/ST (8 U p)d (so,
by LH., t =g/ v) for some renaming § such that dom(s) C Veg \ T =
Vs \ dom(p), so dom(B) N dom(p) = 0 and ran(8) N (ran(p) U Vr, caig) = 0,
so ran(B) N (ran(p) U dom(p)) = O hence pf = U p, and some substitution
§ : vars(C(B U p)) — Tx, such that I[(BU p)d =¢ 7(BU p)d and Ey = ¢(8 U p)d.
Let 61 = p0. As pf = S U p then &; : vars(Cp) — Ty is a substitution such
that [;p01 =¢ 7;p61, for 1 < 7 < n, Ey = ¢pd1. Also as pf = B U p, so
(BUp)d = pBd = pdy, Ty is a c.p.t with head t — v/STpd; so, by definition,
[v]e € ST1p01Q[t]¢ (i).

As C(vUp)(we) ™t = Cp then C(y U p) () 7101 = Cpdy, let b3 = (1) 710y,
hence &y : vars(C(yUp)) — Tx is a substitution such that [;(y U p)dy =¢
ri(y U p)og, for 1 < j < n, and Ey F ¢(y U p)da. As dom(6;) = vars(Cp)
then ST'1(y U p)da = ST1(v U p)(we) 101 = ST1(1e Unve U p) (1)~ 'o1 =
ST1(nve Up)or = ST1(nv, Updy), because as ran(y) N (ran(p) U Vg, caig) = 0
and vars(ST1) C Vg, caur then after vy, instantiates STy in ST (yv, U
p), 01 does not instantiate any renamed variable in ran(yy,). Now, as 6;
ground implies ran(pd1) C ran(p), ran(p) N Ve, cair, = 0, and dom(yyv,) C
vars(ST1) C Vg caiig, then ST (1, Updi) = ST1pdi v, i.e., ST1(yUp)ds =
ST1pd1 v -

In order to use I.LH. we need to prove ran(yv,) N (vars(ST1pd1) U VR, cang) =0
and dom () € vars(ST1pdy).

— By definition, ran(y) N (ran(p) U VR, caur) = 0. As ran(pdy) C ran(p) then
also ran(y) N (ran(pdi) U Vg, caig) = 0, so ran(nwv,) N (vars(ST1pdy) U
VR.caitr) = 0 because vars(ST1) C Vi, caiy -

— As dom(vy) C Veg \ dom(p) and Vg = vars(ST1) U Ve then dom () C
vars(ST1) \ (dom(p) U Vi) so dom(nv.) C wvars(STqp) \ Vo. Now, as
ran(p) N Vg, caie = 0, so ran(p) N vars(ST1) = 0, and dom(yy,) C
vars(STq) \ Ve, then dom(ynwy,) € vars(STyp) \ (Vo U ran(p)) so, as
dom(01) = vars(Cp) C Ve U ran(p), then dom(yv,) C vars(ST1pdy).

Then, by L.H., there is a c.p.t. for [v]e € ST1pd1 v, Q[t]e hence, as ST (y U
p)o2 = ST1pd1 v, also [v]e € ST1(y U p)d,Qlt]e (ii) (property 12).

As dom(a) C vars(ST)\& = vars(CS(t))\& = ran(p), because & ¢ vars(CS(t))
and ran(p) NV, cai, = 0, then STa = CS(ta). Also, as ran(a) N (vars(ST)U
VR caitr) = 0, then ran(a)N(ran(p)Udom(p)) = 0 and dom(a~)N(vars(ST)U
VR caiir) = 0 s0, as Vos € Vr caitg, Cpaa~™ = Cp and STipaa™ = ST p,
hence Cpaa=16; = Cpd; and ST paa=6, = ST pdi, let 05 = a~16;, so
93 : vars(Cpa) — Ty is a substitution such that [jpads =¢ rjpads, for

1 <j <nand Ey F ¢pads and there is a derivation rule % € DR, calig -
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Then, as ST1pads = ST1pd; implies t — v/ST1pads =t — v/ST1pdy and T}
has head t — v/STpoy, Hfm is a c.p.t. for [v]e € STaQ[t]s with the
same depth and number of nodes as T

As ST' =¢ ST, then ST = CS(¥'), where t =¢ . Let p) = T — ¢, so

P =¢p AsT = t_w/TW, where T} has head t — v/ST1(5 U p), then there

is a derivation rule % As p =¢ p/, then [(BU p')d =¢ I(BUp)d =
F(BUp)d = F(BUp")o and Ey F (B U p')d, so there is also a derivation rule

W—c{sﬁ;p) As ST1(BUp) =¢ ST1(BU ) then, by L.H., there is a c.p.t. T}

for [v]e € ST (B U p')Q[t]e with the same depth and number of nodes as T7,
SO H;/TW is a c.p.t. for [v]g € CS(¥')Q[t]¢ with the same depth and number
of nodes as 7.

ST = c[y]{ST}, with ¢ : | — 7 if Njoily — 75 | ¥ arule in R, ST =
STy,...,8T,,, and dom(y) Nwvars(ST) = 0.

Ty T , ;
T must be of the form Too/eb] (5T where T;, 1 < ¢ < m, are closed proof

trees with head ;70 — 7,76/ST;0 (so, by LH., l;yd —g/e ri7vd and [r;vdle €

1176—1170 /ST 16 liny0—=rm~y6 /ST md c
u—ulrydly/c[Y{ST}

Dr.calin, Where u € Hs, p € pos(u), § : vars(cy) — Ts, u = u[lyd], =¢ t,

u[rydl, =¢ v, and Ey F 10 so, by definition as also [;70 —g/e 7770, 1 < i < m,
t ——!' v (property 13).

c,u,p,Yo R/E
Let 7' = (V) dom(y) 50 ST = c[y/|{STa}.
If we take &' = a~1d, as dom(a™!) = mn(a), ran(a) N (Vr U Vg cang) = 0
& 2 vars(cy) — Ts, then ¢/'" = ¢(y) gomyya™ 10 = ¢4, s0 &' : vars(¢y') — Ts
with Ey '8, ul, = 17'6', and STad’ = ST(5

The 178" —=r17' 8/ ST1ad by y' 8" =1y 8" /| ST mad’ 1176—=11v0 /ST 16 by Y0 —1m Y6/ ST md
1, u—ul[ry'¢']p/STa u—ul[ryd]p/STo

. . . . Ty-Thy 2 .

is a derivation rule in Dg_ cuiy , SO 7gts 15 a cp.t. for [v]g € STaQ[t]e with

the same depth and number of nodes as T.

As ST = cy]{ST} =¢ ST', then ST' = ¢[y'){ST } where ST =¢ ST and v =¢
v, so (Lo, 1L, T)y =¢ (Lr, ¢, U, 7)y, with Viy = Vi, Vg = Vi, Vi = Vi

and Vi, = Vi, hence Ey = /0, t =¢ t'[lv0], =¢ t'[17/d], and v =¢ t'[ryd], =

1y 8—r17'8/ST 6 lm~y §—rm~'8/ST1,8

uvulry/8)p /ey (ST}
is a derivation rule in Dg can,. Again, by LH., since ST =¢ ST 6 and
(I,7)v6 =¢ (I,7)7'0, there exist a c.p.t. 7] with the same depth and number
/ !/ / N T/ Tvln

of nodes as Tj for [rjy 6]_5,6 ST,6Q[l;7'd]e, for 1 < j < m, so W

a c.p.t. for [v]g € c[y][{ST }Qlt]¢.

ST = top(c[y]{ST}), with ¢ : | — r if Njoily = 75 | ¥ arule in R,

ST = STy,...,8T,,, and dom(~y) Nwvars(ST) = 0.

T must be of the form %, where T;, 1 < ¢ < m, are closed proof

trees with head ;70 — 7,76/ST;0 (so, by LH., l;yd —g/e rivd and [r;vd]e €

1176—11v0/ST 16 liny0—=rm~Y6 /ST md c
Ivd—ryd/top(c[y[{ST1,....5Tm})

DR caiirn, Where 6 : vars(cy) — Tx, Iv0 =¢ t, ryd =¢ v, and Ey = 0.

As liv0 —Rye rgyé 1 <i<m,t=¢lvd, v=¢ryd, and Ey - 16 then, by

definition, t ——' v (property 14).
C,u,€,70 R/E

ST;0Q[l;v6]¢), because there is a derivation rule

,1.e.,

t'[rv'd],, ground terms and formula. Then,

ST;6Q[l;v6]s), because there is a derivation rule
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The proofs for the existence of a ¢.p.t. for [v]e € STaQ[t]s and [v]e € ST'Q[t]¢
with the same depth and number of nodes as 1" are the same proofs shown
in the previous subcase, particularized for the position p = €, so u = [y and
ulrydl, = rvo.

ST =matchrewus.t. C'by ! using ST4,..., 2 using ST,.
Let & = 2y ,...,a}, where C' = AT (I = 1)) A, u = ulzy, ..., 27 Ip po,
and z = {z}.

T must be of the form le. where each T; is a c.p.t. with head z 6 —

t—v/ST?
4 . @l 6511 /ST16-a? 65t /STné
t;/ST:6, 1 < i < n, by application of a rule == lué—iuci[ﬂﬁ/ST

DR,Calhy SO ‘/(u,f,f,¢)6 = @ and Vﬁé - VT, yvhere 5VST X = E(X\VST),
ran(0yy,) C Vaps, t =g ud, v =¢ ud[t]s, 10 =¢ 76, and Ey F ¢d so, by
LH., [tle € ST;0Q[z] dlg, for 1 < j < n (property 15). Also by L.H.,
xgjé —prse tj, for 1 < 7 < n. Then, by congruence of rewriting, ¢ =¢
ublzl 6, ..., 8y p. —rje U[t]; =g v (Le., t —p/e v).

Y Sn

Let o' = anz. Then ST« has the form

matchrew ua’ s.t. Ca’ by z, using STid/,... 27 using ST,qa

ie., STa = ST, with ran(a) N (Vr U Vg cang) = 0. Let & = (a/)7'4.
As ran(a) N Vp = 0, ran(dvy,) € Veps € Vi, and ran(dyy,) N Vsr = 0,
then ran(a) N ran(dy,,) = 0, hence ran(a’) N ran(dy,,) = 0. As also Vsr N
ran(dvgy) = 0 and Vgre € Ver U ran(a’) then, for each x € Vgr, za/d’ = x6
and:

— ifx € dom(9) then V5 C ran(dyy, ), 80 VosNVsra = 0, 1., Vigrs NVsrar =
(), and
— if x ¢ dom(9) then xd = x and:
« if x € dom(a’) then, as ran(a) N Vy = (), hence also ran(a/) NV = (),
and x € Vgr C Vp, then z ¢ Vsrar,ie., 0 = VosNVgre = Viars Weras;
x if & ¢ dom(c’) then z € Vgpy \ ran(a’) = Vera \ dom((a’)1), so
20 =x(d) V=26 =2, ie,x ¢ dom(dy, ).

Then &y« X = Te(X\vars(STa’)) and STad" = STa'é" = ST4, hence
t =g ud/d’ = ud € Ty, l&'d = 1§ =¢ 7§ = 7', so {l;a'd,r;a/d T, C
Ts, 08 = ¢ € Ty, and Ey F ¢a/d’, hence there is a derivation rule

zl o'8'—t1/ST10/8 2l o/ §'—tn/STna!s’ . /ot ,
1 TR T YR in Dr, cailr- As ua/d’ = ud, STa = ST/,

STa'§" = ST§, and 7a/8' = z0, because & C mp(ST), this is the same as

xl §—t1/ST 182 §—tn/STrd
Sl Sn —
B,/ STa € D caiy- Then, as t =¢ ué and v =¢ u&[ﬂp,

t_j:;/g;a is a c.p.t. for [v]g € STaQ]t]¢.

As ST =¢ ST', then ST' = matchrew u’ s.t. C' by T using ST where ST =¢

ST C = C'= N/ (l;=7) N/, 50 (6,1,7) =¢ (¢/,T,7), with V, = Vi = &,

Vo = Vi, Vi, = Vi and Viy = Vi, 50 t =¢ ud =¢ u'S, v =¢ udlt]; =¢ ud'[t],

[6 =¢ 7, and Ey - ¢'), ground terms and formula.

:Eél§—>t1/ST’16---mgn5—>tn/ST;l5
w' §—ud[t]/ ST’

by 1.H., since ST =¢ S_T/(S, there exist a c.p.t. T} with the same depth and

Then, there is a derivation rule € DR cain- Again,
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/ /

number of nodes as Tj, for [t;]¢ € ST'(S@[xJ dle, for 1 < j <mn, so ti i

c.p.t. for [v]e € ST @[]z with the same depth and number of nodes as 7.

is a

O

Lemma 13 (Generalization of strategies). Given a rewrite theory R = (X, Ey UB, R), a
set of call strategy definitions Callg, termst,v € Hs, a strategy ST € Stratr cauy,, and a
substitution o such that dom(o)NVg =0 and ran(o)N(VrUVsr) = 0, if [v]e € SToQ[t]s
can be proved with a c.p.t. T then [v]g € STQ[t]s and a c.p.t. T" with head t — v/ST
and the same depth as T can be constructed.

Proof. The proof is done by induction on the depth of T

e There are five strategies in the base case: fail, idle, c[y], top(c[y]), and the match
test. The depth of all the closed proof trees is one in this case.

— As there are no derivation rules for fail, there is nothing to prove in this case.
— If ST = idle then STo = ST and T' =T.
— If ST = c[y] then STo = ¢[(Y0) dom(y)]. As dom(o)NVr = 0 then c¢(Y0) gom(y) =

CYOran(y)- 1T = S0/5T because ¢ has the form ¢ : [ — r if ¢, and there exist
u € Hg, p € pos(u), and 6 : Verg, .. — Tx such that u — b, e,
7 C7Uran(7)7p’6 R

U = u[lY0an(y)0]p and Ey b ¢Y0,an(1)0, s0 there is a derivation rule m

in Dr,caiig, t =¢ U, and w = u[ry0,4,(1)0], =g v. Then, also u —6> w,
CYsPs0 ran(~)

because as, by definition, dom(y) C vars(c) then g,4,(,)0 : Voy = T, s0 there

. . . . [
is a derivation rule wSw/sT 1 DR, cait, and 1" = /5T

— if ST = top(c[y]) then STo = top(c[y0n(y)]). As dom(o) N Vzr = 0 then
c(Y0) dom(v) = YOran(y)- T = T5075Ts because ¢ has the form ¢ : | — rif ¢, there
exists 0 : V — Ty such that Ey b ¢y0an(1)0, so

CYO ran(v) mn('y)‘)T'\fU'r(m('y)/STU 1S
a derivation rule in Dg caug, t =¢ Y0 ran(y)0, and rvamn( )0 =¢ v. Again, by

definition, dom(y) C vars(c) s0 Opan(y)0 : Voy = Tx and, as Ey F ¢70an(1)6,

. . ! ,
there is a derivation rule T ——— I in Dr. caitg, S0 1" =

— if ST = matchus.t. A\J_ (l; = ;) A ¢ then there exists a substitution ¢
such that ¢ =¢ uod, l[jod =¢ r;00, for 1 < j < m, and Ey = ¢0d, so there
are derivation rules and I in D, caiy, Where w =¢ uod, and
T —

t—v/ST "

w—w/STo

because t =¢ w =¢ v, so also T =

t—v/STo t—v/ST "

e Inductive step:

i3 Ty

— ST = ST;:58T5 and T has the form H”/S?_"w/s;:“/”?" . By L.H there are closed
T/

w—>v/QST2

and where 77 and T have the same

£31 Ty
t—w/STq t—w/STo
t—v/ST

. T,
proof trees with the forms t—>w/1$T1

depth and number of nodes as T and T5, respectively, so T =

is a c.p.t. with the same depth and number of nodes as T
Ty Ty

— ST = ST,+ and T must be either of the form zij)//ngTl; or H”{f&;}i;?”. As

STyo;STio+ = (STy; ST1+)o then, by L.H., there is either a c.p.t. with the
i T3

Ty T, . ) _ T=v/STq / _ T5v/ST1;:STi+
t—v/ST1 or t—v/ST1;ST1+? hence either T" = t—v/ST or T" = t—v/ST :

form
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T, Ty

— ST = ST | STy and T must be either of the form =*11% or =227 Then,

t—v/STo t—v/STo

. . T T}
by I.H., there is either a c.p.t. with the form /577 OF t_W/ST , hence either
Ty T}
!/ t%v/STl /_ t—v/STo
T ==t v T = =75t

T

1
ST =matchus.t.p? ST : STy and T must be either of the form % or

Ty
% where 0 : Vip 50 — Ts, t =¢ uod, and either Ey b ¢od or Ey - —¢od,
respectively.
Let a = oy, ,, so dom(5) = Vi \ dom(a), and 8 = o\y, ,, so dom(d) N
dom(B) = 0. Then 0 = aW (3, (uod,pad) = (uad, pad), so Ey b ¢od iff
Ey = ¢ad, and ad : V, 4 — Tx, so there is a derivation rule of the form

t_t)i/:;gl;a or t_t)i/S:gQTo‘é in D caur,- Consider the open goal t — v/(ST;ad)0,

where ¢ = 1 if Fy F ¢ad and i = 2 if Ey F —|¢Oz5 As ¢ is ground and
dom(8) N dom(B) = 0 then adf = affd = 05 and is a c.p.t. so, by

[LH., there is a c.p.t. with the form

t—v/( ST iad)
—HU/ST.M;, where T/ has the same depth
2
7
) ) __ t—v/ST;ad
and number of nodes as T}, and T" = e

Ty

ST = CS, where sd CS := ST, € Callg and T has the form =517 for

t—v/STo?
Ty
some renaming vy, because STo = CSo = CS = ST, so T' = t::{jgl;
ST = CS(t), where sd CS(z) := STy € Callg, T =, ,..., a7, t =1t1,... 1y,

T
and p = {7 — t}, let p/ = {Z — to}, and T has the form %, because
ST,0 = CS(t)o = CS(to), and for some renaming ~ such that dom(y) C
Vsr, \ Z and ran(v) is away from any known variable, so Vsr, = & U ran(y).
As we also have dom(p’) = dom(p) = &, then ST1(yUp') = ST1yp' = ST17ypo
and also ST1(yUp) = ST1yp. As is a c.p.t. then, by I.H., there is

T/

1
t—v/ST1ypo

, H}il
a Cpt t_ﬂ)/jﬂm, and T/ = %.
ST = CS(t), where csd CS(z) := ST, if C € Callg, with & =z} ... 27
and C'= N (l; = rj)) Ng, & C Vs, t = t1,...ty, and p = {T > 1}, let

T

1
= {Z — to}, and T has the form %, because ST;0 = CS(t)o =

CS(to), and for some renaming 7 such that dom(y) C Vgr, \ Z and ran(y) is
away from any known variable, so Vg, = ZUran(7), and there is a substitution
d 2 vars(CS(yUp')) = T such that [;(y U p')0 =¢ rj(y U p')d, for 1 < j <n,
and Ey F o(y U p')d.

Let 0" = dpan(y) U (00\ran(y))- As 0 is ground and ran(vy) is away from all
known variables, then (v U p)é' = (7 U p)0ran(y) U (00\ran(y)) = (Vran(y)) U

(P70 ran(1))) = (Vran(3)) U (P'O\ran())) = (YU p')d, s0 & : wars(C(y U p)) = Ty
verifies 1;(yUp)d' =¢ r;(yUp)d’, for 1 < j <n, and Ey F ¢(yUp)d’, and there

/ST in Dy caue. Since (yU p)d = (v U p)d, then

is a derivation rule 05T

Ty
T/ — t—v /ST (vUp)s’
t—v/ST

— ST =c[y){ST1,...,STn}. As dom(c) N Vg = 0 then ¢(Y0) dom(y) = CY0ran(y)-

c:l—rif /\;n:1 l; = r; | ¥ is a rule in R and 7T has the form tzlv"/'?T”a,
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where T; has the form for 1 <i<m,d:vars(cyorany) — Ts,

mawrml&/sna&’
8" = Oran(y)0, Eo F Y70 an(4)0, and there are v in Hy and p in pos(u) such that
t =¢ U, ulp = V0 ran(y)0, and U[rYO an(4)0], =¢ v.

As ' = Oran(y)0, then 0’ : vars(cy) — Ts, and Ey = 90, ul, = 17, so

l1’y(5l—>7“1’)/6//STl5/'"lm’Y(Sl_H"m’Yé//STmal
u—u[ryd']p /ST

there is a derivation rule
u[ryd'], = u[ryoan)0l, =¢ v.

As dom(c) N Vg = 0 and dom(0) C V.U ran(y) C Vg U Vgr then dom(d) N
dom (0 ran()) = 0 s0, as ran(c) N (VR U Ver) = 0 and 0 is ground, o\ ,an()d =
00\ran(y) AN 00 = (Tran(y) W O\ran())0 = Tran()O\ran(1)0 = Tran()00\ran(z) =

/ - L Ti,
0'0\ ran(y), hence, for 1 <i <m, T; = T e s N e and, by I.LH., there
T(H
[P T T and the same depth and number
T”"‘T”
of nodes as T;. Then, as t =¢ u and u[ryd'], =c v, T' = prvryici B

— ST = top(c[y[{ST1,...,5Tw}). As dom(o) N Vg = 0 then c¢(70)dom(y) =

CYOran(y)- € = L — 1 if /\;”:1 l; = r; | ¢ is arule in R and T has the

Ty T ! . ‘

tﬁlv/STU’ livd'—rivd' /ST ;067 for 1 S L S m, 0 :

Vars(CYOran(y)) = Tx, 0 = Opan(y)0, Lo F ¥Y0mn(4)0, t =¢ Y0 ran(y)d, and
TYOran(v)0 =¢ V.

As &' = 0yan(y)0, then 0 : vars(cy) — Ty, and Eg b ¢d, then there is a deriva-
1178 —=1r1v8" ) ST168 -+l y8' =1y’ /ST m &’
lyo'—ryd' /ST

170" and 1y0" = 1Y0 ran(4)0 =¢ v.

in DR,CallR- Also

is a c.p.t. T} with the form

form where T; has the form

tion rule

in DR,CallR~ Also t =< l’ydmn(,y)(; =

As in the previous case, for 1 < i < m there is a c.p.t. T/ with the form
Ti///
lmé’—)rm&’/STié’

t =¢ lv0" and rvyd' =g v, T =

and the same depth and number of nodes as 7;. Then, as

TY .. TV
m
t—v/ST"

— ST =matchrew us.t. A", (l; = rj)A¢ by z}, using STy, ...,z using ST,
1 n

— Ty --Tm }
where u = ufz, ,...,27 ], p, and T has the form 75t Where T; has head

x;(s — t;/S8T;06, for 1 < i < n, with t C Ty, Wyr, = X = Tu(X\Vsrs) such
that, ran(dvy,,) € Var,s t =¢ uod € Ty, uodltly =¢ v, {1;00,r;00}7, C T,
lod =¢ 700, pod € Ty, and Ey F ¢od.

The fact that ran(dvy,,) C Vagp,s does not ensure that ran(dyy,, ) N Ver = 0.
Let v be a renaming such that dom(a) = VgrNran(dv,,, ) and ran(«) is away
from all known variables and let 6’ = oéa. Then &y, : & — To(X\Vsr). By
Lemma 12, as 7T; has head a:i,ié — t;/ST;00, there is also a c.p.t. with the

form for1 <i<n.

l‘éi(s—ﬁ:/STﬂs”
As 5(/ST X = E(X\VST); t =g ud = ud' € Ts, U(Sl[ﬂz—, =¢ v, 1 =16 =¢
70 = 70", so {l;0",7;0'}1; C Ty, and ¢0' = ¢ € Ty, so Ey = ¢¢' then there

@l §'—t1 /ST 18" 2" &' —tn/STnd'
Rt sn n n . = o/ o
WS —us' )] ST in Dg, i As ud'[zd]; =
ud’ = ud = ud[xd|; so also £ = xd’', the derivation rule can be written
Ty L4
el 5t1/5T16' @B, 8tn/STnd’
ud—ud[t]s/ST

is a derivation rule

ziléﬁtl/STlé’---x” 5*)tn/STn5/

Sn

[—
ub—udlt), /ST , hence T" =

]

Proposition 16 (Equality of (R?)p and (Rp)?). For any rewrite theory R = (%,&, R)
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and any substitution o such that vars(B) N (dom(c)Uran(c)) =0, it holds that (R°)p =
(Rp)°.

Proof. We prove (c¢”)p = (cp)? for every rule ¢ € R. If ¢ : [ — 7 if C' € R then, by
definition, | € Hx(X) \ X, so [ has the form f(l), for appropriate f and [.

e If f is binary associative then ¢ has the form ¢ : f(l1,ls) — r if C € R, and
c: flxgs, f(l1,le)) = rif C €cp,s0c: f(xs, f(lio,lz0)) = ro if Co € (cp)? since
x50 = xs. Then, ¢ : f(lyo,la0) = ro if Co € R?, so also ¢ : f(xs, f(lio,l20)) —
ro if Co € (¢7)p, and (¢7)p = (cp)°.

e Else, cg = {c}, and (cg)? = {¢’}. Now, ¢ has the form ¢ : f(lo) — ro if Co
where f is not binary associative, so also (¢?)g = {¢°}, hence (¢7)p = (cg)°.

O

Proposition 20 (Invariants of the goals). Given a rewrite theory R = (3, Ey U B, R)
and a set of call strategy definitions Callg, and an admissible goal G with the form

o Nisyui = vi/ST 0, | ¢ |V v, or
o wy|, =z w[z], = v1/ST 00 ANy s = vi/ST 0, | ¢ | Vv,

if Gy is a goal of type (a), with substitution vy (0,, = none by definition), and Gy ~} G
then the following invariants hold:

1. U(W’S(B) NV =0 and Vx N VCallR cV,

2. Vnran(v) = 0 and v = (l)y, hence dom(v) C V, so dom(v) satisfies the
restrictions given for V in Definition 21.2,

0, = O\v, hence dom(p,) NV =0 and g, is idempotent,
ran(0) N (V U Vg, cair Uvars(ST)) =0 and ran(o,) NV =0,
dom(g,) Nran(v) =0,

dom(o,) N VY =1,

Vre N Veaiiew € VY,

if t € Te(X) then tVo, = t(v ¥ g,),

© NS &

u;, v;, 1 <i<mn, and each term in ngﬁ have the form t"o,,
10. wvars(u,v,$) N dom(v) =0, and
11. G has also the form GYg,, where g, = Oy, \v, so dom(g,) C Vg, \ V.

Proof. By induction on the number of applied calculus rules from Figures 6.2, 6.3, and
6.4. We consider the two types of goals separately in this proof.

- If G is a goal of type (a) then we have that G = Gy, 0 = none, and g, = g, = none.
The invariants 1 — 7 and 11 are direct consequences of the definitions of reachability
problem and goal of type (a), and the fact if 6 = oy ...0,, then ran(o;) is away from
any known variable, for 1 < i < m, by the definition of the calculus rules. We prove
invariants 8 — 10.
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8. As g, = none, then tVp, =t =tv =t(v ¥ g,).

9. We have to prove w € 4 UdU ¢ = 3t,,w = t'p,. As, by the previous point,
tVo, = tv, then we prove w € u U0 U¢E —> dt,,w = tv. Now, as G is a goal of
type (a), G has the form A} uwv — oYv/STY | ¢°v | Vv, so u = v, v = ",
= v, hence w € AUDIUG = It,,t €U U Aw = tu.

10. As G is a goal of type (a) then dom(v) N ran(v) = (). By the previous point, there
exists 1% U 9° U ¢° such that 4 U U ¢ = 0°v U 9% U ¢°v. As dom(v) N ran(v) =0
then vars(u'v, v, ¢°v) N dom(v) = 0, i.e., vars(u, v, $) N dom(v) = (.

- We prove the invariants for goals of type (b) by induction on the number of applied
calculus rules from Figures 6.2, 6.3, and 6.4 in Gy ~}, G’ ~};, G, so 0 = ¢'0, using
the fact that the properties hold in G'. We call @/, v/, ¢/, v/, and ST’ the structures in
G' in place of @, U, ¢, v, and ST, so either v = v/ or there is a substitution o such that
v = (Vo)y where, for appropriate ¢; and ty, 0 € CSUg(t1,t2) so V N ran(o) = ) by
definition of CSUg. Also, as dom(vy) N ran(vy) = 0, v = (10)y and 6 is a composition
of several CSUs, so ran(f) is away from all known variables, then dom(v) N ran(v) = ()
and, as V¥ = (V' \ dom(v)) U ran(v), also dom(v) N V¥ = ().

1. Immediate, since the invariant holds in G’, by I.LH, and no rule modifies V.

2. As either v =V or v = (Vo)y, VNran(o) = 0, and V N ran(v') = 0, by LH,,
then V N ran(v) = 0 in either case. Also, by LH., v/ = (1p0')v, so v = (Vo)y =
(voo"vo)y = (ro'o)y = (1h)y.

3. By LH., 0, = o\y,, with dom(o,/) N (V U ran(v')) = 0 and ran(o,) NV =0, i.e.,
ran(o(;,) NV = . Then:

e If [r] computes a CSUg of two terms, say o, then we can find in G (depending
on the actual calculus [r| applied):

— open goals that are an instance with o of one open goal in G’ with the form
w — v'/ST" o,,. The strategy of one open goal in G will be an instance
with o of part of ST" p,, in the case of rules if then else and match,

— new open goals with the form (v — v/idle)o which are equal to (u —
v/idle g,/ )0, or

— new open goals with the form (v — v/ST o, ; idle)o, where ST g,/ is an al-
ready existing strategy in G’, which are equal to (v — v/(ST'; idle)o,/)o.

In any of these cases, by Def. 24, 0, = (0y0)\v, hence 0, = (0po)h\v =
(Jiva)\v = (o'o)\v = O\v.

e If [r] is a call strategy rule, applied to a open goal with the form v’ —
v'/CS ; ST 0,0 or v/ — v'/CS(t" 0,/) ; ST” 0,s, where CS has parameters Z,
then o = none, v = V', 0, = 0y = oy, = (d'0)\v = b\y, and dom(g,) N
(V Uran(v)) = (. Apart from the rest of existing open goals, that remain
unchanged, we can find in G:

— for conditional call strategies, new open goals with the form v — v/idle
which are equal to u — v/idle p,, and
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— a new open goal u — v/ST4y; ST p,, where if the call strategy has no
parameters then: (i) v = none, let vy = none, or else (i) v = {Z — "0, },
let v = {T — t}, and ST% is a fresh version of the strategy ST7 in
the call strategy definition for CS in Cally, except for dom(y) U V”. As
dom(0,)N(VUran(v)) = 0 and vars(STy)Ndom(v) = O then vars(STs)N
dom(o,) = 0 so, if either (i) or (ii) holds, ST5y = (ST2%)" 0u-

e o = none for the rest of the rules, so v =1/ and 0, = 0, = oy, = (00)\v =
6\v, and no new strategies are added in G, let tokens(ST+) = tokens(ST),
tokens(ST10opSTsy) = tokens(ST)Utokens(ST5) if op is a binary combinator,
and tokens(ST) = ST otherwise. In these rules, for any open goal v —
v'/8T¢ € G there is one open goal v/ — v/'/ST" p,, € G’ such that if ST, €
tokens(ST¢) then ST, € tokens(ST" 0,/), so STy has the form ST o, i.e.,
ST50,.

Immediate, since 6 is a composition of several CSUs, where the range of each CSU
is away from all known variables (so dom(6) N ran(d) = 0), including V, and, by
the previous point, g, = O\y.

. If 0 = none there is nothing to prove. Else, as o, = (0,0)\v and v = (V'o)y then

gomgggi = dom(o,) U (dom(o) \ (V Uran(o,)) and ran(v) = ran(oy) U (ran(v') \

As ran(o) is away from all known variables and, by L.H., dom(g,) N ran(v') = 0
then

dom(o,) Nran(v) =

(dom(o,/) U (dom(o) \ (V Uran(o,))) N (ran(oy) U (ran(v') \ dom(o))) =

(dom(gv) U (dom(c) \ (V U ran(e,))) N (ran(v') \ dom(c)) =

(dom(o)\ (VUran(o,)) N (ran(v')\ dom(c)) C dom(o) N (ran(v')\ dom(o))
V

0
- C VUran(v), then dom(g,)N

ran

VY =1{.

. Immediate, since Vg N Veai, €V, in R and Callg we are replacing each variable

v € dom(v) with vv, and V¥ = ran(v) U (V' \ dom(v)).

. Immediate, since dom(v) CV and dom(g,) N (V U ran(v)) = 0, invariant 5, imply

t"o, = t(rWo,)

Let w € /' Uv' U ¢ such that we € aU7 U ¢. By LH., w = t" p,/, for appropriate
t. By ILH. and the previous point, w = t(v' W g,s). As, by L.H., dom(v') C V and
dom(0, )NV =0, then wo = t(V'Wo,)o = t(vy, W (o, )\v)o = t((Vo)vW(opo)\v) =
t(v'W g,) so, by the previous point, wo = t¥g,.

By LH., vars(v,v',¢') N dom(V') = 0, with dom(v/) C V. As v = (Vo)y, then
dom(v) = dom (V') U dom(ov ), so vars(u'c,v'a, ¢'c) N dom(v) = (. Then we only
have to check vars(u, v, ¢) \ vars(u'c,v'c, ¢')o, i.e., those variables introduced by
the rule that do not belong to the instantiation of vars(u’,v’, ¢') with o.

e Each one of the variables, say z, introduced by abstracty, is new so, as v =
(Vo)y:
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— if x € dom(o) then vars(zo)Ndom(v) C ran(o)Ndom(v) C ran(oc)NV =
(), and
— if x ¢ dom(o) then, as z is new (so x ¢ V), vars(zo) N dom(v) = {x} N
dom(v) C{z}NV =0 ().
This covers all the rules in Figure 6.2. It also covers rule match and it partially
covers the rest of rules in Figures 6.3 and 6.4.

e Both rules transitivity and congruence introduce one new variable not in dom(v),
so () applies (o = none).

e Rule matchrew introduces one vector of new variables (g) not in dom(v), so
(1) applies.

e The next case is rule rule application, with strategy c[y]{ST} and substitution
o. By LH. ¢[y]{ST} has the form (c[6]{ST'})" 0./, for appropriate §, so c[y] =
¢ [6(V W 0,7) ran(s)), where dom(8) = dom(v). The calculus rule uses a version,
say ¢/, of ¢’ where all the variables are new except for dom(y) U V"". The
new variables of vars(cy') are not in dom(v), so (1) applies. We check the rest
of the variables in vars(c?'). For each = € vars(cy') N (dom(y) U VY'):

— if x € V' then:
« if x € dom(o) then vars(zo) C ran(v) so, as dom(v) N ran(v) = 0
then vars(zo) N dom(v) = 0;
% else xo =z, s0o x € V¥, and:

- if z € V then x ¢ dom(v) so, as xo = x, vars(zo) N dom(v) = 0;
- else x € ran(V') so, as vo = x, € ran(v). Then, as o = z and
dom(v) N ran(v) = 0, vars(zo) N dom(v) = 0;

—else x € dom(vy) (= dom(d)), and zyo = 26(V' W 0vr)ran(s)0 = x0(v &
0v) ran(s); let @ = (VW 0y)ran(s)- By definition of the rule application strat-
egy, ran(0) C Ts(X\Vr.cair) 50, as dom(0) C Vr. caig, ran(d)Ndom(d) =
(). Then for each y € vars(xzd), y € ran(d), x # y, and:

* if y ¢ dom(a) then yo = y and y ¢ dom(v),,, ;- In particular, as
y € ran(9), y & dom(v), so vars(ya) N dom(v) = 0;
* else y € dom(a) (= dom((V' ¥ 0y)ran(s))). Then:
- ify € dom(vyen(s)) then vars(ya) C ran(v) so, as dom(v)Nran(v) =
0, vars(ya) N dom(v) = 0, and
- if y € dom((0v)ran(s)) then, as we have already proved o, = 6\y
and 6 is a composition of several CSUs, so ran(f) is away from all
known variables, vars(ya) N dom(v) = 0.
In conclusion, vars(zyo) N dom(v) = 0.
e The proof for rule top, with strategy top(c[y]{ST}) and substitution o, is
exactly the same as the previous one.

e In rule [c1] call strategy, (u,v,¢) = (d'0,0'0,¢'c), where o = none, so there is
nothing to prove.

e Now, we check rule [¢2] call strategy with strategy invocation CS(¢) and sub-
stitution v = {z — #}. By LH. CS(f) has the form (CS(w))" o, for appro-
priate w, so t = w( W o,) = w(v W,) = w(vWo,) (0 = none), hence
vy={z— w(rWo,)}, let @« =vWp,. The calculus rule uses a version of the
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condition C' in the right-side of the call strategy definition, call it C’, where
all the variables are new except for dom(y) UV"". The new variables in C’ are
not in dom(v), so (t) applies. We check the rest of the variables in C’. For
each = € vars(C') N (dom(y) UVY):

— if z € V¥ then = € V¥, because o = none, and:

« if € V then « ¢ dom(v) so, as xo = x, vars(zxo) N dom(v) = 0;

 else x € ran(v). Then, as xo = x and dom(v)Nran(v) = 0, vars(xo)N
dom(v) = 0;

— else z € dom(y) (= 7), say © = x;, so vy = w;a (« = v W g,). For every
y € vars(w;):

« if y € dom(v) then vars(ya) C ran(v) so, as dom(v) N ran(v) = 0,
vars(ya) N dom(v) = 0,

« if y € dom(o,) then, as we have already proved o, = 6\y and 6
is a composition of several CSUs, so ran(f) is away from all known
variables, vars(ya) N dom(v) = 0,

* else y ¢ (dom(v) U dom(g,)), so ya = y. Then, as y ¢ dom(v),
vars(ya) N dom(v) = 0.

In conclusion, vars(z7y) N dom(v) = 0.

11. The last calculus rule applied to get G from a goal of the form GYp,, where Gy ~~},
GYo, and, by LH. and invariant 3, o, = 6,

e may have generated G as an instance of GY g, with a substitution o, so 8 = 6'c.
Then Definition 24 ensures that o, = (0,0)v,\v = (GQVU)VG\V = (0o)y,\v =
Ovs\v, and we take g, = g, or

e it may have not generated an instance, so 0 = ', and we take QL = (0)v, =
(v )ve = v = vy

O

Proposition 17 (Canonical narrowing path). Given Rp = (3, EgUB, Rp), an associated
rewrite theory of R = (X, Ey U B, R) closed under B-extensions, and a narrowing path
from a goal G (with set of parameters V), G = Ay | o | V, none ~, Ay | 1 | Vivg ~g,
Ay | Yt | Vovimer e, nal | Um | Vv, there exists another narrowing path
G = AO | ¢0 | ‘/,7’1,077,6 Moy A1 X1 | V,l/l g "'Am—l | Xm—1 | ‘/al/m—l M om nil | Xm |
V., Um, where the same inference rule, with the same substitution, is applied at each step
in both paths, there is no simplification of the reachability formula on the second path,
and Ey - Y; < v, for 1 <o <m.

m

Proof. As the applied rule at each step i only depends on A,;_; which is the same on both
paths, as long as v; and y; are satisfiable, all that it has to be proved is Fy - ¢; < ;.
Then as ; is satisfiable so is x;.

By the definition of the proposition, yg = v, so Ey F ¥g < xo. The check for
Eo ;1 < x;_—1 implies Ey F ¢; < x;, for 1 <14 < m, is trivial since there are only two
type of inference rules in the calculus:

e those rules that do not modify the formula, so ¥; = ¥;_1, x; = xi_1, and Ey F
Yi—1 < Xi—1 implies Ey F 9; < x4, and
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e those rules where x; = (x;-1 A x}_1)0, for suitable x!_, and 0, and Ey F ¢; <
(Xi—1 A X510, ie., Ep 1 < x;.

]

Theorem 16 (Soundness of the Calculus for Reachability Goals). Given an associated
rewrite theory R = (3, &, R) closed under B-extensions and a reachability goal G, if v | ¢
is a computed answer for G then for each substitution p : V¥ — Ts such that ¢p is
satisfiable, v - p is a solution for G.

Proof. By induction on the depth of the corresponding canonical narrowing path and the
first inference rule applied.

Remember that V#* = (V\ dom(u))Uran(u), (Ni_, wi = v;/ST4(0,)i)o0 = Nj—y wioc —
Uia/STg“U)V((gﬂ)ia)\v, and vars(G) = vars(¢) U U, vars({u;, v;}) U V* or vars(G) =
{z} Uvars(o) U Ui, vars({u;, v;}) UV*# (for rules [c] and [r]).

e Base case
Rule [d1] (idle):
G =y — vi/idle | 1 | Vo ~an,0 il | | V, (uo)y, where abstracts, ((u,v)) =
Az, 9)-(u, 07); (05, 00); (0, 7)), 0 = (b A A dg)o, & = {zn, .. a, )y uf =

ul['ﬂﬁ? ¢Z = (/\?:1 T = Uy pi)a Y= {ylv S 7yiy}7 vy = Ul[m@ ¢; = (/\;yzl Yj = Ul’qj)’
o € CSUp(uj = 1Y), so ujo =p vjo, and © is satisfiable, for appropriate p and q.

As p is a ground substitution such that dom(p) = vars(Go) and p is satisfiable,
ie., (V1AP) AP )op is satisfiable, then ¢ op is ground, so Ey - 10p, and (45 AGS)op
is satisfiable, where u;0p and vy0p are ground terms, so there exists a substitution
0"+ Vaopgop — Ts such that Zopp’ =g, ui|zopp’ = wi|zop and yopp' =g, v1]g0pp" =
v1]q0p.

Let v = opp’. As uyop and vyop are terms in Ty, the theory inclusion (X, Fy) C
(X, E) is protecting, and uSop =g viop, then uyop = uyoplui|;0pl; =g, w10p[TY]; =
wy[zy]p = uiy =p v}y = vV[PYls = viop[yyls =r, viop[vilgopl; = viop, so
uop =g viop. As vars({ui,vi,v1}) C vars(G) then wi0vus)p = wop =g
VIOP = V10 yars()p and Ey = ¢yop implies Ey E 10y4rs(q)p S0, as in Example 5,
(V10 vars(@)P) B € 1d1eQ[U10yars()P) B> A0 Tyers(c)p is @ solution of G.

e Inductive step

G = N_yui = vi/ST{(0u)i | ¥1 | Vipor G =], =" z,uifz], — 01 /ST ()1 A
Niyui — v/ ST (0u)i | 1 | Vip. We let A = A ,u; — v;/ST!(0,);- When
the substitution applied in the first narrowing step is none, A, 11, and p remain
unchanged, so [.LH. ensures that A and v; comply with the thesis of the theorem,
as it is shown in the proof for the second subcase. We will omit this proof in the
rest of related subcases, as the proof is always the same.

1. Rule [d1] (idle):
G = Uy — vl/idle A A | ?/)1 | V,[,l, M d1],0n Ao 01 | @ZJ10'1 N ¢00'1 | ‘/, (,LLO'l)V =
G'oy, with G" = A | 1 A ¢° | V, u, where abstracts, (v) = (AZ.v7;0° ¢°), T =
{1‘1, ce ,l’l}, 'Uf = Ul[ﬂfl, Ce 7xl]q1...ql> ¢o = (/\i’:l T; = U1 %’)7 o1 € CSUB(U,l =
v7), 1o A ¢°oy is satisfiable, and G'oy ~}, nil | ¢ | Vv, let ¢ = 010/, so
Ovars(c) | ¥ is a computed answer for G, and agm(a,al) | ¥ is a computed
answer for G'o;.
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If p: vars(Go) — Ty is a substitution such that p is satisfiable, then let p; =
Puars(Gro)s SO also 1Pp; is satisfiable. As dom(p) = vars(Go) then dom(p;) =
vars(Go) N vars(G'o). Let pa = pPuars(Go)\vars(Glo), S0 p = p1 W pa, and let
Py vars(G'o) \ vars(Go) — Ts, so dom(p1) N dom(p)) = @ and dom(py) U
dom(p’) = vars(G'c), such that 1 (p; W p}) is satisfiable, and let p’ = p; W pl,
so p' :vars(G'o) — Tx.

As dom(p}) = vars(G'o) \ vars(Go) and dom(py) = vars(Go) Nwvars(G'o) C
’UCW'S(GO’), then p/vars(Go) = (pl 7 pll)vm"s(GU) = (pl)UaTS(GU) = pP1, 80 by IH;
as p' : vars(G'(o10")) — Ts and ¢y’ is satisfiable, o7, 5,0 18 a solution
for G'oy, meaning that Fy F (i1 A ¢° )alavm(G,al)p and there are closed
proof trees for each open goal in Aalavm(G,al)p’ with respect to the instan-

vm.s(G”Ul)p )V

tiation D;z Callm . We prove (a) Aolavm(G,Ul)p’ = A0 yurs(eyp and (b)

(KO0 s oy P )V = (HOwvars(c)P)v:

(a) As A appears both in G and G’ then vars(Acy) C vars(Goy)Nvars(G'oy) C
vars(G'oy), so Aalavm(G,al) = Aoco’ and VAgl"um(c/al> Vaoror € Vag,oN
Varoror = Ve N Ve, hence Aalavm(g,al) = Aoio’p) = Aoio'py =
Aci10'p = Aop = Adyersc)p-

(b) If v € V then either

— v ¢ dom(u) and vy = v, so vars(vu) C V \ dom(u) C vars(G), or
— v € dom(u), so vars(vu) C ran(u) \ dom(p) C vars(Q).
Also, either
— v ¢ dom(uoy) and vpoy = v, so vars(vpoy) C V \ dom(uoy) C
vars(Goy) Nwars(G'oy), or
— v € dom(uoy), so vars(vpoy) C ran(poy)\dom(uoy), and vars(vuo,) C
vars(Goy) Nwvars(G'oy).

As in case (a), VUO10,,, g1y = VHO107, vars(vpo) = vars(vpoio’) =
Vars(VHo10 g croyy) © Vars(Goio,, cipyy) Nvars(G'o1o, . ciy,y) =
vars(Goyo') Nwars(G'oy0’) = vars(Go) N vars(G'o).

Then vuala;ars(c,al)p’ = vuop = VUOpPr = VUOP = UUOyars(c)P hence

(“Ul%am(c/al)P/)v = (U yars(@)P) V-

Then, from (a) and (b), the same closed proof trees are also valid for each

open goal in Ac.s()p with respect to the instantiation Dggac";l'ff)p)

As vars(¢y A ¢°) C vars(G') then (¢ /\qﬁo)alavm (Gloy) = (wl/\¢ Jopo' = (Y1 A
®°)o, 50 Eg B (01 A@p°)op’, hence Ey - 1p1op’ and Ey - ¢°cp’, where (Y1 A¢°)op’
is ground, because vars((i1 A ¢°)o) C vars(G'o) and p' : vars(G'c) — Ts.
Now, dom(p1) = vars(Go)Nvars(G'o), and vars(vy|,,) C vars(Go)Nvars(G'o)
implies v1|,,001 € Ty 80, as p' = prWph, vilg,00 = v1lg,0(p1Wph) = vilg0p =
10,0 (1 W pa) = v1]g,0p, for 1 < i <1, hence ¢°cp’ = (N, ziop’ = v1],,0p).
As also vars(¢r0) C vars(Go)Nwvars(G'o) then, reasoning exactly in the same
way, wlo—p/ = ¢10'P> S0 EO H 'lvblo_p'

Let v = o(p1 & pa W py), where p1 Wpy Wpy = pWp| = p'Wps. As uyo1 =p vioy
then w0 =p vjo, so w1y =p v{y. Also, uwyop and viop € Ty, because
vars({uyo,v10}) C dom(p) = vars(Go), so uyy = uyop and vy = viop. Fi-
nally, ¢°op’ ground implies x;0p" ground, so z;0p" = x;y, for 1 < i <. Then,
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uop = Uy =p Vi = Ulfy[xlf% s 7x17]Q1---Qz = Ulo'p[l’ldp/, s vxlo-p/]lh---ln —E
vioplvi|pop, ... v1lg..q = vi0p, 50, as E = BU Ey, uiop =g viop, and, as
vars({uy, v1}) € vars(GQ), U10vars(@)P =E V10vars(c)p- Then, as in Example 5,
(V10 vars(@)P)E € 1d1eQu0yrs(yplE. As also Ey b Y10 4s(c)p, and there are

closed proof trees for each open goal in Ao ,s(c)p With respect to Dgg %Zﬁ;c)p) v,

then 45 p is a solution of G.

2. Rule [d2] (idle):

G = uy — v1/idle; ST 0, NA | 1 | Vi ~a2)none t1 — v1/ST 0, N A |
Uy | Vip = G and G' ~F nil | ¢ | Vv, where v = (uo)v, 80 Ouars(c) | ¥
is a computed answer for both G and G’, since vars(G) = vars(G'). For any
substitution p that satisfies the premises of the theorem, by LH., oyumsa)p
is a solution for G', let § = oyurs)p, V' = (10)v, and o, = (0u0)\v, S0
Ey F 116, there are closed proof trees for each open goal in AJ, and also a

F . V, .
c.p-t. TS/ ST o all of them with respect to D ¢,y,,- As there is a rule
P

u1d—u1d/idle ulﬁﬁvlé/ST“/gy/ v u18—uyd/idle U15%v15/5T”/9y/
- 7 & D'R Callo then - 7
u1d—wv1d/idle ; STV o,/ ,LallR u1d—v1d/idle; STV o,/
t., with t to DY is al lution of G
c.p.t., with respect to D, S0 Tyars(c)p, is also a solution of G.

is also a

3. Rules [o1] and [02] (or):

we prove [ol]; the proof for [02] is exactly the same, with ST instead of
STl. G = Uy — ’l)l/((ST/f ‘ STg) ; ST’M)QN A A | 7?1 ‘ V,/L ~o1],none U1 —7
v /(STY ; ST*)ou NA | Yy | Vo = G, so vars(G) = vars(G'), and G' ~F
nil | 1 | V,v, where v = (uo)y, S0 0yars(c)|t is a computed answer for G and
Tyars(cy |t is a computed answer for G'. Let Ay = uy — vy /(STY ; ST")o,.
By LH., for any substitution p : vars(G'c) — T such that ¥p is satisfiable,
Tvars(cp is a solution for G', let 6 = Oyars(cyp (= Tvarsyp), V' = (d)v, and
0 = (0u0)\v, so there is a c.p.t. for A0 with respect to D%}CQHR. The c.p.t.

1 L)
! !
uléﬁt/STll’ o, t—v18/STV 0,1
7 !
u10—=v10/(STY 3 ST )o,r

for some term ¢t € Hsx,. As there are

has the form

rules UI‘Ht/(ST{'STg/?g”/ ,tﬁvlé/?gTV/g”' uléﬁt/S/TTlg”f in D% Cail» then
u16—v16/((STY|STY ) ; ST Yo,/ w1 6—t/(STY |STY Yo, ,Callr
the proof tree
1
uléﬂt/ST’{/g’/ I

ur6—t/(STY |STY Yo, i t—v16/STY o,

w6 — v 0/((STY | STY) ; ST )ou

is closed, so, as vars(G) = vars(G'), p : vars(Go) — T, ¥p is satisfiable, and
Tars(c)P 18 a solution of G.

4. Rule [p1] (plus):

G =ur = v /(ST 4; ST") 0, NA | Y1 | Vi o~ [p1],none w1 — v1 /(ST STH) 0N
Al | Vip =G so vars(G) = vars(G'), and G' ~F nil | ¢ | V,v, where
v = (po)y, hence 0yus(cy|t is a computed answer for both G and G’. Let
Ay =ug = v /(STY; ST")p,. By LH., for any substitution p : vars(Go) — T

such that vp is satisfiable, 0y.s(c)p is a solution for G', let 6 = Tyarsar)p (=
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Tvars@)P); V' = (10)v, and g, = (0,0)\v, so there is a c.p.t. for A;é with

respect to D%,Calln'
Fy F
uys—t/STY o ) t—v16/5T" o,
ur6—v18/(STY 5 8T Yo,/

The c.p.t. has the form for some term t € Hy. As

/ / /
there are rules ulé‘*}t/(STlf QV/)+/ t%vlts{ST'J 0,/ uléﬁt/ST‘}’ 0,1 iI]_ Dy/
u16—v18/(STY +; ST Yo, w1 6—t/(STY o,1)+ R,Callr>
then
Fp
uys—t/STY o s Fy

U15—>t/(STlf/gu/)+ t—>v16/STV’gV/

u1(5 — Ul(;/(STIf/—f— ; STV/)QV/

is a c.p.t., so p : vars(Go) — Ts, ¥p is satisfiable, and oyars()p is a solution
of G.

. Rule [p2] (plus):

G=uy — v /(STI+; ST")ou NA [y [V, .

G ~p2]none U1 — v1/(STY; STY+; ST")ou NA | 1 | V= G, s0 vars(G) =
vars(G'), and G’ ~~% nil | ¢ | V,v, where v = (uo)y, hence 5|t is a
computed answer for both G and G'. Let Ay = uy — vy /(STY; STV +)ou; STH.
By LH., for any substitution p : vars(Go) — Ts such that 1p is satisfiable,
Tuars(c)p 18 a solution for G, let § = Oyars(cyp (= Cvars(@)p), V' = (16)v, and
0v = (0u0)\v, so there is a c.p.t. for A0 with respect to D%,Calln' The c.p.t.

Fy F3
T 7
Fy t1—to/(STY e, 1)+ to—v18/STV o,
7 7 !
uléﬁtl/ST{ o,/ tlﬁvlé/(STT +5 STV )o, 1

has the form , for terms t; and ty €

u16—v18/(STY 5 STY + 5 ST Yo,
wd—t2/(STY 0,)+ ta—v18/ST 0,1 u1d—ta /(ST ; STY +)0,/

Hs.. As there are rules

w1 6—v18/(STY +; ST Yo, ’ w16—t2/(STY 0,)+
! !
ul(5—>t1/STT 0,/ tl—)tz/(STT o /)+ . 174
and = v~ in D then
u1d—ta/STY 0,05 STY + R,Callr
Fq i)
wys—t1 /ST 0,1 t1—ta/(STY o 1)+ F3
uyd—ta/(STY s STV e, ta—v16/ST" 0,

7
u15—>t2/(ST'f 2,1+

U15 — Ul(;/(ST'f/—F ; STV/)QV/

is a c.p.t., so p : vars(Go) — T, ¥p is satisfiable, and oyars)p is a solution
of G.

. Rule [s1] (star):

G =u — vi/(STV*; ST")ou NA | 1 | Vi ~[s1)mone U1 — v1/ST 0, A
A Yy | Vip = G, so vars(G) = wars(G'), and G" ~F nil | ¢ | V,v,
where v = (uo)v, S0 Ouars(c)|t is a computed answer for G and o ygrs(cr) |
is a computed answer for G'. Let Ay = u; — v1/ST"p,. By LH., for any
substitution p : wvars(G'c) — Ty such that 1p is satisfiable, 0yuscyp is a
solution for G, let 0 = Tyars(c)P (= Tvars(@)P), V' = (1d)v, and 0,y = (0,0)\v,

so there is a c.p.t. for A6 with respect to D%,CGHR. The c.p.t. has the form
Fy
U15—>’I.115/STV,QV/ ’
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As, by definition, (ST o) = idle | (ST? 0,/)+ and there are rules

u16—uid/idle and u15—>u15/id1e|(STll’/gV/)+ u16—>v15/STV/QV/
urd—uid/idle’ yy5—ui6/idle|(STY o,1)+’ u16—v18/(id1e|STY +; ST Yo,

in D%Ca”w then the proof tree

u1d—uqd/idle Fl
u16~>u15/idle|(ST‘1’/ 0,1 )+ u15%v16/ST”/gy/

w6 — v16/((idle | STY +); ST Yo,

is closed, so p : vars(Go) — Tx, ¥p is satisfiable, and 05y p is a solution of

G.

7. Rule [s2] (star):
G =up = v /(ST ST")ouNA | 1 |V, jt ~ (2] none w1 — v1/(STH+; ST") 0, A
Al | Vip =G so vars(G) = vars(G'), and G' ~F nil | ¢ | V,v, where
v = (po)y, hence 0yurs(ey|t is a computed answer for both G and G’. Let
Ay = (ST{+; ST")o,. By LH., for any substitution p : vars(Go) — Ts
such that vp is satisfiable, 0y.ms(@)p is a solution for G', let 6 = Tyarsaryp (=
Tvars@)P); V' = (ud)y, and o,y = (0,0)\v, so there is a c.p.t. for the goal A;d
with respect to D%,Calln'

Fy Fa

ugs—t/(STY o N+  t—v18/8T 0,

u16—v16/(STY 0,1)+; ST 0,

" Y . y w185t/ (STY 0,1)+
As, by definition, (ST7 0,)* = idle | (ST7 o)+ and u1d—t/idle|(STY 0,/)+ and

The c.p.t. has the form for some term t € Hy.

uyd—t/id1e|(STY 0,/)+ t—v18/ST16
u16—v18/((1d1e|STY +) ; ST Yo,/

. 174
are rules in D ¢, then

I ) W
ugs—t/(STY o 1)+ y
uy6—t/idle|(STY o,/)+ t—v16/ST" o,

w16 — v10/((idle | STV +); ST o,

is a c.p.t., so p : vars(Go) — T, ¥p is satisfiable, and oy4r5)p is a solution
of G.

8. Rule [i1] (if then else):

G =u; — v/ (match ty s.t. ¢ 2 ST : STy ST) 0, (NA) [ 1 | V) pt ~(in),o
(ur = v1/(ST1; ST) 0, (ANA) | g | V,u)or = Gloy, let t =t g, and ¢ = ¢,
where abstracts, (t) = (A\z.t°;0° ¢°), t° = t[z];, with T = 241,...,2; and ¢ =
iy q, ¢° = (/\li:1 x; = t|g), hence Vo UV =V, UZ, 01 € CSUg(u; = t°),
e =1 AP A ¢°, 80 Vg C Vir, a0y is satisfiable, and G'oy ~7F, nil | ¢ | Vv,
let 0 = 010, where v = (uo)y = (uo10’)y, so oy, | ¥ is a computed answer
for G and 0{/@01 | 7 is a computed answer for G'o;.

Let p : Voo — Tx be a substitution such that vp is satisfiable, 6 = oy, p, V' =
(uo)v, so dom(v') =V and ran(v') = 0, and 0, = (0.0)\v, 50 0 : Vg — Ts.
As dom(p) = Vg, and Vo C Vi, so Voo € Vigro, then dom(p) C Vir,. Let
01 Voo \ Vao — Ts, so dom(p) U dom(p}) = Ve, such that ¢(p W p)) is
satisfiable, and p' = p W pl, so p’ : Vary — Ty and py, = p.
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By LH., as p' : Vigrg,or — T and ¥p' is satisfiable, 0(/ . p’ is a solution for
G'oy, let 0 = 010{/G/01p’, o' = (0,0 )\v, and p" = 5‘/,‘, Ve
We prove several intermediate results:
— (u6)v = (ud)v.
We prove the equivalent fact, x € vars(Vyu) — xd = zd’: as VHF =
(V \ dom(p)) U ran(p) then Vi, = V¥ so if z € Vi, = V# C Vg then
r € Vg, oy € Vag, C Vo, and z(o10')y, = xala{/G/ . Now, as xd (=
o1
zoy,p) is ground, x0 = xoy,p = zoy,(p W p)) = zoy,p = x(o10 )y p =
zoioy,, P =xd.
o1
- ‘/(to,dw) - VG/U"
As Vie UV = VLU Z, o = 01 AP A @°, and 07 € CSUp(u; = t°), so
Vieo, = Vipoy € Vo, because B is regular, hence Vg, U Viey, = Vo,
then V(;/Ul = VGal U V¢°al U V¢01 = VGal U ‘/togl U V¢ogl @) V¢01 = VGm U
‘/150'1 U ‘/530'1 U V¢O'1 - VGO’1 U ‘/(tal,qﬁal) U %017 SO ‘/(t0'1,¢0'1) g VG’O’17 hence

‘/(tadxr - VG/O"
= Voray) © Vet
This is immediate since dom(u) C V, v/ = (ud)y, so dom(u) C dom(v'),
and v : V — Ts.

_ ‘/(tit,ébib) \ ‘/(tll’l,d)ll’/) g Vu'
As dom(p) CV and v/ = (ud)y then the variables in Vi 4 instantiated
in Vti’,qﬁ”) must belong either to V' \ dom(u) or to ran(u), i.e., to VA
Since v/ : V' — Ty then Vi’ o0y \ Vi gty = 0 and the result follows.

— gop’ = ¢ op”
As (ud)y = (ud)y then dopl = 60 = (10,0 = 6" (08w =

(“ ov o = qﬁ SO we prove the equivalent ¢”’g’ = (bl o, p" by proving

x 6 V¢1 = ¥ g =2 0,p". We con81der two cases:

% if z € V then 2V is ground, so ¥ ¢’ = ¥ 0, p".

x if ¢ V then 2 = 2, s0 2 ¢ V. Also, as ¢ ¢ V, 2" = x so,
as xz € Vg, v € V. Asz ¢ V and ¥ = z then z¥'¢ = z0 =
(0,0 \v = z0,0" and z o p" = zoyp = (0, 0\vp" = x0,0p", 50
we check 20,0" = 10,0p" by checking y € V,,, = yd' = ydp"
~asxw € Vyp and y € Vi, then y € Vip, ie., y € Vi
- again, we consider two cases:

(a) if y € Vi then yd is ground, so ydp” = yd = yoy,p = yop =
yoi0'p. Also, as Vg C Vi, y € Vi and Vo, C Vigryy, s0 yd' =
yoroy,,, p=yoo'p=yop";

(b) if y & Vg then, as y € Vi, y € Ve € Vigy\a 50, as also y ¢ Vi
and 0 : Vg — Tg, yop" =yp” = 95{/((1,1,,5)\@ =yd'.

— top =t 0"
The proof is the same as the previous one, just exchanging ¢ and t every-
where, even when they appear with subscripts and/or superscripts.

As oy, pis a solution for G'oy then, by LH.:
o1
(a) EO + ¢26/> i'e'a EO - (¢1 A gb A ¢O)5/7
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(b) there are closed proof trees for each open goal in A¢’, with respect to
D%%LZR (:D”'7Ca”R, we use v/ instead of (ud’)y in (c)), and
(c) [1d')g € (ST ;ST o' Qu 8],
so:
(a) 1. Vi, C Vi implies %Ula{/c/ol = 010’ = g0, S0 Ey - 1yop’, where
Yoop’ is ground, because Vi, C Vi, and p' @ Vi, — Ty, hence
Eo b rop, Eg b ¢°op', and Ey F ¢op/, all ground expressions.
ii. Vo € Vo and dom(p) = Vi, implies ¢10p € T s0, as p = p W pf,
Uop =ro(pW py) = rop =110, hence Ey E 16 (7).
(b) Asin subcase (a)-ii, Va C Vi implies Ad’ = AJ, and the same closed proof
trees are valid for each open goal in Ad with respect to D% . (11)-
(c) Again, V,, 4, C Vi implies that v;0" = v;0 and u10” = uy0. Then there is

Fp Fo
uléﬁw/STll’/g’ w%vlé/S’TV’gu,
U15—>”L)15/(ST1;ST)”,Q/

a c.p.t. of the form , for some term w € Hy, with

respect to D%,Cauﬁ-
We prove (a) ST 00" = ST ¢’ and (b) dom(p") = Vis \ Ve
(a) As o = (uO)h\v, 0 = ovep, 0 = 010’, &' = ooy, p's & = (0ud')\v, and
Vepw NV = this is the same as ST”/QM(ala’)VGpp” = ST”IQMalo@G/ 0.
o1
Let y € VSTUIQH
i. y € Vg. Then Vo, € Vo, € Vo, 50 y(010 )y, = yor0’ = yala{/@ol.
Also y(alcr’?VG = yo, hence Vi(or0v, € Voo Then, as p : Voo — Tx,
y(o10" )y, p is ground, so y(o10" v, pp” = y(o10 )vep = yala{/clalp =
yooy,, (pUp) =yooy, 1
ii. y & Vi, so y(010")v, = y. As ran(o) N Vgru,, = 0 and Varv' o, ©
Varng, then ran(o) N Vorvy, = 0 soy ¢ Vg, and, as dom(p) = Vg,,
y(o10')vgp =y. Then:
A.ify € Vig then y(o10 )y pp” = yp" = yoy, v, = ¥0' = yowoy,,
ground term because V,,, C Vig, 40y € Vo, and p' : Voo or = T
B.if y ¢ Vi then y(o10")vypp" = yp" = yby, \v, = y- As dom(o1) €
(Vi UVie) C (Ve UV, UZ) and y ¢ (Ve U Vi) then yoy =y so, as
ran(o1) O Vg, = 0, yo1 ¢ Vo, and yalo{/clg1 =y ¢ VGU“’(’G/Ul
SO, as p’ : VG’ala’ — Ts, yO’lo'(/Glglp’ =y = y<0_10—,>V¢;ppH.
(b) As dom(p”) C (Vip \ Vi) and, from (a.ii.A), y € (Vip\ Vo) = Vypr =10
then dom(p”) = Vip \ Vo, hence p” : Vi 4 \ Vo — Ts.
In exactly the same way as the proof for (a), we have that STV g,/p" = STY o
and ST5 0,p" = ST4 0.
"o
N?W’ we prove (a) dom(p") =V,
t oup”:
(a) As dom(p") = Vio \ Vo, Vi gy S Viroty, Vi \ Vi sy) © V" C
Vi, and dom(o,) N V* = 0, then dom(p”) = Viue) \ Vo = Vith o, 00) \
XKG = Vit ouot'op \ Voo A8 0 = (@) and Vi gy NV = 0, then

% 0,04 0,r) — V(7 (0ud)\v .87 (eudh\v) V(tq’gum’gu&'

, 80 y ¢ V. There are two options:

b) Eg H qb'flgl,/p”, and (C) u15 =E

/ ’
7 Ql//7¢)11/ Qul)7 (
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Then we prove V(tT'QMM'@M) =
0: Vo — Ts.
(b) Immediate, since Ey - ¢op’ and ¢op’ = ¢¥ 0,0

Vit o' 0) \ Vg, which is trivial, since

(c) uioy =p t°cy and 0 = 010" imply uy0 =p t°0 50, as Vi, € Vi, U10pars(c) =
wo =g t°c. As p: Vg, = Ts, s0 uyoy,p is a ground term, and p' = pWp)
then wd = woy,p = woy,p =p t°op = t[z);op = top'[zop’]s. As
Ey - gboalp’ then top'[zop']; =g, t/ap’[t|qlap’, oo = tap’/[tap’|q]q =
top’ = t7 0,p", because tap’ =t 0,p", so u16 =p t°cp’ =g, t¥ 0, p", i.e.,
w0 =gty 0,p".

As p" 1 Vi ) = T, Bo b ¢ 0up”, w8 =g 1] 0p", and STY g,p" =

u15~>’w/STll’lg/

u1d—w/match t’f/gy/ s.t. ¢lf/9,/ ? ST‘l’/Qy/:ST‘Z’/gy/

’
tT Ql//’(bT Opr

/ . . .
STY ¢, then there is a derivation rule
. l//
in D% canr- Now,

L1
u15—>w/STll’/g’ I
u1d—w/match tll’/ 0,1 s.t. ¢’1’/ o, 7 ST’f/ gy/:STg/gU/ w—v16/STY 0,1

w6 — v16/(match t 0,0 s.t. ¢ 0,0 ? STY 0, = STY 0,); ST 0,/

is a c.p.t., p : vars(Go) — Ts, ¥p is satisfiable, Ey F 919 (1), and there are
closed proof trees for each open goal in Ad with respect to D%,Calln (1), hence
Tuars(c)P 18 @ solution of G.

Rule [:2] (if then else):

G =u; — v/ (match ty s.t. ¢ 2 ST : STy ST) 0, (NA) [ 1 | V)t ~(in),o
(ur = v1/(ST2; ST )0, (ANA) | g | V,u)or = Gloy, let t =t g, and ¢ = ¢,
where abstracts, (t) = (\z.t°;0° ¢°), t° = t[z]s, with T = 24,...,2; and ¢ =
qiy -5 q, ¢° = (/\li:1 z; = t|g), hence Vo UV =V, UZ, 01 € CSUg(uy = t°),
e = Y1 A= A °, s0 Vg C Vir, a0y is satisfiable, and G'oy ~7, nil | ¢ | V,v.
The proof is the same as the one for rule [il], just replacing ¢ with —¢, and
exchanging ST, and STy everywhere except in the match strategy at the be-
ginning “match t; s.t. ¢y 7 STy : STy ; ST

Rule [t] (transitivity):

G=u —v/(RA; ST)'o, (NA) [ ¢r |V, 1

G~ uw = g, — vi/(RA; ST) o, (NA) | ¢y | Vip = G, so Vg C
Ve U{xr} = Vi, and G' ~F nil | ¢ | V,v, where v = (uo)y, hence oy [¢)
is a computed answer for G and oy, [¢) is a computed answer for G'. Let
p : Voo — Tx such that ¢p is satisfiable, let 6 = oy.p, v/ = (ud)y, and
0 = (0.0)\v, where dom (') =V and ran(v') = 0, let 0 : Vo \ Voo — Ts,
such that ¥(pW o) is satisfiable, let p' = pWp, and let ¢’ = oy, p'. As Vo C Vi
then p/ : Vg, — Ty and G’ = G9.

By I.LH., as p' : Vo, — Tx and 1y’ is satisfiable, 0’ is a solution for G’, so
(k0| p € RAY0,0' Q[u g and [v10']g € ST"0,0'Q[zd'] . This is equivalent,
since G§' = GJ, to [x,0'|g € RAM 0,0 Q [u10]g and [v10]g € ST 0,0Q[x1d ]k,



6.9. RESULTS AND PROOEFS 201

11.

ie., [1:0]p € RA” 0, @ [uy0]p and [116]g € ST 0,Q[x0']p, so there are

1 roof tr f the form B n F ith r
closed proof trees of the forms mb e [RA 0 d b o0/ 5T g with respect

wyd—a,d' JRAY 0,1 1,6’ —v15/ST" o,/ c DY
u16—v18/(RA; ST)Y ¢

to DR Cally- s there is a rule R Call s then

F1 F2
uléaxké’/RA”/gu/ xké’ﬁm&/ST”/gy/

ud — v10/(RA; ST) o

is a c.p.t. with p: vars(Go) — Ty and p satisfiable, so Tuvars(G)P 18 a solution
of G.

Rule [c] (congruence):
G = wl, =" wp,wfzg], = vi/(RA5 ST) o, (NA) | by | Vip 00 up =
Uk, i [Y)ps — vi/(RA; ST) o, (NA) | ¥y | Vi = G, where uy|, =
flu, ..o ul,), u € He(X) \ X, yp fresh variable, and oy = {zg — ui|p[ys]i},
so (no1)y = p and Voo, = Var, and G’ ~7, nil | ¢ | Vv, let o = o107, where
v = (uo')v = (uo)v, hence oy, [t is a computed answer for G and oy, [ is a
computed answer for G'.

Let p : Vs, — Tx such that ¢p is satisfiable, let § = oy p, v/ = (ud)y, and
0 = (0,0)\v, where dom (') = V and mn( ")y = 0. As Vg, = Vi then
Voo = Vgalgl = VG/J/, so also P Varer — ’TZ, let ¢ = O'VG/p.

For every variable z € Vi N Vi, as dom(al) = {zx} and z ¢ Vi, 26 =
20y.p = zop = zo0'p = zo'p = zav p = z6. As vars(u|,) € Vi and
vars(ui [Yr]pi) C Ve then vars(us|p[];) C Ve N Ve so ug|pd]]i = wa|pd'[]s-

By LH., as p : Voo — Tx and 9p is satisfiable, O'VG/p is a solution for
G', so [y.0']p € RA¥0,0" Q [u}d']p and [v10']p € ST"0,0'Quy[y,]p.i0' e As
VG/ = {yk/} U VG \ {[Ek} and VRA‘U'QM N {xk,yk/} = @, SO RA#QM(UlaJ)VG =
RA" g0y, then RA¥p,0" = RA”“QMJ{/G/p = RA" g 0y, p = RA"9,(010 )vep =
RA"o,0v,p = RA"0,0 = RA” 0,,. In the same way, STo,0" = ST o,
Then, [y,0']s € RA” 0, Q [u}0]p, [10']p € ST 0,,Q[us[y}],.:0'] 5, and there
are closed proof trees of the forms (1) £

or (2 1
ué&’ﬁyéé’/RA”/gy/ ( ) uéé’—)y;j’/RA”/gV/’

Py : v/
and (3) s o3 5T o with respect to D% o -

— Case (1): RA” = ¢[3], so RA” 0, = ' [y(00)ran)); ¢ 1 1 = 1 if ¢
and there exist a substitution 7, a position q, and terms t,t' € Hy
such that Ey F ¢v(0v)ran(y)n, ¢ ——> t', S0 —————— is a

/ 14
FY(QV )Tan('y)vq WR =t /RA Qv

derivation rule in D%,Calhg? (g —E t, and t' =g y,.0’. By definition of

— %, also uid|,[t]; —> u16],[t']; so there is a derivation rule
e 'Y(Ql, )Tan('y)vl q, UR

bl il T RA 0 Dk cutx:

Now, u;0 = uld’ =g t, so wid|,[t]; =p wid|p[uid]; = wil,[uj]i0 = wil,d,
and x € Vi, 80 210 = TpOvars()p = TuOP = Tpo10'p = wilp[yw]io’p =
w10’ [p[yr0’]ip = wrolplywo’lip = waoplplyr o'pli = urdlp[yed’ls =g uadl,[t]:.
If we apply the previous derivation rule, with wd|,[tl; =g w|,0 and
k0 =g uidl,[t'];, then we get the c.p.t. , SO [zxd|p €

RAV/ le@ [U,l |p5]E

ul\péﬂxké/RA”lgu/
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— Case (2):
RAZ/ = CV/ [7]{57—”1/7 e STV } RAV Oy = c’ [7(@V’)ran(7)]{ﬁy QV’}7
¢ 7(0v') ran(+) has the form I = rif A= lj — ;| ¢ and there exist a sub-
stitution 7, a term ¢ € Hy, and a position g € pos(t ) such that t|, = l77 and

lm—wm/ST1 0,11 lmn—wmn/Sngym c
t—>t[7“77] /RAY QV

D;’Z/’CGHR, T; is a c.p.t. with root [;n — rjn/STj o with respect to

Ey = ¢n, so there is a derivation rule

D%vca”R, for 1 < j <m, u,0’ =g t, and t[rn], =g y;,0".
We take w = wuy|,0[t]; and the position i.g. Then, as Ey F ¢n and w|lq

Lin—rin/STY oy m- lmn—wnm/Sngyln c

tl, = In, there is also a derivation rule w—wlrnlig/RA” o,/

D;/Q/ Callr*
We have u}é’ =g t and t[rn], =g y;,0’. From the previous subcase we also

know that u/d = ;0" and x,0 = uy|,0[yrd'];.

Then w = w|,0[t]; =p wi|p0[uw}d’]; = ui|pd[uid]; = wil,0 and wirn)i, =
I PN 7 P v 7

As o1 = {fL‘k — u1|p[yk/]i}, rr € Vg, Vul[yk/]pz C Vg, so Vul‘p [yl C Vg,
and uq |,0[]; = uq|p0'[]i, then 240 = zpov,p = (010" )y, p = wiplywio’p =
wlp[yilioy,, p = wilplyw]id” = wi|pd'[ywd'l; = w|p0[ywd']; then wlrnli, =k
z0 S0, as w =g uy|,0, we can apply the derivation rule with u;[,0 and
x0 and complete a c.p.t. with 71, ...,T,,, yielding B , hence

u1|pd—ar6/RAY o,
(230] € RAY 0,8, 0] .
As Vi) € VeNVer then v16" = v16 and v18" = 116, 50 g [24],0 = w1 6[z40], =
w10 |p0[yw0']ilp = widlywd']pi = wi1d'[ywd’]ps, and the c.p.t. (3) can also be

F v/
u1[mk]p6_wf6/STy,gu/, hence [v16]p € ST" 0, Quy[xg]pd]p. As also

[2:0]5 € RAY 0,,Q[us],0] g, either for case (1) or (2), and ¢p is satisfiable then
Tuars(c)P 18 @ solution of G.

written as

Rule [r] (rule application):
We prove this case for conditional rules. For rules without rewrite conditions,
the proof is the same just with the part dealing with the conditions removed
from it.
G = uly ' anulnly = /(ST o, ST} 3 STY0, (A A) | vy |
Voo (N2 Gy = v/ ST 04 idle) Aufrl, — v /S0, (AA) | o |
V, (uoy)y = G'oy, where:
- 7 = (V0u) dom(y) (s0 Tan(y) € Vi), ¢ € R, co € cg C Rp has the form
Dl = e if N = rf) | 900 e lﬁrif/\?:1(li_>7ﬂi)|¢
is a fresh version with some renamlng v of ¢ € R, with dom(y') =
vars(cy) \ (dom(y,) WVH), s0 ¢y = b/, let I = I,
— abstracty, (u|,) = (Aa.u®;00;¢0), u® = uly[z];, with z = z4,..., 2, and
D=D1s -, Dus ¢Z = (/\?:1 Ly = u‘ppj);
— abstracts, (I') = (A\y.l°;0°¢°), I° = U'[ylg, with § = v1,...,y, and § =
q1,-- -, 41, ¢O = (/\i‘:l Yi = r %)7
— o1 € CSUg(u® =1°), 01 = oy U{xg — ryoro1}, e = 1 A @° A @S A ¢y,
Yooy is satisfiable;
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Then G'oy ~7, nil | ¢ | Vv, let 0 = 010', where v = (uo)y = (poro’)y =
(uoio')y, so oy, | ¢ is a computed answer for G and a{/G,Gl | 1 is a computed
answer for G'o;.

As v = (7' 0u) dom(») then dom(r,) = dom(v}) = dom(y).

Let p : Voo, — Tx be a substitution such that 1p is satisfiable, let 6 = oy, p
and g, = (0u0\\v, s0 § : Vg — Ts, pr = pv,,,, 0 also 1p, is satisfiable,
and let v/ = (vp)y, where dom(v') =V and ran(v') = 0. As dom(p) = Vg,
then dom(p1) = Voo N Ve, Let po = py, v, SO p = p1 & py, and let
01 Vo \Vae = Ts, so dom(pr)Ndom(p}) = 0 and dom(p1)Udom(p}) = Vire,
such that 1(p; W p}) is satisfiable, and let p' = py W p}, so p' : Voo — Ts.

We prove several intermediate results:

— As v = (uo)y, V*# C Ve N Vg, and dom(p;) = Voo N Vi then V¥
dom(py) so, as dom(v') = V and mn( N=0,v = (wp)v = (vo1)v
(vp)v. Also, as dom(u) €V, V' = (vp)y = ((no)vp)v = (uop)y
u(op)ve.

— As dom(p)) = Vo \ Voo and dom(p1) = Voo N Ve € Vo, then py, =
(P ¥ PV = (P1)ve, = P1-

— As dyu = (ovep)ve, p: Voo — Ts, and V# C Vg, then dyu = (0p)yu,
ran(oyw) = 0, and dom(dyu) = V# (= (V' \ dom(p)) Uran(u), so ran(u) C
dom(Syw)). Then v/ = (uoy,p)v = udyu and ¢ = cov’ = coudyn.

I

As a{/G,(rl | ¥ is a computed answer for G'oy, p' : Vg, — Ts, and ¢y is

satisfiable then, by I.H., a{,clol p' is a solution for G'oq, let ¢’ = ala(,clal ¢ and

o' = (0,9")\v, meaning that:

(a) EpF 1d,

(b) there are closed proof trees for each open goal in A¢’, with respect to
D%fé)a‘{lR (:DQ’QCMR, we use v/ instead of (vp')y in (¢) and (d)),

() [vd]p € ST ¢ QLu[ry], g, i-e., [v8']p € ST ¢ Q[ud'[ryd'],] g, and

(d) [rivd']e € ST;’,Q’@[ZW&]E, for 1 <i<n.

Then:

(a) 1. Vi, € Vi implies Vo, € Vg, and Viy,e C Vigrg, 50 926" = wgala(/ . ,0’ =
oo’ p' = gop’, hence Ey - 1s0p’, where 1py0p’ is ground, because
Vw2g - VGU and p : Vgl — 7'2 As 1/}2 1p1 VAN ¢ VAN ¢u VAN ¢’y, then
18" = Prop’, By = iop’s By = ¢°ap', By = ¢op’, and Ey = ¢yop!,
all ground formulas.
ii. Also as ¥y = Y1 A@P° Ay, so Vy, € VeN Ve hence Vi o € Voo N Ve,
and dom(p1) = Vgo N Ve, imply 10py € Ts. Then, as p' = py W pl,
we have 100" = P10(p1 W py) = P1opr = 1o(p1 W p2) = throp = 10,
so Eo F 110 (1).
iii. As ’Lply = wlap/ and wlap’ = 1/11(5 then 1/11(5/ = ¢1(5
(b) As in subcases (a)-ii and (a)-iii, Vo C Ve NV implies Ad’ = Ad, and the
same closed proof trees are valid for each open goal in Aéd with respect to
D%,Calln (2).
(c) i Again, V, ., € Ve N Ve implies that v6" = vé and ud'[], = ud] ],
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ii. We prove that ST" o' = ST" o,
As 0 = (0u0)\v, 0 = Oyep, 0 = 010, 0’ = 010(/G,01p’, o' = (0.0 v,
and V.
Let x € VSTVfQM. As VST”/gu C Vspu,, € Vg N Vg, then x € Vg N Vg
and Ve, € Vio, N Ve, C Vigrgy, s0 (010" )y, = zo10’ = zalg{/@/al'
Also z(o10")y, = x0, hence Vi(oro)v, © Vao- Then, as p: Vo — Ts,
z(o10")y,p is ground, so z(o10')y,p = xala{,c/alp = :wla{/G/al (pU

/ _ / /
o) =zl 4.

iii. As in subcase (a)-i, V;, C Vi implies rvyd" = ryop'.
As xpoy = ryo; and 0 = 010’ then x,0 = ryo so, as x € Vg, ryo =
xroy, and ryop’ = xpoy,p', ground terms. But, as kaavc C Vg then
Trovgp = Thov, (P1YP]) = Tpov,p1 = Trovg (P1Wp2) = Tpov,p = Ti0,
so ryop’ = xpd (3).

From (i)-(iii), [v0]g € ST" 0, Qud[x10],) s, i€, [vd]p € ST 0,,Qluzk],0] £

(4), holds.

(d) Using the same proof as in the previous case, [ryd']g € STV o Q[l;70'] g,
Vieyrin © Var, and Vg, € Vo NV imply [ryop]s € STY 0,Qllyop]s,
for 1 < i < n, where each term and strategy are ground (5).

Now:

(a) Vi, € Ve imply ul,0v, = uly0, hence ul,0v,0 = ul,00, and u°c} =g [°0]
imply u®ct =g [°c0.

(b) As Ey = ¢5,00, ground formula, then u°06 = ul|,[Z];00 = u|,00[T00]; =g,
ul,00[ul,500); = u|,06, all ground terms.

(c) As Ey = ¢°00, ground formula, then [°c8 = l'[y|;00 = l'o0[yob|; =g,
U'oll'|z00); = l'c6, all ground terms (6).

(d) As p : Vg — Tx, so ulpov,p (= ulp,d) is a ground term, then ul,d =
ulpovep = ulpov,0 = ul,00 =g, u0oh =p 1°00 =g, l'cl = lyol (7).

Recall that c[fyr]{S_T}’/Qy/ = cy’[(fy;f/gl,/)dom(%,/)]{S_TVIQV/}. Now, we prove
[210] & € e[y [{ST} 0 @ [ul,0]E.

As dom(y') = wars(ch) \ (dom(vy) W V#), ¢ = cop, and dom(dyu) = VH,
then V., C dom(dyu) W dom(y) W dom(y'). Then, as ¢/ = copdyun and
dywu is a ground substitution, it follows that V., = dom(y) & dom(~'), hence

Voo (10 domyy = Vran(1)8ran(sy Y Vom(y/)(6)

Then:

ran () dom(v) "

— As (70)dom(y) is a ground substitution, if z is a variable in ran(y) then

Z0ran(y) 1s & ground term, s0 Vign(1)s,,.(,) = 0.
— As dom(y)Ndom(y') = 0, if z is a variable in dom (') then 2(76) dom(y) = 2,
50 Vaom(+)(38) som(y = dom(7')-
In conclusion, Viguras,,., = dom(v').

Let v = V' (Y0)dom(r) (= V' W (Y0)dom(y) because dom(v') N dom(y) = V N
dom(y) = (). We must find a substitution 7 : V,,,» — Ty such that Ey
PVIT. Let 0 = py & pr W (= p2 W p'), s0 dom(0) = Vo U Viry. We choose

/

NV = (), this is the same as STVIQM(O'l(T/)VGp = ST”lguala(/Glalp )
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7T = (V09) dom(v) = V' (00)ran(y), 50 dom (1) = dom(y') = Voo and (cov”)T =
(coV" )y .
We prove that 7 is a ground substitution by proving that (cov”)y'c6 is ground.
Let 6" = 8yuY0ran(y). As Oyu and 76,4n(,) are ground substitutions, dom(dyu)N
(dom(y") U ran(y')) = 0, and V., = dom(y) W dom(v), then (cov”)y =
COV (’y(smn k 7) = C() 5V“ (’yémn Wy ) =G 5V“’7/75mn(7) = 05715vu75mn(7) =
00" = ¢, /5” If z € Ve, then as dyu is ground, either z € Vg or z €
V}/ \ Ve, because [" is the only term of ¢,y that does not appear in G’. then:

— If z € Vi then V,, C Vi, so zof is a ground term because dom(f) =
Ve U Varg.

— Ifz € Vy\ Vo, as z € Vy and, by (6), l'0f is ground, then zof is a ground
term.

Now, we prove Ey - ¢Vt
— As ran(y) C Vi and § is a ground substitution, then vd,q,(y) is a ground
substitution so, as c('j' = coptdyr and V" = V'Y0rn(y), OV"'T = G USyaYOran(y) T
O 116y (YOran(y) 8 7).
— As dyu is a ground substitution, Vieus, C Veus,, = dom(v) W dom(v'),
dom(r) = dom(v'), and dom(Y0,an(y)) = dom( ) then ¢°udyu(Y0ran(y) W

T) = ¢° (5V” HY0ran 'y)UT) o ((UIO)V“ U’Y(Up)mn( )UT) ¢° ((UG)V“ k&
Y(0O) ran() V' (00) ran(y)), because as ¢¢ud” 7 is ground, it remains the same
if we substltute the occurrences of p, ground substitution, with 8 = pWp/.

— As (00)yu is ground then ¢°u((00)vuty(00) ran() Y (00) ran(yy) = ¢ ('
v)ob, the last equality because as the formula is ground, no new instanti-
ation will come from an unrestricted substitution.

— As dom(y) N dom(v") = 0 and dom(vy) N ran(y') = 0, we can apply the
substitutions one after the other, so ¢°u(y W v)od = ¢uy'vol = ¢yob.
— As Vo € Vi, p i Ve = Ty, and 0 = po W p' then ¢pyol = ¢yop'.
Joining all the equalities, we get ¢°v"'T = ¢yop'. Then, as Fy F ¢yop', also
Eo b oVt
Now, we prove the existence of a needed derivation rule in D;’éy Callp- AS O =
(g“é) v and V' = (,ué)v, both ground, J", Vip,on € Vg, and § : Vg — Ty,
then ST"0,6 = ST" p, and VST” o =, for 1 < i < m, and (c[v,])"0,0 =
CH[(’V#QM)dom(yﬁ)]é = C#[’y]é =c’ [(Wé)dom('y)]
Recall that ¢y € Rp has the form ¢ : [ — r¢if A, (If — r¢) | ¢° and
V" = V'(79) dom(y)- There are two cases to consider now:
(a) ¢ € R:
as 7 1 Vegr — Ty, Eo B oV"'7, IV and rV"'1 are terms in Hy, € is a
position in pos(Iv/'7) such that (1°V"7)|. = V"7, and ST g,/ are ground
strategies, then there is a derivation rule

V"' — V") STY 0y -+ 16V — 160" 7 ) STY. 0,
lev't — rcl/’T/c[(vé)dom(v)]{S_TV,gyl}

. l/l
n DR, Callg "
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(b) ¢ ¢ R:

then there is a rule ¢, : f(¢t,t') — t" if C € R such that ¢y has the
form ¢ : f(zs, f(t,1)) — f(xs,t") if C, where dom(y,) C V,, and C =
Niea(I§ = 7r§) | 6% Let 7/ =7 ,. As Vi, C Vo and 7: Vo — Ty then
7" Veyur = Tx. Also, as V,, C V,, and Ey F ¢°V"1 then Ey F ¢V 7.

As V"7 is a term in Hy, 2 is a position in pos(I{°v"T) such that (I°V"7)|y, =
f&, W', By ¢V t"V"'t" = t"V'7, and W”lgl,/ are ground strategies,
then there is a derivatlon rule

[§V'T = V' /ST 0 - 1T — 1% V"T/STmQV
v — 107t 7] ) ¢[(70) domny LT 01}

in DRlﬂa”R. As I9]s = r]s = f(zs,[]), and rV"7[t"V 1]y = re[t"]"T =

r°v"7, this is the same as

V't — T(fl/”T/ST’f/,Q,/ eVt — TanHT/STZ;Q,,/
lev't — 7“%/’7'/0[(75)dom(v)]{S_TV,QV,}

so in both cases we have the same derivation rule. Now, as:
— V' =V W (Y0) dom(y) is ground, v\ = pdyu, & = oy,p, 0 = pd p}, and
dom(byu) = VI,
— 7 =7'(00)ran(y) and dyw W (ydydom () are ground substitutions,
—co: 1= rif N (If = )| ¢° and cov'7 is ground,
—cy:l—=rif No(l; = ;)| ¢, and
— ¢y is a fresh version of ¢ except for dom(vy) W dom(dyw), with renaming
v s wars(cy) \ (dom(y) W dom(dvu)) — vars(cy) \ (dom(y) & dom(dyw)),
then, cov"y" = co(" W) = co(V' & (¥0) dom(y) W) = co((dvu) ¥ (¥0) dom () &
V') = o (6va(10) dom()WY) = ¢y (OveW(Y0) dom() ), 80 co'T = oty (00) ran(yr)
Cyr (Ovi ¥ (70) dom(1)) (00) ran(yy = ¢y (B W (V6) dom(y) W 00) = cy (W0 al) =

e (0v50) & (Y0vep) Wb) = e ((99) W (y0p) W 08) = e ((00) W (y08) & o) =
cyyof, all because o7 is ground, and we can write the derivation rule as

lyyof — T1’709/ST11/Q1,/ colyyol — rm'ng/ST;‘r;QV,
10 — 1700/ c[(V6) dom() ] {ST 0}

(8)

Also, as 0" = ai0v,, 0, Viortiver C© Varor, [rivd]e € STV 0,,Ql;7d") g, for
a1
1 < i < n, where each term is ground, o = oy0’, and § = p' W py, then
rivd’ = riyowoy,, p’ = riyoo'p) = riyop = riyol (and [y = liyob), s
[rivollp € ST” g,,/@[lfyoe]E, and there are closed proof trees of the form
F;

: , with respect to DY,
lino0—rivo0/STY g, p R, Cally -

As dom(v') = vars(co) \ (dom(y) W V*#) then dom(v) N dom(y') =10, so vy =
v Wy =7, We already know that ryop’ = x, (3) and u|,0 =g lyob (7)
so, as ryop' is ground and 6 = p' W py, then also ryo = ryop’ = x;d, and we
can apply the derivation rule (8) to u|,0 and x,0 and construct the c.p.t. for

[240] 5 € ([ {ST ) 0,0 @ [u],0] 5, i-e.. [£40]5 € c[10ran(s)){ST" 0} @ [u],0] 5,
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13.

with respect to D’IIIZI,CallR:

Fl .« e Fm
liyob—rivo0/ST16 lmyo0—rmy00/STmd

U|p5 — l’k(S/C[(’Yé)dom('y)]{S_TV,QV/} |

As we have shown before that Ey F 1,0 (1), that there are closed proof
trees for each open goal in A¢d with respect to D?z/,cazzﬁ (2), and that [vé|g €

STV/QV/@[U[Q?k]p(S]E (4), then 0 = 0yeps(c)p is a solution of G.

Rule [tp] (top):

Again, we prove this case for conditional rules. For unconditional rules the
proof is the same, just with the part dealing with the conditions removed from
it.

G = u = v/(top(c[v, [{ST1, ..., 5Tm}) ; ST)0u (NA) | 1 | Vi ~(tp)0
(N (Liy = riy/ ST 0,5 idle) Ary — v /ST 0, (NA) | Y9)or | 'V, (por)y =
G'o1, where:

— 7 = (Vou) dom(y) (s0 ran(y) € Vi), ¢ € R, ¢g € cg € Rp has the form
c 1 = e af N8 = r8) | ¢ ey 2 L= rif Niy(l — 1) | @
is a fresh version with some renaming ' of ¢ € R’, with dom(y') =
vars(cy) \ (dom(vy,) W VH), so ¢, = cg’y’, let I = I;

— abstracts, (ul,) = (Aw.u®;00;¢5), u° = uly[z]p with z = z4,..., 2z, and
p =DP1y---5DPus gbqOL = (/\?:1 u|p.pj)

— abstracts, (I') = ()\gj.lo;aj’;qﬁo>, I° = 1Ulylg, with g = y1,...,y, and ¢ =
Qo 0= (Niey 9 = Ulg);

— 01 € CSUp(u® =1°), 1y = 11 A ¢° N\ @S A ¢y, a0 is satisfiable;

Then G'oy ~7, nil | ¢ | Vv, let ¢ = 010', where v = (uo)y = (poro’)y =
(noo’)v, so oy, | ¢ is a computed answer for G and o, , |1 is a computed
o1

answer for G'o.

As ¥ = 1 (0u) ran(yt) then dom(y,) = dom(y}) = dom(y).

Let p : Vg, — Tx be a substitution such that 1p is satisfiable, let 6 = oy, p
and g, = (0u0\\v, s0 0 : Vg — Ts, p1 = pv,,,, 0 also 1p, is satisfiable,
and let v/ = (vp)y, where dom(v') =V and ran(v') = 0. As dom(p) = Vg,
then dom(p1) = Voo N Ve, Let po = py, v, S0 p = p1 W& py, and let
01 Vo \Vae = Ts, so dom(pr)Ndom(p}) = 0 and dom(p1)Udom(p}) = Vire,
such that ¥(p; W p}) is satisfiable, and let p' = py W p}, so p' : Voo — Ts.
We prove several intermediate results:

— As v = (uo)y, V¥ C Ve N Ve, and dom(p1) = Voo N Ve then V¥
dom(py) so, as dom (V') = V and ran(v') = 0, v/ = (vp)v = (vp1)v
(vp')y. Also, as dom(u) €V, V' = (vp)y = ((no)vp)v = (uop)y
m(op)ve.

— As dom(p}) = Vo \ Voo and dom(p1) = Voo N Vare € Vo, then oy, =
(P ¥ PV, = (P1)ve, = P1-

— As dyu = (ovep)ve, p: Voo — Ts, and V¥ C Vg, then dyu = (0p)yu,
ran(dyw) = 0, and dom(dyu) = V* (= (V'\ dom( ) Umn(u) so ran(p) C
dom(6yw)). Then v/ = (puovy,p)v = ubyu and ¢ = cov/’ = copdyn.

1N
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As U{/GIUI | 1 is a computed answer for G'oy, p' : Vgig,or — Ts, and ¥p’ is
satisfiable then, by I.H., g{/c/ o' is a solution for G'oy, let § = 010{/@ o and
o = (0,9")\v, meaning that:

(a) EO - %5/;
(b) there are closed proof trees for each open goal in A¢’, with respect to
D%,pc)a‘z/zR (=D% . cuit» We use v/ instead of (vp')y in (c) and (d)),

(c) [vdg € ST” ¢Qryd'] g, and
(d) [ryde € STV ¢ Q[lyd] g, for 1 <i < n.
Then:
(a) 1. Vw2 Q VGU implies V¢201 Q Vglgl and Vwmy Q V(;/U, SO 77[)2(5/ = 77/}20'10'(/@01 pl =
oo’ p’ = gop’, hence Ey - 1ho0p’, where y0p’ is ground, because
Vo € Voo and p' @ Vg, — Tn. As g = 91 A ¢° A ¢y, then
U = op', By F rop', Eo b ¢°op’, Ey - ¢Sop’, and Ey F ¢yop,
all ground formulas.
ii. Also as ¥y = Y1 A@° Ay, so Vy, € VeN Ve hence Vi o € Voo N Ve,
and dom(p1) = Vgo N Ve imply 10py € Ts. Then, as p' = py W pl,
we have V100" = 10(p1 W p}) = P1op1 = Y10(p1 W p2) = P1op = 16,
so By 116 (1).
iii. As 910" = 10p" and Yiop’ = 16 then 116" = 4.
(b) As in subcases (a)-ii and (a)-iii, Va C Ve N Ve implies Ad’ = Ad, and the
same closed proof trees are valid for each open goal in Ad with respect to
DR caite (2)-
(c) 1. Again, V,, C Viz N Vi implies that vd’ = vd.
ii. We prove that ST" o' = ST" o,
As 0 = (0u0)\v, 0 = Oyep, 0 = 010, 0 = ‘710{/@(,19,7 o' = (0.0 )\v,
and Vg,.» NV = (0, we have that ST”/gu(ala’)VGp = ST”/Quala(/G/al 0.
Let z € VSTD/QM‘ As VST”/gu - VSTHQ‘L C VeN Vg, then x € Vg N Vi
and Vo, € Vo, N Vg, C Vigrgy, s0 (010" )y, = zo10’ = xalo{/@/ﬂ'
C Vgo- Then, as p: Vg, — Ts,

/ _
Also z(010")v, = 20, hence V(g0
/ _ /
xo\0y, P = TO10Y, (pU

z(o10")y,p is ground, so z(o10’)y.p

/ / /
P = T0 O"z P -
1) 1 G'oq

iii. As in subcase (a)-i, V;, C Vi implies rvyd" = ryop'.
Joining all the results, we get [v8]z € ST p,,Q[ryo '], so there is a c.p.t.

F : v’
of the form —T with respect to D oy, (3)-

(d) Using the same proof as in the previous case, [r7d']z € STV o Q[l;7¢'] g,
Vieyrin © Var, and Vgp , € Vg N Ve imply [rivop e € STY 0,Q[liyop'|E,
for 1 <i <mn, where each term and strategy are ground (4).

Now:

(a) Vi, C Vg imply woy, = uo, hence uoy,.0 = uof, and u°c] =p [°0} imply
u®cl =g 1°00.

(b) As Ey F ¢200, ground formula, then u°cf = u[z];00 = uolzob]; =g,
uolu|;00]; = uoh, all ground terms.
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(c) As Ey  ¢°06, ground formula, then (°00 = U'[y|;00 = U'08[yob); =k,
U'o0[l'|;00]; = l'c0, all ground terms (5).

(d) As p: Ve = Tx, 80 uoy,p (= ud) is a ground term, then ud = uoy,p =
uoy,0 = uol =g, u®ol =g 1°00 =g, l'c0 = lyo0 (6).

We need to prove [rvap]E € [y J{ST} 0, @ [ud]p, where c[y,]{ST}" 0, =

/(9 0 ) aomoy ST 01}
As dom(y') = wvars(cy) \ (dom(y) W VH#), ¢ = cop, and dom(dyn) = VH,
then V., € dom(éyu) & dom(y) & dom(v'). Then, as ¢/ = copdyun and
dyu is a ground substitution, it follows that V.., = dom(v) & dom('), hence
Vegwy = ran(y) U dom(y") and Veow'(+8) iy = Vean()brniyy Y Vo) (18) dom(s -
Then:

— As (70)dom(y) is a ground substitution, if z is a variable in ran(y) then

Z0ran(y) 18 a ground term, s0 Viun(1)s,,.., = 0-
— As dom(y)Ndom(v'") = 0, if z is a variable in dom(v") then 2(V9) gom() = 2,
50 Viom(v)(18) gom(y) = d0m (7).
In conclusion, Viou(18) 4., = dom (')

Let v = V' (V0)dom(y) (= V' W (76)dom(y) because dom(v') N dom(y) = V N
dom(vy) = (). We must find a substitution 7 : V,,,» — Tx such that Ey +
oV'T. Let 0 = py W py W pl(= pa W '), so dom(0) = Vg, U V.. We choose
T = (V00) dom(v)y = V' (00) ran(y), 50 dom (1) = dom (') = Voo and (cov”)1 =
(cov” )y ot

We prove that 7 is a ground substitution by proving that (cov”)y'06 is ground.
Let 0" = 0vuydran(y)- As Oy and Yd,qn(y) are ground substitutions, dom(éw)
(dom(y') U ran(y')) = 0, and V,» = dom(vy) W dom(v'), then (cov”)y =
ColV (’Y(Smn W ’Y) = C 5‘/1 (ﬁ)/(smn P)/) - ngvl"r)//ﬁy(smn('y) COfY 5\/#’757«% (v) —
0" = ¢, /(5” If z € Vcwgu then as Oyu is ground, either z € Vi or z €
Vi \ Vi, because I' is the only term of ¢,y that does not appear in G'. We
check each case:

— If z € Vi then V,, C Vg, S0 zof is a ground term because dom() =
Ve U Varg.

— If 2z € Vy\ Vi, as z € Vi and, by (5), l'0f is ground, then zof is a ground
term.

We prove Eg = ¢Vt

— As ran(y) € Vi and 0 is a ground substitution, then vd,4,(,) is ground
S0, as cgl = copdyr and V" = V'Y0pan(y), OV'T = F°USyiYOran(y)T =
O OV (Yoran(y) ¥ T).

— As dywu is a ground substitution, Vieus,. C Veus,,, = dom(y) W dom(v'),
dom(r) = dom(7'), and dom(v6yan(y)) = dom(7y) then ¢°udyu(Y0ran(y) ¥
™) = Gy 8V 87) = 9((00)yn BY(0P)raniey #7) = (0B
V(00 ran(y) WY (00) ran(y))
because as ¢°ud”T is ground, it remains the same if we substitute the
occurrences of p, ground substitution, with 6 = p & p'.
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— As (00)yw is ground then ¢°u((00)vey(00) ran() Y (00) ran(y)) = ¢°u(y'W
~v)af, the last equality because as the formula is ground, no new instanti-
ation will come from an unrestricted substitution.

— As dom(y) N dom(v") = 0 and dom(y) N ran(y’) = 0, we can apply the
substitutions one after the other, so ¢°u(y Wvy)od = ¢uy'vol = ¢yob.

— As Vo C Vo, p' - Ve = Ty, and 0 = py W p' then ¢yob = ¢yop'.

Joining all the equalities, we get ¢°v"'T = ¢yop'. Then, as Fy = ¢yop/, also
Eo b oV'r

Now, we prove the existence of a needed derivation rule in D;i Callp- NS O =
(0u0)\v and v" = (ud)y, both ground, J, Vir 0, € Vg, and 6 : Vg — Tz,

then ST! 0,0 = ST" 0, and VSTV =0, for 1 < < m, and (c[y,])"0.0 =

C”[('Y#Qu)dom(vﬁ)]é =ctyld =" [(75)d0m(7)]-
Recall that ¢y € R has the form ¢ : 1 — rif N (I — r§) | ¢° and
V' = V"Y0an(y). As T Vo = Ts, Eo B ¢oV'7, V"1 and rv"'71 are terms in
Hy, € is a position in pos(I°v”'7) such that (I°"7)|. = I°V'7, and ST g, are
ground strategies, then there is a derivation rule
V"' — V"' | STY 0y - - 160" — r¢ V"1 /ST 0
lev't — TCV”T/C[(’YCS)dom(,Y)]{S_TV, 0}

n D%,Callg'
Now, as:
— V' = V' W (Y0)dom(y) is ground, v’ = pdyu, & = oy,p, 0 = pW pj, and
dom(dyu) = V*,
— 7 =9(00) ran(y) and dyu W (70) gom(y) are ground substitutions,
— o Ic—=rif N (I§ — 1) | ¢¢ and cor'7 is ground,
—cy:l—=rif Nl =) | ¢, and
— ¢y is a fresh version of ¢f except for dom(y) W dom(dyx), with renaming
v s wars(cy) \ (dom(y) W dom(dvu)) — vars(cy) \ (dom(y) & dom(dyn)),
then, cov"y' = (V" W) = co(V' & (76) dom(r) W) = Co((Mvau) (76) dom () ¥
v') = b (0vrB(V0) dom(y)WY) = ¢y (Svut(Y0) dom(y) ), 50 coV'T = o'V (08) yan(yy =
Cyr (O B (10) dom() ) (00) ran(yr) = €y (dvu W (¥0) dom(z) W) = ¢y (W (76)Wal)) =

v ((ovep) W (Yovep) Wol) = cy((op) W (yop) Wab) = cy((00) W (vob) Wol) =
cyyob, all because cor’'7 is ground, and we can write the derivation rule as

Liyo8 — 11700/ STY 0y - - - Lyyo® — 10,y30/ ST, 0,
tyot — 1900/c[(Y0) domy {ST" 01/}

(7)

Also, as &' = o010y, (s Viortiver € Voo, [rind]e € STY 0,,Q[l;7d") g, for
o1

1 < i < n, where each term is ground (4), 0 = 010’, and 6 = p' W py, then

rivd’ = riyooy,, p’ = riyoo'p = riyop = riyof (and [yd = liyob), s

[rivollg € STY gl,/@[lﬁaH]E, and there are closed proof trees of the form

F
: , with respect to DY,
lino—riva0/STY o, b R,Callr "

—
ud—=1700/c[(V6) dorm () [ {ST 0,1} T'yop’—w&/ST”/gl,/
7V’
uéﬁvd/(c[(ﬂ/a)dom('y)}{ST Qu’} ;STV/ Oy

There is also a derivation rule

l/l . .
D% cainy» @S seen in Section 6.4.
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14.

F
r'yap/ﬁv(s/ST”/ 0,
to D%,Cazzﬁ (3). As ryop' is ground and 6 = p’ W py then ryop’ = ryof, hence
Y
T’ya@—)vé/S’T”/ 0,

We also know that ud =g ly00 (6), so we can apply the derivation rule (7)
to ud and ryof, and construct the c.p.t. for [vd]g € (c[v[{ST})"0,0 Q [ud]E,

ie., [v]g € c[yémn(w]{S_TV,Ql,/} Q@ [ud]p with respect to D%Ca”?z:

We already know that there is a c.p.t. of the form with respect

is a c.p.t. with respect to D%,cazzR-

Ll Em
ll’Yff@—WﬂU@/ST’f,@l,/ lm’yoﬂ—Wm'yae/ST%{eV/ F
—_) !
u6—>r’ya€/c[('y§)dom(,y)]{STU o} ryo0—v8/STY o,

ud — vé/c[(vd) dom('y)]{ﬁy o} ST 01

As we have shown before that Ey F ¢4d (1) and that there are closed proof
trees for each open goal in Ad with respect t0 DY ¢y (2), then § = oyarg(c)p
is a solution of G.

Rule [c1] (call strategy):

There are two versions of the rule where in Callz we have either (a) sd CS :=
ST, or (b) sd CS(z) := ST}.

(a) G = wg — v1/CS*0, ;ST 0, (NA) | ¢1 | V,u, where CS*p, = CS*,
G ~peqgur = v1/STo ;ST 0, (NA) [y | Viu =G and G' ~1 nil | 1) |
V,v, where sd CS := ST, € Callly, v = (uo)y, and ST is a fresh version
of STy, with some renaming ~/, where dom(y') = Vspr, \ V¥, so STy =
ST17', hence oy, [ is a computed answer for G and oy, [ is a computed
answer for G'. As Vg = 0 then Vg € Vi, so ran(oy,,) C ran(oy,,). Then:

i. as sd CS := ST, € Calll, then there is sd CS := ST, € Callg such
that ST = STy, hence STy = ST = SThHy = (SToy')*, since
dom(y")NV*# = and ran(y") N dom(u) = 0, and

ii. as dom(g,)NV* = (), invariant for admissible goals, and ST, has only
new variables except for V#, then STy = ST50, = (SToY' )"0

Let p : Vg, — Tx such that ¢p is satisfiable, let 6 = oy p, s0 d : VG - Ts,
and let v/ = (vp)y, where dom(v') = V and ran(v') = 0. Let p; :
Voo \ Voo = Ts, so dom(p) N dom(p1) = 0 and dom(p) U dom(p1) = Vo,
such that ¢ (p W py) is satisfiable. Let p/ = pW py, so p' : Vg, — Ty,
and let ¢' = oy, p, s0 &' : Voo — Ts. As dom(V') =V and ran(v') = 0
then (vp')y = (vp)y = V. Then GO’ = Goy,p = Goy,(pWp1) =
G(ovs Woy \ve)(pWp1) = GlovzpW oy \vep1) = Goygp = Gg-

Fy

2
/ . ulélﬁt/(STo'y/)VlQV/ t%vlﬁl/STV,gu/
By L.H, Ey - ¢1¢" and there is a c.p.t. d s ST ST g for

some term t € Hy and appropriate F; and Fj, with respect to D%,Calln'

By Lemma 13, there is also a c.p.t. of the form Tt/fm'

As CS” 0, = CS, (SToy)” = STY +, since (dom(y') U ran(y)) NV = @
uy8'—t/CS Hula’/ST ’gy and —t/STY

and there are derivation rules

u15’~>v15’/(CS ST) ul 5’~>t/CS )
, U15’%t/(STo"/ ! Fo
U15/~>t/(ST0'y’)V . u18’—t/CS t~>v15’/STV/Q f

. l/, v .
ie., in D% oy then isac.p.t.,

w16’ +1/CS
so v10’ € (CS ; ST)" 0,,Quy b’

u18'—v18' /(CS ;ST) o
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As G&' = G4, this is the same as v,6 € (CS ; ST)" 0,,Qu;6 and Ey - 1,0,
SO Tyars(G)p is a solution of G.

G = u — v /CS{E) "0, ;5T 0, (NA) | 1 | V,pu, where CS(t) 0, =
CS*(tpon), G ~er) 1 — v1/SToy ;ST « (NA) | ¢y | Vo = G, and
G' ~} nil | | Vv, where v = (uo)yv, we let o, = (0,0)\v, sd CS(Z) :=
STy € Cally, v ={z — tpo,}, STs is a fresh version of ST, with some
renaming 7/, where dom(y') = Vs, \ (2 U V#), so STy = ST17, hence
ov|Y is a computed answer for G and oy, | is a computed answer for
G'. As Vign(ine,) = ran(y) and & C Vgp, then Vi C Vi, so ran(oy,) C
ran(ovy,,). STy = ST,[Z'];, for appropriate 7’ and p, where 2’ = 2 and
VSTQ[]ﬁ NT = @7 SO STQ’}/ = STz[f/]ﬁ’}/ = STQ[CE'/’)/]Z;.

Let 7o = {Z — t}, so @’y = Z'yopo,. Then:

i. as dom(p,) N V# = (), invariant for admissible goals, and ST,[]
has only new variables except for V¥ then STs[l; = ST2[|;04
ST0ullp = ST 0ullp, and

il

ii. as sd CS(z) := ST, € Callf, then there is a definition sd CS(z) :=
STy in Callg such that ST% = ST;. Then, we get SToy = STs[T'7]; =
ST 0ul@'lp = STV 0ul¥]5 = ST4Y 0ul@V0100,]5 = .
(STHY [ voulp) 0w = ((STov ) @ voulp) 0w = (STo'[3"70]p)" 0us since
dom(y") N V*# = and ran(y") N dom(u) = 0.

Let p: Ve — Tx such that vp is satisfiable, let 6 = oy, p, so 6 : Vo — Ty,
let ' = (vp)v, where dom(v') = V and ran(v') = 0, and let 0, = (0,p)\v-
Let p1 : Voo \Vao — Ts, so dom(p)Ndom(pr) = 0 and dom(p)Udom(p;) =
Ve, such that ¥(p W py) is satisfiable. Let p' = pW py, so p' : Voo, = Ty,
andlet &' = oy, p/, 500" : Voo = Ts. As dom(v') = V and ran(v’) = () then
(I/p/)v = (V,O)v =v. AISO, as Vg C Vi and dom(pl) = Voo \ VG’m then
G = Govy,,p' = Goy,p' = Gop' = Go(pW p1) = Gop = Goy,p = G6.
L)

Fy

/ w18/ —sw /(ST [#/v0)p)" 0,y w—v18' /ST 0
By LH, Ey F 91, so w6 (S Toy o0l ST 0 is a c.p.t., for

some term w € Hy, with respect to D%,Callg' As p, is idempotent
and p is ground then p, is also idempotent. Then, as v/ is ground,

AN _ : F
dom(V') = V,;ﬂld dom(o,) NV = (), we can write ’Uzlls,—)w/(STO;/[j,'YO]ﬁ)V/Q,/
1

- —. Let o be a renaming such that dom(a) =V, ,
urd'=w/(SToY [Ev00,/15)" 0,1 v
and ran(«) is away from all known variables. By Lemma 12 there is a c.p.t.

as

Fs
of the form S S ToT e ) (e Now, we can apply Lemma 13, so
there is also a closed proof tree of the form Fa . This

w16’ —w/(STo [ 700,/]5)"
c.p.t. shows that partial generalization of dom(o,/) is also valid.
As (SToY'[T'v000]15)" = STG ' [T 000V ] = STg v [T 70V 0] = ST (YU
7"}, where v = {Z ~ t/9,/}, since (dom(y') U ran(y')) NV =0, v/ is
ground, dom(v') = V, and dom(o,) NV = 0, and also CS(1)" o, =
w1 ' —w /ST (v'Uy'")
u1d’—w/CS(t' 0,1)

CS(tV o,1), then D%,Cauﬂ has derivation rules or, equiv-
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u16’~>w/(ST0'y’[a’:”yogu/}ﬁ)”/ w18’ —w/CS(tv o,1) wﬁvlts’/ST”/gy/ Then

alently, u1d—w/CS[t'0,) and w16’ =016’ /(CS (1) ;ST)" o
Fy
ulﬁlﬁw/(STQ"//[fleQul]ﬁyll 1)
w16’ —w/CS (v 0,) w—v18' /ST g,

U15/ — ’01(5,/(05('[) ; ST)VIQV/

is a c.p.t., so [118']g € (CS(f) ; ST) 0,,Qu18']|p. As G§' = G4, this is the
same as [v16]p € (CS(1) ; ST) 0,,Q[u1d]g and Ey - 9,6 is the same as
Ey =110, 50 Oyars(a)p is a solution of G.

15. Rule [¢2] (call strategy):

G =wu —v1/CS({) 0, ST 0, (ANA) | 1 | V, pu, where CS(t)" o, = CS*(tpou),
G ~peg) Nioy (Y'Y = rjy'y/idle) Aug — 01/ SToy; ST 0 (NA) [ b | V=
G, G ~7% wo' — vo'[(STyy ; ST eu)o" (NA') | s | V, (uo')y =
and G" ~7%, nil | ¥ | Vv, let 0 = 0’0", where v = (uo)y, csd CS(z) :
STy if C € Cally, C = NjLl; = 15 Ao, v = {T = tuou}, let C =
I,7,¢, STy if Cv' is a fresh version of ST, if C, with some renaming 7/,
dom(y') = Ver, o \ (T UVH), so STy = ST, s = 1 A ¢y, and ¢35 =
a0 Npy = 10" Npy'ya’ Aipy, for appropriate 14, hence Viynor € Virgr C Vi,
let 5 = ¢7'v0" Ay, oyl is a computed answer for G, and oy, [ is a
computed answer for G’, where v = 30" A 1g, for appropriate 1. We let
Oy = (QMU)VG/\V-

By invariant 11, G has the form Gfo,, so (u,v1,91) = (uo,vo, Vo) po,, for
appropriate ug, vy, and vy, and there exists Ay such that A = Affp,. As
Vos (g, = ran(y) and & C Vi, o, then Vo C Vi, so oy, = (ov, )y, and G
has the form GYg,, where g, = (0u)vs,\v, by invariant 11. Also by invariant

I
<

11, G” has the form G’Q‘lgu/, where 1 = (uo’)y and g0 = (0,0")vg,\v- Then,
U3 = 10" N5 = (Yopou)o’ Abs = o’ 0, A5 has the form (Yo A o) oy, for
appropriate ¢g, and (uq,v1)0" = (ug, vo)po,0’ = (uo,vo),u’g”/, so Vi, € Vi,

hence Vg = VGSQH - VG/;QH, Voo C Vgggug VGSIQ = Vg, and Vg, C
w!
VGQQM” - VGSQMUIUN - VGg’QulO’” - VG”OH'

(STo,C) = (ST.[7];, Clz");), for appropriate (z”, %', , p), where Vst cn,"

& =0and U3 = &, and Cy = C[z " = C”y[ "ys = CV'[Z "]g, since
dom(y')NE = 0, 50 (ST2, Cv')y = (ST2[z']5, O ["]g)y = (ST2[Z'"]5, Cv'[Z"]o)-
Let 79 = {Z — t}, so 'y = Z'yope, and 7"y = 7"yopo,. Then:

(a) as dom(g,) NV* = 0, by Proposition 20.6, and (ST, C7'[];) has only
new variables except for V*, then (STQH;NC'Y l7) = (ST3[l5 C¥']7)0u
(ST20ullp: Cv' 0ullq) = (STl'Y/QltHﬁv Cv'0ulq), and

(b) as sd CS(z) := ST, if C € Calll, then there is a call strategy definition
sd CS(z) := STy if C' € Callg, C' = NI 15; S A, let O =

I',#,¢, such that (STy, C')* = (ST1,C), so C'p = 6 =

C'u = Culz",; and C = C'[z"),, since dom(p) N & = 0.

dom(v)NV# = and ran(y') N dom(p) = 0:

— 8Tyy = STola'y]y = ST1v 0ulz"V]5 = ST [ v0plp0u =
STy 2 vomlpon = (STo [2"70]p)" 04, let ST = SToy'[Z'y0)p, and

Clz"];, hence
T

hen, since
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- Oy =0yt = Cl’/gu[”’ Mg = "9 0u[E"]g =
C"y 0ul"vopeuly = C"y (1" v0ilg0n = (O 17" 0]q)" 0 =
(C[@")g10) 0 = (C'l2")7'10)" 0u = (C'v'70)"0

As G" = Gg‘lgw, then Gy = ug — vo/STq; ST (ANAy) | Yo Ao | V, none, hence
(STy; ST)" g, is a strategy in G”.
Let p : Vg, — Tx such that 1p is satisfiable, let 6 = oy, p, so 6 : Vo = Ty,
let v/ = (vp)v = (uop)y, where dom(v') = V and ran(v') = 0, and let
0y = (Q,,p)VGl\V = (guap)VGl\V. As dom(p) = Vg, and Vg C Vet 80 Voo C
VG‘Q‘QHU = VGSQMU’U” = VG110H7 then dOm(p) Q Vgl/O'//. Let pP1 Vgﬂgu\VGg — 7'2,
so dom(p) N dom(p1) = 0 and dom(p) U dom(p1) = Vgren, such that ¢(pW py)
is satisfiable. Let p' = p W py, so p' : Vgrnen — Tx and p’VG = p.
By LH., as p/ : Vguer — Tx and )y’ is satisfiable, of, /p is a solution for G”,
let & = UVG/,p’, so ¢ : Vgr — Ts and 910’8 is ground As dom(V') =V
and ran(v') = 0 then (vp)v = (vp)y = V. Also, as VG(,/ C Vg and
dom(p1) = Vgror \ Vgo, then Go'd’ = Go'oy, o = Ga’a(} o= Gdo"p =
Gop = Go(pwWp,) = Gop = Goy,p = G6. Also as Vi, C V(;, so Yo'’ = 6,
and 0’0" is a subformula of ¥p’, so 110’¢" is ground and satisfiable, then
Eo - 116.
As & is a solution for G = G4 gy and Gy = ug — vo/STh : ST (A Ag) |
Yo A ¢o | V, none, then [voi 0,85 € (STh ; ST 0,08 Qlugp 0,48") & (). Now,
as (uo, vo)ptoy = (ur,v1) and &' = oy, ¢/, then we can write () as [v1d'] €
(STy; ST)“,QMU(;G,,PI@[UNY]E (1)
As (ST}, ; ST)* 0,0 € G", then (ST} ; ST)“/Q“/J(}G”,O’ = (ST} ; ST o p =
(STy; ST)* Ou a’a”p’ = (ST4; ST ) ouop" = (STg; ST) 009" = (ST4; ST) 0up =
(ST}, ; ST) 0./, because Gop' = Gop and (ST} ; ST)" 0, is a strategy in Go,
so we can write (11) as [v10']g € (ST} ; ST)" 0,,@Q[u,8'] 5, hence there is a c.p.t.

F Py

u16/—>w/(ST6)V/gV/ u)—>'U15//ST”lgV/ : v/
w8018/ (STL5T) 0 , for some term w € Hy, with respect to DR,CallR'

As p, is idempotent and p is ground then g, is also idempotent. Then, as v/ is

ground, dom (V') =V, and dom(p,) NV = (), we can write ulé/%w/ﬁ,%)y,gul as
By

TS ST e o Let a be a renaming such that dom(a) =V, , and

ran(a) is away from all known variables. By Lemma 12 there is a c.p.t. of

3
the form b0/ (5Ter 0o (e Now, we can apply Lemma 13, so there
is also a c.p.t. of the form £

u1§/—)w/(ST0’y’[i/’yogu/]p)”/
As G’ ~*, G" and all the calculus rules apply always to the leftmost open goal

of any goal, then also G" = AJ_,(l;y'y — r;v'v/idle) | ¥ | V,pu ~7%, nil |
Yoo’ by |V, (po')y. Then, by LH., for every substitution 6 : Vgme — Tx such
that (20" A1p4)0 is satisfiable, oy, 0 is a solution of G, so I7/y0'0 = 7'v0'0
().

Let 7" = {z = 1/ W 0,)}, s0 CS” (1 0,) = STV " if (C")'5", let C" =
(CY (v uUy")=C"V'(y U~"), and let 9" = ¢’d’. Then:

_ Cﬂée'c” — C//a// _ C/ ,<’7/UP)/,)5” _ C/V/(,ylu,.)/i/)5// — C/V/[i)”:l(j(’_}/uf}//>5” —
C/’}/V_ll:_”]quﬂéﬂ _ C/ [ (l/ UQV )] 5// _ C/ ,[t(QV ]qV/(S” _ C/ /[tQV ]qy 0_/5/ _
C'Y'[tos)g'o’oy, ,p' since (dom(v') U ran(y)) NV = 0, v is ground,
dom (V') =V, and dom(g, )NV =1,

— Cy'y = Oy = Oy = O pl@ gy = C'Y ultpeuls = O [tolan =
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C"y'[t(0u)ve,\v]ght, because 7' is a renaming such that (dom(v')Uran(v'))N
(dom(p) Uran(p)Uz) =0 and V; C Vg, \ 'V,
—as Cv'y = C"Y'[t(ou)ve,\v]atts Voyner € Var, 0 = 0’0" is idempotent,

and o'oy, = is a restriction of o, hence also 1demp0tent then Cv'yo'd" =

Co/rool, i = OV He v, wlano ol ' =
Cy [E(0u0" 0, o, a0, o' ol pf =
' (040 0" v Vg (po'a”)vo'ov,, "=
'Y [t(euo)ve, \v]g(no)va'oy,, p'; and

— as p' = pWpy, and p is ground, then C"'[t(0,0)vg,\v]g (/w)va’a{} =
CY'[t(ouop)ve,\v]g(nop)va'oy o = C”V’[t@y]qV’a’Uﬁ W

so C"oy_, = Cy'y0’'d". As Cy'y0’d" is ground, then oy is ground, i.e., oy, :
Ve — Ty, and ¢y'~yo’d" is ground.

As p’ is satisfiable and p’ = 30" p" A gp’, then also 30”p" = (g0’ A
U)ol = (430" Nx)oT ! = (a0 An)8 = ((111\67'2)o" )8 s satistable,

so ¢ 70’5’, i.e., y'v0”, is satisfiable. As ¢v'y0'd" is also ground, then FEy
¢y y0".

By (1), as (a0’ A 9,)d is satisfiable, [Y'y0'd' =g 7y'y0'd, ie., 770" =g
7y/'v6".  As also CS(t)” 0, = CS(t'p,), then there are derivation rules
ulé’%w/STgl('y’Uﬁ/’)é” e ulé/—mu/(STO'y’[a‘c/'yggu/]ﬁ)”/ u1d’' —w/CS{EV 0,1) w—>v16’/ST"lgV/

U15/—>w/CS(£V/,QV/) ? T u15’—>w/ CS(t_V’QV/) ’ and ulé’avlé’/(C’S(E) ;ST)”/ %
Fy
w18 —w/(STo~ [2/v00,115)" Fy
ulélﬁw/cs(f’//@,j/) w~>v16’/STV/g ’

in D%,OGHR, so there is a c.p.t. v and v10’ €
(CS(); ST)” 0, Quy 6.

As G&' = G6, this is the same as v;0 € (CS(%) ; ST)" 0,,Qu,0 so, as Ey - 1,6,
Tvars(c)P 18 & solution of G.

u18' =18’ /(CS(8) ;8T 0,

16. Rule [m] (match):
G =uy — vi/(matchty s.t. AT (G = 15)AQ1; ST) 0, (AA) [ 1 [V, pt > o
(A2 (l; — r)/idle)to, A uy — vl/ST“QM (ANA) | ¢y | Vip)oy = Gloy,
let t = t0,, & = ¢lo,, | = ()"0, and 7 = (¥)"g,, where abstmctgl(t) =
(AT.t°;0%¢°), t° = t[T]g, withz =21, .. .,;yand ¢ = q1, ..., q, ¢° = (/\ lxl =
t|q1')7 hence Vo U V¢o =V U(i’, o1 € OSUB(Ul = to)7 ’QZ)Q = 77/}1 VAN gb/\ gb
Vi C Vi, ooy is satisfiable, and G'oy ~1, nil | ¢ | V,v, let 0 = o107, Where
v = (uo)y = (uo10’)y, so oy, | ¢ is a computed answer for G and a{,Glal K%
is a computed answer for G'o.
Let p : Ve — Tx be a substitution such that 1p is satisfiable, d = oy,p,
sod: Vg — Ts, p1 = py,,, s0 also Yp; is satisfiable, v/ = (vp)y, where
dom(v') =V and ran(v') = 0, and 0, = (0.0)\v. As dom(p) = Vg, then
dom(p1) = Voo NVare. Let py = pyg v, 50 p = p1Wps, and py : Vo \Vae —
Ts, so dom(p1) N dom(p}) = 0 and dom(p1) U dom(p}) = Vgio, such that
W(p1Wp)) is satisfiable, and let p' = pyWp}, so p' : Vg, — Ts. By definition of
v and py, ran(v)U(V\dom(v)) C dom(p1) so, as dom(v') =V and ran(v') = 0,
V= (vp)y = (vpr)v = (vp)v.
By LH., as p' : Vigrg,or — Tx and ¥p' is satisfiable, 0{/0,01 P’ is a solution for
G'oy, let § = Ula{/c/alp,’ o' = (00" )\v, and p" = (5(/;‘%[’?\‘,@.
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As in rule [i1], if then else, and using the fact that Vi, C Vi, we have the
following intermediate results:

— (ud)y = (ud')v,

— Vieoine € Voo,

~ Vo S Vit o iimes

= Vi o0, 07,7 )0 \ V@u%i’f)”’ C V# and

— (t,9)op" = (t1, 1) 0vp".
Using the proof for the last result we also get (I, 7)op’ = (I',7)" 0, p".

As a{/G,UI p' is a solution for G'oy then, by I.H.:

(a) EO - ¢25/7 i'e'a EO - (¢1 A ¢ A ¢O)5/7
(b) there are closed proof trees for each open goal in Ad’, with respect to

D%%L‘ﬁn (:D%,CallRJ we use v/ instead of (ud’)y in (¢) and (d)),

(¢) [110']p € ST ¢'Q[uy 8], and
(d) [rjd'g € idle@[l;0'] g, for 1 < j <m, i.e., 16 =5 78,
S0:

(a) 1. Vi, C Vi implies zbgala{/Glgl = 010’ = 90, S0 Ey - 1pyop’, where
Yoop’ is ground, because Vi, C Vi, and p' @ Vi, — Ty, hence
Eo Enop, Eg F ¢°op', and Ey F ¢op/, all ground expressions.
ii. Vo € Vi and dom(p) = Vi, implies 0p € Ty so, as p' = p W pf,
Prop' = ro(pW p)) = rop = 1, hence Ey 110 (7).
(b) Asin subcase (a)-ii, Va C Vi implies Ad’ = Ad, and the same closed proof
trees are valid for each open goal in A¢d with respect to D%,Cauﬁ (t1)-
(c) Again, V,, 4, € Vi implies that v;0’ = v;d and u10” = uy0. Then there is

F . !
a c.p.t. of the form ———=———_ with respect to D% .
b u15%v15/ST”l,Q/’ P R,Callr

(d) As (I,7)0" = (I, f)ala{/clclp’ = (I,F)oro'p = (I,F)op’ = (I',7)" 0,p", then
)" 0wp" =5 ()" 0p".

We prove (a) ST 0,p" = ST” ¢ and (b) p” : Vioir \ Vo = Tx:

(a) As 0 = (0u0)\v, 0 = oyyp, 0 = 010, 0 = 010{/Glglp’, o' = (0u6")\v, and
Ve NV =0 this is the same as ST 0,(c10")v,pp" = ST”IQMUlo{/G/U1 0.

Let y € Vg , 80 y ¢ V. There are two options:

TUIQH

i. y € Vg Then Vo, € Viy, C Vg, 50 y(010” )y, = yor0’ = yala(,G, .

o1

Also y(ala’?VG = yo, hence V(s 07),. € Vio. Then, as p: Voo = T,

y(a10")vep is ground, so y(o10")vepp” = y(o10")vep = yoroy, p =
yoroy,, (pUp) =yoioy,

ii. y ¢ Vg, so y(010')vy = y. As ran(o) N Veru,, = 0 and Vorvy, S
Vspu,, then ran(o) N Vorv' g, = 0 soy ¢ Vg, and, as dom(p) = Vo,
y(o10")v,p =y. Then:

A if Yy < V;f,qﬁ,Zf then y(O’lo'/)VGpp” = yp// = y(s{/z@,l_,f\VG = y5/ =

yoioy,, p, ground term because Vi, C Viysine S Voo, and
91 s @by

/0/ : VG’U1U’ — 7%]7
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B.if y ¢ Vigir then yloro')vepp” = yp" = yoy, v, =y As
dom(oy) € Vo, UVee) € (VaeUVipUZ) € (VgUV, 477U 2T)
and y & (Vg U Vigry) then yoo =y so, as ran(oy) N Vg, = 0,
Yo ¢ VG017 and Z/UlU(/G,UI =Y ¢ VGald/G/ 50, as p, : VG’alcr’ — 7727
yo-lo-(/clo'l pl =Yy= y(O'lO'/)VGppH.
(b) As dom(p") C (Vipir \ Vi) and, from (aiiA), y € (Vigrr \ Va) —>
Vypr = 0 then dom(p") =V, 47\ Vi, hence p” 1 V, 4 7:\ Vo — Ts.

Now, we prove (a) dom(p") = Vi, 4, 7. (b) Eo - ¢¥ 00", and (c) w10 =g

t'flgl,/p”:

(a) As dOm(p”> = ‘/;,¢,Z7F\VG’ V(t1,¢1,l_/,77/)”/ < V@h%i’f’)“’ V(t1,¢>1J’f’)“\‘/’(tlﬁl,l_’f’)“' <
Vi C Vg, and dom(g,) N V¥ = 0, then dom(p") = Viysirm \ Vo =
Vit 60,0 7)o, \ Vo = ‘/(t1’¢17l’/’7:/)u’gﬂ \ Vo Also, as 0, = (0.0)\v and
‘/(t17¢1,[’77*’)”/mv - @, then Vv(h,%f’f’)”’@w - V(h:(ﬁlj’f’)”/(gu(s)\v - Vv(h@lj’f’)”’@ufs’
s0 we prove Vi, o oy s = Vi o 7, \ Ve, which s trivial, since
0: Vo — Ts.

(b) Immediate, since Ey - ¢op’ and ¢op’ = ¢¥ 0,0,

/
Vi

(c) uyoy =p t°cy and 0 = 010" imply w0 =p t°0 50, as Vi, C Vi, u10ars(c) =
wo =p t°c. As p: Vg, = Ty, 50 uioy,p is a ground term, and p’ = pW p}
then w10 = wyov,p = woy,p' =p t°op’ = t[z|gop = top'[zop'];.

As Ey - q/boa,o’ then top'[zop']; =5 top'[tlgop, ... tlgopls = tgp’[tapﬂq]q =
top’ =t o p”, because tap’ = t7 0,p", so u 0 =p t°cp’ =g, t4 09", ie.,
’LL15 =F t’f/Qu’P”-

Then, as p” : ‘/(t17¢17l-,77-1/)1,/gyl — Ts, Eo - ¢% 00", and (I 00" =5 (7)) 0,p",

there is a derivation rule

!
Dy for some term w
w—w/match tT/gyz s.t. qbll’,gy, € R,Callg

! !
such that t} 0, p" =g w. As u10 =gt} o,/p", then
F
u10—u1d/match t’fl.g,// s.t. ¢>’1’/gul u16—>v16/ST”/gul

w6 — vyd/match t¥ o, s.5. ¢ 0,3 ST 0,

is a c.p.t., p: vars(Go) — Ts, ¥p is satisfiable, Ey F 919 (1), and there are
closed proof trees for each open goal in Ad with respect to D%@azzn (11), hence
Tuars(c)P 18 a solution of G.

17. Rule [w] (matchrew):
MS = matchrew t; s.t. C; by z; using ST, ..., 2, using ST, let z = {z1,..., 2.},
where t, = t1 2], for appropriate p = {p1,...,pn}. G =u1 — v1/(MS; ST) 0, (NA) |
Yy | 'V, p, where Cy = /\Tzl(l; =715 N1, let t = 1o, ¢ = B oy, [ = ("o,
and 7 = ()" g,,.

Now, G ~pjo, (Njoi(liy — 7yv/idle) A AL (zi — vi/ST} 0u7; idle) A
tyls = vi/ ST 0, (NA) | o | V, n)oy = G'oy, where T and g are fresh versions
of z, v is a renaming from Z to Z, abstracty, (t[z];) = (A\2.t°;0°%¢°), t° =
t[zl, .. ,Zl}qlmql, (bo = (/\izl 2y = t qi), 01 c CSUB(Ul = to), wg = wl A (b A ¢O,
so Vo C Vi, 1901 is satisflable, G'oy ~%, NIy (2 — i/ STV 0,5 idle)ooa A
(tlyl; — vi) ST 0u)o109 (A Aoyos) | Y3 | V, (poroa)y = G”, and G ~7,

0.//
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nil | ¢ | V,v, let 0/ = 090" and 0 = 010', where v = (uo)y, so oy, | ¥ is a
computed answer for G and a(/clq | 1 is a computed answer for G'o;.
Let p : Vg — 7Ts be a substitution such that 1p is satisfiable, d = oy, p,
so d : Vg = Ts, p1 = pv,,, 50 also ¢p; is satisfiable, and v/ = (vp)y,
where dom(v') = V and ran(v') = (. As dom(p) = Vi, then dom(p) =
Vae N Varg. Let py = pysv,, 50 p = p1 W py, and pf : Voo \ Voo — Tx, s0
dom(p1) N dom(p}) = 0 and dom(p1) U dom(p}) = Ve, such that ¢(p; W p)
is satisfiable, and let p’ = p1 & p}, so p' : Voo — Ty, &' = oy, p', 0 = &y, and
0y = 0y, . By definition of v and py, ran(v) U (V' \ dom(v)) C dom(p:) so, as
dom (V') =V and ran(v') =0, v/ = (vp)v = (vp1)v = (vp')v.
By LH., as p' : Vigrg,or — Tx and ¥p' is satisfiable, a(/—G,al P is a solution for
G'oy, let 0 = 010{/G,01p’, o' = (0,9 )\v, and p" = 5(4@,[,;\‘/0'
As in rule [m], match, we have the following intermediate results:

— (ud)y = (ud')v,

— Vieoine € Voo,

- V(n,@,l",%’)ﬂ’ c V(tl,qsl,Z’,F')M

= Vvt \ Vi ooy © VH, and

— (t,,1,7)op = (ty, 1,1, 7) 0 p".

As a{/G,UI p' is a solution for G'oy then, by I.H.:

(a) EoF od, ie., EoF (Y1 A g A ¢°)d,
(b) there are closed proof trees for each open goal in Ad’, with respect to

D%%L‘{ZR (:D?z/,cauna we use v/ instead of (ud’)y in (c)-(e)),

(c) [1d]g € ST” ¢ Qt[7]0"] &,

(d) [r;0'|p € id1e@[l;0|g, for 1 < j <m, i.e., 1§ =g 7', and
(e) [:0]g € ST ¢'Qlx;8'] g, for 1 < i < n,

so:

(a) 1. Vi, C Vi implies 1/12010(/G, = 9010’ = 0, s0 Ey - Ye0p’, where
Yoop’ is ground, because Vi, € Vi, and p' @ Vi, — Ty, hence
Ey b aprop', Eg - ¢°0p’, and Ey & ¢op/, so also Eg = ¢¥ 00" (1), all
ground expressions.
ii. Vo € Vi and dom(p) = Vi, implies y0p € Ty so, as p' = p W pf,
iop’ = ro(pW pi) = throp = 116, hence Eg b 110 (17).
(b) As in subcase (a)-ii, Va C Vi implies Ad’ = A¢, and the same closed proof
trees are valid for cach open goal in A with respect to D% . (111).
(c) Again, V,, C Vi implies that v;0’ = v;0. Then there is a c.p.t. of the

form £ with respect to D% X
tg]p0'—v16/STY o p R, Callr

(d) As (I,7)8 = (1, f)ala(/clalp' = (I,P)oo’p = (I,7)op’ = (I',7)" 0,p", then
(l/)u’ Qu’P” =5 (F’)”lgy/p".
(e) As in the previous subcase, (zZ,%)8' = (Z/,%)" o,p”, so there are closed

F. . .
roof trees of the form i for 1 < ¢ < n, with respect
P e 0,1 p"—y! 0,00 [STY o' - = P

U/
t0 DR Catir, -
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Using the same proofs shown in rule [m], match, we get ST o,p" = ST ¢/
and p" 2V, y1-\ Vo = Ts.

Allso using these proofs, we get: (a) dom(p") = Vi, 4 7.7)p, (b) Eo F
(bT Qu’p”7 and (C) u15 =F tlf Qu’p”

AS Vi 600y 0,0 € Vitron iyng, S Viseo,, then pVMS“ =p", 50 mn(p'(/mugu) C
Ts C Tu(X) and, as t; = [z ]p, () 0w =5 (7)o and By - 6 g0

! ’ ’ / ! !
@} 00" =y @ufp”/STT o'y op =y ey p” /STy @
t 0,00 —t1[5]% 0,0 0"/ MSY of

(1), there is a derivation rule
Vl
R, Callr "

A]_SO U154)t1[ﬂ%lgy/p"/MS'/Qy/ tl[Q]g,gylpﬁﬁv1§/STyl,Qy/
u16—0v18/(MS ;ST) o

AS u16 =E tll/gl/’p//7 then

. . . . V/
is a derivation rule in D g, -

| Iy
/ 7 / 7 /7 /
¥ o 10" =y e, 10" /STY o wio, 10" —yy e,0"/STY, o r
1 ! 1/ /
u1d—t1[gly o0, p" / MS 0, t1[gly 0,1 p” —v16/STY o,

w1 — 0,0/ (MS ; ST) 0

is a c.p.t. with respect to D} cuy.- As p i vars(Go) — Ts, ¥p is satisfiable,
Eo 116 (T1), and there are closed proof trees for each open goal in Ad with
respect 10 D cq, (T11), then oyuqp is a solution of G.

O

The following lemma will be used in the proof of the weak completeness of the calculus.
Lemma 14 (Narrowing of equational conditions). Given an associated rewrite theory
R = (¥, Ey U B, R) closed under B-extensions, and a goal G = AJ_,(l; — r;/idle) A
Alo, | ¢ | Viu, if a is a ground substitution such that Vg C dom(a), Ey = Yo, and
la =g Ta, then there exist

e a ground substitution a°,

o substitutions By, ..., By from CSUs, let 8% = BiBii1 - Br, and

e abstractions abstmctgl((ljﬁf_l,Tjﬂ{_l)) = (A\(Z},9;)- (l]ﬂ"]) (92)7‘9;3]) (¢Za¢%>>7 for

1 < j < m, where 3) = none, let 8 = B,
such that dom(a®) = dom(a) U Vs, a =g, gy, 0) Pa® =p 7°a°, @ <p Biom(ao)s
G~ Ao, | Y8 A /\;n:1(¢lj AN @2 )B | Vv, and for every pair of substitutions p and
v such that ran(p) is away from all known variables, o° <g (Bp)dom(as), ond a° =g
(BP) dom(ac) - Vs it holds that Ey = (8 A /\}ﬂ:l(qﬁfj A7 )B)py and Ato,a =g Alo,Bpy.

Proof. The proof is by induction on m the number of equational conditions. We also
prove that dom(B) C dom(a®) UJjZ, mn( i) ().

1. Base case, m = 1:
G =1—r/idle N A¥p, | ¢ | V,pu, a is a ground substitution, Vi C dom(w),
Ey = a, la =g ra, and abstracts, ((159,78%)) = abstracts, ((1,7)) =
NE5)-1°7°); (67, 602); (68, 62), where 1° = 1[aly, 1 = rlglg, 6 = Ny 2 = U,
and ¢ = \i“, y; = r|,, for appropriate p, q, i, and i,, S0 Viowo go.60 = Vi, Uz UY C

Ve Uz Uy C dom(a) Uz Uy = dom(a®), hence Vie o C dom(a®). As Vo g0 C A
then also Vye 5o C dom(a®) N Xp. Then:
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e by Lemma 9, there exists a ground substitution a° such that [°a® =5 r°a®,
= (67 A dy)a®, dom(a®) = dom(a) Uz UG, 50 Vo po go geroe = 0, and o =g,
gom(a): Dence there also exists a substitution f; € CSUg(l° = r°), where in
this base case 8 = 3] = (1, such that dom(3) C dom(a®) = dom(a)Uz U7 (x)
and a° < fB. As B < Biom(ac) then a® Kp Baom(ac), hence a® Kg Baom(ac);
e as By - (¢ A@2)a°, Yo is satisfiable, dom(a®) = dom(a)UzUy, VN (2Ug) = 0,
so a =g, Ya’ hence Pa° is satisfiable, and a® <p 3, so a3, < Bx,, then
(4 N 6§ A 62)8 is satisfiable, and G 1y Afg, 8| (1 A 6§ A 69))B | V. (uB)v:
e let p such that o° <g (8p)dom(es) and let  such that o® =g (8p)dom(ac) - -
Then:
(a) as Vg C dom(a), Vi C Xy, and dom(a®) = dom(a) U2 U g then Yo =
Vo =g, V(Bp)dom(ac)y = ¥BpY 50, as Ey k- va, also Eg E4Bpy;
(b) as Vi C dom(a®) N Xo, then (67 A 62)a® =g, (65 A 62)(50) dom(ar) =
(97 A @7)Bpy so, as Eg = (¢ A @7)a’, also Eg = (9] A ¢7)Bp.
From (a) and (b) we get Eo F (¢ A @7 A ¢2)Bpry.
e As Vi C dom(a) C dom(a®), dom(B) C dom(a®), a° =g (BP)dom(ac) - Vs
and ran(p) is away from all known variables, then Atp,a =g, Atp,a° =g
A¥ 0, (BP) dom(ac) - ¥ = A0, Bpy-

2. Induction step, m > 1:

G =1 — ri/idle A AL (l; — ri/idle) A Alg, [ Y| Vi, let A = AT, (1 —
r;/idle).

As in the base case, there exist a ground substitution ° and a substitution g, €
CSUE(Ily = 17), so ran(Bi) N (Vo U V; 5 U Vie,e) = 0, such that o =g, 63,4
dom(B1) C dom(6°) = dom(a) U &y Uyl, 8° < B1 < (B1)dom(s°)s (1/1 A @) N @)y
is satisfiable, 50 G~y (AP A Ar)By | (6 A 0% AGE))B | V. (uB)y = G,
and for every pair of substitutions p and ~ such that 6° <g (B81p)dom(se) and
6° =g (B1P) dom(se) - 7 it holds that Ey = (¢ A @7 A ¢2)B1py and (AR A Atp,)a =
(A5 A Atg,)Brpy-

As §° <p (1 and ¢° is ground, then there exists a ground substitution d; such
that dom(d;) = ran(f1) U (dom(6°) \ dom(p1)), where ran(fB;) N Ve = 0, and
0° =p B1 - 61, so dom(p161) = ran(By) U dom(d°) = ran(f;1) U dom(a) U Z1 U 9.
Then:

® as 6° =p (B101)\ran(81), 50 0%, = (B101) x0\ran(8), dom(6°) = dom () U1 U g1,
and @ =g, 03,0 = Oaugrys then & =g, & 00y =5 (B10)\Gren(s)02105) =
(B101) dom(a), 1€, @ =g (B101) dom(a);

o Vap N (21 Ug) = 0 implies AR 101 = A (B101)\(z,up1) =& Ab'a. Then, since
Nio(ljo =g rja), NjLy(1iB101 =g 738101) (¥);

o as By - va, Vi C Ap, 0%, = (6101) xo\ran(s1)> and Vi N (ran(fy) U1 Ugy) = 0,
then 310, = ¢(5151)\(i1u;/1 =g, Y, 50 Ey =1 B101;

o as 0%, = (B100)xp\ran(s) and Vie o N ran(Bi) = 0, then (¢ A ¢7)B101 =
(@7, N @7 )0° so0, as By = (o7 A @7, )50 also Ey = (¢, A ¢y,)B161; and

® as E[) |_ (¢?1 A\ qbﬁl)ﬁlcsl and EQ }_ ¢6161, then E() }_ (77/} A\ gb?l A ¢:1>5151(TT)
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Then, by (1) and (17), we can apply the I.H. and there exist a ground substitution
01, substitutions (s, ..., B, from CSUs, and, for 2 < j < m, abstractions

abstracts, (1;8.85 1, riBuBy 1)) = (A (fgay;) (15,75); (07, 67.); (67, ¢5,)), Where 35 =
none, such that dom(83") C dom(d7) U}, " ran(B;), dom(59) = dom (B161)U(V; 5\
(Z1UG1)), Bi61 =g, (07)dom(sisr)s 507 =k 7507, for 2 < j <m, 67 <g (B5") dom(s?)
Gy~ Al BiBY | (A ¢ A 8B A N (85, A @2)B |V, (uBaB )y,
and for every pair of substitutions p and v such that 67 <g (85'p)dom(se) and
53 =5 (B9 dom(sy) - it holds that Eo - (¥ A¢5, Aé,) P13y A NI (65, NO2 )BT oy
and (AJ' A Atg,)B161 =g (AT A Ato,) 5155 p.
As B8y = B = B, this is the same as Gq ”“’[(u] Ato,B | ¥B N NZi(¢f, A
s BT LV (uB)vs Eo = (0B A NZ (97, A 67 )87 ) py, and (AZ A Atg,)Bio1 =g
(AT A AF,)Bpy (1171)-

As dom(B1) C dom(0°) = dom(a) Uz Ug1, dom(a®) = dom(a)UV; 5, so dom(fB1)U
dom(6°) C dom(a®), dom(05) = dom(B161) U (V; \(5:1 Ut1)), dom(01) = ran(py) U
(dom(6°) \ dom(8,)), and dom(85") € dom(?) U UJ ", ran(f;), then:

dom(B) = dom(B155") = dom(B1) U dom(55) C dom(a) Uy U gy U dom(67)
Uiz, ran(8;) = dom(a) Uiy U ??1 Udom(B161) U (Vi \ (31U ) WU, ran(B;)
dom(a)UV; sUdom(B101)UUSL, " ran(B;) = dom( )Udom(ﬁlél)uum_zl mn(ﬁ )
Ed)om(ao)udom(ﬂl)udom(é")) (ran(B1)UU;S, "ran(B;)) = dom(a UUL, " ran(B;

I C

vlﬂ

Let a® = 6°(6% )V A@ug) = 07U (0D)v, A@ug)» since 0° is ground and dom(6°) =
dom(a) U Zy U 7. "Then:

(a) as G~ Gu, then:
G iy AfouB OB AN (0] A7 )BT |V (uB)v

(b) as dom(6°) = dom(a) U &y U gy, then:
dom(a®) = dom(6° U (5;’)‘/—%7&\(@“@/1 ) = dom(6°)U (ny\(fcl Ut1)) = dom(a)U
LU U (V35 \ (81U G1)) = dom(a) UV 5, Le., dom(a®) = dom(a) UV} 5

(c) as a =g, &° dom(a) N'V; 5 = () and ¢° is ground, then:

dom(a)’
Vom(a) = (07U (07)v; \(@101) ) dom(@) = Ogpm(a) =Bo > 1-€4; @ =By QG003
(d) as 0° =5 (B101)\ran(s1)s 5101 =k, (05)dom(si61), and dom(d5) = dom(f101) U
(V;y \ (21 U)), then:
a’ = 5OU(5T)V%7@\(§01UQ1) (5151)\mn ,6’1)U<5 )V S\@um) = (5(1))d0m(5151)\mn(51)u
<5T)V5E,§\(i1U?31) = (5T>\mn(61)7 l'e'7 a® =g (6 )\Tan(51)7 50:
e as ran(f) N Ve = 0 and 1507 =5 7567, for 2 < j < m then l§a® =g r§a°,
for2<j<m
e as mn(ﬁl) N Viere =0 and (75, =p r{f1, then:
— 3(Bi)\rana)) = 1361 =B 161 = 77 (B1)\ran(81)5
— 13(B101 )\ ran(81) =B T3 (B1O1)\ ran(51)
— 1506 )dom (B161)\ran(B1) —E 1 (07 )dom(5151)\mn(51 and
= (0 \ran(sr) =B T7(00 \ran(ay), 1€, [70° =g r7a’,
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In conclusion, [°a® =g 7°a°;

(e) o as dom(B161) = ran(fr) U dom(a) U1 U gy, then (8101)\ran(s)) =

(5151)dom(a)ufc1ug1;

® as (101 =g, (5§)d0m(ﬁ151) = (5 )dom(ﬁl) U (5 )dom(51) then 61 =g, ((5?)d0m(51);

e as dom(f101) = ran(p) U dom(a) U 21 U gy then dom(dy) C ran(f;) U
dom(a) U 2y U 9y;

e then, as §° =g (5161)\ran(s) and dom(67) = dom(a®) U ran(f;):
o = 0°(07)v, \@rugn) = (0°(07)v; \(@1um)) dom(ae) =B
((5151>\m” 51)(5§)V§,g\(flUZ}1))d0m(a°) =
((B161) dom(a) umuyl(5T)V;;7é\(:e1uy1))dom(a°) ~Eo
((8 ( )dom(&))dom(a)%%(5T)Vé,§\<a&1um))dam(a°> =
((BLO7) dom(a)uarug: (07)v; \(@10g1) ) dom(a®) = ((B107)dom(@)uv; ;) dom(a®) =
(B109) dom(as) < (B1(B5" )dom(5°)>dom o) = (BB domiee) = (BT dom(a)-

In conclusion, a® <g (B7") dom(ac);
(f) let p and v such that a® <z (6p)dom(ac) a0d @° =g (8p)dom(ac) - 7. Then:

® as 01 =g, (07)dom(s,) then (B161)dom(ai6,) =Eo (8107)dom(s161), hence
(Blél)dom(a)ui‘1Uy1 —FEp (51 )dom(a)Ux1Uy17

e then, as 0° =g (5161)\ran(s,) and dom(B161) = ran(B;) U dom (o) U1 Uy:
af = 50(55))‘/;,@\(@1@1) =B (5151)\mn(,81)(5 )VT y\(x1Uy1)
(B101) dom(ayuzrug (07)v; \(@1ugr) =B, (8107 ) dom(e)uz1ugs (65 WV, \@1Ugn) =
(61 )dom a®) i-e-7 (515f)dom(ao) =F ao;

e as dom(07) = dom(a®)Uran(Br) and (8193) dom(ac) =k @° Lg (BP)dom(ac) =
(5162 p)dom a®) then (6T>dom(a°)Umn(Bl) <E (ﬁg’bp)dom(ao)Umn(ﬁl)y Le
o7 <g (B p)dom(5°)7

e as dom(d ) = dom(a®) U ran(f1) and (51650) dom(ac)Y = (8P)dom(ac)y =E
a° =g ( )dom a®) , then (ﬁ2 P)dom(a")Umn(ﬁl)’Y —E (5T)dom(a°)Umn(ﬁ1)7 Le.,

0] =k (52 P)dom(6f)'7

In conclusion, as 67 <g (85'0) dom(se) and 67 =g (B3'p)dom(se)Y then, by (11),
= (VB ANLL(B] A on) BT ps

e Also by (111), (A A At )B161 =5 (AT A AFg,)Bpy, so Ato,Bi161 =k
AtouBpy;

® As =g, 035m0y 0° =5 b1 01, B1 is a CSU, so Vi, N ran(Br) = 0, and

VXou € Ve € dom(a), then:

A#Quﬁp'y =FE Auguﬁldl =B AHQ;L(SO = Au@uézom () ~Eo A“Q#a,
So also Atp,o0 =g AFp,Bpy.

]

Theorem 17 (Weak Completeness of the Calculus for Reachability Goals). Given an
associated rewrite theory R = (X,€, R) closed under B-extensions and a reachability
problem P = N u; — v;/ST; | ¢ | V,u, where u is R/E-normalized, if o : V — Tx
is a R/E-normalized solution for P then there exist a formula ¢ € QF(XO) and two
substitutions, say A and p, such that N;_, wip — v/ ST idle | dp |V, ~3 nil | o |
V,v, 0 =¢ v-p, and V¥p is satisfiable, where v = (uM)y.
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Proof. The proof is by induction on the sum h of the number of nodes in each c.p.t. for
the solution . No simplification is applied to the reachability formulas that appear in
the generated path.

In the following we will make use of the following two facts. For any term t and
substitution « it holds that:

1. posy(t) C posy(ta) because, by definition, the variables of ¢ that « instantiates are
located at positions in pos,(t), and

2. tops,(t) C tops, (tar), because a only may add new tops, positions for non-3, variables
in its domain, but cannot remove any existing position in topy, ().

Let v = uypu and v = vypu. In all cases 0 = p - o', for appropriate o’ such that
dom(c") = V¥, [v0]lp € ST]{Quy0]g, and Ey - ¢o. As o is ground and R/E-normalized,
then ¢’ has to be also ground and, by Proposition 10, R/E-normalized.

(1) Base step: h = 1.

Then P has the form u; — v1 /ST | ¢ | V, p, with Vp = Vi, 4,0 C V and the c.p.t. T
ula%vlo'/ST‘{ vio—vio/idle

uio—v10/STY;idle

There are four strategies in the base case: idle, c[7], top(c[y]), and the match test.

for Py and o has the form

1. ST, = idle.

P =wu; —vy/idle | ¢ | V, p. As, by definition 21, V,,, ,,» C V then V4, C VH* =
dom(o’), and as [vi0]g € idle@[u 0]g then, as shown in example 5, uj0 =g v0,
i.e., uo’ =g vo’, all ground terms.

Let abstracts, ((u,v)) = (AT, y).(u®,v°); (62, 07); (42, ¢2)). As dom(c’) = V# then,

by Lemma 9, there exists a ground substitution ¢° such that u°c° =g v°0°, Ey -
(@ A @2)o°, dom(c°) =VFUZUY, and o' =g, o}..

As u®0° =p v°0°, then there exist substitutions v/ and p’ such that v/ € CSUp(u® =
v°) and 0° =p V"0, let v = (u')v and p = pl )00 dom(n))- A8 dom(p) €V and
o' =g, oy, then:

o = po' =g, poy, =g p(V'p )ve = (W'p)y = (:UV/)V'p/mn((W')V)u(V\dom((W')V)) =
V'p;an(u)u(\/\dom(u)) =v-p, i.e., 0 =pgUVp.

As Ey = ¢o, Vy, CVH and o' =g, oy, then ¢uo® =g, puo’ = ¢o, so Ey F puo®.
Now, as Ey F (65 A ¢2)o°, then Ey = (ou A ¢S A ¢2)o°, let ° = du A ¢S A ¢2 and
v =°V. As Ey F ¢°0°, 0° = V-p/, and Ve N ran(V') = 0, so 9°c° = °V/p/,
and p is more general than p', then ¢°V/p, i.e., 1p, is satisfiable, hence 9 is also
satisfiable.

As u = uip, v = vip, and v € CSUp(u® = v°), then u — v/idle;idle | ¢pu |
V, it ~pag) w — v/idle | op | Vo~ nil | | V,v, where ¢ is satisfiable and

o =g Up.
2. STy = [y].
P=w —v/cy|o]|V,p withc:l = rifx € R, and [v10]|g € ¢ [V0an(1)| Qo] .
Then, by Lemma 12 point 3, w0 ———! V10, s0 Ky = XOYO4ny). Let

¢7Vran(7) Ro /5
¢ = Y0 ran(y) (= 77 because o is ground and, by definition, dom(y)Ndom (o) = 0,
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hence Ey F xvo), R(d) = (2, Ey U B,{c}), and Rp(d) = (£, Ey U B, ). Then
also ujo —! v10 50, by Theorem 15, u10 =, p v10.

¢ {}/B |
As ujo —>%C,}’B vio and vars(B) Nwars(cy) = 0, then this rewrite step uses a rule
¢} € iz where:

o if ¢ = ¢ then ¢ has the form ¢ : lyo — rvyo if xyo, let [ =1 and 7y = 1,
and

o if ¢} # ¢ then ¢ has the form ¢} : w[lyo], — w[ryoly if xyo, by Definition 6.2,
for appropriate w and p’. As by Definition 6.2, V,, N V., = (), by Definition 21,
Vo NV =0, and also dom(vy) C V. and dom(c) C V, this is the same as
¢ wll]yyo — wlrlyyo if xyo, let Iy = w[l], and ro = wr],.

In either case, ¢| has the form ¢ : loyo — royo if xyo. Let ¢ : lo — 19 if x. As
¢) € cff and ) = ¢} then, by Proposition 6.5.2, ¢y € c¢p. Since o = po’, if we let
Iy = lyyp and 1 = royp then ¢ has also the form ¢ : lyo' — ro’ if xyo.

Let ¢p : Iy — 19 if X2 be a fresh version of i except for dom(y) UV* (= dom(y)U
dom(c’)), and let 7 be the renaming that verifies co = ch7, so (l2,72,x2) =
(lo, 0, X)(nWT), where (dom(r)Uran(r))N(dom(y)UV*H#) = 0. Then (Y1) dom(y) =
lo(p ® T) (V1) dom(y) = lo((V1) dom(r) © W T) = lo((Y) dom(r) ¥ )T = loyur = LT,
so also rg('y,u)dom( y = m7 and Xa(Yi) dom(y) = XYUT. Let o = la(V1t) dom() and
o" =171¢'. Then l.0" = ;77 o' = l;0'. Now:

(a) abstracts, (l.) = (/\gj.l‘f; 07; ¢7), where g =y, . ... Yiy s I°=1[9lp P =01, iy
p= toPEOUC)» oy = Uzil{ya = lelp, }, and ¢f = /\211 Yi = lelp;;
(b) since l10' = l.0" and topy, (l.) C topy, (l.0”) then abstracts, (l,0') =

abstracts, (l.o") = (A\gz.15,,; 02 ; ¢0.n), where Z = zq, ..., 2z, 10 = 1.0"[y];[Z]4,
j = topzo(lccr") \ topzo( )5 020,, = Uly {yi = Lelpo" Y UUZ {2 = Lo”]y; ),
and ¢, = (Aily yi = lelp,0” = lo"y,);

(c) as ujo —>%C,}’B V1o Wlth , then there are a position p in posy (u10) and
a substitution § : g U 2U Vy — Ty such that rep(uio|,) =p 5,49, vio =g
uolrgyodl, = wiolroypno’'sl, = wolrio’d],, and Ey = (xyo A ¢2..)d, so Ey =
X700, i.e., By = xypo'd, §6 =g, lc|0"d and 26 =g, l.0"|46;

(d) as p € posy, (u10) and o is R/E-normalized, hence R, E-normalized by The-
orem 15, then p € posy, (u1), 50 u10|p, = 1|0 = Ui |ppo’ = uipl0" = ul,0’;
and

(e) as 7 is a fresh renaming then §) = V,, N ran(r) = V, N dom(77!), so u|p7'* o' =
ul,0' = wol, =g, rep(uiol,) =p 18,0 = 1.0"[4)5[2)0 =g, l.o” =770, ie.,
ul,7 o’ =g l. 7710,

Let abstracty, (ul,) = (AT.u®02;¢2). As dom(r~'o’) = ran(r) U V# then, by
Lemma 9, there exists a ground substitution ¢° such that u°c® =g [°c°, Ey F
(@2 A @), dom(c°) = dom(t71o') Uz Uy = ran(r) UVHF Uz U, and 7710’ =,
Tom(r—10") = Tran(ryovs 50 (T 10" )vu =g, opu. As (dom(7) Uran(r))NV* = and
dom(c’) = V¥ then o' = o1, = (7710 )yu =g, Opu.

As u®o® =g [°0°, then there exist substitutions v/ and p’ such that v/ € CSUp(u® =
I°) and 0° =g V'p', let v = (w/')y and p = pl,. )00\ dom@wy)- A8 dom(p) €V and
o' =g, oy, then:
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0 = O =B, MOV =B .,u(ylp’)vu = (w'p)v = ('W/)Vp;an((uu’)v)U(V\dom((/w’)v)) -
Vp/mn(l/)U(V\dom(u)) =Vvp, Le., 0 =g Vp.

As X2 (V) dom(y) = X717, dom(0®) = ran(T)UVH# Uz UY, and 7710’ =g, O pan(r)uVis
then Xo (V1) dom()7°0 = XVUTO, yuvnd =B, XVUTT 10’6 = xyuo'd so, as Ey -
X’Yﬂo-/éa EO = XQ(’Y,M)dom('y)O-O(S-

As Ey &+ ¢o, Vy, € VH#, and o' =g, oy, then ¢uo® =g, ouo’ = ¢o, so Ey +
ouo°. Now, as Ey F (¢ A ¢7)o°, then Ey = (pu A ¢S A ¢7)o° ground for-
mula, so Ey F (o A @5 A ¢7)o°d and Ey = (o A &5, A &7 A X2(V1) dom() )06
Let ©° = ou A & A @) A X2( V1) dom(y), and let ¢ = @°V'. As ¢° =g V'p/, so
©°0° = V' p = pp', then Ey b pp'd, let ' = p'd, hence ¢ is also satisfiable.

Go = u = v/H[(V) dom(y ;s 1dLe | pp | Vi pp~oig u = o, 20 = 0/H (V1) dom)];

idle | o1 | Vit ~iy uly = 2.ulal, = 0/ [(0)aomir s 1dle | 6p | Vit = G,
where u|, cannot be a variable, say x,, because as p € posy,(u1) then, by (c), also
Ty O’ —>}%7B roy09d, so o would not be R/E-normalized. As ¢y : ly — 79 if X2, where
T2( Y1) dom(y) = ™17, and v € CSUg(u® = 1°) then Gy ~>p)pufmsrry (U[ri7], —
v/idle)V | ¢ | Vv = Ga.

We already know that Ey - ¢d’. We prove that u[ry7],0'0" = vv/d":

1

® as 710 =g, 09,1, and dom(o°) = dom(r7'0’) Ui U g, then 770" &
= 0,

1

o _ o o _ o - ~ o _
9305 —Eo Odom(r—1o) Woy =0, where Vg, N (2 U Q) u = ur ", and

v=uovr"l
o u[r 7]V 0" =p ulr17],0°0 =g, u[r1 7], (77 0'Wog ;)0 = u[riT],T 0’0 = ury],0"0;

o v/ =pvo° =g, v(17 0’ WP ,,)0 = v 0’0 = va'd;

e by (¢c), vi0 =g uy0[r10'0],, i.e., vo' =g uo’[r10'd],, ground expression so, as J
is ground, vo'd =g uo’d[r10'0], = u[r1],0'0, hence ulr 7),V'¢' =g vv/'¢.

Let abstracts, ((u[r17]p, vv")) = (M@, ¢).(r°,v°); (67,02); (¢2,¢2)). By Lemma 9,

T)Yv

there exists a ground substitution 6° such that r°6° =5 v°5°, Ey = (¢2 A ¢2)0°,
dom(6°) = dom(d") U 2" U ¥, and &' =g, 8, so there exist substitutions v”
and p” such that v € CSUg(r° = v°) and 6° = V'p", let vy = (V'V")y and
P1= p;“/zm(ul)u(V\dom(yl))‘

As Ey i ¢d', ground formula, and &' =g, 0,5 then Ey b ©d° so Eg = (¢ A ¢ A
$2)0°, let ' = @ A @9 A ¢o. Now, as §° =g V/p” implies ¢'0° = ¢'v"p”, then also
Eo BV " let » = Y'Y, so ¢ and 1p; are satisfiable.

As V" € CSUp(r° = v°) and 4 is satisfiable, then Gg ~»41),» nil | ¥ | V, vy, where
11 = (v")y. Then, as 1p; is satisfiable, all that is left to prove is 0 =g v1p;.

As dom(6°) = dom(0')UZ'UY and &' =g, 03,5 then dom(6°)NV = dom(d") and
> =g, 0, s0, as dom(c) =V and o (=p u(V'p')y.) is ground, let o8 = p(v/'p')yu,
then v1p1 = (V0" ) Plniuyoydomy) = PV P!V =5 (0°)y =g, (WO)v = (u/'6")y =

(/' p'0)y = p(V' p'd)ve = 0P8,un(08)0(\ dom(cB)) =B T0ran(o)u(V\dom(e)) = T0p = O,
1.6.7 0 =g V1pP1-

)
dom
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3. STy = top(c[y]).

The proof is almost exactly the same as the previous one, particularized for the case
p = €. The only difference is found in the initial narrowing steps, where instead of:

- Go = u = v/ (V1) dom(y]; 1dle | dp | Vg~ pg u =t w0, 20 — 0/ (V1) dom)];
idle | op | V,p iy ulp =" @, ulzly, = v/ (V1) domy); idle | ¢p | V, o = Gy and
- G1 ~pwUfzgsnmvy (WrT], = v /idle)V | ¢ | Vv = G,

now we have:

Go = u — v/top(c*[(Vit) dom(y)]); idle | o | Voo ~>pp s (17 — v /idle)V | ¢ |
V, V= Gz.

STy =matchts.t. AL ([; =7) A x.

P=u = v/STy|¢|V,u, Vo = Va,5,.6 €V, ST] = matchto s.t. /\Tzl(lja =
r;0) A xo, and there exists a substitution 9 : Vsrs — Ts, such that vio =g uio0 =g
tod, ljod =g rjo0, for 1 < j <m, and Ey - (¢ A x)po’d.

Let abstracts, ((u,tpn)) = (AN, 9).(u®,t°); (05, 07); (62, ¢5)). As ujo is ground then
uo'd = uipo’'d = w100 = uyo =g tod = tuo'd so, by Lemma 9, there exists a
ground substitution ¢° such that u°c® =g t°0°, Ey F (¢ A ¢7)0°, dom(c°) =
dom(0’6) U UG, and 0’6 =g, 05, (05)-

Let ¢ = (@A X)L A @S AN @y As Eg E (¢ A X)po'd, Vigauers N (2 U G) = 0, and
0’0 =By O gom(ors) = O\(aug)> then Eo b (0 A x)po®, so Eg - 10°.

As u°0°® =p t°0°, then there exist substitutions v and 7 such that n € CSUp(u°® =
t°) and 0° =p 171, so Y10° = Yy1n7, hence Ey - ¢ynT and 11 is satisfiable.

Now, Go = u — v/STV;idle | ¢u | Vipp ~pmy (Aj2i(l; — 75/idle) Aug —
vy /idle)un [ ¢an |V, (pn)v = Gi.

As lod =g 706, 0'6 =g, O dom(o'5)" o'd =g, OVaugy O =B 0T, and Vj, . N (z U
9 Uran(n)) = 0, then (I, F)unt = (I,7)u(n-7) =5 ([,7F)uc® = (l,r);m\(wy) =5,
(I, P)po's, ie., (I, F)unt =g (I,7)0d, so lunt =g FunT.

By Lemma 14, as 7 is a substitution such that Fy - ¢ynr and lunt =g rFunr,
then there exist a ground substitution 7°, substitutions 3i,..., 8, let 3 = 57", and
abstractions abstracts, (1,51, 7;817") = (A5, ;) (15,79); (9;’,9%) (¢,+ ¢7,)), for

1 < j < m, such that dom(7°) = dom(7r) U ny, T =B, Toom(r CPre =g 0,
7% L Baom(ro), let Y2 = VB AN (0] A G7)B, Ga ~iay ( i vy /idle)uns |
g | V,(,myﬁ)v = G,, and for every pair of substitutions p and ~ such that
7° L5 (Bp)dom() and 7° =g (Bp)dom(re) - 7 it holds that Ey F ¢spy and (v —

vr /idle)unT =g (u — v /idle)unBpy (1).

Take p = none. As 7° <g Biom(ro), then there exists v such that 7° =g Baom(re) - ¥
and ran(7°) = ran(Biom(ro) - ¥), s0 as 7° is ground then + is ground. By (f),
Ey F 4oy and (ug — vy /idle)unt =g (u; — vy /idle)unfBy. Now, as Vy, ,, CV =
dom(o) and o is ground, then Vo = Vod = Vuo's =g, Viuo® =g Viunr =g Vunpy
80, as w10 =g 010, also uyunfy =g viunPy, ground X-equation, hence Viy, vy)ums C
dom(7y).

Let abstracts, ((u1pn8, vipn3)) = (A&, 7). (u®, 0°); (03, 07); (65, ¢5))- AswpnfBy =p
V1B, Viu wyums S dom(y), and v is ground then, by Lemma 9, there exists a



6.9. RESULTS AND PROOEFS 227

ground substitution +° such that u°y® =g v°v°, Ey = (o7 A ¢5)7°, dom(y°) =
dom(y)Uz' Uy, and v =g, Vaom()-

As u°v° =p v°4°, then there exist substitutions « and ¢ such that a € CSUp(u°® =
Uo) and 7° =p a-e. Now, as 7° =g ﬁdom(TO) © Y =E 5d0m(7’°) ’ WEOW(A,) =B Bdom(TO) :
(@ €)dom(y) and 7° is ground, then 7° =g (Ba€)dom(ro); 50 T° =g (BA)dom(ro) - €,
hence 7° < g (B0) gom(-e) and, by (1), Ey b ¢ae.

Let ¢ = (Y2 Ay Ay ) v, ground formula, and v = (unfa)y. As Ey = (¢p Ay )~° and
7v° =p a-€ then Ey F (63 A ¢p)a- €, so also Ey F (¢ A ¢p)ae, hence, as Ey - iac,
Ey F 1e. Finally:

e as Ey - ¢e then 1 is satisfiable, so Gg ~>1,0 nil | ¥ | Vv, ie., Go ~T nil |
V| Vi,

e as Fy - 1e then e is satisfiable, and
o as Vo =p VinBy =g, Vinbigom,y =8 VHNB( - €)dom(y) then:

0 =0v =FE (Mnﬁ(a"g)dom(’y)>v = (/“75045)\/ = (lmﬁ@)vf =Vrg, i'e'7 0 =g V€.
(i) Induction step: h > 1.

e First, we prove the induction step when P has several open goals and the first open
goal is one the base cases: P =uy; — v /STIAQ | ¢ |V p, Q= N\]_yu; — v;/ST;
and n > 1, let A = A, u; — v;/ST;;id1e.

We have proved for all of these cases that there exist a formula v); and substitutions
N, V', and p’ such that G = uyp — vpu/STY;idle | du | Vi~ nil | ¢y | V1V,
o =g V-p, and 11p is satisfiable. Then, also Go = uip — v1u/STY;idle A Ap |
du | Vo ~~3 A(pN) | 1 | Vi) = Gy, where 0 = Vo’ and 9’ is satisfiable.

Now, we prove that Gy ~3, nil | ¢ | V,v, for appropriate v, ¥, and \”, and that
there exist a substitution p such that 0 =g v-p and ¥p is satisfiable, so the theorem
holds. This generic proof is valid for many of the other cases of the induction step,
so we prove it only once. We provide a specific proof for each case where this proof
does not apply.

All the variables in dom(\’) are either variables in V# or fresh variables gener-
ated by the calculus rules, so Va, N dom(X) C V¥, hence A(uX') = A(pN)y = AV
and Gy = AV |11 | V.. As any narrowing step will preserve ¢, instantiated with
the substitution used in that step, as part of a conjunction of formulas, and V;, C V'
then 1 = ¢v/ A 1)y, for appropriate 1.

As 1)1 p’ is satisfiable and ¢o is ground, so ¢v/p’ is ground, then there exists a ground
substitution a such that dom(«) = V,,/, where all the variables are either fresh
or belong to ran(v'), so dom(a) N ran(v') = 0, and Ey B (¢ A ihg)p'c, where
oV pa=ovp. As V' - p'is ground, so p is also ground, and dom(a) N ran(v') =0,
then: (i) v/ - (p-a) = (V' -p)-a= " p)aand (ii) p'-a = pa, so Ey - 1(p - ).
Let V! = VY UV,

Consider the problem P’ = Qv | 4y | V’, none in R and Call’{é, whose correspond-

ing goal is G} = AV | ¢y | V', none. As 0 =g V' - p/, both ground substitutions,
then Vo, = Vo) € Va, 50 Vaur.pyNdom(a) = 0 and Q(v'-p')ae = Q(v'-p') =g Qo.
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As there is a c.p.t. for [v;o]lp € ST [u;olg, for 2 < i < n, then, by Lemma 12,
there are closed proof trees for all the open goals in Qv p'), i.e., Q- p) - a, each
c.p.t. having the same depth and number of nodes as its corresponding c.p.t. for
Qo. As Ey - 11(p - ) then p'- v is a solution of P’ with less nodes that those in the
solution o for P, since we have excluded the nodes in the c.p.t. for the first open
goal, so we can apply the I.LH. to P’, and there exist a formula ¢ and substitutions
N and p”, let A = NN and v = (u))y, such that G} = AV | ¢y | V/, none ~73,
nil | | V' A, pl-a=g X' p”, and ¢p” is satisfiable, let p = pQ’/Umn(V). Then, also
G1 = AV |y | V.V~ nil | | Vv, so Go ~Y nil | ¢ | V,v, and ¢p is satisfi-
able. Finally, v-p = (v-p")y = (uNX'p")y =g (pNp'a)y = (V'p'a)y =k (ca)y = 0.

In the rest of cases, the strategy in the first open goal of P may be a concatenation
or not, so P has the form uy — v1/ST1(; ST)ANQ | ¢ | V,u, let STq = ST1(;ST),
with @ = A, u; — v;/ST; and n > 1, let A = A\, u; — v;/ST;;idle, where
ST is allowed to be a concatenation of strategies but ST'; is not (in case of several
concatenations), o is a solution of the reachability problem P’ = Q | ¢ | V, p, so
[v10]g € ST]Qluyo)g and, for 2 < i < n, [v,o]g € ST?Qlu;0|g, hence there is a
c.p.t. for [v;o]g € ST][u;0]p where the sum of the number of nodes in each c.p.t.
for P’ is lower than h.

1. ST1 =51 | So.

£
ulcr—ww/Sg F.

2
ujo—w/ST] (’LU*)’UICT/STU) .
Then, one c.p.t., T, for P and ¢ has the form wro 5o 5T , with

respect t0 D gy, » Where w (= vio if STo = ST) is a term in Ty and i in
{1,2}, let S = S;(; ST). Consider the problem P’ = u; — v;/S | ¢ | V,u
F F

2
ulo'—)UJ/S;.T (w%vlcr/STU)
uro—v10/5°

which for the same solution o has a c.p.t. T/ = with one

less node than 7.

Then, by I.H., there exist a formula ¢, and two substitutions, A" and p’, let
v = (pN)y, such that u — v/S*;idle | ¢u | Viu ~3% nil | ¢y | V)V,
o=pV -p, and ¢y is satisfiable.

But then, also:

—if n = 1 then Go = u — v/ST{;idle | du | Vi ~>jo1oroy U —
v/Stidle | op | Vip ~3 nil | o | Vi, o =g V' -0, and ¢ is
satisfiable, so ©» = ¢, A= N, v =1/, and p = p';

— else Go = u — v/STy;idle ANAW | dp | V, 1t ~*(o1 or oz u — v/SH; idle A
Ap | ¢p | Vip ~% A(pN) [ @1 | ViV = G, 0 =g V' - p/, and ¢ipf
is satisfiable. The rest of the proof is the one given at the end of the
induction step for the base cases.

2. 8T, = S1+.
£5|

uyo—w g (w—m i C’) .
Then there is a c.p.t. T of the form - ;?Z;UIJ/ST%, T with respect to

D% ailr s Where w (= vyo if ST = ST1) is a term in Ty and either head(T7) =
uo — w/SY or head(Ty) = uyo — w/SY ; S{+, let S = Sy or S = 51 ; 51+,
depending on the case, and Sy = S(; ST).
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Consider the problem P’ = u; — v1/Sy | ¢ | V, 1 which for the same solution
F

T (g=wie7s77)

oS00 /ST with one less node than 7.

ochasacpt. T =

Then, by I.H., there exist a formula ¢; and two substitutions, A" and p’, let
v = (pN)y, such that v — v/S§;idle | ¢u | Vi ~3% nil | ¢ | ViV,
o=gv -p, and ¥p is satisfiable.

But then, also:

— if n =1 then Go =u — v/ST{;idle | op | V, 1t ~p1 or p2)
u— v/Shiidle | o | Vip ~3 nil | 1 | ViV, o =g v - p/, and ¢1p' is
satisfiable, so ©» =, A= N, v =1/, and p = p';

— else Go = u — v/STf;idle AAp | dp | V, o ~>p1 or po) u — v/ S idle A
Ap | o | Vi ~5 ApX) | ¢y | Vv = Ga, 0 =g /- ¢/, and 4/
is satisfiable. The rest of the proof is the one given at the end of the
induction step for the base cases.

3. STy = CS, where sd CS := S, let Sp = S(;ST).
T

. u o'~>ul) g (’w—MJ Fo‘ g ) .
Then there is a c.p.t. T of the form — ijzgvla/STi IS , with respect to
0

D% cailrs Where w (= vio if STy = ST1) is a term in Ty and head(T)) =

uo — w/S°.

Consider the problem P’ = u; — v1/Sy | ¢ | V, 1 which for the same solution
F

T (w—n)lfr/STg)
u10—v10/Sg

with one less node than 7.

o has a c.p.t. TV =

Then, by I.H., there exist a formula ¢, and two substitutions, A" and p’, let
v = (pN)y, such that v — v/Si;idle | ¢u | Viu ~3% nil | ¢ | ViV,
o=gv -p, and ¢p is satisfiable.

But then, also:

— if n =1 then Go =u — v/STy;idle | pu | V, o~
u— v/Shiidle | ¢ | Vip ~3 nil | 1 | ViV, 0 =g vV - p/, and ¢1p’ is
satisfiable, so ¥ =1, A= XN, v =1/, and p = p';

—else Go =u = v/STH;idle AAp | op | V,pp ~=ja) uw — v/Sy;idle A Ay |
dp | Vi ~5 A(pN) [ | VoV = Gq, 0 =g V' - ¢, and 1 p' is satisfiable.
The rest of the proof is the one given at the end of the induction step for
the base cases.

4. ST, = CS(t), where sd CS(Z) = S € Cullg, let v = {Z — t} and Sy =
Sy(; ST).

Ty a
. uqjo—w/STY (w%v o ‘7) .
Then there is a c.p.t. T of the form — ijTl_wl /STE, 17 with respect to
o o 0

D% catg» Where w (= vio if STy = ST4) is a term in Ty and head(Ty) =

uo — w/(Sy)°.

Consider the problem P’ = u; — v1/So | ¢ | V, 1 which for the same solution
F

(w%vla/ST"’)
u10—v10/S§

Then, by I.H., there exist a formula ¢, and two substitutions, A" and p’, let
v = (pN)y, such that u — v/S§;idle | ¢u | Viu ~3% nil | ¢y | V)V,
o=V -p, and ¢p is satisfiable.

But then, also:

— if n =1 then Go =u — v/ST(;idle | o | V, pb ~=a

with one less node than 7.

T
o hasacpt T = -
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u— v/Shiidle | ¢ | Vip ~3 nil | oy | ViV, 0 =g vV - p/, and ¢1p’ is
satisfiable, so ¥ =1, A= XN, v =1/, and p = p/;

—else Go =u = v/STy;idle AAp | op | V,pp ~=jap uw — v/Sy;idle A Ay |
dp | Vi~ A(pN) |1 | Vo = Gy, 0 =g V' - ¢/, and 1’ is satisfiable.
The rest of the proof is the one given at the end of the induction step for
the base cases.

5. 8Ty = CS(t), where csd CS(z) := Sif C € Callg, with C of the form | = Ay,
with | [ |=| T |= m, let § = {Z — t} and let €, with dom(e) = Vs \ (V U ),
be a fresh renaming.

F

ula—nu/l(SeGé)U ( Fy )
. ujo—w/STY p10/STT .
Then there is a ¢.p.t. T of the form —2=“/*1 oonal with respect to
uioc—v10/ST§ ?

D% Caity» Where w (=voif STg = STy) is a term in Ty, ¢ : vars(Celo) — Tx
is a substitution such that lefod =g Fefod, Fy - xelod.

As o and ¢ are ground and dom(o)Ndom(d) = (), then (Sef)?d = (Sedd)?. Let
Sg = SGG(, ST), T = 0'1(5, ®=u — ’Ul/Sg; 1d1e(/\A), 0 = Uy — Ul/So(/\Q),
and ¥1 = (¢ A xeb)pu.

Then Go = u — v/STy;idle(AAp) [ p |V, i~ NjZy (Lim — 7jn/idle) A
Ou | 1 | V= Gi. As Ey F ¢puoy, ground formula, because V,, C V, then
opoy = ¢ut and Ey 7.

By Lemma 14, as 7 is a substitution such that Ey F ¢17 and Int =5 77,
then there exist a ground substitution 7°, substitutions fy, ..., Oy, let 8 = 57",
and abstracts, (nBl ", rnpl ")) = <A(wa, w5)-(15,737); (67, 07, ); (91, 97,)), for
1 <j <m, such that dom(7°) = dom(T) UV} z/, T =g, Tdom(T), [°1° =g 7°7°,
7% Lg Bdom(ro), let Yy = P18 A /\?zl(Csz N @y )5] , G ~Td1),8 Ous | s |
V., (uB)v = Ga, let & = pf, and for every pair ‘of substitutions p and 7 such
that 7° <g (8p)dom(ro) and 7° =g (8p)dom(r) - v it holds that Ey - ¢»py and
Our =g Opy (1).

Consider the problem P’ = @'¢ | 4, | V&, none in R& and Cally, whose
corresponding goal is G’ = O | ¢, | V& none, and take p = none. As
7° KE Bdom(ro), then there exists 7' such that 7° =g Biom(ro) -7 and ran(7°) =
7an(Baom(ro) - V'), 80 as 7° is ground then 7' is ground. By (1), Eo F 197" and
Our = O&Y, so also O’ ur =g O’&Y/, where all the terms and formulas are
ground.

Now, ©'¢y =p O'ur = (u1 — v1/So(AQ))ur = (w1 — v1/So(AQ))po16 =
(up = v1/50(AQ))06 = (uyo — v10/S§d(AQ27)) = O". For the first open goal

Fa

. A v (oooorere) .
of ®" there is a c.p.t. T/ = r2w/OX) —19/57% 7 wwith one less node than
u10—v10/S59

T, since SJ§ = (Sefd)?(; ST?). As we have closed proof trees for all the other
open goals in ©®” then, by Lemma 12, there are closed proof trees for all the
open goals in ©’¢Y, each c.p.t. having the same depth and number of nodes
as its correspondent c.p.t. in ®”. As Ey F 197/, then + is a solution for P/,
so we can apply the I.LH. to ®”, and there exist a formula 1) and substitutions
V' and g, suchthat@§|¢2|V5none~=>,ml]@/z|\/5y v =g Vp,
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and 1o’ is satisfiable, where dom(v') C V¢ C ran(¢). But then let A = B/,
V= (51//)\/, and p = p/VUmn(u)7 a]so GO W,—Bi_ 85 | ,lvz)2 | MSV Wy’ nZl | w | V V
.., 0= Pyran()» 50 Go ~¥ mil | | Vv, and vp is satisfiable.

As dom(v) C V, then v - p = (Up)\rn) = (VPyuman) \ran(r) = (P U
VD amyNran) = Pirvrantn) Y (VPrany Nran(r) = Py U (VP )\ dom(p) = (v’
&' o) = WbV )v =g Wby )v =5 (W7°)v =g, (WT)v =B (L0°)v =k
(uo'd)y = (0d)y =0, ie.,0=pv-p.

Finally, as vy’ is satisfiable and p is more general than p’, then p is also
satisfiable.

6. STy =matchts.t.x 7S, : S and there exists a substitution § : Vare — Tx
such that w0 =g tod and Ey F (¢ A x)od (the proof with Sy instead of Sj,
when Ey F (¢ A —=x)0d, is exactly the same).

F

1
uio—w/(518)% ( Fy )
. STY w—vy10/STT .
Then there is a c.p.t. T of the form —27=*~11 e/ with respect to
uio—v10/ST§ ’

D% caity» Where w (= v0 if STy = ST) is a term in Tx.

As o and § are ground and dom(c) N dom(d) = 0, then (S7)70 = (S516)°.
Let So = S1(ST), 7 = 016, ® = u; — v1/S5;idle(AA), and O = u; —
v1/S0(AR2).

Let abstracts, ((u,tp)) = (MZ,y).(u®, t°); (02,607); (¢S, ¢7)). As ujo is ground
then uo’'d = ujpuo’d = w100 = uyo =g tod = tpo’d so, by Lemma 9, there
exists a ground substitution ¢° such that u°c® =g t°c°, Ey = (¢S A ¢7)0°,
dom(0°) = dom(0’6) U2 Uy, and 0’0 =g, 05,,.15)-

Let 1 = (9 AX)uA GG A 7. As By = (6 AX)po'd, Vigruers N (EUY) = 0,
and 0" =g, 05,15 = O\ (305, then Eo (¢ A x)po®, so Eg F 10°.

As u°c® =p t°0°, then there exist substitutions v and 7 such that n €
CSUg(u® = t°) and 0° =g n-7, so Y10° = Y07, hence Ey - ¢ynr and ¢n is
satisfiable. Let & = un.

Now, Go = (ug — v1/ST;idle(AA))p | dp | Vi g~y (wr — v1 /So;
idle(AA))E | ¢in | V. &y = Gu.

Consider the problem P’ = ©'¢ | 417 | V&, none in R& and CallyY , whose cor-
responding goal is G’ = O¢ | 11 | V&, none, and take p = none. Now, @'¢r =
O'unt =g O'uc® = (u1 — v1/So(AQ))uo® = (uy — v1/Se(AQ))puo® =g,
(up — v1/So(AQ))po1d = (w1 — v1/So(AQ))od = (uyo — vm/S"é(/\Q")) =

Fo
©®”. For the first open goal of ®” thereisa c.p.t. T" = womutsr o)

uoc—v10/Sg§6

with one less node than 7', since S§§ = (510)7(; ST?). As we have cl{)sed proof
trees for all the other open goals in ®” then, by Lemma 12, there are closed
proof trees for all the open goals in ©’¢7, each c.p.t. having the same depth and
number of nodes as its correspondent c.p.t. in ©”. As Ey F ¢n7, then 7 is a
solution for P’, so we can apply the I.H. to ®”, and there exist a formula 1), and
substitutions v” and p”, such that ©¢ | ¢yn | V& none ~%, nil | 1y | V&, V",
T =g V'p", and 1byp" is satisfiable, where dom(v") C V& C ran(€). Let
N =n/", v = (&), and p' = pY, - As p' is more general than p” and
Wap” is satisfiable, then ;0 is satisfiable. Also, v+ p" = (§&v")v * PV ran(r) =
(& ") = (" p")v =g (unr)v =p (no°)y =g, (po'd)y = (0d)v = ov =
o,1e,0=gv -p. Now:
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— if n =1 then GO il (Ul — U1 /S(), 1d1e)§ | @Dl’f] | V, §V Wj,, nil | ¢2 |
VoV, i, Go ~3 nil [ | ViV, o =g vV - p/, and yp is satisfiable, so
Y=y, A=XN,v=1/ and p = p';

— else Go ~[i1) (ul — vy [Sp;idle A A);m | wm | V& ~F A(uN) | g |
VoV, e, Go ~5 A(uN) | o | ViV, o =g V' - p/, and 1)qp’ is satisfiable.
The rest of the proof is the one given at the end of the induction step for
the base cases.

7. ST, = matchrew ts.t.l = ¥ A x by Zusing S, where |z| = k, |I| = |F| = m,

By definition, VN2 =0 and 2 C X;. As [vi0]g € ST{Q[ui0]p then there is a
zlaaii/sfa“'zkaai};/sga P
ujo—todt]p/STT (to'é[ﬂﬁ%'ulcr/STU)
uro—v10/ST§ ?
where Z C dom(§), ground substitution, w0 =g tod, lod =g Fod, and
Ey F xod, with all these terms and the formula ground. Also, if STy = ST,
then tod[t]; =g vi0.
Let abstracts, ((u,tun)) = (AMw,w’).(u®,t°); (02, 07); (62, ¢5)). Asujo is ground,
then uo’'d = ujpuo’d = w106 = w0 =g tod = tpo’d so, by Lemma 9, there
exists a ground substitution ¢° such that u°c® =g t°c°, Ey = (¢ A ¢7)0°,
dom(o°) = dom(o’6) U U ', and "6 =g, 03,,,(,5)-
Let 1 = (P AX)pA G A G5. As Eg = (¢ A X) 10’8, Vigayyu N (WU D) = 0, and
0’0 =g, O gom(o’s) = O\(wuary: then Eo (o A x)po®, so Eg F 10°.
As u°c® =p t°0°, then there exist substitutions v and 7 such that n €
CSUg(u® = t°) and ¢° =g n-7, so Y0° = Y071, hence Fy - 107, ground
formula, and 7 is satisfiable. Let ©® = /\le(mj — y;/S;; idle) A t[yl; —
v1/ST;idle A A, where T and gy are fresh versions of z, and let A be the re-
naming from Z to z, i.e., zA = z, and let @' = /\le(xj — y;/S;) Ntlyls —
'Ul/ST A €.
Now, Go = (u1 — v1/ST1;8T;idle A A)u | dp | Vip ~mpn (Nj2i(ly —
r;/idle) A ©@)un | Yrn | V, (un)y = Gq, all ground terms.
0° =g n-7,and V;

c.p.t., with respect to D% ¢, , of the form

~

"y N(wyU

w_Umn( n)) = (Z)_then (I, r)un_T = (I,7)p En 7)) =p (I, 7)o = (_l,r),ua\(wa) =5,
(I,7 o', ie., (I, 7)unt =g (I,7)0d, so lunT =g FunT, since lod =g 7).

Aslod =g Fod, 0’6 =g, adom(a,(s), a'd =g, a\(wa

In the same way, as u;0 =g tod, ground terms, and v;o is also ground,
then Vpor = Uy Let 7 = TUXN-0; U{y — t}, so Vgr = 0. As
dom(p) C V then Ou = O so, by Lemma 14, as 7’ is a ground substi-
tution such that Vi, C dom(7'), Ey = 10, and lunt’ =p Funt’, there

exist a ground substitution 7°, substitutions 3i,..., By, let 8 = 37", and ab-
stractions abstracts, (181", r;B17")) = (A(w;, w)).(13,79); (95’,9?) (67, 67,)),
for 1 < j < m, such that dom(r°) = dom(r") U V; 5, =5, Tgom(T)

1°7° =g 7°7°, 7° KE Biom(re), let § = punB and 1y = iﬂlﬁﬁ/\/\J (o7 A7) BT
also Gy ~ T O¢ | s | V, & = Ga, and for every pair of substltutlons p and ~
such that 7° <g (8) dom(ro) and 7° =g (B8p) dom(re) - 7 it holds that Ey F ¢opy
and ®unt’ =5 O&py (1).

Consider the problem P’ = @'¢ | 4y | (§ U2 UV)$, none in RS and Cally,
whose corresponding goal is G’ = O | 1, | (§U 2 U V)¢, none, and take p =
none. As 7° K g Baom(ro), then there exists 4" such that 7° =g Biom(re) -7’ and



6.9. RESULTS AND PROOEFS 233

ran(7°) = ran(Baom(re) - '), so as 7° is ground then 4" is ground. By (1), Eo -
oy and Ount’ =g O, so also O unt’ =g O'¢y’, where all the terms and
formulas are ground. Now, @'(y =g G)’/mT (/\;c Sz = yi/95) ANyl —
v1/ST;idleANA)unt’ = (/\j (20 = t;/S;)Nt[t]; = v1/ST; idle AA)unT =p
(/\le(zjé — t;/S;) ANtlt]; = v1/ST;idle A A)uo® =g, (/\] (26 = t;/55) A
tlt]; — v1/ST;idle A A)po’d = (/\J (20 = t;/S;) Nt[t]; — v1/ST; idle A
A)od = /\?Zl(zjé — t;/S76) ANt[t]; — v1/ST?;idle A A7 = ©”. As we have
closed proof trees for all the open goals in @” then, by Lemma 12, there are
closed proof trees for all the open goals in ®’&4/, each c.p.t. having the same
depth and number of nodes as its corresponding c.p.t. in ©”. As Fy F 17/,
then ~ is a solution for P’. The difference with respect to the closed proof
trees in the answer o for the reachability problem P, is that we have two less
nodes, tod — tod[t];/ST] and tod — v10/STT; ST, so we can apply the L.H.
to ©'¢~', and there exist a formula ¢ and substitutions ¢/ and p’, such that
G =0 |y | (UTUV)E none ~T nil | | (JUTUV)S YV, v =g V+p,
and o is satisfiable, where dom(v') C (g Uz UV)® C ran(€). But then, let
V= (é'y/)v and P = p/VUmn(l/)7 also G2 = 95 | ¢2 | V? §V ~F il | ¢ | V? v.

As dom(v) C V, then v -p = (Vp)\ranew) = (VP/VUmn(u))\mn(V = (py, U
I/p;zm(u)>\m"(’/) = pQ/\mn(y) U (Vp,mn(u))\m”(’/) = p/V U (Vp/>V\dom(p’) ( )p)
o°

)
&'y = (unBv'p" v =g (unBY)v =g (un7°)v =g, (7" )v =5 (1
(uo'd)y = (06)y =0, ie., 0 =gv-p.

VvV =E,

Finally, as vy’ is satisfiable and p is more general than p’, then p is also
satisfiable.

8. ST, = c[y]{S}, with ¢ : 1 — 7if C arulein R, C=l—-7|x,S=5,...,5,
and dom(y) Nwars(S) = 0.
As [vi0]p € ST{Q[u0]g then there is a c.p.t. T, with respect to D ooy

f the fi Tty (@ here T, = ——fi—— for1 <i<m, Ty =
0 e lorm uio—v10/STE 7 where 1; = liyod—r;yod/ST5° or St=m, Lo =
#WSTU, wlgp € c[(Y0)dom(y) @[u10] g, where § : vars(cyo) — Tx, with

Ey F xyod, there is p € pos(ui0) s.t. ujo =g uyo[lyod],, and w = wolrysdl,

if Ty exists or w = v,0, otherwise. By Lemma 12.13, Iy0 —rge/E Y00, SO

uo ———'  w. Let a = v0§ (= vdo since dom(d) N dom(c) = () and
o 7p7(’70)dom(«,)5Ra/E

both substitutions are ground), o/ = vo, and ¢’ = ¢7(70) gom(y) (= ¢’ because

o is ground and, by definition, dom(v) N dom(o) = 0). As ujo _G_;l / w

¢%P Ro/E
then, by Theorem 15, u,0 Tp> w, since R is closed under B-extensions,
“ R7.B

with ¢] € ¢z and appropriate p’, as seen in the proof of Lemma 11, so also

uo —t w, hence we can assume that ¢ = ¢}, p=p/, and T is the c.p.t.
0P po /g

for [w|g € |Q[uy0]E using uio —_>5 w. Since o = po’, if we let I} = lyp

WP ORe /B

and . = ryu then (= ca’) has also tﬁe form ca/ : lyo! — ro’ if Cd/.

Let ¢y : Iy — roif Cy be a fresh version of ¢ except for dom(y) U VH* (=

dom(y) U dom(c’)), and let 7 be the renaming that verifies ¢; = ct7, so

(Ig,r9,C2) = (I,r,C)(n W 7), where (dom(7) U ran(r)) N (dom(y) U V#) = 0.

Then [, (VM)dom =l(pW T)('V/J)dom =1((vn) dom(v) W W ) =1((vn) dom(v) ¥
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p)T = lypr = I;7, 50 also 72 (Vi) dom(y) = TlT and C’g(yu)dom = Cvyur. Let
le = L(Y) dom(y) and 0” = 7710’; then l.o” = Lirr 1o’ =110’ NOW

(a) abstracts, (l.) = (A\y.l°;07;¢7), where 7 = y1,...,v;,, I° = l[yl; P =
P1s- -5 Diys p= tOpEO(lC), 910 = Uzy:1{yz = lc|pi}= and S /\zyzl Yi = lc|pi;

(b) since lj0" = l.0” and topy, (l.) C tops,(lc0”), then abstracts, (o) =
abstracts, (l.0”) = (AYZ.05,n; 00,05 Gopn), Where 2 = z1,... 2, I5,) =
Lo 5l @ = topsy(10”) \ topgy (i), Bor = Uyl = Lo} U
Uj:l{zj = 10"}, and 65, = (Nily Yi = le[p0” A /\ 17 = Lleo"]g,);

(c) as uyo ——?1 w, then there is a substitution ¢’ : yU2ZUVy — Ty, such
c P Rcr

that 01, = 4, rep(wiol,) =p lg,n0', w = wolr0'd"], = wolro’'d], =
w o ry o’ 8], = wolryod], = wolral,, and Ey = (xo/ A ¢2,.)d, so Ey F
xa (since xya/'d’ = xo/0 = xa), ie., Ey = xyouo', yo' =g, l.|;0"d and
z0' =g, l.0"|30";

(d) as p € posy, (w10) and o is R/E-normalized, hence R, E-normalized by
Theorem 15, then p € posy, (u1), 50 w10, = w1 |po = ur|ppo’ = uyplpo’ =

ul,0’; and
(e) as 7 is a fresh renaming then § = V, N ran(r) = V, N dom(771), so
o = o’ = wioly =g, repluroly) —p Ld = LG8 <,

lo" =177 ve., ul,77 0! =5 771 0;

Let abstracts, (ul,) = (A\z.u®;02;¢%). As dom(7'o’") = ran(r) U V# then,
by Lemma 9, there exists a ground substitution ¢° such that u°c° =g [°0°,
(@2 A ¢9)o°, dom(o°) = dom(t7 o) UT U = ran(t) UVF U Z U g,
and 770" =g, 0100 = Opan(ryuvas 0 (7710 )vu =p, 0f and 771 =
(7t Z\vu =g, oSy As (dom(r) Uran(r))NV# =0 and dom(o”') = V* then
o' =olu = (1710 )yu =g, opu.
As u°c° =p [°0°, then there exist substitutions 9 and (’ such that ¥ €
CSUp(u® = 1°) and 0° =g 0 - (', let & = p -0 and ¢ = Cunie )u0\ dom(ey))-
As dom(p) CV and o' =g, oy, then o = -0’ =g, pu-oy. =g p- (- )yu =
u-(ﬁC’)Vu = (11“94./)‘/ = 5V'C;an({\/)U(V\dom(({v §V (mn (&v)U(V\dom(&v)) §V C
i.e., 0 =g &y - (, so also o =g (ni¢’)y.

As X2 (V) dom(y) = XYuT, dom(c°®) = ran(t) UVH# Uz Ug, and 7710’ =g,
O-San(T)UVP” then XQ(’YIJ/)dOm('y)O-Oé/ — Xrylj’To-:an(T)uvuél :E() X/Y,LLTT 0./5/ I
XYpo'd" = xypo'd = xyéuo’ so, as Ey = xyouo’, also Ey E X2 (V) dom(y) 00

As Ey = ¢o, Vg, € V# and o' =g, oy, then ¢uo® =g, ¢po’ = ¢o, so
Ey F ¢uo®. Now, as Ey F (¢5 A ¢7)o°, then Ey = (ép A ¢S A ¢7)o° ground
formula, so Ey = (¢p A gy A¢7)o°" and Ey = (oA o A o7 A X2(ViL) dom(y)) O 0(5’
Let ©° = ou A @5 A &) A X2(Vi)dom(r) and ¢ = @°9. As 0° =p ¥ - (', s
©°0° = (¢ = @', then Ey = ¢('d", let §" = C(S’ hence ¢ is also satls—
fiable. Let © = [y7 — 7y7/ST;idle(Aui[ry7], — v1/ST;idle) A A and
O’ = Iyt — 7y7/ST(Aus[ry7], — v1/ST) A Q.

Now, Go = (w1 — v1/ST1; ST;idle AA) | o | V, o~
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u—"' g, 19 = v/STY; STH;idle N AF | o |V, p T

uly =+ 2,0l = v/ (Vi) aomey {5} ST 1d1e A A | 61| Voo = G,
where u|, cannot be a variable, say x,,, because as p € posy,(u;) then, by (c),
also x,0" —p 5 ra, so 0 would not be R/E-normalized.

As ¥ € CSUp(u® =1°) and ¢y : ly = roif Co, where ro( Y1) gom(y) = 11T = ryYpT
and Co(Vi) dom(y) = Cyut, let ¥ = 9 U {x — ri70}, then Gy ~p9 O | ¢ |
V, & = Ga, let VO (GUZUV U Ve, )S.

Consider the problem P’ = @'¢ | ¢ | Vy, none in R% and Callf", whose
corresponding goal is G’ = ©¢ | ¢ | Vo, none. Now, @& = ©'pi’d’ =g
O (cU (W \vu) =p O (cU(0°0 )\vu) =g, O'(cUT™1d") = O'(cU(778)y, U
0hz) = @' (U (7719)y,) = O'77'0d = Iyod — Ty00/S6(Auro[ryod], —
v10/ST7) NQ7 = O,

We have closed proof trees T1,...,T,, (and Ty if ST is a concatenation) for
the open goals before 27, whose sum of nodes is two less than the number of
nodes in T'. As we have closed proof trees for all the other open goals in @”
then, by Lemma 12, there are closed proof trees for all the open goals in ©’£4”,
each c.p.t. having the same depth and number of nodes as its correspondent
c.p.t. in ©®”. As Ey - ©d”, then §” is a solution for P’, so we can apply the I.H.
to @’&6”, and there exist a formula ¢, and substitutions v” and p”, such that
CIR"N Vo,none ~obmil | o | Vo, vy, 6" =g vy, -p”, and @op” is satisfiable,
where dom(vy, ) C VO C ran(§). Let X' =9V", v = (&")v, and p' = py0n -
As p/ is more general than p” and pyp” is satisfiable then @qp’ is satisfiable.
Also, 25 V € Vo and & =5 ()0, 0/ = (") o) = (6050 =

(" p"yy =g (38" )y = (ui¢'d" )y =g (08" )y =0, i.e, 0 =g - p. Now:
— if n =1 then Gg ~, Ga ~}, nil | o | V1V, Le., Go ~), nil | b | V1V,
o=V -p, and p,p' is satisfiable, so ) = ph,, A= N, v =1/, and p = p';
— else Go ~3 Ga ~75, A(pXN) | @y | ViV, ve., Go ~1 A(pXN) | @y | V,V/,
o=pV -p, and ¢y is satisfiable. The rest of the proof is the one given
at the end of the induction step for the base cases.

9. STy = top(c[y]{S})
The proof is almost exactly the same as the previous one, particularized for
the case p = ¢, so ul, = u, w1|, = uy, wy[ry7], = Y7, et cetera. The only
difference is found in the initial narrowing steps, where instead of Gg sadlinad®
G1 ~ 0 G2 now we have Go ~ )00 Ga.

]
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Chapter 7

Conclusions

“The journey, not the destination matters.”
—T.S. Eliot

7.1 First, some personal thoughts

So, the time to come to an end is upon us. It never seems to be the right time to finish
one’s work but, alas, this is our time to look behind and see what we have accomplished.

The journey that is about to end here has taken a long time to finish and is one for
which I longed for years, something that would come now and then to my mind, but I
never found the right moment to address. Finally, after being on Earth for more than half
a century, some undesired professional events had the unexpected side effect of giving me
the chance to accomplish my desire.

Not only the work on this Ph.D., but also that for my M.S., have been very rewarding.
They have brought me back in some way to my early days in university, where everyday
you would learn so many new, complex things. The wish to always absorb new bits of
knowledge has been a faithful companion during all my life, even when my daily tasks
would be completely away from any intellectual activity.

This journey is quite different from the one that a student in the beginning of their
research career may take, first choosing an area of interest for this initial step, and seeking
to get enough insight into it that may help them decide whether to follow that path for
a long time or jump to another one as soon as their work there is finished. In this
case, due to the natural evolution of us as human beings, probably there will be no future
destination harbors, at least in such unexplored stormy theoretical oceans. Some Summer
cruise near a safe bay may be nice, though, to keep that spark of interest in scientific
matters alive. Anyway, I have no reason for complaining; I have enjoyed the experience
and I am grateful for having had the opportunity to restart my academic studies almost
30 years later.

7.2 About my personal growth as a researcher

The one thing that has surprised me the most, and I was not aware of it, is the way that
science is done when working on a Ph.D. When you are a graduate student you learn
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things that have been already known for some time. The path is usually clear and you
just have to follow it. Suddenly, after a few months reviewing the previous work in the
field, the whole scenario becomes unknown territory. You still have some beacons over
the horizon to serve as reference points, but mostly it is you alone in a back and forth
game. For each paper that you begin working on, you plan your path, based on your
prior knowledge, start following it, and when you hit a wall, which happens most of the
time, you try to understand why and, with that added knowledge in your backpack, go
back and plan a new path. Sometimes you will only need a small detour to avoid the wall,
but other times you will need a different approach to overcome the difficulty. Finally,
when the work is finished, everything is in place, it seems that you always had in mind
the new definitions and intermediate results to present, because you already knew what
you needed, and just had to write them down.

On the contrary, many definitions include restrictions that had to be added to make
things work. Other definitions are concepts created to deal with some wall you hit,
because it will be easier to prove some results...results that you found out that you
needed when you hit the wall. This is how the different texts that I have worked on
for this thesis have been written. From the more general setup that you think you can
manage in your area of interest, you try to include the smallest set of restrictions that
you can think of each time that you hit a wall. Many times I have wondered if it would
be worth publishing some work with an inventory of the things that you tried to do,
could not accomplish, and why they could not be done. If written in a most general way,
perhaps then someone could be spared from hitting the same already known wall.

Apart from the contributions in my area of research, this resilience that I have been
talking about, and the capacity to learn from failure, analyzing and taking steps to
overcome each one of the failures are my biggest takeaways from all these years.

7.3 About the research plan

The research plan deserves some words. How can you anticipate what’s happening in the
years to come when you have not even begun working on your Ph.D. yet? That is what
you are asked to do when writing your research proposal. Although you are given the
opportunity to modify your goal each year, trying to fill in the form for the research plan
for the first time makes you aware of the little that you know about your thesis subject.

When you look back and compare the first and last editions of the research plan,
you realize how its surrounding environment has reshaped it, in a concrete application
of Evolution Theory, where new features appear due to unexpected changes and other
features are removed just because time is finite or because they no longer make sense.

In this case, as already explained in Chapter 1, the aim was adjusted twice due to new
features added to the Maude language: the first time with the inclusion of SMT solvers;
later on, with the inclusion of the strategy language, together with the use of parameters in
the rewrite theories and reachability problems, an insight into the thesis subject provided
by the research itself. In a way, research plans also unravel by themselves. As a side effect,
the study of conditional narrowing for rewrite theories modulo membership equational
logic with SMT solvers was removed from the research plan.

Another point worth thinking about is the subject of the investigation itself. Narrow-
ing, and in particular conditional narrowing, have always had to deal with the state explo-
sion problem, so they are deemed as almost unpractical in the real world, although there
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has been success in some areas of interest, like cryptographic protocol analysis [MT07].
Why focus on this subject then? We chose to investigate conditional narrowing modulo
membership equational theories because very little was known about it. There was almost
no literature, there were even no precise definitions except for some particular cases, so it
seemed that it would be worth looking into the matter with an ample focus to extend our
theoretical knowledge. Nonetheless, this theoretical approach may be of use in practice,
after all. The different techniques to deal with conditional narrowing that we present in
each chapter of this dissertation are, up to some point, orthogonal between them, and
could be combined with other known narrowing techniques, since the requirements and
limitations of each of these techniques have been established.

7.4 Technical conclusions

In this dissertation we have studied conditional narrowing modulo in rewriting logic.
Different approaches have been considered and for each of these approaches a narrowing
calculus has been presented, and a proof of its soundness and weak completeness has also
been given. The Maude engine has served as a base for the prototypes developed for
some of the narrowing calculi.

We showed in Chapter 3 that conditional narrowing modulo was feasible.

Then, in Chapter 4 we showed a method to rein in the state explosion problem in-
herent to narrowing: first we defined the new concepts of fresh pattern property for MEL
and rewrite theories; then, the concept of narrowable rewrite theory, extending the speci-
fications and reachability problems supported for narrowing; finally, a transformation for
dealing with unification for MEL theories. The main results are the calculi for unification
and reachability, both calculi applying a leftmost strategy as a first limitation to con-
trol the state explosion problem, and imposing several restrictions to their corresponding
valid narrowing steps, most of them based on the requirement of only generating E, B-
normalized terms or substitutions when trying to apply any narrowing rule either for
unification or for reachability.

In Chapter 5 we showed our first narrowing calculus with SMT solvers, that adds
inductive proving to the theories supported by the SMT solver. New concepts of set of
topmost Yy-positions and representative of a term have been presented to help define the
R, B-rewrite relation with SMT solvers. After presenting the corresponding narrowing
calculus and proving its correctness properties, we discussed two different approaches
taken to develop prototypes of the calculus and showed a comparison of their performance
when different improvements were added to them.

Finally, in Chapter 6 we extended the support for SMT solvers from the previous
chapter with the addition of two elements: strategies for explicit control of the rewrite
steps that can be applied, and parameters for enhanced expressivity of the reachability
problems. The semantics of the supported strategy language was then presented and its
main properties proved, followed by a narrowing calculus that supports both strategies
and parameters and whose correctness properties were stated and proved. A prototype
for this calculus, with some examples, was also developed.

The development of the prototypes in Chapters 5 and 6 was thought as an interesting
complement for the new features being presented, and as a means to see the calculi at
work with some toy-level examples. In the end, the prototypes proved to be very useful,
since they were a source for novel ideas and also contributed to point out some flaws in
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the calculi.

As an example of novel idea, while testing the first prototype from Chapter 5 we found
that, even with the simplification provided by the module SMTLOGIC, the prototype could
find pairs of solutions that only differ in equivalent SMT constraints. This led to the idea
of developing the second prototype with its own SMT-based search engine.

Another novel idea, the admission of variable SM'T parameters in the specifications
and problems, emerged while trying to formulate more interesting reachability problems
than those that we had already tried. The problems that we were thinking of required
this new feature, so we experimentally introduced it in the prototypes for Chapter 5,
giving theoretical support to it in Chapter 6.

Also a flaw in the calculus was found after the prototype for Chapter 6 was developed
and before the soundness and completeness of the calculus were fully proved. While de-
bugging a test problem that was failing, we found out that we have to use representatives
of the Xp-terms in the definition of R, B-rewriting for rewrite theories with built-in in
Section 2.3.7, so we rewrote the theory, to add all the required new definitions and results,
and accordingly modified the prototype. Chapter 5 now includes a corrected version of
the calculus presented in [AMPP17|, that had the same error, the difference being that
in this dissertation rules unification and rewrite in Figure 5.3 use abstracted terms to
compute CSUg.

7.5 Future work

Just a guideline for somebody who would take and carry the torch: future work should
focus on broadening the applicability of the calculus with SMT solvers and strategies.

e One line of work could be the extension of the narrowing calculus to support OS
equational theories of the form (X, EgyUE; U B), i.e., to admit other equations apart
from E, and the axioms B.

e Another line of work would involve broadening the strategies and reachability prob-
lems supported by the calculus.

The first line of work may allow for a straightforward approach by designing a narrow-
ing calculus for unification with SMT solvers similar to the one in Section 4.4 achieving
the support for SMT solvers as in the rules in Figure 5.3. Of course, you never know,
these kinds of extensions always seem easy before one gets down into business.

A different approach for this line of work would be the design of a narrowing calculus
that uses both rules and strategies, instead of only rules, to control the generation of
the states of the search tree. It would be nice to check the performance of this approach
compared to the current one.

The second line of work deserves some motivation. The work on the semantics of
the admitted strategies for this narrowing calculus grew out of the work in [MOMV04,
EMOMVO07| where a set-theoretic semantics for rewriting with strategies was presented.
The semantics was adapted in this dissertation so that it could support narrowing instead
of rewriting, and all the required technical results were proved.

When the work on proving the correctness of the calculus, using these technical re-
sults, was almost finished it became apparent a mismatch between the calculus and the
strategies semantics for narrowing: while the calculus updates every instantiation of a
variable everywhere in the reachability problem, the proof tree that is generated for the
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correctness proofs can only update correctly the instances of the parameters, but not the
instances of the rest of the variables if they are in different branches.

Due to this fact, the correctness of the narrowing calculus using the existing seman-
tics could only be proved for reachability problems where the iterated and concatenated
strategies have no variables in common apart from the parameters, a restriction included
in Section 6.4.

The solution that I propose to overcome this obstacle is the second line of work: to de-
velop a new environment-based semantics for the strategies, in a similar way to the small-
step operational semantics proposed by Rubén Rubio in his Ph.D. dissertation [RC22],
that propagates every instantiation of a variable in one part of a reachability problem to
the rest of it.

As the existing prototype mimics the narrowing calculus, which does not need any
change, the instantiations of any variable are propagated in the correct way, so it could
be used to solve unrestricted problems once the correctness of the calculus with respect
to the new semantics is proved.
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